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FOREWORD

This report summarizes analyses of the temperature distributions and

thermal stresses in an analytical comparison of cesium and potassium as

working fluids for Rankine cycle space power plants. The work was con

ducted by the Oak Ridge National Laboratory for NASA under AEC Interagency

Agreement 40-98-66, NASA Order W-12,353 under the technical management of

A. P. Fraas of the Oak Ridge National Laboratory. Project management for

NASA was performed by S. V. Manson of NASA Headquarters.
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EFFECTS.OF. STAGE TEMPERATURE,DROP ON THERMAL STRESSES
IN REPRESENTATIVE CESIUM AND POTASSIUM TURBINES

M. E. LaVeme T. T. Robin

Abstract

Turbine reference designs for both potassium and cesium
systems were analyzed for thermal stresses. Detailed tempera
ture distributions for the rotors were calculated with a

finite-difference computer code. Order of magnitude thermal
stress estimates indicated that the most severe, stresses

would occur in the hub region between the first stage rotor
and its adjacent bearing in the four-bearing machines, and
that these stresses would be well below the 20,000 psi maxi
mum allowable for TZM at 2100°F. Detailed analyses of these
components using a code based on the finite element method
showed actual thermal stresses in this region of the order

of 2000 psi. Order of magnitude estimates for the stators
and other components also indicated thermal stresses below
the maximum allowable.

INTRODUCTION

A number of authorities have pointed out that the thermodynamic prop

erties of cesium afford the turbine designer some degrees of freedom that

are not available with potassium, and that these may make possible lighter,

simpler, more reliable turbines. The problems involved have been examined

by a number of organizations.1-3 Some have concluded that there is little

difference between the systems, whereas others have concluded that there

would be a major advantage to the use of cesium. The Oak Ridge National

Laboratory was asked by NASA to undertake a comparative, study of the two

systems with the objective of highlighting the principal differences that

result from the use of one fluid or the other, and the principal advantages

and disadvantages of each from the standpoint of the design and develop

ment of the individual components and the complete integrated systems (AE'C

Interagency Agreement 40-98-66, NASA Order W-12,353).

Six reference design 300 Kw turbines, three cesium and three potas

sium, were developed from a common set of design precepts and a series of

parametric studies.1 A major consideration in the development of the



layouts for these turbines was to keep thermal stresses as low as pos

sible. However, it was evident that substantial thermal stresses would

tend to occur. Of the six reference designs two turbines were chosen for

detailed thermal stress analysis because they inherently had the highest

thermal gradients and thermal stresses. These were the two-bearing, two-

stage cesium machine and the four-bearing, five-stage potassium machine.

The thermal stresses in the other four reference designs should be less

severe.

At full power, each of the two turbines analyzed has an inlet tem

perature of 2150°F and an exhaust temperature of 1330°F. The interstage

temperature difference thus is about l65°F for the potassium turbine and

4lO°F for the cesium turbine. Because of this larger temperature dif

ference, the cesium turbine would appear to present a more severe thermal

stress problem than the potassium turbine.

To balance the axial pressure forces acting on the rotor, the designs

call for the inlet end of the rotor shaft to be exposed to vapor at ex

haust pressure. This subjects the first shaft seal to the difference be

tween the exhaust temperature and the first-stage nozzle outlet tempera

ture. For the four-bearing potassium turbine, this difference amounts

to 66o°F, whereas for the two-bearing cesium turbine it is 4lO°F, thus

indicating that the former is the more severely stressed.

In order to assess the relative importance of the above conflicting

factors, a finite-difference computer code was written for determining

detailed temperature distributions in the turbine rotors. Order of magni

tude stress estimates based on the resulting temperature distributions

then indicated that the most severely stressed components would be in the

potassium turbine and have an upper limit stress below the 20,000 psi

maximum allowable for TZM at 2100°F. Detailed analysis of the same com

ponents, using the SAFE-PCRS code,4 showed that the actual stresses were

of the order of 2000 psi.

The quite complex geometry of the turbine casing precluded (at least,

within the allotted time) determining casing temperature distributions in

the detail necessary for the proper application of the SAFE-PCRS code.

Consequently, the efforts here were confined to obtaining order of magnitude



stress estimates for casing elements such as the seals. These estimates

indicated stresses below the allowable maximum.

The stagnation temperature rise in the vapor at the turbine rotor

blade leading edge produces a highly localized heating effect. For ex

ample, if the blade leading edge were approximated as cylindrical with a

radius of 0.010 in., the temperature spike would occur over a distance of

about 0.005 in. The effect of this impact temperature rise in the vapor

on the temperature distribution and, hence, the thermal stress in the

rotor blades is unresolved at this time. However, there is reason to be

lieve that the liquid film on the blades, important in minimizing the

erosion induced by droplet impact,5 would also serve to diminish the ef

fect of the impact temperature spike. Firstly, the presence of this

highly conductive film would tend to smear out the temperature spike.

Secondly, re-evaporation from the film would help to reduce heat pene

tration to the blade surface.

ANALYSIS

Temperature Distribution

Calculational Procedure

The actual geometry of the turbine rotors was approximated as in

dicated in Fig. 1 for the two-stage Cs turbine. Each component of the

rotor (bolt, hubs, wheels) was considered to be built up from a number

of circular rings in intimate contact, each ring having the same rectangu

lar cross section in the r-z plane. A characteristic temperature at a

central nodal point was associated with each ring element.

For each nodal point, one or more of the following steady-state heat

flow equations was written. The radial direction is indicated here; a

similar set was, of course, written for the axial direction. For conduc

tion within a component,

qk =kArAt/Ar ; (l)
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for convection to the vapor,

qh =hA^t ; (2)

for transfer across a contact resistance, such as between the bolt and a

hub,

q = h A At . (3)
*c c r v '

The radial and axial heat flow areas, A and A , respectively, are equal

to the corresponding surface areas of the ring elements. They are, there

fore, functions of the radial position of the nodal point.

In each of the regions indicated in Fig. 1, the corresponding rotor

components were considered to be exposed to a constant vapor temperature,

except under the seals. The vapor temperature in the annular space be

tween hubs and seals was taken as varying linearly in the axial direction.

The temperatures at the seal ends were, of course, those in the regions

separated by the seal.

By summing the heat flow contributions to each nodal point from its

neighboring points and equating this sum to zero, relations were obtained

for the steady-state nodal point temperatures in terms of adjacent tempera

tures, heat flow areas, and coefficients. Several typical point patterns

for nodes and their (generally) four neighbors are shown in Fig. 1.

The resulting set of linear equations was then iterated, starting

from an initial assumed temperature distribution. Iteration was terminated

when the maximum temperature change between iterations fell below a pre

set value for every nodal point.

An estimate of the effect of local heating from the vapor stagna

tion temperature at the turbine blade leading edge was obtained by a per

turbation calculation. The static vapor temperatures adjacent to the up

stream corner of a turbine wheel were replaced by the total, or stagna

tion, temperature resulting from slowing the vapor stream from spouting

velocity to wheel tip speed.



Stress Analysis

Order of Magnitude Estimates

Hubs and Seals. Both the hubs and seals are in the form of cylindri

cal shells wherein the principal temperature variation lies in the axial

direction. Timoshenko6 gives, for the thermal stress in cylindrical shells

with the temperature varying linearly in the axial direction,

omax =6M/h2 (h)

where

M = -pDaaAt/2b

P* =3(1- v2)/a2h2

and

D = Eh3/l2(l - v3).

With v = 0.3> we then have for the thermal stress estimator

CTmax ="0.33EoAt Yah/b . (5)

Wheels. In contrast to the hubs and seals, the temperature variation

in the turbine wheels is predominantly in the radial direction, the axial

temperature being substantially constant. For a radial temperature varia

tion, we have for the stress estimator7

o",
max

EoAt/2(l - v). (6)

Bolt. In general, axial temperature variations do not induce large

thermal stresses in long cylinders except in the neighborhood of sharp

changes in the temperature gradient. For such a neighborhood, we have

<W =E<^/2 (7)

as a conservative estimate of the thermally induced stresses.7 The tem

perature difference, At, is the maximum value in the neighborhood of a

sharp change in the gradient and is measured over a length of about one

bolt diameter.



Stress Calculation by the Finite-Element Method8

In the finite element method, the basic concept entails the idealiza

tion of the actual structure into a finite number of discrete structural

elements, these elements being interconnected at a finite number of nodal

points. As used in Refs. k and 8, these elements are complete rings of

triangular cross section. Figures 2 and 3 illustrate the finite-element

subdivision of two of the components of the five-stage potassium turbine.

Enough of the nodes and elements have been labeled to show the numbering

scheme.

Under the influence of imposed loads and thermal strains, those dis

placements satisfying the nodal point equilibrium and compatibility con

ditions are determined. From these displacements, the strains and, thence,

the stresses may be determined.

Because of the rather large number of equations to be solved (of the

order of 1000), it is necessary to resort to a digital computer solution

of the problem. Reference h describes a computer program for the axi-

symmetric stress analysis of composite bodies. This program, SAFE-PCRS,

was used for a partial analysis of the 5~s"tage potassium turbine. Lack

of time and funding precluded a complete analysis.

RESULTS

Temperature Distributions

Table 1 was prepared from the results of temperature distribution

calculations for the two reference turbines. These maximum temperature

differences will be used in estimating the order of magnitude stresses.

Note that, while the seal differential results in the larger At in hub 0

of the potassium turbine, the interstage differential yields a greater

At in wheel 1 of the cesium turbine.

Contour plots of the temperatures in hub 0 and 1 and in wheel 1 of

the five-stage potassium turbine are shown in Fig. h. The beneficial

effects of segmenting the turbine rotor are evident from the figure.
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Table 1. Maximum At's for Order

of Magnitude Stress Estimates

2-Stage Cs 5-Stage K

(°F) (°F)

Hub 0 hk 1^9
1 48 39
2 23 37

3 l 28
h 30

5 39
6 1

Seal 1 4l0 66o

Wheel 1 84 32
2 8 h

3 h
k 5

5 16

Bolt 117 160

Roughly a 350°F differential exists between the two hubs, considerably

diminishing the gradient the hubs must sustain.

Figure 5 shows the estimated effect on temperature distribution in

wheel 1 of imposing the stagnation temperature rise in the vapor adjacent

to the upstream corner of the wheel. The circumferential component of

nozzle spouting velocity and the wheel peripheral speed resulted in a

l4l°F rise. While the temperatures and gradients have increased through

out the wheel, note that the maximum gradient near the base of the wheel

has been only slightly affected.

An attempt was made to assess the importance of rotor segmentation

by running a case with an effectively solid rotor. This was done by

setting the contact resistance to a very low value (h very large) in

the existing program. As expected, thermal gradients were increased sub

stantially over those observed for the segmented rotor. Unfortunately,

this modification had a distinctly destabilizing influence on the itera

tion and the calculation was terminated on number of iterations while the

temperature change per iteration was still unacceptably large. Consequently,

no stresses were calculated for this case.



11

>»*••« «•••••••••!
iifBHiB.i •••••••••<

I !•••••••> • »-*••••'
• ••••••••1« J ••••

,•••••••••>'• 4 ••••
iiiiuiiiiik.<iiii

!!SiSiiI!iiiiiiii|tS|||||a|
::::,^:::::::::a&::::::

:::::,(..::::::::::!l\r-:i::

Fig. k. Isotherms in First Two Hubs and First Wheel of Five-Stage
Potassium Turbine.



12

IB I

II •
• ••
• ••
1KB

IIBBBBI

IBBBBBB
•••••••
•••••••
•••••••
••••••a

• •till r , t|H| rt l«IWJfllllll
ji.jji .tin jl jbc :l jui'.r jii

• ••
II •
III

•••••••

::::::: IB••••••••••iBBBBBBBBI••P (•H'.MMKIMn-IMiX.H.I I'H'IH 1 •4BL",* •

:::::::::::::;::=::::!

• II
III
••a
in

•••••••
•••••••
!••••••
••••••a

• :iJII II HUM til.<aa*BB' I.H.I IU JIIMII'n II
illhlMikilllk>"l*klll*lB'l*k*kttlilllikMllliai
•••••••••••••••••••••••••••••••••••••••••••••I
t.'H^i.r-i (••••••••»••••••••••••••••••••••

a bbb.; 4 a ibbb ••••• ••••••••aa aaaaa •••••••••••••••

•••
•••
IB I

•••••••
•••••••
IIIIIIB

U

BBB
BBB
BBB
BBB

•••••IB
••••BBB
BBBBBBB
BBBBBBB

• '-^•••••••••••••••••••••••••••••••••••••••••i
-^(•••••••••••••••••••••••••••••••••••••••••i

SSiR^uafl! iSBSf!
•BBBBIB

h:
BBB
•ai

•••
•ai

••••••••••••••••l • •••••••• •••
••••••••••••••••••••inaMiHiimiiiMii

• •••••••'^•••••••••••••••••••••••••••••••IMI
•si IBBBBBB

• • !• 4-L'MIII •••••••••••*'
r.MiiHiim •••••••••••••••• ••••

• •••••••••••••a ••••••••••••in •••
aaa
• Bl

BBBBBBB
••••••I • •••••••••••ii •••••••••••••i ••

• ••••••••mi •••••••••••••••••••••••••••

BBB
BBB

BBBBBBB
BBBBBBB ••••••••••••••••••••••••••••••••••••••••••••••i

•••••••••••••••••••••••••••••••••••••••••••in
BBB

aaa
BBB
BBB
• Bl

• 81
• Bl

•••••BB

IBBBBBI
BBBBBBI
•••••••
•BBBBBB

•••••••
IBBBBBI

BB •-B"B..BBBB aaBBBBBBBB BBB

••••••••••••••••••••••••••••••••••••••••••••••i
••••••••••••••••••••••••••••••••••••••••••••••I

BBI

IB I

IBBBBBB

• ••••..

BBBBBBBCT1

BBB
BBB
BBB
IBI

• Bl

BBBBBBB

BBBBBB"
•••••••
Hill '

•aaaB:.~

••••••I•••••••••••••••••••••>••••••••!••>•!••••

• aaaaaar <a ••.'••••••••••••••••••••••••••••••••i

• Bl • BBBB..

BBBBBBBaaBBBaaBBBBBBBaBBBaBBaaBaaBBBBaaBB
BBB•••m*.

1 •••••••••••••I1IIUI1I
•IIIIIIIIMII •••••••••••••••••••I ••••••••

• Bl
BBB

BBB
BBB
BBB

•••••••(••••••••«•••••»•••••••••••••••••••••••
••••••a••••••••••••>•••••••••••••••••••••••••••

••••••••••••I •••••••••• IIIIIIIIH llllllll

••••••••••••••••••••••••••••••••••••••••I
• •••••••••••••••• ••••••ir«»i:Ml
• IIIIIHIIMIillllMtlf'-—- — :••<'•»•

••••••••••••••••••••••••••••••••••••••••I
••••••••••••••••••••••••••••••••••••••••I
• ••••••I •••••••••IIM Illlllll
••••••••••••••••••••••••••••••••••••••••I
•H Mill ••••••••••••••• ••••••••••••••• III

• Bl
aaa
•BB
• Bl

• Bl
BBB
• Bl

BBI
BBB
BBB
BBI

• Bl
BBB
aaa
•aa

•aa
BBB
• Bl

BBI
BBB
BIB
BBB

• • •«l"|i>IIIIIIIIIIIHHIII

• BBBBBB Bl^ • 11 III ••••• ••••• (MM ••••• ••••• •••••

bbb iibiiimii •••••••in BBBBBaaaaa bbbbbbbb
BBB••••••••II•••••••••••••••••••B BBBBBBBB
• BB BBBBBIBBBa••••••••••BflflBBBBaBB BBBBBaBB
III••••••••••••••••••••••••••••••••••••••
bbb BBBBBaaaaa••••••••••••••••••••••••••••
••••••••••••••••••••••••••••••••••••••••i
•••••••••••••••••••••••••••••••••••••>•••
•••••••••••••••••••••••'•••••••••Ll.T,r..l|
•••••••••••••••••••••••••••••••••••••" tii.tr.a
••••••••••••••••••••m •••••••••• ••<•««•>•
••••••••••••••••••••••••••••••••••••••••I
BBB••••••••••••••••••••••••••••••••••••••
••••••••••••••••••••••••••••••••••••••••I
• •••••••••••I •••••••••••RinHHIilllllll

BBB
BBB
BflB
aaa
BBB
BIB
BBB
BBI

BBI
•BB
BBI

BBB
BBS
BBB
aaa
BBB
BBB
BBB
BBI

BBI
III
• ••

bb •.lir.'miiiiliiiua.-:

IBBBBBB•••••••••••••••••••«••••••••••••••••••••

:-™"l • •>.• (<iaa« ••••BBBBBB BBaBBBBBBB ••••••••••

••••••••••••••••••••••••••••••••lllll'lll
•••••••••••••••••••mt*miiHit4i.'<'..ii
••••••••••••••••II .MHIRHtll.r'M
•••••••••••••••••••••••••k-^"" ••<•••••
•••••••••••••••••••••••••••••••••••••••H
•••••••••••••••••••••••••••••••••••••••II

BBB
BBB
BBI
BBI

BBI

• ••
• Bl

BBI
•• • «iik>Miii ••••• ••••• •••

IBBBBBB B Mb . 8. <t .BBBBBBBB BBBBB •••••••••• ••BBBBBBBB

•••••••••••••••••••••••••••••••••••••••II
••••••••••••••••••••••••••••••••••••••••I

BBI

••••••••••••••••••••••••••••••••••••••••I
•••••••••• •••• ••••••••••••;•••• ••• • ••

••• •••••••••••••••••• *• ii hiiii •• <-.«iiiii
•••••••••••••<••••••••••••••••••••••••••• •••••••••«•••••••••••••••••••••••••••••••••••••

IBBBBBB••••••••••••••••••••••••••••••••••••••aa
|;

••• •••••••••••••••••••i •••••••••• Hiiura
• 1 • ••••«••••••••• k<i •
III•••••••••••••••••III•••••••••Illllaaat

• CI
' ••

BIT
aaa
• •-

|!

•••••••••••••••••••••••••••••••••••••••••
••••••••••••••••••••••••••••••••••••••••I
•••'illkllimiailMIIIMUIIII»H«IMIIII
BBB IT 18BBL*. l.'LJ.(.U..J-l,,/l1-l.'-l .<!'..)-••
••i.<k_riibjkj.*d^i.iik^.k4i.4;(.4-j.t..i.ii
••••••••••••••••••••••••••••••••••••••••i
••••••••••••••••••••••••••••••••••••••••i
••••••••••••••••••••••••••••••••••iilllii
••••••••••••••••••••••••••••••••••••••••i

aaa
BBI

IB I
• aa
•a •
•••

•a •

Bll

W»
• BB
BBB
• BB
BBB

• ••

BBBBBBB •• ^IIILI. J- r. ,". »-~l. J

••iiiiiiiiiiii-'V^i'Vfir

• *\ .ibb .r '... .r -.^j.fc j.i i-,r-'ii••••• ••••• ••••• •••••

.iaa^i.'"Jll,1i."J 1IIV1 » ]••••••• •••••••••• IBBM •••••

i

Fig. 5. Effect of Vapor Stagnation Temperature on Temperature
Distribution in First Wheel of Five-Stage Potassium Turbine.
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Stresses

Hubs and Seals

For hub 0 of the potassium turbine, a =1.0, b =1.5* h =0.5, and

At = 1^9. Ea = 97.5 for all components. Then, the estimated stress* is

given by

CTmax =(-0-33X97.5)(l^9)(0.707)/l.5 (8)
= -2260 psi .

To this thermal stress we must add the compressive stress induced by the

bolting forces. The total estimated maximum stress then becomes

CTmax =~lh93 ~ 226° =~3753 psl ' (9^

For the first seal, we have a =1.4, b =1.5, h =0.3, and At = 660.

Then, the estimated maximum stress is

%ax = (-0.33)(97.5)(660)[V(1^0)(0.3)]/1.5
=-9175 psi . (10)

Analysis of hub 0 by means of the SAFE-PCRS code yielded a maximum

element stress in the axial direction of —20l4 psi. The order-of-magni

tude estimate is thus seen to be conservative by a factor of about 1.86.

Figure 6 is a contour plot of the nodal point axial stresses for

hub 0. The stresses are compressive throughout and of the order of 1500

psi over a major portion of the hub. This value is close to the stress

arising from the bolting force alone, indicative of a rather small

thermally induced stress. The isotherms in Fig. h are consistent with

this latter conclusion, showing only slight curvature and displaying an

almost linear axial variation over the central portion of hub 0.

Wheels

Wheel 1 of the cesium turbine has the larger At, so that we have,

with At = —84 (inner temperature less than outer),

%ax = (97.5)(-84)/l.4 =-5850 psi . (11)
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The corresponding stress for the potassium turbine (for comparison with

SAFE-PCRS) is -2229 Psi witn a At = -32°F.

The finite-element analysis of the potassium turbine wheel 1 gave

a maximum element stress of about —1200 psi. Thus, although possibly by

happenstance, the ratio of estimated to computed stresses is again very

near to 1.86.

Bolt

The potassium turbine has the larger bolt At, —l6o°F. We then get

an upper limit on the bolt stress of

°"max = (97-5)(-l60)/2 =-78OO psi . (12)

The bolting forces are tensile here, yielding a countering stress of

2654 psi after allowing for the difference in bolt and hub cross-sectional

areas. The net estimated stress for the bolt is then

°max = 265^ -7800 =-5146 psi . (13)
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