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PERIOD MEASUREMENTS ON THE MOLTEN SALT REACTOR 
EXPERIMENT DURING FUEL CIRCULATION: 

THEORY AND EXPERIMENT 

B. E.  Prince 

ABSTRACT 

A s  an a i d  i n  in t e rp re t ing  t h e  zero-power k i n e t i c s  experi-  
ments performed on t h e  E R E ,  a theory of per iod dependence on 
t h e  f u e l  c i r c u l a t i o n  i s  developed from t h e  general  space de- 
pendent r eac to r  k i n e t i c s  equat ions.  A procedure f o r  evaluat-  
ing  t h e  r e s u l t i n g  inhour-type equation by machine computation 
i s  presented, toge ther  with numerical r e s u l t s  r e l a t i n g  t h e  
r e a c t i v i t y  t o  t h e  observed asymptotic period, both with t h e  
f u e l  c i r cu la t ing  and with it s t a t iona ry .  Based on t h i s  analy- 
sis, t h e  ca lcu la ted  r e a c t i v i t y  d i f fe rence  between t h e  t i m e  
independent flux conditions f o r  t h e  noncirculat ing and t h e  
c i r cu la t ing  fue l  s ta tes  i s  i n  c lose agreement with t h e  value 
in fe r r ed  from t h e  MSRE rod c a l i b r a t i o n  experiments. Rod-bump 
period measurements made with t h e  f u e l  c i r cu la t ing  were con- 
ver ted  t o  d i f f e r e n t i a l  rod worth by use of t h i s  model. These 
results are compared with similar rod s e n s i t i v i t y  measurements 
made with t h e  f u e l  s t a t iona ry .  The rod s e n s i t i v i t i e s  measured 
under these  two conditions agree favorably,  within t h e  l i m i t s  
of p rec is ion  of t h e  per iod measurements. 
of maintaining adequate precis ion,  however, t h e  period-rod 
s e n s i t i v i t y  measurements provide a less conclusive t e s t  of t h e  
t h e o r e t i c a l  model than t h e  r e a c t i v i t y  d i f fe rence  between the  
t i m e  independent f l u x  condi t ions.  Suggestions are made f o r  
improving t h e  prec is ion  of t h e  experiments t o  provide a more 
r i g i d  t e s t  of t h e  t h e o r e t i c a l  model f o r  t h e  e f f e c t s  of c i r -  
cu la t ion  on t h e  delayed neutron k i n e t i c s .  

Due t o  t h e  problem 

1. INTRODUCTION 

It i s  w e l l  recognized t h a t  t h e  c i r cu la t ion  of f u e l  i n  a l i q u i d  

fueled r eac to r  introduces some unique e f f e c t s  i n t o  i t s  observable k i n e t i c  

behavior.  Foremost i n  t h i s  category i s  t h e  phenomenon of emission of 

delayed neutrons i n  t h e  p a r t  of t h e  c i r c u l a t i n g  system ex te rna l  t o  t h e  

r eac to r  core where they  do not contr ibute  t o  t h e  chain r eac t ion .  The 

l i t e r a t u r e  i n  r eac to r  k i n e t i c s  contains severa l  t h e o r e t i c a l  s tud ie s  of 

t h i s  effect,1’293 but  t h e r e  have been f e w  oppor tuni t ies  f o r  p a r a l l e l  

experimental s t u d i e s .  The Molten S a l t  Reactor Experiment, he rea f t e r  
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r e fe r r ed  t o  a s  t h e  MSRE, has presented a unique chance t o  develop and 

t e s t  some a n a l y t i c a l  models f o r  the  zero power k ine t i c s  of a c i r c u l a t i n g  

f u e l  r eac to r .  The experimental measurements discussed i n  t h i s  report  

were made as p a r t  of an ove ra l l  program t o  c a l i b r a t e  t h e  con t ro l  rods 

i n  t h e  MSM. 

I n  the  f i r s t  sec t ion  following, we develop t h e  theory of per iod 

The second sec t ion  gives  an account dependence on f u e l  c i r cu la t ion .  

of t he  r e s u l t s  of applying t h i s  theory t o  the  experimental measurements 

made during MSRE Run No. 3. F ina l ly ,  i n  t h e  t h i r d  sect ion,  we d iscuss  

the  r e s u l t s  of t h i s  work i n  terms of t he  genera l  problem of k i n e t i c s  

ana lys i s  f o r  c i r c u l a t i n g  f u e l  reac tors .  Several  questions a re  l e f t  open 

by the  present  study, and these  a re  discussed i n  t h a t  sect ion.  

2 .  TmORY OF ZERO POWER KIPISETICS DURING FUEL CIRCULATION 

A t  neg l ig ib l e  reac tor  power, t he  spec ia l  e f f e c t s  produced by f u e l  

c i r c u l a t i o n  reduce e s s e n t i a l l y  t o  ( a )  t h e  t r anspor t  of delayed neutron 

precursors  t o  t h a t  p a r t  of t h e  loop ex te rna l  t o  the  core where they  

subsequently decay, and (b)  t h e  s h i f t  of t h e  s p a t i a 1 , d i s t r i b u t i o n  of 

delayed neutron precursors  i n  the  d i r ec t ion  of c i r cu la t ion  within t h e  

r eac to r  core, r e l a t i v e  t o  the  prompt neutron production. Although we 

s h a l l  not attempt t o  review a l l  e a r l i e r  s tud ie s  per ta in ing  t o  these  

e f f ec t s ,  

pe r t inen t  t o  t h e  present  work. 

obtains  an inhour-type equation f o r  an i n f i n i t e  s l ab  reac tor ,  through which 

f u e l  c i r c u l a t e s  i n  the  d i r ec t ion  of v a r i a t i o n  of the  neutron f l u x ,  Wolfe's 

approach, while valuable,  i s  almost e n t i r e l y  formal, and requi res  some 

modification i n  order  t o  obta in  a procedure use fu l  f o r  t h e  quan t i t a t ive  

ana lys i s  of experimental measurements. I n  t he  second of t h e  above men- 

t5oned works, 9aubenreich considers  an e x p l i c i t  a n a l y t i c a l  model rep- 

resent ing  t h e  MSKE i n  t h e  c i r cu la t ing ,  j u s t - c r i t i c a l  condition. By means 

of a modal ana lys i s ,  he obta ins  e f f e c t i v e  values  f o r  t he  delayed neutron 

f r a c t i o n s  f o r  t h i s  condi t ion.  He uses a bare  cyl inder  approximation t o  

1c two f a i r l y  recent s tud ie s  made by Wolfe2 and Haubenreich3 a re  

Wolfe employs a per turba t ion  approach and 
. 

+t 
For a comprehensive e a r l y  study, see Ref. 1. 
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represent  t h e  E R E  core,  with boundaries corresponding physical ly  t o  t h e  

channelled region of t h e  a c t u a l  core .  

We have combined and extended these  analyses t o  include the  con t r i -  

but ion t o  t h e  chain r eac t ion  of t h e  delayed neutrons emitted while t h e  

f u e l  i s  i n  t h e  plenums j u s t  above and below t h e  graphi te  core, and t o  

include t h e  case of t h e  flux varying exponent ia l ly  with a s t a b l e  asymp- 

t o t i c  per iod.  It w i l l  be seen t h a t  an inhour-type equation r e s u l t s  

which relates t h e  per iod of a c i r cu la t ing  f u e l  r eac to r  t o  t h e  s t a t i c  

r e a c t i v i t y  of t h e  same reac to r  configurat ion,  bu t  i n  which t h e  f u e l  i s  

not c i r c u l a t i n g .  The s t a t i c  r e a c t i v i t y ,  p , i s  defined by t h e  r e l a t i o n  
S 

v - v  
C _. 

p s  - V Y 

i n  which v i s  t h e  physical ,  energy-averaged 

per f i s s i o n ,  and v i s  t h e  f i c t i t i o u s  value 
C 

number of neutrons emit ted 

f o r  which t h e  r eac to r  with 

t h e  same geometric and material configurat ion would be c r i t i c a l  with 

t h e  f u e l  s t a t iona ry .  One f inds  t h a t  as a r e s u l t  of t h i s  de f in i t i on ,  t h e  

r e a c t i v i t y  f o r  a c r i t i c a l ,  c i r c u l a t i n g  f u e l  condi t ion i s  g r e a t e r  than 

zero (here ,  c r i t i c a l i t y  denotes t h e  condition of t i m e  independence of 

t h e  neutron and precursor  concentrat ions) .  However, s ince  t h e  s t a t i c  

r e a c t i v i t y  i s  t h e  quant i ty  normally obtained i n  r eac to r  ca lcu la t ion  

programs, it i s  most convenient t o  relate t h i s  quant i ty  d i r e c t l y  t o  t h e  

asymptotic per iod.  

The theory following i s  developed by beginning along general  l i n e s  

and de l inea t ing  s p e c i a l  assumptions as they  are introduced. Several  of 

these  s implifying approximations are s u i t a b l e  f o r  MSm analys is ,  both i n  

t h e  neutronics model and t h e  flow model f o r  t h e  c i r cu la t ing  f u e l .  

The s t a r t i n g  point  of t h e  ana lys i s  i s  t h e  general  t i m e  dependent 

r eac to r  equations,  wr i t t en  t o  include t h e  t r anspor t  of delayed neutron 

precursors by fuel  motion i n  t h e  axial d i r ec t ion :  

-1 am 
L@ + (1 - BT) f p  P@ c 1 xi fdi ci = v - a t  9 

i=l 
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a ci mi) = X' pi pm - A. ci - - 
1 a Z  

a i = 1,2, . . ' 9  6 . ( 3 )  

The symbols P and C represent  t h e  neutron f l u x  and delayed neutron pre-  

c u r s o r ' d e n s i t i e s .  The operator L represents  ne t  neutron loss (leakage, 

absorption, and energy t r a n s f e r  by s c a t t e r i n g ) ,  and P represents  t h e  

production processes by f i s s i o n .  

operators depends on t h e  model used i n  ana lys i s .  If these  processes 

a r e  given t h e i r  most general  representa t ion  i n  terms of t h e  Boltzman 

t ranspor t  equation, t he  neutron f lux ,  @, w i l l  be a funct ion of pos i t ion ,  

energy, d i r ec t ion ,  and time va r i ab le s .  In  order t o  provide a framework 

f o r  discussion which can be d i r e c t l y  r e l a t e d  t o  appl ica t ion ,  we s h a l l  

assume t h a t  t he  angular var iab les  have been in tegra ted  from the  equation, 

i . e . ,  t h a t  a model such as multigroup d i f fus ion  theory or i t s  continuous 

energy counterpart  provides an adequate descr ip t ion  of t h e  neutron popu- 

l a t i o n .  In  Eq. 3, above, PP, i s  taken as zero i n  t h a t  p a r t  of t he  c i r -  

The e x p l i c i t  representa t ion  of these  

cu la t ing  loop which i s  ex terna l  t o  t h e  chain reac t ing  regions.  The 

remaining symbols i n  Eqs. 2 and 3 a r e  (1 - BT), t h e  f r a c t i o n  of a l l  

neutrons from f i s s i o n  which are prompt, and pi and Xi, t h e  production 

f r a c t i o n  and decay constant f o r  t h e  - i t h  precursor group. 

f 

metric production r a t e s  of prompt and delayed neutrons t o  obta in  neutrons 

of a spec i f i c  energy. F ina l ly ,  t h e  symbols v and V represent  t h e  neutron 

ve loc i ty  and t h e  f l u i d  ve loc i ty ,  respec t ive ly .  

The quan t i t i e s  

and fdi are energy spectrum operators  which mult iply t h e  t o t a l  volu- 
P 

As  appl ied t o  a f l u i d  fue led  reac tor  with a heterogeneous s t r u c t u r e  

such as t h e  MSRE (where the  a x i a l  f u e l  channels are loca ted  i n  a matrix 

of s o l i d  graphi te  moderator), t h e  usual  c e l l u l a r  homogenization must be 

made on t h e  neutron production and des t ruc t ion  r a t e s .  Thus, f o r  example 

(1 - p ) Pm = l o c a l  r a t e  of production of prompt f i s s i o n  
neutrons, per u n i t  c e l l  volume T 

A. C .  = l o c a l  r a t e  of production of i t h  group of delayed 
1 1  neutrons,  per u n i t  c e l l  volume. 

I f  w e  assume t h a t  t h e , o p e r a t o r s  L and P a r e  time independent, corre- 

ponding t o  a f i x e d  rod pos i t ion ,  we can i n v e s t i g a t e  t h e  conditions under 



. 
5 

which the flux and precursor densities in the reactor and the external 

circulating system vary in time as ewt. 

and 3 exist of the form: 
Assuming solutions of Eqs. 2 

w t  ~ $ 2 ,  t) = c.(x; w) e , 1 -  

then, 
b 

1 
'@ + - BT) fp '@ + 1 A. fdi ci = v- w@ , 

(4) 

( 5 )  

i = 1,2, . . 6 . ( 7 )  i' (VCi) = wc a ,pi P@ - xici - - aZ 

As previously stated, our primary objective is to relate the observed 
stable reactor period, w- , to the static reactivity of the given reactor 
configuration. The static reactivity defined by Eq. 1 is the algebra- 
ically largest eigenvalue of the equation: 

1 

where; 
6 

I 

f = (1 - B T )  fp + >; Bi fdi * 

i=l 
( 9 )  

Rather than attempting to solve the reactor equations 6 and 7 directly, 
we will make use of a procedure which is often useful for spatial reactor 
kinetics problems. Several sources give details of similar analyses for 

stationary fuel reactor systems (see, for example, Ref. 4). We multiply 

the "local" equation for the neutron population by an appropriate weight- 

ing function and integrate over the position and energy variables of the 

neutron population in order to obtain a relation involving only "global" 

or integral quantities. As seen below, by using the static adjoint flux, 
@ , the solution of the adjoint equation corresponding to Eq. 8 as the + 

S 
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weighting funct ion,  t h e  r e s u l t i n g  r e l a t i o n  admits a d i r e c t  physical  i n t e r -  

p re t a t ion .  The ad jo in t  f lux ,  a l s o  obtained i n  most r eac to r  physics calcu- 

l a t i o n  programs i n  common usage, i s  t h e  so lu t ion  of 

+ + 
where L and (TP) 

t h e  same a lgebra i ca l ly  l a r g e s t  eigenvalue of E q .  8. With appropr ia te ly  

prescr ibed boundary conditions on t h e  allowable funct ions on which these  

operators  a r e  defined, t h e  following re la t ion5  can be used t o  def ine  t h e  

a d j  o i n t  operat  or; 

are operators  ad jo in t  t o  L and fP of Eq.  8, and p i s  
S 

* 

Here A represents  a b s t r a c t l y  e i t h e r  of t h e  operators  L and f P  and 

( @  , A@) denotes t h e  s c a l a r  product, i . e . ,  t h e  mul t ip l i ca t ion  of A@by 

@s and in t eg ra t ion  over t h e  pos i t i on  and energy va r i ab le s  of t h e  neutron 

population. 

+ 
S 

+ 

+ 
On forming t h e  s c a l a r  product of E q .  6 with @ we obta in  

S' 

Simi lar ly ,  forming t h e  s c a l a r  product of Eq.  10 with @ and making use of 

Eq.  11 gives 

Combining E q .  12  and Eq.  13 gives  

4 

*For t h e  purposes of r eac to r  physics s tud ie s ,  we need t o  consider 
only r e a l  valued func t ions .  
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6 

i=l 

By making use of Eq. 9 ,  we may rewr i te  t h i s  equation as 

The f i rs t  term on the  r i g h t  hand s ide  of Eq. 1 4  i s  s impl i f ied  i n  appear- 

ance i f  we make a conventional type of d e f i n i t i o n  of t he  prompt neutron 

generation time; 

We may a l s o  note t h a t  t h e  second term on t h e  r i g h t  hand s ide  of Eq. 1 4  
appears as the  d i f fe rence  between the  weighted t o t a l  pl-oduction of de- 

layed neutrons and t h e  weighted production of delayed neutrons from 

precursor decay within t h e  r eac to r .  In  accordance with i t s  d e f i n i t i o n  

by Eqs. I and 8, the  s t a t i c  r e a c t i v i t y  i s  completely determined by t h e  

geometric and mater ia l  con f igma t ion  of t he  r eac to r ,  whether o r  not, t he  

f u e l  i s  c i r c u l a t i n g  i n  the  ac tua l  r eac to r .  The r e l a t i o n s h i p  between p s  

and LU expressed by Eq. 14,  therefore ,has  an e x p l i c i t  physical  i n t e r -  

p re t a t ion .  For example, i f  t h e  f u e l  composition and cont ro l  rod pos i t ion  

a r e  such t h a t  t h e  flux i s  time independent when t h e  f u e l  i s  c i r cu la t ing ,  

u) = 0 i n  Eqs. 6 and 7. 
f o r  t he  j u s t  c r i t i c a l  r e a c t o r  i s  numerically equal t o  t he  ne t  d i f fe rence  

i n  t h e  production of delayed neutrons described above. In  the  more gen- 

eral case when the  f l u x  i s  varying i n  t i m e  according t o  a s t a b l e  period, 

Equatfon 1 4  then shows t h a t  t he  s t a t i c  r e a c t i v i t y  



a . 
t h e  f i r s t  term on t h e  r i g h t  hand s ide  of Eq. 1 4  w i l l  d i f f e r  from zero, 

and a l s o  t h e  e f f e c t i v e  decrement i n  production of delayed neutrons w i l l  

d i f f e r  numerically from t h e  time independent case (c i  and @ depend on 

w through Eqs. 6 and 7 .  Equation 1 4  i s  an inhour type r e l a t i o n  which 

can be used as a foundation f o r  an approximate determination of p 

given an observed asymptotic period, w 

cludes t h e  usual  inhour r e l a t i o n  f o r  t h e  s t a t i o n a r y  f u e l  r e a c t o r  as a 

spec ia l  case, s*;mply by s e t t i n g  V = 0 i n  Eq. 7. 
p r a c t i c a l  use of Eq. 14,  we can exhib i t  t h e  previous concepts i n  an 

e x p l i c i t  a lgebra ic  manner. From Eq. 7 we have, 

S' -1 . One may observe t h a t  it i n -  

Before discussing t h e  

Inse r t ing  t h i s  r e l a t i o n s h i p  i n t o  Eq. 14 gives 

If we def ine 

L 
i=l 

Equation 17 may be w r i t t e n  as 
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b -  b 
( B i  - Yi> 

=w[A+ i= 1 1 w + hi  
i=l L i= 1 J i=l 

This  equation has t h e  appearance of the  ordinary inhour r e l a t i o n  f o r  t he  

s t a t iona ry  f u e l  r e a ~ t o r , ~  except t h a t  t he  e f f ec t ive  production f r ac t ions ,  

6 .  a re  reduced by a quant i ty  7 which depends on the  c i r cu la t ion  r a t e  and 
1 i 

a l s o  on w. I n  addi t ion,  t he  l a s t  term on the  r i g h t  hand s ide  of Eq. 20 

appears because t h e  zero poin t  of t h e  s t a t i c  r e a c t i v i t y  was chosen t o  

correspond t o  t h e  composition and geometry of  the j u s t - c r i t i c a l  s t a t iona ry  

f u e l  reac tor .  The usual  inhour r e l a t i o n  f o r  the  s t a t iona ry  f u e l  reac tor  

i s  obtained by l e t t i n g  V -t 0 and yi -t 0 i n  Eq. 20. 

i n s t ruc t ive  i n  discussing t h e  ne t  e f f e c t s  of f u e l  c i r cu la t ion ,  i t s  sim- 

p l i c i t y  i s  somewhat deceptive s ince 7 
w, through Eq. 7. Therefore, it w i l l  be more convenient t o  discuss  the  

use of t h e  inhour r e l a t i o n  s t a r t i n g  with the  form given i n  Eq. 14.  

- 

Although Eq. 20 i s  

depends i n  a complicated way on 
i 

A t  f i r s t  appearance, i n  order  t o  use Eq. 14 we a re  required t o  

solve Eqs. 6 and 7 f o r  W, c . ( x ;  w), and $(&, E; w), and also t o  solve 

Eq. 10 fo r  p s  and $+(x, E; p S ) .  Both a re  eigenvalue problems i n  which 

the  a lgebra ica l ly  l a r g e s t  r e a l  eigenvalues, w and ps, a re  of immediate 

i n t e r e s t .  Not only does Eq. 1 4  reduce t o  an i d e n t i t y  i f  t h i s  procedure 

i s  used, but it i s  p rec i se ly  t h e  e x p l i c i t  so lu t ion  of Eqs. 6 and 7 t h a t  

we wish t o  avoid. 

vides  f o r  approximating the  r e l a t i o n  between p and t h e  observed s t ab le  

per iod w - l .  The bas ic  s impl i f ica t ion  r e s u l t s  from assuming t h a t  t h e  

shape of the  asymptotic f l u x  d i s t r ibu t ion ,  $, i s  s u f f i c i e n t l y  wel l  

approximated by t h e  s t a t i c  f l u x  d i s t r ibu t ion ,  $s. 

point ,  t h e  v a l i d i t y  of t h i s  approximation i s  a consequence of the small- 

ness of the  delayed neutron f rac t ion ,  BT.  

and $s i s  subs t i t u t ed  f o r  $ i n  Eq. 7, t h i s  equation can be in tegra ted  

around the  c i r c u l a t i n g  path of t h e  f u e l  t o  obtain t h e  d i s t r i b u t i o n s  of 

delayed precursors,  c Before completing the  ana lys i s ,  however, we 

s h a l l  make a second approximation t o  s implify t h e  computation o r  the  

i n t e g r a l s  occurring i n  Eq. 1 4 .  

1 -  

s -  

The g rea t  usefulness of Eq. 14  i s  i n  t he  b a s i s  it pro- 

S 

From a physical  stand- 

If t h i s  approximation i s  made, 

i' 

It can be assumed t h a t  t he  correct ion 
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for the difference in energy spectra for emission of prompt and delayed 

neutrons appearing in Eq. 14 can be calculated approximately as a sepa- 
rate step. 

layed neutrons from that of the prompt neutrons and modifying the static 

delayed neutron fractions, pi, by the relative non-leakage probability 
factors appropriate to a bare reactor which approximates the actual core. 

Such an approximation can also be justified from an objective standpoint, 

since the correction for the differing ''energy effectiveness" of delayed 

neutrons relative to prompt neutrons is small compared to the effect of 

the spatial transport of precursors under consideration. For the MSRE, 
calculations of the former effect are given in Ref. 3. The net energy 

correction changes the effective value of B 

This is done by reducing the age for the - ith group of de- 

for U235 from 0.0064 to T 
o 00666. 

One further remark should be made concerning Eq. 14. A given 
static reactivity, ps, corresponding to some time independent reactor 

configuration is also related through Eq. 14 to - all physically allowable 

transient modes present ir_ the neutron flux after the final reactor con- 

figuration has been established. In this study, we have chosen to 

emphasize only the relation between the circulation and the asymptotic 

mode. An approximate analysis indicates that the remaining eigenvalues 
znd eigenfunctions of Eqs, 6 and 7 differ in certain fundamental respects 
from those of stationary fuel reactors. For the purpose of this report, 
we shall not attempt to demonstrate this. Except for a brief return to 
this topic in a later section, we will restrict attention entirely to 

the analysis of the stable asymptotic period measurements. 

The completion of the required analysis consists of the integration 

of Eq. 7 around the circulating path of the fuel. Obviously, even if g 
is replaced by @ calculated from Eq. 8, further simplifications in the 
flow model are necessary before the problem becomes amenable to practical 

computation. The approximations we have used in representing the circu- 

lating loop of the MSRE are shown schematically in Fig. 1. The model 
consists of a three region approximation to the actual core, representing 

the lower or entrance plenum, the graphite moderated region, and the 

upper, or exit plenum, respectively. The core is represented as a right 

cylinder with volumes in the upper and lower plenums equal to those of 

S 



11 

ORNL-DWG 66-8561 

. 

0' 

J I L L - -  REACTOR OUTLET 

(01 MSRE CORE GEOMETRY (SCHEMATIC) 

z = L  -- 

EXTERNAL PIPING 
(INCLUDING FUEL 
PUMP AN0 HEAT 
EXCHANGER1 

Fig. 1. Geometry of MSRE Core and Three Region Core Model Used i n  
Physics Calculations. 



the actual MSRE core. This three-region model is a simplified 
of that used for all previous MSRE core physics computations.7 

version 

Fluid dynmics studies with the MSRE core mockup have indicated 
that the fuel velocity within the graphite moderated region is very 

nearly constant over a large part of the core. Higher velocities occur 

in a small region about the core axis and near the outer radius. In the 

upper plenum, the flow is nearly laminar, whereas in the bottom head the 

flow distribution is complex due to the reversal in the flow direction 

between the peripheral downcomer and the graphite moderated region. 

In the present study, we have assumed the flow velocity in each 

regior? except the lower plenum to be constant (plug flow), with the 

magnitude of the linear velocity determined by 

where Lk is the axial length of the kth region, and t 
time of the fluid in the kth region. It will be seen later that the 

precursor densities in the regions of zero neutron flux (external loop) 

depend only on the fluid residence time in these regions. 

is the residence k - 

- 

Although the lower plenum is in a region of relatively low neutron 

importance so that several approximations are allowable, rather than 
assign a linear velocity to this region it was considered more realistic 

from a physical standpoint to treat the region as z "well stirred tank" 

with an average neutron flux and importance (adjoint flux) assigned to 
i+, 

Within the graphite moderated region, the primary difference in the 

spatial distributions of prompt and delayed neutrons can be expected to 

be in the direction of fuel salt flow. 

assumed the velocity profile to be flat in the radial direction across 

the entire core, and have neglected the radial averaging of the neutron 

production ratesimpliedin the scalar product integrals in Eq.  14. This 

is equivalent to assuming radial and axial separability of the neutron 

production rates and adjoint fluxes. 

over the radial. coordinate, and consider only the axial (z) dependence 

As a first approximation, we have 

Thus, if we preaverage the fluxes 

t 
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h 

of P@ in the integration of Eq. 7, the problem reduces entirely to a 
one-dimensional calculation (line model). 

* S 

With these simplifications, the required integration of Eq. 7 can 
now be completed. As written in the preceeding formulas, the precursor 

densities and neutron reaction rates are the homogenized values, i.e., 

normalized to a unit cell volume of the reactor. To integrate Eq. 7, 
account must be taken of the variation in the fluid volume fraction over 

the path of flow through the reactor. 

fuel in the - kth region and superscript ( 0 )  is used to indicate the pre- 

cursor densities and prompt neutron production rate in the fuel; 

If ak is the volume fraction of 

(22) 
0 c.(z) 1 = cykCi(Z)' , 

The values of cy used for numerical calculations with the model of the 

MSRE core shown in Fig. lb were 0.225 for the graphite moderated region, 

and 1.0 and 0.91 for the top and bottom plenums, respectively. The 

explicit forms of Eq. 7 for the various regions become: 

a) Graphite moderated region 

dco 
0 i O s z l H  

c '  Bi P0@&Z) - (Xi + w) ci = vc 

b) Top plenum 

c) External piping 

~~ 

* 
The validity of this approximation is not immediately obvious; 

however, it appears to be adequate in the light of results presented 
later. 
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d) Bottom plenum 

In the above equations, He is the height of the graphite moderated region, 
H-He is the thickness of the upper plenum, and L-H is the effective length 
of the region representing the external piping and heat exchanger (see 

Fig. lb). As described above, the lower plenum region is treated by means 
of a well mixed tank approximation, in contrast to the plug flow model for 

the remaining regions. In Eq. 27, t is the average residence time and Q 
is the average fission production rate for each element of fluid 

in the lower plenum. 

The boundary 

concentrations in 

As applied to Eq. 

These conditions, 

conditions for each region require that the precursor 

the salt, c are continuous along the path of flow. i' 
27, these conditions are; 

0 

(28) c"t = 0) = e.(. 0 = L) , 
1 1 

(29) 0 0 c.(t = t ) = Ci(Z = 0) . 
1 R 

together with the continuity conditions given above, 
completely determine the solution of E q s .  24 through 27. 
of integrating the above differential equations are: 

The results 
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. 

w’ 

-(xi+w)(+ z -H 
c.(z) 0 = ci(H)e 0 ex 
1 > 

Z = L + O  

- ( hi +w ) tQ 1 - (  xi+dta -- 
0 0 
c.(o) 1 = ci(L)e + Bi(po@s)a ( 3 3 )  

The last of the equations given above results from averaging the precursor 
concentration obtained from solving Eq. 27 over the residence time t 
By use of the continuity conditions for the entrance and exit concentra- 

Q’  

tions in each region, the above equations may be used to solve f o r  ci(o). 0 

The result is: 

- ( hi +w > tQ’ 
+ )Q 

-- k - E i + w  
where the following definitions of the residence times have been used: 
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HC 

vc 
t = - ,  

H - Hc 
t =  
U 3 

L - H  t E - ,  

ex ex V 

(37) 

= tc + tu + tex + tR * (39) tcirc 

The computational procedure developed in this section may be sum- 

marized as follows: 

1. Calculate approximations to the static flux and adjoint flux 

axial distributions by standard techniques of core physics analysis. 

2. From a specified asymptotic inverse period, w, and the static 

flux distribution, gS, corresponding to the same reactor state, calculate 
ci(o;w) using Eq. 35. Note that the absolute normalization of the flux 

is arbitrary since Eq. 14 is independent of the flux normalization. 

0 

3. Calculate the axial distribution of precursor densities in the 

salt, cy(z;w), by means of formulas 30 through 34. 
integration procedure or analytical approximations for gS( 2) can be used 
in evaluating the integrals. The former method was used in the work 

described in the following section. 

Either a numerical 

4. Calculate p by performing the integrations in Eq. 14. 
It is obvious that the only means of practical calculation with this 

S 

scheme is the digital computer. A calculation program based on this scheme 
was written for the IBM-7090. Specific details concerning the numerical 
results, and the application of this analysis to the MSRE experiments are 
given in Section 3. 
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3. NUMERICAL AND EXPERIMENTAL RESULTS 

Numerical Groundwork 

, -. 

Our intention in this section is to apply Eq. 14 to the analysis 
of a series of rod bump-stable period measurements made with the MSRE 

during fuel circulation. These measurements were taken at various con- 

trol rod insertions during the course of enrichment of the fuel salt in 

R u n  No. 3. It has been seen from the analysis presented in Section 2 
that the quantities required to relate the measured asymptotic period 

to reactivity are the static distributions of the precursor concentration 

and the fission production rate together with the associated adjoint flux 

distribution. We have already introduced several approximations in order 

to simplify calculations with Eq. 14. 
group diffusion model for the neutron fluxes. The flux distributions we 

shall use were obtained from standard core physics analysis with one- 

dimensional multigroup and two-dimensional, few group diffusion models 

for the neutronic behavior. In performing a "first round" analysis of 

the experimental measurements, the attempt was made to maintain as much 

computational simplicity as possible without discarding the essential 

features of the reactor and fuel circulation models. 

We now make explicit use of the 

0 ,+ 
It has been shown that the static distribution P $ s  and q s  occurring 

in Eq. 14 are those appropriate to the asymptotic state, i.e., the 
reactor-rod configuration during the period measurement. However, the 
three control rods in the MSRE are in a highly localized cluster about 
the center of the core (Fig. 2), and the insertion of a single rod 

produces a perturbation in the thermal flux distribution which is fairly 

well localized in the radial direction. Some calculational results in 
support of this conclusion are shown in Fig. 3. These are plots of the 

radial variation of the thermal flux, taken at an azimuthal angle half 

way between control rods 2 and 3. The calculations were made with the 

two dimensional diffusion program EXTERMINATOR,' using an R-8 model of 
the MSRE core geometry. The perturbed fluxes with rod No. 2 inserted 
and with all three rods inserted are compared with the fluxes when all 
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Fig. 2. Lattice Arrangement of MSRE Control Rods. 



f. 

8 

19 

0 10 20 30 40 50 60 70 80 
RADIUS (crn) 

Fig. 3. Radial Distribution of Thermal Flux in MSRE Core (Calcu- 
lated Curves ) . 



20 

rods are fully withdrawn.* In all cases, the fluxes are normalized to 

a core power level of 10 Mw. It may be seen that the shape of the flux 

is relatively undisturbed over a large fraction of the radial cross 

section of the core. 
One may also note that the total neutron production rates in the numer- 

ator and denominator of Eq. 14 are multiplied by the energy spectrums of 
neutrcn production. Hence, when performing the integration over energy 

in evaluating the scalar products in Eq. 14, only the high energy portion 
(where f( E) # 0) contributes to the result. 
approximate the fast group adjoint flux distribution. 

We therefore need only 

Based on the preceeding observations, as a final set of simplifying 
approximations we have used only the unperturbed distributions of fission 

production and fast adjoint flux, corresponding to the case of the rods 

fully withdrawn from the core. This simplification is consistent with 
the neglect of the radial variations of flux and precursor concentrations 

over the core which was discussed in Section 2. 

The calculated unperturbed axial distributions of fission production 

rates and fast adjoint flux are given in Fig. 4. These were used for 
the calculation of the axial distributions of the six delayed neutron 
precursor groups, in accordance with the scheme developed in Section 2. 

The individual precursor concentrations, c?( z), were multiplied by Xi 
and summed to obtain the total local rate of emission of delayed neutrons 
along the flow path through the reactor core. These resulting total dis- 

tributions are shown in Fig. 5, for the particular cases of w = 0 

(circulating critical) and w = 0.1 sec 

for the case when the fuel is not circulating. All three distributions 
are normalized to the same total production rate, Pegs. The bottom 

plenum is omitted from Fig. 5 since the well stirred tank model was 
used to represent the delayed neutron production in this region. 

1 

-1 
(10 sec stable period), and also 

Based on these same unperturbed fluxes, the relationship between the 
-1 stable inverse period, w , and the increment in static reactivity 

corresponding to the rod bump is shown in Fig. 6. For comparison 

m e  "dip" in the thermal flux when the three rods are fully 
withdrawn is caused by the presence of the INOR-8 rod thimbles. 
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purposes, a calculated curve is also given for the standard inhour rela- 
t i ~ n ~ ~ ~ w h e n  the fuel is stationary in the core. 
are based on the static values of pi and A. and the fuel residence times 
given in Table 1. 

A l l  of these calculations 

1 

Table 1. Static Delayed Neutron Precursor 
Characteristics and Fuel Residence 

Times used in Calculations 

Delayed Group* 1 2 3 4 5 6 
104 pi, (n/104 n) 2.23 14.57 13.07 26.28 7.66 2.80 

xi (see’’ 0.0124 0.0305 0.1114 0.3013 1.140 3.010 

Fuel Residence Times (see)” 

Core (graphite moderated region) 9.4 
Upper plenum 3.9 
External system 8.1 
Lower plenum 3.8 

Total 25.2 

* pi corrected for the difference between the static energy 
spectrums of prompt and delayed neutron emi~sion.~ 

As the curves in Fig. 6 illustrate, because the margin between the prompt 
and delayed neutron sources has been increased by the spatial transport 

of the precursors, the same static reactivity increment produces a faster 

rate of rise of both neutron and precursor densities. The calculated 

curves extend somewhat beyond the region of practical interest in experi- 

mental measurements of the stable period. They are presented mainly for 

the purposes of illustration. In analyzing the experimental data, it 

proved to be most expedient to carry out machine calculations of the 

reactivity increments corresponding to each observed stable period. 

. 
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Experimental Resul ts  

In  the  chronology of t h e  MSRE zero power experiments, t h e  measure- 

ments of i n t e r e s t  i n  t h i s  study began a t  t h e  point  of reaching the  m i n i -  

mum 235U concentration required f o r  c r i t i c a l i t y  with c i r c u l a t i o n  stopped 

and a l l  control  rods f u l l y  withdrawn. A summary of t h e  zero power experi-  

ments i s  given elsewhere,1° and w e  consider only those d e t a i l s  per t inent  

t o  the  top ic  of t h i s  r e p o r t .  

Once t h i s  f irst  basepoint 235U concentration had been reached, the  

concentration w a s  f u r t h e r  increased by the  addi t ion  of capsules of en- 

riched f u e l  salt  containing approximately 85g amounts of 2 3 5 U .  

amount of cont ro l  rod i n s e r t i o n  required t o  compensate for these  addi t ions 

w a s  measured, and period measurements about these  new c r i t i c a l  rod posi-  

t i ons  were made. Care w a s  taken t o  determine t h e  minimum e x t r a  addi t ion  

of 235U required t o  reach c r i t i c a l i t y  with the  f u e l  c i r c u l a t i n g  and a l l  

rods f u l l y  withdrawn. Once t h i s  second basepoint w a s  reached, t h e  

c r i t i c a l  rod pos i t ion  and period measurements were made f i r s t  with t h e  

pump stopped then with t h e  f u e l  c i r cu la t ing .  The measurements were 

The 

terminated when enough 235U had been added t o  c a l i b r a t e  one rod over i t s  

e n t i r e  length of t r a v e l .  

Most of t h e  period measurements were made i n  p a i r s .  The rod whose 

s e n s i t i v i t y  w a s  t o  be measured w a s  f i r s t  adjusted t o  make the  reac tor  

c r i t i c a l  a t  about 10 w a t t s .  Then it w a s  pul led a prescr ibed d is tance  

and held the re  u n t i l  t h e  power had increased by about two decades. 

rod w a s  then i n s e r t e d  t o  b r ing  the  p o w e r  back t o  10 w a t t s  and t h e  measure- 

ment w a s  repeated a t  a somewhat sho r t e r  s t a b l e  period. Two f i s s i o n  cham- 

bers  dr iving log-count-rate meters and a two-pen recorder were used t o  

measure t h e  per iod.  The s t a b l e  period w a s  determined by averaging t h e  

slopes of t he  two curves (which usua l ly  agreed within about 2%).  

observed were genera l ly  i n  the  range of 30 t o  150 sec .  

The 

Periods 

Prior t o  pu l l ing  t h e  rod f o r  each period measurement, t h e  attempt 

was made t o  hold the  power l e v e l  a t  10 watts f o r  a t  l e a s t  3 minutes, i n  

an e f f o r t  t o  assure  i n i t i a l  equilibrium of t h e  delayed neutron precursors .  

Generally, however, it w a s  d i f f i c u l t  t o  prevent a s l i g h t  i n i t i a l  d r i f t  

i n  t he  power l e v e l  as observed on a l i n e a r  recorder ,  and cor rec t ions  were 
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therefore introduced for this initial period. The difference between 

the reactivity during the transient and the initial reactivity, as com- 

puted from the In-hour relation, was divided by the rod movement and 

this sensitivity was ascribed to the rod at the mean position. 

The results of the rod sensitivity measurements made with the fuel 

stationary are shown in Fig. 7. Since the rod reactivity worth is 

affected by the 235U concentration, theoretical corrections have been 
applied to the raw data to account for the fact that the 235U mass was 

continually being increased during the course of these experiments. The 

rod sensitivities shown in Fig. 7 have been normalized to a single 235U 
concentration, that at the beginning of the calibration measurements. 

___- 

The calibration curve in Fig. 7 constitutes a convenient reference 
from which the static reactivity equivalent of the 235U additions can be 

determined, simply by relating the integral under the curve between the 

fully withdrawn position and the critical rod position to the 235U mass. 

By applying this equivalence to the minimum 235U increment between criti- 
cality with the fuel stationary and with it circulating, one obtains an 

experimental determination of the reactivity loss increment due to cir- 

culation. In addition, the curve in Fig. 7 is a convenient comparison 
curve for the rod sensitivity data taken while the fuel was circulating. 

In the first of the two above cases, the reactivity increment 
obtained from experiment was 0.212 f 0.004% Sk/k. 

compare with 0.22276 calculated directly from Eq. 14, with w = 0. 

second case, the rod sensitivities determined from period measurements 
during circulation and Eq. 14 are shown in Fig. 8. Note that the solid 
curves in Figures 7 and 8 are identical. 
found to be distributed fairly closely about the reference curve, but the 

scatter of points relative to this curve is somewhat larger than observed 

with the data points of Fig. 7. Suggestions concerning the possible 
sources of this scatter, and methods for improving the precision of these 

This was found to 

In the 

The experimental points were 

r 

measurements are included in the following section. 
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4. DISCUSSION OF RESULTS 

Theoretical Model Verification 

In keeping with the order of presentation of the preceeding part of 

this memorandum, we shall first discuss those aspects of the results 

which relate directly to the theoretical model. Following this, some 

suggestions concerning the MSRE experiments will be made. 

As a test of the theoretical model for determining the effects of 

fuel circulation on the delayed neutron precursors, quite satisfactory 

results were obtained for the reactivity increment between the just- 

critical states with the pump stopped and with the fuel in steady circu- 

lation. Here, the principal difference in our model and an earlier 

calculation by Haubenreich3 is the specific inclusion of the top and 

bottom reactor plenums as additional sources of delayed neutron emission 

which contribute to the chain reaction. As was shown in Fig. 5, the 
combined effect of fuel flow and radioactive decay of the precursors is 

to "skew" the distribution of delayed emission toward the upper core and 

the top plenum. It is important to notice that this relative increase 

in emission of delayed neutrons in the top plenum is further accentuated 

by the much larger fuel volume fraction in this region (the effective 

neutron production is the product of the source in the fuel salt times 

the fuel volume fraction). 

the ultimate contribution to fission of only those delayed neutrons 
emitted in the channelled region of the core, he obtained a somewhat 

larger effective loss in delayed neutrons due to circulation. 

Because Haubenreich's model accounted for 

Although these results seem to constitute an adequate test of the 

model for the steady state condition, we cannot extend this claim to the 

stable asymptotic periods measured over the entire range of rod travel, 

due primarily to the lack of precision in the period measurements. How- 

ever, until more precise measurements can be made, this calculational 

model appears to be an adequate description of the delayed neutron pre- 

cursor transport due to circulation. 

More generally, one may pose the question of the need for sensitive 
tests and models of the delayed neutron kinetics during fuel circulation 

\ 
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at zero power. For the rod calibration work, it is always possible to 
stop the fuel pump, perform the tests with the fuel stationary in the 

core, and use simpler, well developed methods for the analysis of stable 

periods. Also, the questions of ultimate safety and stability of the 

reactor generally involve large reactivity additions which take place on 

a time scale short compared to the core transit time, and greatly in- 
fluence the kinetics of the prompt neutron generation. These questions 

also involve nonlinear interaction effects with temperature at high 
power. 

In addition to the theoretical interest, there are several contri- 

butions a good understanding of the effect of circulation on the delayed 

neutron kinetics can make from the viewpoint of reactor operation. For 

example, the observed differences between the fuel stationary and circu- 

lating critical conditions can constitute a sensitive method of determin- 

ing fuel circulation rate, amount of circulating gas bubbles, or any 
special characteristic due to the circulation. Necessary control system 

sensitivities and response times for normal operation can be specified 

with less uncertainity in the design of other molten salt reactors. 

Although much of this study overlaps that of earlier work, it is 

useful to re-emphasize here that the kinetics of circulating fuel systems 

belong to a mathematical category which is fundamentally different from 

that of stationary fueled reactors. This is particularly important in 
the description of reactor transients occurring on a time scale com- 
parable with the fuel transit times. It is appropriate to refer to the 

circulating fuel systems as "time-lag" systems, governed by partial 

differential equations for the delayed emitter concentrations, rather 

than by ordinary differential equations. For many purposes, approximate 
reductions of the equations to a form similar to the kinetics equations 

of the stationary fueled systems are adequate (e.g., the replacement of 
eff the individual delayed fractions, pi, by effective reduced values, pi , 

in the conventional reactor kinetics equations). 

does not seem to be fully justified for the analysis of an arbitrary 
transient. In this study, the only conditions we have fully examined are 

the just critical state and the state of flux changing with a stable 

asymptotic period. 

This reduction, however, 

For a complete theoretical understanding of the 
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coupling of the circulation with the delayed neutron kinetics, we need 

also to analyze the transient delayed neutron modes, mentioned briefly 

in Section 2. This transient coupling determines the effective time to 

establish the asymptotic period, and should also provide a basis for 

approximations made in the analysis of arbitrary transients. Some pre- 

liminary work has been done on this problem, and we hope to make this 

the subject of a future memorandum. 

Recommendations for the PISRE 

One reason for the lack of precision of the rod bump-period measure- 
ment of control rod sensitivity is that the latter is the ratio of two 
small quantities. For best results, this requires the experimenter to 
maintain high precision in both the measurement of the increment in rod 

position and the slope of the log n vs time curve. Early in the course 

of these experiments it was decided that only the regular reactor instru- 
mentation would be used for the rod sensitivity measurements. Determi- 

nation of the period in each measurement involved laying a straight-edge 

along the pen line record on the log n chart and reading the time interval 

graphically along the horizontal scale which corresponded to a change of 
several decades in the neutron level. Since these charts, together with 

the pen speeds, are subject to variations, this is a probable source of 

error in the rod sensitivity measurements. A second possible source of 
error, probably less important, lies in the measurement of the increments 
in the rod positions. It has been seen that the scatter in the experi- 
mental points was larger for the sensitivity measurements made during 

circulation. This is expected, since similar increments in rod with- 
drawal result in a shorter stable period under these conditions. 

Although a complete error analysis has not been carried out, these 

considerations would seem to be obvious starting points in any future 

attempt to obtain more precise measurements of the rod sensitivities. 
At the time these experiments were performed, the MSRE on-line computer 
was unavailable for the automatic recording of experimental data. It 

would be useful, during future MSRE operation, to repeat some of the 

period measurements while at zero power, using the computer in the data 
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logging mode t o  automatical ly  record t h e  log  n and t i m e  i n t e r v a l s .  

shim rods could be ad jus ted  t o  vary t h e  i n i t i a l  c r i t i c a l  pos i t i on  of t h e  

regula t ing  rod f o r  t h e  period measurements. The immediate need f o r  more 

prec ise  experiments i s  not g rea t ,  s ince  t h e  prec is ion  of t h e  rod c a l i -  

b ra t ion  obtained from t h e  measurements with t h e  f u e l  s t a t iona ry  i s  

judged adequate for f u r t h e r  operat ion.  
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