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REMARKS ON ESTIMATION PROBLEMS FOR THE PARAMETERS
OF THE NEYMAN TYPE A DISTRIBUTION *

K. O. Bowman
Computing Technology Center

L. R. Shenton
University of Georgia

Abstract

The Neyman Type A distribution defined on the non-negative integers
depends on two parameters Ol’ 02, and is structurally the simplest of
the Neyman contagious distributions. These have wide application in
biology, ecology and other branches of natural science. At the present
time very little is known about the distributional properties of the
estimators of the parameters involved, and large sample theory is
invoked with naive uncriticality. The study which is confined to the
Type A distribution shows that moment cstimators only have moments in
a conditional sense, and that in their expansions higher order asymp-
totics may dominate the traditional lower order terms, in particular
in two regions of the parameter space. The first region is that part
of the paramcter space in which the index of dispersion or contagion
0, is small; here the distribution becomes tangential to the Poisson
distribution. The second region is that part of the paramcter space
contained by a parabolic arc sweeping away from the origin with an

axis inclination of about 45°; within this region the distribution has

high modality, the modes being spaced at intervals of @2 approximately.
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In both these regions samples of more than 500 may be required to give
the appearance of stability to thec moment expansions of moment statis-
tics and maximum likelihood statistics. As a rough assessment the
cstimators of Ol (the index paramcter) reaguire larger samples for
stabilization than those for 02. Again the sample size is about the
same for moment and maximum likelihood estimators. Morecover, in general,
a larger sample is needed for a higher moment than for a lower moment.

Critical remarks are also offered on the meaning of asymptotic

efficiency and its misleading undertones.

*Research sponsored by the U. S. Atomic Energy Commission under
contract with the Union Carbide Corporation.
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1. INTRODUCTION

In several previous studies (see Bowman and Shenton 1965, 1966;
Shenton and Myers, 1963) we have commented on the importance of second
order terms in the biases and covariances of moment, mixed moment, and
maximum likelihood estimators for the parameters of the negative binomial
distribution and other over-dispersed distributions. We have also given
a general method for the determination of the second order terms in the
first two maximum likelihood estimator moments. Iiere we set out our
findings for the Neyman Type A distribution (NTAd). A few seremdipic
by-products which seem worth recording are given in the appendix.

To make the study self-contained would require the repetition of
a good deal of material which is available elsewhere. We feel, however,
that even a brief account of the importance of asymptotics in estimation
theory and statistics is needed, and in such a rich field fresh examples
abound. The mean value of a statistic, or the expected value of a random
variable or vector, when it exists, is taken to be the population value
as a first approximation. Similarly large sample results in statistical
epidemiology stemming from stochastic models are asymptotically equiva-
lent to those stemming from deterministic models. Again there are
problems in pure and applied science for which asymptotics are free from
the unimportant minutia of a complete solution. For this reason alone
asymptotic results are valuable and may become the major objective in
complicated structures - for example some asymptotic results are known
for the otherwise hopeless problem of spatial distributions in self-

avoiding random walks.




Returning to mean values of statistics, our aim is to call
attention to some possible dangers in the overenthusiastic usage of
0-term-ology. Is it good enough to assume that the equation

Et = 1+ o(1/n)

t being an arbitrary statistic, can be interpreted as Et = 1 provided

n > N, where the value of N is a subjective choice? The moments of

many moment estimators for the parameters of a large class of modern
compound distributions and mixtures of distributions are only available
asymptotically. In many cases this also applies to maximum likelihood
estimators, first order terms in biases and covariances being nonetheless
aesthetically plecasing; however, the so-called high cfficiency of these

estimators is in many cases a first-order property, and in general they

should not be exempt from further scrutiny merely because of the mis-
leading terminology regarding their superiority.

We have shown elsewhere that there are techniques for evaluating
higher order terms for moments of moments, and of course one can always
fall back on the use of Fisher's k-statistics, or Fisher's k-statistics
as modified by F. N. David (1949). These, however, are of little usc
in the application to maximum likelihood estimators, and for the latter
formulae up to the n_2 terms only are available at the moment; however
the complication is such that they are only suitable for numerical work
on a digital machine. Further devclopment of these results by the

methods already used scems somewhat remote.



2. MOMENTS OF MAXIMUM LIKELIHOOD ESTIMATORS

For a distribution depending on h parameters Ol’ 62, e Oh’ for
which the multivariate derivatives up to order five exist in some
O-interval, the second-order term in a covariance of any two maximum

likelihood (m.1.) estimators are given by (Bowman § Shenton, 1965).

~

Cov2(Oa, @b) = O1 + O3 + 64, (1)

where

- ab
. 0, = P22 ([as,8,v] + [85,a,v] + [aByé]

+ 5aB,y8) + 2[afy,8] + 5[8yS,a] + 2lays,8])

o, = = 12FPare8e {%{ayc][B,G,e] + %{BYC][G,G,E]

¢ JayR][6ec] + 5lays][8ez]/2 + [a,6c][82y] + [8,5¢] [uzy]

+ 2[apz][ay,e] + 3[az,e][By8] + 3[avs][Bz,¢]

+ Ta,82) [v6e] + 3far,8][y8el + [ub,el[ve.B] + [85,€][ve,0]
- ¢ a8,810vE,e] + [86,a)[ve,e] + [a,y][Be,z]}.

- In this the Greek symbols run through the integers 1, 2, ..., h and there
is an implied summation over matching symbols over all permutations. In

addition, with probability function P the terms in parenthesis arc

defined as




dlog P dlog P dlog P

[o,8,Y] = (pT T,T) =L p ,
o By r by BOa BOB BOY
2
3 log P dlog P
[eB,v] = (T o) = X P —555 55
T a B Y

with obvious generalizations., Lastly,

LaB = - (pFaB) = (pFaFB)

L LBY = € (Kronecker delta).
aB oy

Formulae for the biases of maximum likelihood estimators are more
involved and have been described in Bowman § Shenton (1965) and

Shenton § Bowman (1963). We have, using E; and E2 for the n_1 and

1

-2
n terms,

ﬁléa = LaaLBYBz(a,B,Y) (2a)
Ezéa = LB (0, 8,y) ¢ LAUOLYB, (08,6, v,¢)
+ LaaLBYLégLenB4(a,8,Y,6,Q,e,n)
+ LaaLBYL5€LC”LOiB§b,B,y,a,e,g,n,o,i) (2b)
where
282 = - [aBy] - 2[aB,Y],
8B3 = [aBy8e] + 4{ay,B8e] + 8[8e,aBy] + 4[aBye,s]

+ 4['("8Ya6a€] + S[QB’Y(S:E])




4B, = (2[azes][nB,y] + 2{ReSt]ay,n] + 4[aBed][nz,¥y])
+ ([ozes][nyB] + 2[aReS][nyc] + 2[8Ren][avz])
+ (2[aes][nB,zy] + 4love][6n,eB] + 4[8es] [ay,nt]
+ 2[zy8]fan,es])
+ (4fage,n][68,y] + 4faze,y][S8,n] + 4[8Be,n][aL,Y])

+ (2[aBe,n][y8z] + 4[8Re,n]lavz] + 4[aBe,z][ySn]

+

2[6ne, R] [ayz])

+ (4[an,zy] [e8,8] + 4[ed,cy][an,R] + 4fan,ed][zy,B])

+

(4layn] ez, B, 8] + 2[ySe][aB,z,n])
+ 2[aB8e] [v,z,n]/3,
8B = [06g] {[eBy][n6i] + 2[e0y][nBi] + 4[nBe][0yi] + 8[nR6][evyi]

+ 2[eBy][n®,i] + 4[e0y][n®,i] + 2[n6i][eB,y] + 4[nby][eB,1]

+

8[nBO][ve,i] + 8[nBO][yi,e]l + 8[nBe][v0,i] + 8[yBe][nB,1]

+

4{y0i][nB,e] + 4[n6,i][eR,y] + 4[eB.i][n6,y] + 8[n06,8][iv,¢e]

+

8[nd,el[iy,B] + 4[Beb][n,y,1i]}

+

[Syi] { 8[8nd|[ae,z] + 4[Bng][ae,8] + 8[ae,8][8n,z]

+

8lae,z]{Bn,8] + 8[az,B][ne, 8]}

Evidently the main problem in the application of the formulae to a
given distribution is the evaluation of the expectation of products of
derivatives of the logarithm of the probability function (or derivatives
of log. likelihood). Since these derivatives go as far as the fifth
order, and since many discrete compound distributions have their
probability functions defined recursively (the order of the recursion

often variable), a structure suitable for machine use must be sought. The

scheme we now illustrate for the Neyman Type A distribution (NTAd) has




wider application which we shall describe elsewhere.

3. NEYMAN TYPE A PROBABILITY FUNCTION AND A RECURSIVE
SCHEME FOR ITS DERIVATIVES

3.1 The Distribution

The Necyman contagious distributions werc introduced in 1939 and
have proved to be of considerable interest in biology, ecology and
other branches of natural science; the original paper has 70 references
in a rccent citation bibliography. The two-parameter type A distribution
in particular has many applications and has been applied more frequently
that the multi-parameter types B and C.

The distributions arosc out of a study of the distribution of
larvae in experimental plots. The larvac arc hatched from cges which
occur in colonies (or masses) so that the presence of a single larva is
less likely than under a Poisson law. This aspect was noticed by
experimentalists who expccted the Poisson structure to apply; they found
too few occurrences of ''no events' and too many of ''onc event."

A similar concept arises in statistical ccology where quadrat
sampling is uscd to study time changes in local flora and fauna.

Now suppose the number (N) of colonies per quadrat is independently
distributed according to the Poisson law with mecan 045 thus the

probability of n colonies is

Pr(N =n) = e OT/n! (n=0,1,...;0




If in addition the number (N') of members per colony is also

distributed according to thc Poisson law with mean 0 then the distribu-

2,

tion of the number of members per quadrat is the distribution of the

random variate X, where

Pr(X =x) = I Pr(X=2x N=u) Pr(N = u)
u
= I P q (s8,)
o S X 2
and
-0
2 X
!
qx(ez) e ez/x.
-0
1 s
- ]
Ps e el/s
Thus
Pr(X = x)
:PX
-0
1 x
e 0 X 2.X
2 X Al A2
= = (00 37 + 57+ } 4)
_02
where A= Olc ,

(0X=1, x =0

i\ =0, x # 0.

There are two alternative forms for Px (sce, for example Douglas (1965)},

namely

_07 s

0, 0, ¢ B x 85
= e et e , — = | oo 5
Pl 1 Eoogr Pag (x=0,1,000) (5)

$=0
-9
Ol(e 2 - 1)
P =ce s




P = . (6)
where u; is the x-th. crude moment of a Poisson variate with mecan ).

Further properties concerning for example modality, tail-length,
and approximations, are rclegated to the appendix since they arc not of
paramount importance for our immediatec concern.

3.2 Recursive Schemes for the Derivatives

By differentiating the probability gencrating function (pgf) with

respect to 61, 8,, and t, where

<

pgf = G(t) 5, (t-1)

el(e - -1
= e (Ol, 62 > 0) (7)
we find (Shenton, 1949)
dloa P P
2 X (x + 1) "x+1
X, = D = -1 + (8.1)
1 891 6162 Px
dlog PX N
L N 8.2
X, 802 82 + el(x1 + 1. (8.2)

It is convenient to extend the above notation; for example

. ) axl ) ) axl ) ?xz

11 801 12 02 301
ale

X122 7 %212 % X021 T T3 ete
205

Moreover we shall have occasion to increment the argument; thus

dlog Px+1

v Uy = =g



and clearly the distributive law cannot be invoked. In passing, the
reader should note that only when a subscript is used with the argument
x does it imply a derivative.

We can now set up a correlated chain of relations encompassing
derivatives of any desired order. Onc illustration will suffice to

describe the development. Thus

Xy, = =

11 90

X px ae1 8 Pi ae1

: ) )} P
_(x+ 1) o1 Pyel 1 1 8‘x+1 lx+1 a‘x
- 3
1

b
= - l—(x + 1) x + 1) el {l 1+ (x + 1) i1
6,1 6,06, D 6,6, T
L+ T NS P+2 Z
6,8, P 5 0, Tup |
o+ 1)
= - **—7;;“- - Dxyp - (1)),
Hence
Koo =X (x4 1) - X2 e X e 1) e x 1), - (8.3)
11 - % 17X T %G 1T :

1

so that this sccond derivative can be found from (8.1) and its

incremented form. Similarly, omitting details, we find:




111

1111

11111

21

211

X111

X21111

22

221

= -4

10

1
X (e )y =26 = =)+ (X + 1)) -

1

(x, + 1)

X (x4 1), b
1 11 2
1

X11171 XYy ¢ (¢ Dy

X191171 3 3t (xpt

1 28
g = et Dy =X = 5= ¥y = 557
1 1
X
—%- —el(x1 + 1)

- LX) - 8xy,
-2y - Oxqy
- 3% 7 8 1*

1111~ %1%

X
2 ®1%12
2

- X107 8X910

11

DY

etc.)

(8

(8.

(8.

(8.

(8.

(8.

(8.

(8

(8

.4)

5)

.6)

7)

8)

9)

10)

11)

.12)

.13)



X2211
X22111
222
X2221
X22211

X2222

X22221

X22222

11

= X0 7 %002 (8.14)
== 12 7 %0012 (8.15)
2x
=2 _- 86 ‘
o3 1%122 (8.16)
2
=" X122 7 Y% (8.17)
- X000 7 %0122 (8.18)
6Xx
= 77 9% (8.19)
6
2
=" X922 7 81%11022 (8.20)
24x
=75 " %0000 (8.21)
%

The recursive naturc of the scheme will be appreciated by tracing any

onc formula back to (8.1) and/or (8.2). For example there is the trec

(8.17)

(8.1)
(8.8)
(2.13) A ~

8.3 8.1
P \\\“(8 o, > (8.3) » (8.1)

(9)

(8.14)//a (8.4) —> (8.3) — (8.1)
S (8.10)

SO (8.5) 5 (8.4) =4 (8.3)3 (8.1)

The relations in (8) with (5)-(6) can be used in (1) and (2) to

derive expressions for the biases and covariances of 0O

estimators of ©

~ A
17

1° @2. This schemec has been programmed and the

3

02, the m.1.
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numerical results used to produce the graphical analysis exhibited in
Figures 1-5 Before commenting on the results it is convenient
to make some remarks about moment estimators for O 0

1’ 2’

4, MOMENT ESTIMATORS FOR 0 ]

1’ 2
4.1 Notation
Thesc, in their simplest form, are
2
* ml
O1 = . mz (10a)
2 1 "1
x M
®2 = e=-my - 1 {(10b)
1
= ¥
where m, ) xj/n,
m' =73 xs/n (s = 2,3,...)
S j > ) s

*
for a random sample (xl, X .,xn). Fvidently Ol can be infinite or

2,

. . 2 * R . .
negative if mé <mp o+ omy, whereas 92 can lack definition in the unlikely

circumstance X] = Xy = ... =X 0= 0; it may also be negative. Actually

*
the exact value of EOZ can be found. TIgnoring the probabhility that the

sample is concentrated at the origin, we can show (see, for example,

Bowman and Shenton (1966)) that

N
L F -N -X X X
0, = - 0,0, - e +£ N1+ 0, - D0, + log(l - H-O—l)}dx (11)

-0

(N = nol(l - ¢ 2)).
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R . . s . . -1 . .
This can be expanded as an asymptotic serics inn ~, yiclding

" N MM
hO2 = 62 - e (1 + 0, * 6162) e ;5 + o, (12)
where
1+ 0, v
A= - (0,4 —meme=) (1 - (N + 1D)c ),
] e O]
. 1+0 w S T
A, = (-DSs! (b - Dy - e 1 B
i (s - 1)91 sOi T=0 )

(s 2,3,...).

Otherwisc the integral in (11) can be evaluated by quadrature to any

*
desired accuracy. There is no corresponding formula for EOl and indced
- * -
the higher moments of O2 becone complicated.

4,2 Singularities and Sample Size

* *
Since 0, and 0, are both of the form f(ml, mé), asymptotic

1
expansions for the moments can be found following the methods sct out
in Shenton and Myers (1965). In cssencec one mercly expands f(ml, ml)
about (ul, ué) and then forms the expccted valuc of the power of f
desirced.
. - * . .
The singularity in the denominator of Ol (ignoring the possibility
of a matching singularity in thc numcrator) is a warning that the
. . . oA *SS
asymptotic cxpansion of its moments may be unstable. In fact h(ol)
2 .
(s = 1,2,...) only exists conditional on m} - myo- My # 0. if our

2

interest goes to the stage of admissibility then the expectation is
c s 2 . L . . .
only valid if mé -myo-omy > 0. Now this condition is arbitrary in the

sensc that the incquality on the moments has to be quantified before we

*
. . . s
can reach an cvaluation. Thus we can evaluate the expectation of (Ol)
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conditional on my - m - mi > ¢ > 0, so that we would be better advised
to write the mean value as EE(OI)S; this illustrates the important point
that there is no unique value for the expectation for given (Ol, 92, n);
nonctheless there may be an approximate value ncarly independent of ¢

if n is large enough. Put crudely, we can assign an approximate value to
the Stieltjes integral by sharpening the tail-spread of the bivariate
surface with a larger value of n; this has the effect of withdrawing the
major part of the distribution from the singular curve in the (ml, mé)

plane. An intuitive approach to this idea is to arrange a sample size

n so that Lkt > co(t), where t = m) - my - mf; the value of ¢ > 3 would
preferably be chosen conservativcely.
Now
0.0,(1 + 0,)
2 1°2* 2
Lt = 0102 - = (13a)

and to order n_l,

2
9,9,

(2@1(1 + 02)2 + 2 + 40, + 92

Vart ~ 2 2).

(13b)

A few illustrations of the required samplc size (approximately) with
¢ = 5 are as follows:

0

O]

1 2 _n (greater than)
1 1 375
1 5 120
5 1 235
5 5 82
5 10 70
10 1 220
10 5 80
10 10 65
10 20 60
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With thesc sample sizes we have for example, using the appropriate

[£]

asymptotic expansions,
0, =1 0, =1 n = 375 £, ~ 1 + .0347 + ,0010 + .0001

EO, ~ 1 + ,0152 + .0007

O1 =5 02 =1 n = 1200 E@l VoS o+ .0442 + L0006
HOI v 5+ ,0362 + L0005

*
Ol =5 02 =5 n = 400 EO1 n 5+ L0517 + 0005

EO, ~ 5+ .0498 + .0005

Ignoring the importance of higher order terms we might take, with

*
0, =0, =1 n = 50, E@l ~v o1, whereas the subsequent terms are

EO vl o+ ,2600 + L0568 + L0491 + L0006 + .0805,
showing a tendency to increase for the higher order terms.

*
By contrast using Et > co(t) for the denominator of 05, We have

Em., = 0,06, , (14a)

0,0,(1 + 0,

var m, = = , (14b)

so that a '"'safe" sample size n is given by

c2(l + 0,)

n=—— (15)
019,

Simple calculations show that this sample size is very much smaller
*

than the onc required to control EOl

In hoth cases a "safe' sample size for the higher moments could be
found similarly, and one would cxpect the highest moment to demand the

largest sample, although there could be exceptions to this.
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*

4.3 Higher Order Terms in EOl

Methods for finding the higher order terms in the moments of moment
estimators have been described in some detail in Shenton and Myers (1963).
The glossary of terms in this paper has been nrogrammecd and applied to
the bias of O;. The results are given in Table 1. For the paramcter
values used, that is Ol, 92 ranging from 1 to 25, a sample size of a
hundred is large enough to control the terms in the asymptotic series.

. - -2
However for small O there is a tendency for the n 1 and n terms to

2’
be of about the same size, and this is particularly so if in addition

01 is small. It will be noticed that the sample sizes given in 4.2

*
for EOI are in general very conservative.
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BIAS OF 8¢ N 10 N TERMS WHEN N = 100 (MOMENTS ESTIMATOR)
[‘(12 — ‘

‘\ 1 2 3 4 5 6 7 8 9 10 " 12 1 14 15 16 17 18 19 20 21 2 PR " 2
1300 oo | saaal | Larserl | Lameort | et | Lasaet! | Lasiz! | ame”' | Lasaon! | Laszenl | Lasesl | Laesst) | Lamet | Laes™! | Lmor! | Laser! | aaasTt [ osal | Lamen! | aaesT! | s | et | Lzl ) Lavse”]
14207t 002 | a2 | s | e | Lswa® | e | aawr® | e | aoae | Laeed | Lamrd | Lazas? | LzeerS | Laen™® | oases | Las® | Lasr® | Laase | L | Laaee® | a2 | Lmse® | Loaes™ | Laae”
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BIASES OF 0, AND 6

TABLE 2

*

.00027
.03494

15

.00109
.03418

.02488
.03358

.03470
.03350

.03291
.03347

.03293
.03346

.03307
.03345

+ o+

+ o+

+ o+

+

+ o+

.00002
.00047

.00013
.00036

.01835
.00103

.00939
.00111

.00737
.00114

.00117
.00116

.00118
.00116

20

.00025
.03364

.00064 +
.03310 +

.01271
.03266 +

.03818 -
.03760

.03244 -
.03259

.03215
.03258

.03222
.03257

1 I(mJ.zmdemntRﬁpJ
SAMPLE SIZE n = 100 ENTRIES ARE E(O. -
N (a) (Ol Ol)/ol,
0
2 0.5 1.0 5.0 10
a .250 + .163 .064 + 012 .0024 . 0001 .00036 .00001
b 410 + .194 160 + . 013 .0464 .0008 .03760 . 00056
a 191 + .096 .057 + .009 .0052 + ,0003 .00194 .00012
b 310 + 128 130 + .014 .0436 .0006 . 03640 .00040
a .191 + .080 .087 + .014 .0398 .0015 .03408 .00110
b 230 + .096 .106 + 016 L0413 + .0017 .03544 .00118
a .200 + 087 L0094 + 016 L0396 .001¢@ .03467 .00058
b .220 + ,093 .103 + 017 L0411 .0019 .03532 .00127
a .204 + 088 .096 + .0l6 .0359 L0010 .03454 .00133
b 217 + 092 .102 + 017 0410 .0019 .03528 .00131
a .205 + ,089 L.097 + .017 0410 .0020 .03470 .00135
b .215 + ,092 102 + .017 0409 .0019 .03526 .00132
a .206 + .089 .098 + .017 0402 .0020 .03480 .00135
b .214 + 092 L1001 + L 017 0409 .0019 .03525 .00133

.00003
.00043

.00009
.00034

.01533
.00096

.03878
.00104

.00477
.00107

.00086
.00108

.00110
.00109

25

.00019
.03290

.00039
.03246

.00589
.03212

.03972
.03708

.03335 -
.03206

.03173 -
.03205 +

.03172 +
.03205

.00003
.00040

.00005
.00033

.00611
.00092

.02658
.00100

.03881
.00102

.00179
.00103

.00092
.00104

6T



TABLE 3

~ *
BIASES OF 02 AND 02 (m.1. and Moment Resp.)

- " *
SAMPLE SIZE n = 20 ENTRIES ARE (a) E(O2 - OZ)/OZ, (b) E(O2 - @2)/0

____________________________________________________ 2

€] 0

1 2 0.5 1.0 5.0 10 15 20 25

0.5 a -.0735 - .0316 -.0306 - .0051 L0112 + .0024 L0106 + .0043 L0108 + .0030 .00247 + .00146 .00117 + .00067
b -.3500 - .0100 -.2000 - .0050 -.0800 - .0010 -.0650 - .0005 -.0600 - .0003 -.05750 - .00025 -.05600 - .00020

1.0 a -.0741 - .0334 -.0386 - .0068 L0028 + .0009 .0055 + .0028 .0023 + .0010 .00079 + .00011 .00030 - .00002
b -.2500 - .0000 -.1500 - .0000 -.0700 + .0000 -.0600 + .0000 -.0567 + .0000 -.05500 + .00000 -.05400 - .00000

5.0 a ~.1411 + ,0053 -.1282 + ,0118 -.0876 + .0335 -.0872 + .1311 -.0756 - .2085 -.04042 - .26013 -.01842 - .10967
b -.1700 + .0008 -.1100 + .0004 -.00620 + .0001 -.0560 + .0000 -.0540 + .0000 -.05300 + .00002 -.05240 + .00002

10 a -.1506 - .0037 -.1064 - .0018 -.0637 + .0002 -.0591 + .0193 ~-.0677 + .3215 -.09707 + 1.4525 -.12675 + ,57186
b -.1600 + .0000 -.1050 + .0002 -.0610 + .0000 -.0555 + ,0000 -.0537 + .0000 -.05277 + .00001 -.05220 + .00001

15 a -.1513 - .0058 -.1039 - .0011 -.0615 + .0002 -.0558 + .0003 -.0543 + .0117 -.05547 + .16737 -.06330 + 1.18492
b -.1567 + .0003 -.1034 + .0002 -.0607 + .0000 -.0553 + .0000 -.0536 + .0000 -.05267 + .00001 -.05213 + .00000

20 a -.1512 - ,0051 -.1028 - .0006 ~-.0610 + .0001 -.0555 + .0001 -.0537 + .0003 -.05287 - .00666 -.05275 + .07959
b -.1550 + .0002 -.1025 + .0001 -.0605 + .0000 -.0552 + .0000 -.0535 + .0000 -.05262 - .00000 -.05210 + .00000

25 a -.1511 - .0043 -.1021 - .0003 -.0607 + .0001 -.0554 + ,0000 -.0536 + .0000 -.05270 + .00022 ~-.05220 + .00382
h -.1540 + ,0002 -.1020 + .0001 -.0604 + .0000 -.0552 + .0000 -.0535 + .0000 -.05260 + ,00000 -.05208 + .00000

0¢



S5 2 0.5
0.5 a .2550
b .3600
1. a .1859
b L2700 +
5. a .1643
b .1980
10 a L1712
b .1890
15 a .1740
b .1860
20 a .1755
b .1845
25 a L1765
b .1835

. 3947
L5736

. 2338
L3704

L2097
. 2572

L2210
.2462

. 2257
.2426

.2281
. 2409

L2296
L2398

1.0

.0788 +
L1400 +

L0592 +
L1100 +

0673 +
.0860 +

L0741 +
L0830 +

0762 +
L0820 +

L0772
L0815 +

.0778
L0812 +

TABLT 4

VARIANCES: (a) VAR ol/ef

.0270
.0528

.0207
.0466

L0355
.0442

.0396
L0441

L0411
.0441

0418
.0441

.0423
L0440

SAMPLL SIZE n

5.0
L0247 + .0041
L0504 + .0025
L0158 + ,0007
L0396 + .0037
L0263 + .0056
L0310 + .0047
L0279 + .0047
L0299 + ,0048
.0283 + .0048
L0295 + .0049
L0284 + .0048
L0293 + .0049
L0285 + .0049
L0292 + ,0049

AND

= 100

10

.02248 +
.04460 +

.01304 +
.03440

.01864 +
.02624

.02334 +
02522 +

.02405
.02488 +

.02409
.02471

.02411
.02461

* 2
(b) VAR 0,/0]

.00025
.00203

.00038
.00271

.00826
.00324

.00335
.00331

.00331
.00334

.00334
.00334

.00334
.00335

15

.02135 +
.04292 +

.01154 +
.03284

.01178
.02477

.02215
.02376 +

.02271
.02342

.02274
.02325

.02275
.02315

.00019
.00193

.00023
.00244

.01108
.00284

.00538
.00289

.00295
.00291

.00292
.00292

.00292
.00292

20

02074 +
.04216 +

.01080
.03210

00663
.02406

.01977
.02305 +

.02201 +
.02272

.02208
.02255

.02208
.02245

.00012
.00189

.00012
.00232

.00530
.00266

.02140
.00270

.00359
.00271

.00275
.00272

.00273
.00273

25

.02043 +
.04170 +

.01045 +
.03166 +

.00421 +
.02364

.01537 +
.02264 +

.02136 +
.02230 +

.02168 +
.02213 +

.02168 +
.02203

.00008
.00187

.00007
.00225

.00185
.00255

.05128
.00259

.01031
. 00260

.00296
.00261

.00263
.00261

1¢



Ol 2 0.5
0.5 a -.2350
b -.3400
1. a -.1759
b -.2600
5. a -.1623
b -.1960
10 a -.1702
b -.1880
15 a -.1733
b -.1853
20 a -.1750
b -.1840
25 a -.1760
b -.1832

. 1580
L1650

.0921
L1126

L0795
.0882

.0810
.0863

L0819
. 0857

L0825
.0854

L0829
.0853

COVARIANCES:  (a)

1.0
0588

L1200

L0492
. 1000

L0653
.0840

L0731
L0820

. 0755
L0813

L0767
. 0810

L0774
. 0808

L0116
L0066

L0086
L0103

L0131
L0141

.0138
.0147

.0143
.0148

.0145
.0149

.0147
L0150

COV(S,,8,)/(0,0,) AND (b) COV(a},0,)/(0,0,)

TABLL

SAMPLE SIZE n = 100

5.0

.00468
.03040

.00580 -
.02960

.02232
02896

. 020688
.02888

.02759
.02885

.02790
.02884

.02809
.02883

.00019
.0N156

.00031
.00001

.00218
.00121

.00136
.00136

.00145
.00141

.00147
.00144

.00148
.00145

10

-.00218 -
~.02460 +

-.00304 -
-.02440 +

-.01664 -
-.02424 -

-.02284 -
-.02422 -

-.02338 -
-.02421 -

-.02360 -
-.02421 -

-.02372 -
-.02421 -

.00016
.0N107

.00024
.00003

.00574
.00078

.00094
.00088

.00095
.00002

.00096
.00093

.00097
.00094

15

-.00135 -

-.02203

-.00154 -

-.02285

-.00977
-.02277

-.02115
-.02277

-.02205
-.02276

-.02224
-.02276

-.02235
-.02276

.00014
.00nal

.00017
.00026

.00963
.00067

.00300
.00075

.00085
.00078

. 00083
.00080

.00083
.00081

.00074 -
.02215

20

. 00080
.02210

.00463
.02206

.01877
.02205

.02135
.02205

.02158
.02205

.02168
.02206

.000092
.000828

. 000090
.000021

.004823
.000617

.018515
.000696

.001569
.000722

. 000784
.000735

.000766
.000744

25

.00043
.02170

.00045
.02166

.00221
.02164

.01437
.02164

.02069
.02163

.02118
.02163

.02128
.02163

.000057
.000781

.000018
.000018

.001698
.000587

.048444
.000662

.008165
. 000688

.001061
. 000700

.000741
.000708

44



1 2 0.5
0. a L2750
b .3800

1. a . 1959
b .2800

5. a .1663
b .2000

10 a 1722
b .1900

15 a 1747
b .1867

20 a L1760
b .1850

25 a .1768
b .1840

.01247
.03180

.00667
.01540

.00154
.00430

.00124
.00303

.00170
.00252

.00181
.00241

.00184
.00229

1.0

.07876
. 14000

.05922
.11000

06727
.08600

07411
. 08300

.07621
.08200

.07721
. 08150

07779
.08120

TABLE 6

~ 2
VARIANCES (a) VAR 92/95 AND (D)

.00271
.00880

.00157
.00470

.00049
.00156

.00115
.00118

.00102
.00105

.00095
.00099

.00001
.00095

SAMPLE SIZE n

5.0

.00868
.03440

.00780
.03160

.02272
.02936

.02708
.02908

.02772
.02899

.02800
.02894

.02817
.02891

.00031
.00140

.00027
.00086

.00004
.00041

.00041
.00327

.00031
.00033

.00030
.00032

.00030
.00031

= 100

10

.00448 +
.02660 -

.00404 +
.02540 -

L01684 +
.02444 -

.02294 -
.02432 -

.02345 -
.02428 -

.02364 -
.02426 -

.02376 -
.02425 -

/ * 2
VAR 0,/05

.00021
00096

.00022
. 00061

.00401
.00032

.00033
.00028

.00026
.00027

.00025
.00026

.00025
.00026

15

.00268
.02427

.00220
.02351

.00991
.02291

.02122
.02283

.02209
.02280

.02227
.02279

.02237
.02279

.00016
.00083

.00016
.00054

.00856
.00029

.00161
.00026

.00022
.00025

.00023
.00024

.00023
.00024

20
00174 +
.02315 -

.00130 +
.02260 -

.00473 +
.02216 -

.01882 +
.02210 -

.02138 +
.02209 -

.02160 -
.02208 -

.02169 -
.02207 -

.00010
.00077

.00008
.00050

.00448
.00028

.01658
.00025

.00052
.00024

.00021
.00023

.00022
.00023

25

.00123

.02250

.00085
.02206

,00229
.02172

.01441
.02168

.02072
.02166

.02120
.02165

.02129
.02165

.000068
.000734

.000048
.000479

.001602
.000270

.046167
.000243

.006943
. 000234

.000103
.000230

000207
.000227

| ¥4



TABLE 7

DOMINANT TERMS IN ASYMPTOTIC EFFICIENCY IN JOINT ESTIMATION OF 0 0 BY MOMENTS

1’ -2
SAMPLE SIZE n = 100
)

2! 0.5 1.0 5.0 10 15 20 25

2.52 0.35 0.05 0.05 0.06 0.06 0.00
0.5 0.703 0.529 0.238 0.163 0.108 0.073 0.053

4.45 0.88 0.14 0.11 0.10 0.10 0.10

2.67 0.44 0.00 0.07 0.08 0.07 0.06
1.0 0.685 0.516 0.239 0.156 0.092 0.056 0.038

5.12 1.21 0.22 0.17 0.16 0.16 0.15

9.50 2.43 0.55 0.61 1.06 1.02 0.73
5.0 0.829 0.780 5.774 0.689 0.432 0.213 0.105

13.51 3.81 0.80 0.61 0.56 0.54 0.52

20.05 5.65 1.30 1.03 1.02 1.68 3.75
10 0.906 0.892 0.931 0.943 0.929 0.851 0.665

24.29 . 7.02 1.49 1.15 1.05 1.00 0.97

30. 80 8.87 2.00 1.58 1.45 1.42 1.67
15 0.936 0.929 0.956 0.966 0.969 0.968 0.956

35.08 _10.22 2.18 . 1.68 1.54 1.47 1.43

41.58 12.08 2.70 2.11 1.93 1.85 1.82
20 0.951 0.947 1.968 0.975 0.977 0.978 0.979

45.88 13.43 2.87 2.22 2.02 1,92 1.88

52.37 15.28 3.39 2.64 2.42 2.31 2.25
25 0.961 0.958 0.974 0.980 0.982 0.983 0.984

56.68 16.63 3.57 2.75 2.51 2.39 2.33
(Entries in this table arc: Efficiency = Ratio of Covariance determinants to order n_z, cxpressed as C/C, where C and C refer to
maximum likelihood and moments respectively. Moreover writing

. 1 + Cl/n C1
c/C ~ Lff (1_+C2T)’ an centry is F‘ff’ C2 2

V&4
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5. COMMENTS ON THI ESTIMATORS

5.1 Biases of 0O These are given in Table 2, the entrics being

1
~ *
E(@l - Ol)/O1 and E(Gl - Ol)/O1 for n = 100. It will be seen that the

second order term becomes important (or even dominant) when (a) 02

~ *
decrecases for fixed 0, for 0. and ©

/] 1 1° are in a wedge-shaped

(b) Ol, 02

rcgion bounded by a parabolic arc with axis sloping at approximatcly 45°,

and vertex at about 0., = 5, 0, = 15, for 0O

1 5 only. With regard to (a)

1

this condition corresponds to the tangency of the NTAd to the Poisson

distribution as @2 + 0. As for (b), the unexpected resurgence of the

-

second order asymptotic for O, scems to correspond to the region of high

1
modality of the distribution. Intuitively one would anticipatc cstima-
tion problems with distributions which tend to oscillate, but it is
strange that the property is not shared by the moment estimator; of
course the m.l. estimator has a morc complicated structure, and this
makes it difficult to apprecciate its characteristics. Further informa-

tion on the biases is given graphically in Figures 4a and 4b. As a

rough rule, for the parameter space tabulated, a sample size of a hundred

seems adequate to dilute the sccond-order terms except in the Poisson

region 22 small) and in the region of high modality. lHowever in any
oiven case the toles and charts should be consulted for more precise
information.

Some remarks on modality are relegated to the Appendix.

5.2 Biases of ©,. Thesc arc given in Table 3 and Figures 5Sa and 5b,

~ *
the entries being E(OZ - 02)/02, and E(Oz - Oz)/e2 for samples of size

n = 20. As before the second order asymptotic for 0, is held in check
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apart from (a) a region in which 0, is small and particularly so for 0

2 1

also small; (hb) a wedge-shaped rcgion similar to the one for EOI’ and

bounded by a parabolic arc with vertex at about O1 =5, 0, = 10. The
second-order asymptotic for E®; is for the most part held at all the
tabulated points with n = 20. As a rough rule, a sample of n = 20 or
thereabouts is sufficient for stabilization, with the exception of the
m.1l. estimator in the parameter space favoring Poissonicity or high

modality.

5.3 Variances of Ol. These are given in Table 4 and Figures la and 1b, .

-~ *
the entries being Var (01/01) and Var (61/01). The results are similar

* -

to those for FOI and EOI, except that sccond order terms play a more

dominant role. Both the moment and m.l. cstimators show marked instabil-
ity in the Poisson region, and a larger sample size is needed for stahili-
zation as compared to the biases. Another trouble spot occurs for the
m.1l. estimator only, in the Wedge-shaped region previously mentioned.
Again the rclative magnitude of the terms for the two estimators shows
remarkable invariance especinlly in the Poisson region; morcover the

tendency to limiting values as O, increases (02 fixed) is notcworthy.

1

5.4 Covariances. These are given in Table 5 and Fisures 2a and 20, th

~ ~ * *
enitries being COV(OI/O Oﬁ/®7) and COV(@I/O 0,/0 Both estimators .

1! 1) 2)'

need samples of more than a hundred for stabilization in the Poisson
region, especially if both parameters are small. 1In addition the m.l.
estimator suffers some instability in the region of high modality. The
high correlation between the terms in the m.1l. and moment cxpansions in

a region avoiding O, small is noteworthy.

1
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5.5 Variances of 02. These are given in Table 6 and Figures 3a and 3b,

the entries being Var(62/02) and Var(@;/oz)' In this case the second
order asymptotics are much less important, especially in the Poisson
region; however the m.l. estimator again has a trouble spot in the high
modality paramcter spacc.

5.6 Asymptotic Efficiency. This is given in Table 7 and Figure 6, and

is based on the ratio

[Cov. matrix for m.l. cstimutorsl

Lff. = ICov. matrix for moment estimators;.
- &
[oh
where
* * *
= /ar € SoV. S
C var 0, Cov. (0,, 6,)
* * *
~ A 6 /< -
Cov. (8, 6,) Var 0,

~

and similarly for C. ILach of the terms in C and C is approximated to

order n_2, and finally wec have to order n

1 + Cl/n
BEE v Peelree )
The Fff factor is the usual asymptotic for the efficiency of the mecthod

of moments relative to the method of maximum likelihood; the C1 and C2

terms may be rcgarded as correction terms. The tabulated valucs of Eff
have been truncated to 3 d.p.'s, but the original values to 4 d.p.'s and
they agrecd to 3 d.p.'s with those given by Katti and Gurland (1962).

If we relied entirely on the usual asymptotic for the cfficiency we
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should be ignorant of the fact that high efficiency usually entails

highly unstable moments; this is evident in the tabulation. Again at the

moderate values O, = O 1, we have

+

0.44 +

Eff ~ 0.5¢( {577

) n = 100

] p—
+

\

The situation with thc same sample size deteriorates rapidly as the

efficiency .. increases towards unity. This perverse hchaviour has also

ff
been noticed with respect to a similar problem of estimation for the
negative binomial distribution. 1Tt seems to the authors that it is
unsound practice to advise the usc of one set of estimators against
another set merely because of a high rclative cfficicncy, unless some
refercnce is made to sample size over and above a mere qualitative
appeal. Thus in the example just quoted, we might advise a sample of
about 500 or more. In the Poisson region (for thc paramcter values of
the tabulation) first order efficiencies are in gencral high; in no casc
could one justify a sample size of less than about 750. ‘!ven in the
parameter space remote from the Poisson region, high 'efficiencies' are
possible but they are of doubtful validity and perhaps meaningless with

sanples of lcss than 500-1000.

5.7 General Recmarks. Both the moment and m.l1. estimators have unstable

asymptotics in the Poisson region for samples of n = 100. A suggested

hierarchical trouble ordering would be Var 0., Cov(0 02) and FEO the

1’

intensity of trouble is about the same for both estimators. In addition

1 1’

the m.1. estimator moments get into trouble in a region of high modality

for the distribution; roughly this is the inside recgion of a parabolic
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arc sweeping away from the origin. The intensity of trouble is about the

same for all the moments considered with the exception of EOZ; here, for

a direct comparison with the entries in the other tables, we have for

n = 100
o, = 5 0, = 20 E(0, - 0,) % - .0081 - .0106
0, = 10 0, = 20 E(é2 - OZ) V- L0104+ L0581
0, = 15 0, = 20 E(éz - 62) - L0111+ L0067,
‘ Evidently the second order terms here arc much morec important than in

the other cases considered. This feature may be related to the fact
that the modes of the distribution tend to be spaced at intervals of 02
in the region of high modality; further refercnce to modality is made

in the appendix (see also in Figure 7).

Qur remarks on the estimators for Ol, and 62, concern the parameter
space 0.5 <9 < 25, 0.5 <9 < 25. Considerable caution is nceded in
extrapolating into the region 0 < 0, < 0.5, 0 < 02 < 0.5. With regard to
extreme values, paramecter valucs exceeding 25 are not likely to be met in
practical problems, and in any casc an alternative distribution might be
sought in this event.

Returning to cases in which a parameter is small we quote a few

examples to illustrate the instability of the moments.

Ol = 0.8 @2 = 0.2 n =1
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0.8 + 94 + 28110

0.8 + 117 + 32030

74 + 59340 Cov(0, ©,)
* *
87 + 71750 Cov(0,, 0,)
= .8527 €, = 3891
o, = 10 0, =0
10 + 2632 + 1896627

10 + 2740 + 1949254
25342 + 49979846 Cov(@l,

*
26210 + 52057780 Cov(@l,

0.007 - 0.088

0.1 + 0.381 - 6.621

~

.10 + .03

*
12 - .15 0,) v

i

0, = 0. 2 =

0.100 + 0.217 + 1.033

0.100 + 0.235 + 1.049 + 7.

0.10000 0.00308 - 0.0003

0.10000 0.01110 - 0.0000

Cov(Ol, 02) o

Eéz N 0.2 - .70 - 31.04
*
Bo, & 0.2 - 2.45 - .31
A - 18 - 5530 Var 0. n 4.8 + 31.8

2

*
v - 21 - 6119 Var 02 v 5.6 - 57.3

e, v 0.1 -

2 1.0 - 24.6

*
E@z ~v 0.1 - 1.2+ 0.1

Varo 2.5+16.0

253 - 186801 2

* *
92) vo- 262 - 191638 Var@z v 2.6-6.6

Lo

5 ~v20 + 3.32 + 90000

Eo; A 20 - 31.00 - 90.00

.19 - 7,22 Var(-)2 v 237 + 3205

*
Varo, ~ 1102 - 10273

- 4.51 + 153,21 2

851 + 78.034 + 1004.090
7

9 - 0.00000
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~

*
Var Ol v 0,.0225 + 0.3010 Var 31 v 0.0215 + 0,2896

* * - ~
Cov (%y, 2,) ™ = 0.0224 - 0.1023 - 0.7735 Cov('y, 0,)) ~ - 0.0214 - 0.026

* “
Var(—)2 v~ 0.0234 - 0.0024 Var 02 v 0.0224 + 0.0011

n, = 1.0 0, = 0.1 n = 1000

EO. ~ 1,00 + 0.41 + 0.43

EG; ~ 1.00 + 0.46 + 0.47 + 0.80 + 1.91 + 5.87

RO, = 0.100 - 0.001 + 0.000
Eo; " 0.100 - 0.002 + 0.000
. .
Var €, v 0.443 + 1.299 var 2, v 0.408 + 1.176
* * ~ ~
Cov(0y, 0)) v = 0.044 - 0.046 - 0.079  Cov(0, 5,) * - 0.041 - 0.043
* ~
Var 9, v 0.0045 - 0.0001 Var 0, v 0.0042 + 0.0000 .

Ividently the border for which 9, is small is associated with high
instability and a Poisson distribution should be considerecd as an
alternative., The other border does not present the same difficulties.
The remarks we have made on estimation problems associated with the
NTAd are intended as a step towards a better understanding of the under-
lying distributional properties. They are not final and there is
certainly scope for further investigation. Tf the study focusses more
attention on this proilem of statistical asymptotics and lcads to a more
carcful appraisal of large sample thcory in practical situations, then

perhaps a slight advance will have been made.
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APPENDIX

Formulae Involving Differences of Zero.

Factorial Moments, Probability Function, The cumulants

of the NTAd satisfy

and

In fact,

r+l

r+l

H]
(@

]
o]

~

- T . r , r ' v r
() Ko+ () Ko pem+(Lly) xpe(p)op) (10a)
K
{Lr+-—£- } (100)
30
>
(Shenton, 19549)
1+O2 )
1+3®2 + 022 )
147 60.% + 0.
+70y + 60,7 + 0,0 ) (11)
1+150. + 250 2 + 100 5 + 0O 4
2 2 00, 2 )
2 3 4 5
1+3102 + 9002 + 6502 + 1502 + 02 )
~ 2 3 4 56
1+6302 + 301@2 + 3J002 + 140L2 + 2102 + 02 )
141270. + 9660.% + 170100 + 105007 + 2660.° + 2800
2 2 2 2 ") 2
,
+ 02 )
142550, + 30250 2 + 77700 3 + 69510 4 + 26460 > +
AN ) 2 I AN N 2 2 YD 2 P4 2
46200 + 360, + 0.5 )
2 2 52 3 1 5
145110, + 93300, + 341050, + 425250," + 22827€,” +

6 7 8 9 -
58800, + 7500," + 450,° + 8,7 ). (X =0,0,)
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Thus in terms of advancing Jdifferences

Kr =arae 1 (r=1,2,....). (12)
There are exnctly similar fornulae for the factorial moments and

the probability function itself, Indeed

Factorial *oments

by r-1 o
My S 0,0, e 1 (r=1,2,....). (13)
Probability Function
"0 » A r-1 [/ 1r=1,2,000;
= ~ - “lycpe ey
p EM_ 62 Olpoe 1 _92 . (14)
T! A=0. e

1

e thought these representations were not too well known but

Barton (1957) gives a result equivalent to (14). The coefficients
in the polynonials in (12)-(14) are related to Stirling's numbers
of the second kind, and in this connection rcference may be made to
PDavid and Barton (1962); a short tabulation in the statistical

literature may be found in Thomson (1952).
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A2 COMPARISON CF TATI LENGTUS

Anscombe (1950) has arranged several discrete compound distributions
in order of skewness and tail length, Confining attention to two
paraneter cases paranetrized so that the mean is kp and the variance

kp(p+1), we extract the following from his paper:

. . . . .3 ) 4
Distribution }(3)/(kp ) h£4)/(kp )
Thomas 3/4+1/8n + 0(p) 1/2+0(p)
Neyman Type A 1 1
Negative Binomial 2 6

is a factorial cumulant: the Thomas distribution is given

k
CKes)
in Thomas (1949) )

Another tail-length comparison is displayed in Tahble Al where the
entry refers to the largest value of x such that Px is less than

-20 . . .
about 10 . The threce entries relate to the Poisson, NTA, and Negative
Binomial distributions, and this turns out to be the precise ordering
of the distributions with respect to tail-length over the region
of tabulation.

The fact that the negative binomial distribution has a long

tail is useful to remember in connection with estimators (involving

noments) for its parameters,
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TABLE Al

A COMPARISON OF THE NUMBER OF TERMS TO ATTAIN GIVEN ACCURACY FOR THREE DISTRIBUTIONS

-20

(P, < 10770
0, = 1 2 3 4 5 6 7 8 9 10 15 20 25
1 (a) 21 27 31 35 38 41 44 47 50 52 64 75 85
(b) 46 54 60 64 69 73 77 80 84 87 102 115 127
(c) 66 71 75 79 83 86 90 93 96 99 112 124 136
2 (a) 27 35 41 47 52 57 62 66 70 75 94 112 129
(b) 70 83 93 102 110 117 124 130 136 142 169 194 216
() 111 120 128 135 142 148 154 159 165 170 194 217 238
3 (a) 31 41 50 57 64 70 77 83 88 94 121 145 169
®) 92 111 125 138 149 159 169 178 187 196 235 270 302
(c) 156 169 180 190 199 208 216 225 232 240 275 308 338
4 (a) 35 47 57 66 75 83 90 98 105 112 145 176 206
®) 114 138 157 173 187 201 214 226 237 248 299 345 387
(c) 200 217 231 244 256 268 279 289 299 309 356 398 438
5 (a) 38 52 64 75 85 94 103 112 121 129 169 206 242
(b) 135 164 187 207 225 242 258 272 287 350 363 419 471
(c) 243 264 282 298 313 327 340 353 366 378 435 488 537
6 (a) 41 57 70 83 94 105 115 126 135 145 191 235 277
(b) 156 191 218 242 263 283 301 319 336 352 426 493 556
{c) 287 311 332 351 369 386 402 417 432 447 515 577 636
7 (a) 44 62 77 90 103 115 127 139 150 161 213 263 311
(b) 177 217 249 276 301 324 345 365 385 404 490 507 640
) 330 358 383 405 425 445 463 481 498 515 594 666 735
8 (a) 47 66 83 98 112 126 139 152 164 176 235 290 344
(b) 198 243 279 310 338 364 388 412 434 455 553 641 723
() 373 405 433 458 481 503 524 545 564 584 673 755 833
9 (a) 50 70 88 105 121 135 150 164 178 191 256 317 377
(b) 219 270 310 344 376 405 432 458 482 506 616 715 807
() 416 452 483 511 537 562 585 608 630 652 752 844 932
10 (a) 52 75 94 112 129 145 161 176 191 206 277 344 409
(b) 239 296 340 378 413 445 475 504 531 557 679 788 890
(c) 459 499 533 564 593 620 646 671 696 720 831 935 1030
15 (a) 64 94 121 145 169 191 213 235 256 277 377 473 566
(b) 322 425 491 547 598 646 690 733 773 812 992 1154 1306
() 671 730 781 827 870 910 949 986 1023 1058 1223 1375 1518
20 (a) 75 112 145 176 206 235 263 290 317 344 473 597 719
(b) 444 554 640 715 783 845 9204 960 1014 1066 1304 1446 1720
(c) 882 960 1027 1088 1145 1199 1250 1299 1347 1394 1613 1814 2004
25 (a) 85 129 169 206 242 277 311 344 377 409 566 719 867
{b) 546 682 789 882 966 1044 1118 1187 1254 1319 1615 1883 2133
(c) 1092 1189 1272 1348 1419 1485 1549 1611 1671 1729 2001 2252 2489

(a) = Poisson (b) = Neyman Type A {c) = Negative binomial
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A3 MODALITY

It was suggested hy Anscombe (1950) that the NTAd could have an
indefinitely large number of modes, and that in the region of the
narancter space of high modality the modes would occur at variate

values spaced at multinles of O The multimodality suggestion of

X
Anscombe has becen studied and demonstrated by Barton (1957), who
gives a diagram of the double points of the bounding arcs with
specified modality, Ve give here (Table A2) an analysis of the
location of the modes for integer values of the parameters in the -
region O<Ol,02<25. The spacing of the modes in multinles of Oy
is amply illustrated, Tt is also curious to notice that this
regular spacing breaks down if 0, exceeds Ol by a certain critical
value, The recader will find it instructive to follow the table
through for a given 02, and 01 increasing from unitv. In general
the number of modes goes through a maximum value and decreases to
unity as Ol increases, The repular spacing is disrupted by the
loss of modes near the largest one (bv smallest and largest mode
we of course mean the resnective abscissa of the modes). Sonc
illustrations of the modality are given in Figure 7.

It appears to be an extremely difficult problem to analyse
the frequency and location of modes, for some of the larger ones
are scarcely distinguishable from stationary points. Thus although

there are interesting asymptotic formulae available, for cxanmple

the one due to Douglas (1965), namely,
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-0 X
e 1 62 exp (x/zx) (159
X oVEm 2N Xz}
X X

where z, expz = x/(O] exp(-Oz)), they arc not sufficiently sensitive
to use in difference analysis. In this connection another formula we

have tried is one due to Dr. John Philpot who kindly permits us to

quote
X
p062 *
P S
X x! X
where
*
v - /
b = (exp(f(xo) m))/vA(XO),
m = Ol exp(-Oz),
_ _ 5 X -1/2
f(xo) =X+ (x 1/2) {log m + — - 1},
o
_x - 1/2 1
)\(XO) = 5 + X )
X 0
o)

X is a root of

x - 1/2 o
=
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10

14

15

16

17

18

19

20

21

22

23

24

25

)
1 2 3 4 5
0 0 2 3 4
0,2 0,2 0,4 6 3
0,3 0,4 0,7 0,10 0,13
0,4 0,5 0,9 0,13 0,17
0,5 0,5 0,12 0,17 0,21
0,6 0,6 0,14 0,20 0,26
0,7 0,7 0,8 0,23 0,30
13 16
0,8 0,8, 0,8, 0,27 0,35
16 17
0,9 0,9, 0,9, 0,10, 0,39
18 19 30
0,10 0,10, 0,10, 0,10, 0,11,
20 21 33 44
0,11, 0,11, 0,11, 0,11, 0,11,
21 22 23,32 35 48
0,12, 0,12, 0,12, 0,12, 0,12,
23 24 25,35 26,38 52
0,13, 0,13, 0,13, 0,13, 0,13,
5 26 26,30 27,41 56
0,14, 0,14, 0,14, 0,14, 0,14,
27 28 28,42 29,44, 30,59
54
0,15, 0,15, 0,15, 0,15, 0,15,
30 30 30,45 31,46, 31,63
59
0,16, 0,16, 0,16, 0,16, 0,16,
32 32,46 32,48 32,49, 33,51
63 67
0,17, 0,17, 0,17, 0,17, 0,17,
34 34,50 34,51 34,52, 35,53,
68 70,82
0,18, 0,18, 0,18, 0,18, 0,18,
36 36,53 36,54 36,55, 36,56,
72 74,88
0,19, 0,19, 0,19, 0,19, 0,19,
38 38,56 38,57 38,58, 38,58,
76 78,94
0,20, 0,20, 0,20, 0,20, 0,20,
40 40,59 40,60, 40,61, 40,61,
77 80 82,99
0,21, 0,21, 0,21, 0,21, 0,21,
42,61 42,62 42,63, 42,63, 42,54,
82 84 85,104
0,22, 0,22, 0,22, 0,22, 0,22,
44,64 44,65 44,66, 44,66, 44,67,
87 88 89,110
0,235, 0,23, 0,23, 0,23, 0,23,
146,68 46,60 46,69, 46,69, 46,70,
o1 92 93,115
0,24, 0,24, 0,24, 0,24, 0,24,
43,71 48,72 48,72, 48,72, 48,72,
as 96,117 97,120
0,25, 0,25, 0,25, 0,25, 0,25,
50,74 50,75, 50,75, 50,75, 50,75,
97 99 100,123 101,125

10
0,16
0,21
0,27
0,32
0,37

0,43

0,48

0,12,
59

0,12,
65

0,13,
70

0,14,
75

0,15,
80

0,16,
34,84

0,17,
35,89

0,18,
37,94

0,19,
33,60,
98

0,20,

40,62,

84,103,
116

0,21,

42,65,

87,108,
124

0,22,

44,67,

91,112,
130

0,23,

46,70,

94,117,
137

0,24,

48,73,

98,122,
143

0,25,

50,76,

102,127,
149

MODALITY OF NEYMAN TYPE A DISTRIBUTION.

10

11

12

TABLE A2

NUMBER OF MODES AND THEIR LOCATT"!

40

13 14 15 16 17 18 19 20 21
6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
12 14 16 18 20 22 24 26 28 30 32 34 36 38 40
19 22 25 28 31 34 37 40 43 46 49 52 55 58 61
0,25 0,29 0,33 0,37 0,41 0,45 0,49 53 57 61 65 69 73 77 31
0,32 0,37 0,42 0,47 0,52 0,57 0,62 0,67 0,72 0,77 0,82 0,87 0,92 0,97 0,102
0,38 0,44 0,50 0,56 0,62 0,68 0,74 0,80 0,86 0,92 0,98 0,104 0,110 0,116 0,122
0,44 0,51 0,59 0,66 0,73 0,80 0,87 0,94 0,101 0,108 0,115 0,122 0,129 0,136 0,143
0,51 0,59 0,67 0,75 0,83 0,91 0,99 0,107 0,115 0,123 0,131 0,139 0,147 0,155 0,163
0,57 0,66 0,75 0,84 0,93 0,102 0,112 0,121 0,130 0,139 0,148 0,157 0,166 0,175 0,184
0,64 0,74 0,84 0,94 0,104 0,114 0,124 0,134 0,144 0,154 0,164 0,174 0,184 0,194 0,204
0,70 0,81 0,92 0,103 0,114 0,125 0,136 0,147 0,158 0,169 0,180 0,102 0,203 0,214 0,225
0,12, 0,89 0,101 0,113 0,125 0,137 0,149 0,161 0,173 0,185 0,197 0,209 0,221 0,233 0,245
77
0,13, 0,13, 0,14, 0,122 0,135 0,148 0,161 0,174 0,187 0,200 0,213 0,226 0,239 0,252 0,265
83 96 109
0,14, 0,14, 0,14, 0,14, 0,14, 0,15, 0,174 0,188 0,202 0,216 0,230 0,244 0,258 0,272 0,286
90 104 118 118 146 160
0,15, 0,15, 0,15, 0,15, 0,15, 0,15, 0,15, 0,15, 0,16, 0,231 0,246 0,261 0,276 0,291 0,306
26 111 126 141 156 171 186 201 216
0,16, 0,16, 0,16, 0,16, 0,le, 0,16, 0,16, 0,16, 0,16, 0,16, 0,16, 0,16, 0,17, 0,311 0,327
102 119 135 151 167 183 199 215 231 247 263 279 295
0,17, 0,17, 0,17, 0,17, 0,17, 0,17, 0,17, 0,17, 0,17, 0,17, 0,17, 0,17, 0,17, 0,17, 0,17,
36,108 126 143 160 177 194 211 228 245 262 279 296 313 330 347
0,18, 0,18, 0,18, 0,18, 0,18, 0,18, 0,18, 0,18, 0,18, 0,18, 0,18, 0,18, 0,18, 0,18, 0,18,
37,113 133 151 170 188 206 224 242 260 278 296 314 332 350 36t
0,19, 0,19, 0,19, 0,19, 0,19, 0,19, 0,19, 0,19, 0,19, 0,19, 0,19, 0,19, 0,19, 0,19, 0,1¢,
39,119 39,140 40,160 179 198 217 236 255 274 293 312 331 350 369 388
0,20, 0,20, 0,20, 0,20, 0,20, 0,20, 0,20, 0,20, 0,20, 0,20, 0,20, 0,20, 0,20, 0,20, 0,20,
41,125 41,147 41,168 42,188 209 229 249 296 289 309 329 349 369 390 409
0,21, 0,21, 0,21, 0,21, 0,21, 0,21, 0,21, 0,21, 0,21, 0,21, 0,21, 0,21, 0,21, 0,21, 0,21,
42,66, 43,153 43,176 43,198 43,219 240 261 282 303 324 345 366 387 408 429
130
0,22, 0,22, 0,22, 0,22, 0,22, 0,22, 0,22, 0,22, 0,22, 0,22, 0,22, 0,22, 0,22, 0,22, 0,22,
44,068 44,160 44,184 45,207 45,229 45,252 46,274 296 318 340 362 384 406 428 450
136
0,23, 0,23, 0,23, 0,23, 0,23, 0,23, 0,23, 0,23, 0,23, 0,23, 0,23, 0,23, 0,23, 0,23, 0,23,
46,71, 46,72 46,191 46,216 47,240 47,263 47,286 47,309 48,332 355 378 401 424 447 470
141,157 166
0,24, 3,24, 0,24, 0,24, 0,24, 0,24, 0,24, 0,24, 0,24, 0,24, 0,24, 0,24, 0,24, 0,24, 0,24,
48,73, 18,74, 48,75, 48,225 48,250 48,274 49,299 49,323 49,347 49,371 50,395 19 443 467 491
99,125, 173 199
147,165
0,25, 1,25, 0,25, 0,25, 0,25, 0,25, 0,25, 0,25, 0,25, 0,25, 0,25, 0,25, 0,25, 0,25, 0,25,
50,76, 50,76, 50,77, 50,233 50,260 50,286 50,311 50,336 51,361 51,386 51,411 51,436 51,461 52,486 511
103,129, 179 206

153,173

22 23 24 25
21 22 23 24
42 44 46 48
64 67 70 73
85 89 93 97
0,107 0,112 0,117 0,122
0,128 0,134 0,140 0,146
0,150 0,157 0,164 0,171
0,171 0,179 0,187 0,195
0,193 0,202 0,211 0,220
0,214 0,224 0,234 0,244
0,236 0,247 0,258 0,269
0,257 0,269 0,281 0,293
0,278 0,292 0,305 0,318
0,300 0,314 0,328 0,342
0,321 0,336 0,351 0,366
0,343 0,359 0,375 0,391
0,17, 0,17, 0,18, 0,415
364 381 398
0,18, 0,18, 0,18, 0,18,
386 404 422 440
0,19, 0,19, 0,19, 0,19,
407 426 445 464
0,20, 0,20, 0,20, 0,20,
429 449 469 489
0,21, 0,21, 0,21, 0,21,
450 471 492 513
0,22, 0,22, 0,22, 0,22,
472 494 516 538
0,23, 0,23, 0,23, 0,23,
493 516 539 562
0,24, 0,24, 0,24, 0,24,
515 539 563 587
0,25, 0,25, 0,25, 0,25,
536 561 586 611
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A4 APPROXIMATIONS TO THE NTAd

Various attempts have been made to approximate to the NTA
probability function; for exarnnle Martin and Katti (1962) have
considercd a Poisson 'with zeros' distribution for onc region of
the parameter space, and the normal distribution in another
region of the parameter space, It may not be so well known
that it can be anproximated by a finite number of Poisson terns,
We attempt a linear approxination in terns of Poisson kerncls

S -T
Ao y myx/x! (x=0,1,...) (16)

3
l
™

where N Av>0' Fitting by factorial moments we must solve the

7 B

equations
s

r_, T 1 1
EoAn =00, 0 (r=0,1,....2s5-1) (17)
This is a point mass moment problem with a close anzlogy to

quadrature formulac of the Gaussian type. It is not difficult

to show that the n's are such that ml/OZ' NZ/OZ".."NT/(% are

roots of
(r) (r (r-1) (ry, 2 (r-2) -
X -(I)O]x +(2)01 X +,.., = 0
0N
or € 1 x(1)= 0 (x(r)=x(x-1)...(x-r+1) )

and that
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(s-1)10, %"

A (A_=n_/0.)
T ' r v 2
Ts-l(xr)Ts(xr)
where
-0, A
T (x) = e 1 x(s),
s
! _ dTs
T = g7

In fact the T's are orthoronal pelvnomials with respect to a
Poisson kernel, so the zeros are real and distinct and non-negative.
Yforeover the A's correspond to Christofell numbers of quadrature

formulae, so that they are necessarily non-negative. Tor

example,
s=2
o 1*“’01"/(1“401)
o )
0, 2
\
m, i} 1+2el+/(1+4el) :
0, p)
\, —
A= 1/2 - opr '
1 27(1+4ol)
1 .

5
1/2 + 77ffﬂﬁﬁﬁ
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Mne can see from these linear approximations to the NTA
distribution that if 02 is large in comparison to Ol then the

roots MysMyyees, are approximately 62, 202,..., (r-l)@z.
A5 ORTHNGONAL PARAMETERS
These were suggested by Jeffreys as a procedure for
sinplifying the maximun likelihood equations, TFor cxample, instead
of estimating (01,92) in a two-parameter distribution we estinate

£, (01,0,,) and f, (0,0,), where

o}
"1 (07,0,)

BFIBFZ

Jith this parametric form thc estimators are asynptotically
uncorrclated, TFor example, the mean and index arc orthogonal
parameters for the negative binomial distribution, Tor the
NTAd, Philpot (1964) has shown that the parameters

_()2

By = 0,0, B, = 0)c

are orthogonal; however the slight gain in asymptotic
independence (as measured by corrclation) is largely offsct

by the loss in simplicity.
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