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V i  

PFEFACE 

The idea  f o r  a r eg iona l  seminar on hea t  t r a n s f e r  and r e l a t e d  t o p i c s  

can be c r e d i t e d  t o  Professor  J. Edward Sunderland of t he  Georgia I n s t i t u t e  

o f  Technology, who had the i n i t i a t i v e  - and courage - t o  organize t h e  f irst  

meeting i n  Ap~il. 1965 on t h e  Georgia 'Tech campus. 

of t h i s  conferrenee were " to  s t imu la t e  research ,  provi.de a formal means f o r  

present ing  research ,  he lp  research  workers i n  t h e  Southeast  t o  become 

b e t t e r  acquainked w i - L h  vork, ccLI.eagues, and resources  i n  t h e  geographical 

a r ea ,  e t c  li To accomplish these  ob jec t ives ,  Professor  Sunderland conceived 

a l imi t ed  nu!nher of formal lec t .u res  by prominent engineers  and s c i e n t i s t s ,  

b r i e f  progress  r e p o r t s  on cu r ren t  research  a t  Southea.stex-n u n i v e r s i t i e s  

and go\iernmenL l a b o r a t o r i e s ,  and informal  group d iscuss ions  on to:pi.cs of 

s - i sn i f i can t  i n t e r e s t .  Importantly,  he e l i c i t e d  the support  of t h e  Na-tional 

Aeronautics and Space Adminis t ra t ion f o r  t h e  f i r s t  conference 

The s- ta ted objec'ci.ves 

The 'cask of organ.i_zing and accompli-shing thris second seminar (held i n  

Oak Ridge, Tennessee, under the  sponsorship of the Oak Ridge NaLional Lab- 

o ra to ry )  w a s  made immeasurably e a s i e r  by t h e  f im foundat ion bui1.t by 

P ro fes so r  Sunderland. To accommodate t h e  i n t e r e s t s  of  r e sea rche r s  i n  t h i s  

region,  the  ex ten t  of t h e  seminar was enlarged t o  include mass t r a n s f e r ,  

thermodynamics, f l u i d  mechanics, and energy conversion along w i - L h  hea t  

t r a n s f e r .  Our name was al.so changed t o  "Southeastern Seminar on Thermal 

Sciences"  t o  r e f l e c t  t h e  increased scope. The format was e s s e n t i a l l y  un-- 

chaiged However, t h e  nuxfoer o f  p rogress  r e p o r t s  included was substan-  

t - ia- l ly  increased;  and a b s t r a c t s  of t hese  r e p o r t s  were d i s t r i b u t e d  a t  t h e  

meeting. 

This vol_ume records the t e c h n i c a l  proceedings of t h i s  second seminar 

and incl.udes t h e  f u l l  t e x t s  of t h e  tnvi-ted l e c t u r e s  and t h e  a b s t r a c t s  of  

the progress  reports LI The group discussions have not  been i.ncluded, s ince  

t k s e  were of  a very informal  na ture  and were not  record.ed. Unfortunately,  

t h e  in t roductory  remarks by Dr. Alvin M. Weinberg, E r e c t o r  of t he  Oak 

Ridge National. Laboratory,  was al.so not  taped .  I r e g r e t  t h i s  omission and 

would 1i.ke t o  express  t o  D r .  Weinberg, on behal f  of t he  Seminar, our 

apprec la t ion  f o r  h i s  per t i .nent  welcoming comments. 

http://provi.de


More than  a year  has gone by s ince  t h i s  meeting was held;  and, while 

I apologize f o r  t h e  de l ay  i n  i s s u i n g  these  proceedings,  t he  passage of 

time has occasioned one ga in .  

we have assigned a n  i d e n t i f i c a t i o n  number t o  t h i s  r e p o r t ;  t hus ,  t'nese 

proceedings may be re ferenced  i n  your f u t u r e  pub l i ca t ions  (I 

With the  permission of our  f o u r  l e c t u r e r s ,  

The response of t h e  Southeas te rn  reg ion  t o  these  seminars has been 

h ighly  s a t i s f a c t o r y ,  and it w a s  agreed a t  t h e  conclusion of t h i s  second 

seminar t o  cont inue on a n  annual  b a s i s .  With t h i s  dec is ion ,  t he  South- 

e a s t e r n  Seminar on Thermal Sciences e n t e r s  a second phase i n  i t s  growth. 

Plans which provide f o r  a more formal  bus iness  s t r u c t u r e ,  while r e t a i n i n g  

t h e  in fo rma l i ty  of our t e c h n i c a l  s e s s ions ,  are i n  progress .  

The success  of any meeting de r ives  from t h e  e f f o r t s  of many; and so 

I would l i k e  t o  acknowledge t h e  support  of a11 those  i n  t h e  ORNL organiza-  

t i o n  who worked i n  our beha l f .  Spec ia l  commendation should be given t o  

t h e  s e c r e t a r i e s  - Jane Cra ig  and Dolores Eden - who labored  d i l i g e n t l y  i n  

t r a n s c r i b i n g  t h e  t a p e s  of t h e  l e c t u r e s  and i n  typ ing  t h e s e  proceedings.  

Our thanks a r e  a l s o  due t o  our i n v i t e d  l e c t u r e r s  - Profes so r  S t u a r t  W. 

Churchi l l ,  Dr. R. N .  Lyon, P ro fes so r  Warren M. Rohsenow, and D r .  Frank A .  

Gi f ford  - whose enthusiasms and con t r ibu t ions  added d i s t i n c t i v e  f l a v o r  

t o  our ses s ions  and t o  M r .  John W. Landry f o r  h i s  s t i m u l a t i n g  and e n t e r -  

t a i n i n g  d i scuss ion  on one a spec t  of t h e  peacefu l  use of atomic energy. 

My personal  thanks goes t o  Dr. J. J. Keyes (ORm) who served wi th  me as 

a s e s s i o n  chairman and t o  a l l  of t h e  members of t h e  organizing committee 

for t h e  Second Southeas te rn  Seminar on Thermal Sciences.  

app rec i a t ion  goes t o  a l l  those  a t t end ing  f o r  t h e i r  con t r ibu t ions  t o  t h e  

fu l f i l lmen t ,  of t h e  purposes of t h i s  seminar. 

F i n a l l y ,  my 

Herbert  W .  Hoffman 
General Chairman, Second SESTS 
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IrJTRODUCTION OF SPIUKER 

J. J. Keyes (Om), Chairman: To l ead  o f f  our seminar t h i s  morning, 

we a r e  for?xnate t o  have Professor  S t u a r t  W. Churchi l l ,  Chairman, Depart- 

menl; of Ch.emica1 and Me-Lallurgical. Engineering, Uni-vevs i t y  of Michigan, 

and curren-Lly P res iden t  oP t he  American I n s t i t u t e  of  Chemical Engineers .  

Professor  Church i l l  has keen a t  t h e  Univers i ty  of Michigan s i n c e  1947, 

having obtained his doctora-Le t,liere i n  chemical engi-neering i n  1952. 

Inc iden ta l ly ,  he has an  undergraduate degree i n  mathematics which may 

accouiit f o r  the emphasis on a n a l y t i c a l  techniques you w i l l  f i n d  i n  many 

of h i5  p u b l i c a t i o n s .  He has a l s o  had experience i n  the  chemical i ndus t ry  

and he has di-s t inguished himself i n  resea.rch,  as an  educat.or, and as a n  

a c t i v e  spokesman f o r  h i s  p ro fes s ion  through respons ib le  d u t i e s  , pos i t i ons ,  

and e d i t o r i a l  r e s p o n s i b i l i t e s  i n  t h e  American Inst i -Lute  of Chemical 

Engineers.  A s  a ma t t e r  of f a c t ,  he was r e c i p i e n t  of t h e  1964 Pro fes s iona l  

Progress  Award o f  t h a t  I n s t i t u t e .  Be has con t r ibu ted  s igni f icant1 .y  i n  t h e  

a r e a s  of combustion, r a d i a t i o n ,  and na tura l -convec t ion  heat  t r a n s f e r ,  mass 

and monentum t r a n s  Ye r , high-tempe r a tu ro  chemical e yui l ibr ium, t w c .  -phase 

flow, and mathemat-ical. techniques f o r  t he  solu. t ion of problems i n  these  

p a r t i c u l a r  a r e a s .  H i s  subjeci; t h i s  morning, "The Present  L i m i t s  of Our 

A b i l i i ; ; y  t o  Predicf,  Na. tural .  Convection and Radiat ion,  " i s  c e r t a i n l y  Lii-flely. 

I wish t o  i.ntroduce now Pro fes so r  S t u a r t  Church i l l .  
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THE PRESENC LIMITS ON OUR ABILITY TO PREDICT 

NATURAL CONVECTION AND RADIATION 

S. W I) Church i l l  

Thank you, D r .  Keyes. D r .  Keyes and 1 were fe l low graduate s tuden t s  

a t  t h e  Un ive r s i ty  of  Michigan, and so  t h i s  i s  a ve ry  p l easan t  personal  

reunion.  I am also pleased  t o  be wi th  t h e  rest of you t h i s  morning. 

The importance of f r e e  and n a t u r a l  convect ion i n  space hea t ing  and 

meteorology has long been recognized.  

neglec ted  S i e l d  u n t i l  perhaps the l a s t  decade. The recent  expansion i n  

research  on na tu ra l  -convection phenomena i s  apparcr l t ly  a resu l t  of  new 

a p p l i c a t i o n s  ir, f u e l  c e l l s ,  t he rmoe lec t r i c  devices  nueleax r e a c t o r s ,  gas 

t u r b i n e s ,  polymeric process ing ,  and o the r  developing f i e l d s ,  T be l i eve  

that z h i s  expansion, however, has been prompted a t  lea3s-t as rmch by im- 

provement i n  a n a l y t i c a l  techniques as it has been by t h e  p re s s  of p- rac t ica l  

problems. 

Nevertheless ,  it has been a s t r a n g e l y  

An important f a c t o r  has been t h e  development o f  high-speed computers, 

and t h i s  w i l l  be a s u b j e c t  of  p a r t i c u l a r  emphasis i n  my t a l k  t h i s  morning. 

The r ap id  and cont inuing  development of computing machinery is ,  I be l i eve ,  

t h e  most important s i n g l e  development i n  engineer ing  in t h i s  c rn tu ry .  The 

p o t e n t i a l i t i e s  of machine computation a r e  s i l l  not, P d l y  recognized by 

many engineers  a Modern computers p l u s  numerical  methods artd the re levant  

development o f  e f f i c i e n t  techniques  of p rograming  havn smddezly given us  

g r e a t  new power; i n  p a r t i c u l a r ,  t h e  power to solve those  p a r z i a l  d i f f e r e n -  

t i a l  equat ions  which we have always presumed t o  descr ibe  t h e  real  world. 

These equat ions  were p rev ious ly  in so lub le  except  for very i d e a l i z e d  con- 

d i t i o n s .  P w i l l  i l l u s t r a t e  t h i s  growing c a p a b i l i t y  of compufuaiion i n  t h e  

f i e l d  of n a t u r a l  convect ion and, as t i m e  permi ts ,  in t h e  f i e l d  of r a d i a -  

t i o n .  I w i l l  do t h i s  i n  t w m s  of some of our work a t  t h e  Un ive r s i ty  of  

Michigan, a l though c l e a r l y  i t  could be done i n  terms of work being  done i n  

o the r  l a b o r a t o r i e s  as we l l .  Our r e sea rch  has c l o s e l y  parall el  e d  t h e  develop- 

ment of computers i n  the  p a s t  1-5 years .  We have always bee2 r a t h e r  f r u s -  

t r a t e d  and l i m i t e d  by  t h e  capac i ty  of e x i s t i n g  computei-s desp i t e  t h e i r  

rapLd improverrient. I be l i eve  t h a t  t h e r e  Fs an  analogy t o  Parkinsongs l a w  
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here;  namely, t h a t  graduate s tudents  can always pose a problem f o r  a 

compuLer t h a t  exceeds t h e  capabi l - i ty  of any e x i s t i n g  computer. We have 

t r i e d  t o  make a c’nal..lenge of t h i s  l . imitation, however, and make cur 

objec t ive  t o  f i n d  more e f f i c i e n t  ways of ca r ry ing  out  numerical  calcu-  

l a t i o n s .  I be l i eve  - that  su.ch a 1.irnitation i s  desira,’ole; o-therwise, one 

would be tempted t o  use hammer and .tong methods r a t h e r  t han  ingenui ty .  

In 1.952, W i l l i a m  2. Martin: came t o  the  Univers i ty  of Michigan. He 

was an  unusu.a,l. s tudent  and had a sub jec t  f o r  h i s  doctoral. t h e s i s  i n  mind 

when he a r r i v e d ;  namely, the behavi-or of a chem?.cal r e a c t o r  d r iven  by 

n a t u r a l  convect ion.  His i n t e r e s t  developed out of a water -boi le r - type  

nuc lear  r e a c t o r  i n  which t h e  decomposition of water t o  hydrogen a:nd oxygen 

occurred. He had been cons ider ing  t h e  p o s s i b i l i t y  of a r e a c t o r  Lo r eun i t e  

the hydrogen and oxygen without  any mechanical_ motion, and t h e r e f o r e ,  wi th  

a reduced hazard of de tona t ion .  I n  due course we decided t o  i d e a l i z e  t h e  

problem somewhat. We chose t o  look a t  t h e  behavior  of  such a device with-  

out t h e  chemical r e a c t i o n ;  I a m  somewhat embarrassed t o  say  tht ,  1-5 years  

l a t z r ,  we s t i l l  have not re turned  t o  t h e  pro.blem of combined n a t u r a l  con- 

vec t ion  and chemi.cal. reac-Lion. Tine geometry we chose, however, was c l o s e l y  

re12,ted t o  t h e  p r a c t i c a l  one ; namely, a long, h o r i z o n t a l  cyl.i.nder, w a s  

heated on one s i d e  and cooled on t h e  o t h e r ,  a-s i nd ica t ed  i n  F ig .  1. The 

1.eft h a l f  of t h e  cy l inde r  w a s  a ccolkd meta l  w a l l  and t h e  r i g h t  ha!-f a 

hea-Led metal. wall.. I n su la t io i i  minimized conduction from the  hot. r i g h t  

ha3.f t o  Lhe coo le r  l e f t  h a l f .  The hea.ted fl .uid rose  along t h e  Tight s i d e  

and descended on t h t ?  l e f t .  s i d e .  ‘The a c t u a l  r e a c t o r  would have hydrogen 

and oxygen r e a c t i n g  on a plat inum ca ta lys - t  t o  produce waber; t h e  hea t  of 

r e a c t i o n  would s u s t a i n  the hot-wal-I. temperature .  The water  vapor wou-ld 

thencondense on the  cold wall and d r a i n  out  of the r e a c t o r  at t h e  bottom. 

The r a d i a l  l i n e s  i n  F ig .  1 indica-Le t h e  t r a v e r s e s  made wi th  thermocouples. 

We measured the  v e l o c i t y  by in t roducing  p a r t i c l e s  i n  the flow and photo- 

graphing t h e i r  tracks ; w e  c a r r i e d  out f a i r l y  success fu l  exper<-ments cf t h i s  

kind.  

We slso decided t o  i r y  t o  solve Lhe equat ions desc r ib ing  the  col i-  

s e r v a t i o n  of mass and momentum and energy ia t h i s  reg ion .  The p a r t i a l  

diffPrZentia1 equat,ions for t h i s  s i t u a t i o n  are coupled. We had a v a i l a b l e  
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Horizontal 
Traverses 

( 1 8 7 O <  8 <353") 

Fig. 1. Reactor Model - Long Horizontal  Cylinder with Heating of 
H a l f  t h e  Lateral  Surface Area and Cooling of t h e  Other Half. 
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a computer known as t h e  MIRAC; t he  i n i t i a l s  o f f i c i a l l y  s tand  f o r  Michi-gan 

D i g i t a l  Automatic computer. However, it w a s  nicknamed "Machine Is Down 

Almost Constant,ly" - appropr i a t e ly  - we never d id  succeed i n  us ing  that. 

computer. It had capab i l i t i - e s  (when running) comparable t o  an  IBN 'qOl. 

We then tu rned  t o  a n  TBM 650 which was a v a i l a b l e  and operab1.e. We con- 

cluded t h a t  t h e  I13M 650 d id  not  have t h e  capac i ty  necessary f o r  t h e  prob- 

lem. 

improved knowledge of co:mputi.ng and numerical  a n a l y s i s .  ) 
i.n so lv ing  t h e  energy equat-ion a lone  wi th  t h e  experimental  v e l o c i t i e s .  

This ga<ve us confidence t h a t ,  wi th  a bek te r  computer, we might have been 

success fu l  wi.th the whole problem. 

(I have o f t e n  wondered j.f we could not  go back and do it wi-th our 

We d i d  succeed 

Figure 2 shows s o m  of t h e  r e s u l t s  obtained by so lv ing  the energy 

equat ion .  This  f i g u r e  i s  a plo-t; of t h e  l o c a l  temperature  g rad ien t  a r w n d  

t h e  wall as a func t ion  of ang le .  The c i r c l e s  a r e  t h e  experimental  po in t s  

and t h e  t r i a n g l e s  r ep resen t  t he  computed p o i n t s .  The agreement is  really 

rerna.rkab1.e f o r  a number of reasons.  F i r s t ,  t h e r e  was some d i f f e rence  be-  

tween t h e  t h e o r e t i c a l  and the  experimental- cond i t ions .  'The iilsulat, ion 

s t r i p s ,  which were r a t h e r  broad i n  t h e  experiment,  were represented  by a 

s t e p  functi-on i n  temperature i n  t h e  theory .  Secondly, we assumed cons tan t  

phys i ca l  p r o p e r t i e s ;  and as I r e c a l l ,  t h e  v i s c o s i t y  i n  some of t hese  meas- 

urements va r i ed  by a f a c t o r  of 4 from one w a l l .  t o  another .  

another  f a c t o r  t o  be considered.  This  f i g u r e  i s  a graph of t h e  tempera- 

t u r e  g rad ien t ,  and t h e  temperature g rad ien t  i s  a much more c r i t i c a l  - t e s t  

of t h e  da t a  than  the  teiiiperatu.re i t s e l f .  So a c t u a l l y ,  t h i s  comparison 

confirmed t h a t  we could so lve  the  energy equat ion  successf i i l ly  and pre-  

d i c t  Lhe tempera,tur'e f i e l d  from t h e  v e l o c i t y  f i e l d .  

'There i ~ s  

We had a n  IBM 704 when J. D. Hei.lums carfle' t o  work wi.th us  on h i s  

doc.i;ora,te. Hellums s-ucceeded i n  so lv ing  th.e genera l  s e t  of p a r t i a l  d i f -  

ferenLia1. equat ions which descr ibe  Mar t in i ' s  problem. The met,hod t h a t  

he used involved di-vis ion of t h e  space i n t o  a s e t  of e lementa l  volumes 

and approxinlat,ion o f  t h e  d e r i v a t i v e s  I.il t h e  par t ia .1  d i f f e r e n t i a l  equat,ions 

f o r  each elemental. volume i n  t e r m  of va lues  of  tcinperature and ve1ocity 

i n  the a d  jaccnt  e lemental  volumes. An al . ternat i .ve concept i s  t o  over lay  

tile regi.on wi th  a gri-d and express  t h e  d e r i v a t i v e s  i n  terms of expansions 
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around each of t he  g r i d  p o i n t s .  Bobh concepts l ead  t o  e x a c t l y  t h e  same 

f i n i t e  d i f f e rence  formiil.ation. 

There a r e  many poss ib le  ways of subdividing a r eg ion .  There a r e  an 

even greater.  number of ways of approximating the  d e r i v a t i v e s  a'i; each of 

t h e s e  p o i n t s .  And he re in  l i e s  t he  engineer ing probl-em and t h e  -ingenuity; 

t h a t  i.s, one must fi.nd t h e  most successful. and e f f i c i e n t  approximation. 

You must f i nd  a s t a b l e  method i n  mathematical terms and a.lso a r ap id ly  

convergent one. 

One would t h i n k  the  mathematicians would he lp  here, and indeed t h i s  

problem has received a grea-t d e a l  of a t t e n t i o n .  But j u s t  as i n  o the r  

-€'ieI.ds, t he re  i s  a gap between mathemati.cs and i t s  use .  A s  far as I koow 

toda.y, even t e n  years  a f t e r  Hel~l.ums' work, the  choi.ce of a n  approximation 

3.s mostly a ma t t e r  of tr ial-  and e r r o r .  

theory  i s  s o  ideal.ized Lhat it does no-t t ake  boundary condi t ions  i.nto 

account .  Actua l ly ,  the boundary condi t ions  usua l ly  cause most of t h e  

t r o u b l e  i n  t h i s  type  o f  r ep resen ta t ion .  A f t e r  much d i f f i c u l t y ,  HeUums 

developed a n  e x p l i c i t  uns teady-s ta te  method f o r  making t h e  calculat i -ons . 
ExpS.icit means t h a t  he expressed a l l  t he  d e r i v a t i v e s  i n  terms of known 

va7.ues a t  t h e  p re sen t  time and then  made a c a l c u l a t i o n  forward i n  t ime.  

T h i s  had the  g r e a t  advantage of s implici- ty ,  and we were looking f o r  

s i m p l i c i t y .  Unfortunately,  the forwar.6 d i f f e rence  tec1Tniq'J.e poses a very  

severe r e s t r i c t i o n  on the  maximurii s i z e  of t h e  t ime s t e p .  With very  small 

s t e p s  i n  t ime, i k  may talie a long time t o  go from the  i n i t i a l  cond j t ion  

'to t he  s t e a d y - s t a t e  s o l u t i o n .  However, t h i s  method worked a f t e r  we asked 

the  computer t o  examine t,he si.gn of t he  v e l o c i t y  a t  each p o i n t  and then  

decide which of  s e v e r a l  approximations t o  use .  

This  i s  because t h e  mathematj-cal 

The f i r s t  t h i n g  that we di-d w a s  t o  c a r r y  out  t h e  i n t e g r a t i o n  of t h e  

equa:tions f o r  a simple case f o r  whi.ch we were very confident  of  t h e  so lu -  

t i o n ;  namely, t h e  isothermal- ver t ica l .  p l a t e .  Some of t he  r e s u l t s  a r e  

shcwil i n  F igs .  3 through 6. 
versus  i3-imensi.onless 'Lime ; spat ia l .  dependency is  a l s o  involved. 'This 

figuire can be considered more simply as t h e  h e a t  - t r a n s f e r  c o e f f i c i e n t  

versus  t ime.  Prfor t o  our c a l c u l a t i o n s ,  a l l  t h a t  was a v a i l a b l e  w a s  t h e  

va.1ij.e f o r  t h e  s teady  s t a t e  zs calcul.ated by Ostrach.  The uns teady-s ta te  

Figure 3 shows t h e  dimensionless hea t  f l u x  
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s o l u t i o n  approached t h i s  s t eady- s t a t e  va lue  e An i n t e r e s t i n g  t h i n g  i , 2  

t h a t  t h e  simple s o l u t i o n  f o r  conductance from a f l a t  p l a t e  d i r fe rs  

n e g l i g i b l y  from t,he s o l u t i o n  for convect ion for a long per iod  of time. 

The c o e f f i c i e n t  comes down, goes back up, and f o r  c o n v e c t i m  o s c i l l a t e s  

toward a s t eady  s t a t e ,  This  o s c i l l a t i o n  occurs because t h e  gas be ing  

heated remains s tagnant  i n i t i a l l y  a Movement i s  even tua l ly  induced by 

t h e  change i n  gas d e n s i t y  and t h e  induct ion  of f r e s h  cool  f l u t d  e a m e s  

t h e  h e a t - t r a n s f e r  r a t e  t o  increase  suddenly e Eventual ly ,  a s t eady  s t a t e  

is  approached. This ?:@re does not  have s u f f i c i e n t  de-rai l  to Show %he 

many o s c i l l a t i o n s .  A t  t h e  t i m e  we d id  t h i s  work, t h e r e  was some con5ro- 

versy  as t o  whether $here w a s  such a minim1.a  o r  n o t  i n  t,he c o e f f i c i e n t .  

Ecker t  and co-workers had observed a minimum, whiie  others Indd der,ied 02 

t h e o r e t i c a l  grijunds t h a t  a miaimum was poss ib l e  and proposed rew11,s with-  

out  a min imum.  The minimum a c t u a l l y  e x i s t s ,  and t h e  size of the minimum 

depends on t h e  Prandtl. number and becomes l a r g e r  as t h e  P r a n d t l  nunber  

be comes sma l l e r  e 

I 

Figures  4 through 6 show some of t h e  d e t a i l e d  resu l t s  f o r  t h e  flat; 

p l a t e .  

i n i t i a l l y  zero,  reaches a maxirnwn, and then  approaches t h e  s t e a d y - s t s t e  

s o l u t i o n .  The r e s u l t s  f o r  s t eady  s t a t e  show very  good agreement wi th  t h e  

s t eady- s t a t e  va lues  of Ostraeh. Figure 5 gives  simi1a.r r e s u l t s  for the  

t enpe ra tu re  f i e l d  e The temperature  p r o f i l e  starts out a s  a s t e p  funct2ion, 

g radua l ly  goes through a maximum, and t h e n  decreases .  This heha,vior i s  

shown be t te r  i n  Fig. 6 i n  which dimensionless tempera twe h i s i o r i e s  a r e  

displayed versus  t ime.  The temperatures  inc rease ,  decrease,  i nc rease ,  

and f i n a l l y  decrease .  This behavior  i s  c h a r a c t e r i s t i c  fcr 311 solYztions 

for n a t u r a l  convection; t h a t  is, t h e r e  i s  somewhat of ar, cvershoot and 

then  a n  o s c i l l a t i o n  i n t o  t h e  s t e a d y - s t a t e  s o l u t i o n .  

Figure 4 shows t h e  v e l o c i t y  p r o f i l e s .  The v e l o c i t y  i;, of coumeS 

One of t h e  advantages of t h i s  f i n i t e  d i f f e rence  method i s  t h a t  one 

g e t s  t h e  uns teady-s ta te  s o l u t i o n  as a bonus. We were r e a l l y  j u s t  t r y i n g  

t o  c a l c u l a t e  t h e  s t e a d y - s t a t e  va.lues; but as you see ,  a l l  t h e  a d d i f , i o n a l  

information i n  Figs. 3 through 6 came t o  us  as a reeu1-t o f  x s ing  a n  

uns teady-s ta te  cornputling technique e We could have if era,%ed u s i n g  gucssed 

va lues  f o r  t h e  s teady  s t a t e ;  b u t  ins tead ,  we i t e r a t e d  through r e a l  t ime.  



We next solved t h e  equat ions  corresponding t o  t h e  problem of Mar t in i .  

Figure 7 shows t h e  Nusse1.t number as a func t ion  of angle  f o r  t h e  cy l inde r  

i n  F ig .  1. The Nusselt, number increases  grad-ually to i n f in i . t y ,  comes back 

down, approaches negat ive i n f i n i t y ,  and f i n a l l y  inc reases .  The negat ive 

va lues  r e s u l t  from o i l r  a r b i t r a r y  d e f i n i t i o n  of t h e  local. ' nea t - t ransfer  

c o e f f i c i e n t .  

An absolu te  n e c e s s i t y  i n  any f i n i t e  diffeyence cal.culati-on is  that 

you prove -two t h i n g s .  First, t h a t  t'ne s o l u t i o 2  i s  convergent;  t h a t  is, 

tka.'c the s o l u t i o n  approaches some f i x e d  sol.Gtion as you change t h e  s i z e  

of the  f i n i t e  d i f f e rence  g i r d  o r  eleme-.ts. IC o the r  words, you must show 

l;hat p i r  nwnerics.'l a.a.;wer does not  depend on how yoi; divided t h e  regi-on. 

I'here a r e  a nurmber o f  pa.pers E l  ?;he 'L i te ra ture  i n  which peop1.e ka.ve na t  

bothered t80 do t ' n . f s  and, hence, t h e i r  r e s u l t s  a r e  not  dependable. O u r  

prool" is shown i n  Fig. 7; t h e  c rosses  and t h e  c i r c l e s  r ep resen t  two d i f - ,  

fevent  g r i d s .  We f.i.rsi; ixed  t h e  gi-i.d represented by c rosses4  and then  

subdivided t h i s  g r i d  and used t h e  in te rmedia te  p o i n t s .  One sees  t h a t  no 

charigi: occurs when twice as many p o i n t s  a r e  used. Hence, we f e e l  coa- 

f i d e n t  t ,ha t  t h e  s o l u t k m  i s  independent of t h e  g.ri.d s i z e .  

is not a. s u f f i c i e n t  check. 'The only su.ff ic ier i t  check is  t h e  demonstra.- 

tion t h a t  the s o l u t i o n  agrees  with experimental  d a t a .  One might, have a 

convergent so l -u t ion  bu t  not  t h e  physica:Ll.y unique one a 

However, thi.s 

Ftgure 8 shows our chec'k. with  the e x p e r h e n t a l .  da,ta. The sol-id l i n e  

represenxs Hel.l.ums cal.cuIat,ions (as shown previous ly  i n  F ig .  7) ; and t h e -  

po in t s  r ep resen t  Mar t in i ' s  da.ta - t h e  c i r c l e s  and t h e  c ros ses  a r e  h i s  

va,lues for t he  cold and ho t  sLde, r e spec t ive ly .  We assumed. eonstaat, phys- 

i c a l  p r o p e r t i e s  i n  t h e  t h e o r e t i c a l  c a l c u l a t i o n s ,  We could have taken t h e  

phys ica l  p roper ty  v a r i a t i o n  i n t o  account i n  t h e  f i n i t e  d i f fe rence  ca1.ciil.a- 

5iop.s w j . t h o i l i  iiiuch ti-oi;ible , bu t  t hen  you get, r e s u l t s  withox-'; g e n e m l i t y .  

A s  you can s e e ,  t>'nere i s  reall.Sy r e l a t i v e l y  good agreement with t h e  data of  

Na.rt ini .  M a r i i n i ' s  daLa d i d  not  go t o  i n f i n i t y ,  because he had a n  insu.Jlated 

s e c t i o n  ac ross  t h e  top - n o t  a s t e p  func t ion .  O u r  t h e o r e t i c a l  s o l u t i o n  does 

g o  to i n f i n i t y  and back, bh*t i n  the  r e s t  of t h e  reg ion  t h e  agreement 5.s 

rc.a.11:~ remarkable. Furthermore, t h i s  i s  s g a i n  a plot of  tile temperature 

gi-".Jier,L, sc) it, i s  a c r i t i c a l .  t e s t  of t h e  da t a .  We were now sat , i . s f ied t h a t  

 mi-^ soI.ui;,ioii was not, onTy canvergent b u t  also phys ica l ly  unique . 
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Figure 9 

i n  such a way 

sis developed 

s e n t a t i o n  f o r  

shows data. f o r  d i f f e r e n t  P r a n d t l  and Grashof mmbers p l o t t e d  . 
ads t o  minimize t h e  paramet r ic  v a r i a t i o n ,  fol lowing ar analy-  

by Hellums t o  f i n d  t h e  minimum poss ib l e  ma,them8tical repre-  

any boundary va lue  probl-em. This p l o t  does successf i r l ly  

minimize t h e  v a r i a t i o n  al though as you go t o  small P r a n d t i  numbers ;YOU 

ge t  some v a r i a t i o n  from t h e  idea l i zed  s o l u t i o n .  

I n  c a r r y i n g  0u.t a n  a n a l y t i c a l  s o l u t i o n  for n a t u r a l  convect ion even 

f o r  t h e  f l a t  p l a t e , ?  one must make many assumptions and d i sca rd  many of the  

terms i n  t h e  equat?ons.  With t h e  fLn i t e  d i f f e rence  technique,  one does 

not  need t o  d i sca rd  any terms;  t h e  problem does not  need t o  be i -deal ized.  

A comparison of t he  idea,J.ized equat ions ,  t h e  so -ca l l ed  boundary-layer 

approximatioa,  and .the exac t  sol.ution wt th  all- t h e  terms i n  t>he equat ion  

i s  shown i n  F ig .  10.  The c i r c l e s  r ep resen t  t he  i d e a l i z e d  equat ions ,  ar?d 

t h e  c ros ses  r ep resen t  t h e  exac t  s o l u t i o n s .  One can see t h a t  t h e  boundary- 

l a y e r  approximations are indeed v a l i d  f o r  n a t u r a l  convecti.on * I asserr, > 

however, t h a t  t h e  only sure  way one can t e l l  .whether an  a.pproximation. i s  

v a l i d  i s  t o  c a r r y  out  t h e  s o l u t i o n  i n  gene ra l .  One cammot say  j u s t  be- 

cause c e r t a i n  terms a r e  s m a l l  t h a t  t hey  a r e  n e g l i g i b l e ;  si.nce, as we wi.l.1. 

see  l a t e r ,  small. terms ean  have l a r g e  e f f e c t s .  I n  t h i s  p a r t i c u l a r  case,  

t h e  boundary-layer approxima,tions tu rned  ozlt; t o  be very good. This  vas a 

s u r p r i s e  and a d.isappointnent t o  us a The r e s u l t s  indica,ted t h a t ,  al.though 

we thought  we were so lv ing  a two-dimensional problem, we were real.1.y solviL1g 

a one-dimensional problem. That is, one could neglec t  -the radi.al- momentum 

balance,  which i s  wha,t the boundary-layer approximations d o  e 

Figure 11 shows t h e  agreement between t h e  experimental- a i d  t h e  com- 

puted v e l o c i t i e s  and tempera tures .  S impl i f ied  theory  says  the temperalxres 

should l i e  i n  a s i n g l e  curve f o r  a l l  cond i t ions ;  as you can see, Martini*s 

d a t a  scat ter . ,  b u t  t hey  do scatAer  around t h e  t h e o r e t i c a l  curve.  

ins tance  I now t r u s t  t h e  computations more than  Mar ts in i t s  experimental  

val-ues. The agreement with t h e  experimental  v e l o c i t i e s  i s  r e a l l y  remark- 

able. The r e s u l t s  were e x c i t i n g  and gave us  g r e a t  confidence.  

I n  t h i s  

Figure 1 2  shows t h e  o v e r a l l  h e a t - t r a n s f e r  c o e f f i c i e n t  o r  Nusse1-L 

number around t h e  e n t i r e  h a l f  of t h e  cy l inde r  versus  t h e  produ-ct of the 

Grashof and Prand t l  numbers t o  t h e  1/4 power. The c rosses  r ep resen t  
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Fig. 11. Comparison of  Experimental and Computed V e l o c i t i e s  
f o r  the Problem Associated w i t h  Fig.  1. 
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M a r t i n i ' s  da t a .  Carrying out t h e  t h e o r e t i c a l  calcul.ations foy d i . f fe ren t  

condi t ions ,  one g e t s  the computed values  as represented  by the  c i r c l e s  

and d e l t a s .  We see t h a t  bo th  r e s u l t s  can be represented  'uy a s t r a j -gh t  

l i n e  i n  terms of e i t h e r  t h e  upper o r  t h e  lower o rd ina te .  P r i o r  t o  t h e  

cal.cul.ations, we di.d not  know which of tile experimental  d a t a  p o i n t s  were 

had and we f i t t e d  a q u i t e  d i f f e r e n t  s t r a i g h t  l i n e  through t h e  data using 

l e a s t  squares .  We were qu i t e  badly misl.ed. Theory now gj.ves us  a greak 

deal o f  confidence i n  ex trapolat , ion.  

As I said, we were disappointed a t  t h i s  p o i n t  t o  f i n d  t h a t  we had. 

r e a l l y  solved a one-dimens?onal problem. Therefore ,  we turned t o  a . t r u l y  

two-dimensional. problem. Az shown iil F ig .  1.3, we chose a r e ~ t ~ a n g u i 8 - r  

reg ion  wi.tii a cold w a l l  z-rtd a hot w a l l .  We could separa.i;e t hese  ~ h i l s  at 

-Lop and bottom e i t h e r  by an  insui-ated boundary o r  one wi.th a l i n e a r  tem- 

pera.-Lure var i -a t ion .  Ws s tudied  %lie behavior  of t he  f l u i d  i n  t h i s  reckan- 

g u l a r  region of genei-al~ dimensions. We were p r e t t y  sure  t h a t  t h e  boundary- 

layer approximatioss wouldil't hold f o r  thlis case became of the  behavi OT 

i n  t he  corners .  Thi~s work w a s  done by J. 0 .  Wilkes, who i s  now on Ciur 

facu1,ty.  

The equat ions which apply to t h e  problem a r e  shown i n  Fi.g. 14 .  We 

have an uns teady-s ta te  term, i n e r t i a l  tei-ms, a buoyant term, a pressure 

~erm, and a viscous term f o r  the u-d i rec t ion ;  and i n  t h e  v -d i r ec t ion ,  agaiz: 

t he  unsteady-sta-te ve loc i ty  t e r n ,  t h e  i n e r t i a l  term, and t h e  pressure  term, 

and t h e  viscous teel-in. The energy balance has a n  uns teady-s ta te  tenipera- 

t u r e  term, convecti.ve terms , a a d  a conducti.on term. Tnese equa.t.;-ons 3.y'~ 

a l r eady  somewhat s impl i f i ed .  Again, we solved t h e  more genera l  equat ions 

for.  sonic cases  t o  t e s t  tile val . idi ty  of t he  s i m p l i f i c a t i o n s .  It C,iJrnS out  

tkat;  Lhe approxi.mations nia.de t o  t h i s  po in t  a r e  neg l ig ib l e  for prac'cical 

purposes.  They are, pr imar i ly ,  t h a t  t h e  physical- p r o p e r t i e s  o the r  than  

dens i ty  a r e  cons tan t  and t k t  t h e  d e n s i t y  v a r i a t i o n  only needs t c  'QE taken 

i n t o  a.@co:int i n  the  buoyant term. 

i 

We %hen rearranged Lhp equat ions as shown i n  F ig .  1-50 F i rs t , ,  we 

introdijced t h e  stream func t ion  as def ined a t  the  boitorn. Tnen we i n t r n -  

ducod trie v o r t i c i t y ,  which is  Equal t o  miilas the Laplacian of the siream 

f ikrct ion.  By inti-oducing those two terms, w e  reduced t h e  f o u r  equat ions  
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'io two equat ions.  This looks I.ike a g r e a t  gai.n. We have a l s o  done some- 

th ing  e k e  i n  going from Fig. 1.4 t o  Fig.  15; we have made t h e  equat ions 

dimensionless.  This  s t e p  simply r ep laces  t h e  v i s c o s i t y  wi th  t h e  Grashof 

number and t h e  conduct iv i ty  wi th  t h e  P r a n d t l  number. We now have two 

b a s i c  eqiiations t o  so lve  in s t ead  of four .  However, we stil. .l  have t o  come 

back and solve t h e  Laplacian f o r  t h e  s t ream func t ion  and then  solve the 

bottom two equat ions i.n Fig. 15 f o r  t he  ve loc i ty .  I n  terms of  t h e  d i r e c t  

c o r i u t a t l o n s ,  t h i s  appeared t,o be of  g r e a t  advantage. However, t h e r e  i s  

a penal ty ;  and t h i s  w a s  a pena l ty  t h a t  we d i d n ' t  expect.  Indeed, we a r e  

not  sure  aaymore whether t h e  pena l ty  w a s  not more severe than  t h e  gaih.  

We know t h a t  the v e l o c i t y  i s  zero a t  t h e  boundaries of t h e  region,  b u t  

we do not know t h e  v o r t i c i t y  a t  t h e  hoimdary. Thus, suddenly we have a 

dependeni; v a r i a b l e  whose values  we need t o  know a t  t h e  boundari-es; and 

we have no j-dea what they  a re .  We end up approximating t h e s e  values  i n  

terms of t h e i r  va lues  i n s i d e  t h e  region.  It t u r n s  out  t h a t  t h i s  i n t r o -  

duces a l l  kinds of mathematical complications i n t o  t h e  ca l cu la t ions .  We 

used an i -mplici t  a lhe rna t ing  d i - rec t ion  method for t h e  c a l c u l a t i o n s ;  an 

i m p l i c i t  method means t h a t  you formulate t h e  f i n i t e  d i f f e rence  approxima- 

t i o n s  i n  terms o f  f u t u r e  values .  I n  t h i s  way you overcome t h e  problem 

of i n s t a b i l i t y ,  s ince  mathematica,l theory  says t h a t  t h e  equat ion should 

be s t a b l e  f o r   all^ ti~me s t eps .  The g r e a t  advantage of t h e  i -mplici t  method 

i.s Liius t h a t  you e l imina te  t h e  l i m i t a t i o n  on t h e  time s t e p  and, i n  t u r n ,  

o b t a i n  a l a r g e  group of a lgeb ra i c  equat ions t o  so lve  a t  every s i n g l e  t ime 

s t ep .  Computers a r e  very  good at so lv ing  a lgeb ra i c  equat ions,  and t h e r e  

i s  a ga in  i.n us ing  t h e  computer t o  do t h i s .  You so lve  more equat ions b u t  

take bigger  time s t e p s ;  and t h e r e  r e s u l t s  a ne t  saving. Thi.s expected 

freedom from i n s t a b i l i t y  turned out not t o  be t rue .  We a r e  c e r t a i n  t h e  

reason f o r  t h i s  discrepancy i s  t h a t  t h e  approximation f o r  t h e  v o r t i c i t y  

a t  t h e  boundary negates  t h e  theory.  We f i n d  t h a t  t h e  equat ions blow up 

a t  high Grashof numbers, whereas t h e  mathetnati c a l  theory  say  t h e y  shouldn ' t .  

F i r s t ,  l e t  us so lve  the  l i m i t i n g  case of t h e  box i n  Fi.g. 13  - two 

i n f i n i t e  f l a t  p l a t e s .  

temperature and v e l o c i i y  p r o f i l e s  f o r  t h e  l i m i t i n g  case  of  two i n f i n i t e  

p l a t e s .  The on2.y previous solut i -on i s  f o r  t he  s t eady- s t a t e  s o l u t i o n  which 

i s  given as a l i n e a r  temperature v a r i a t i o n  i n  Fig.  16. 
v e l o c i t y  p r o f i l e s ;  aga in  t h e  previous s t eady- s t a t e  s o l u t i ~ o n  i s  shown. 

Figures  1.6 and l'( give  t h e  so lu t ions  f o r  t r a n s i e n t  

F i g i r e  17 shows t h e  
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Fig. 16. Transient Temperature Profiles for 
Natural Convection Between Two Infinite Vertical Plates, 
for Pr = 0.733, Gr = 10,000, with AY = 0.05, AT = 0.001. 
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Fig. 17. Trans ien t  Veloc i ty  P r o f i l e s  f o r  N a t u r a l  Convec- 
t i o n  Between Two I n f i n i t e  V e r t i c a l  P l a t e s ,  f o r  Pr = 0.733, 
G r  = 10,000, wi th  AY = 0.05, AT = 0.001. 
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Curiously enough t h i s  t ime we d id  not  f i n d  t h e  o s c i l l a t i o n s  we expected. 

The temperatures  and v e l o c i t i e s  d id  not  seem t o  overshoot.  

We were now ready t o  t a c k l e  t h e  box - t h e  fundamentally two-dimen- 

s i o n a l  problem; and some of t h e  r e s u l t s  a r e  shown i n  t h e  next  f i gu res .  

We obtained a g r e a t  s u r p r i s e  t o  begin  with.  This  i s  a box t h a t  i s  heated 

on one s i d e  and cooled on t h e  o the r  s i d e  and in su la t ed  along t h e  top  and 

bottom as shown i n  Fig.  13. We would expect  t h e  h o t  a i r  t o  r i s e  along 

t h e  heated s i d e  and s ink  along t h e  cooled s i d e  and, thus ,  t o  c i r e u l a t e  

l i k e  a whir ipool  or vor tex .  This  i s  not  what we found. Ins tead ,  as seen 

i n  Fig.  18, two sepa ra t e  c i r c u l a t i o n s  were generated.  The two c i r c u l a -  

t i o n s  i n  Fig. 18 gradua l ly  move toward each o the r  (Fig.  19); and u l t i m a t e l y  

co l l apse  i n t o  one as seen i n  F ig ,  20. You would ha rd ly  b e l i e v e  how 

coarse a g r i d  w a s  used for t h e s e  c a l c u l a t i o n s  - a 10 j (  10 g r i d  i s  su f -  

f i c i e n t  t o  g ive  t h e  c o r r e c t  s o l u t i o n  i n  t h e  main or c e n t r a l  region.  To 

r epea t ,  o ~ l y  100 p o i n t s  are needed - only  10 along any boundary. A 

f i n i t e  d i f f e r e n c e  method i s  remarkably powerful i n  such problems. If 

you have a good r ep resen ta t ion ,  you do not  r e a l l y  need a very  f i n e  g r id .  

Figure 21  shows t h e  s t eady- s t a t e  isotherms.  

An i n t e r e s t i n g  ques t ion  can now be r a i sed .  I s  t h e r e  a secondary 

flow i n  t h e  corners?  The answer i s  yes;  experirnentally,  you can see  

eddies  i n  t h e  corners .  Our g r i d  w a s  not  f i n e  enough, even though it w a s  

a convergent so lu t ion ,  t o  p i c k  up t h e s e  back c i r c u l a t i o n s .  Another order  

of magnitude of  computing time would be required.  The cur ious  th ing  i s  

t h a t  t h e  s o l u t i o n  i n  t h e  main reg ion  does not  depend on g e t t i n g  t h e  solu-  

t i o n  c o r r e c t  i n  t h e  corners .  The main s o l u t i o n  converges long before  

you have a f i n e  enough g r i d  t o  g e t  t h e  c i r c u l a t i o n s  i n  t h e  corner .  

A t  t h e  t ime we were just  completing t h i s  work, we found an ana , ly t i ca l  

s o l u t i o n  of  t h e  same problem i n  t h e  l i t e r a t u r e  by Professor  Poots at t h e  

Un ive r s i ty  o f  B r i s t o l .  Nothing i s  as j o l t i n g  t o  a d o c t o r a l  s tudent  as 

to f i n d  somebody has di ipl icated h i s  r e sea rch  while he i s  a t  work on j.t.  

Wilkes i s  one of  t h e  calmest people  I have ever  known, b u t  he w a s  shaken 

tha t  day. However, while  Poots had solved t h e  pl-oblem Tor t h e  s teady  

s ta te ,  Wilkes a l s o  had t h e  uns teady-s ta te  so lu t ion .  Na tu ra l ly  we @om- 

pared our  s t eady- s t a t e  r e s u l t s  wi th  those  of  Poots. We d i d n ' t  agree at 
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Fig. 18. Trans ien t  Streamlines  ( T  = 0.004) f o r  C i rcu la t ion  i n  a 
Hes’ced Enclosure w i t h  In su la t ed  Top and Bottom as Shown i n  Fig.  1.3. 



0 

0.5 

X 

i *o 

0.5 

Fig. 19. Trans ien t  Streamlines  ( T  = 0.01) f o r  C i r c u l a t i o n  i n  a 
Heated Enclosure wi th  Insu la t ed  Top and Bottom as Shown i n  Fig. 13. 
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Fig. 20. Steady-State  S t r z a m l j n e s  f o r  Circul-a.tion i n  a Heated En- 

c losure wj.’ih Insul.a;t,ed Top and Bottom as Sliown i n  Fig. 13. 
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Fig. 21. Steady-State  Tsothermals i n  a Heated Enclosure with  
I n s u l a t e d  Top and Bottom as Shown i n  Fig. 13. 
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a l l .  Poots used Four ie r  a n a l y s i s  t o  express  t h e  temperature f i e l d  and 

v e l o c i t y  f i e l d  i n  terms of harmonic f lmct ions.  These func t ions  were then  

expanded i n  s e r i e s  and t h e  c o e f f i c i e n t s  c a l c u l a t e d  t o  y i e l d  a double- 

i ~ n f i n i t e  s e r i e s  f o r  t h e  temperature and v e l o c i t y  f i e 1 . d ~ .  Wilkes programmed 

and repea-Led Poots '  computa-Lions on t h e  computer and found t h a t  he had 

made many numerical  e r r o r s ,  apparent ly ,  because he had used a hand com- 

p u t e r  o r  a desk c a l c u l a t o r .  The recompiited va lues  agreed w e l l  wi th  ours .  

Figure 22 shows t h i s  agreement f o r  t he  s t reaml ines .  The open p o i n t s  r e -  

p re sen t  Wi.lkes' r e s u l t s ;  t h e  b lack  poi-nts, Poots '  r e s u l t s ;  and t h e  h a l f  

moons, t h e  p o i n t s  exac t ly  coincide.  A s  can be seen, t h e  agreement i s  

exce l l en t .  1 t h i n k  you have t o  conteinplate awhile before  you apprec ia t e  

how remarkable i s  t h i s  agreement. Here a re  two s o l u t i o n s  -Lo a very: very  

compl-ex two-dimensional boundary value problem involv-ing two nonl inear  

momentum equa,t,i.ons, an energy equat ion and a c o n t i n u i t y  e q m t i o n .  One 

s o l u t i o n  i s  by f i n i t e  d i f f e rence  techniques.  The o the r  s o l u t i o n  i s  by 

c l a s s i c a l  ana lys i s ,  s.nd y e t  they  agree p e r f e c t l y .  A s  you can see i n  

Fig.  23 t h e  agreement i ~ s n ' t  q u i t e  as good f o r  t he  temperatures  a s  f o r  

t h e  v e l o c i t i e s ,  b u t  it i s  st-i l l  remarkable. 

I have no way of knowing which r e s u l t s  a r e  t h e  b e s t ,  because i n  a 

sense they  a r e  both  approximations. However, t h e r e  a r e  two coiicliisions 

'LO be drawn here .  One i s  t h a t  i-t took moTe cofiputation t o  0btai.n t h e  

c o e f f i c i e n t s  and t o  sum t h e  s e r i e s  t han  it d i d  t o  c a r r y  out, t h e  e n t i r e  

nixnerical i n t e g r a t i o n .  Therefore,  t h e  f i n i t e  d i f f e rence  technique t & e s  

l e s s  work and less  computation than  does t h e  " a n a l y t i c a l "  so lu t ion .  

Furthermore, wi th  t h e  f i n i t e  d i f f e rence  technique you o b t a i n  a l l  t h e  un- 

s t eady- s t a t e  r e s u l t s  as a bonus. I t h i n k  t h i s  work sounds t h e  death 

k n e l l  of a n a l y t i c  methods f o r  n a t u r a l  convection. The work of Poots i s  

probably t h e  inost complicated t h a t  has  been publ ished for n a t u r a l  con- 

vec t ion  - it r e a l l y  i s  an accomplishment. However, I can -take a sen io r  

who knows very  l i t t l e  mathematics and quickly t each  him how t o  use -the 

f i n i t e  d i f f e rence  technique;  w i t h  less  cos t  and i n  less  time he can c a r r y  

out  t h e  f i n i t e  d i f f e rence  cal .culat ion and g e t  Poots '  s o l u t i o n  a s  a l i m i t i n g  

case of a much l a r g e r  so lu t ion .  I be l i eve  one cannot exaggerate  t h e  

importance of t h i s  development. Ana ly t i ca l  so lu t ions ,  of course,  w i l l  

retari.n t h e i r  value a s  a guide and t e s t  f o r  f i n i t e  d i f f e r e n c e  so lu t ions ,  
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Fig. 22. Comparison of Computed Steady-State  S t r e a d i n e s  wi th  Poots ’ 
Analy t i ca l  Solut ion,  for  L = 1.0, Pr = 0. ‘130, G r  = 6850, Linear f o r  the  
Enclosure with Insu la t ed  Top and Bottom i n  Fig. 13. Key t o  po in t s :  Corn- 
puted (0) ,  Poots (@), p o i n t s  t oo  close t o  p l o t  s e p a r a t e l y  (@).  
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Enclosure with Insulated Top and Bottom in Fig. 13. Key to points: Corn- 
puted (0), Poots (.), points too close to plot separately (@). 



Fina l ly ,  Fig, 21-1- shows 

one n o t i c e s  t h e  q s c i l l a t o r y  

s teady-  s ta t  e behavior .  The 

t h e  mean Nussel t  number 

behavior  of  t h e  Nussel t  

s o l u t i o n  f o r  conduction 

c e l l e n t  bounding va lue  and a t e s t  f o r  t h e  numerical  

versus time, Again, 

number as i.t approaches 

aga.in provides  an ex- 

r e s u l t s .  

We next  decided to look a t  s t i l l  more complicated problem; l o g i c a l l y ,  

t h i s  would be a three-dimensional  problem. However, a f t e r  a long look, we 

decided t o  t a c k l e  something e l s e  - t h e  problem of  i n s t a b i l i t y .  We chose 

a c l a s s i c a l  problem t h a t  has been looked a t  f o r  a cen t ry  and a h a l f .  It 

i s  known by  va r ious  names - t h e  Rayleigh problem o r  t h e  Bernard problem - 
and concerns a r eg ion  bounded by two h o r i z o n t a l  p l a t e s  wi th  t h e  bottom 

p l a t e  heated and t h e  top  p l a t e  eooled. 

t u r e  d i f f e r e n c e  between t h e  lower f l a t  p l a t e  and t h e  upper f l a t  p l a t e ,  

t h e r e  i s  no motion and h e a t  t r a n s f e r  i s  by conduction only,  If a v e l o c i t y  

d is turbance  were introduced,  it would be dampened out .  However, above 

some c r i t i c a l  temperature d i f f e rence ,  o r  i n  dimensionless terms above 

some Rayleigh number, the p e r t u r b a t i o n  will develop i n t o  a c i r c u l a t i o n  

i n s t e a d  of darapening out ,  and t h e  hea t  transfer r a t e  will be higher .  

This  problem has  been sub jec t  to a n a l y s i s  f o r  a v e r y  long t i m e ;  and t h e r e  

a r e  indeed a n a l y t i c a l  s o l u t i o n s  based on a l i n e a r i z e d  form of  t h e  d i f -  

f e r e n t i a l  equat ions  or upon h igher  i dea l i zed  boundary condi t ions  - boundary 

condi t ions  such as no shear  a t  t h e  wall. Remarkably, t h e s e  ve ry  i d e a l i z e d  

s o l u t i o n s  do p r e d i c t  r a t h e r  c l o s e l y  t h e  Rayleigh number f o r  t h e  onse t  of 

c i r c u l a t i o n .  However, when we c a r r i e d  ou t  t h e  numerical  s o l u t i o n  of  t h e  

complete eqiiations,  we found t h a t  i n  t h e  l i n e a r i z a t i o n  t h e  e f f e c t  of t h e  

Pyandt l  number w a s  l o s t ,  The Rayleigh number alone does not c h a r a c t e r i z e  

whether a f l u i d  w i l l  s tar t  t o  c i r c u l a t e  or not ;  t h e  cornbination of  t h e  

Rayleigh number and t h e  P r a n d t l  number does. The e f f e c t  of P r a n d t l  

number becomes very important for small P r a n d t l  numbers, as f o r  l i q u i d  

metals e 

For a s u f f i c i e n t l y  small tempera- 

When M i  chae l  Samuels c a r r i e d  out  f i n i t e  d i f f e r e n c e  c a l c u l a t i o n s  f o r  

t h i s  p h y s i c a l l y  uns tab le  problem, he had a g r e a t  d e a l  of d i f f i c u l t y  wikh 

computational s t a b i l i t y .  It turned out  t h a t  g r i d  s i z e  w a s  very,  very  

important .  The reason  i s  t h a t  w e  were now dea l ing  wi th  t h e  e f f e c t  o f  a 

small pe r tu rba t ion .  If you in t roduce  a small p e r t u r b a t i o n  i n  the  f l u i d ,  
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Fig. 24. Mean Nussel t  Num'oer Versus Time f o r  the EncLosu-re with 
Insulated Top and Bottom Shown i n  Fig. 13. 
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w i l l  it dampen out  o r  not?  

r i d  of t h e  e f f e c t  of  g r i d  s i z e  i t s e l f .  Figure 25 i s  a p l o t  of ihe  e f f e c t  

o f  g r i d  s i z e ;  i t  shows t h e  Nussel t  number f o r  h e a t  t r a n s f e r  bet,ween t h e  

p l a t e s  as a func t ion  of g i i d  s i z e .  We want t o  ex t r apo la t e  t h e  curve t o  

zero g r i d  s i z e .  One must c a r r y  out  t h e s e  c a l c u l a t i o n s  f o r  s e v e r a l  g r id  

s i z e s  t o  be ab le  t o  make t h i s  ex t r apo la t ion .  

t o  do t h a t  because the  e;xpense inc reases  r a p i d l y  with decreasing ? r i d  

s i z e .  The p l o t  of t h e  c e n t r a l  s t r e m  func t ion  i n  Fig.  25 j s  another  

check, showing a l s o  the  e f f e c t  of t h i s  ex t r apo la t ion ,  

p o i n t  because 1. would jcidge that f o r  %$ of t h e  r e s u l t s  i n  t h e  l i t e r a t u r e  

the  e x t r a p o l a t i o n  has been neglected.  

You must use q u i t e  a small g r i d  s i z e  t o  ge t  

However, people d o n ' t  l i k e  

1 emphasize t h i s  

Again, i n  t h e  case of Samuels' work, we €ou.nd some comparable work 

i n  the  l i t e r a t u r e .  We d j d n ' t  agree wi th  them and u l t i m a t e l y  showed t h e i r  

g r i d  s i z e  w a s  n c t  small enou-gh, I n t e r e s t i n g l y  enough, i r i  t h e  o r i g i n a l  

t h e s i s  they  showed a few smaller  g r i d  va lues  which agree with our values .  

Thus, although they  had the r i g h t  r e s u l t ,  t hey  d i d n ' t  r e a l l y  c a r r y  out  

t h e  ex t r apo la t ion  and publ ished misleading values. It  i s  an absolu te  

n e c e s s i t y  i n  numerical  ana lys i s  t h a t  you prove t h a t  your r e s u l t s  a r e  not 

an a r t i f a c t  of your method of computation. 

The r e s u l t s  of Samuels' work a r e  seen i n  t h z  next f i gu res .  Figure 26 

shows t h e  square reg ion  heated fyom below: cooled at the  top,  and insu-  

l a t e d  on ea rh  s ide ,  The top and bottom a r e  isother.ma1. 

d i s t r i b u t i o n  f o r  t h e  region i s  shown i n  t h e  top  f i g u r e  and the  stream- 

l i n e s  a r e  shown i n  t h e  bottom f igu re .  The $ = 0 s t reaml ines  r ep resen t  

t h e  boundary o f  t he  secondary flow. 

The temperature 

Figure 27 shows what happens i f  you have a 1 x 2 region;  t h a t  is ,  a 

reg ion  1 high and 2 wide, A t  s teady  s t a t e ,  one g e t s  two c i r c u l a t i o n s ;  

and the  temperature p r o f i l e s  have t h i s  b e a x t i f u l  patLern.  I t h i n k  we 

could make art designs t h i s  way, There i s  no c e n t r a l  b0mdar.y i n  the  

regions,  merely a l i n e  of symmetry. 

Figure 28 shows the  paf,terrLs f o r  a 1 x 3 box. The f i g u r e  shows 

three c i r c u l a t i o n s  and t h e  r e s u l t i n g  temperature d i  s t r . ibut ion.  We have 

here  a n  i n t e r e s t i n g  phenomena; and I w i l l  a s s e r t  a broad g e n e r a l i t y  

which 1 c a n ' t  prove. The g e n e r a l i t y  i s  t h a t  t h e  number of c i r c u l a t i o n s  



40 

1 1 1 I 1 

h i I.--- 1 I 

8 0.05 0.10 0.13 0.20 8.2 3 

GRID S I Z E  

16  

Fig. 25. E f f e c t  of  Grid S ize  on Steady-State  and $cent f o r  a 
Square  Cavi ty  wi th  P r  = 1, Gr = 3000. 
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Fig. 26. Steady-State Streamlines and Iso- 
therms for L/H = 1.0, Pr L- 1.0, and Gr = 20,000 
for the Enclosure with Isothermally Heated Bottom 
and Cooled Top with Insulated Side Walls. 



Fig. 27. Steady-State Streamlines and Isotherms for a Region with a Width-to- 
Height Ratio of 2 and Heating Occurring at Bottom and Cooling at Top. 
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you can g e t  i s  equal  t o  tile width- to-height  ratio provid ing  these  a r e  of  

i n t e g r a l  s i z e .  One knows t h a t  t h e  number of  c i r c u l a t i o n s  must reduce from 

3 t o  2 as t h e  width of  t h e  box i s  reducedbutwe d i d n ' t  c a r r y  out  enough 

c a l c u l a t i o n s  t o  de f ine  t h i s  breakpoint .  

It i s  apparent from a n a l y s i s  t h a t  any number of c i r c u l a t i o n s  a r e  

meta-s table .  I n  f a c t ,  F r o m  at  Los A l a m o s  has c a r r i e d  out  such ca lcu la-  

t i o n s  and produced resu1t.s showing 7 d i f f e r e n t  c i r c u l a t i o n  p a t t e r n s  for 

t h i s  kind of a regi.on. They a r e  a l l  va.lid soluti .ons of t h e  f i n i t e  d i f -  

ference equat ions - which one i s  t h e  unique so lu t ion?  I f  you start  t h e  

ca l cu la t ions  and every th ing  i s  p e r f e c t l y  symmetrical, then  you g e t  what- 

ever  solu- t ion p a t t e r n  you want; Lhab i s ,  you can s t a r t  -the ca l cu la t ions  

i n  such a way t h a t  you w i l l  ge t  1, 2, 3, 4, 5 ,  e t c . ,  c i r cu lab ions .  How- 

ever ,  i.f you in t roduce  ai1 assymiwtric disturba.nce,  you a.lways get, the  

p a t t e r n  shown i n  Fig.  28. We s ' iarted wi th  1, 2, 3 ,  and it c i - rcu la t ions  

and found t h a t  as long as we made them unsymaetrical ,  we always ended up 

with t h r e e  ci . rculat ions.  That is what happens phys ica l ly ,  because you 

always have some assymmetry phys ica l ly .  If notb;ng e l s e ,  t h e  mere va r i a -  

- t ion  of t h e  phys i~ca l  p r o p e r t i e s  wi th  temperature provides  solile assymmetry. 

Thus, thi-s  i s  t h e  phys ica l ly  unique so lu t ion ,  and can be va l ida t ed  ex- 

per imenta l ly .  The o t h e r s  a re  mere]-y mathematical a r t i f a c t s .  

I a m  a g rea t  b e l i e v e r  i n  checking th ings  experimental ly ,  so  we b u i l t  

a I . i t t l e  apparatus  (not  a very good one) t o  t e s t  whether our compwted r e -  

s u - l t s  were c o r r e c t .  I f  we saw t h r e e  c i r c u l a t i o n s ,  as shown i n  Fig.  28, 

we would have been s a t i s f i e d .  You don ' t  have t o  measure a l l  of t h e  tern- 

pe ra tu res  and v e l o c i t i e s .  We had a l i t t l e  nagging worry i n  t h e  back of 

our heads because we had assumed two-dimensional flow. Supposing t h a t  

t h e  flow p a t t e r n  were a c t u a l l y  t h r e e  dimensional? Well, we b u i l t  t he  

box and every th ing  looked love ly .  We cou ldn ' t  s ee  very wel l ,  because 

we d i d n ' t  have s u f f i c i e n t  i l l umina t ion ;  bu t  w e  thought we s a w  a two- 

dimensional flow p a t t e r n .  I sa id ,  "Why d o n ' t  you improve the  i l lumina-  

t i o n  so t h a t  we photograph t h e  c i r c u l a t i o n  pat-tern?' '  A few days l a te r  

Samuels cane i n t o  my o f f i c e  wi th  a look of hor ror  on h i s  face and sa id ,  

"Come up t o  t h e  l abora to ry  quickly.  I '  

c i r c u l a t i o n  which suggested t h a t  none of our c a l c u l a t i o n s  had any va l id i . t y  

We had apparent ly  made c a l c u l a t i o n s  i"or a phenomenon tha t  di-dn ' t  e x i s t  

i n  t h e  r e a l  world. Wall, it turned  out  t h a t  whether you ge t  -two- o r  

We now s a w  a three-dimensional  



three-dimensional  flow depends on very  minor pe r tu rba t ions  ~ The l i g h t  

sh in ing  i n  t h e  s i d e  t o  i l l umina te  t h e  t r a c e r  p a r t i c l e s  i s  enough or" a 

p e r t u r b a t i o n  t o  s t a b i l i z e  two-dimensjonal flow. If we had no l i g h t ,  we 

got  three-dimensional  flow. We discovered t h i s  by t u r n i n g  t h e  l i g h t  on 

quick ly  and see ing  a three-dimensional  p a t t e r n  which then  degenerated t o  

a two-dimensional c i r c u l a t i o n .  Af t e r  many o t h e r  experiments,  we con- 

eluded t h a t  both of  t h e s e  c i r c u l a t i o n s  can e x i s t  p h y s i c a l l y  and t h a t  

a minor p e r t u r b a t i o n  determines which you ge t .  Thus, we have a s o l u t i o n  

t o  a p h y s i c a l l y  e x i s t e n t  pyoblem; whether it e x i s t s  i n  your l a b o r a t o r y  o r  

not,  may depend on how hard you brea the .  

This, of  course, I s  a ve ry  unhappy s i t u a t i o n .  The l i t e r a t m - e  i s  

a l r eady  f i l l i r i g  ups both  i n  mathematics and engineer ing,  as t u  which one 

of t h e s e  c i r c u l a t i o n s  i s  t h e  m m e  s t a b l e ,  The mathernatieiam have 

w r i t t e n  on b o t h  s i d e s  It t u r n s  out  t h a t  it doesn ' t  mat te r  ve ry  much to 

an engineer  i f  you a r e  i n t e r e s t e d  i n  hea t  t r a n s f e r ,  The d i f f e rence  i n  

t h e  hea t - t r ans fe r  r a t e  between two- and three-dimensional  c i r c u l a t i o n s  i s  

only  about 9%. Why i s  t h i s ?  Apparently because the s r j lu t ions  are almost 

equa l ly  s t a b l c .  'This was a grand l e s s o n  t o  me not  t o  t r u s t  g ross  ex- 

periment a1 work * 

Three-dimensional c a l c u l a t i o n s  have been earri ed out  f o r  a c u b i c a l  

reg ion  by  Aziz and Hel l inms at Rice Univers i ty .  However, c a l c d a t i o n s  f o r  

t h r e e  dimensions i n  an i n f i n i t e l y  long box, would t ake  perhaps t e n  

thoqsand t imes as much computer t i m e  as f o r  t h e  two-dimensicnal case,  

us ing  our  technique,  Thus, we conclude t h a t  t r i l y ,  three-dimensional  

c a l c u l a t i o n s  i n  an unboiinded reg ion  r equ i r e  a breakthrough i n  n m e r i  c a l  

methods o r  i n  t h e  si ze of computers. We a r e  t r y i n g  very  hard t o  SUI-- 

moimt t h i s  problem, b ~ t  we have no answers a s  y e t .  There are some people  

who have c a r r i e d  ou t  some three-dimensional  c a l c u l a t i o n s  - Deasdorf at 

Boulder and F~omm a t  Los Alamos. However, we are convinced tha,t n e i t h e r  

of them bad s t a b l e  solhi t iom, They appa ren t ly  d i d n ' t  bo ther  t o  check 

s t a b i l i t y .  

1 would l i k e  to t e l l  you f i n a l l y  about one f a i l u r e  i n  oiur n a t m a l -  

convect ion ana lyses?  because we were ga in ing  so much confidence i n  our 

technique t h a t  we d i d n ' t  t h i n k  we could f a i l .  We t ack led  t h e  reg ion  
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ou t s ide  of a cyl-inder.  We were going t o  hea t  a cy l inde r  such as a wire  

and p r e d i c t  t he  surrounding temperature  and t h e  v e l o c j ~ t y  f i e l d s .  This  

r e a l l y  di .dn' t  seem any more complicated than  t h e  problems we ha,d sol-ved. 

Af te r  two years  of p e r s i s t e n t  e f f o r t  we d id  not  succeed i n  so lv ing  t h e  

problem. The reason i s  as fol lows,  You ge t  a very  narrow plume r i s i n g  

above the  cy l inder .  The plume goes up, b u t  i.t must come back down. It 

comes back down at  7-nf ini ty;  t h a t  i s ,  it comes back down everywhere. I n  

order  t o  s a t j ~ s f y  con t inu i ty ,  you must t ake  t h a t  d i s t a n t  Plow i n t o  account. 

We d id  not succeed i n  f ind ing  a f i n i t e  d i f f e rence  r e p r e s e n t a t i o n  t h a t  

w a s  v a l i d  f o r  t h e  f a r  f i e l d .  We can ge t  a s o l u t i o n  t h a t  i s  good f o r  t h e  

near  f i -e ld ,  b u t  not  f o r  .the far f i e l d .  The boundary-layer approximations 

worked p r e t t y  w e l l  ayound t h e  r eg ion  near t h e  cy l inde r .  O f  course,  t hey  

don ' t  do anflhing about t h e  plume. We can c a l c u l a t e  t h e  plume, b u t  we 

c a n ' t  g e t  i t  back down, I don ' t  t h i n k  t h i s  problem i s  inso luble ,  bu t  it 

i s  d i f f i c u l t .  E a s t  week I saw a, t h e s i s  i n  which somebody a s s e r t e d  t h a t  

-ihey had solved t h i s  problem. However, i . t  only took about a n  hour t o  

f i n d  - tha t  they  d i d n ' t  rea.l.ly have a v a l i d  so lu t ion .  They d idn '  t bother  

-to check what happened t o  t h e i r  far f i e l d .  They had c a r r i e d  on a f i n i t e  

d i f f e rence  c a l c u l a t i o n  and had not checked f o r  convergence. Gentlemen; 

t h e  l i t e r a k u r e  i s  fu.11 of  th is  type  of  nonsense. E d i t o r s  shou ldn ' t  ac- 

cep t  papers  which do not inc lude  a proof of  t h e  v a l i d i t y  of f i n i t e  d i f -  

fe rence  calcul.ati.ons. People a r e  punching t h e  but tons  of machines and 

g e t t i n g  r e s u l t s  and not  checking them, e i t h e r  t h e o r e t i c a l l y  o r  exper i -  

ment a l l y .  

J would l.jke t o  summarize t h e  resul- ts  of  what we have found f o r  

f i n i t e  d i f f e rence  methods i n  n a t u r a l  convection as  fol lows:  

1. The problem of so lv ing  natural-convect ion problems i s  far more 

d i f f i c u l t  t han  f o r  conduction, f o r  forced  convect ion ( i n  which you know 

t h e  ve loc i ty  Yield) ,  or f o r  r ad ia t ion .  The reason i s  t h a t  the nonlinear, 

coupled, p a r t i a l  d i  f f e r e n t i a l  equat ions whi ch desc r ibe  momentum must be 

solved. 

2. The s o l u t i o n  of  r e a l i s t i c  problems r equ i r e s  g r e a t  i ngenu i ty  and 

t r i a l  and error because t h e  msthemaiical  t heo ry  of  mrinerical s t a b i l i t y  i s  

not  app l i cab le  f o r  p r a c t i c a l  boundary condi t ions .  Formulation of  a f i n i t e  



d i f f e r e n c e  r e p r e s e n t a t i o n  f o r  awkward boundary 

f o r  unbounded regions,  i s  anything b u t  r o u t i n e  

condi t ions ,  and p a r t i c u l a r l y  

a t  the  p re sen t  t ime. 

3. Cost cons ide ra t ions  c u r r e n t l y  l i m i t  convect ive s o l u t i o n s  to two- 

dimensional problems; f u r t h e r ,  except f o r  very  s p e c i a l  ca sesg  no solu-  

t i o n s  have been obtained f o r  t u r b u l e n t  flow. Since such c a l c u l a t i o n s  would 

involve,  by d e f i n i t i o n ,  three-dimensional  uns teady-s ta te  random o s c i l l a -  

t i o n s  of  a wide spectrum o f  s i z e ,  t h e y  may never be p r a c t i c a l .  B e t t e r  

techniques .and  computers w i l l  come along and before  long three-dimensional  

c a l c u l a t i o n s  w i l l  be p r a c t i c a l .  However, t h e r e  i s  a v a l i d  ques t ion  as 

t o  whether we w i l l  ever  have sDlut ions f o r  t u r b u l e n t  flow. 

11. Some experimentat ion i s  s t i l l  an abso lu te  n e c e s s i t y  t o  t e s t  com- 

p u t a t i o n a l  r e s u l t s  f o r  two reasons:  

t h e  r i g h t  model w a s  chosen. 

l eave  out  a term or put  i n  t h e  wrong boundary condi t ions ,  you may ge t  a 

s o l u t i o n  to t h a t  mathematical  problem; bu t  it w i l l  have nothing t o  do 

wi th  t h e  r e a l  world. You must, t he re fo re ,  check t o  see whether the cor-  

r e c t  model w a s  chosen. (b )  You must check t o  see  i f  t h e  s o l u t i o n  i s  t h e  

p h y s i c a l l y  unique one. 

(a) you must cheek to see  whether 

I f  you put  down t h e  wrong equa,tions o r  

5. Since no one i s  l i k e l y  to do the necessary  experimental  work t o  

t e s t  t h e o r e t i c a l  results c r i t i c a l l y  o the r  t h a n  yourse l f ,  any t h e o r e t i c a l  

i n v e s t i g a t i o n  poses  an e t h i c a l  commitment of  t h e  same l a b o r a t o r y  t o  i t s  

experimental  v a l i d a t i o n .  The l i t e r a t u r e  i s  being f i l l e d  wi th  paper af ter  

paper  of t h e o r e t i c a l  r e s u l t s  which a r e  l e f t  f o r  somebody e l s e  t o  confirm. 

6. Given t h e  a l t e r n a t i v e  of e i t h e r  experimentat ion o r  work on t h e  

computer, experimentat ion may we l l  be  cheaper and s u f f i c i e n t ,  even when 

we can c a r r y  out  computations. 
0 

I would a l s o  l i k e  t o  compare numerical  methods wi th  c l a s s i c a l  methods 

of  a n a l y s i s .  The use o f  a n a l y t i c a l  methods f o r  t h e  s o l u t i o n  of  problems 

i n  n a t u r a l  convection, and o t h e r  mechanisms of  hea t  t r a n s f e r  f o r  t h a t  

matter, i s  a l l  bu t  passk.  

t o  be recognized by everyone and t o  ga in  u n i v e r s a l  acceptance,  s i n c e  

almost a l l  of our mathematical  t r a i n i n g  i s  i n  t h e  s n d y t i c a l  methods which 

were developed f o r  t h e  s o l u t i o n  of the c l a s s i c a l  problems of t h e  19th 

Some time w i l l  be requi red  f o r  t h i s  r e a l i t y  
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century.  Many r e sea rche r s  w i l l  conti-nue t o  confine t h e i r  a t t e n t i o n  t o  

those  problems which a re  r ecep t ive  t o  c l a s s i c a l  methods. However, t h e  

assumptions and s i m p l i f i c a t i o n s  t h e y  must make a r e  s e r i o u s l y  l i m i t i n g  and 

a r e  gene ra l ly  not  s o  necessary wi th  numerical  methods. The l imi t ak ions  

I have mentioned f o r  t h e  numerical  methods a l l  e x i s t  f o r  t h e  ana l - f l ica l  

methods, bu t  more se r ious ly .  The value of a n a l y t i c a l  so lu t ions  i n  t h e  

form of s e r i e s  for i n t eg ra . l s  or t abu la t ed  func t ions  i s  o f t e n  quest ionable .  

‘These solu’iions do not  gene ra l ly  provide any more i n s i g h t  i n t o  t h e  be- 

havior  of  t h e  system than  a t a b u l a t i o n  or a p l o t t i n g  from a f i n i t e  d i f -  

fe rence  c a l c u l a t i o n .  Furthermore, eva lua t ion  of such s o l u t i o n s  may w e l l  

take more compu-ter t ime than  d i r e c t  solu- t ion of  t h e  problem by f i n i t e  

d i f f e rence  methods. I n  summary, numerical  methods i n  modern computing 

maxhinery o f f e r  us t h e  oppor tuni ty  t o  become engineers  aga in  r a t h e r  than  

j u s t  s c i e n t i s t s .  We can t u r n  our a t t e n t i o n  t o  some of t h e  r e a l  problems 

t h a t  need t o  be  solved, r a t h e r  than  t o  those  problems which a r e  r ecep t ive  

t o  c l a s s i c a l  methods of  ana lys i s .  F ina l ly ,  t h e  numeri.ca1 methods do not  

appear t o  e l imina te  t h e  need f o r  experimental  work. 

A s  you a r e  aware, t h e  t i t l e  of  my t a l k  included rad ia t i -on .  However, 

I see t h a t  I have a l l  bu t  used up my time, so I w i l l  ma,ke only  some 

very,  very  b r i e f  remarks on radiatrion. The f i e l d  of r a d i a t i o n  i s  very  

suscep t ib l e  now t o  numerical  methods of c a l c u l a t i o n .  We can r e a d i l y  

sol.ve a l l  of t h e  c l a s s i c a l .  problems. This i s  important ,  because they  

were so t ed ious  t h a t  it w a s  very discouraging t o  do them before .  They 

almost ~~1.1. j-nvolve t h e  eva lua t ion  of i -n t eg ra l s  o r  t h e  s o l u t i o n  of i n t e -  

g r o d i f f e r e n t i a l  equat ions.  I do not  demean t h e  d i f f i c u l t y  of doing these  

problems, bu t  t h e y  a r e  r e a l l y  an order  of magnitude s impler  t han  t h e  prob- 

lems t h a t  1 have i l l u s t r a , t e d .  Unfortunately t h e s e  c l a s s i c a l .  problems 

invoke a c o q l e  of  post ,ulates ,  which throw away p r a c t i c a l i t y .  One such 

postulate i s  tha t  of  gray bodies  and gray  f l u i d s .  ‘The f a c t  i s  t h a t  all 

f l u i d s  have such art e r r a t i c  v a r i a t i o n  of t h e i r  phys i ca l  p r o p e r t i e s  with 

wave l eng th  t h a t ,  i f  we were going t o  make r e a l i s t i c  c a l c u l a t i o n s  fo r  

r a d i a t i o n ,  we would have t o  so lve  t h e s e  equat ions i n  t h e  wave l eng th  do- 

main as  w e l l  as t h e  geometr ical  domain. This e l e v a t e s  the  problem ~p t o  

abou-t t h e  compl.exity o f  probkms i n  n a t u r a l  convection. I f  tha t  i s n ’ t  

bad enough, ’che real problem i s  we don‘-t have da-La. The d a t a  f o r  rad ia t j -on  
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are i n  ve ry  poor shape d e s p i t e  a l l  of  t h e  s p e c t r a l  measurements t h a t  

have been made. Thus, it i s  d i f f i c u l t  t o  j u s t i f y  c a r r y i n g  o u t  very,  

ve ry  d e t a i l e d  c a l c u l a t i o n s  f o r  r a d i a t i o n  when d a t a  a r e  not  avarilable as 

a check. 

We found t h i s  a r e a  o f  f i n i t e  d i f f e rence  c a l c u l a t i o n s  i n t e r e s t i n g  

and cha l lenging ,  

r e sea rch  as any o the r  f i e l d  b u t  t h a t  t h e  r e s u l t s  are p ropor t iona te iy  

rewarding. We no longer  dare  t o  c a r r y  c a l c u l a t i o n s  without s e t t i n g  up 

expei-iments t o  confirm t h e i r  v a l i d i t y ,  I hope o t h e r s  head OUT warning. 

We have concluded t h a t  it takes as much ingenn i ty  and 
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DISCUSSION 

Chairman (J. J. Keyes): We thank Professor  Church i l l  f o r  h i s  very 

informative cornments. I th ink  we should a l l  be challenged t o  go back 

and look a t  our engineer ing problems from t h e  p o i n t  of view of t r y i n g  

t o  use numerical so lu t ions .  I w a s  a l i t t l e  worried t h a t  t h e  exper j -  

men ta l i s t ,  among whom I consider  myself, w a s  becoming obso le t e ;  bu t  1 

was reassured t h a t  ve a r e  s t i l l  i n  the p i c t u r e .  If we were not  b e l i e v e r s  

i n  riurflerical solutions, we c e r t a i n l y  ought t o  be now. I be l i eve  Profes- 

so r  Chui-chill w i l l  consider  quect ions from the €loor. 

W. M. Rohsenow (MIT): [Question was not  c l e a r  on t h e  t a p e . ]  

S. W.  Churchi l l :  i wi1.1. s i m a r i z e  h i s  cornriient so t h a t  it w i l l  be  - 
oil  t h e  tape .  Professor  Rohsenow commented t h a t  I took a r a t h e r  extreme 

p o s i t i o n  r e l a t i v e  t o  t h e  r o l e  of a n a l y t i c a l  methods. He a s s e r t e d  t h a t  

t hey  do indeed h.ave a r o l e  i n  maxy problems. Fu.rthermore, he s a i d  t h a t  

t hey  provided i n s i g h t  i n t o  t h e  behavior  of t h e  d i f f e r e n t  dimensionless 

groups as compared t o  simply ta.bl.es of d a t a  o r  p l o t s .  

O f  course,  I agree wi th  him about t h e  u t i l i t y  of  a n a l y t i c a l  solu-  

ti.ons; and perhaps should cl .ar i fy  what I sa id .  Ana ly t i ca l  s o l u t i o n s  

w i 1 . l  always provide f o r  us u s e f u l  r e s u l t s  f o r  simple problems as w e l l  as 

insigh-L and bounding values  for complex problems even when we have f i n i t e  

d i f f e rence  r e s u l t s .  However, thak as we t r y  t o  so lve  more and more com- 

p k x  problems, t h e  a n a l y t i c a l  methods have an u p h i l l  b a t t l e  t o  compete 

wi.th t h e  g r e a t e r  g e n e r a l i t y  of t h e  f i n i t e - d i f f e r e n c e  methods. A s  an 

example, -to show you that 4 can wear e i t h e r  h a t ,  I s a i d  - tha t  we had f a i l e d  

t o  so lve  t h e  problem for t h e  r eg ion  ou t s ide  a cy l inder .  We ended up 

doing t h e  problem ana.l .ytically.  i n s t ead ,  we s e t t l e d  f o r  an a n a l y t i c a l  

so1.uti.on f o r  t h a t  problem which i.s v a l i d  - f o r  cy l inde r s  of any shape - 
bI.unt 'oodies, poin ted  bodies,  e t c .  However we had t o  s impl i fy  the pro'nlem 

somewhat t o  ob ta in  thi.s so lu t ion ,  1 am not  opposed t o  a n a l y t i c a l  methods; 

I. do b e l i e v e  we should recogni-ze t h e i r  l imi-Lations and t h e  assoc ia ted  

te.rriptation t o  confine our  a t t e n t i o n  t o  problems suscep t ib l e  t o  analyses  

r a t h e r  than  t,o problems of  engineer ing urgency. 



I would l i k e  t o  argue a l i t t l e  about t h i s  ma t t e r  of i n s i g % t  Tela- 

t i v e  t o  the dimensionless groups. I would argue t h a t  you should allqays 

c a r r y  out  an a n a l y s i s  j u s t  as Tar as you can i n  terms of dedinension- 

d i z i n g  and s impl i fy ing  t h e  equat ions before  you go t o  'che cornpier ,  It 

may be t h a t  t h e  s imples t  r e s u l t  i s  not  t h e  b e s t  f o r  computations, and 

1 i l l u s t r a t e d  t h i s .  We made a mistake i n  going t o  t h e  v o r t i c i t y  func t ion  

for 'che problem of n a t u r a l  convect ion i n  t h e  e m l o s u r e  of Fig. 13. 

If we had it t o  do over  again,  we would just  so lve  t h e  o r i g i n a l  equat jons.  

Nevertheless ,  1 a u l d  f irst  t r y  to s impl i fy  t h e  r e p r e s e n t a t i o n  as P a r  as 

poss ib l e .  Caryyirig ou t  such an ana lys i s  may provide some i n s i g h t .  How- 

ever ,  l do not  b e l i e v e  that ,  an a n a l y t i c a l  so l i i t ion  i n  t h e  form of a s e r i e s  

o r  i n t e g r a 2  prcvides  any m x e  insig'rit than a w m e r t r a l  solution. Analy- 

s i s  us ing  classical methods has a r o l e ,  but I t h i n k  the r o l e  i s  decreasing 

i n  such complicat,ed problems as 1 have discussed t h i s  rmt-ciing, 

I mi ght mention aga in  t h e  problem of convect ive i n s t a b i l i t y .  As 

long as you. have a small F r a n d t l  number, t h e  ve ry  s impl i f i ed  a n a l y s i s  

which w a s  done about 20 yea r s  ago i s  va3.j.d. The only  new th ings  we ap- 

p e a r  to have obta ined  a r e  t h e  uns teady-s ta te  behavior  and t h e  e f f e c t  of 

Prandtl number foy small Prandt i  numbers. Rut 1 assert t h a t  we obtained 

something more t'nan t h i s ,  We va l ida t ed  t h e  assumptions made i n  t h e  

e a r l i e r  analy-tical so lu t ion .  T'he f a c t  t h a t  t h i s  a n a l y s i s  e x i s t e d  w a s  a 

g r e a t  h e l p  t o  us. 

W. T. Snyder ( U j i v e r s i t y  of  Tennessee Space I n s t i t u t e ) :  T would 

l i k e  .t;o comment b r i e f l y  on tl1i.s very  i n t e r e s t i n g  o s c i l l a t o r y  behavior  

shown on P ro fes so r  Chu.rehi.l.l's s l i d e s  during t h e  approach to st,eady s t a t e  

i n  some of  those  t r a n s i e n t  problems. My col leagues  and T have 'oeeii doing 

some transien'c s- tudies  i n  a completely d i . f f e ren t  a r ea3  i.n t h e  f i e l d  of  

.m~netobydrod;ynamics ~ We have observed t h i s  same kind of o s c i l l a t o r y  

behavior  as you approach t h e  s t eady  s ta te  and were concerned as to whether 

t h i s  happened phys ica l ly .  We had some e r r o r s  i n  t h e  ca l cu la t ion ,  e t c e , ,  

b u t  apparent ly  t h i s  i s  a c h a r a c t e r i s t i c  of t r a n s i e n t  phenomena. There i s  

something about t h e  i n e r t i a  of t h e  system which tends  t G  c a m e  overshoot 

and readjustment .  I was g r a t i f i e d  t o  see  this thi.ng showing up i n  a com- 

p l e t e l y  d i f f e r e n t  t.ype of physlical phenomena. 
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S. W. Church i l l :  Professor  Snyder renar'red t h a t  he had observed 

i h i s  o s c i l l a t o r y  behavior  i n  sone of  t h e  r c a l c u l a t i o n s  f o r  magneto- 

hydrodynamic plimomena. This  behavior  i s ,  of course,  c h a r a c t e r i s t i c  of 

any s e t  of equat ions i n  which you have two o r  t h r e e  competing terlns i n  

t h e  p a r t i a l  d i f f e r e n t i a l  equat ion and a l s o  i n  t h e  l i m i t i n g  case where you 

a r e  go ng t o  g e t  r i d  of one of these  terms - t h e  uns teady-s ta te  term. 

The two compete and g radua l ly  t h a t  one term drops out .  

-- 2,. W. Crawford (Tennessee Technological Un ive r s i ty ) :  I ' v e  followed 

your numerjcal s t u d i e s  wi th  Martini  and Hellwns. I have t h e  impression 

t h a t  a t  l e a s t  i n  some of your e a r l i e r  work you l e f t  o u t  the  p re s su re  

v a r i a t i o n s  when you d e a l t  with t h e  veloci-ty equat ions themselves.  

yoii c l a r i f y  t h i s ?  

Could 

S. W. Churchi l l :  I w a s  asked i f  we had l e f t  out  t h e  p re s su re  term 

i n  t h e  equatlions i n  our ana lys i s .  That i s  not  an  easy  ques t ion  t o  an- 

swer simply. I n  t h e  e a r l i e r  work we broke up t h e  p re s su re  term i n t o  t h e  

dynamic pressure  term and t h e  s t a t i c  p re s su re  term and threw away t h e  

var ia t i -on  of pyessu-re which r e s u l t s  from flow. However i n  Wilkes '  work 

we di-dn ' t  neg lec t  t h e  dynamic p res su re  v a r i a t i o n .  We simply e l imina ted  

t h e  p re s su re  terms between t h e  two equat ions.  We d i d n ' t  a .c tua l ly  c a l -  

c u l a t e  t h e  pressure  v a r i a t i o n  although we could s t i l l  go back and do so. 

This wouldn't  involve anything bu t  taki-ng the r e s u l t s  we hav-e now and 

c a l c u l a t i n g  t h e  p re s su re  g rad ien t s  from t h e  o r i g i n a l  equat ions.  I n  t h e  

only  check we made on t h i s ,  t he  pressure  v a r i a t i o n s  were r a t h e r  s l i g h t  

a n d  not p h y s i c a l l y  meaningful t o  .us - maybe they  would be t o  someme e l s e  

I,. W. Crawford: T have doae solne of  t hese  c a l c u l a t i o n s  myself i n  -- 
my own t h e s i s ,  which 1 did  not check experi-mentally, although t h e r e  were 

some h e a t - t r a n s f e r  r e s u l t s  i n  t h e  1 - i t e r a tu re  and I checked them. How- 

ever,  i n  my t h e s i s  Z used a technique which might be equiva len t  t o  making 

ihe g?;pid f i n e r .  1 used higher  o rde r  t e r m  i n  t h e  d i f f e rence  equat ions 

t o  s u b s t i t u t e  for t he  v e l o c i t y  i n  p a r t i c u l a r ,  poss ib ly  th i rd -o rde r  terms 

as we1 1- as f i r s t - o r d e r  terms. 

S. W.  Churi.hil1.r Professor  Crawford ind ica t ed  t h a t  i n  h i s  own c a l -  
I l--__l____l 

c i i la t ions  i n  t h e  same genera l  a r e a  he had used higher  order  of  approxima- 

t i o n s  fiar the  d e r i v a t i v e s  as an a l t e r n a t i v e  t o  making t h e  g r id  f i n e r .  
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This  i s  indeed one o f  t h e  p o s s i b i l i t i e s  of  which I spoke, idhen I s a i d  t h a t  

t h e r e  are almost an i n f i n i t e  number of ways i n  which you can make one of 

t h e s e  approximations. O f  course,  you must tes t  f o r  accuracy and eonver- 

gence and s t a b i l i t y  when you g e t  done. Also, t h e  i n t e r e s t i n g  quest ion,  

and I t h i n k  t h e  engineer ing quest ion,  i s  which approximiat ion i s  b e s t  i n  

terms of  a given r e l i a b i l i t y  and a given cos t ?  This  i s  a ve ry  d i f f i c u l t  

quest ion,  and I d o n ' t  suppose any of  us can answer it genera l ly ,  We have 

not  been ve ry  success fu l  i n  us ing  h igher  order  d e r i v a t i v e s .  

enough - not  i n  t h i s  work but  i n  some o t h e r  work involv ing  a chemical 

r e a c t o r  - we encountered i n s t a b i l i t y  when we used h igher  o-rder terms, bu t  

we obtained a good so lu t io r ,  when we used a low-order r e p r e s e n t a t i o n ,  

T h i s  w a s  no t  a convergence problem bu t  a s t a b i l i t y  problem, 

Curiously 

I n  f u r t h e r  answer t o  Professor  Ccawford, checking t h e  Nussel t  number 

i s  not  real ly  a c r i t i c a l  t e s t ;  and a proof  o f  t h a t  a rose  re la t ive t o  OUT 

m u l t i c i r c u l a t i o n s .  I t h i n k  t h i s  i s  what l e d  Fromm a s t r a y .  Ee f o u d  t h a t  1, 

2, 3, It, 5, 6, o r  7 c i r c u l a t i o n s  a l l  give roughly t h e  same Nussel t  number, 

We found t h a t  two- and three-dimensional  c i r c u l a t i o n s  a l s o  gave roughly 

t h e  same Nussel t  number. The c r i t i c a l  t e s t  i s  simply t o  look at  a flow 

p a t t e r n .  Thi-s i s  a cheap experiment; you d o n ' t  have t o  s e t  up a very  

complicated apparatus .  

photograph them and immediately see i f  you have t h e  r i g h t  p r o f i l e .  I 

have no ques t ion  at a l l  of  t h e  v a l i d i t y  o f  t h e  numerical  r e s u l t s  for tem- 

pe ra tu re ,  if you have t h e  r i g h t  p r o f i l e s .  It i s  t h e  ve lcc i - ty  f i e l d  t h a t  

has a l l  o f  t hese  a l t e r n a t i v e  p o s s i b i l i t i e s .  

You can j u s t  throw some t r a c e r  p a r t i c l e s  jn and 

L. W. Crawford: 1: w a s  wondering i n  your heated 1owe-r. p l a t e  and cooled 

upper p l a t e ,  what s o r t  of  boundary condi t ions  d i d  you apply a t  t h e  s i d e  

wa l l s?  Did you have zero v e l o c i t y  t h e r e  and l i n e a r  temperature,  o r  what 

s o r t  of condi t ions?  

S .  W. Churchi l l :  Professor  Crawford inqui red  as t o  what boundary 

condi t ions  we had at t h e  s i d e  w a l l s  when we had a heated lower p l a t e  and 

a coo le r  upper p l a t e .  We attempted t o  make both our  heated lower p l a t e  

and our  cooled upper p l a t e  i so thermal  and we t r i e d  t o  e s t a b l i s h  t h e  con- 

d i t i o n  of p e r f e c t l y  i n s u l a t e d  s i d e  w a l l s .  This  cond i t ion  caused us g r e a t  

d i f f  i c u l t y ,  because you c a n ' t  g e t  p e r f e c t  i n s u l a t i o n .  Transparent  



mate r i a l s  such as g l a s s  or Luci te  t u r n  out  t o  be p r e t t y  good conductors 

r e l a t i v e  t o  t h e  very  low r a t e s  of hea t  t r a n s f e r  by n a t u r a  convec'cion. 

Thus, it i s  very  d i f f i c u l t  t o  e s t a b l i s h  a s u f f i c i e n t l y  i n s u l a t e d  s i d e  

w a l l .  There i s  no ques t ion  whatsoever t h a t  t h e  phys ica l  s t a b i l i t y  - i. e . ,  

whebher it w i l l  c i r c u l a t e  or not - does depend upon how well i n s u l a t e d  

the s i d e  w a l l  i s .  I f  you have anything o the r  than  a p e r f e c t l y  i n s u l a t e d  

s i d e  w a l l  o r  a, l i n e a r  temperature  v a r i a t i o n  up t h e  s i d e  w a l l ,  you w i l l  

c e r t a i n l y  have c i r c u l a t i o n  at a very, very  low Rayleigh number. You 

have t h e  equiva len t  of a heated or a cooled s i d e  w a l l  and c i r c u l a t i o n  w i l l  

s tar t  immndi a t e l y .  The q u a l i t y  of t h e  i n s u l a t i o n  a l s o  determines whether 

you ge t  a two- o r  three-dimensional c i r c u l a t i o n .  If anybody has  a t r a n s -  

parent ,  p e r f e c t  i n s u l a t i o n  1 a m  i n  t h e  market f o r  it. 

J. J. Keyes (OWL): H a s  t h e r e  been any success  i n  us ing  s i m i l a r i t y  

t e s t s  i n  so lv ing  t h e s e  convection problems: i. e . ,  convert ing t h e  p a r t i a l  

d i f f e r e n t i a l  equat ions  t o  ord inary  d i f f e r e n t i a l  equat ions by the very  

jud ic ious  choice of t h e  combinations of va r i ab le s?  

S. W, Churchi l l :  I f  I had p lan ted  a loaded quest ion,  t h i s  i s  t h e  

one t h a t  I would have p l aa t ed .  I assure  you I d i d n ' t ,  d e s p i t e  my o ld  

acquaintance wi th  John. 

It' j u s t  happens t h a t  D r .  Hellums and I have developed a techni-que 

which we beli .eve w i l l  fi.nd the  minimum p o s s i b l e  d e s c r i p t i o n  of  any 

boundary-value problem. By t h i s  1 mean, i f  it i s  p o s s i b l e  t o  reduce a 

p a r t i a l  d i f f e r e n t i a l  equat ion t o  an o rd ina ry  d i f f e r e n t i a l  equat ion  o r  

even t o  a p a r t i a l  of lower order ,  our  technique w i l l  produce t'ne neces- 

s a r y  s i m i l a r i t y  t ransformat ion .  Indeed, we have used t h i s  technique i n  

every s i n g l e  one of  t h e  soh i t ions  I have discussed today;  i. e . ,  we have 

reduced the  problem as far as it may be reduced. The .technique a l s o  

produ-ces u s e f u l  r e s u l t s  i n  connect ion wi th  repeated or a l t e r n a t i v e  

i d e a l i z a t i o n s  of  t h e  problem. If I throw away t h i s  term, do I ge t  a d i f -  

f e r e n t  o r  f u r t h e r  s i m i l a r i t y  t ransformation? I f  I a l s o  throw away t h i s  

term, what happens? e t c .  You. can see  t h e  p o s s i b i l i t i e s .  I n  most of t hese  

cases  you o b t a i n  bounding, a n a l y t i c a l  so lu t ions ,  o r  a t  l e a s t  s imp l i fy  t h e  

problem. For example, you see  what happens i n  t h e  l i m i ~ t  f o r  s m a l l  P rand t l  

numbers o r  f o r  small temperature d i f f e rences .  We chose t h e  coord ina tes  
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i n  some of t h e  p l o t s  I showed you i n  such a way t h a t  i n  t h e  l i m i t i n g  

case we would have a simple r e l a t i o n s h i p .  You may remember t h e  p l o t  of  

t h e  o v e r a l l  Nussel t  number versus  t h e  product  of  t he  P r a n d t l  and Grashof 

numbers t o  t h e  1/4 power. 

from throwing away all t h e  terms t h a t  might be c a l l e d  second order ,  says 

t h a t  t h e  Nussel t  numbes should equa l  a cons tan t  t imes the  product  o f  t h e  

P r a n d t l  and Grashof numbers to t h e  1/4 power. 

t h e  data and computed va lues  i n  t h a t  form, we could almost r ep resen t  

them by  a s t r a i g h t  l i n e .  I n t e r e s t i n g l y  enough, s i m i l a r i t y  t ransformat ion  

szys t h a t  this i . sn ' t  t h e  s imples t  form f o r  t h e  p l o t .  

because you were familiar wi th  it. The ana lyses  says t h e  Nussel t  number 

d iv ided  by Grashof number times t h e  P r a n d t l  number t o  t h e  1/1J power i s  a 

cons t aa t .  You no longer  should say Nussel t  number, Grashof number, and 

P r a n d t l  number; but should give a new name to t h a t  combined term, because 

it i s  t h e  c h a r a c t e r i s t i  c group for t h a t  na tura l -convec t ion  problem. We 

are i n h i b i t e d  irl us ing  t h e s e  o the r  groups. 

ques t ion  i s  yes ,  we should use s i m i l a r i t y  a n a l y s i s  both a n a l y t i c a l l y  and 

t o  he lp  us t o  c o r r e l a t e  t h e  r e s u l t s  f o r  f i n i t e  d i f f e r e n c e  c a l c u l a t i o n s .  

The s i m i l a r i t y  t ransformat ion  whj ch r e s u l t s  

Indeed, when we p l o t t e d  

I only  used i t  

My extend answer t o  your 

J. W. h o k e  (ORNL) : i n  making thermal  conduct ivi  t y  measurements, 

we would l i k e  to e l imina te  n a t u r a l  convection. I wonder i f  you would 

comment on t h e  v e r t i c d l y  heated c e l l ,  I mean t h e  upper heated p l a t e .  

How sure  can we be t h a t  t h e r e  i s  no n a t u r a l  convect ion wi th  an upper 

hea ted  p l a t e  and a lower cooled p l a t e ?  

S. W. Church i l l :  The ques t ion  i s  i n  making thermal  conduc t iv i ty  

measurements and what can one do to minimize o r  p r e d i c t  t he  in f luence  

of  n a t u r a l  convecti.on with a heated upper p l a t e  and a cooled lower p l a t e  

convect ion would be generated only  by  hea t  f low through t h e  s i d e  of t he  

apparatus .  There i s  some experimental  d a t a  i n  t h e  l i t e r a t u r e  on t h e  onset  

of  n a t u r a l  convect ion i n  packed beds. 

reg ions  bu t  I suspec t  t h a t  t h e  r e s u l t s  are q u a l i t a t i v e l y  v a l i d  f o r  an 

i n s u l a t i o n .  

- 

Our s o l u t i o n s  a r e  a l l  for empty 

J. J. Keyes: I want t o  thank Professor Church i l l  aga in  f o r  a very 

ai; imula t ing  d i scuss  ion ,  
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ITJTRODUCI'ION OF SPEAKER 

3. J. Keyes (ORNL), Chat-rman: O u r  next  l e c t u r e r  i s  Richard N. Lyon 

who obtained hi.s MS and PhD degrees a t  t h e  Univers i ty  of Michi.gan and 

then  came t o  Oak Ridge i n  1945 on t h e  staff of t h e  Clinkon Labora tor ies ,  

which w a s  t h e  or iginal .  name of t h e  Oak Ridge Nat iona l  Laboratory.  He 

has been i n  t h e  nuc lea r  engineer ing bus iness  here  i n  Oak Ridge eve r  s ince  

t h a t  t i m e m  

t h e  Metallurgical.  Laboratory i n  Chicago p r i o r  t o  coming t o  Oak Ridge. 

He has been a s soc ia t ed ,  as you might well imagine, wi th  many d i f f e r e n t  

types of r e a c t o r s ,  among t h e s e  be ing  t h e  o r i g i n a l  Graphite Reactor i n  

Oak Ridge, t h e  Hanford product ion r e a c t o r s ,  and more r e c e n t l y  t h e  Aqueous 

Homogeneous Reactor, t h e  Experimental  Gas-Cooled Reactor,  t h e  High-Flux 

Isotope Reactor, and t h e  Mol.ten S a l t  Reactor.  A s  you a r e  w e l l  aware, he 

has made s i g n i f i c a n t  con t r ibu t ions  - both a n a l y t i c a l l y  and exper imenta l ly  - 

in t he  f i e l d s  of  hea t  t r a n s f e r  and f l u i d  mechanics. I might mention 

e s p e c i a l l y  h i s  work wi th  aqueous uranium and -thorium s l u r r i e s .  However, 

I t h i n k  he i s  b e s t  known f o r  h i s  work i n  t h e  f i e l d  of l i qu id -me ta l  hea t  

t r a n s f e r ,  having developed - what I be l i eve  I a m  s a f e  i n  say ing  - t h e  most 

wi.dely used equat ion  f o r  p r e d i c t i n g  l i qu id -me ta l  h e a t - t r a n s f e r  c o e f f i c i e n t s  

i n  round tubes  and a l s o  as Edi tor- in-Chief  of t h e  Liquid Metals Handbook. 

More r ecen t ly ,  he has turned  h i s  a t t e n t i o n  to t h e  f i e l d  of b o i l i n g  and 

two-phase flow, e s p e c i a l l y  t h e  problems of bubble nuc lea t ion  and assoc ia t ed  

superheat  phenomena i n  l i q u i d  metals .  He has done some work of a t h e o r e t i -  

cal. na-ture w i t h  regard t o  t h e  c a p i l l a r y  hea t  p ipe  device.  This morning, 

be i-s going t o  t e l l  us  something aboiit t he  f r equen t ly  used b u t  l i t t l e  under- 

s-iood f-ictrive film concept. I would l i k e  t o  p re sen t  D r .  Richard Lyon. 

He has 24 years  of expeyience i n  'the nuc lea r  f i e l d ,  being a t  
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THE FICTIVE FILM CONCEFT 

13. ITe Lyon 

Ever s i n c e  I became a chemical engineer ,  I have heard about f i l m  

r e s j s t a n c e  and f i lm c o e f f i c i e n t s ,  and so on; and I g radua l ly  learned  

t h a t  t h e  terms were app l i ed  i n  many d i f fe ren% ways, and sometines e r r o -  

neously.  Often younger engineers  a r e  confused between a boundary l a y e r ,  

a so -ca l l ed  laminar  sublayer ,  and t h e  f i c t i v e  f i l m .  I no t i ce  Moody, f o r  

example, i n  h i s  f a m u s  work on f l u i d  f r i c t i o n  i n  smooth. a.nd rough p ipes  
* 

r e f e r s  t o  a l a m i n a r  sublayer as a laminar  boundary l a y e r .  It i s  a vcry  

comnicln s lLp of t h e  tongue, or pen,  which kelps cont jnue t h e  confusion.  

What, 1 ELm going to do t h i s  morni.ng i s  discuss some that 

I have been ca r ry ing  on over t h e  l as t  two o r  t h r e e  years  on the old  eon- 

c e p t  of  a f i c t t v e  or f i c t i t i o u s  Ictminxr film, as a way of approximation 

i n  momentum, mass, and hea t  t r a n s f e r  i.n t u r b u l e n t  f low i n  var ious  shaped. 

condu7.ts. The qu.ali- tative concept i s  o l d ;  b u t  I hope t o  provide a sol. ider,  

more quantita-Live,  b a s i s  f o r  i t  t h a n  I t h i n k  you have come ac ross  'oefore, 

Ahe system under d f scuss ion  t h i s  morning is one i n  which t h e  fl.ow i s  well- 

e s t a b l i s h e d  or, i n  t h e  case of hea t  t r a n s f e r ,  where t h e  temperature dis- 

t r i b u t i o n  is well. est8,bI.islied The condu.it may be of any reasonable  shape ; 

l a t e r  on we w i l l  see  t h a t  some of t h e s e  concepts can be appl ied  to regions 

around s o l i d  bod.j.es i n  f r ee - s t r eam flow as w e l l .  

r n  

I n  Fig. 1, I p i c t u r e  a, c e l l  i n  a condui t  c ross  s e c t i o n .  The apex of  

t h i s  cell i s  a t  the l iw  of m a x i m  v e l o c i t y  i n  t h e  condui%o 

s c r i p t  foi-m i n  t h e  f jgures) ,  t h e  base of t h e  c e l l ,  i s  a short  portion. of 

t h e  covlduit per imeter ;  and t h e  s ides  a r e  two ve loc txy  g rad ien t  l i n ? s  t h a t  

s tar t  a t  e i t h e r  end of P and met a t  and a r e  normal. t o  t h e  l i n e  of maximum 

v e l o c i t y  ( w e  are, of course,  assuming t h a t  t h e  l o c a l  v e l o c i t y ,  being f i x e d  

i n  d i r e c t i o n ,  can be t r e a t e d  as a scal.ar) .  With annular  flow o r  flow be- 

tween p a r a l l e l  p l a t e s ,  the trace of t h e  su r face  of maximum v e l o c i t y  would 

appear  a c  a l i n e ,  r a t h e r  t han  as a stngle p o i n t .  No shea r  vi11 occur 

across any 'ooundaq excegt  P . 

Pig (shown i n  

w 

W 

-x. 
Lewis F. Moody, "Fr i c t ion  Fac to r s  f o r  Tipe 3'1 ow, " Trans AXME, 63: 

6.71484 (1944) e 
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Fig. I-. Generalized Fluid Friction Relationships for Steady-State 
Flow i.n Filled Conduit of Uniform Cross Section. 



Let  us cons ider  a p o r t i o n  of our c e l l  of a r e a  A, beg?.nni.?zg a t  the  

apex and bounded by a l i n e  of cons tan t  v e l o c i t y  having l eng th  P. Con- 

s i d e r i n g  t h e  e n t i r e  c e l l ,  P = P the  wet ted per imeter  of o x  c e l l .  The 

t o t a l  a r e a  we c a l l  A e 

as P/P,,, and a. dimensionless area, A ,  as A/Aw. 

as usua l ,  i s  t h e  t o t a l  area, A of t h i s  element d iv ided  by a wetted 

per?-meter, P * and t h e  dimensionless d i s t ance  from t h e  wall, y, we wi1.l. 

def ine  as t h e  d i s t ance  from t h e  wall, y, d iv ided  by t h e  hydraul ic  r ad ius .  

W e  w i l l  f i n d  la ter  t h a t  ~rie can use a dimensionless v e l o c i t y ,  u, which i s  

simply t h e  velocity, u., divLded by the mean v e l o c i t y ,  u . Then, we can 

def ine  i n  t h e  usual. way the Reynolds number and the  Panning f r i c t i m  

f a c t o r  ( t h e  r a t i o  between the w a l l  shea r  s t r e s s  s n d  t h e  mean veIoc4ty 

p r e s s u r e ) .  

equals minus t h e  dimensionless per imeter ,  P, t imes t h e  corresponding 

small inc rease  i n  t h e  diniensionless di.stance from t h e  wal.l_, d.y. From 

t h e  d e f i n i t i o n  of  v i s c o s i t y ,  p, and eddy d i f fus iv i . t y ,  E, we ob ta in  a, gen- 

eral .  express ion  f o r  the increase  i n  v e l o c i t y  wi th  inc reas ing  dis’ia-nee 

from t h e  wal.1.. I n t e g r a t i n g  tbi .s  express ion  from y = 0 w i l l  give tb.e 

v e l o c i t y  at any value of y;  and weighti-ng those  v e l o c i t y  values  by P, 
i n t e g r a t i n g  aga in  between y = 0 and y a t  t h e  maximum v e l o c i t y ,  yo, and 

d iv id ing  by A g ives  a, do:Jbl.e i n t eg ra l .  express ion  f o r  LI . With a l i t t l e  w m 
appropr i a t e  juddl ing,  we can switch around the  order of i n t e g r a t i o n  and 

wind up wi th  a s i n g l e  i .r i tegral  as shown i n  Fig. 1 f o r  

I-ocal v e l o c i t y  tc mean v e l o c i t y )  and f o r  the  gene ra l  expresss ion ,  e i g h t  

over %he Reynolds number times t h e  f r i c t i o n  f a c t o r ,  f o r  any L i t t l e  cel l .  

de f ined  as 1 bave ind ica t ed  f o r  a.ny type  of f low which i s  we1.1 esta-ol ished 

ar:d where t h e r e  i s  no n e t  l o c a l  flow i n  t h e  plane of t h e  ~ e 1 . l ~  

N 
W’ 

We can now de f ine  a dimensionless per imeter ,  P, 

The hydraul ic  r ad ius ,  r 
N 

W 

h’ 

N 

w) 

W’ 

N 

m 

N 

We fi . i lc i  t h a t  a s m a l l  i nc rease  i n  t h e  dimensionless a r e a  iJA 

N 

( the  r a t i o  of  

I n  F i g .  2 ,  we simp1.y prove th ings  out  f o r  round tubes  and p a r a l l e l  

Note t h a t  yo i s  2 i.n one case and 1 i n  t h e  o t h e r  and t h a t ,  for p l a t e s .  

laminar  f low when E i s  zero, Re x f‘ = 16 f o r  round tubes  and 2.4 f o r  

p a r a l l e l  p l a t e s .  

In tjhe next  f i g u r e  (F ige  :j), looking back again a-L t h e  fiiial expres-  
N N 

s i o n  i n  F i g +  1, we see  t ha t  if  -4 and t h e  dimensionless per imeter ,  P, are 

very c lose  to u n i t y  then  they wil-I- have r e l a t i v e l y  l t J h 1 e  importance ori 
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Pig. 2. F l u i d  Friction Kela t ionships  for Rou-fld Tubes and Between  
Pars1 I el Plates. 
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IMPLICIT POSTULATES 

1. r = rw THROUGHOUT THE FILM 

2 u = urn EXCEPT IN THE FILM 

F i g .  3. D e f i n i t i o n  of t h e  Re la t ive  Thickness of the Yictive Film 
f o r  Momenturn Transfer .  



t h a t  p o r t i o n  of  t h e  integral . .  i f  we t h i n k  of a systeiii cons5.s-Ling of a 

reg ion  very c lose  t o  the  w a l l  of th ickness  y, i n  which only laminar 

flow occurs and then  a reg ion  f r o m ?  t o  -Lhe c e n t e r  (designated as 7 
f 0’ 

t h e  d is tance  t o  t h e  p o i n t  of maximum v e l o c i t y )  having a very  ’nigh con- 

d u c t i v i t y  or d i f f u s i v i t y  f o r  m0mentu.m - and theyefore t h e  deiiomi.na-ior 

i n  t h e  i-ntegrand of t h e  f irst  equat ion  approaching i n f i n i t y  - we have 

an  express ion  t h a t  says t h a t  only what i s  going on i n  t h i s  laminar  sub- 

l a y e r  w i l l  be important .  

a very siinp1.e one obviously - we g e t  t h a t  e i g h t  over t h e  Reynolds number- 

f r i c t i o n  f a c t o r  product i s  equal  t o  t h e  th i ckness  of t h i s  film divided b y  

t h e  liydraul.i_c r ad ius  I n  a r r i v i n g  a t  t h i s ,  we have made a number of as- 

sumptj.o??s, some of whi.ch a r e  expl ic - i t  bu t  some of which are bq) l ic ! . t .  We 

have -- making t h i s  a s s m p t i o n  - implied t h a t  the shear  s t r e s s  i s  uniform 

through t h a t  f j l m .  This is  not implied i n  t h e  d e r i v a t i o n  of t h e  f i r s t  

equat ion  hu t  7-n windi.ng up wi th  t h i s  r e s u l t  .we do imply t h a t  T = T 

through t h e  f i l m .  We a l s o  imply t h a t  t h e  v e l o c i t y  i n  a l l  reg ions  of  t he  

turbulen’i core i s  equal  t o  t h e  mean v e l o c i t y  when, obviously,  t h t s  cannot 

be s o .  Since the  v e l o c i t y  i n  t h e  laminar  f i l m  i s  l e s s  t l im t h e  mean 

v e l o c i t y ,  t h e r e  must be some reg ion  - l.ogic t e l l s  us  - i n  whi.ch t h e  

v e l o c i t y  i s  g r e a t e r  t han  -the mean. However, f o r  many systems t h e  e r r o r  

may not be g r e a t .  

N 

I 

If we c a r r y  out  t h i s  i n t e g r a t i o n  - arid it i s  

W 

I n  Fig. 4, we see the  r e s u l t s  of a few c a l c u l a t i o n s  made t o  see  how 

se r ious  a r e  our approxirmtions.  Looking a t  t h e  p l o t  i n  the  upper p o r t i o n  

of . th i s  f i g u r e ,  i f  we t h i n k  of t h i s  as t h e  ve loc i - ty  d i s t r i b u t i o n  for t u r -  

bu len t  f low (1-ower curve) ,  we have Pi.rst  of a l l  sa5.d t h a t  t h e r e  i s  only 

laminar flow. ‘The classi .ca1 laminar flow sol_uti.on i s  as shown by t h c  

E / V  = 0 curve; it 5.s curved because of t h e  change i n  shear  s t r e s s  as one 

moves i n t o  t h e  t u b e .  If we keep t h e  shear  s t r e s s  cons tan t ,  t h e n  we move 

up t h e  s t ra igWi  l i n e  ( T  = T ) which, of course,  i s  tangent  t o  t h e  o the r  

two l i n e s  as they  approach t h e  w a l l .  

r ep resen t s  Lhe t h i ckness  t h a t  wou.ld be requi red  -to a c t u a l l y  s a t i f y  t h e  

mateyia!. balance i n  t h e  two reg ions .  T h i s  i s  peyhaps l e s s  i.mportant than  

t h a t  would be requi red  if we a l s o  made allowance Poi- t h e  th i ckness  

-the change of shea r  s t r e s s  as we go through t h e  f i lm.  The f ina l .  po in t ,  

y f ,  i s  t h e  - granted - erroneous f i l m  t h i ckness  a r r i v e d  a t  i f  we assume 

,-.2 
W 

We have then  a po in t ,  yb, which 

N 

’ y,, 
M 
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Fig .  4. A Comparison of Fi lm Thicknesses and Cen t ra l  Core Ve loc i t i e s  
f o r  Three Pos tu l a t ed  Models i n  a Round Tube. 
and 
(b) T = I - ~  but u of core is c o n s i s t e n t  wi th  t h e  volume of  and flow i n  t h e  
laminar  f i l m ,  ( c )  t h e  f i c t i v e  f i l m  case where T = I - ~  i n  f i l m  and = 1 i n  
core e 

(a) I- i n  t h e  f i lm = I - ~ ~  (1 - r )  
of core is- c o n s i s t e n t  wi th  t h e  volume of and flow i n  t h e  l a m i n a r  f i l m ,  
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N 

we are j u s t  going up t h e  T = T l i n e  t o  the  mean ve loc i ty ,  u = 1. 
w 

I n  the  c e n t r a l  reg ion  of F ig .  ii are t h e  equat ions t h a t  we ob ta in  

f o r  these  th ree  d i f f e r e n t  f i l . m  t h i cknesses .  The f i r s t  i s  t h e  actual.  

f i - c t i v e  f i l m  as u s u a l l y  used i n  p e 0 p 1 . e ~ ~  th inking ,  t h e  second i s  t h e  

r e l a t i o n s h i p  between t h e  f i c % i v e  f i lm and t h e  f - i l m  we  would g e t  i s"  we 

complete t h e  m a t e r i a l  bal-ance, and t h e  t h i r d  i s  t h e  equat ion  which 

all.ows f o r  both a material. balance and the  change i n  shear  s t r e s s  as w e  

go through t h e  f i l m .  * 

Some sample c a l c u l a t i o n s  are given i n  t h e  lower p o r t i o n  of t h e  

f i g u r e .  

we s e e  t h a t  t h e r e  i s  a wi.dc d i f f e rence  between t h e  th icknesses  of t h e  

var ious  f i l m s .  

i.s j u s t  over i n t o  the  -tuYuulent Tegion, we see  t h a t  t h e  values  f o r  t he  

s e v e r a l  f i l m  th icknesses  are not much d i f f e r e n t .  Even y v a r i e s  froin 

t h e  th ickness  of t he  f i c t i v e  f i l m  by <lo$. 

Reynolds number, t h e  d i f fe rence  becomes even l e s s ;  and a t  a Reynolds 

number of  lo6 ,  we see  t h a t  t he re  i s  e s s e n t i a l l y  no d i f f e rence  between 

t h e  f i l m s  whether we t r y  -to keep 0u.r m a t e r i a l  balance c o r r e c t  o r  t o  make 

allowance f o r  t h e  shear  s t r e s s  vari.ati.on i n  t h e  film. 

For 1-aminar flow - i . e . ,  f o r  Reynol-ds number l e s s  t han  21.00 - 

I n  c o n t r a s t ,  i~f we go t o  a Reynolds number of  4000 whi.ch 

N 

a 
A s  we approach h igher  

It should be poin ted  out  here ,  perhaps,  t h a t  what we a r e  doing - 
and t h e  reason we a r e  i n t e r e s t e d  i n  t h i s  problem - i s  as fol lows:  If 

we want t o  know what t he  pressure  drop i s  i n  a pipe f o r  a given mean 

flow o r  we want t o  know what t h e  hea t  t r a n s f e r  is  ( i . e . ,  what i s  the  

increase  i.n mixed-mean temperature of a f l u i d  flowing a t  a given mean 

v e l o c i t y  thy.oug'n a pipe w i t h  a given temperature a t  the  w a l l  and a given 

mixed-mean temperature  of the  f l u i d )  , we a r e  not  n e c e s s a r i l y  concerned 

wi th  what i s  going on - what i s  t h e  microscopic beha,vior o r  t h e  1-oca1 

behavior - except  as t h a t  gives us a handle on how t o  compute t h e  r e s u l t s .  

Therefore ,  we do have t h e  freedom of p o s t u l a t i n g  t h i s  type of mechanism, 

if i-t gives us  a u s e f u l  engineer ing  r e s u l t ;  if it does no t ,  t hen  of course,  

w e  cannot use i t .  This  i.s a freedom which we 'cake advantage of ,  I th ink ,  

many more t imes than  we r e a l i z e .  We do know t h a t  t1-ti.s i s  not t h e  wag t h e  

rnakr-ial behaves; bu t  we neve r the l e s s  f.i.nd it u s e f u l  t o  t h i n k  of it t h i s  

way. A s  l ong  as we recognize t h e  l i m i t a t i o n s  of  t h e  system, we can u.se it 



and g e t  u s e f u l  r e s u l t s .  This  morning we say  t h e  sun rose ,  but it d id .  

not  r ise .  We f i n d  it convenient t o  t h i n k  of t h e  sun ris-ing and s ink ing  

i n  everyday affairs, al.though we a l l  know t h a t  Copernicus went t,o great; 

l eng th  to e x p l a i n  t h a t  t h i s  all occurred because t h e  E a r t h  was sp inning  

and going around t h e  Sun, r a t h e r  t h a n  t h e  Sun going around. th .e  Eart?h. 

N N 

I have a l s o  t a b u l a t e d  i n  Flig. 4 t h e  va lues  f o r  % and u. which, of 
8 

course,  a r e  compared to t h e  value of l f o r  t h e  mean dimensionless v e l o c i t y .  

Again, fol- laminar  flow, we ge t  s e r i o u s l y  errbneous r e s u l t s ;  bu t  f o r  t h e  

o t h e r  models, we ge t  qu i t e  reasozab1.e r e s u l t s .  This  gives  us confidence,  

.tl?en, t h a t  t h i s  model can be used i n  1.ooking a t  t u r b u l e n t  f low, Tu.rb.c- 

l e n t  f low, as you a l l  b o w ,  i s  a s i t u a t i o n  which i s  not  amenable at, t he  

p re sen t  time t o  d e t a i l e d  anal.yt;ical i n v e s t i g a t i o n .  

There i s  ano the r  way of express ing  t h e  ve loc i ty -d i s t ance  r e l a t i o n s h i p  

and t h a t  i s  by means of t h e  so-tal-led u n i v e r s a l  ve1ocit;y p l o t  developed by 

Nikuradse; thi.s i s  shown i n  F ig .  5 .  We def ine  a so -ca l l ed  f r i c t i o n  veloc-  

i t y  which i s  t h e  square root of t h e  s h e a r  stress div ided  by t h e  dens i ty .  

You are, of course,  a l l  familiar wi th  t h e  f a c t  t h a t  the u t h e n  is simply 

u d iv ided  by t h e  f r i c t i o n  v e l o c i t y  or u div ided  by t h e  square root. of the 

f r i c t i o n  f a c t o r  over 2; t h i s  i s  shown by t h e  second eyuat iol l  at t h e  t o p  of 

t h e  f i g u r e .  The t h i r d  equixtion g-ives us t h e  dimecsionless  w a l l  di.stance 

4- 

N 

We a l l  know t h a t  t h i s  v e l o c i t y  dev ia t e s  from t h e  cons tan t -sheer ,  laminar- 

f low curve - i . e . ,  %he ,u = y curve - i n  t h e  reg ion  of y = 5 o r  perh.aps 

a l i t t l e  lower and t h a t  ’chere i s  a b reak  sonewhere in.  the v-i.c.inity of 

y = 30. The equcztions approximating t,hese r e s u l t s  a re  web1 ki-own; we w i l l  

come back to t hose .  

f f t- 

-t 

$. We can t a l k  about  a y , then ,  f o r  t h e  f i c t i v e  f i l m  which t u r n s  out, t o  

be simply t h e  square root of 2 over t h e  f r i c t i o n  fac tor .  ( s ince  

t o  1. f o r  t,he mean v e l o c i t y ) .  To t h e  r i g h t  of t he  p l o t  ia Fig .  5, we see  

an express ion  which i s  obtained f o r  t h e  square r o o t  of 2 o?ri-?r tlie f r i c t i o n  

f a c t o r  u s ing  t h e  ac tua l .  data Ni.kuradse obtained;  Prand.t l  a c t u a l l y  d id  t h e  

g raph ica l  i n t e g r a t i o n .  

developed by von Karman us ing  t h i s  equat ion .  It. is  in t , e r e s t ing  -I;ha,t ‘there 

is no r e l a t i o n s h i p ,  rea,l ly,  between t h e  so -ca l l ed  laminar  sublager ,  which 

may be down heye a t  low values  of y and t h e  f i c t i v e  f i l m ,  which may 

is equal 

I n  a l a t e r  f i g u r e  we w i l l  see a s-irmilar eyusk ion  

4- 



ORNL-DWG 66-7264 

u+t  

I Y+ 
I 

1 2  5 1 0  30 100 
Y + - -  

fif = u: = y i  = 5.66 LOG R e f i  -0.566 
(PRANDTL) 

IF ^Jf a ~ e "  

f l  = 5.1 LOG Re -4.2 

Fj.g. 5. The 'Thicknesses of  t h e  F i c t i v e  Frilms f o r  Various Va,l.ues of 
Reynolds Number Compared with the Universal Veloc i ty  Profile. 



a c t u a l l y  extend i n t o  t h e  t u r b u l e n t  core  way beyond t h e  d i s t ancc  anyone 

would cons ider  f o r  t h e  laminar  sublayer .  For example, at a Reynolds 

number of l o 7 ,  y .I y cxrvc.  

Since t h e  f r i c t i o n  f a c t o r  does not e n t e r  t h i s  express ion  i n  a very l a r g e  

way, we can approximate it by t h e  second equa.tion shown t o  Che r i g h t  of 

t h e  p l o t  i n  F ig .  5; and when I p l o t t e d  t h e s e  data, I came out  wi th  t h e  

f i n a l  equat ion  which approximates t h e  square r o o t  of  2 over f to w i t h i n  

2 o r  3% of the  va lues  obtained here .  

f i- f = 31 as shown by t h e  f i n a l  p o i n t  on t h e  u 

We can do another  t h i n g  whi.ch I t h i n k  i s  kind of i n t e r e s t i n g .  

we s ee  f i r s t  the  express ion  f o r  8/Re X f which w e  obtained e a . r l i e r  (Fig. 2 )  

and t h e n  a uni-versa1 express ion  f o r  t h e  Nussel t  number i n  round 'Lubes whieh 

was publ ished some years  ago. Continui.ng, i f  we say t h a t  %he vel-oci ty  I.s 

everywhere uniform 6 = 1), t h e n  t h i s  i n t e g r a t i o n  i s  e a s i l y  c a r r i e d  out  a.nd 

I n  F ig .  6, 

g ives  u s  r4 ( o r  1 . 3  r ins ide  the i n t e g r a l ) .  Fu r the r ,  i f  we say  t-hat (x 

(simply t h e  r a t i o  of  eddy d i f f u s i v i t y  of hea t  t o  momentum) i s  unlity, t h a t  

t h e  P r a n d t l  number t imes t h e  eddy d i f f u s i v i t y  i s  very  l a r g e ,  and t h a t  t h e  

eddy d i f f u s i v i t , y  over t h e  kinematic v i s c o s i t y  is  a l s o  very  l a r g e ,  then  t h e  

Prandt l .  number can be brought ou t s ide  t h e  i n t e g r a l ;  and we immediately 

wind up with t h e  Reynolds analogy f o r  hea t  t r a n s f e r :  

t h i s ,  we make some very  s e r i o u s  assumptions; and I t h i n k  tha,t it important, 

t o  s e e  what t h e s e  are. One i s  t h a t  t h e  va lue  of t h e  i n t e g r a l  i s  act7Jall;y 

4 r4. 

-Lions of  a c t u a l  d a t a  an.d have decided t h a t  it is mueh be t te r  approxha, ted 

as shown i n  F ig .  6,  A rnx~~ch more s e r i o u s  assumption, made by Reynolds of 

course,  i s  t h a t  everywhere i n  thi .s  system E / W  i s  veq- l.arge w i t h  r e spec t  

t o  un i ty ;  t h i s  i s  e x a c t l y  backward from t h e  approximation we a r e  making i n  

our f i c t i v e  f i l m  proposa l ,  I n  f a c t ,  w e  are saying  this is  s o  l a r g e  over a 

p a r t  of t h e  flow reg ion  and so  unimportant over another  p a r t  that we are 

not  concerned w i t h  t h i s .  Now, n e i t h e r  of those  i s  r i g h t ;  and of course, 

as Colburn has found, w e  can s o r t  of lump t h e  e f f e c t  of t h e  P r a n d t l  number 

i n  and wind up wi th  a Pra.ndt1 number c o r r e c t i o n  f o r  t h e  Reynolds equat ion  

which t a k e s  in to  account t h e  competi t ion between t h e  eddy d i f f u s i v i t y  and 

t h e  P r a n d t l  number i.n t h e  reg ions  reasonably c l o s e  t o  t h e  wa.11 and on oui, 

toward t h e  c e n t e r .  This ,  it t u r n s  out ,  i s  a tremendously powerflil ap.prnx- 

imat ion and is  found t o  apply  not  only i n  s t r a igh t ,  tubes  i n  tuj%ul.ent f low 

St = f / 2 .  I n  doing 

Azer and Chao have r e c e n t l y  looked a t  some of t h e  publ ished fn t eg ra -  
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bu t  a l s o  i n  converging and d iverg ing  systems - wi th in  experiment e r r o r  

o r  engineer ing  e r r o r  - and even f o r  t u r b u l e n t  boundary-layer regfons on 

bodies  i n  t h e  f r e e  stream. 

Turning t o  F i g ,  7, we see  t h a t  Pour over khe Nussel t  number repre-  

s e n t s  t h e  th ickness  of a f i c t i v e  film f o r  hea.t t r a n s f e r .  This  i s  ri_ot, 

of course,  t he  same f i c t i v e  f i l m  as f o r  f r i c t i - o n  o r  f o r  momentum t r a n s f e r .  

I f  we a r e  going to al low ourse lves  t o  t h i n k  of a f i c t i v e  f i l m  f o r  momentum 

transfer, we can a l s o  t h i n k  of one f o r  hea t  t r a n s f e r .  Then, fol lowing on 

down througli t h e  eq-dations of Fig. 7 and us ing  t h e  Colburn approximation, 

we f i n d  t h a t  t he  f i c t i v e  fi.1.m f o r  hea t  t r a n s f e r  i s  equa l  t o  t h a t  f o r  momen- 

tum t r a n s f e r  t imes t h e  Prand-tl  number to t h e  -113 power. 

t h e  l a r g e r  t h e  P r a n d t l  number, t he  thin:ner t h e  f i c t i v e  f i i m  f o r  hea t  trans- 

f e r ,  because t h e  tur'nuleiice e f f e c t s  begin t o  become importamt more quickly.  

The f i c t i v e  f i l m  f o r  mass t r a n s f e r  would. be t h e  same except  we now use t h e  

Schmidt number r a t h e r  t han  t h e  P r a n d t l  number. It i s  i n t e r e s t i n g  -to note 

t h a t ,  i f  we have a P r a n d t l  number of 100 and a Reynolds number of 4000, 

y 

i s  down i n s i d e  t h e  laminar sublayer  which von Karman assumed. t o  be of 

th ickness  y = 5 i n  h i s  ana ly t i ea - l  development f o r  hea t  t r a n s f e r .  This  

expla ins ,  of course,  why von Karmanfs development does not  app1.y f o r  

P r a n d t l  numbers above somewhere iii the  regi-on of 30; he made t h e  assump- 

t i o n  t h a t  only conduction c a r r i e d  t h e  hea t  up t o  a y of 5. O f  course,  

a l l  of us r e a l i z e  now t h a t  this was a n  erroneous assumptkm, that, eddying 

does occui  c l e a r  up tc t h e  wall of t h e  system, and. only t h a t  it i s  small 

compared. t o  t h e  eddy d i f f u s i v i t y  for momentum t r a n s f e r  1.ed t o  t h i s  o the r  

erroneous j-dea. I might po in t  ou t  that Schmidt numbers of -the order of 
4- 

1000 are well. kaown, which w0iii.d t ake  us  down i n  t h e  y ra.nge of 1 or  

1 l / 2  f o r  t h e  f i c t i v e  fi.1.m th ickness  f o r  mass t ransfer .  

d i ca t ed  t h a t  eddying can be important way down i n t o  t h e  regLon t h a t  people 

o r d i n a r i l y  tl?l.nk of as the laminar sublayer  a 

I n  o t h e r  words, 

f 
of t h e  f i c t i v e  f i lm f o r  heat t r a n s f e r  i s  only adbout 3 l / 2 .  This  value 

f 

+ 

T h i s  8gai.n i n -  

A t  t h e  bottom of Fig. '(, I have put i n  a couple of equ.ati.ons t o  in- 

d i c a t e  what happens when t he  Frandtl. nimbey becomes very  small. The 

f i c t i v e  f i l m  f o r  heat. t h e n  becomes l a r g e ,  and we begin t o  approaxh what 

happens w i t h  laminar  flow. The f i c t i v e  f i l m  concept breaks down, Thus, 
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f o r  l i q u i d  metals, n e i t h e r  of  t h e s e  expressions has much meaning except  

to show that, t h e  f i c t i v e  f i l m  f o r  hea t  t r a n s f e r  w i l l  be cons iderably  

l a r g e r  t han  t h a t  for momentum t r a n s f e r  and, t h e r e f o r e ,  thak t h e  f i c t i v e  

f i l m  eoncept cannot be used f o r  l i q u i d  meta ls .  

Carried r i g h t  a long  wi th  t h i s  - and I should have brought i t  up 

e a r l i e r  - i s  t h e  whole concept of t h e  hydrau l i c  diameter .  We have used 

t h e  hydraul ic  diameter  a l l  t h e  way through t h i s  m a l y s i s .  T'he idea  t h a t  

Tt can be c a r r i e d  over t o  another  system - a system cf another  shape - 
i s  v a l i d  only ,if we lime approximately uniform shear  stress a l l  t h e  way 

around t h e  walls of t h e  system, and i f  t h e  condi t ions  we have imposed i n  

o rde r  t o  develop 0u . r  f i . c t i v e  f i l m  concept a.pply; namely, tha,t  t h e  v e l o c i t y  

i s  unifoim over t h e  e n t i r e  c ros s  s e c t i o n  o f  %he system. Agai.n, t h e  hydraii- 

l i c  d-iameter. concept cannot be app l i ed  to eoncui t s  of d i f f e r e n t  shapes f o r  

hea t  . t r a n s f e r  i n  l i q u i d  metals. 

About a month ago, I went through a l i t t l e  exe rc i se  to see what 

happens w-ith r e spec t  to roughness. There i s  a n  equat ion  f o r  roughness 

developed by Colebrook t h a t  i s  a c t u a l l y  a combination of the smooth tu.be 

r e l a t i o n s  f o r  d T  de.veloped by P r a n d t l  (Fig.  5 )  and another  equat ion  

for rou-ghness a l s o  deveI.oped. by P r a n d t l -  

t h e  t r a n s i t i o n  occurred between t h e s e  two. 

smooth tube  equati-on (somewhat r e w r i t t e n )  and t h e  Colehrook equat ion  ( a l s o  

r e w r i t t e n ) .  I have app l i ed  a. l i t t l e  a lgeb ra  and converted t h e  he ight  of 

t h e  roughness i n t o  y '  terns .  I n  o the r  words, I have taken  t h e  he ight  of 

t h e  roughness, d-ivided -it, by t h e  kinematie  v i s c o s i t y  of t h e  f l u i d ,  and 

mul t ip l i ed  it by t h e  f r t c t i o n  v e l o c i t y .  

y p l o t ,  and we can use the f i n a l  equat ion  t o  see  how t h e  mean v-eloci ty  i s  

a l t e r e d  by t h e  type of roughness cha rac t e r i zed  i n  t h e  upper l e f t  po r t ion  

of t h e  f i g u r e .  Mow it i s  well known to a l l  of  you, I th ink ,  that i f  the  

shear  stress a t  t h e  w a l l  is a cons tan t ,  then,  t h e  v e l o c i t y  d i s t r i b u t i o n  is  

going t o  be a, consta.?nt a l l  t h e  way i n t o  t h e  c e n t e r  of t h e  channel regard.- 

less of the surfaxe which eauses  t h a t  shea r  s t r e s s .  Thus, a smooth tube  

wi th  a. g iven shear  stress at t h e  iml.1. wf.1.1 have t h e  same veI.ncit,y d i s t r i -  

bu t ion  a s  3, rough t ube  wikh t h e  except ion  t h a t  a l l  of t h e  vel.ocit,i.es have 

'teen reduced by a fixed amount. I n  e f f e c t ,  what we have done by adding 

Colebrook merely ind ica t ed  how 

111 Fig .  8, we see  t h e  P rand t l  

1. 

Figure  8 i s  then  e s s e n t i a l l y  a 
t- 
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roughness i s  simply t o  shave o f f  a p a r t  of t h e  universal. ve?L.ocity p r o f i l e .  

You can t h i n k  of thi .s  as of  moving t h e  zero-ve loc i ty  po in t  i n  a gtven y 

d i s t ance  or as shaving off' a given amount of u. a The f i g u r e  i n d i c a t e s  

how much is  shaved o f f  f o r  given values  of  roughness as expressed. i n  y 

terms. It is  i n t e r e s t i n g  t h a t  t h i s  can be expressed i n  terms which do 

not  include t h e  Reynolds number as a sepa ra t e  parameter.  I have a l s o  

p l o t t e d  a l i m i t i n g  case ;  t h i s  i s  t h e  case t h a t  P r a n d t l  c a l l a  t h e  f u l l y  

t u r b u l e n t  rough s i t u a t i o n .  The Colebrook s o l u t i o n ,  of  course ~ merges 

i n t o  t h i s  . Ohvioi.rsly, the "ful ly  tur'oul.ent " s i t u a t i o n  cannot apply  if E 

, i s  l e s s  than 3.3, s ince  t h a t  would give U.G a negat ive  value f o r  the 

l i m i t i n g  s o l u t i o n .  

-t 

+ 
4- 

+ 

Row one a p p l i e s  roughness f i c t i v e  f i l m  ideas  to h a t  t r a c s f e r  i s  a 

b i t  os' a problem, s ince  - as I am su re  a l l  of  you. know - i n  princi.ple,  

i.f it appl.j.es, t h e  S tan ton  number over t h e  P f i c t i o n  f a c t o r  shoiuld be 

e s s e n t i a l l y  cons1;ar:t ., What happens wi th  roughness is oize of s e v e r a l  

t h ings  - o r  s e v e r a l  of several. t h i n g s .  E i t h e r  t h e  roughness i s  caused 

by s c a l e  bu i ld ing  up, i n  whlich case all b e t s  a r e  o f f ;  or it is  caused by 

a wavey sur face ,  i n  which case we have mucli g r e a t e r  increased  shea r  stress 

near  t h e  w a l l  and g r e a t l y  reduced shea r  s t r e s s  i n  t h e  c e n t r a l  reg ion .  

However, t h e  increase  i n  shem stress may be g r e a t e r  as t h e  f l u i d  f l o m  

over the  convergLng p a ~ t ,  of  t h e  roughness (see diagr.am a,t  i;ipper l e f t  of 

F ig .  8) than  i n  t h e  divergirig s e c t i o n .  

my be increased .  I f  there i.s no s e p a r a t i o n  i n  the  reg ion  of' t h e  rough- 

:KESS, t hen  t h e r e  I.s sone evidence -that t h e  f i c t i v e  ftlm concept can be 

app l i ed .  

be a s o r t  of average f Lcti-ve f'.' i h )  t imes t h e  PrandtI r~umber t o  the -l/3 

power i s  the ficti.t.e f i l m  f o r  hea t  t r a n s f e r .  

have sepa ra t ion  on t h e  roughness e lements;  a-nd we run i n t o  trou.ble, be- 

cause we ar? cons ider ing  momentum which i s  a vec to r  axid comparing f . t  w i th  

heat which i s  s c a l a r .  I f  we have sepa ra t ion  and, hence, a l o s s  o f  momen-tum 

which -is cinly ind1rectLy associated.  w i th  what i s  going on at; t h e  wa.11, we 

do not  get hea.li t r a n s f e r  8.t as g r e a t  a r a t e  as wo;nld be p red ic t ed  by t h e  

fie-Live f i l m  express ion .  

Therefore ,  t,he f r i c t i o n  fac tor  

We can t h m  say t h a t  t he  fict , i .ve f i l m .  (which ir? .  t h i s  case would 

However, we o f t e n  a c t u a l l y  



i n  th ink ing  about t h i s  and i.n t h e  face  of what Professor  Chui-chill 

sai.d t h i s  morning, I never the less  have an express ion  t h a t  I dreamed up 

t h e  o ther  day. I have not  had t h e  chance t o  check t h i s  aga ins t  da ta .  

T,et's assume t h a t  only t h e  p a r t  a s soc ia t ed  wi th  unseparated flow i s  t r a n s -  

f e r r i n g  t h e  hea t .  This  shou-ld. be a pessimist i .c  approach. A s  you know, 

t h e  f r i c t i o n  f a c t o r  decreases  wi th  Reynolds number and for a given rough- 

nesG tends 'GO l e v e l  o f f .  L e t ' s  assume t h a t  only t h e  p a r t  of t h e  f r i c t i o n  

f a c t o r  which cont inues t o  decrease i s  important and t h a t  any dev ia t ion  

from t h i s  i s  caused by a component due t o  sepa ra t ion  which gives  a f r i c t i o n  

f ac t fo r  independent of t h e  Reynolds number. When we do t h i s ,  u s ing  our 

ea.rl.ier approxima-Lion f o r  , we wind up wi th  

f 104 [ lo$?( l .h9  Re,) 2 - 10g2(l .49 Rel)] 

This  says t h a t  i.f you b o w  how the  va lues  of t h e  f r i c t i o n  f a c t o r  vary over 

a s m a l l  range of Reynolds number you ra.y be ab le  t o  compute a lower l i m i t  

f o r  t he  Stanton number t imes 2/3  power of P r a n d t l  number over f r i c t i o n  

f a c t o r .  

Another l i t t l e  problem which has faced people f o r  some time - and 

t h i s  begins t o  po in t  up some of t h e  d i f f i c u l t i e s  of t he  f i c t i v e  f i l m  

approach - i s  where i s  t h e  reg ion  of zero shea r  i n  a t u r b u l e n t  f low through 

a n  annolus .  I n  laminar  flow, i t  can be shown t h a t  t h z  rad ius  of  zero shear  

stress, r i s  s i v e n  by: m' 

m 

This i s  a sj.rp1.e c a l c u l a t i o n ,  and t h e  experimental  r e s u l t s  of s e v e r a l  i n -  

v e s t i g a t o r s  have ind ica t ed  t h a t  t h t s  i s  probably a l s o  t h e  case f o r  turbu-  

lent flow. I f  one uses  the f i c t i v e  f i lm approach and i.f we say  t h a t  t h e  

f r i c t i o n  fac t#or  i.s equal  t o  a cons tan t  t imes Reynolds number t o  some power, 

then yoii can show t h a t  t h e  hydraul ic  rad ius  i n  bo th  d-ii-ections mus-t be t h e  

same; ass;uning t h a t  t h e  mean ireloci.ty i n  bo th  halves  of t h e  flow i s  t h e  

same. .L.t turns out ,  then ,  f o r  t h i s  model t h a t  r must be equal  t o  - the - 
m 



square r o o t  of t h e  product  of t h e  i n t e r i o r  r ad ius  times t h e  e x t e r i o r  

r a d i u s .  Th i s  g ives  you a l i t t l e  sma l l e r  r ad ius  than  does the  f i rs t  

express ion .  

it t u r n s  out  i n  a r r i v i n g  a.t t h e  express ion  f o r  f r i c t i o n  f a c t o r  as P r a n d t l  

d i d  t h a t  u. - which i s  the  mean v e l o c i t y  divided by t h e  f r i c t i o n  v e l o c i t y  - 
i s  simply the i n t e g r a l  of t he  v e l o c i t y  d i s t r i b u t i o n  f o r  t h e  turbulent,  core:  

However, we t h e n  g e t  i n t o  a l i t t l e  b i t  of t roub le ,  because 

4 
M 

4 1  
m u = 1 (5.5 4 2.5h2y4) G . 

0 

Agailz i n  my terminology,  t h i s  can be r e w r i t t e n  as t h e  r e l a t i v e  per imeter ,  

r e l a t i v e  d i s t ance  from t h e  wall; but t h e  r e l a t i v e  d i s t ance  from t h e  wall 

t o  t h e  c e n k r  i s  d i f f e r e n t  f o r  d i f f e r e n t  geometries.  It is u n i t y ?  f o r  

example, f o r  p a r a l l e l  platcs; it i s  two f o r  tu'ies. We w i l l  have to wri t e  

yo; i n  f a c t ,  f o r  any c j r c u l a r  geometry - an  annulus f o r  example - t h e  

going i n  from the  i n s i d e  t o  t h e  c e n t e r  would be equal  (as I reca.11) t o :  

N 

and going i n  from t h e  ou t s ide  - 1 guess I w i l l  have t o  c a l l  t h i s  double 

zei-o - t o  t h e  c e n t e r :  

m ihese do not  give you t h e  same answer. For Garallel p l a t e s  o r  a very  t h i n  

a1?!1ulils, bhis  reduces t o  unrfi,y; f o r  a c i r c l e ,  where r bccoms zero 

approaches 2. 

t i o n s  f o r  t h e  mean v e l o c i t y  f o r  t h e  value of t h e  above i r i tegral ,  i s  t h a t  

you g e t :  

N 

' yo i 
ITfiat, happens then,  i f  you go through von K a m n ' s  ca l cu la -  

f o r  a c i r c u l a r  t ube .  

f o r  p a r a l l e l  p l a t e s  you g e t :  

This  i s  not t h e  same answer as f o r  parallel p l a t e s ;  

This  means %ha-t if we are going t o  approach t h e  annulus problem, ;re must 

have a mean v c l o c i t y  i i i  t h e  ins jde  paz t  of the  annulus d i f f e r e n t  f rom t h a t  
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i n  t h e  outs ide  p a r t .  

bu t  it i s  necessary if one i s  t o  approach t h e  r i g h t  answer -to what i s  

going on i n  a n  annulus .  

This  i s  a v a r i a t i o n  on the  f i c t i v e  fi.1.m concept,  

One p r a c t i c a l  problem i n  which t h e  f i c t i - v e  f i l m  concept can be used 

involves  d e s a l t i n g ,  and I have done a l i t t l e  a n a l y s i s  on s a l t  water  

flowing through a tube  wi th  porous wal1.s. 

brane t h a t  w i l l  pass  water bu t  not sa l t .  

and i s  under high pressure  compared t o  t h e  e x t e r i o r .  Thus, we have water 

pass ing  through t h e  walls a t  s o  many gal lons  pe r  square f o o t  p e r  day - o r  

we can express  it as a v e l o c i t y ,  s ince  it i s  volume p e r  u n i t  t i m e  pe r  uni t  

a r e a  - which we can wr i t e  as V . Now, we know t h a t ,  i f  the  f l u i d  i s  

going oiit through t h e  w a l l  and we a r e  blocki-ng t h e  sal t ,  we w i l l  b u i l d  up 

a. concent ra t ion  g rad ien t  a t  the  wall; and, i n  e f f e c t ,  t h e  s o l u t e  i s  going 

The w a l l s  a r e  an  osmotic mem- 

The s t ream has a mean v e l o c i t y  

JY 

to be moving back through t h e  f l u i d  a t  t h e  same r a t e  t h a t  the f l u i d  i s  

moving i n  the  y-di . rect ion i n  order  .to have no ne t  rad ia l .  s a l t  movement a-t 

s teady  s t a t e .  

equa l  t o  minus t h i s  v e l o c i t y  t imes t h e  l o g  g rad ien t  of t h e  concent ra t ion ,  

the Schmidt number i s  7 (kinematic v i s c o s i t y )  over D .  

w i l l  be : 

If we t h i n k  of t h e  c o e f f i c i e n t  of d i f f u s i o n  (D)  as being 

We know t h a t  y 
m 

Since the  f i r s t  p a r t  r ep resen t s  t he  f i c t i v e  f i l m  f o r  f l u i d  f r i c t i o n  i n  

dimensionless terms, mul t ip ly ing  by t h e  hydraul ic  r ad jus  gives  it to us 

i n  dimensional terms and d iv id ing  by t h e  Schmidt number to t h e  l / 3  power 

converts  it t o  t h e  f i c t i v e  f i l h  f o r  mass t r a n s p o r t .  We then  f i n d  t h a t :  

C 
m 

We can su.hst i tute  some a c t u a l  riumbers i n t o  t h i s  and see  what ob ta ins .  

For  examp;-e, l e t ' s  su-ppose we have two para]- le1 meiiibranes 1/8-in.  a p a r t  

or a tube of ]-/)+-in. diameter - it doesn ' t  make any d i f fe rence  i n  t h e s e  

cal.cula-tioiis -- and a Reynolds number of lo4 (u = 4. f t / s e c ) .  We can use 

t h e  approximate expyession given previous ly  (F ig .  5 )  : 
m 



and find. t h a t  th.e concentra , t ion rati.0, c / e  

very g r e a t .  

f t / s ec  - I t h i n k  they  h.ave been doing a l . i t t l e  b e t t e r  than t h i s  l a t e l y .  

If we went u p  by a f a c t o r  of 2 i n  t h e  throughput v e l o c i t y ,  t hen  t h e  

concentra- t ion would begin t o  become important 

i s  1.064, which is not  w m' 
T h i s  i s  f o r  a mean. v e l o c i t y  through t h e  mem'nraxe of 1.0-" 

I n t e r e s t i n g l y  enough, another  t h i n g  comes i n t o  p lay ;  namely, we 

have been i n c o r r e c t  i n  us ing  t h e  f i c t i v e  f i l m  concept i n  t h i s  way be- 

c a m e  t h e  equat ion  t h a t  ga.ve us Sc1/3 assumed t h e  mass flow rate through. 

the f i l m  was il.n:i.form. Here, we a r e  t a l k i n g  about t h e  l i n e a r  v e l o c i t y  

be ing  uniform. Since we have a. s t eady  s t a t e  next  t o  t h e  wall w i th  a 

vary ing  concextrat ioc. ,  i n  e f fec t ,  the moverefit of t h e  s o l i d  wi th  r e spec t  

t o  t h e  l i q u i d ,  f o r  t h e  case examined here ,  w a s  i n  terms of l i n e a r  veloc-  

ity. I n  c o n t r a s t ,  t h e  equat ion  by which we calculated t h e  f i c t j -ve  film 

ac-Lually assumed tAat t h e  mass vel.ocity - s o  many pounds p e r  square f o o t  - 
w a s  uaiform- Th.ese c a m o t  bo th  he t h e  same; t h e y  are r e l a t e d  by t h e  con- 

c e n t r a t i o n .  Where t h e  concen t r a t ion  d i f f e rence  i s  small, t h i s  d o e s n %  

make a s e r i o u s  d i f f e r e n c e ,  Where t h e  concent ra t ion  beglns  t o  g e t  l a r g e  - 
and.  we r e a l l y  want some accura-Le r e s u l t s  - then.  we have 'GO cons ider  t h e  

comparison between what one mxrnslly th inks  of as a mass t r a n s f e r  c o e f f i -  

c i e n t  and t h e  kind of backward diffusion one g e t s  through a reg ion  of 

varying concenbration 

This  d iscxss  ioii i l l u s t r a t e s  s e v e r a l  th-ings a One i s  ,Lha.t the f i c t i v e  

f i l m  concept can. be used, and ts very u s e f u l ,  f o r  systems where one wan+,s 

only order  of magni_tmde Yesul t s .  'This is  t h e  s i t u a t i o n  t h a t  happens 

r e g u l a r l y  wi th  technical.  a d m i n i s t r a t o r s .  Someone desc r ibes  experimental  

or ana - ly t i ca l  r e s u l t s  and. the a d m i n i s t r a t o r  needs t o  have h i s  own method 

of checking t h c 3  r e s u l t s  Tile approach is also iuseful i n  e s t ima t ing  whether 

a proposed process has a. chance of being p r a c t i c a l .  I n  genera l ,  g o i ~  cannot 

use t h e  f e c t i v e  ffi.1.m concept?  o r  t h e  equ iva len t  diameter  concept,  i f  you 

real.1.y want, t o  n a i l  down the answer. There you a r e  probably 'oet-ber  off 

j u s t  going ahead ayid g e t t i n g  experimental  r e s u l t s  and rei-ring 03 those 

where a t  a U  possible. However, ynu. can g e t  good o rde r  of magnitude 

engineer ing  r e s u l t s  i n  many cases  wi.th t h e  f i c t i v e  fi1.m concept;  and 
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al though it has been around a long time, i f  we understand i t s  l i m i t a t i o n s  

and i t s  strengths, it will be around for a l o t  longer .  



DISCUSSION 

Chairman (J. J. Keyes): We thank  D r .  Lyon very  much f o r  sha r ing  

h i s  "doodling" wi-th us  and g iv ing  us  some i n s i g h t  i n t o  a concept w e  have 

a l l  used but  probably not  thought  about i n  such d e t a i l .  We have about 

l 5  minutes f o r  ques t ions .  

R.  N. Lyon: no ques t ions ;  it all. must have been very  c l e a r .  

Chairman: We have tirne; so  i f  you wish t o  t ake  a f e w  moments t o  

formulate  your quest-ions, go r i g h t  ahead. 

of t h e  f i c t i v e  f i l m  i s  indeed -very educa t iona l ,  and something t h a t  can 

'oe brought i n t o  t h e  undergraduate curr iculum i n  tirne for. t h e  s tuden t  t o  

apprec i a t e  t h a t  it is not  t h a t  siaple - t h a t  universa3.. - as 1 was l e d  

more o r  l e s s  t o  b e l i z v e  i n  undergraduate engineer ing ,  The s tuden t  should. 

r e a l l y  b e n e f i t  from t h i s  s o r t  of a n a l y s i s  given by D r ,  Lyon. 

I t h i n k  t h i s  expanded concept 

D. G .  Thomas (ORNL): Have you had any thoughts  on extending what 

you have done on the roughness i n  t r y i n g  t o  c a l c u l a t e  t h e  e f f e c t  of 

roughness on Nussel t  numiser? As  t h e  roughness he ight  extends f u r t h e r  

and f u r t h e r  i n t o  t h e  t u r b u l e n t  coye, it appears  t h a t  the f r i c t i o n  f a c t o r  

keeps on increas ing;  bu t  it looks l i k e  t h e  h e a t - t r a n s f e r  c o e f f i c i e n t  no 

longer  cont inues  t o  inc rease .  P resumbly ,  t h e  f ic t ive  f i l m  concept would 

break  down under such circumstances.  Is t h i s  r i g h t ?  

F{. 8T. Lyon: Perhaps I should have made it c l e a r e r .  IC a sense,  t h e  

f i c t i v e  f i l m  doesn ' t  b reak  down; because it never was t h e r e  i n  t h e  firs-t 

p l ace .  The quest ion i s  whether, 1: t h i n k  r e a l l y ,  it loses F t s  u n i v e r s a l i t y  

and, t h e r e f o r e ,  i t s  a .pp l i cab i l i t y  t o  o the r  systems. No mat te r  what system 

you have, you caii always dream up a f i c t i v e  f i l m  which would give you the  

o v e r a l l  results. As I ind tca t ed ,  f o r  example, i n  t h e  l i q u i d  m e t a l  case ,  

it d o e s n e t  have much a p p l i c a t i o n ;  because for each s p e c i f i c  case ,  you have 

t o  cal-culate a f i c t i v e  f i l m .  It doesn ' t  do you any good t o  f i n d  a f i c t i v e  

f i l m  i f  you f i r s t  have to answer your o r i g i n a l  ques t ion  and if  you c a n ' t  

extend it t o  o the r  t h i n g s .  

i s  happei ing with roughness corisi.sting of long sp ikes  s t i c k i n g  up o r  %he 

type  of t h i n g  you a r e  working on where you have wires  above a. s~irface - 
you ge t  sepa.rst-ion which increases  .the f r i c t i o n  f a c t o r  without  i nc reas ing  

I n  answer t o  your quest ion,  I t h i n k  t h a t  what 
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t he  hea t  t r a n s f e r  t o  t h e  same degree.  Whereas, if w e  have even a wavey 

sur face ,  on which we a r e  buil-ding up i n  a sense a new boundary l a y e r  on 

t h e  sur face  each t ime, it appears from t h e  d a t a  1 have seen  t h a t  t he  

f i c t i v e  f i l m  concept can be app l i ed  t o  such a system provided you don ' t  

have sepa ra t ion  behind t h e  roughness elements.  I t h i n k  where you don ' t  

ge t  s epa ra t ion ,  I would expect t h e  hea t  t r a n s f e r  and f r i c t i o n  f a c t o r  r e -  

sul.ts t o  work out p r e t t y  p a r a l l e l  and, t h e r e f o r e ,  t h e  f i c t i v e  f i l m  i dea  

t o  work out .  

hard.  Tnere i s  another  problem, of course,  and t h a t  i s  what happens wi th  

yespect t o  t h e  conduct iv i ty  of t h e  roughness element.  If you have a poor 

conductor as 'the roughness, as you would if you had a n  oxide s c a l e  o r  a 

r u s t  s c a l e  where that i s  doing a g r e a t  d e a l  of t h e  i n t r u s i o n  i n t o  t h e  

I.ri.quid, t hen  you will- not g e t  as good hea t  t r a n s f e r  up i n  t h i s  region as 

you would if  you had a meta l  and a poor conducting l i q u i d .  So,  t h e  r e -  

1 .a t ionship between t h e  conduc t iv i ty  of t h e  w a l l  and t h e  conduct iv i ty  o f  

the l i q u i d  a r e ,  I th ink ,  going t o  have a n  importarit bear ing  aga in  on t h i s  

ra-Lio, i f  t h i s  roiighness becomes l a r g e  enough so t h a t  you a r e  r e l y i n g  on 

a l a rge  amount of cond.u.ction c lose r  t o  t h e  t u r b u l e n t  region.  Does t h a t  

answer your quest ion? 

Where you have t h i s  kind of separa t ion ,  it g e t s  p r e t t y  

D.  G.  Thomas: Yes, I guess what you are saying is  t h a t  i f  you can 

eva lua te  t h e  form drag of your element and j u s t  use t h e  s k i n  f r i c t i o n  

p a r t  - t h e  t o t a l  d rag  minus t h e  form di-ag - you might come c l o s e r  t hen  

to an engineer ing  e s t ima te  of t h e  e f f ec t iveness  of t h e  element.  

I R. N. Lyon: Yes, as you may remember, t h e  equat ion  t h a t  I pu t  up 

here before  s a i d  tha- t  t h e  Stanton number t imes t h e  2/3 power of t h e  P r a n d t i  

number over t h e  f r i c t i o n  f a c t o r  i s  equa l  t o  t h e  d i f f e rence  between t h e  

f r i c t t o n  f a c t o r s  f o r  two Reynolds numbers d-ivided by 1011 t i m e s  t h e  d i f -  

Terence of t h e  log  squared of a cons tan t  t imes t h e  two Reynolds numbers. 

What I w a s  doing t h e r e  w a s  simply say ing  t h a t  i n  our f r i ~ c t i o n  f a c t o r  p l o t ,  

i f  we p l o t  f r i c t i o n  f a c t o r  versus  Reynolds number, t h e r e  i s  t h e  smooth 

Lube l i n e  which comes down and a c t u a l l y  curves  a l i t t l e  bL't - t h i s  i s  a 

I-og-log p l o t  - bu t  it w i l l  b reak  o f f  and become cons tan t  f o r  var ious  values  

of roughness. 

term. i f  one says t h a t  i n  t h i s  reg ion  p a r t  of t h e  f r i c t i o n  f a c t o r  i s  due 

The parameter here  would be c / r  or some o the r  dimensionless 



t o  skin f r i c t i o n  and part of it i s  due t o  loss of  momentum without  cor- 

responding wall shea.r, and i f  you can t a k e  out the s k i n  f r i c t i m  p a r t  

and m e  t h a t  t o  e s t ima te  t h e  heat t r a n s f e r ,  you. a r e  going t o  be eon- 

serva- t ive,  because yoii don ' t  lose a l l  of t h e  hea t  t r a n s f e r  when you are  

b r ing ing  the  l i q u i d  back i n  r ec i . r cu la t ion ;  you j u s t  c7J.t it. d.o.wi?. Thus, 

some express ion  l i k e  .this (and you remember I put  it f o r t h  tenta-Live3.y) 

voulr3 be a way perhaps of trying to es t ima te  how much i s  2etuall.y due t o  

s k i n  f r i c t i o n  and, t h e r e f o r e ,  w i l l  be most capable of t ransfer . ing h e a t .  

W. M. Rohsenow (NIT): You. obviously f i n d  t h i s  f i c t i v e  f i l m  concept 

u se fu l  i n  your own opera t ions  i,n l i f e .  I have been having a, 1- i t t le  d i f -  

f i c u l t y  cl.eari.ng up i n  my own mind as t o  e x a c t l y  how you use t h i s  e 

me ask you a serites of perhaps disconnected ques t ions ,  Would. you sum- 

marize,  f o r  exampie, k.ow you use t h i s ;  and i n  particualr,,  i.s this a 

scheme whereby you ge-t heat-transfer r e s u l t s  from friction Y e s x l t s  for 

unusu-a1 geometries? Cer t a in ly ,  t h e r e  i s  no need f o r  it; weth.  circular 

tube staff;  we have most of t h a t  information anyway, Therefore ,  does 

t h i s  come down t o  a way of es t ima t ing  hea t  t r a n s f e r  i n  m.us~iaS situations, 

if you kliow the pressiire drop o r  friction- e f f e c t s ,  o r  just what i s  the 

major value of  i.t? May3e you can summarize how you use it e 

Let 

R. JT. Lyon: I t h i n k  t h e r e  are perh-aps two r3r t h r e e  pl.aces one could 

use it. F i r s t  of a l l ,  i n  qy own wind I combine fhe fictive f i l m  and t h e  

hydraulic diameter concepts;  and, as you know, t h e  hydraul ic  diemeter cyn- 

eep t  i s  qu i t e  usePu.1, i n  looking at b0t.h f r i c t i o n  and heat, t r a n s f e r  i r i  odd 

geometries.  In doing that I ha-ve found some d i sc repanc ie s .  For example, 

the problem of t h e  annulus i n  which, a s  we know, the shea r  stress i s  i n -  

c r eas ing  on .t,h@ i n m r  su r face  as t h e  ra-Lio of infier t o  oiiter- diameter  be- 

comes smaller. alid smaller and. winds up very  l a r g e  for il wiry i n  a n  an:mlus. 

S G ,  I have been IuokLng a-t t h e  f i c t i v e  f i l m  idea  t o  see whether t h e r e  i.s 

:iome wa,y of c o r r e c t i n g  t . h a t .  In hea t  t r a n s f e r ,  yes  I have fou.nd it, useful  

for okher t ypes  c ) f  geometries;  and p a r t i c u l a r l y ,  as I said mo:;t r ecen t ly ,  

this example of t he  t abe  wi th  t h e  reverse  osmosis where it, seemed t o  me rit, 

was qui.Le u:st?fi.il_. I AnoI3x- r  L i t t l e  qu.estion t h a t  1: looked a t  TELS a crilde 

e s t ima te  of t-ke cozicentrzti(x~ o r i  :tAe su r face  of a bubble t h a t  i s  gro~iring 

b y  evapcsrization. from a so3.c-Lion. Again, you can :make an approxim5tion 
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of what t h e  concent ra t ion  v a r i a t i o n  w a s  from 

t o  tile mass of t h e  bubble,  i f  the bubble was 

t he  sur face  o f  t h e  bubble 

growing a t  a c e r t a i n  rate. 

One t h i n g  t’mt I used t h e r e  was a n  approximation t h a t  Jakob pu t  f o r t h ,  

that t h e  bulk  temperature - where you have a l o t  of  bubbles around - i s  

a’o0u.t I deg above t h e  equi l ibr ium temperature .  Well armed wi th  t h a t  

you can go back and c a l c u l a t e  whether, i n  a given sal t  s o l u t i o n ,  t h e  

concent ra t ion  of t h e  sur face  i s  r e a l l y  high enough s o  t h a t  you a r e  far 

from equi l ibr ium during growth of t h e  bubble.  I n  t h e  case t h a t  I was 

looking at, it turned  out no t  t o  be very  g r e a t ,  which i s  encouraging. 

T u s e  t h i s  technique t o  check. t h ings  where it i s  not n e c e s s a r i l y  worth 

going through a formal calculatLon,  bu t  where I want t o  know t h e  oi:deY 

of nagnitude and what i.s going on. 

Chairman: If t h e r e  are no o the r  ques t ions ,  I would l i k e  t o  thank 

Dr. Lyon agai.n f o r  be ing  wi th  us today. 



SPECIAL WECTURF: I11 

Professor W. M. Rohsermo~w 
Department of Mechanical Engineering 
Massachusetts I n s t i t u t e  of Technology 

Cambr-idge Massachusetts 



IT\PTRODUCTION OF SPEAKER 

H.  W.  Hoffman (Om), Chairman: It i s  my p leasure  t n  beginning t h i s  

second day of t h e  Second Southeastern Seminar on Thermal Sciences t o  in -  

t roduce "io you Warren M. Rohsenow, Professor  of Mechanical Engineer ing 

at t h e  Massachusetts I n s t i t u t e  of Technology. For most of you, Warren 

need.s no in t roduc t ion ;  h i s  well-deserved r e p u t a t i o n  has proceeded him. 

Be has worked f o r  many years  i n  t h e  f i e l d  of b o i l i n g  hea t  t r a n s f e r ;  and 

he and h i s  s tuden t s  have made many s i g n i f i c a n t  con t r jhu t ions  t o  our under- 

s tanding  of b o i l i n g .  He i s  the  au tho r  of numerous a r t t c l e s  and of s e v e r a l  

books, among t h e s e  being Heat,  Mass, and Momentum Transfer  (wi th  D r .  Choi) 

and Developments i n  Heat Transfer  ( e d i t o r ) .  

1 have known Professor  Rohsenow as a f r i e n d  f o r  a nu-mber of years ,  

an? 1 commend him t o  your a t t e n t i o n  t h i s  morning. 

of  h i s  r ecen t  s t u d i e s  i n  b o i l i n g  and condensing hea t  t r a n s f e r .  H i s  pi-e- 

He w i l l  d i s cuss  some 

s e n t a t i o n  w i l l  beg in  - I be l t eve  - wi th  a very  el-ever s l i d e  demonstrating 

b o i l i n g  of water  from a heated wire .  P ro fes so r  Rohsenow. 
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SOM3 RIKZJJl? RESULTS IN BOILIFiG A.ID CONDEflSING R j E S M C H  

W. M. Rohsenow 

I w i l l  beg in  this d i scuss ton  wi th  a p ro jec t ed  demonstration of 

b o i l i n g  on a n  e l e c t r i c a l l y  heated .wire immersed i n  a water  pool .  The 

appara tus  i s  c o n a t m e t e d  s o  t h a t  i.t fits i n t o  t h e  s l o t  of a large l a n t e r n  

s l id -e  p r o j e c t o r .  A v a r i a c  c o n t r o l s  power t o  t h e  wire ;  by varying t h e  

power, the b o i l i n g  modes can be observed. Fu r the r ,  by -turning t h e  power 

on and off dur ing  b o i l i n g ,  -the r e p r d u e i h i l i t y  of bubble formatLon at a 

s i n g l e  spo t  on t h e  su r face  can be demonstrated; t h i s  suppor ts  t h e  postu.- 

l a t e  t h a t  boil.i.ng t akes  pl-ace at c a v i t i e s  on the  s u r f a c e ,  

The h e a t  f l u x  (elec;, '-+e cu r ren t  , I ~ R )  i s  increased  (R toward c of 

Fig.  1) t o  show c l e a r l y  tha-t -the d e n s i t y  of active nuc lea t tng  si.tes 

(number. p e r  square f o o t )  increases  as -the hea t  fl.ux inc reases .  

hj.gli value of  hea-f; flux (Poj-nt C, Fig .  l), the  boil . ing changes to f - i l m  

boi l - fng.  The vapor f i l m  around t h e  wire can 1oe seen  'to form one x g i o r -  

and spread a c r o s s  t h e  wire .  If we then  opera te  at Poin t  E ' ,  we observe 

a glowing orange co lo r .  In t h i s  reg ion ,  r a t h e r  regu.la,rly spaced columns 

of vapor corne o f f  t h e  vapor. reg ion  s u r r o m d i n g  the wire; and -the 1iqui.d 

docs ~ o t  touch t h e  wire .  

A-t; a 

I We a l s o  see  t h a t  as we reduce t h e  heaJc f l u x  from E to D, t h e  f i l m  

co l l apses  , and nuclea te  b o i l i n g  i s  reesta 'olished on t h e  curve 'netween B 

and C a t  t h e  hca t  f 1 . u ~  equal  to D, 

I a m  gotng t o  di.scuss today a number of perhaps di.sconneet.ed sub jec t s  

5.n b o t l i n g ,  b u t  I ha-ve a few messages t h a t  I would l.i.ke t o  leave wi th  YOU. 

We a r e  going to talk about ni.l.cleation first, and atternpt t o  convince you 

of  a. few pos-kulakes regard ing  t h e  iiu.cleati.on phenomena. Then, I would 

like to review s o m e  o f  t h e  o l d  b o i l i n g  c o r r e l a t i o n s  * We went back and 

r e v i s i t e d  them, ard I wan-t, t o  try t o  s t ra j -ghten  out some of .the myths i n  

t h e  l i t e r a t u r e  on that s u b j e c t .  I a l s o  want to t e l l  you a, l i t t 1 . e  about 

some o f  our r ecen t  r e sea rch  on b o i l i n g  of l i q u i d  metals  where we have 

g o t L e n  i n t o  some u-nusual ins. l ;a 'oil i t ies r a b i c l i  check out the same kind. of 

i n s t a b i l i t i e s  observed here a t  ORXL and a few other p laces .  F ina l ly ,  I 



p = Constant 
-0RCED - CON V ECTlO N 
SURFACE BOILING Fully- Developed 

Boiling 

*c------ 

Forced Convection ortial Film Boiling 

POOI Boiling Nucleate Boi I i ng 

SubcooDed POOL BOILING 
POOI Boilin<\ 

)d”c-- 

,------- 

1 Natural 
Convect Eon 

log (tw-tJ 

E’lig. 1. Regimes i n  Boi.l.ing Heat Transfer .  



would l i k e  t o  look  a t  t h e  e f f e c t  of  nonuniform hea t  f l u x  on burnout which 

i.s a r a t h e r  s i g n i f i c a n t  t h i n g  i n  nuc lea r  r e a c t o r s ,  Thus ,  we w f l l  go back 

and revisTt some old s t u f f ,  and t h e n  add a l i t t1 .e  new s t u f f .  There xi11 

be a few d i s joun ted  p i eces .  

A s  you know, i n  Tilost of t h e  work we do in hea t  t r a n s f e r  we like t o  

w r i t e  down t h e  d.ifferentia1.  equations and boundary condi t ions  a,nd then  

so lve  them t o  dekermine the temperature  and ve3.ocity fields.. Then, i f  t h e  

experimenl; does not  agree with  what you have ca l cu la t ed ,  you go back- and 

wonder what you d id  wrong i n  t h e  experiment.  You d i d  not s a t i s f y  t h e  

bovndary condi t ions  wit11 the  mathematics e From what you saw a moment ago 

of the b o i l i n g  process ,  can a,nyone def ine t h e  f l u i d  motion and write down 

t h e  b o u n d a ~ y  cond.i_."ij.ois for t h e  Navier-Stokes equat ions?  We have had a 

l i t t l e  difficulty t r y i n g  t o  do t h a t .  This means t h a t  we have t o  use a 

c e r t a i n  amount of iiige,ruity and bypass that s t e p .  Thi.s i s  what makes 

b o i l i n g  f a c t n a t i n g ,  arid why we are s t i l l  i n  busi-ness a , f te r  a.11 these years 

Figure 1 is  t h e  panorama of r e a l l y  a l l  of pool  b o i l i n g  sild, of cause, 

convectj-on b o i l i n g  a t  very I.ow qu-ali-ties . 
sents the c h a r a c t e r i s t i c  cuwe for pool looil.ing of s a t u r a t e d  l i q u i d  - 
nuclea te  b o i l i n g  occurs  i.n t h e  region BC and fi1.m b o i l i n g  in t he  reg ion  

DEe The peak hea t  f l u x  occurs at C, and the portion o f  t h e  Curve CD i s  

c a l l e d  -transL-Lion b o i l i n g .  '-This p a r t  of t he  curve cannot 'ne reached wi th  

e l e c t r i c  hea t ing ;  wal.1. tenipernture here must be the independent v a r i a b l e  - 
hy us tng  a condensing i.i .quid, f o r  example. 

The s o l i d  cur-fe BGDE 'E repre- 

If t h e  l i q u i d  i s  subcooled., s u f f i c i e n t  hea t  f l u x  may be added t o  pro- 

duce 'uoFl.j'_ng. This  i s  represented  by -the l.owev dashed c u n ~ e  of Fig. 1. 

The asymptote t o  t h e  l e f t ,  when T 

corivection when t h e  LQ = Tc,at - T 
= TsZb, i s  a t  t h e  hea t  f l u x  f o r  natural .  w . 

For t h e  BC p o r t i o n  of t h e  curve, t h e r e  a r e  two s e t s  of  c o n f l i c t i n g  

u 1f.q 

dat,a.  Bergles i n  our MI% l abora toyy  foiincl that the curve moves s l ig ' n t ly  

'GO t h e  r i g h t  (h igher  AT) as th.e subcooling is  i l lcreased f o r  b o i l i n g  on a 

horizon-La1 .tube e S'nroc.1~ a-t t h e  Unrivemity of Ga1.i.f orni.a fouad .  'i'iiis portio11 

of t h e  curve to move t o  1.ower nT as cabcool ing is  increased  f o r  boiling 011 

v e r t i c a l  f l a t  plates  Presumabl.y, t h e  d.ifference i s  due t o  t h e  geometries 

w l ~ i c i i  produce differing coanect ion effects. 



The forced-convection e f f e c t s  a t  low q u a l i t y  o r  subcooled b o i l i n g  

a r e  shown i n  the  upper l e f t  of F ig .  1. Here aga in  t h e  l e f t -hand  asymptote 

r ep resen t s  t h e  h e a t  f l u x  corresponding t o  t h e  forced-convect ion v e l o c i t y  

and the  subcooling. 

and vel.ocity;  hence, t he  cu.irves a r range  themselves i n  t h a t  o rde r  a l s o ,  

s ince  a-L t h e  r igh t -ha id  end they  all appear t o  converge i n t o  a s i n g l e  

curved c a l l e d  t h e  f u l l y  developed boi - l ing  reg ion .  

This asymptotic q/A increases  wi th  bo th  subcooling 

We w i l l  look at  (1) condi t ions  under which b o i l i n g  begins ,  (2) the  

nuc lea t ton  po in t  under these  var ious  condi-Lions, (3) some b o i l i n g  co r re -  

l a t i o n s  w i t h  t h e  idea  of co r rec t ing  one or two of them, (4) t h e  burnout 

hea t  f l uxes  for lloilunifom hea t ing ,  and (5) t h e  condi t ions  f o r  Curve BC 

f o r  l i q u i d  metals .  

To ga in  some i n s i g h t  regarding t h e  condi t ions  f o r  nucleati .on,  con- 

s i d e r  t he  equi l ibr ium condi~t ion  i n  Fig. 2 of a f r e e  su r face  of vapor and. 

7-iquid withj-n a cagil.l.ai-y tube providing a curved sur face .  The l i q u i d  

w i l l  r i s e  a c e r t a i n  d i s t ance .  The pressure  i n  t h e  l i q u i d ,  

than  t h e  pressure  of t he  vapor,  

vapor decreases  wi th  hei-ght, bu t  t h e  decrease i s  small f o r  t h e  case shown 

i n  F ig .  2 .  This  i s  t h e  f i r s t  approximation. Fur ther ,  t h e  condi-Lions of 

equi l ibr ium f o r  t h i s  i n t e r f ace  a r e  the  same as condi-Lions of equ i l jb r ium 

fox. a s p h e r i c a l  vapor bubble i n  a 1.i.qui.d. Figure 3 shows these  condi t ions .  

The condi t ions  a t  equilibri-um would be t h a t  t h e  temperatures  of t h e  l i q u i d  

amd vapor phases would have t o  be t h e  same, t h e  chemical po ten t ia l . s ,  

5 = h - TS, would have t o  be t h e  same, and t h e  pressures  are rei-a-ted by 

i s  l e s s  
P A r ’  . O f  course,  the pressure  i n  the  

’vr 

I pAr E: 2a/r. For t hese  t h r e e  condi t ions ,  t h e r e  is one p a i r  of l i q u i d  PV, 
and vapor s t a t e s  (a la” ,  b‘b’’, e t c . )  f o r  each r ad ius  of  curva ture  (ra, r 

etc.), where r 

i n  F ig .  3. The vapor i i l  t h e  bubble would be a t  a h ighe r  pressure  t h a n  i n  

t h e  l i q u l d ,  of course,  because of t h e  su r face  t ens ion .  Now, F ig .  3 i s  a 

r a t h e r  complex p i c t u r e ;  and it does not  lend i t s e l f  very n i c e l y  t o  w r i t i n g  

simple e x p l i c i t  equat ions.  Observe i n  F ig .  3 that  t h e  vapor s t a t e s  a r e  

very  nea r ly  t h e  same as the s a t u r a t i o n  s t a t e s  f o r  a f l a t  i n t e r f a c e .  With 

v’ 
r ep resen t s  a n  infini-Le rad-ius or a f l a t  su r face  as shown a 
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C r i t i c a l  Point I 

P 

Fig .  3. Descr ip t ion  of Equi l ibr ium S t a t e s  f o r  Liquid-Vapor I n t e r -  
face i n  a Capill-ary o r  f o r  a Spherical. Vapor Bubble i n  a Liquid.  
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t h i s  assumption, t h e  fo rce  bal-ance equat ions  i n  F ig .  4 a r e  r e a d i l y  

w r i t t e n .  Here, t h e  bubble con ta ins  vapor a t  i t s  owa s a t u r a t i o n  con- 

d j t i o n .  The equat ions  include allowance f o r  poss ib l e  presence of a 

noncondensable gas ( g ) .  

t h e  same temperature .  If we now assume t h a t  t h e  vapor i n s i d e  Lhe bubble 

i s  a t  s a t u r a t i o n  ( t h i s  i-s an approximation bu t  a reasonably good one),  

t hen  t h e  cond i t ion  of t h e  vapor in s ide  t h e  bubble i s  shown by t h e  dot ted  

l i n e  denoted by v, where t h e  curve i s  t h e  s a t u r a t i o n  curve f o r  fl.at i n -  

t e r f a c e s .  This g ives  t h e  l i q u i d  p re s su re .  The pressure  of  t h e  l i q u i d  

i s  l e s s  t han  t h e  pressure  02 t h e  vapor i n s i d e  t h e  bubble by 2o/r; and 

consequently,  t h e  s a t u r a t i o n  temperature  of t h e  l i q u i d  would be 1 e s s  . 
The temperature of t h e  l i q u i d  cannot be l e s s  t h a n  t h e  va.por tempe-rature. 

Thus, t h e  l i q u i d  temperature  must be a t  l e a s t  a t  equal  t o  t h e  tempera- 

t u r e  of t h e  vapor i n  o rde r  f o r  t h i s  bu'oble t o  grow. The Clausius-  

Clapeyron equat ion  wi th  t h e  p e r f e c t  gas approximation ( t h i r d  equat ion  

i n  Fig. 4) r e l a t e s  T and P along the s a t u r a t i o n  l i n e .  Tne &I? i n  t h i s  

equat ion  is  t h e  minimum superheat  r equ i r ed  f o r  equ i l ib r ium or, as a 

f i r s t  approximation, t h e  minimum superhea t  requi red  f o r  a bu-bble t o  

grow. Combining t h e  second and t h i r d  equat ions  of  F ig .  4 r e s u l t s  i n  

t h e  f o u r t h  equat ion  g iv ing  t h e  superhea t  r equ i r ed  f o r  a bubble 02 r ad ius ,  

r, t o  grow, 

A t  equ i l ib r ium both  l i q u i d  and vapor are a t  

For nuclea te  b o i l i n g ,  we postul.ate (a) t h a t  f o r  a sur face  t h e r e  a r e  

a number of c a v i t i e s  of d i f f e r e n t  r a d i i ,  (b) t h a t  t h e r e  i s  some rad ius  

of t h e  bubble i n i t i a t e d  i n  t h e  c a v i t y  r e l a t e d  t o  t h e  s i z e  of t he  cav i ty ,  

and ( e )  t h a t  knowing t h e  c a v i t y  r ad ius  gives  a n  i n d i c a t i o n  of t h e  super-  

hea t  r equ i r ed  to ge t  a p a r t i c u l a r  c a v i t y  t o  give o f f  a, bubble.  

Let us now t ake  a look a t  a number of experiments t h a t  t end  t o  l end  

suppor t  t o  t l i i s  kind of t h e s i s .  Figure 5 shows a conical-shaped c a v i t y  

wi th  vapor a t  t h e  bottom. As hea t  i s  added, evapora t ion  t akes  p l ace  a t  

t h e  i n t e r f a c e  which t h e n  grows. At a temperature  corresponding to thxt 

g iven  by t h e  last equat ion  of  Fig. 4, a bubble grows f o r t h  from the  

cav i ty .  When t h i s  binbb1.e depa r t s ,  l i q u i d  flows i n  behind it t r app ing  

vapor i n  t h e  c a v l t y  f o r  t h e  next  bubble .  If we have r a d i i  of curva ture  

as shown i n  F ig .  5, t h e  pressure  of  vapor i n  b i s  less t han  t h e  pressure  - 





R 

Fig. 5. Conical Cav i t i e s  Clepicting E f f e c t  of Bubble Radius of  Curvature.  In ( a )  the vapor TsuVnle 
pressure i s  always gyea ter  -than the liquid pressure ;  i n  ( b )  t h e  vapor bubble pressure  i s  less than  the  
l i q u i d  pressure. 



of t h e  l i q u i d  and t h e  pressure  of t h e  vapor i n  - a i s  always g r e a t e r  t han  

t h e  pressure  of t h e  liqulid because of t h e  cu rva tu re .  if t h i s  i s  a very  

sharp cav i ty ,  t h e  radi.iis of curva ture  i n  - b g e t s  srr~all-er and sma l l e r  and 

t h e  presslire di-fference ge t s  g r e a t e r  and g r e a t e r  as t h e  1iqui.d mo-ved down 

i n t o  t h e  c a v i t y .  If we go t o  a s m a l l  enough radi.us of curva’iure, even 

wi th  a 1.000 li3/in.” pressure  on t h e  l i q u i d ,  it is  poss ib l e  t o  g e t  a small. 

enough r ad ius  of curva ture  f o r  t h e  pressure  under t h a t  r ad ius  of curvature  

to be frac-Lions of a p s i .  This  means t h a t  Oile may coo l  the  system down 

t o  as l o w  as even 32°F and s t i l l  have vapor p re sen t ,  provided t h e  poiil t  

of the c a v i t y  were sharp  enough. The next  t ime t h e  c a v i t y  i s  heated, t h i s  

vapor grows; and. a bubble i s  ready t o  depar t  as be fo re .  For E, cooling 

down even t o  213°F a t  at,mnospheric pressure  wou1.d snuf f  out  t h i s  ca-vity- by 

, t i l l i n g  it with  1-iquid. Then, t o  f o m  vapor t h e  l i q u i d  must rea.eh f r a c -  

%:ire pressures  which wou.ld r equ i r e  a 100 oia more degrees of superheat  t o  

break  t h e  l i q u i d .  If enough cavi.tles of t h i s  kind ge-t snuffed out,’ w e  

ge t  what we have l abe led  t h e  h y s t e r e s i s  e f f e c t  and must overshoot t o  get; 

t o  some high superhea ts  before  vapor forms. Then, vapor fo-rms r a p i d l y  

reiiucl-eating t h e  c a v i t i e s ;  and t h e  process  r e t u r n s  t o  the  stable operati-ng 

curve aga in .  This  i s  one explana t ion  f o r  h y s t e r e s i s  i n  b o i l i n g .  

Figure 6 i s  one frame of a high-speed motion p i c t u r e ,  t aken  i n  t h e  

labom’tcsry of Professor J. FJ. Westwater, of a su r face  on which botljng 

t akes  p?.ace. We see b l ack  spo t s  ri.n t h i s  photomicrograph. it would not 

be incons i s t en t  t o  c a l l  t h e s e  b l ack  spo t s  c a v i t i e s .  Figure 7 i s  l a t e r  i n  

t h e  sequence of p i c t u r e s ;  under t h i s  bubble i s  one of those  b lack  s p o t s .  

One concI.usj.oii - tha t  you may draw from t h i s  observa t ion  i s  t h a t  this bubble 

came from t h a t  c a v i t y .  

Fi.gn-e 8 i s  a s e r i e s  of t e s t s  t h a t  P e t e r  G r i f f i t h  and John Wal.lis 

made i n  our l abora to ry  some years  ago. They used a sharpened gramaphone 

needle -Lo make a conical. cavity.  by piishing it i n t o  t h e  copper, theii 

smoothing up the  su r face .  The sur face  i s  a l l  a t  a r e l a t i v e l y  uniform 

temperature .  They observed t h e  temperature a t  which bubbles s-Larted t o  

come o f f  f r o m  t h a t  caviLy and compared t h a t  temperature  w i t h  t h e  super- 

hea t  ca l cu la t ed  from t h e  s i m p l i f i e d  2o/r model of F ig .  LI-. 
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PHOTO 89196 

Fig. 6. Frame from High-speed Motion Picture by Westwater of a 
Surface on which Boiling is Occurring. Black spots are probably sur- 
face cavities. 
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PHOTO 89195 
*-- I__; - 

Fig .  7 . >  A Later Photograph i n  Motion P i c t u r e  Sequence by Westwater 
Showing Bubble Forming at Black Spot on Surface.  
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Figure 9 shows t h e  r e s u l t s  of t h e  experiments ou t l ined  i n  F ig .  8. 

Tney measured t h e  diameter of t h e  hole o r  c a v i t y  wi th  a microscope 

micrometer t o  be 0.0018 i n .  The middle curve i s  -the ca l cu la t ed  r e s u l t  

f o r  D = 0.0018 i n . ;  t h e  o t h e r  two l i n e s  are f o r  0.0017 and 0.0019 i n .  

The d a t a  suggest  t h a t  i i i  a untforrn temperature  b a t h  t h i s  &/r idea  does 

ind-eed agree wi th  bubble format-ioii a t  a c a v i t y  of t h i s  s i z e .  

Figure 10 shows another  .tes.t t h a t  G r i f f i t h  and Han performed i n  our 

l abora to ry .  The same sur face ,  scrupulously cleaned,  w a s  run  wi th  methanol, 

e thanol ,  and water; and t h e  dens i ty  of a c t i v e  c a v i t y  popula t ion  counted 

an? p l o t t e d  a g a i n s t  BI’. For t h i s  an, t h e  r ad ius  i s  cal .culated from t h e  

equat ion at the  bottom of  F ig .  4; and thus  f o r  each of these  d a t a  po in t s ,  

you call cal-culate  t h e  r ad ius ,  r*, of t h e  last c a v i t y  which was nuciea ted .  

Al.1. of t hese  poi-nts f a l l  on a, s i n g l e  curve sugges-tirig t h a t  t h e r e  i s  a 

c a v i t y  s i z e  d i s t r i b u t i o n  ( i n s e t  on r ight-hand graph of Fig.  10 )  on t h i s  

sur face  t h a t  i-s cons tan t  and. independent of whether you a r e  b o i l i n g  water,  

e thanol ,  o r  methanol. This i.s a kind of an  h t e g r a t e d  curve r ep resen t ing  

t,he t o t a l -  nu-mber of c a v i t i e s  g r e a t e r  t han  a p a r t i c u l a r  r ad ius ,  1-*. 

derivat i -ve of t h i s  curve would be the  d i s t r i b u t i o n  func t ion  o r  t h e  number 

of c a v i t i e s  1-ying between 3) and D + Ail ( i n l e t ) .  

enough t o  t ake  t h e  d e r i v a t i v e  of t h i s  curve and draw the  d i s t r i b u t i o n  

func t ion;  b u t  if  we were, wouldn’t  you expect  t h a t  t h e  d is t r i i s i i t ion  func- 

t i o n  would 1.ook something l i k e  t h e  i n s e r t  of F ig .  10 showing distri.’nuti.on 

i n  number a g a i n s t  diameter o r  r ad ius .  There i s  some shape of t b . i s  curve 

t h a t  i s  r ep resen ta t ive  of t h e  sur face .  Whatever t h a t  shape is ,  i t  de te r -  

mines t h e  p o s i t i o n  of t h e  q/A versus  AT p l o t .  

The 

We were not qui.te bo1.d 

This suggested,  then ,  t h a t  i f  we were t o  cons t ruc t  a su r face  with 

c a v i t i e s  of the same s i z e ,  the temperature requi red  t o  nuc lea te  a l l  of 

those  c a v i t i e s  would be t h e  same. If y/A increases  wi th  t h e  numioer of 

a c t i v a t e d  c a v i t i e s  and i f  a l l  c a v i t i e s  r equ i r e  t h e  same nT t o  be nucleated,  

illen t h e  q/A versus  AT curve ought t o  be v e r t i c a l .  When Dr. Han t r i e d  t h i s  

experiment,, he found nuc lea t ion  took  p lace  between t h e  c a v i t i e s  on t h e  

pa ren t  su r f ace .  Figure 11 shows us pel-haps why t h i s  happened. T h i s  i s  

p a r t i c u l a r l y  app l i cab le  t o  a forced-convect ion system; but  it i s  a l s o  

app l i cab le  t o  pool b o i l i n g .  
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Fig .  11. I n i t i a t i o n  of Bubb1.e Growth in Forced-Convection Surfare 
B o i l  ing. 
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I n  F ig .  11, we assume t h e  su r face  has c a v i t i e s  wi th  some s i z e  d i s -  

t r i b u t i o n  l i k e  F ig .  10. 

equat ion  a t  t h e  bottom of F ig .  4. 

r ep resen t s  t h e  cond i t ion  a t  t h e  s o l i d  sur face  up t o  t h e  p o i n t  where 

nuc lea t ion  begins .  The dashed l i n e s  r ep resen t  t h e  temperature  d i s t r i b u -  

t i o n  i n  the  l i q u i d  a t  var ious  hea t  f l u x  va lues .  

Graham, Han and Bergles  proposed a s i n p l e  ope ra t iona l  scheme f o r  pi-edicting 

t h e  w a l l  superheat  requi red  for b o i l i n g  t o  begin.  

would begin  when the  dashed curve became tangent  t o  t h e  t 

‘Th-is suggests  t h a t  t h e  s i z e  of c a v i t y  t h a t  f i r s t  nucl.eates i s  t h e  s i z e  y ’  

corresponding t o  t h e  p o i n t  of tangency. Rais ing t h e  hea t  flux s l i g h t l y ,  

t h e  dashed curve c u t s  across t h e  t curve sugges t ing  t h e  s i z e  range of 
g 

c a v i t i e s  nucl.eated a t  th3.s h igher  hea t  f l u x .  If t h e  man-mzde cavi t j -es  

were t o  l i e  ou ts ide  t h i s  range, t h e n  nuc lea t ion  would begin  on t h e  parent  

sur face  between t h e  man-made c a v i t i e s .  This  i s  what D r .  Han observed. 

The curve l abe led  t-’ i s  cal.culated from t h e  
g 

The equat lon  a t  t h e  bottom of F3.g. 1.1 

Based on work by Hsu and. 

They suggested boil-ing * 
(or 2io/r) curve.  

Q 

3c 

The procedure ou t l ined  i.n F ig .  11. f o r  p r e d i c t i n g  i n c i p i e n t  boil . ing 

agrees  reasonably w e l l  wi th  much t e s t  d a t a .  I n  some cases ,  pa r t i . cu l a r ly  

for su-bcooled b o i l i n g ,  higher. superheat  t han  those  p red ic t ed  i n  F ig .  lI 

a r e  requi red .  A l so ,  t h i s  procedure does not p r e d i c t  i n c i p i e n t  boi l - lng i n  

na tura l -convec t ion  s i t u a t i o n s  where t h e  s lope  of t h e  dashed curves a r e  s o  

low t h a t  t h i s  po in t  of tangency predi .c t ion r equ i r e s  l a r g e r  c a v i t i e s  than  

those which a r e  ac tua l - ly  p re sen t .  

Figure 12 shows some r e s u l t s  f o r  t h r e e  t e s t s  t h a t  Rergles r a n  on 

c e r t a i n  t e s t  s e c t i o n s .  These p red ic t ions  agreed wi th  the observat ion.  

Figure 13 shows how t h i s  looks on a q/A versus  dI’ p l o t .  

t h e  p red ic t ed  po in t s  for b o i l i n g  i n i t i a t i o n .  

The 3 j - r O w S  a r e  

Figure 1)-1 showsthe r e s u l t s  of thi.s p r e d i c t i o n  scheme f o r  water a t  

var ious  p re s su res .  Each l i n e  p re sen t s  t h e  locus of  p o i n t s  where b o i l i n g  

should begin a t  a parti-cui-ar p res su re .  The curves are independent of 

v e l o c i t y  and sii’ocooling. 

y i e l d s  a q/A a.nd a &I? on t h e  l i n e  (or  t o  t he  r i g h t  of it) should produce 

nuc lea te  b o i l i n g .  Note a1.so t h a t  t h i s  po in t -of  -tangency procedure sug- 

g e s t s  t h a t  t h e  inc ip ien- t  boil j-ng cond i t ton  i s  independent of  t h e  c a v i t y  

s i z e  d i s t r i b u t i o n  as long as t h e r e  e x i s t  c a v i t i e s  at l e a s t  as l a r g e  as 

those  p red ic t ed .  

Any combination of v e l o c i t y  and subcool ing t h a t  
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Figure 15 shows the  p r e d i c t i o n  graph f o r  sodium i n  comparison wi th  

t h a t  f o r  water .  Because the thermal  c m d u c t i v i t y  of l i q u i d  me-ta.ls i s  s o  

l a r g e ,  t h e  temperature gsad ien t s  i n  t h e  l i q u i d  a r e  very  small; hence, t h e  

point-of- tangency procedure would r equ i r e  t h a t  t h e r e  be present  ex'iremely 

l a r g e  c a v i t i e s .  For l i q u i d  metals ,  t h e  f i r s t  c a v i t y  t o  nuc lea te  i s  t h e  

l a r g e s t  one which has gas o r  vapor p re sen t .  

Figure 16 shows some d a t a  t h a t  emphasizes t h e  f a c t  t h a t  t h e s e  d i f -  

f e r e n t  cavi-ty s i z e  d i s t r i b u t i o n s  can s h i f t  t h e  b o i l i n g  curve.  D i f f e ren t  

su r f ace  fin-ishes,  wi th  t h e  same f l u i d ,  mean d i f f e r e n t  c a v i t y  s i z e  d i s t r i -  

bu t ion  curves .  The l i q u i d  i s  t h e  same, t h e  pressure  is  the  same, the  only 

t h i n g  t h a t  cha.nged i.s the  su r face  f i n i s h .  Now, t h i n k  of a b o i l i n g  co r re -  

I-ation equa-ii.on, q,4 versus AT, with  only f l u i d  p r o p e r t i e s  i.n Lhe equat ion .  

It i s  eve r  poss ib l e  f o r  any b o i l i n g  c o r r e l a t i o n  equat ion  t h a t  doesn ' t  i n -  

volve some s ta tement  about t h e  su r face  t o  c o r r e l a t e  t h e  da t a?  Any b o i l i n g  

c o r r e l a t i o n  equat ion  t h a t  involves  only f l u i d  p r o p e r t i e s  cannot account 

f o r  the displacement o r  t h e  curves i n  F ig .  16, because t h e  f l u i d  p r o p e r t i e s  

a r e  t h e  same f o r  a l l  of these  cases .  On t h e  o the r  hand, t h e  c o e f f i c i e n t  

would be a func t ion  a t  ].east of t h e  sur face  and perhaps of t h e  su r face -  

f l u i d  combination. It i s  impossible t o  have a cons tan t  c o e f f i c i e n t  i n  a 

b o i l i n g  c o r r e l a t i o n  equat ion  which conta ins  only f l u i d  p r o p e r t i e s ;  Fig. 1-6 
proves t h a t  p o i n t .  Figure 17 f o r  a l i q u i d  meta l  f u r t h e r  emphasizes t h e  

sur face  e f fec- t  . 

POOL BOILING COREIELATIONS 

L e t ' s  look now at  t h e  o ld  b o i l i n g  c o r r e l a t i o n s  b r i e f l y ,  because I 

want t o  ma,ke a change i n  one. Many years  ago i n  going through a s e t  o f  

l o g i c  which we w i l l  0rni.t here ,  we a r r i v e d  a t  t h e  c o r r e l a t i o n  shown at  t h e  

bottom of F ig .  18 where C w a s  t o  be a func t ion  of t h e  s u r f a c e - f l u i d  

combination. 

The form of t h e  dimensionless equat-j.on i s  the  f i r s t  term of -the power 

s e r i e s .  

S f  

This equat ion  i s  q/A versus  LIT modified by f l u i d  p r o p e r t i e s .  

We managed t o  f i n d ,  f o r  a whole h o s t  of f l u i d s ,  r a w  d a t a  f o r  q/A 

and n. We managed. t o  g e t  t h e  same expo- versus  LQ' and eva lua ted  C 

nevits on t h e  P r a n d t l  number and on t h e  quan t i ty  given by the  ord ina te  of 
sf' 
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Fig .  16. E f f e c t  o f  Surface Roughness on Pool Roi l ing  fi-om a 
Horizontal F l a t  P l a t e .  
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C omh i-nat i on. 



Fig .  19; however, t h e  c o e f f i c i e n t  changed cons iderably .  The value 

m = 0.33 shown i n  F i g .  19 says t h a t  t h e  s lope  of t h e s e  curves i s  3 t o  1.. 

The s lope  of t h e  q/A versus  AT curve is  l / m  and depends upon -the shape 

of t h a t  curve.  I f  by doing something t o  t h e  su r face ,  l i k e  po l i sh ing ,  

the cavi-by s i z e  dl .str i .bution changes, it 7.s reasonab1.e t o  expect  t h a t  

both t h e  p o s i t i o n  o f  t h i s  cume and t h e  s lope  w i l l .  change. 

t h e r e  seems t o  ’oe a r u l e  of na ture  t h a t  i f  you don’ t  do anyth ing  t o  t h e  

sur face  by hand, j u s t  l e t  a mach-ine do it, t hen  t e s t  r e s u l t s  suggest  t h e  

m i s  very  close t o  3. On t h e  o the r  hand, -c.ihen hand f i n i s h i n g ,  such as 

wi th  emery c l o t h  o r  polLshing, i s  done, t hen  m can indeed be very  much 

g r e a t e r  t h a n  3. Thus,  t h i s  3 to 1 exponent -is merely a guess f rom expe r i -  

ence tha.t f o r  comaercial  su-rfaces - cleaned,  however - t h e  3 t o  1 Elope 

is perhaps about r7.gh-t. When t h i s  data was processed. o r i g i n a l l y ,  we found 

n = 1.7 looked p r e t t y  good; b u t  we were us ing  t h e  wrong Prarzdtl number 

d a t a .  

water  a t  h igh  p res su res  and had t o  go back and reev-aluate t h i s  b o i l i n g  

da ta ;  i.t now seems t h a t  l .7  shomJ-d be 1.0 f o r  water., With all. o t h e r  

f l u i d s  .that we hxve t e s t e d ,  it st3.1-1 should be 1.7. 

However, 

La te r  ( s ince  l 9 5 l ) ,  we obtained b e t t e r  P r a n d t l  number data f o r  

The Forster-Zuber  c o r r e l a t i o n  was based on a Reynolds number which 

was c a l c u l a t e d  from the growth of a s p h e r i c a l  bubble i n  a n  i n f i n i t e  

atmosphere; t h e  d.imensionless groups involved are shown i n  Fig. 20. 

Forster-Zuber  obtained t h e  - th i rd  equat ion  (F ig .  20) us ing  only  a l i m i t e d  

amount of data f o r  peak h e a t  f l u x .  We reeval.iiated t h e i r  suggested equa- 

t i o n  us ing  data all. a long  t h e  q/A ‘versus &C curve and obtained t h e  bottom 

equat ion  of Fig. 20; t h i s  i s  shown i n  more d e t a i l  i n  F i g s .  21  and 22. The 

agreement of t h i s  modified equat ion  w i t h  data, as shown i n  F ig .  22, i s  

rather good; however, t h e  K,, is far from be ing  a constan’c as shown on 

F ig .  21. 
of 

TITO o t h e r  suggested. c o r r e l a t i o n  a r e  shown in F-ig. 23; again,  t h e  

imp l i ca t ion  is  t h a t  t h e  c o e f f i c i e n t s  a r e  cons t an t .  This  cannot be so  i n  

l i g h t  of t h e  d.ata of F i g s ,  16 and 1‘7, because the equat tons  in-v.olve only 

p - r o p e r t k s  of the Plurid a 

I n  Fig .  24 da-La f o r  water  a t  t h r e e  p re s su res  (14.‘,‘, ‘770, and 2465 

psia.) i s  r e p l o t t e d  and. compared wi th  two c o r r e l a t i o n  equatioris II 

curves l abe led  F - G  r ep resen t  t h e  second Forster-GI-ei.f equat ion,  Fi.g e 23; 

The 
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wi th  Experimental  D a t a  f o r  Ethanol ,  Benzene, a.nd n-Pentane. 
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t h e  curves l abe led  11 = 1.0 and l.'.? a r e  f o r  t h e  equat ion  a t  t h e  bottom of 

F ig .  18, where n i s  t h e  exponent of t h e  P r a n d t l  number. 

F ig .  24 i s  the  c u m e  of  P r a n d t l  number versus  temperature;  t he  lower 

curve w a s  used o r i g i n a l l y ,  whri.le t h e  upper curve i s  t h e  c o r r e c t  one. 

The equat ion  of F ig .  18 does a good job of c o r r e l a t i n g  t h e  d a t a  over 

t h i s  wide pressure  range, wi th  n = 1.0 and CSf = 0.013. 

a]..]. f l u i d s  considered,  o the r  t han  water,  n = l . ' 7  c o r r e l a t e s  t h e  d a t a  

b e t t e r .  The F-G c i r v e s  a r e  d isp laced  and have a s lope  d i f f e r e n t  from 

thai; of t h e  d a t a .  

The i n s e t  i n  

Note t h a t  f o r  

To summarize, f o r  pool  b o i l i n g  c o r r e l a t i o n s  we do not know how t o  

t ake  i n t o  account t h e  e f f e c t  of t h e  s o l i d  sur face .  Hence, t h e  magni-tude 

of a c o e f f i c i e n t  such as C (Fig.  1-8) must be determined. experirnental1.y 

f o r  each case .  Then, s o  long as t h i s  sur face  e f f e c t  doesn ' t  change, .the 

equat ion  p r e d i c t s  r a t h e r  w e l l  t h e  e f f e c t  of p re s su re .  

Sf 

POOL BOILING, LIQUID METALS 

Sodium was boiled on t h e  h o r i z o n t a l  su r f ace  shown i n  F ig .  25. Vari-  

ous su r face  f i n i s h e s  - welds, man-made holes ,  e t c .  - were s tud ied  wi th  

r z s u l t s  as shown i n  F ig .  1-7. This  work was repor ted  i n  ASME Journa l  of 

Heat Transfer ,  May 1.966. 

For some su r faces ,  an  unsta'ule kind of  b o i l i n g  w a s  observed. Fig-  

ure  26 shows t r a c e s  of a sur face  temperature  reading and of noise l e v e l  

as ind ica t ed  by a microphone pickup on t h e  appara tus .  The hash i n  t h e  

noise  l e v e l  i s  a s soc ia t ed  wi th  nuc lea te  b o i l i n g .  Roi l ing  appears  t o  t ake  

p lace  when t h e  wall temperature i s  low. We suggest  t h a t  'ihe r i s e  i.n wal.1 

'ielilp~rat1~:~e i s  a s soc ia t ed  wi th  .the "snuffing" out  or d e a c t i v a t i o n  of t h e  

nucl.eat;ion s i t e s .  When Lhe wall. temperature g e t s  high enough, a smal le r  

c a v i t y  nuc lea tes  ; and boi.lling i s  r e e s t a b l i s h e d  aci-oss t h e  su r face .  

Figlure 27 shows how q/A inf luences  t h e  frequency of t h i s  r a t h e r  random 

i n s t a b i l i t y .  There appeared t o  be a n  upper 1 . i m i t  hea t  f l u x  a-liove which 

these i n s t a b i l i t i e s  do not  occur.  [Later  work ( F a l l  1966) suggests  t h a t  

LIlCSe random i n s t a b i l i t i e s  occur only when noncondensable gas i.s present  

i n  t h e  c a v i t i e s .  A f t e r  long per iods  of b o i l i n g  when the  gases are re- 

moved from t h e  cav:L.ti.es, t h e s e  i n s t a b i l i t i e s  are not observed.} 
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I n  the  May 1966 i ssue  of ASME Journa l  of Heat Transfer ,  an approxi- 

mate theory  4.s proposed f o r  p r e d i c t i n g  t h e  condi t ions  under which a 

c y l i n d r i c a l  cavi. ty (F ig .  28) may f i l l .  wi th  l i q u i d  and be snuffed out be- 

tween bubbles ., The r e s u l t s  p r e d i c t  .the uns tab le  hea t  f l u x  reasonably 

we l l  bu t  give l a r g e  e r r o r s  i n  p red ic t ed  frequency. This problem has been 

reanal.yzed wi th  r e s u l t s  t h a t  p r e d i c t  r a t h e r  w e l l  t h e  measured bubble f r e -  

quencies and descr ibe  t h e  temperature v a r i a t i o n s  wi.thin t h e  hea t ing  su r -  

Pa.ce (I. Shai,  ScD t h e s i s ,  MIT, January 1967). 

Figure 29 shows .the range of &C (dashed l i n e )  f o r  a p a r t i c u l a r  

operat.irig level- .  Here, 3x6 s t a i n k s s  s t e e l  w a s  uns tab le  (gas must have 

been prese l i t ) ,  and n i c k e l  w a s  s t a b l e .  

CRITICAL IBEAT FLirX WLTB NONUNIFORM FLUX DISTRIBUTION 

Figure 30 shows the various flow regimes which may be encountered j.n 

a tube .  We w i l l  l i m i t  cons ide ra t ion  t o  condi.ti.ons where t h e  c r i t i c a l  con- 

d i t i o n  always OCCILTS i n  -the annular-mist-f low regime, where 1iqui.d i s  on 

t h e  w a l l ,  and where t h e r e  i s  a vapos- core .  

I n  t h e  vapor core ,  t h e  ve loc i - ty  increases  down t h e  tube  because of 

the  evaporatioil  of t h e  l iqu- id .  The l i q u i d  l a y e r  on t h e  w a l l  protec- ts  t h e  

-i.u’ue. If t h a t  l i q u i d  l a y e r  were t o  d isappear ,  then t h e  tube  wall tempera- 

t u r e  would r i s e  r ap id ly .  Now cons ider  a given f ixed  flow ya te ,  a f ixed  

pressure,?  and a f i x e d  di-arneter of tube ,  and a s k  how nonuniform hea.t f l u x  

inf luences  the  l o c a t i o n  of t h e  c r i t i c a l .  hea t  f l u x .  A t  a low hea.t f l u x ,  

but  very high qual i . ty ,  i.t i s  qu i t e  concei.vable t h a t  no nuc1eatio:n t akes  

pl.ace; and pure conduction ac ross  the  t h i n  l i q u i d  l a y e r  produces the  

evspora t ion .  There i s  no nucleat ion!  I n  t h i s  case ,  t h e  c r i t i c a l  hea t  

flux may be a s soc ia t ed  wi th  a t e a r i n g  o f f  of t he  l i q u i d  l a y e r .  

p o s t u l a t e  that, as -th-is vapor v e l o c i t y  inc reases ,  j.t g e t s  up t o  a t e a r i n g  

v e l o c i t y  and r i p s  t h e  f i l m  r i g h t  off  t he  w a l l .  Then, r ega rd le s s  of t h e  

sha.pe of t he  hea t  f l u x  d . i s t r ibu t ion ,  we w i l l  expect  t h a t  t h e  same vapor 

v e l o c i t y  ( o r  i f  we a r e  holding t h e  same flow r a t e ,  t h e  same qual i t ,y )  should 

give us a burnout condi. t ion provided t h e r e  i s  no nuc lea t ion .  T1ii.s ought 

Lo be i.adependent of t h e  hea t  f l u x  or hea t  f l u x  d i s t r i b u t i o n .  When 

nuc lea t ion  upends t h a t  t h i n  f i l m ,  i.t should tear off  a t  a lower vapor 

L e t ’ s  
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L IQUID 

FFg. 28. Model. Used i n  PredFction of Conditions f o r  Deact ivat ion 
of  a C y l i n d r i c a l  Cavi ty .  
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Fig .  30. FI.ow Model for Bu.rnoii-t i.n a V ~ r t E e a , l -  Channel. 



v e l o c i t y  OIC a lower q u a l i t y .  The more in t ense  t h e  nuc lea t ion ,  t h e  l e s s  

v e l o c i t y  of vapor it would t ake  t o  t e a r  off t h a t  f i l m .  This i s  perhaps 

an oversimplificati .on of a complex process ,  b u t  l e t  us  pursue t h i s  l i n e  

of reasoning i n  comparing some da ta .  

Figure 31. shows what happens t o  w a l l  temperature i n  going through 

t h e  c r i t i c a l  cond i t ion  (dry  wall) .  A t  low hea t  f l u x  and high q u a l i t y ,  

t he  w a l l  temperature merely goes from a low value when t h e  w a l l  i s  wet 

bo a higher  value when t h e  w a l l  i s  dry.  

Figure 32 shows t h e  var ious  hea t  f l u x  d i s t r i b u t i o n s  we s tud ied  

((i'odreas-Rohsenow, I n t e r n a t i o n a l  Heat Transfer  Conference, Chicago, 

I l l i n o i s ,  Ailgust 1966). Aluminum tubes  (0.2i4- in .  i n s ide  diameter and 

30 and 48 i n .  long)  were machined on t h e  ou t s ide  t o  provide a th i ckness  

v a r i a t i o n  wi th  l eng th  such illat, the var ious  ind ica t ed  heat, flux (1"R) d i s -  

t r i b u t i o n s  were obtained.  Ci rcumferent ia l  notches provided t h e  "spikes . I '  

Figure 33 shows t h e   LUX d i s t r i b u t i o n s  at. which a burn0u.t occurred. 

at, a p a r t i c u l a r  f l o w  r a t e  and tube  s i z e .  There appears  t o  be very  Ii1;tle 

agreement among t h e  var ious  condi t ions  e 

Figure 34 shows condi t ions  and loca t ions  of burnout p o i n t s  f o r  v a r i -  

ous €lux d i s t r i b u t i o n s .  Sometimes burnout occurs a t  the  end of t h e  tube 

and a t  o the r  Limes upstream from t h e  end. 

One proposed p o s t u l a t e  f o r  comparing var ious hea t  f l u x  d i s t r i b u t i o n  

cases  suggests  that, t h e  in t eg ra t ed  hea t  f l u x  should be tine same a t  burn- 

ou t .  Figure 35 compares siich c a l c u l a t i o n s  for many of t h e  cases  t e s t e d  

here .  There does not appear t o  be agreement. 

Figure 36 i s  a graph of t h e  hea t  f l u x  a t  burnout di.vi.ded by the  hea-i; 

f l u x  f o r  i n c i p i e n t  b o i l i n g .  When t h i s  r a t i o  i s  below 1, t h e r e  i s  no 

nuclea te  b o i l i n g ;  above 1, t h e r e  i s nuclea te  b o i l i n g .  We suggested e a r l i e r  

i n  t h i s  d i scuss ion  t h a t  when no nuc lea te  b o i l i n g  e x i s t s ,  t h e  burnout data 

(c;ri.ti.cal heat f l u x  d a t a )  ought t o  be independent of t h e  hea t  f l u x  dis-Lri-  

butio:c,- This  olxght t o  OCC~UY a t  a given q u a l i t y  represented  by a v e r t i c a l  

1.i.ne on thi.s graph. 'There appears  t o  be t h i s  nonnucleating reg ion  i n  

Fig. 36. Above I . * O  on t h e  o rd ina te ,  nuc lea t ion  t a k e s  p l ace .  The r a t i o  

plo-Lted as t h e  o rd ina te  i s  a measure of t h e  ' i n t ens i ty  of nuc lea t ion .  A s  
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nucI.eation intensity i nc reases ,  t h e  burnout occurs at lower 3.ocal 

ex tha lpy ,  which is  lower q u a l i t y  o r  l o v e r  vapor v e l o c i t y .  

The data f o r  var ious  hea t  flux d i s t r i b u t i o n s  appear  t o  come t o -  

ge the r  on a s i n g l e  pl.ot as shown i n  F ig .  36. 
sp ikes  p l o t t e d  in t h e  same way. 

Other p l o t s  show data f o r  

Figure 37 i s  a composite of  data f o r  t h r e e  d i f f e r e n t  flow r a t e s .  

The spread of  the data r ep resen t s  approximately a range of +lo$ on t h e  

total power added t o  the tube a t  the burnout condi t ion .  

This h.as been a survey of some t i d b i t s  on b o i l i n g .  We have gone 

b a c k  and r ev i s i t ed .  sone old mate r i a l ;  we have considered some r ecen t  

s tud - i e s .  Thi.s last, work I t a l k e d  about  (nonuniform hea t ing )  i s  t o  be 

p-resented next  month i:n Chicago; and, n a t u r a l l y ,  I am most i n t e r e s t e d  

i n  your r e a c t i o n  t o  it, Thank you very  much. 
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Fig .  37. Comparison of Critical. Flux Results for the Range of 
Mass Veloc i t ies  Investigated. 



DISCUSSION 

Chairman (H. W. Hoffman) : Thank you. L t h i n k  t h i s  has  been more 

than  a s'u.rvey and t h a t  Professor  Rohsenow has h i t  on t h e  a reas  i n  b o i l i n g  

hea t  t r a n s f e r  which are r e a l l y  a t  t h e  boundaries of our  knowledge. 

P ro fes so r  Rohsenow has' fnd ica t ed  that he w i l l  cont inue t h i s  d i scuss ion  

i n  sesponse t o  your questions. 

R. Ne Lyon (QJ?AE): Warren, 1 have r e a l l y ,  I guess,  three quest ions 

and one cornmi; - i n .  add.itior1. t o  t h e  gene ra l  comment t h a t  I t h i n k  t h i s  

was a very  f i n e  p r e s e n t a t i o n  of a very  broad area; it i s  i x t e r e s t i n g  to 

see  what ,  you. az*e doi.ng on a :mnber of f r o n t i e r s  i n  b o i l i n g e  I n  connection 

w i t h  subcooltng, you merkioaerl i n i t - i a i l y  that it appeared t,h.a.t t h e  super-  

hea t  when you had subcmI.ed 'ootl. i ng  was somewhat h igher  thnn i n  s a t u r a t e d  

b o i l i n g .  I wondered whether. you had looked a t  t h a t  from. t h e  same s tand-  

poi.nt as you. d.id w i t h  -the c a v i t y  quenching o r  t h e  nuc1.eati.m-s i t e  quenching 

f o r  the 1.iyuid n e t a l s .  The subcooli.ng might 'oe quenching some of  t h e s e  

Lrucleation s i tes ,  thus  r equ i r ing  ad-d i t iona l  superheat  t o  r e a c t i v a t e  them. 

This  -would mean on t he average that a higher  w a l l  temperzture would be r e -  

qui.red w-ith re ference  t o  saturation. 

W.. M. Iiohsenow: Yes, t h e  temperature  f o r  nuc lea t ing  a s i t e  f o r  iri- 

e ipient ,  b o i l i n g  - the rmll. temperature  f o r  i n c i p i e n t  'ooi.1i.ng - with  sub- 

cooled boi.1in.g w o ~ l d  be h ighe r  because you get a higher  heat f l u x  f o r  t h e  

same wall temperature If we r e f e r  to Fi.g. I l ,  as su'ocoolirzg i n  the l i q u i d  

inc reases ,  t h e  hea t  fl_ux j : x t  prior .to nuc lea t ion  is higher.; t hus ,  t he  

s lope  of' ' the dashed cu:rves i s  g r e a t e r .  Therefore ,  at t h e  po in t  of tangency, 

t h e  wall sinperheat is greatel-, Therefore ,  what we wo!iLd sa.y i s  that f o r  

sinbcooled l i q u i d ,  the  point of i n c i p i e n t  b o i l i n g  waul-d be at; a g r e a t e r  wa3.1. 

.te!qoe r a t u r e  e 

R. Ti. Lyori: I was t h ink ing  more of a dynamic e f f e c t  i n  which, when 

the 'bubble jumps o f f ,  you. have perhaps a sudden temporary qu.encl?ing of 

t h e  pal- t iculnr  site due t o  t h e  i.ntrod.uc-tion of" subcooletl l i q u i d .  Thl.s, 

i n  t u r n ,  Isi.ou.ld reqinIre zt h ighe r  temperature  t,o reac t iva- te  -the s i t e .  

W.  M. Xohsenow: Well, it might be this type of thi-ng that i s  occur- -- 
T i  I T ~  - p a r t  i c u l n r l y ,  a t  high sulieooling . 



3. N. Lyon: I have a r e l a t e d  ques t ion  wi th  re ference  t o  t h e  p a r t i -  

c u l a r  s iLe of c a v i t y  which becomes a c t i v a t e d  i n  t h i s  temperature grad ien t  

near  t h e  w a l l .  Would you not expect  t h a t  p ressure  would change t h e  loca-  

t i o n  and t h e  s i z e  o f  t h e  nucleus which would f i r s t  s ta r t  bo i l ing?  

W. M. Rohsenow: Yes, t h e  s i z e  and t h e  requi red  w a l l  superheat  would * 
change, probably decrease,  because t h e  t curve of  F ig .  11 i s  lower a t  

g 

I<. N. Lyon: 

d i P f  e r e n t  pressures  . 
You would f i n d  t h a t  d i f f e r e n t  s i t e s  become a c t i v a t e d  a t  

W. M.  Rohseilow: That i s  c o r r e c t .  

R .  N .  Lyon: This  means that i r 1  your l i t t l e  wire demonstration, i f  

you cou3 d change the  pressure ,  you woiuld then  not  have t h e  same spo t s .  

W. M. Rohsenow: Absolutel-y c o r r e c t .  

R.  N .  Lyon: F i n a l l y ,  I have one o the r  ques t ion ,  which 1 want t o  

d iscuss  a t  l eng th  wi th  you l a t e r .  I would p o i n t  ou t ,  however, t h a t  when 

you use t h e  Clapeyron equat ion  i n  t h e  bubble model, you a r e ,  of course,  

not  qu i t e  accu ra t e ,  s ince  t h e  Clapeyron equat ion  r equ i r e s  t h a t  t h e  p re s -  

su res  ol" t he  two media be the  same. 

W .  M.  Rohseilow: Yes, t h a t  i s  r i g h t .  

K. N. Lyon: You d i d n ' t  b r i n g  out  - bu t  I a m  su re  you a r e  aware - 
t h a t  a c t u a l l y  you can use j u s t  t h e  vapor volume r a t h e r  t han  t h e  d i f -  

f e r e n t i a l  volurxe and be c o r r e c t .  

J. F. Thorpe (Univers i ty  of Kentucky): I would l i k e  t o  know how you 

ca l cu la t ed  t h e  hea t  f l u x  i n  t h e  nonuniform t e s t  s e c t i o n s .  They were e l e c -  

t r i c a l l y  heated,  were they  no t?  

W. M. Kohsenow: They were e l e c t r i c a l l y  heated.  From t he  w a l l  t h i c k -  

ness dis t r ibu- t ions ,  you can c a l c u l a t e  t h e  e l e c t r i c a l  r e s i s t a n c e  l o c a l l y  

and thus  determine 1"R l o c a l l y .  T h i s  t hen  can be converted t o  q/A. 



J. F. Thorpe: The reason I asked t h i s  ques t ion  i s  t h a t  I have done 

Some c a l c u l a t i o n s  of  t h e  a x i a l  d i s t r i b u t i o n  of hea t  flow in nonuniform 

e l e c t r i c a l l y  heated t e s t  s e c t i o n s .  I f i n d ,  f o r  example, that, i f  you i n -  

clude a x i a l  conduction and c a l c u l a t e  t h e  sp ike ,  t h e  magnitude will be 

reduced by SO$ - or 10% i n  some cases  - over t h a t  ca l cu la t ed  i f  axial. 

conduction is neglected.  

W .  M. Rohsenow: I c a n ' t  r e c a l l  whether o r  not  we took  t h e  a x i a l  con- 

duc t ion  i n t o  account t h e r e .  

J. F T'horpe : The reason I asked is  t h a t ,  i f  you a r e  us ing  t h e  l o c a l  

value of heat flux and it Ls off" by 50%, it can make a b i g  d i f f e rence  i n  

your v e r t i c a l  s c a j e  where t h e  curves i n t e r s e c t .  

W .  M. Rohscnow: Yes, i t  t u r n s  out on t h e  sp ikes  t h a t  t he  burnout 

always occurred s l i g h t l y  h igher  th8.n t h e s e  curves .  They were t h e  d a t a  

c o n t r i b u t i n g  t o  t h e  spread  t o  t h e  high s i d e .  This  spread looks b i g  on 

t h e  q/A p l o t  b u t  i s  only  5% i n  t o t a l  power t o  t h e  tube .  If Todreas h a d  

no t  taken  this i n t o  account ,  t h e  ac tua l  hea t  f l u x  a t  t h e  sp ike  would lie 

lower, t hus  reducing t h e  spread i n  t h e  data. This  would he lp  and 

d e f i n i t e l y  should be considered.  

J. A.  Edwards (North Caro l ina  S t a t e  Un ive r s i ty  and QFUTL): We have 

been doing som? work i n  Qa.k Ridge with superheat  and b o i l i n g  of  l i q u i d  

metals ,  and we have found t h a t  t h e  2o/r c o r r e l a t i o n  is  very  good. We have 

m d e  sorae s m a l l  c a v i t i e s  3 t o  6 thousandths  of a n  inch  i n  d.-iamzter; and we 

were able t o  correI.ate oiir superhea t  by us ing  t h e  2o/r r e l a t i o n s h i p .  Row- 

eve r s  T N T ~  woiuld l i k e  t o  cau t ion  t h a t  a t  low s a t u r a t i o n  temperatures ,  t he  

s i m p l i f i e d  eqyilati.on t h a t  you. had f o r  pred ic t i ,ng  t b e  superhea t  i s  far o f f .  

It i s  much b e t t e r  t o  go hack and use t h e  s a t u r a t i o n  p res su re  and tempera- 

t u r e  data and. plug t h a t  i n t o  2u/r i f  you want t o  p r e d i c t  t h e  superhea t .  

A couple of o the r  t h b g s  t h a t  we have not iced  - Dick Lyon suggested t h a t  

maybe t h e  fluctua.-tioris of t h e  wal.1 temperature  t h a t  you had observed r e -  

s u l t e d  from cool l i q u i d  f lu sh ing  i n  around. t h e  c a v i t y  a f t e r  it has 

nuc lea ted  and t h e  vapor has gone on. o f f .  I would t end  t o  support  th is  

id-en, espeeiaA1.y a t  1 . o ~  hea t  fluxes 
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W. M. Rohsenow: You a r e  c o r r e c t .  A t  low p res su res ,  t h e  more c o r r e c t  

20/r r e l a t i o n  must be used.  

agrees  t h a t  t h e  col-der l i q u i d  rushing t o  t h e  c a v i t y  does quench t h e  sur- 

face i n  b o i l i n g  1-iquid metals * S h a i ' s  resul. ts  p r e d i c t  t h i s  temperature 

v a r i a t i o n  and t h e  bubble frequency r a t h e r  we l l .  

Recent work (ScD Thesis ,  Shai ,  January 1966) 

J. A .  Edwards: Yes, bu t  a t  a ].ow hea t  f l u x  we have observed t h a t  as 

soon as t h e  c a v i t y  quenches, t h e  temperature decreases  i n  t h e  neighborhood 

of  t h e  cavi-Ly and then  immediately begins t o  r f s e  aga in ;  it doesn ' t  s t a y  

s t a b l e  - it begi.ns t o  r i s e  aga in .  I n  o t h e r  words, t h e  whole immediate 

su r face  a r e a  has t o  come up t o  th-is requireiiient s o  t h a t  t he  c a v i t y  can 

nuc lea te .  

W .  M. Rohsenow: A t  around i n c i p i e n t  b o i l i n g  then ,  you are expect ing 

it t o  bounce? 

_. J. A .  Edwards: You no t i ce  f l u c t u a t i o n s  j.n pressure  immediately. A s  

soon as the  temperature fa l ls ,  you have a n  increase  i n  p re s su re  and then  

t h e  pressure  w i l l  drop o f f .  However, if you cont inue t o  boil., t h i s  p re s -  

su re  would probably j u s t  s t a y  stah1.e. This  i s  one of  t h e  th ings  we have 

observed. Fu r the r ,  another  t h i n g  we have seen - and I wonder il" you have 

al .so observed t h i s  i.n your experiments w i th  t h e  sodium - i s  t h a t  a mini-mum 

superheat  w a s  appyoached as t h e  sa ' iurat ion temperature increased .  Since 

yoii had a Pixed  c a v i t y  s i z e  and can c o n t r o l  thi .s  on your su r face ,  your 

superheal; should decrease as you increase  t h e  s a t u r a t i o n  temperature .  I n  

o thz r  words, we have not iced  t h a t ,  a f t e r  a given s a t u r a t e d  s t a t e  i s  

reached, we can no longer  decrease t h e  superheat  requi red  t o  maintain 

boil.i.iig. Have you observed .this i n  any of your work? 

W. M. Rohsenow: We only operated over a very  l i m i t e d  pressure  range; 

b u t  i n  t h e  range t h a t  we d id  opera te ,  t h e  superheat  requi red  d id  decrease 

with t h e  _ure s sure 

I J. A .  Edwards: We have observed thlis wj . th  potassium. 

W. M. Rohseilow: Oh, you found-that this r eve r ses  itse1.f as you go 

irp i n  p re s su re?  



J. A .  Edwards: No, it j u s t  reached a minimum value,  i n  o t h e r  

words, g iven  a c o n t r o l l e d  sur face  wi th  c o n t r o l l e d  c a v i t y  s i z e s ,  after 

t h i s  reaches a c e r t a i n  s a t u r a t i o n  temperature ,  t h e  equat ion  would p re -  

d i c t  t h a t  t h e  superhea t  would cont inue t o  drop. However, we found - o r  

we thFnk we found - t h a t  it reaches a minimum value .  This  sugges ts  t h e  

mechanism of one c a v i t y  t a k i n g  over from another  c a v i t y .  

R.  N. Lyon: This  i s  Just another  comment on t h i s  bus iness  about 

t h e  superheat  i nc reas ing  as the  s a t u r a t i o n  temperature  goes down. It 

must, i n  p a r t ,  be due t o  t h e  f a c t  khat a t  a given temperature -there i s  

a minimum bubble s i z e  which can be niucleated even a t  l i q u i d  p re s su res  

approaching zero .  Thus, a t  ].ow l i q c i d  p re s su re ,  t h e  nuc lea t ing  tempera- 

t u r e  may be almost independent of l i q u i d  p re s su re  and, hence, of satu-ra- 

t i o n  tempeyature; and we would expect  t h a t  t h e  superheat ,  o r  d i f f e rence  

between nuc lea t tng  and s a t u r a t i o n  temperature ,  would decrease as you. go 

up i n  p re s su re .  

W .  M. Rohsenow: Yes, t h i s  i s  what happens . 
H .  W. Hoffman: I would aga in  thank P ro fes so r  Rohsenow f o r  h i s  

s’Gimu1abing p r e s e n t a t i o n  t h i s  morning.. 
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INTRODUCTION OF SPEAKl3R 

H. W. Hoffman ( O R N L ) ,  Chairman: We have an  unusual oppor tuni ty  t h i s  

morning. It is  not  very  o f t e n  t h a t  one g e t s  a chance t o  - I won't use t h e  

word a t t a c k  - bu t  a t  ].east t o  ques t ion  a weatherman. Dr. Frank Gif ford  - 

a t  l e a s t  t o  my knowlerjge - h a s n ' t  worked a c t i v e l y  i n  weattner p red ic t ion ;  

but; we still should be ab le  t o  needle him a b i t .  Frank has a BS from 

New York Universi-Ly and a n  MS and PhD from Penn S t a t e  i n  Meteorology. He 

i s  a s soc ia t ed  here i n  O a k  Ridge w i t h  what w a s  t hen  t h e  Weather Bureau and 

i s  now t h e  Environmental Sctence Serv ices  Adminis t ra t ion s i n c e  1949. 

o f f i c e  has provided a s s i s t a n c e  t o  t h e  AEC i n  t h e  a r e a  of l o c a l  micro- 

meteorology. During t h e  las t  few years ,  he has been Direc tor  of t he  ESSA 

Laboratory on Atmospheric 'Turbulence and Diffus ion  loca ted  here i n  Oak 

Ridge. He i s  alba a member of t h e  AEC Advisory Committee on Reactor Sa fe ty  

and Chai-rman of  t h e  Committee on Atomspheric Turbulence and Dif fus ion  of 

t h e  American Meteorologi.ca1 Socie ty .  An i n t e r e s t i n g  po in t ,  which some of 

you who have i.n-tc.rests i n  t h i s  a r e a  may wish t o  fol low up, i s  t h a t  Frank 

has publ ished a number of papers on Martian atmospheres; you probably can 

persuade him - to  give you t h e  r e fe rences .  I t r i e d  t o  f i t  t h i s  t o p i c  i n t o  

our meeting, bu t  it j u s t  d i d n ' t  work ou t .  With t h i s ,  I w i l l  t u r n  t h e  

meeting over t o  13r. Frank Gi.-Pford, who will descr ibe  for us t h e  current 

s t a t u s  of  work i n  atmospheric turbulence and d i f f u s i o n .  

This  



ATMOSPKERIC TURBUIXNCE AND DIFFLJSION 

F. A. Gifford  

Thank you very  much. I should say, a.propos of t h a t  in t roduct ion ,  

t h a t  4: once earned a n  honest  l i v i n g  as a f o r e e a s t e r  i n  t h e  p a s t ;  bu t  I 

re fuse  t o  answer any ques t ions  on t h e  s u b j e c t  today.  

T t a k e  as my mandate today t o  descr ibe  t o  you t h e  gene ra l  na ture  of 

atmospheric tur’ouience assuming t h a t  you a r e  familiar with t u r b u l e n t  flows 

of d i f f e r e n t  kinds (which s e e m  evident  from t h e  speeches t h a t  I have heard 

yes%erday and today)  bu t  that most of you probably don’ t  know very  much 

about t h e  turbulence  problem i n  t h e  atmosphere, F i r s t  of a l l 9  I t h i n k  it 

i s  ncgt t o o  necessaqr  t o  dwell  on the  importanec of atmospheric tu rbulence ;  

t h e r e  are many abvtous p r a c t i c a l  a p p l i c a t i o n s ,  such as a i r  p o l l u t i o n ,  

a v i a t i o n ,  agriculturcx, the e f f e c t  o f  winds on s t r u c t u r e s ,  and s o  on. To 

t h e  meteorologist . ,  i n  a d d i t i o n  t o  t h e s e  p r a c t i c a l  a p p l i c a t i o n s  of atmo- 

sphe r i c  tu rbulence  t h e r e  is  t h e  important f a c t  t h a t  tu rbulence  f r i c t i o n  

p lays  a very  s i g n i f i c a n 5  role i n  +,he gene ra l  c i r c u l a t i o n  of t,he atmosphere 

and, consequentZy, i s  of g r e a t  i n t e r e s t  t o  weather f o r e c a s t e r s .  To give 

you a l i t t l e  f e e l i n g  f o r  t h i s  a spec t  of tu rbulence ,  t h e  winds i n  t h e  atmo- 

sphere have a t  any one time a t o t a l  k i n e t i c  energy which has been calcu- 

l a t ~ d  to be the  quiva len t  t o  7 X lo6 nominal atomic bombs. 

m o t h e r  way, t h i s  i s  an  amount of energy greateel. t h a n  t h e  100-year power 

oiltplnt, of t h e  whole Unit,ed S ta+es .  If you tursl this energy o f f ,  t h e  atmo- 

sphere would rim d w n  i n  a L i t t l e  more than  a week due t o  the r e t a r d i n g  

a c t i s n  of t u r b u l e n t  f r i c t i o n .  The energy of the  atmosphere which i s  con- 

sumed by turbulent,  f r i c t i o n  has t o  be resuppl ied  something l i k e  every nine 

t o  twelve day;. 

To p u t  it 

The sun’s  radiatfcn, which i s  t h e  source of energy t h a t  d r i v e s  t h e  

atmosphere, i s  p a r t i a l l y  - about 35% - r e f l e c t e d  by clouds,  i c e  and snow, 

wai;er, and t h e  s i n f a c e  of t h e  e a r t h ;  t h e  rest i s  absorbed, about 15% by 

clouds and moist air, a few percent  by ozone, and  aboih 4% by t h e  surface. 
mi- Lue incoming s o l a r  r a d i a t i o n ,  t h e r e f o r e ,  mostly g e t s  through t h e  atmo- 

sphere;  t h e  spectrum of  s o l a r  r a d i a t i o n  is  s t r o n g l y  peaked i n  t h e  v i sua l  

reg ion  around 4500 angstroms. The s o l a r  energy gets t o  the ear th mainly 
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over  t r o p i c a l  oceans, because of course most of t he  energy i s  received i n  

t r o p i c a l  l a t i t u d e s ;  and i f  you w i l l  remember t h e  map of t h e  globe, t h e r e  

is  not  very much land between l a t i - t udes  515 degrees .  So t h e  s o l a r  energy 

i s  used mainly to evaporate sea  wa-ier. If you .want t o  use t h e  analogy of 

an atmospheric "hea-t engine,"  you could l.ook a t  t h e  t r o p i c a l  oceans as a 

f u e l  t ank  and the  r e l ease  of energy (combustion) i n t o  the  atmosphere as 

t ak ing  p lace  by condensation of tlie moisture  which i s  given o f f  by the  

Lropica.1~ oceans.  This  ge t s  done i n  p r e t t y  complicated ways which ( f o r t u -  

na~Lely f o r  me) we d o n ' t  have t o  d iscuss  i n  de ta i l -  t h i s  morning. 

Water vapor c o l l e c t e d  by the atmosphere i n  t h e  t rop ica l .  oceans i s  

f i r s t  c a r r i e d  equatorward by t h e  Trade Winds. The l a t e n t  hea t  i s  released 

i n  e q u a t o r i a l  1a.tj.tudes by the  forma-Lion. of  towering, cumulonirn'ius shower 

clouds.  There then  occur many complicated skeps i n  conversion of t h i s  

energy i n t o  t h e  pressure  g rad ien t  pa- t terns  t h a t  u1.timately dri.ve t h e  atmo- 

sphe re ' s  wind systems The t r o p i c a l  oceans a r e  f a i - r l y  uni.form and evapor- 

a-t ion i n t o  t h e  a i r  i s  f a i r l y  r egu la r ;  and so  t h e  t rop ica l .  oceans a c t  like 

a h i g h - i n e r t i a ,  thermal  flywheel on t h e  atmosphere. The t r o p i c a l  r a i n s ,  

from shower clouds,  a r e  qu i t e  i r r e g u l a r .  Tropica l  cumulus clouds a r e  

r e l a t i v e l y  s h o r t  ]lived ai?d qui.te va r i ab le  i n  number. It has been computed 

t h a t  1.500 t o  2000 a t  a t ime, spread around the e q u a t o r i a l  1 -a t i tudes ,  would 

use up a l l  t h e  water  vapor that, i s  imported i n t o  -the e q u a t o r i a l  regions by 

the  T-rades. 

t h e  atmosphere; thi .s  balances t h e  1oca.l hea t  budget .  I n  o t h e r  words, it 

glves -the su r face  of t h e  e a r t h  a mechanism f o r  g e t t i n g  r i d  of t h e  excess  

heat  t h a t  i s  received;  and then  i.t makes t h i s  a v a i l a b l e  through condensa- 

tion foil. aLniospheri.c energy t r a z s f e r  a.way from the lower l a t i t u d e s .  

Ii? cumulonimbus clouds t h e  water  vapor goes up very  h igh  i n t o  

The t r o p i c s  rece ive  more s o l a r  energy a t  the  sur face  than  t h e  poles  

do, bu t  I n  t h e  upper e l eva t ions  of t he  atmosphere t h e  temperature  f o r  one 

reason o r  another  doesns-i; vary  very  much w i t h  l a t i t u d e ;  and s o ,  t o  mai..n- 

Lain a n  equi l ibr ium s t a t e ,  t h e r e  has t o  be a n e t  - t ranspor t  of energy al; 

h?:-gh l e v e l s  toward t h e  higher  1 .a t i t i ides .  I t h i n k  t h a t  most of you prob- 

abl-y are familiar wi th  t h i s  genera l  p i c t u r e .  

heaL doe t o  i-ncoming s o l a r  r a d i a t i o n  Is t r anspor t ed  poleward, ac ross  t h e  

30-deg la.i;i?;ude pa.ral..3.el s, by t h e  oceans and by tlie atmosphere. Mechanical 

work i s  done aga ins t  f r i c t i o n  by ca r ry ing  t h e  working f l u i d s  from t h e  

About 10  t o  20% of t h e  t o t a l  
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e q u a t o r i a l  reg ions ,  which we could look a t  as t h e  f i r e b o x  (I a m  no t  q u i t e  

su re  what k ind  of engine th’is i s ) ,  t o  t h e  p o l a r  regions,  which can be 

looked a t  as t h e  condenser.  The c i r c -u l a t ion  of the  working f l u i d s  r e s u l t s  

i n  t h e  atmospheric winds, amounting t o  f l u c t u a t i o n s  of a l l  sizes - high  

and low p res su re  c e n t e r s  i n  t h e  middle l a t i t u d e s ,  hur r icanes ,  tornadoes,  

dus t  d e v i l s ,  and f i n a l l y  t h e  smal l - sca le  t u r b u l e n t  f l u c t u a t i o n s  which 

e s s e n t i a l l y  form t h e  subJec t  of t h i s  t a l k .  

The atmosphere, l e t  m e  say, i s  normally t u r b u l e n t .  This i s  t r u e  of 

most geophysical  flows. I haven’ t  s tud ied  the  flow of galciers ,  bu t  I 

presume they  a r e  not  t u rbu len t ;  this wou1.d be t h e  only except ion I can 

t h i n k  of j u s t  offhand.  Any reg ion  of  -the atmosphere can be a source of 

t u r b u l e n t  motion, through t h e  shear  of t h e  mean winds that# 

connect ion with these  va r tous  wind circu1.ations t h a t  I have descri’oed. 

Conversel.y, any region can a c t  as a s ink  f o r  turbul.ent mol;i.on because 

g r a v i t y ,  a c t i n g  through thermal  buoyancy, can consume energy. But most 

of t h e  product ion and. d j s s i p a t i o n  of turbulence  i n  t h e  atmosphere t a k e s  

p l ace  i n  t h e  I-owest m i l e  o r  so, a reg ion  known as t h e  p l a n e t a r y  boundary 

l a y e r .  This  reg ion  i s  character ized.  by l a r g e ,  v a r i a b l e  wind shears  and 

buoyancy e f f e c t s .  Most of t h e  s-Ludy- of tu rbulence  I am going t o  desc r ibe  

t o  you t a k e s  p l ace  i n  tk1i.s l a y e r ,  bot,h because it i s  t h e  e a s i e s t  t o  g e t  

t o  and i.i; i s  of g r e a t  importance i n  t h e  energy budget of t h e  atmosphere. 

I w i l l  t a l k ,  consequently,  almost e n t i r e l y  about t h i s  l a y e r  and j u s t  no te  

r i g h t  now t h a t  t h e r e  a r e  some o t h e r  pl-aces i n  t h e  atmosphere where one 

commonly find.s tu rbulence  as I a m  su re  a l l  of you who have been i n  j e t  

p lanes  know. One occas iona l ly  runs i n t o  what i s  c a l l e d  c l e a r  a i r  turbu-  

l ence ,  q u i t e  h igh  i n  t h e  t roposphere and i n  t h e  lower s t r a tosphe re .  

i s  aga in  connected wi th  t h e  i n t e n s e  wind shear  t h a t  i s  found i n  t h e s e  

reg ions .  R1.so, t h e r e  are reg ions  i n  t h e  l e e  of mountain chains  such as 

t h e  Rocky Mountains, a t  considerable  e l eva t ions ,  which are cha rac t e r i zed  

by l o t s  of wind shear  and t u r b u k n c e .  

Tlzis 

The p l a n e t a r y  boundary 1-ayer has  some p o i n t s  i n  common w i t h  the 

boundary l a y e r s  of technica l  flows t h a t  magy of you a r e  familiar with.  

It a l s o  has some very  i n t e r e s t i n g  d i f f e r e n c e s  which a r e  peculi-ar Lo t h e  

atmosphere. 
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The Level of Atmospheric Turbulence 

One of t he  most c h a r a c t e r i s t i c  p r o p e r t i e s  of atmospheric tu rbulence  , 
and t h i s  i.s something tha-L you w i l l  see  i f  you went ou t s ide  and measured 

atmospheric turbulence today - a n ice ,  b r i g h t  sunny day - over  the ground 

su r face ,  i s  t h a t  it has a very  high-turbulence l e v e l .  

of t h e  atmosphere i s  o f t e n  of t he  o rde r  of 30 t o  50$, sometimes h igher ,  

whereas i.n wind tunne l s  it i s  p r e t t y  d i f f i c u l t  t o  achieve a turbul.ence 

1.evel. of more than  a few pe rcen t .  We can say  t h a t  t he  fluctua-Lions i n  

atmospheric tu rbulence  aye coirirnonly of the same o rde r  as t h e  mean winds, 

particularly i n  the  lower atmosphere ( t h i s  i s  real.1.y the  on1.y p lace  i n  

whj-ch detai.7 ed measurements have been made). 

The turbulence  l e v e l  

The Problem of Averaging 

Now I have spoken, a l r eady ,  of f l u c t u a t i o n s  and of a mean wind, and 

iliis implies t h a t  I know how t o  form some sort of average value of the  

wind i n  o rde r  t o  def ine  the  turbulence  f l u c t u a t i o n s  and mean wjnd bo th .  

You might wonder, s ince  the  f l u c t u a t i o n s  can be about  as b i g  as the mean 

wind, how you decide how t o  go about doing t h i s .  

behave as i f  we r e a l l y  could def ine t h e  mean wind over some s u i t a b l e  space 

or time domain. 

p l i s h  t h i s .  

I n  t h e  atmosphere we 

However, ii r e a l l y  i s n ' t  t e r r i b l y  obvious how t o  accom- 

Figure 'L shows a n  observed energy spectrum a n a l y s i s  of atmospheric 

turbulence , i n  which t h e  longi tudinal .  component of t h e  turbul.ence i s  

analyzed r e l a t i v e  t o  t h e  mean wind taken  over  a very long pe r iod .  The 

energy s p e c t r a l  dens i ty  i s  p l o t t e d  a g a i n s t  frequency (cyc les  pe-(7 hour)  

with .1. cycle  per. hour being about t h e  middle of t h e  f i g u r e .  This  plot 

has been made on a 1ogarj.thmic frequency sca1.e because of  t h e  tremendous 

frequency range t h a t  i s  involved; and so, i n  o r d e r  t o  preserve  t h e  u s e f u l  

proper ty  t h a t  a r e a  under t h e  spect-rum curve i s  propor t iona l  t o  energy, 

t h e  l o g  o f  freqvency, n ,  i s  p l o t t e d  a g a i n s t  n F ( n ) .  Meteorologis ts  ca1.l 

th is  t h e  3.ogarithmic s p e c t r a l  d e n s i t y .  I a m  not e x a c t l y  sure  whether you 

w e  t h i s  convention i n  your own a p p l i c a t  j.ons, bu t  it i s  high1.y convenient 

foi- t h e  meteoro logis t .  





There i s  a reg ion  of low-energy conten t  around one cyc le  p e r  hour,  a 

peak on t h e  high-frequency s i d e  of it and then  several. peaks on t h e  low- 

frequency s i d e .  This  "gap," or low-eneygy region,  i s  c h a r a c t e r i s t i c  of 

the  atmosphere. It has been observed a number of t imes .  It provides  a 

reasonable b a s i s  f o r  s epa ra t ing  these  f l u c t u a t i o n s  t h a t  we ordinari1.y 

regard as "weather," on t h e  lower frequency s i d e ,  from those  t h a t  you. 

could convenient ly  cons ider  t o  be tu rbu len t  fJ-uctuati.ons, on t h e  h igher  

frequency s i d e ,  t h e  di.vision belng a t  a frequency of around one cycle  p e r  

hour .  You can easi1.y see t h a t  those f l u c t u a t i o n s  which occur wi th  a. f r e -  

quency of one p e r  several- days would correspond t o  t h e  s o r t  of t he  hi.ghs 

and lows t h a t  you see on t h e  d a i l y  weather map. On t h e  o t h e r  hard,  f o r  

t h i s  particul.ai- case ,  t h e r e  i s  a peak frequency a t  about something l.ike 

one cycle  p e r  minute o r  two, corresponding t o  t h e  t u r b u l e n t  f l u c t u a t i o n s .  

O f  course s teady  condi t ions  a r e  requi red ,  wi th  no f r o n t a l  passage or any 

o t h e r  such complicat ions.  If condi t ions  a r e  reasonably s teady ,  t hen  a n  

averaging per iod  of t h e  o rde r  of an  h0ii-P appears  t o  sepa ra t e  t h e  turbu-  

lence  from the  mean flow. 

The Laminar Sub]-ayer 

To descr ibe  the  natu-re of atmospheric tui-bulence br j -e f ly  and con- 

c i s e l y  I s  a considerabl-e problem, and it may simpl.-j.fy ma't.Lers i f  I can 

r e f e r  t o  a few terms t h a t  w i l l  be qu i t e  familiar t o  you from o t h e r  t u r -  

bulence f lows.  One of t hese  i s  t h e  term "laminar sublayer";  i s  t h e r e  a 

laminar sublayer  i n  t h e  atmosphere? 

We can wr i t e  a Reynolds number i n  t he  form of t h e  produxt of a 

v e l o c i t y ,  u.+, -the familiar " f r i c t i o n  ve loc i ty"  of boundary-1-ayer theory  

( i - e . ,  t h e  s lope  of t he  logar i thmic  v e l o c i t y  p r o f i l e )  t imes a l eng th ,  z 

t he  roughness -. 1-ength, which i s  a number t h a t  c h a r a c t e r i z e s  t h e  geometric 

he ight  of t h e  ground roughness 0'0 j e c t s  divided by t h e  kinematic viscosi-by, 

v, of a i r ;  

0' 

'The quest ion i s ,  how b i g  can t h i s  be and s t i l l  permit  a laminar  I.ayer 'LO 

e x i s t  r i g h t  next .Lo t h e  ground? Following r e s u l t s  from t h e  theo ry  of 

boundary l aye r s  over  f l a t  p l a t e s ,  i f  Reynolds number def ined i n  t h i s  way 
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equa1.s o r  exceeds appro.ximately 1.00, t hen  t h e  flow i.s aerodynamically 

rough; and we can ignore e f f e c t s  of molecular v i s c o s i t y ,  such as a lami.nar 

subl.ayer. 

us i s  aboiit 100 cm/sec, the roughness corresponding t o  t h e  upper l i m i - t  

above which a laminar  sublayer  does not  e x i s t  i n  t h e  atmosphere (Ee > 100) 

should be of the order of l mm. We are a l l  1i-ving examples t h a t  roughness 

elements i n  .the atmosphe-re can be b i g g e r  t han  1 me Even i f  you. d o n f t  

-take peop1.e t o  be the  rcughness el-emen-ts, b lades  of g ra s s ,  sand, d i r t  

p a r t i c l e s ,  and 60 on w i l l  be gene:rai.ly speaking no sma l l e r  t han  1 m and 

so ,  except for very  s p e c i a l  ca ses  of  flow i n  t h e  atmosphere, we can star-t 

o f f  by neg lec t ing  t.he laminar sublayer.. 'The except ton might be, for exampl-e, 

flow over smooth ice. 

Since v i s  on the o r d e r  of 10-1 cm2/sec 3.n t h e  atmosphere and 

- 

Equa-Lion of Mean Motlion i.n the Lower Atmosphere 

If .we average the motion of t he  winds in the l o v e r  1.aye1-s of t h e  

atmasphi re, us ing  Reynolds 1 scheme and. d i v i d i n g  t h e  mean and tu-rbul e n t  

cmmponents up i.n t h e  -Fray t h a t  was just discussed., we will. fi.rici .the follow- 

ing equat ion oP the horLzoiltal m-ean motion i n  t h e  p l a n e t a r y  bou-ndary l a y e r :  

--P 

dV - + . + I  1. s; 
- := V x k - -  QI + . 
d. t P P a Z  

3 

The acceleration (per unit mass), dV/dt, i s  balanced by: a C o r i o l i s  fo rce ,  

f V ic k, by t.he force  a r i s i n g  from t h e  pressure grad ien t ,  (-l/p]Vp, a.nd by 

the f r ic t i .ona, l  t e r n ,  (l/p)aT/az; f i s  t h e  usua l  meteorologienl  symbol f o r  

the C o r i o l i s  ca,ra,nicteY') the number - t h a t  specifies t h e  apparent  force a r i s i n - g  

f?*om t h e  e a r t h  Is r.ota.t,i.on tinies t.he s ine of l a t i t u d e ;  f ZL 2 62 si.n $I The 

mean air  motion i s  essent,ial.l.y horizont<al. ,  s o  t h e  m e a n  v e r t i e a l  component 

of mo'r,ion i s  neg l ig ib l e .  

+ .-$ 

--f 

now f o r  a, balanced flow w i t h  f r i c t i o n  - wl? ich  might, apply  j u s t  above 

t h e  Lop of the p l a n e t a r y  bound.ary l a y e r ,  ].et us s a y  - the  f r i c t i o n a l  fo-rce 

and t h e  acce l -e ra t ion  t;c:rm w i l l  equal  zero. Then t he  Coriol . is  force ant3 -tihe 

presSi_1Y'F:-~.iladient force are i.n bal.a.nce and t h e  wi.nd '01.0ws pm-a,ll-el t o  the 

isobars with  lov  pressure  t o  the l e f t  Within the  p l a n e t a r y  boundary l a y e r ,  

the a;Jdi.Li-on of a fYi.cti.ona1. force has t h e  e f f e c t  o f  deflecLLag t h e  wind t o  

t h e  left, towa-rd low press 'ure e I am sure  t h a t  you all have noticed t h i s  



on weather maps and perhaps wondered about t h e  reason for it. 

The Surface Layer 

A s  a matter. of observat ion,  t he  pressure  g rad ien t  and C o r i o l i s  

fo rces  in t h e  f r e e  atmosphere a r e  of t h e  o rde r  of  10-1 dynes p e r  gyam, 

G O  t h e  f r i c t i o n a l  fo rces  must be of t he  same o r d e r  for the  f o r c e s  to be 

i n  or c lose  t o  ba lance .  

Since p i s  of t h e  order  lo-" g/cm3, we can w r i t e  

(Accelerat ions a r e  u s u a l l y  s m a l l  by comparison.) 

AT = io-" AZ, dynes/cm2 . 
I f  we now def ine  (having e l imina ted  the  p o s s i b i l i t y  of a 1-aminar sub]-ayer) 

a ?aye r  through which the eddy f r i c t . i ona1  s t r e s s ,  2 ,  v a r i e s  by no more than  

say :IC%, tlhen 10-1 T = lo-" Az7 or Qz = 10" T. Since t h e  magnitude of T 

i s  t y p i c a l l y  of the o rde r  of 1 dyne/cm, we f i n d  t h a t  a I-ayer Az, which I 

can c a l l  h, has been defined which is  roughly 10 t o  100 m i n  depth, a n d  

through which the f r i c t i o n a l  s t r e s s  i s  essential1.y cons tan t .  This l a y e r  

i s  cal.1.ed by meteoro logis t s  t he  suyface 1-ayer. Many of i t s  p r o p e r t i e s  a r e  

very similar t o  those  of a wind tunnel. boundary l a y e r  such as t h a t  over  an 

infini-Le f l a t  p l a t e  o r  at  a w a l l .  The flow i s  horizoiital.1.y unifoim but i s  

s t r o n g l y  sheared i n  t h e   vertical^; and i n  the  absence of heat f l u x  through 

the sur face  l a y e r ,  t h e  v e l o c i t y  p r o f i l e  that .  r e s u l t s  i n  t h i s  l a y e r  of  approx- 

imately cons taa t  s t r e s s  i s  logari-thmic.  

Those of  you who have worked wiJih logar i thmic  boundary l a y e r s  i n  

o.ther a p p l i c a t i o n s  may be i n t e r e s t e d  i n  some of t h e  numerical. values  t h a t  

cha rac t e r i ze  such a 7.ayer i n  t h e  atmosphere. 'The two q u a n t i t i e s  t h a t  char-  

ac te r i -ze  the  logar i thmic  v e l o c i t y  p r o f i l e  a r e  t h e  f r i c t i o n  veI.ocity,  which 

gives t he  s lope ,  and t h e  roughness 1-ength, whrich g ives  the  zero i n t e r c e p t  

of t he  curve.  Tab1.e l gTves some t y p i c a l  val-ues. For flow over i c e  or a 

vei-y smooth mud f l a t ,  t he  roughness l eng th  has been observed t o  be around 

lo-' em and t h e  fr ic-Lion v e l o c i t y  about 0.16 cmz/sec. 

from smooth snow, and smooth sea,  t o  ].awns 5 cm high,  or (l.ike my lawn) 

60 cni high, you go up a, number of orders  of magnitude t o  a roughness l eng th  

of order  1-0 em, and t he  f r i c t i o n  v e l o c i t y  i s  approximate1.y 1 0  t imes the  

va,l.ues for very  smooth sinrfaces. 

Going up t h e  s c a l e  



Table 1. Typical  Values of Parameters of the Wind 
Profi1.e i n  t h e  Surface Layer 

[For i I ( 2  m) = 5 m/sec] 

Type of Siirface 

Smooth mud f l a t s ,  i ce  

Smooth snow 

Smooth s e a  

Level d e s e r t  

Snow SurTacc, l a m  to  1 em high 

Lawn, g r a s s  t o  5 ern 

Lawn, grass t o  60 cm 

F u l l y  g r o m  root  crops 

0.001 

0.005 

0.02 

0.03 

0.1 

1 - 2  

4 - 9  

14 

0.16 

0.17 

0.21 

0.22 

0.27 

0.43 

0.60 

1.75 



Effec t  of Heat Flux 

O f  c o u x e ,  -the t h i n g  t h a t  makes the  atmosphere, even i n  t h e  sur face  

l a y e r ,  a. complicated pl-ace from the  s tandpoin t  of turbulence i s  the  same 

th ing  t h a t  complj.cates l i f e  f o r  most of you - t h e  e f f e c t  of hea t  f l u x .  

If we were t o  wri-te out  t h e  complete equat ions  of mean motion and hea t  

f l u x  for -the sur face  l a y e r ,  f o r  t he  case of f u l l y  developed turbulence  

i n  t h e  atmosphere, or if we wrote out  t h e  unaveraged equat ions of moti~on 

and heat f l u x  fo r -  t he  case of f r e e  convection, t h e  fol lowing parameters 

would turn  ou-t t o  be involv-ed: ux, t h e  f r i c t i o n  v e l o c i t y ;  g/T, where g 

i.s Lhe g r a v i t a t i o n a l  a c c e l e r a t i o n  and 

t h e  heat, f1.ux divirjed by the  produc-t of t h e  s p e c i f i c  hea t  a t  cons tan t  

pressure  and the  d e n s i t y .  Molecular d i f f u s i v i t y  and heat-conduct ion 

c o e f f i c i e n t s  do n o t  a,ppear because t h e s e  a r e  e s s e n t i a l l y  n e g l i g i b l e  i n  

t h e  flows t h a t  we a r e  cons ider ing .  

t h e  mean temperature;  and H/c p, 
P 

It t u r n s  out  t h a t  from these  parameters you can form a unique l eng th ,  

L = -u: c @/kgH; k i s  von Karrmn's cons t an t .  L, t1ii.s l eng th ,  i s  essen-  

t i a l - l y  independent of he ight  i n  t h e  su r face  l a y e r ;  you can look on it as 

a s -Labi l i ty  parameter.  It i s  r e l a t e d  t o  the  b e t t e r  known Richardson's 

number, R i ,  by R i  L- (u,/k)(l/L dV/dz), where dV/dz is  t h e  v e l o c i t y  grad ien t  

Richardson's number v a r i e s  with he igh t ,  b u t  L i s  u s u a l l y  cons tan t  wi.th 

h e i g h t .  L appr*oaches in f in i - ty  f o r  t h e  case of an  a d i a b a t i c  ver t ica l .  tem- 

pe ra tu re  g rad ien t  5.n t h e  1.ower atmosphere. It normally v a r i e s  i n  the 

range 1 m 7 ILI 7 1-00 - 200 m, be ing  p o s i t i v e  f o r  s t a b l ~ e  and negat ive f o r  

uns tab le  v e r t i c a l  temperature g r a d i e n t s .  These values  can be ca l cu la t ed  

from wind p r o f i l e s .  

P 

-x- 
If then  you use t h e  fr ic-Lion ve loc i ty ,  u , and t h e  1.engtli which in -  

volves the  heat  f l u x ,  L ,  as seal-ing parameters ,  a n  express ion  f o r  t h e  

v e l o c i t y  p r o f i l e  can be formed by diaiensional a n a l y s i s .  Consequent]-y, 

f o r  t he  general. case of t h e  su r face  l a y e r  wi.th heat fl.ux,' t h e  v e l o c i t y  

p r o f i l e  has the  fol~lowing fo-m: 



which means t h a t  

Natura l ly ,  one of t he  th ings  meteoro logis t s  a r e  ve ry  a c t i v e  i n  i s  i n  

making observa t ions  of t h i s  func t ion ,  i n  the  lower atmosphere. The 

p r o f i l e s  f o r  s t a b l e  and uns tab le  condi t ions  (:.e., w i th  hea t  f l u x )  are 

curved, becoming asymptot ic  t o  t h e  logar i thmic  p r o f i l e  bo th  f o r  a d i a b a t i c  

condi t ions  and a t  very  low heights. 

The P1.aneta1-y Bou.ndary La.yP2 

The pro'ol.em becoizes 8 1-itt1.e nore eompl.icated when you have t o  work 

your way upward into t he  upper. p o r t i o n  of the p1.anetar.y boundary layer. 

Here t h e  meteoro logis t  makes t h e  same assumption t h a t  everybody e lse  does - 
nanel.y, t h a t  t h e  flux i.s p ropor t iona l  t o  t h e  g r a d i e n t ;  :.e.., 

where K i s  a c o e f f i c i e n t  of eddy d i f f u s i v i t y  of momentum. 
Ill 

I n  t h e  sur face  layer., and i n  the  a d i a b a t i c  ease ,  t h t s  means t h a t  

increases  I . inear ly  with Km7 The c o e f f i c i e n t  of  eddy momentum d i f f u x i v i t y ,  

I, i n  t h e  su r face  l .ayer .  Mow K i s  a number which i n  a sense cha rac t e r i zes  

t h e  degree of turbul.ence t h a t  i s  p re sen t .  You know from experience t h a t ,  

f o r t u r ; 2 t e l ~ ,  t h e  turbul.ence does not  cont inue t o  inc rease  as you go i n -  

d e f i n i t e l y  4iTgher abcve th.e ground, so t h i s  sort of behavior  of K has t o  

s t o p  a t  s o m e  hej-ght. It, i n  fact, stops approximately where t h e  v a r i a t i o n  

of s t r e s s  w i th  he igh t  i s  such t h a t  you can no longer  make the ass impt ion  

t h a t  cons tan t  stress exists i n  t he  lower atmosphere; and t h e  game i n  t h e  

st-udy of .the plane.ta.ry boundary l .ayer bas been 'GO make vari0u.s assumptions 

m 

m 



about -the v e r t i c a l  v a r i a t i o n s  of K and from t h a t  t o  de r ive  t h e  v e l o c i t y  

p r o f i l e .  
m 

The s imples t  assumption i s  t h a t  % i s  cons tan t  throughout t h e  plane-  

t a r y  boundary l a y e r .  

Ekman made a s tudy based on t h i s  assumption, o r i g i n a l l y  not  i n  connection 

with hj.s s tudy  of wind d i s t r i b u t i o n  i n  t h e  lower atmosphere, bu t  r a t h e r  

wi th  t h e  s tudy  of cu r ren t  d i s t r i b u t i o n  near  t h e  su r face  of t h e  ocean which 

t u r n s  out  t o  fol low t h e  same theory .  If you assume t h a t  t h e  K d i s t r i b u - '  

t i o n  i.s ].inear w i th  heri.ght, as must n e c e s s a r i l y  be t h e  case i n  t h e  su r face  

l a y e r ,  then  t h e r e  have been va r ious  o t h e r  ways t h a t  meteoro logis t s  have 

used t o  t r y  t o  c l o s e  t h i s  problem. One i s  by assuming t h a t  above t h e  t o p  

of a su r face  l a y e r  t h e  d i s t r i b u t i o n  of K i s  uniform. Another i s  t o  assume m 
t h a t  t h e  d i s t r i b u t i o n  from t h e  t o p  of t h e  su r face  l a y e r  decresses  t o  n e g l i -  

g i b l e  val-ues a t  t h e  t o p  of t h e  planetary-boundary l a y e r .  Another set of 

assumptions i s  t o  assume a curve t h a t  i s  continuous i n  K i n  order t o  av0i.d 

t h e  kink a t  t h e  t o p  of t h e  su r face  l a y e r .  These a r e  t h e  s o r t  of t h i n g s  

t h a t  have been done t o  ge t  at t h i s  problem. 

A number of years  ago (around t h e  t u r n  of t h e  centiiry) 

m 

m 

Corresponding t o ,  l e t ' s  say, some of t h e  more r e a l i s t i c  assumptions 

about t h e  v e r t i c a l  d - i s t r i b u t i o n  of eddy momentum d i f f u s i v i t y ,  K,, we f i n d  

t h e  h o r i z o n t a l  mean wind vec to r  d i s t r i b u t i o n  i n  t h e  p l ane ta ry  boundary 

l a y e r  t o  be such t h a t  t h e r e  a r e  var ious  angles ,  a, of t h e  wind near  t h e  

su r face  wi th  t h e  wind a t  t h e  t o p  of t h e  p l a n e t a r y  boundary 1-ayer. Some 

of t h e  observed va lues  f o r  t hese  parameters are shown i n  Table 2. Over 

Table 2. Observed Values of Parameters of P lane tary  Boundary Layer 

Parameter 
Over Over 
Land Oc e ail s 

a, det5 26 14 
7 ,  dynes/cm2 5 1 

h (=  height  of su r f ace  l a y e r ) ,  m 235 100 

H ( =  height  of p l a n e t a r y  boundary l a y e r ) ,  m 1,000 500 

Iz, ( a t  h ) ,  crn2/sec 144,700 28,000 
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l and  Ekman's assumption of a cons tan t  eddy d i f f u s i - v i t y  would have given 

a n  an@, a,  of 45 deg, whereas the  observa t ions  of t h i s  angle ,  and co r -  

responding t o  t h i s  the more r ecen t  t h e o r i e s ,  g ive  va lues  about  20 t o  30 

deg over l and ,  and about ha l f  o r  two- th i rds  of t h a t  over  t h e  ocean. The 

s t r e s s  i n  t h e  cons t an t  s t r e s s  I.ayer a t  t h e  bottom of t h e  piar ie tary boundary 

l a y e r  runs about 5 dynes/cm2 over t h e  land, and over  sea about  1. The 

he ight  of  t h e  su r face  l aye r  ( the  cons tan t  s t r e s s  l .ayer) i s  a couple of 

hundred me-ters - wel.1, t h a t  i s  an extreme case r ep resen t tng  a Tather con- 

s i d e r a b l y  deveI.oped depth of t he  su r face  l a y e r .  The value of t h e  eddy d i f -  

f u s i v i t y  a t  t h e  t o p  of  t he  sur face  l a y e r  runs i n  t h e  order  of  lo5 cms/sec 

over l a n d  and a couple of t imes 10" cm2/se@ over sea ;  and t h e  to t a l .  he ight  

of t h e  p l a n e t a r y  boundary I.a,yer i s  over  land  of  t h e  o r d e r  1.000 to 2000 

meters ,  over t h e  ocean sornewha,t l e s s .  

These a r e  t h e  observed f a c t s  about  t h e  average s t r u c t u r e  of  the  

p l a n e t a r y  boufldary l a y e r ,  t h e  rcg ion  of most of  the turbulence  i n  ihe 

atmosphere. Rut, of course, we are also i n t e r e s t e d  i n  t h e  d e t a i l s  of  

t h e  turbulence  s t r a c t u r e  and t h a t  I w i l l  have you cons ider  nex t .  

S t r u c t u r e  of Tu:rImlence i n  t h e  P lane ta ry  - Boundary Laye T 

L .  F. Richardson, j u s t  p r i o r  t o  World War I, sort of t,ook t h e  eyma- 

t i o n s  of dynamic meteorol.ogy out; of mothba.lls, dusted them o f f ,  and 

at tempted t o  make wi th  them a d- i rec t  c a l c u l a t i o n  of the  p re s su re  f i e l d  

i n  t h e  atmosphere f o r  t h e  purpose of weather pred. ic t ion.  I n  doing t h i s ,  

he was forced  t o  c m s i d e r  a n.mljer of h igh ly  i n t e r e s t i n g  s i d e  i s s u e s .  

For exa,mple, t h e  problem (and t h i s  s t ruck  me q u i t e  forci ,bly yes te rday  

dur ing  P ro fes so r  C h u r c h i l l ' s  t a l k )  of numerical  approxi.niation of t he  

dynamical equat tons  was considered by Richardson; and t o  t h i s  day workers 

i.n t h i s  f i e l d  st i l l .  speak of t h e  Richardsoj%Liebman process ,  a f i n i t e  di . f -  

f e r enc ing  scheme t h a t  is  s t i l l  i n  use .  Anot,her one of the  ques t ions  more 

01- l e s s  s u b s i d i a r y  to h i s  main problem t h a t  Richardson had t o  a t t a c k  i n  

connect ion wi th  his e n t e r p r i s e  was, how do you t r e a t  t h e  turbul-ence? 

Ri-chardson went ahead i n  a c h a r a c t e r i s t i c ,  d i r e c t  way; he assembled all. 

of t he  obse-mations of K tha-t;  he could f i r ,d  or i n f e r  f rom -variou.s source:: 

i.n t he  I.i.teratuI-e - t hese  appear i n  Table 3. They include:  a val-ue of 

t h e  orcle-r of  10-1 ern2/sec f o r  molecular  d i f fu-s i -v i ty ,  a va1u.e of  t h e  o r d e r  

m 
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KrflJ 
Table 3. Values of Horizontal  Eddy D i f f u s i v i t i e s ,  

a t  Va.rious Sca les ,  A, a f t e r  iiichardson (lg26) 

Scale ,  R K 
(4 (cm'/sec) Source of  Wia 

5 x lo-" I. 7 x 10-1 Molecular d i f f u s i o n  

1.5 x i o 3  3.2 x 10" Low-].eve1 wind shear 

I- .4. x io4 1.2 x i o5  Low-level wind shear 

5 x io4 P i l o t  ba l lons ,  1-00 t o  800 m 

2 x 1.0" lo8 Manned and unmanned ba l lons  

6 x io4 

5 x lo6 5 x lo8 Val-canic ash 

lo8 l o l l  C ycl-on i c s t o m s  

_- - 
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of  lo3 and lo4 i n f e r r e d  from winds i n  t h e  su r face  l a y e r  ( t h i s  par tLcular  

observa t ion  as I remember came from t h e  E i f f e l  Tower which had wind pro- 

f i l e  observa t ions  from s e v e r a l  anemometer 1-evels) ,  and t h e  values  com- 

puted from p i l o t  ba l loons ,  bal.l.oons t h a t  weather observers  send up t o  

measux  t h e  wind a t  h igh  e l e v a t i o n s ;  and going up s t i l l  h igher  on t h e  

s c a l e ,  va lues  of K computed from manned and ulveanned ba l loons .  H e  was 

able t h e n  t o  i n f e r  from a l l  these  observa t ions ,  and from inferences  of 

K from volcanic  a s h  depos i t s  and u l t i m a t e l y  from weather cyclones - that 

i s  t o  say  l o w  pressure  areas on t h e  weather map - a range of l eng th  s c a l e s  

from 10'" t o  lo8 em. For t h e s e ,  he assembled eddy d i f f u s i v i t y  observa- 

t i o n s  o r  in ferences  ranging from lo-' t o  lo1' cm2/sec. It seemed, when 

he p l o t t e d  them, t h a t  t h e r e  was a cons iderable  degree of organiza t ion  t o  

t h e s e  da t a ;  and Richardson deduced t h e  equat ion  

m 

m 

K~ = (consta.nt) aP13 . 
Richardson concluded that what i s  going on i n  t h e  atmosphere i s  a n  

energy t r a n s f e r  process .  You see ,  t h e  eddy d i f f u s i v i t y  seems t o  depend 

on t h e  s c a l e  of t h e  process  t h a t  i s  involved.  Perhaps you are a l l  

familiar with h i s  rhyme. It is ,  as far as I know, t h e  o~ly t ime a fun- 

damental law of na ture  has eve r  been pu t  i n t o  doggerel  ve r se .  

"Great wh i r l s  form smaller wh i r l s ,  t h a t  feed  on t h e i r  v e l o c i t y ,  

Small w h i r l s  form smaller w h i r l s  and s o  on, t o  v i s c o s i t y . "  

I n  1341 t h e r e  was a more formal  explana t ion  f o r  t h i s  given by Obukhov. 

If i n  f a c t  t h e  energy f o r  atmospheric t u r b u l e n t  motions i s  introduced a t  

a very  l a r g e  s c a l e  and is a b s t r a c t e d  by molecular d i s s i p a t i o n  processes  

a t  a very  s m a l l  s c a l e ,  t hen  i n  between t h e r e  w i l l  be a s c a l e  t h a t  depends 

only f o r  i t s  p r o p e r t i e s  on t h e  r a t e  of eddy energy d i s s i p a t i o n ,  E ,  cm2/sec . 
O'oukhov suggested t h a t  t h i s  was t h e  case and t h e r e f o r e  t h a t  on dimensional 

grounds , 

3 

e 1 / 3  ~413. 
Km 

Now, o f  course,  t h e r e  i s  a good deal more t o  this ques t ion  than  I a m  

s t a t i n g  here; f o r  example, t h e  i n e r t i a l  range i n  the atmosphere i s  really 

not  thought t o  extend from the  very  s m a l l  d i s s i p a t i o n  s c a l e  t o  t h e  sca l e  of 

l a r g e  weather cyclones.  One of the reasons is t h a t  atmospheric motions are 

r e s t r i c t e d  i n  t h e  v e r t i c a l ,  whereas h o r i z n n t a l l y  they  a r e  comparatively 
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u n r e s t r i c t e d ;  and one th inks  of t he  i n e r t t a l  range of eddy s i z e s  as being 

a range i n  whi.ch t h e  p r o p e r t i e s  of t h e  eddies  don ' t  r e f l e c t  any pa r t i cu l - a r  

such geometr ical  r e s t r i c t i o n .  

f o r  t he  s i z e  of i n e r t i a l  eddies  i n  the  atmosphere i s  about 100 meters .  

'This, even so ,  means t h a t  t he  j -ner t ia l .  subrange i n  t h e  atmosphere i s  r e a l l y  

qu i t e  l a r g e ,  compared with what can be achieved i n  any technical.  flow t h a t  

I know about;  and t h e r e f o r e ,  t h e r e  is  a I.ot of i n t e r e s t  i n  t h e  t h e o r e t i c a l  

p red ic t ions  t h a t  can be Fade as a r e s u l ~ t .  If t h e  s t r u c t u r e  of turbulence 

i n  the  atmosphere ( o r  anywhere) i s  con t ro l l ed  only by eddy energy d i s s i -  

pa t ion ,  and not by t h e  p a r t i c u l a r  way energy i s  introduced i n t o  t h e  atmo- 

sphere,  or removed from t h e  atmosphere - int roduced by the  l a rge - sca l e  

c i r c u l a t i o n s  i n  t h e  atmosphere and removed from t h e  atmosphere by mo1eci:lar 

s c a l e  d i s s i p a t i o n  - t hen  a number of  p a r t i c u l a r l y  simple p red ic t ions  can be 

made. 

k-5'"; ( 2 )  an  eddy s t ruc tu ra l -  func t ion  [ i . e . ,  e s s e n t i a l l y  the  c o r r e l a t f o n  

func t ion  between r e l a t i v e  turbulence  v e l o c i t i e s ,  a t  p o i n t s  separa ted  i n  

time o r  d i s t ance ]  i s  p ropor t iona l  t o  k2/3; and (3 )  t h e  cons tan ts  of pro-  

p o r t i o n a l i t y  i n  t h e s e  expressions include c 2 / 3 .  

It has been suggested t h a t  an  upper l i m i t  

Naniel.y, (1.) t h e  wave number energy spectrum i s  p ropor t iona l  'io 

'These a r e  qu i t e  remarkable p r e d i c t i o n s ,  and they  probably coul.dn't 

be v e r i f i e d  any p lace  e l s e  except i n  a flow t h a t  has a l a r g e  i n e r t i a l  sub- 

range. I n  general ,  t h e  p red ic t ions  of t h i s  theory  have been v e r i f i e d  i n  

the  atmosphere; i.n p a r t i c u l a r ,  t he  k-5/" law f o r  t h e  high frequency range 

of  the eddy energy spectrum has been found t o  hold .  

It i s ,  I th ink ,  i n t e r e s t i n g  a'oout atmospheric tu rbulence  t h a t  it has 

the proper ty  tha t  typ ica l -  measuring probes - say  cup anemometers, bivanes 

(whi-ch a r e  vanes that.  fol low t h e  direct j -on of t h e  wind i n  two dimensions),  

acous t i c  anemometers, t he  var ious  devices  t h a t  have been t r i e d  t o  measure 

the  f l u c t u a t i o n s  i n  wind i n  the atmosphere (I must say t h a t  ho t  wires a r e  

not used much) - all have the  proper ty  that; they  a r e  much smal le r  than  the  

t y p i c a l  l eng th  s c a l e  of eddi.es, c e r t a i n l y  of t h e  l a r g e ,  buoyavlt eddies ,  i n  

the lower atmosphere. It  might not seem t h . a t  a device as clumsy as a wi.nd 

vane perhaps 1 o r  2 fi; long would give you a very  preci.se i n d i c a t i o n  of t h e  

turbul.ence; bu t  t h e  f a c t  i s  t h a t  when these  a r e  made c a r e f u l l y ,  they  a r e  

capable of g iv ing  very pr-eci.se measurements of  t he  d e t a i l e d  s t r u c t u r e  of 

eddies .  



Also ,  t h e r e  is t h e  p o s s i b i l i t y  i n  atmospheric t u r b u k n c e  -to make 

measurements i n  a Lagrangian fmme reference  - namel.y, to f l o a t  ball.oons 

o r  o t h e r  t r a c e r s  and t o  watch t h e i r  motions, e i t h e r  by opt ica l . ,  rad.i .0,  o r  

r ada r  mneasu.ring devices .  The atmosphere i s  a comparative1.y siriple p l -ace  

i n  which t o  measure f luctu-at ions of  the  wind i n  t h e  Lagrangian framework, 

which i s  very important because t h e o r i e s  of d i f f w i o n  a r e  u s u a l l y  con- 

s t r u c t e d  i n  t h i s  framework. On t h e  o t h e r  ha.nd, by far most measurements 

of the d-e t a i l s  of tu rbulence  s p e c t r a  have been made by f i x e d  -wind meas- 

u r ing  devices  of va r ious  k ins .  In.  F ig .  2 i s  an example of a stmultaneous 

measurement of tu rbulence  s p e c t r a  ( i n  t h i s  case v e r t i c a l  v e l o c i t y  s p e c t r a  

obtained by means of a fj.xed anemometer mounted on a tower a t  Brookhaven 

NaLional. Laboratory)  and t h e  sim~.il.taneous f?.ucti.nations of a f l  oa.ting 

balloon of zero buoyanicy. 1 want t o  use t h i s  f i g u r e  t o  i l l u s t r a t e  severa l  

p o i n t s .  

spectrum), t h e  tower or Eule r i an  spectrum i s  displaced. t .0wai-d hi.gher f r e -  

quencies .  Rased on t h i s  work, i f  you measure the Eule r i an  spectrum and. 

d iv jde  the f requencies  by something of the orde r  of 2 t o  1 0  (depend-ing on 

t h e  s t a b i l i . t y  of t h e  lower atmosphere),  you w i l l  ge t  some kin.d of a rough 

represent ,a t ion of wh.a t  t h e  Lagrangi-an spectrum probably looks l i k e .  This 

i s  important i f  you want to u-se f i x e d  p o i n t ,  Eu1.erian 'turi3uI.ence fJ.uctua- 

t i o n  neasurements to predict  d i f fus ion .  

For one t h i n g ,  as compared. with t h e  ba l loon  (or Lagrangian 

Ano-th.er i n t e r e s t i n g  proper ty  i.s this: t h i s  p a r t i c u l a r  spectrum pair 

was taken Prom a s e r i e s  of measurements t h a t  started about 1O:OO i n  t h e  

morning and ended about noontime. A s  t h e  incoming solar r a d i a t i o n  became 

g r e a t e r  and the  groun.d heated up, i n  genera l ,  .what happened was tkia-t t h e  

peak of this spectruni, which -in t h i s  p a r t i c u l a r  example was a t  perhaps 

1. cyc le  p e r  ixinvite, decreased from an even h ighe r  frequency t o  about 

1 0  cyc le s  per hou?-. T1ii.s appa rex t ly  r ep resen t s  t h e  inc reas ing  amount of  

buoyant, convect ive eddies  t h a t  accompanies the  inc?-ease of  heat input  

to t he  grounr3. 

Also,  i f  you vary -the height  a t  .which you measure these  s p e c t r a ,  you 

will find a v a r i a t i o n  i n  the 1.ocation of t h e  peak toward lowe:r frequency 

f o r  g r e a t e r  h e i g h t s ,  This  j.s due t o  t h e  f a c t  t1ia.t -the h igher  you go the 

more room t h e r e  i s  f o r  l a r g e  eddies t o  e x i s t .  They are l ess  l i m i t e d  by 

proximity- t o  the  ground. 
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Fig .  2. Balloon (Lagrangian) 2nd Tower (Euleriar,)  Vertical Velocity Energy 
Spectra .  



Scales  of Atmoslsheric Turbulence 

I won't t r y  t o  cover t o o  much more. 1 t h i n k  it i s  c h a r s c t e r i s t i c  

of meteoro logis t s  who have gone i n t o  t h e  s tudy  of tu rbulence  t h a t  t hey  

g e t  s o r t  of hooked on it; and we a r e  somewhat, I th ink ,  l i k e  t h e  previous 

speaker  i n  t h a t  we could go on f o r  a very long t ime d i scuss ing  our f a v o r i t e  

s u b j e c t .  But I would l i k e  t o  p re sen t  some of t h e  p r o p e r t i e s  of  atmospheric 

tu rbulence  i n  terms t h a t  may be familiar p a r t i c u l a r l y  %o those of you who 

work wi th  turbulence ,  s o  t h a t  you can compare t h e  turbulence  i n  your own 

experience wi th  t h a t  which occurs  i n  t h e  atmosphere; t hese  are t h e  var ious  

turbulence  sfscales . . I '  

zero i n t e r c e p t  of the vertex oscu la t ing  parabola  of t h e  v e l o c i t y  c o r r e l a -  

t i o n  - which i s  sometimes thought  of  as measuring t h e  siAe of "small" 

eddies ,  runs about 10 cm f o r  t he  atmosphere. The Kolmogoroff microscale  

of tu rbulence ,  which probably r ep resen t s  t h e  lower l i m i t  of t h e  s c a l e  of 

eddy s i z e s  below which mol-ecular d i s s i p a t i o n  i s  all importaat  and a3ove 

which d i s s i p a t i o n  is  o f  i nc reas ing ly  l e s s  importance, has been es t imated  

t o  be around a mi l l ime te r  i n  t h e  atmosphere. The i n t e g r a l  s c a l e  of  t u r -  

bulence,  a l e n g t h  r ep resen t ing  e s s e n t i a l l y  t h e  i E t e g r a l  of t h e  vel o c i t y  

c o r r e l a t i o n  curve,  equals  about 10 meters under s t a b l e  condi t ions  and 

about  200 meters  under uns tab le  condi t ions ,  i n  t h e  atmosphere, i n  terms 

of  Euler ian-space type  mcasurvments . To g e t  t h e  corresponding Lagrangian 

i n t e g r a l  s c a l e ,  one can mul t ip ly  t h e s e  by 3 o r  4 and convert  t o  seconds 

by assuming d i s t ance  i s  equal  t o  t h e  mean wind t i m e s  t i n e .  

The Taylor  microscale  of w r b u l e n c e  - t h a t  i s ,  t h e  



Now, ].et me summarize t h e  c h a r a c t e r  and p r o p e r t i e s  of atmospheric 

atmosphere. Let me t e l l  you what I would hope t h a t  you would g e t  ou t  of 

t h i s  ta1.k and perhaps remember a 1 . i t t l e .  The atmosphere i s  Character ized 

by a very  high-turbulence level.; approxirnate1.y 50% tu rbulence  l e v e l s  a r e  

not  uncommon. These a r e  much h igher  t han  a r e  found i n  wind tunne l s .  The 

Reynolds number i n  t h e  atmosphere i s  difficu1.t  t o  spec i fy ;  bu t  i f  we use ,  

l e t ’ s  say,  he ight  above the  ground as t h e  l eng th  parameter i n  Reynolds 

number, t he  atmosphere i s  cha rac t e r i zed  by a very  high Reynolds number. 

The assumption f o r  theore t ica l .  purposes i s  -that f lows a r e  h o r i z o n t a l l y  

homogeneous i n  t h e i r  turbul.ence p r o p e r t i e s .  Actuall-y,  of course,  t h e r e  

a r e  v a r i a t i o n s  due t o  va r i ab le  underlying sur face  condi t ions ,  and t h i s  i s  

a problem t h a t  h a s n ’ t  been s tud ied  very  muclh. There i s  no laminar  sub- 

l a y e r  that we need t o  worry about .  The su r face  l a y e r ,  o r  approxima-tel~y 

cons tan t  s t r e s s  1-ayer, extends t o  10 t o  100 meters above the  ground. It 

i s  cha rac t e r i zed  by values  of -the f r i c t i o n  v e l o c i t y ,  u*, of roughly 15% 

o r  so of the  mean wind a t ,  l e t ’ s  say,  10 meters .  The roughness l eng th ,  

z ChaIracterizing t h e  v e l o c i t y  profi.1.e can be h ighly  v a r i a b l e ,  depending 

on t h e  kind of underlying sur face ,  be ing  anywhere from cm t o  perhaps 

10 em; Over c i t i e s ,  maybe t h e r e  are even h igher  va lues  of s e v e r a l  meters .  

Above the  sur face  l a y e r ,  t he  mean wind veers  and inc reases ,  t u rn ing  toward 

h igher  pressure  wi th  inc reas ing  he ight  and a t t a i n i n g  t h e  f r e e  ( i . . e . ,  non- 

turbul. en’i) atmosphere value a t  el-evat ions normally about several- thousand 

f e e t  i n  t h e  atmosphere. 

0’ 

Atmospheric turbul.ence i s  cha rac t e r i zed  by a qu i t e  l a r g e  i n e r t i a l  

su’nrange o f  eddy s i .zes;  t h e  d i s s i p a t i o n  s c a l e  i s  on t h e  o rde r  of m i l - l i -  

meters ;  and t h e  i .ntegra1 s c a l e ,  t h a t  i s  t h e  upper end of t h i s  i n e r t i a l  

range, must be a l e a s t  1-00 meters under most cond i t ions .  The e f f e c t  of 

hea t  f l u x  i s  the  fo l lowing  i n  the atmosphere. On t h e  one hand, when t h e  

v e r t i c a l  g rad ien t  of kmpera tu re  i s  q u i t e  s t a b l e  - i . e . ,  when temperature 

increases  w i t h  he ight  .- t h e  turbulence  is  s t ~ o n g l - y  suppressed.  Conse- 

quent ly ,  most of what I have s a i d  y e a l l y  a p p l i e s  p r i m a r i l y  during t h e  

daytime. A t  n igh t ,  you would f i n d  a h ighly  d i f f e r e n t  s i tuat- i -on because 

of the  sl;abil.izati.on of t h e  1.ower a i r  l a y e r s  by .the ground cool ing;  t h i s  
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s i t u a t i o n  hasn't been s tud ied  as much as t h e  daytime case .  I-i; is qui-Le 

c l e a r  t h a t  t h e  daytime kind of tu rbulence  i s  strong1.y i n h i b i t e d  a t  n i g h t ,  

On t h e  o t h e r  hand, t h e  converse of this s i t u a t i o n  - hea t ing  by t h e  ground 

and resu.l.ting i n s t a b i l i t y  during the daytime - l eads  t o  an  augmeatation 

of  1.ower frequ.encri.es of t h e  eddy s p e c t m - ,  due t o  thermal. buoyancy. 

I mentioned t h a t  Reyno1d.s number i.s very  h igh  and t h i s  simp1.y says 

tha- t  the i ne r t i a l .  f o r c e s  swamp t h e  viscous e f f e c t s  i.n the  ati iosphere.  A 

similar rema.rk can be mad.e about t h e  P e c l e t  number; i . e . ,  t h a t  hu lk  thermal. 

con.vectlon s t rong ly  d.ominates t h e  molecular  temperature  conductiori. Richard- 

son 's  number, which i s  t h e  : ra t io  of tur1)ulen.t energy product ion by shea r  t o  

consumption by buoyancy, i s  v a r i a b l e  depending upon t h e  na ture  o f  tlie sta- 

b i l i t y  i n  t h e  lower atmosphere. 

There a r e  some a t t r a c t i v e  outstand.i.ng pro'ol.ems tha t ,  we would l i k e  t o  

s tudy ,  We a r e  very in te res ted .  i n  -the e f f e c t  of h e a t  f l u  on the  meam 

s t r u c t u r e  of the  p l a n e t a r y  bomda:ry l a y e r .  This  i s  now g e t t i n g  t o  'ne 

fairly well. understood f o r  t h e  su r face  l a y e r .  It i s  pot at all. well under-  

stood. f o r  t h e  p l a n e t a r y  boundary I.ayer as a whole, We wou.ld a l s o  l i k e  to 

und-erstand the e f f e c t  on the  mean s t r u c t u r e  of t h e  p l a n e t a r y  boundary I.ayer 

of the atmosphere of accel .erated fl.ows of var ious  kinds;  f o r  exampl-e, those 

due t o  v a r i a b l e  roughness 1.engths 'Lo gravi . ty  flows, t o  sea and Land breezes ,  

and so  on. We would l i k e  nex'c t o  start  studying. i n  some d e t a i l  some of 

t h e s e  complicat ing e f f e c t s  t h a t  -we ha?j.en!t real.1.y done t o o  mi~.cl-i with so  fa r .  

I t h i n k  t h e r e  also i s  a very  a t t r a c t i v e  f i e l d  i n  atmospheric tu.rbulence of  

making d e t a i l e d  reasu.rements of tu.rbulent eddy s t r u c t u r e s  e The only  tur- 

bu len t  flow I know of where it i s  a.t a l l  eoiivenient t o  gel; r i g h t  i n s i d e  

you might say,  t o  speak l-oosel.y, t h e  turbul-ent  eddies  and to measure t h e i r  

d e t a i l e d  p r o p e r t i e s  - i n  which, i n  o t h e r  words, you a r e  not forced  t o  make 

t h e  assumption t h a t  a l l  eddies  a r e  like s i n e  waves, o r  somethling - i s  atmo- 

sphe r i c  tu rbulence .  

And f i n a l l y ,  t h e  same t a n t a l i z i n g  p o s s i b i l i t y  is dant2in.g i n  f r o n t  of 

12s a.s was suggested by Professo:r Ghurr~chi1_1 y e s t e m b y  - that, of ncmerical  

s o l u t i o n s  of tu:rbiilen'L f lows .  In a sense t h i s  has a l r e a d y  been d.one i n .  tlie 

atmosphere. Na,mely, if you consi-der t h e  who1.e atmosphere wi th  a1.1- of ?'.ts 

Highs and Lows and so on, t o  'ne a n  examp1.e of a t u r b u l e n t  fI..ow, a n d  sol.ve 
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t h e  equat ions of mo.ti.on by means of  e l e c t r o n i c  computers (but  with very 

g r e a t  s i m p l i f i c a t i o n s  owing t o  t h e  f i n i t e  number of g r i d  p o i n t s  t h a t  a re  

a v a i l a b l e  on the  cu r ren t  genera t ion  of computers), it i s  poss ib l e  and i s  

being done everyday to ge t  numerical  s o l u t i o n s  t o  t h e  equat ions of motion 

f o r  the  atmosphere - upon the  b a s i s  of which weather p r e d i c t i o n s  are 

actual.1.y made. Now .this i s  s i m i l a r  t o  what we  a r e  t a l k i n g  about , except  

t h a t  t h e  turbulence  we a r e  worrying about i s  ope ra t ing  on a much smal le r  

s c a l e .  So, -the numerical sol.uti.on of t h i s  problem w i l l  probably have t o  

watt; f o r  another  gznera t ion  of computers wi th  ve ry  l a r g e  capac i ty ;  bu t  it 

i s  something t h a t ,  when these  become a v a i l a b l e ,  should c e r t a i n l y  be of 

great, imte re s t . 
Thank you very  much; I w i l l  be glad t o  t r y  t o  answer any quest ions 

except  what t h e  wea-ther i s  going t o  be tomorrow. 
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Chairman ( H .  W. Hoffman): Thank you, Frank, f o r  a most i n t e r e s t i n g  

l e c t u r e .  Do w e  have any ques t ions  now? 

R.  N. Lyon (ORNL):  Frank, I i n f e r  from what you say  t h a t  t he re  i s  

a ne t  p a t t e r n  of wind; f o r  example, t r a d e  winds nea r  t h e  equztor ,  t h e  

n o r t h  t o  sou-th winds near  t h e  sur face ,  and t h e  r eve r se  wind-s going back 

toward t h e  Nodh  Pole i n  t h e  upper atmosphere. These t r a d e  winds, I guess, 

go from east t o  west; i . e . ,  t h e  e q u a t o r i a l  winds would be from east t o  

west - does t h i s  mean then  you are making c a l c u l a t i o n s  and t r y i n g  t o  r e -  

l a t e  what i s  going on on t h e  Ea r th  t o  a s o r t  of i n f i n i t e  f l a t  p l a t e  where 

you a r e  s tudying t h e  boundary l a y e r  and t h a t  you can t ake  R imiform v e l o c i t y  

on t h e  average i n  t h a t  reg ion  and then  s tudy  t h e  turbulence  or somethlng 

produced by tha t ,  k ind of wind? 

I?. A. G i f fo rd :  So far, yes .  The way t h e  turbulence  f o r  t he  most p a r t  -- 
has  been studied. i.s by assuming t h a t  the  d r i v i n g  f o r c e  i s  a cox1stan.t wind 

and, i n  f a c t ?  an even more special. k ind of a cons tan t  wind which i s  c a l l e d  

a geos t rophic  wind, which says  i n  add-it ion t o  not  being acce le rea t ed  t h e  

flow i s  a l s o  n o t  a f f e c t e d  by t h e  curva ture  of t h e  mean wind. Now t h e  reason 

why t h i s  s o r t  of s i m p l i f i c a t i o n  on t h e  upper bcimdary cond.ition i s  u s e f u l  

i n  a d d i t i o n  t o ,  a t  t h e  p re sen t  s t a t e  of' development, 8ppearling t o  be neces- 

sary,  i s  because t h e  a c t u a l  curva tures  and t h e  a c t u a l  e f f e c t s  of o t h e r  

k inds  of l a r g e - s c a l e  motions i n  gene ra l  can he neglec ted  and s t i l l  1-eave 

som? i n t e r e s t i n g  resiilts i n  terms of the turbulence .  On t h e  o the r  hand, 

it i s  qiiite c l e a r  t h a t  t h e r e  are problems t h a t  we normally t h i n k  of as 

being c o n t r o l l e d  by such i d e a l i z e d  s o l u t i o n s  - f o r  example, t he  d. i f fusion 

of r a d i o a c t i v e  material away from a r e a c t o r  which i s  havi.ng an acc ident  - 
which. i n  p r a c t i c e  are a f f e c t e d  by t h e  s o r t  of complicat ions t h a t  you are 

5mplying he re .  One caa g ive  an example, t h e  Windscale acc ident ,  dur ing  

which a f r o n t  passed,  and. t h e  mean wind changed 90 degrees .  We haven ' t  

e r e c t e d  t h e o r i e s  f o r  t h i s  k ind  of complicat ion t o  zny ex ten t  y e t ;  and I 

am sugges-Ling t h i s  i s  the next  s t e p  t h a t  w e  shou1.d I.ook at,. 



R.  N, Lyon: I had another  ques t ion .  I n  connection wi th  t h e  change 

i n  wind directi_.on which is  presumably caused by t h e  i n t e r a c t i o n  of t h e  

f r l c t i o n  near  t h e  e a r t h  and the  C o r i o l i s  force ,  t h a t  kind of twist, does 

tha-t  a f f e c t  a l l  the yules on how turbulence  would develop? You a r c  having 

not  only a change i n  v e l o c i t y  magni-tude b u t  a l s o  a change i n  t h e  sc-tual. 

d i r e c t t o n .  

E’. A .  Gifford:  Yes, I have t o  say  aga in ,  un less  you have a boundary 

l a y e r  where t h e  consbant s t r e s s  assumption i s  v a l i d ,  t h e  amount of theo-  

r e t i c a l  work i s  r a t h e r  meager. Rut it appears  t h a t  t h e  C o r i o l i s  fo rce  

ac.ts a c t u a l l y  as a s t a b i l i z i n g  inr luence  on t h e  turbulei lce .  This  i s  t h e  

s ta tement  t h a t  can be rnad-e about t h a t ;  bu t  l i t t l e  work has been done on 

thi.s p o i n t .  

D .  G .  Thomas (Olil1jL) : Frank, i n  t h e  drawing you had -with t h e  tower 

experiment and b a l l o n  experiment you mentioned t h a t  t h e  experiments were 

done between 10 a n d  noon and t h a t  t h e  thermal  forces  were causing t h e  peak 

i n  t h e  tower experiment t o  s h i f t  t o  smal le r  wave numbers. Were measure- 

ments made wi th  bai.l.ons s o  t h a t  you know whether t h a t  peak s tayed a t  t h e  

same p o s i t i o n  or d id  it decrease? 

1’. A. Gi f ford :  Both measurements were 1nade;and t h e  c h a r a c t e r  of 

t hese  w a s  t h a t  both the peaks s h i f t e d  toward low frequencies ,  s o  t h a t  

what you f i n d  i n  the f ixed-poin t  measurements were a l s o  refl-ected i n  t h e  

b a l l o n  measurements. There was a n  a i r p l a n e  t h a t  w a s  f l y i n g  p a s t ,  t o  t r y  

t o  g e i  t he  s p a t i a l  p a t t e r n ,  ’ D U ~  un fo r tuna te ly  we only have one example of 

that, spert,rum t h a t  w a s  made simul taneous ly  wt th  t h e  o the r  t % o  kinds.  

13. W. Hoffman ( O R N L ) :  1 was wondering what has been done in tk  way 

of looking a t  tlfle turbulence s t r u c t u r e  over  c i t i e s  and t h i n g s  l i k e  t h a t  

where you have bu i ld ings  which are heated on one s i d e  and unheated on the  

o the r  and, hence, have s t r o n g  na tura l -convec t ion  e f f e c t s .  

F. A .  Gi f ford :  The answer i s ,  very l i t t l e .  This i s  a s u b j e c t  t h a t  

we a r e  s tudying and obviously i s  a sub jec t  t h a t  has cons iderable  degrees 

of p r a c t i c a l  appl icaLion i n  “Lerms of air p o l l u t i o n  and a l s o  i s  qu i t ?  

relevanr; t o  the r e a c t o r  f i e l d  nov i n  which t h e  push i s  t o  ge t  r e a c t o r s  

c l o s e r  and  closer t o  c i t i e s .  ‘The answer i s  t h a t  very  l i t t l e  has been 

-- 
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done. 

t h a t  would. give you .the roughness l e n g t h  and t h e  f r i c t i o n  v e l o c i t y  over 

a c i t y ,  compared w i t h  hundreds t h a t  ex<.& fos- open country.  This  i s  

something t h a t  a g r e a t  d e a l  more should. be done abou t ,  The gene ra l  char- 

a c t e r  t h a t  we expect  has two a s p e c t s  - one i.s t h a t  t h e  roughness eI.ements 

a r e  much g r e a t e r ;  t h e  o t h e r  i s  t h a t  t h e  c i t y  has what i s  called.  t h e  "heat-  

i s l a n d  e f f e c t .  '' The c i t y ,  being composed l a r g e l y  of concre-te and a s p h a l t  

and so  on, absorbs hea t  d.uri.ng t h e  day and emits  it during t h e  n igh t ;  and 

so  t h e  temperature  -v-ar-istion over  a. c i t y  does not  show t h e  v ide  swing from 

day t o  night t h a t  exi.sts over a count rys ide .  General ly ,  I suspec t  t h a t  

regard ing  t h e  mean p r o p e r t i e s ,  flow o ~ e r  a c i t y  may even i n  some ways 'ue 

simpler  t han  T l o t ~ s  over t h e  country,  b u t  t h i s  has not  yet been s tud ied  as 

nuch as i t  shoi1l.d. 

There are only one o r  two s e r i e s  of measurements, f o r  example, 

L. W >  Crawford (Tennessee Technological  Un ive r s i ty )  : I d o n ' t  qu i t e  

understand what t h e  s i g n i f i c a n c e  of t h e  b a l l o n  and tower experj-ment is a 

J u s t  What does it mean t h a t  t h e  f requencies  a r e  s h i f t e d  t o  low va lues?  

F. A. Gifford :  - This  i s  on1.y t h e  s i g n i f i c a n c e  t , h a t  13 a t t r i b u t e d  t o  

t h e  frame of re ference  fol lowing an  individua.1 f l u i d  p a r t i c l e ,  which. you 

suppose t h a t  t h e  b a l l o n  does (of  s",ourse, it doesn ' t  'out you do t h e  b e s t  

t h a t  you can ) ;  th i . s  i s  the  Lagrangian frame. The E u l e r i a n  frame i s  what 

t h e  tower measurement gi.ves you. The reason why t i i t s  i s  Smportant i s  

t h a t  it is  very  d i f f i - c u l t  t o  make Lagrangian observa t ions  - i .e. , observa- 

t i o n s  of" motions of a "pa.rtlicle of  a i r "  - while  it i s  comparatively sirnple 

t o  make t h e  f ixed -po in t  tower observa t ions  The s t a t i s t i e a l  t heo ry  of 

d i f f u s i o n ,  G.  I. %ayl.or 's  t heo ry  and a l l  t h e  r ami f i ca t ions  of i.t by o t h e r  

people,  depends on t h e  idea  of p a r t i c l e - a t t a c h e d ,  o r  Lagran.g-ian s p e c i f i c a -  

t i o n  of tu rbulence ;  t h a t  is, fo l lowing  t h e  motion of p a r t i c 1 . e ~ .  So what 

you are t r y i n g  t o  do is  t o  es t imate ,  by measurenents made a t  a f ixed  po tn t ,  

what t h e  s t a t i s t i c s  a r e  of t h e  d i s t r i b u t i . o n  of  pa- r t ic les  a t  some s p e c i f i e d  

d i s t ance  o r  t ime from an  i n i t i a l  pos i . t ion .  The importance of t h i s  perhaps 

wou1.d have been c l e a r e r  i f  I had condensed t h e  first, p a r t  of .my reirBrks 

and t h e n  t a l k e d  about d i f fus i .on  a l i t t l e  more; but; t h i s  i.s t h e  s i g n i f i -  

cance as I understa:nd. lit, anywa.y, 
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STUDIES I N  RADIATION GAS DYNAMICS 

T. S. Chang 
Vi rg in i a  Polytechnic  I n s t i t u t e  

This progress  r e p o r t  desc r ibes  some of t h e  research  e f f o r t s  on 
“Radiat ion G a s  Dynamics“ which are c u r r e n t l y  undertaken a t  Vi rg in i a  
Polytechnic  I n s t i t u t e .  

Approximate models desc r ib ing  t h e  f low of r e a l  gases  under t h e  
in f luence  of r a d i a t i v e  h e a t  t r a n s f e r  w i l l  be  presented .  The e f f e c t s  
of nonequilibrium d i s soc ia t ion ,  c o l l i s i o n ,  and thermal  r a d i a t i o n  on 
t h e  s t r u c t u r e  of shock waves w i l l  also be considered.  
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FREE: CONVECTION KEAT TRANSFER TO 
NARROW CNANNELS 

AIR BE?I'WEEN 

K. G. Soderstrom and C. E. Reoyo-Sinchez 
University of Puerto Rico 

Mathematical models have been analyzed of the heat transfer from 
the fuel elements of the PRNC reactor resulting from a loss of water. 
An experimental model has been built for the purpose of measuring the 
free convection heat transfer to air between the fuel plates. This 
model uses two stainless steel plates of the exact size and spacing 
of the plates in the PRNC reactor and power generation is simulated 
by electric heaters. The measured variables are used to calculate 
the heat transfer and convection coefficient from the plates to the 
air in the narrow channel as a function of fuel plate temperature. 
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E X P m i ’ S  ON THE STASILIZATION OF X(YIIATJNG FLOWS 
BY INTENSE MAGNFXIC FIELDS* 

J. 3. Keyes, 3r. 
Oak Ridge Nat ional  Laboratory 

Confined, vortex-type flows generated by t a n g e n t i a l  impingement of 
gas on t h e  i n t e r i o r  su r f ace  of a tube  are of cu r ren t  i n t e r e s t  f o r  c e r t a i n  
advanced energy conversion a p p l i c a t i o n s  inc luding  the gas-core ( o r  gas-  
f u e l e d )  nuc lear  r e a c t o r .  
ba lance  between c e n t r i f u g a l  f o r c e  and d i f f u s i o n a l  f o r c e  t o  a f f e c t  con- 
t inuous  sepa ra t ion  of Yne high molecular weight f u e l  from a low 
molecular weight coolan t  e ‘The coolan t  absorbs h e a t  p r imar i ly  b y  d i r e c t  
molecular exchange and can, i.n p r inc ip l e ,  be hea ted  t o  temperatu.res 
s u f f i c i e n t  t o  s u s t a i n  a, high l e v e l  of i o n i z a t i o n .  The vo r t ex  r e a c t o r  
might be i n t e g r a l l y  coupled. with a vo r t ex  magnetohydrodynamic (MHD) 
genera tor  which e x t r a c t s  e l e c t r i c a l  energy from t h e  r o t a t i n g  plasma by 
i n t e r a c t i o n  with a n  a x i a l  magnetic f i e l d .  This concept i s  d iscussed  
b r i - e f ly .  

One gas-core r e a c t o r  concept employs a 

These a p p l i c a t i o n s  of vo r t ex  flow ma,$ be f e a s i b l e  only i f  t n e  l e v e l  
of iurbulence i s  very low, p a r t i c u l a r l y  i n  the f u e l  zone where eddy 
mixing l i m i t s  tlne separati-on process .  Unfortunately,  experiments have 
revea led  t h a t  t h e  flow i s  uns t ab le  a t  va lues  of Reynolds modulus (based 
on t h e  t a n g e n t i a l  v e l o c i t y )  much below t h e  range of i n t e r e s t .  
o the r  hand, s ince  the  gas i s  an  e l e c t r i c a l  conductor (plasma) a t  least  
i n  t h e  f u e l  zone, hydromagnetic s t a b i l i z a t i o n  may be poss ib l e .  

On t h e  

This  p r e s e n t a t i o n  descri’oes r e s u l t s  of explora tory  flow v i s u a l i z a t i o n  
s t u d i e s  employing motion p i c t u r e  photography. These s t u d i e s  r evea l  t h e  
s t rong  s t a b i l i z i n g  in f luence  of an i n t e n s e  a x i a l  magnetic f i e l d  (up t o  
75 k i logauss )  on vo r t ex  flow of ail e l e c t r o l y t i c  conductor (concentrated 
aqueous ammonium ch lo r ide  sol-ution a t  95°C) generated by two-dimensional, 
t a n g e n t i a l  w a l l  j e t s .  
f eed  j e - t s  and a s i n g l e  e x i t  o r i r i c e  a t  t h e  c e n t e r  of one end of t h e  tube, 
t h e  t a n g e n t i a l  Reynolds modulus a t  t r a n s i t i o n  t o  i n s t a b i l i t y  w a s  increased  
from 500 with 110 rriagnetic f i e l d  t o  7600 witn t h e  75 k i logauss  f i e l d  
(corresponding. Bartmann modulus based on tube  r ad ius  of 1‘72) a Even when 
tlne t a n g e n t i a l  Reynolds modulus i s  above t h e  c r i t i c a l  value f o r  complete 
stabil . i .zation, t h e  magnetic f i e l d  i s  never the less  e f f e c t i v e  i n  s tab i1 , iz ing  
t h e  i n - t e r i o r  of the vo r t ex  flow, 

Using a. 4-in.  -di,aneter vo r t ex  tube  having two 

-x- 
Research sporisored by the  u. S. Atomic Energy Commission under 

c o n t r a c t  w i t h  t h e  Union Carbide Corporation. 
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LrLTRBULEJEP TRANSPORT IN A WALL-JET FLOW 

F. N. Peebles  and J. 0. Nelson 
The Unive r s i ty  of Tennessee 

Time-average temperature  and v e l o c i t y  p r o f i l e s  were measured i n  
a two-dimensional p lane  t u r b u l e n t  wal l - je t .  The j e t  was formed by 
expe l l ing  prehea ted  air  through a nozzle  0.75 i n .  t h i c k  onto a 
r ec t angu la r  f l a t  p l a t e  18 i n .  wide by 84 i n .  long, bounded by s ide -  
boards.  Temperature x ~ r o f i  l e s  were measured us ing  a d i f f e r e n t i a l  thermo- 
couple system. A n  impact p re s su re  tube  and micromanometer were used 
t o  measare v e l o c i t y  p r o f i l e s .  

Transverse temperature  and v e l o c i t y  t r a v e r s e s  were made a t  8 i n .  
i n t e r v a l s  alorig t h e  l-orrgi.tAudinal c e n t e r l i n e  of the j e t  a t  d i s t ances  
ranging from 8 in, t o  64 irz.  downstream from the nozzle  e x i t .  
nozzle  v e l o c i t y  an.d t h e  terrperature d i f f e r e n c e  between t h e  nozzle e x i t  
and room a i r  were maintained cons tan t  during t h e s e  t .savers?s  a t  87.7 
f t / s e c  and 32.1°F, r e s p e c t i v e l y .  An a d d i t i o n a l  t r a v e r s e  was made a t  
32 i n .  downstream f r o m  t h e  nozzle  with t h e  e x i t  val.ucs maintained a t  
58-9 f t / s e c  and 24.1.°F. 

The 

Temperature profi.le:; a t  each downstream l c x a t i o n  were p l o t t e d  as 
t h e  d i f f e r e n c e  between j e-t and room temperatures versus d i s t ance  normal 
t o  tihe w a l l  e Veloc i ty  p r o f i l e s  Were obta ined  in an ana.l.ogous manner. 
The se l f -preserv- ing  na tu re  of t h e  f l o w  was demonstrated by t h e  un ive r sa l  
temp e ra t  ur e f Unc ti or1 wi~ i ch r e s u l t e d  wli e n SU emp e rat in r e  p r o Fi l e  s we re  
normalized b y  di.vi&ing loi:al. -l;emperatuTe d i f f e r e n c e s  by t h e  niaximurn 
d i f f e r e n c e  f o r  each pr.0fi.l.e and by d iv id ing  t r a n s v e r s e  p o s i t i o n  by t h e  
d i s t a n c e  from t h e  w a l l  a t  which, $he l o c a l  temperature  d i f f e r e n c e s  w a s  
h a l f  t h e  maxirnum value.  
p r o f i l e s  produced a u n i v e r s a l  .veloci ty  func t ion .  Momalized temperature  
and v e l o c i t y  d a t a  f o r  the p r o f i l e s  measured with lower nozzle e x i t  -valu.es 
coincided with .t'nese u n i v e r s a l  func t ions  con.firming t h e  s i m i l a r i t y  o f  
both h e a t  t r a m p o r t  and mom..eriLum t r a n s p o r t  i n  t h e  w a l l  J e t .  A l l  s c a l i n g  
f a c t o r s  were found t o  be simple furictriori,s of -the downstre:am d i s t a n c e  
from t h e  nozzle  e x i t .  

When t r e a t e d  i n  a similar manner, t h e  v e l o c i t y  

Tne d i s t r i b u t i o n  of' the  dimensionless eddy ther.mal. d i f  f u s i v i t y ,  Et? 
was c a l c u l a t e d  from a sLmila.rit,y ~01.1~. tLon of t h e  t h e m a l  energy equat ion  
f o r  t h e  observed u a i v e r s a l  l;ernperat,ure psof'i.l..e func t ion .  "he dimension- 
l ess  d i f f u s i v i t y  w a s  a,lmost I.n'.near i n  t h e  region ma:r 13e w a l l  and 
approached a vslue of 0.03'7 :in the outer. reg ion  of t he  j e t  Tbe .iJa.l.iies 
of t h e  eddy .I;bermal d i f f u s i v i t y  agreed favorably w!..-tl~ s imi . l . a r  mea.;.!~,.renerit s 
of t h e  eddy d i f f ' u s i - v i t y  of ,ma2,ss obtained from e : ~ - p e r i r n e r i t ~ .  studies of' 
t u r b u l e n t  mixing of G .l p e r  ni. be1.i imi-a i r  mixtr w.i,tdh anbien t  a .- r 
in the sane wa.Ll.-<j et. appara tus  II 
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A STUDY OF PRESSURF: LOSSES I N  TUBING AND FITTINGS 

C .  W. Boucliillon and C. T. C a r l e y  
Miss i s s ipp i  S t a t e  Univers i ty  

The ob jec t ives  of t h e  research  s tudy  are t o  develop means of 
p r e d i c t i n g  t h e  performance of tub ing  and f i t t i n g  systems f o r  s teady  
state and t r a n s i e n t  f l u i d  flows. One type of f i t t i n g  o r  hose which 
has no t  been included i n  t h e  c l a s s i c a l  p r e d i c t i o n  techniques i s  t n e  
corrugated f l e x i b l e  metal hose.  

One of the results which has  been obtained t o  da t e  i s  t h e  
measurement o f  t h e  p re s su re  l o s s e s  i n  f l e x i b l e  metal cor ruga ted  hoses 
of var ious  geometfrical  conf igura t ion  and t h e  development of a co r re -  
l a t i o n  equat ion which appears  t o  p r e d i c t  t h e  p re s su re  l o s s e s  reason-  
ab ly  we l l  f o r  a i r .  

Another result i s  a computer program f o r  p r e d i c t i o n  of t h e  
performance of a genera l ized  system composed of var ious  types  of 
components i n  var ious  combinations f o r  s teady  s t a t e  and s l o w  t r a n s i e n t ,  
i . e . ,  quasi-s teady state, condi t ions  which may be app l i ed  t o  systems 
of tub ing  and r i t t i n g s .  

Work i s  cont inuing i n  t n e  development of ana lyses  f o r  t h e  improve- 
ment of t h e  p r e d i c t i o n  equat ion f o r  the cor ruga ted  f l e x i b l e  metal hose 
a:; a func t ion  of t h e  geometzy of t h e  hose convolut ions.  The p r e d i c t i o n  
o f  t r a n s i e n t  phenomena i n  tub ing  and f i t t i n g  systems remains as an  a r e a  
of i n v e s t i g a t i o n  which r e q u i r e s  f u r t h e r  s tudy i n  o rde r  t o  e s t a b l i s h  a 
technique €or obta in ing  s a t i s f a c t o r y  approximate s o l u t i o n s  t o  the 
r e s u l t a n t  system of p a r t i a l  d i f f e r e n t i a l  equat ions.  



AM ARC HEATZD WIND TUNI!EIJ ITSVESTIGATION OF THE EFFECT OF 
HEAT-TRANS'FER RATE, LOW DENSITY, AJTD ORIFICE SIZE 

ON MWSTJREX STATIC PRESURES 

R. W. Guy 
TUSA - Langley Research Center  

An experimental  i n v c s t i g a t i o n  of t he  e f f e c t s  of o r i f i c e  diameter 
and hea t  t r a n s f e r  r a t e  on s t a t i c  pressure  meacurements has been ma.3e 
i n  the  regime between corkiniiim and f r e e  molecule f l o w .  This  i n v e s t i -  
ga t ion  is p a r t  of a cont inuing  program t o  a c c u r a t e l y  meamre hea t  t rans-  
f e r  slid pres su res  i v  a low-tlensi-Ly, hyperve loc i ty  s t ream. Pre l iminary  
pressure  meas?nrements on s l e n d e r  C O K S  f e l l  c o x i d e r a b l y  below theory  
and a sea rch  f o r  t h e  cause of' t hese  low pressureE indicated.  t h a t  o r i f i c e  
s i z e ,  d e n s i t y  levels and  h e a t - t r a n s f e r  rate could cause t h e  ineasured 
press-nres t o  be l o w .  

I n  o rde r  do investigate this orifice e f f e c t ,  heah - t r ans fe r  and 
pressure  meaouremcrlts were obtained at a single a x i a l  l o c a t i o n  on a 
s l i g h t l y  blunted,  s l endpr  cone €or a v a r i a t i o n  in o r i f i c e  diameter  and 
tes t  cond i t ions .  The experimental  r e s u l t s  for the orifice e f f e c t  a r e  
gene ra l  when preserited i n  terms of parameters from the semi -emperica.l 
theory  for t h e  orifice e f f e c t  as o r i g i n a l l y  der ived  b y  P o t t e r ,  Kinslow, 
a,nd Boylan, 

The t e s t s  were conducted wi.th bo th  air and n i t rogen  as t h e  t e s t  
media i n  the  Langley l-ft (0.305-mneter) hypersonic a r c  tunne l  a t  Mach 
numbers f rom 12 to 14 and en tha lpy  l e v e l s  from 3 X l o3  to 5 X 1.06 J/kg. 
The f r e e  stream u n i t  Reynolds nu~ber var i ed  from about 4 X 10' to 
9 X lo4 p e r  meter. The r e s u l t s  extend t h e  work of P o t t e r  e t  a l . ,  t o  a. 
wider  range of flow cond i t ions ,  s i n c e  the measured h e a t - t r a n s f e r  r a t e s  
were h igher  a t  t h e  d e n s i t y  l e v e l s  i.nvolv-ed, t han  previous work. T'he 
m.easil.red h e a t - t r a n s f e r  r a t e s  are hi-gher than  p red ic t ed  by theo ry  even 
with an  approxinate  c o r r e c t i o n  t o  t h e  theo ry  f o r  t h e  eff'ec.t;s of t r a n s -  
verse  curva ture  and induced p res su res  .. Mom work i s  requi red  t o  d e t e r -  
mine t h e  cause of t h e  high h e a t - t r a n s f e r  r a t e s .  All pressure  d a t a  ob- 
tained. w i th  Irieai; t r a a s f e r  t o  th.e model showed a. s ign i . f ican t  decrease i n  
measured. pressure w i t h  a decrease i n  o r i f i c e  diameter .  

It i s  shmm tha t , ,  i n  genera l ,  t h e r e  i s  good agreement between 
P o t t , e r f s  t heo ry  for the  o r i f i c e  e f f e c t  on pressure  measurements and. 
t h e  p re sen t  experimental  da t a .  The r e s u l t s  of t h i s  experiment i n d i -  
caAe t h a t  i n  nany t ypes  of t es t s  .it mag prove more practical t.o use 
a conveni.en.tig s i - z e d  o r i f i c e  ayld c o r r e c t  t h e  da ta ,  r a t h e r  t han  t o  t r y  
t o  e l i m . i m , ? x  tlrie e f f e c t  by choice of o r i f i c e  s i z e .  The need t o  know 
heat - t ra ,ns fer  rate i n  order to correct the  pressure  data, must also be 
empiias i ze d . 
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REFLECTANCE STUDIES FOH F1ZM-COVliXKl.l WA!JXR SUREIACES 

J. IT. Beard 
U n i v e r s i t y  of V i rg in i a  

and 

J .  A. Wiebelt 
Oklahoma S t a t e  Univers i ty  

Absorbed s o l a r  energy a c t s  t o  inc rease  t h e  d r i v i n g  p o t e n t i a l  f o r  
evaporation, as may be seen i n  the  Dalton Equation. Tbe a p p l i c a t i o n  
of a monolayer o r  t h i c k e r  chemical f i lm on a w a t e r  su r f ace  can change 
t h e  r e f l e c t a n c e  of s o l a r  energy. 

An a r i a ly t i ca l  i n v e s t i g a t i o n  has  shown t h a t  r e f l e c t a n c e  i s  a 
func t ion  of t h e  o p t i c a l  p rope r t i e s ,  t h e  f i lm thickness,  t he  energy 
wave length,  and t h e  angle  of incidence.  
t h e  change of r e f l e c t a n c e  w i t h  v a r i a t i o n  of t h e  above p r o p e r t i e s  w a s  
determined. The r e s u l t s  i n d i c a t e  t h a t  by s e l e c t i n g  a film forming 
substance which has d e s i r a b l e  o p t i c a l  p rope r t i e s ,  t h e  energy r e f l ec t ance  
can be s i g n i f i c a n t l y  increased .  

With t'ne a i d  of a computer, 

Experimental work vas done t o  determine t h e  change of r e f l e c t a n c e  
due t o  t h e  presence of a compressed c e t y l  a l coho l  monolayer on a water  
su r face .  Though some inc rease  i n  r e f l e c t a n c e  w a s  noted, t h e  r e s u l t s  
showed t h a t  a c e t y l  a lcohol  monolayer does not  s i g n i f i c a n t l y  inc rease  
the r e f l e c t a n c e  water i n  t h e  energy range between 0.40 and 2 . 2 0  microns. 
The r e s u l t s  correspond t o  t h e  p red ic t ed  theory  as t h e  a n t i c i p a t e d  
o p t i c a l  p r o p e r t i e s  of a c e t y l  a lcohol  monolayer a r e  not  extreme enough 
f o r  a s i g n i f i c a n t  r e f l ec t ance  change. 

Fu r the r  work on t h e  reflec-Lance of fi lm-covered water su r faces  
w i l l  cons ider  such chemical m a t e r i a l s  as dyes and polymers. 

The completed work w a s  done under t h e  Bureau of Reclamation 
Contract  No. 14-06-D-5232. 



ON THE SOLUTION OF NOXLIFJEAR EQUATIONS 

D. R. Scholz 
Louis iana S t a t e  Un ive r s i ty  

The f i n a l  s t e p  i n  t h e  s o l u t i o n  of many of our  problems i s  t h e  task 
of f inding,  o r  perhaps simply of a s s e r t i n g  t h e  ex i s t ence  of a ze ro  
of F(x) .  
t o  do both.  E i t h e r  t h e  d i f f e r e n t i a b i l i t y  p r o p e r t i e s  of F must be known 
or, i f  s o l u t i o n s  must be obtained, t h e  f i rs t  d e r i v a t i v e  of F must be 
computed. I n  p r a c t i c e  t h i s  d e r i v a t i v e  i s  o f t e n  rep laced  by a d i f f e r e n c e  
quo t i en t  which9 as shown by t h e  theorem below, can be chosen so  t h a t  
t h e  ex i s t ence  o f  t h e  zero i s  riot i n  doubt and t h e  s u b s t i t u t e  i t e r a t i o n  
converges with t h e  same speed as Newton's i t e r a t i o n .  

I f  F i s  a nonl inear  ope ra to r  Newton's method may be employed 

Le t  F be a nord inear  ope ra to r  mapping a Banach space X i n t o  X 
and having d iv ided  d i f f e r e n c e  on t h e  sphere R, 

i .e., for every p a i r  XI ,  x" t h e r e  e x i s t s  a bounded l i n e a r  opera tor  
F(x', xN) such t h a t  (1) F(x', x N )  (x' - x") = F(x') - F(x"), and 
(2) F(x', x") = F(x", x')>. I f ,  f o r  every t r i p l e  x', xi'-, x'" i n  R, 

and i f  

h = Z K a b ( 1  + b) < - 1/2, a(1 + 2b) < - R , 
where x = x f F(x), t hen  t h e  sequence {x ) defined by 

n 

%+l= "k - CF(5' 5 ) l - l  F(%) 

converges t o  a s o l u t i o n  x+ of t h e  equat ion  

F(x) = 0 . 
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D. F. Dyer, T.  C .  Ha.rdin, and 5. E. Slilzderland 
Georgia I n s t i t u t e  of SlechnoLogy 

A c losed  form a n a l y t i c a l  s o l u t i o n  t o  p r e d i c t  t h e  rate of st,S- 
l ima t ion  dehydrat ion i s  presented .  It i s  9ssuaed that, the  t i m e  
v a r i a t i o n  of p r o p e r t i e s  are n e g l i g i b l e  i n  cDmparison t o  tke sphep 
vari-at ion.  The v a l i d i t y  of t h i s  assamption i s  dpmonstrstcd by com- 
pa r ing  r e s u l t s  of t h e  p re sen t  so lu t ion  with those  of s n  'lpxact'l 

soluti .on.  This comparison i s  made f w  tl-c pa,.rticiLsr set of boxndary 
condi t ions  used i n  t h e  exac t  so lu t ion .  T - I ~  p re sen t  so l i l t i on  accodfits 
for h e a t  t r a n s f e r  t o  t h e  moving froT,en->3ry interface from b o ~ h  t _ b 2  

f rozen  and dry  r*ugi ons. The cx:~.rnal boundary c o r d i t i o n s  involve 
cons tan t  su r f ace  temperatures  a t  both exposed f aces .  Thc interface 
LerIiperature i s  assumed cons tan t  ir, accordamp with experimental  and 
t h e o r e t i c a l  information,  Pie analys i c a l  r e s i l i t s  arc3 clctemLned 
tlnrough tne  simultaneous s o l u t i o n  of t h e  cons?rvat ion eqliations for 
m a s s  and energy f o r  t h e  f rozen  and dry  regions.  

Typical  results of t h e  theory  f o r  f reeze-dry ing  bovicc nusc l -  
a r e  cornpared with experimental  d a t a  2nd show ar! e x c e l l e n t  c o r r e i 3 t '  102, 
I n  a d d i t i m ,  it i s  shown t h a t  tine drying t i m e  can be decr?ased by a2 

much as 40$ o r  more by t r a n s f p r r i n g  h e s t  through t h e  fr"3z"n 1ayf.r. 
It, i s  necessary t o  m a i n t a i n  a vapor s e a l  a t  th-3 f rozen  su-rfece i n  crdc-r 
t o  achieve t h i s  improvement i n  drying rate. A m?t,hod ie suggcsc-d f o r  
cons t ruc t ing  f reeze-dry ing  equipmerit d t i L i z i n g  t h i s  type of " ' ~ n i  - 
d i r e c t i o n a l  drying " 



RESEARCH ON POOL BOILING RESPONSE TO PFES3JRE DECAY 

G. E. Tanger and R. I. Vachon 
Auburn Univers i ty  

The r e sea rch  i s  t h e  s tudy  of t h e  h i s t o r y  of l i q u i d  superheat  i n  

A 304 a pool b o i l i n g  system sub jec t ed  t o  a sudden p res su re  release. 
stainless s t e e l  h e a t e r  su r f ace  i n  con tac t  with d i s t i l l e d  degassed 
water w a s  monitored during system pres su re  decay through a 1- inch  
o r i f i c e  t o  t h e  atmosphere. 
reaches a maximwn during t h e  i n i t i a l  t r a n s i e n t  p re s su re  phase and 
becomes negat ive  during t h e  f i n a l  t r a n s i e n t  phase with r e l e a s e  t i m e  
of approximately 1 2  seconds. 
cryogenic systems. 

The data show t h a t  l i q u i d  superheat  

This phenomenon i s  q u i t e  probable  i n  



R.  i. Vachon and G. E. Tanger 
Auburn Univers i ty  

The research  i s  a c o l l e c t i o n  of d a t a  f o r  pool  b o i l i n g  water from 
The s t a i n l e s s  steel var ious ly  prepared 304 stainless s t e e l  su r f aces .  

su r f aces  have been mechanical.1.y pol ished,  chemically e tched and Teflon 
coated t o  produce v a r i a t i o n  i n  riucleation sites and su r face  wet t ing .  
Y ~ x  data a r e  discu.ssed and conpared w i t i i  what data i s  a v a i l a b l e  f o r  
s t a i n l e s s  steel and w a ’ ~ ~  su r f ace - l iqu id  combinati.on. The Rohsenow 
pool b o i l i n g  equat ion  has been used t o  c o r r e l a t e  the data. 
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ANALYTICAL AND EXF'mWAL STUDIES OF FILM 
AED TRANSPIMION COOLING OF 

EIYPERSONIC NOZZLE THROATS 

H. C. Roland 
Un ive r s i ty  of Tennessee 

Ana ly t i ca l  s t u d i e s  have been made of l i q u i d  film, gas film, and 
t r a n s p i r a t i o n  cool ing  of hypersonic  nozzle  t h r o a t s .  T,e l i q u i d  f i lm 
w a s  t r e a t e d  i n  a stepwise f a sh ion  us ing  an  adap ta t ion  of an  a n a l y s i s  
by D. L. Ehnons. G a s  f i l m  cool ing  was t r e a t e d  i n  a s t r a igh t fo rward  
f i n i t e  d i f f e r e n c e  manner by d iv id ing  t h e  coolan t  and mainstream gases  
i n t o  l a y e r s  and proceeding t o  t a k e  momentum and energy ba lances  i n  
incremental  s t e p s  through t h e  nozzle.  Two d i f f e r e n t  methods of evalu- 
a t i n g  t h e  d i l ' f ' u s iv i t i e s  were examined. 
t r e a t e d  both by an  adap ta t ion  of t h e  Emnons s o l u t i o n  and by providing 
f o r  f l u i d  i n j e c t i o n  a t  each increment i n  t h e  gas  film cool ing  a n a l y s i s .  

T ransp i r a t ion  cool ing  w a s  

Exljerimental s t u d i e s  of' gas  film cool ing  have been made us ing  an  
instrumented nozzle  wi th  0 5 inch  t h r o a t  diameter. 
p re s su res  up t o  500 p s i a  and s t agna t ion  temperatures  up t o  7000°R were 
used. The experimental  results have been compared with t h e  a n a l y t i c a l  
r e s u l t s  and reasonably good c o r r e l a t i o n  achieved. 

S tagnat ion  

Parametr ic  s t u d i e s  of gas f i l m  cool ing  are cointinuing f o r  a 
l a r g e r  nozzle, arid experimental  s t u d i e s  a r e  being made us ing  a 7-inch- 
diameter t h r o a t ,  s t agna t ion  p res su res  up t o  500 p s i a  and s t agna t ion  
temperatures  up t o  3 0 0 0 ' ~ .  



PROGRESS EXPORT ON APPLICATION OF SIMILMTY 
TEENIQUES I N  SPACE VEECCLE TESTING 

R. L. Young 
The Unive r s i ty  of Tennessee Space I n s t i t u t e  

'The techniques of s i m i l a r i t y  a n a l y s i s  are app l i ed  t o  develop 
c r i t e r i a  f o r  deducing from model experiments s t eady- s t a t e  and t r a n s i e n t  
temperature  d i s t r i b u t i o n s  f o r  a t y p i c a l  space veh ic l e  element exposed 
t o  space condi t ions .  
ihfo:rfuxtion can be obtained from models i n  space environment chambers. 
The:rmal s i m i l a r i t y  c r i t e r i a  are d.educed from expressions f o r  t r a n s i e n t  
conduction with r a d i a t i o n  boundary condi t ions .  Based on t h e s e  c r i t e r i a ,  
a pro to type  and nominally one-ha.lf s c a l e  model. were designed and t e s t e d  
i n  a space chamber. To a t t a i n  thermal  s i m i l a r i t y ,  some geometric d i s -  
t o r t i o n  w a s  necessary i n  t h e  model.. 
themm.lly cycled.  
a t  equiva len t  l o c a t i o n s  and times. 
agree  wi th in  an  average of approximately one pe rcen t  h5th a maximum 
dev ia t ion  of approximately f i v e  pe rcen t .  
a l t e r e d ,  t hus  des t roying  i t s  thermal  s i m i l a r i t y .  After a l t e r a t i o n ,  
t h e  tempera.ture daLa d i f f e r e d  s i g n i f i c a n t l y  from t h a t  of t h e  thermal ly  
similar model and proto-Lype. 
t h e  co r rec tness  of t h e  der ived  c r i t e r i a  and show t h a t  c l o s e  adherence 
t o  s i m i l a r i t y  rules i s  requi red .  

The s p e c i f i c  purpose i s  t o  determine i f  u s e f u l  

Both pro to type  and model were 

Resul t s  show t h a t  temperatures  
Temperature d a t a  f o r  p r o t o t f l e  and inodel art? coinpared 

The model was subsequently 

These experimental  r e s u l t s  demonstrate 



SOME AREAS OF THERMAL PKYSSCS R E S M C H  IN THE 
RESEARCH PRWECTS LABORATORY, NASA-MSFC 

H. L. Atkins 
NASA -Marsha l l  Space F l i g h t  Center 

Four of t h e  a r e a s  of thermal  research  p r e s e n t l y  loeing inves t iga t ed ,  
both in-house and on cont rac t ,  are discussed.  
with a s h o r t  d e s c r i p t i o n  of t h e  a c t i v i t i e s .  

These a r e  l i s t e d  below 

(I) 
work has  r e s u l t e d  i n  a r ev i sed  express ion  f o r  K i rchhof f ' s  Law when 
app l i ed  t o  thermal  non-equilibrium condi t ions .  P resen t  work on t h i s  
p r o j e c t  i s  t o  measure the  energy t r a n s f e r  f o r  a system i n  non-equilibrium 
condi t ions  and compare t h i s  with t h e  theory .  

Theory of t h e  Thermal W s s i o n  of Materials - P a s t  t h e o r e t i c a l  

( 2 )  Thermal Contact Conductance - Data i s  presented  on thermal  
and e l e c t r i c a l  con tac t  conductance. A b r i e f  d e s c r i p t i o n  i s  given on. 
a program t o  use one- and two-dimensional t r a n s i e n t  theory  and a com- 
p a r i s o n  of t h i s  wi th  data. 
t h e  a s s o c i a t e d  d a t a  i s  concerned wi th  hold ing  con tac t  conductance cons tan t  
and t h e  thermal  environment i s  changed and a l s o  where t h e  thermal environ- 
ment i s  cons tan t  and t h e  con tac t  conductance i s  changed. 

This  theory  of t h e  t r a n s i e n t  condi t ions  and 

( 3 )  A d i scuss ion  i s  g iven  o f  t h e  program of t h e m a l  conduct iv i ty  
measurements of non-metall ie media. This  w i l l  inc lude  t h e  objec t ives ,  
techniques,  and a d e s c r i p t i o n  or" t h e  experimental  setu?,  with some 
pre l iminary  results. W f o r t s  t o  eva lua te  t h e  c o n t r i b u t i o n  of each of 
t h e  t h r e e  modes of h e a t  t r a n s f e r  s e p a r a t e l y  a r e  descr ibed .  

(4) A d i scuss ion  i s  presented  on t h e  thermal  energy emit ted by 
geo log ica l  materials i n  t'ne i n f r a r e d  which are of importance i n  space 
exp lo ra t ion .  The ob jec t ives  and experimental  approaches f o r  determin- 
i n g  t h e  temperatures  by i n f r a r e d  radiometers,  composition by- in i ' rared 
spectroscopy, and i n f r a r e d  images by thenna l  scanning are given. 



TRANSIENT THERMAL STRESSES IN A CYLINDER 
WITH INTERNAL HEAT SOURCE 

S. S. Chehl 
Southern Univers i ty  

and 

D. R. Scholz 
Louis iana S t a t e  Un ive r s i ty  

This  paper  deals with t h e  thermal  stresses i n  an  i n f i n i t e  hollow 
i s o t r o p i c  e l a s t i c  cy l inde r .  The cy l inde r  i s  i n  thermal  equi l ibr ium due 
t o  cons tan t  h e a t  genera t ion  axisymmetr ical ly  wi th in  t h e  cy l inde r  and 
t o  condi t ions  imposed on t h e  boundaries.  The temperature i s  h e l d  con- 
s t a n t  on tine i n n e r  su r face  while  t h e  ou te r  su r f ace  i s  p e r f e c t l y  
i n s u l a t e d  a g a i n s t  h e a t  f l u x .  The inne r  su r face  i s  suddenly cooled b u t  
kep t  cons tan t  c r e a t i n g  a t i m e  dependent temperature  d i s t r i b u t i o n  which 
i n  t u r n  genera tes  varying stresses wi th in  t h e  cy l inde r .  

The i n i t l i a l  s teady  state cond i t ion  i s  expressed a n a l y t i c a l l y  i n  
terms of elementary func t ions .  However t h e  s o l u t i o n  of t h e  p a r t i a l  
d i f f e r e n t i a l  equat ion  represent ing  t h e  t r a n s i e n t  temperature d i s t r i b i i t i o n  
i s  expressed as a n  i n f i n i t e  series of Bessel's funct ions,  t h e  l a t t e r  
not  being menab le  t o  numerical computation. Accordingly, f i n i t e  
d i f f e r e n c e  techniques are used t o  ob ta in  numerical estimates of .the 
s o l u t i o n  of t h i s  p a r t i a l  d i f f e r e n t i a l  equat ion and, add i t iona l ly ,  t o  
compute t h e  thermal  stresses. 
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