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SIMPLIFIED CALCULATIONS FOR SMALL DEFLECTIONS 
I N  WALLS OF RADIO FREQUENCY CAVITIES 

Abs t r ac t  

The e l a s t i c  behavior of two types of r a d i o  frequency 
c a v i t i e s  considered f o r  a s epa ra t ed  o r b i t  cyc lo t ron  w a s  
analyzed t o  determine whether o r  n o t  t he  magnitude and 
d i s t r i b u t i o n  of the d e f l e c t i o n s  i n  t h e  w a l l s  of the c a v i -  
t i es  caused by atmospheric loading can be p r e d i c t e d  and 
c o n t r o l l e d .  Expressions were der ived f o r  the e l a s t i c  
curves  t h a t  d e s c r i b e  the d e f l e c t i o n s  i n  t h e  wa l l s ,  and 
methods were devised t o  s tudy t h e  s t r u c t u r a l  parameters;  
t h e  s i z e ,  shape, w a l l  thickness ,  and s i z e  and spacing of 
t h e  s t i f f e n e r s .  Computer programs w e r e  w r i t t e n  t o  pe r -  
form the  numerical c a l c u l a t i o n s ,  and these  methods of 
a n a l y s i s  were app l i ed  t o  d i f f e r e n t  design cond i t ions .  
It was concluded t h a t  f l e x u r a l  r i g i d i t i e s  can be made t o  
va ry  as r equ i r ed  t o  o b t a i n  s p e c i f i c  d e f l e c t i o n  p a t t e r n s ,  
b u t  t h i s  p r i n c i p l e  i s  d i f f i c u l t  t o  apply t o  any degree 
f o r  t he  cond i t ions  and purpose considered.  

1. IN'IXODUCTION 

Seve ra l  types of r a d i o  frequency c a v i t i e s  have been considered f o r  

use i n  a s epa ra t ed  o r b i t  cyc lo t ron .  Radio frequency c a v i t i e s  produce the  

e l e c t r i c  f i e l d s  t h a t  a c c e l e r a t e  i on  beams i n  p a r t i c l e  a c c e l e r a t o r s  such a s  

a sepa ra t ed  o r b i t  cyc lo t ron .  These c a v i t i e s  are v e s s e l s  t h a t  a r e  s p e c i a l l y  

shaped t o  r e sona te  a t  a c e r t a i n  r a d i o  frequency, and any dimensional dev i -  

a t i o n  from the  optimum s i z e  and shape of t h e  c a v i t y  changes t h e  resonant  

frequency. The c a v i t i e s  o r  v e s s e l s  are evacuated during operat ion,  and 

dimensional changes may r e s u l t  from atmospheric p r e s s u r e  loading caused 

by t h i s  evacuat ion and f rom h e a t i n g  caused by r a d i o  frequency c u r r e n t s .  

Maximum e f f i c i a n c y  i s  achieved when the  cav i ty ,  by v i r t u e  of i t s  s i z e  

and shape, r e sona te s  w i t h  t h e  p r e c i s e l y  c o n t r o l l e d  frequency of t he  r a d i o  

frequency i n p u t .  A s h i f t  i n  resonant  frequency r e s u l t i n g  from a dimen- 

s i o n a l  d e v i a t i o n  i s  a f u n c t i o n  of t h e  d i s t r i b u t i o n ,  magnitude, and d i r e c -  

t i o n  of the dev ia t ion ,  and frequency s h i f t s  must be c o r r e c t e d  w i t h  tune r s .  
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This r e q u i r e s  an i n c r e a s e  i n  power input  and r e s u l t s  i n  a decrease i n  

e f f i c i e n c y .  I t  i s  t h e r e f o r e  important t o  be a b l e  t o  p r e d i c t  and c o n t r o l  

both t h e  magniLude and d i s t r i b u t i o n  of the  d e f l e c t i o n s  i n  t h e  wal l s  of 

t he  c a v i t i e s  t h a t  a r e  caused by atmospheric loading. 

Of the s e v e r a l  types o f  r a d i o  frequency c a v i t i e s  considered f o r  a 

s epa ra t ed  o r b i t  cyclotron,  two were s t u d i e d  i n  d e t a i l  w i t h  r e s p e c t  t o  

t h e i r  e l a s t i c  behavior .  Thcse two a r e  the  s ing le -gap  c a v i t y  w i t h  e i t h e r  

tapered s ides ,  as shown i n  F ig .  1, o r  p a r a l l e l  s i d e s ,  as shown i n  F ig .  2, 

f o r  t h e  energy r eg ion  above 100 Mev and t h e  double-gap (coaxia l )  cav i ty ,  

as shown i n  F ig .  3, f o r  t h e  energy r eg ion  below 100 M e V .  I n  analyzing 

t h e i r  e l a s t i c  behavior,  t h e  e s s e n t i a l  d i f f e r e n c e  between t h e s e  two types  

of c a v i t i e s  is  t h a t  the s ingle-gap c a v i t y  has s i d e  s t a y s  and t h e  double- 

gap c a v i t y  does n o t .  The s i d e  s t a y s  of t h e  s ing le -gap  c a v i t y  a r e  t h e  

r e s u l t  of economic cons ide ra t ions  and space requirements, whereas the 

s i z e  of t h e  c a v i t y  and the  space. a v a i l a b l e  i n  the  a c c e l e r a t o r  permit  t he  

walls of  t h e  double-gap c a v i t y  t o  be designed without  s t a y s .  

ORNL Dwg 67-9058 

ATTACHMENT 
POINT FOR 
SIDE STAYS 

/f 

STAY LOADS 

\ 

Pig. 1. Single-Gap Cavity With F l a t  Tapered Sides, F l a t  P a r a l l e l  Top 
and  Bottom, F l a t  Ends, and Side Stays f o r  the  Energy Region Above 100 MeV.  



3 

ATTACHMENT 
POINT FOR 
SIDE STAYS 

Fig.  2 .  
Bottom, F l a t  Ends, and S ide  S tays  f o r  t h e  Energy Region Above 100 MeV. 

Single-Gap Cavi ty  With F l a t  P a r a l l e l  Sides ,  Shaped Top and 

ORNL Dwg 67-9060 

Fig .  3 .  Double-Gap Cavi ty  With Fl.at Tapered Sides,  F l a t  P a r a l l e l  
Top and Bottom, C y l i n d r i c a l  Ends, and No S ide  S tays  f o r  t h e  Energy Region 
Below 100 MeV. 
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The methods of mathematical a n a l y s i s  of t h e  e l a s t i c  behavior of t he  

two types of r a d i o  frequency c a v i t i e s  s t u d i e d  were developed, and these  

a re  discussed i n  Chapter 2. Equations f o r  t h e  e l a s t i c  curves,  bending 

moments, and end s l o p e s  f o r  bo th  types of c a v i t y  w e r e  de r ived .  A m u l t i -  

parameter s tudy  of p l a t e  thickness ,  s t i f f e n e r  s i z e ,  and s t i f f e n e r  spacing 

had t o  be made t o  choose the  combination d e s i r e d  f o r  t he  c a v i t y .  This 

choice is  based upon pe rmis s ib l e  d e f l e c t i o n s ,  moments, and s t resses  with-  

i n  the  p l a l e  panels  of the  c a v i t y  w a l l s ,  and two computer programs were 

w r i t t e n  t o  a i d  i n  the  s e l e c t i o n  of t he  d e s i r e d  combination. One program 

w a s  designed to compute the  c h a r a c t e r i s t i c s  of t h e  composite s t r u c t u r e  

as a func t ion  of s t i f f e n e r  s i z e  and spacing and p l a t e  t h i ckness .  The 

second program w a s  designed t o  s tudy  d e f l e c t i o n s ,  moments, and s t r e s s e s  

of f l a t  p l a t e s .  

Four numerical  examples of d i f f e r e n t  approaches t o  t h e  a p p l i c a t i o n  

of t hese  methods oE mathematical a n a l y s i s  t o  t h e  design of r a d i o  frequency 

c a v i t i e s  a r e  presented i n  Chapter 3, and t h e  conclusions drawn from Lhese 

examples are  given i n  Chapter 4 .  
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2 .  METHODS OF MATHEMATICAL ANALYSIS 

Two types of r ad io  frequency c a v i t i e s  were s tud ied  i n  d e t a i l  w i th  

r e s p e c t  t o  t h e i r  e l a s t i c  behavior .  These two t y p e s  a r e  t h e  s ing le-gap  

c a v i t y  wi th  e i t h e r  tapered  o r  p a r a l l e l  s i d e s  f o r  t he  energy reg ion  above 

100 Mev and t h e  double-gap (coaxia l )  c a v i t y  f o r  t he  energy reg ion  below 

100 MeV. A thorough and complete a n a l y s i s  of t h e  e l a s t i c  behavior  of 

t he  wa l l s  of t hese  c a v i t i e s  would involve very  complicated and ted ious  

mathematics. Therefore,  assumptions were made t o  s impl i fy  t h e  mathe- 

mat ics .  I n  s p i t e  of t h i s ,  t he  s i m p l i f i e d  a n a l y s i s  appears  t o  be ade- 

qua te  and t h e  numerical  eva lua t ions  a r e  s u f f i c i e n t l y  accu ra t e  t o  be 

used f o r  des ign  purposes.  

A s s  ump t ions 

The type cons t ruc t ion  t o  be used f o r  t h e  w a l l s  of t h e  cavities was 

assumed t o  be as shown i n  Fig.  4.  Both t h e  s i n g l e -  and double-gap cav- 

i t i e s  w e r e  assumed t o  be made of copper - l ined  ca rbon- s t ee l  p l a t e ,  and 

t h e  numerical  c a l c u l a t i o n s  were based on t h e  use of 0 .1 - in . - th i ck  OFHC 

copper on 0 .40 - in . - th i ck  carbon s t e e l .  However, t h e  pro to type  c a v i t y  

ORNL Dwg 67-9061 

TE DEFLECTION 
WEEN STIFFENERS 

Fig .  4.  Type Cons t ruc t ion  Assumed f o r  Cavi ty  Walls.  
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for a 50-MeV separated orbit cyclotron shown in Figs. 5 and 6 was 

fabricated from 0.05-in.-thick copper on 0.45-in.-thick steel. 

walls of both the single- and'double-gap cavities have external stiffen- 

ing members assumed to be in the form of T-beams, as s h m  in Fig. 4. 
The flexural rigidity of a composite structure made by welding T-beam 

stiffeners on steel plate was assumed to be equivalent to that of a 

solid steel plate with an equal second moment of area. The equation 

for the equivalent thickness of this solid steel plate is derived in 

The 

Appendix A. 

'3648 

Fig. 5. Prototype of Radio Frequency Cavity for a 50-Mev Separated 
Orbit Cyclotron During Construction. 
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Fig. 6. Proto type  of Radio Frequency Cavi ty  f o r  a 50-Mev Separated 
Orb i t  Cyclotron A f t e r  Addi t ion  of S t i f f e n e r s .  

The s ingle-gap  c a v i t y  w a s  assumed t o  have s i d e  s t a y s ,  while  the 

double-gap c a v i t y  w a s  assumed t o  have no s i d e  s t ays .  

t h a t  t h e r e  a r e  no openings i n  the  w a l l s  of the  c a v i t i e s .  The e f f e c t s  of 

t he  ends of the  c a v i t i e s  were neglected.  The e f f e c t  of l o c a l  d e f l e c t i o n s  

i n  the  pane l s  of f l a t  p l a t e  between the  s t i f f e n e r s  w a s  neglec ted  i n  the  

d e r i v a t i o n  of t he  e l a s t i c  curve f o r  t he  composite s t r u c t u r e .  Local 

panel d e f l e c t i o n s  were considered s e p a r a t e l y ,  and i n  c a l c u l a t i n g  them, 

the copper-clad s t e e l  p l a t e  was regarded as a s o l i d  s t e e l  p l a t e  of 

equ iva len t  th ickness .  The equa t ion  f o r  t h e  equ iva len t  t h i ckness  of a 

s o l i d  s t e e l  p l a t e  i s  der ived  i n  Appendix B. 

It w a s  a l s o  assumed 

The e f f e c t s  of ad jacen t  s t e e l  pane l s  upon each o t h e r  caused by 

g radua l  changes i n  the shape of the  c a v i t y  were neglected.  This assump- 

t i o n  w i l l  hold f o r  the  s ing le-gap  r e c t a n g u l a r  c a v i t y  wi th  shaped top and 

bottom and p a r a l l e l  s i d e s  i f  the  change i n  shape occurs gradual ly .  It 
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w i l l  a l s o  hold f o r  t he  s ing le -gap  c a v i t y  w i t h  f l a t  tapered s i d e s  and the  

double-gap c a v i t y  wi th  f l a t  tapered s i d e s  i f  the ang le  of t a p e r  between 

the  s i d e s  i s  s m a l l .  

Equations Derived f o r  Cavity Without Side Stavs 

The expressions f o r  t h e  e l a s t i c  curves  t h a t  d e s c r i b e  the  d e f l e c t i o n s  

i n  t h e  w a l l s  of t h e  double-gap c a v i t y  and the expressions f o r  t he  bending 

moments and end s lopes  are de r ived  i n  Appendix C .  For t hese  d e r i v a t i o n s ,  

a c r o s s - s e c t i o n a l  s l i c e  o f  u n i t  t h i ckness  i s  taken through t h e  c a v i t y  

without  s i d e  s t a y s ,  and t h e  he igh t  of t h i s  s l i c e  is  denoted by t h e  l e t t e r  

a and the  wid th  by the  l e t t e r  b. The d e s i r e d  expressions a r e  de r ived  f o r  

two cases :  (1) the  case where the  f l e x u r a l  r i g i d i t y  of the s i d e s ,  E I a ,  

i s  d i f f e r e n t  from the  f l e x u r a l  r i g i d i t y  of  t he  top and bottom, E l b ,  and 

( 2 )  t h e  case  where the  f l e x u r a l  r i g i d i t y  of t h e  s i d e s  i s  t h e  same as 

t h a t  of t he  top and bottom. 

Case 1 

I n  t h e  f i r s t  case,  E 1  # E l b ,  t h e  e l a s t i c  curve ( d e f l e c t i o n )  of the 
a 

The d e f l e c t i o n  of span b a c r o s s  the top and bottom, 

The moment. 

The end s lope ,  

M = w  r31b + b31, ] , 

1. 1 2  aIb + bIa 

wab a2 - b2 0 A = -  24E ( a ~ ~  + b I a J  ( 4  1 
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Case 2 

I n  t h e  second case ,  E1 = E 1  = E I ,  t he  moment, 
a b 

M = w  (a2 - ab + b2),  
1 1 2  

and t h e  end s l o p e ,  
wab (a  - b )  

24E I e =  A 

The d e f l e c t i o n  o f  t he  s i d e s ,  span a, 

- ab + b2)x + 2ax' - x3 - ab(a - b)] , wx 

and the  d e f l e c t i o n  of the top and bottom, span b, 

= -[-(a" wx - ab + b")x + 2bx" - x3 + ab(a - b) 'b 24EI 

The maximum d e f l e c t i o n  of span a ( t h e  s ides)  occurs a t  

x = a / 2 ,  and 

(a2 + 4ab - 4b2). 
w a2 = - -  

Ya max 384EI 

The maximum d e f l e c t i o n  of span b ( t h e  t o p  and bottom) occurs  a t  

x = b/2,  and 

(2a - b) (6a - 5b). 
wb' = - -  

'b max 384EI 

(9)  

Equations Derived f o r  C a v i t i e s  With Side Stays 

The expressions f o r  t h e  e l a s t i c  curves  t h a t  d e s c r i b e  the  d e f l e c t i o n s  

i n  the w a l l s  of t he  s ing le -gap  c a v i t i e s  and the expressions f o r  t h e  bend- 

ing moments and end s lopes  a r e  der ived i n  Appendix D.  For t hese  d e r i v a -  

t i o n s ,  a c r o s s - s e c t i o n a l  s l i c e  of u n i t  t h i ckness  i s  taken through the  cav- 

i t y  w i t h  s i d e  s t ays ,  and the  o v e r a l l  he igh t  o f  t he  sec t ion ,  R ,  i s  broken 

by two s t a y s .  The d i s t a n c e  between t h e  s t a y s  is denoted by the l e t t e r  a, 

t he  d i s t a n c e  from a s t a y  t o  e i t h e r  the top o r  bottom of t he  c a v i t y  i s  

denoted by the  l e t t e r  b, and the width of t he  c r o s s - s e c t i o n a l  s l i c e  by 

t h e  l e t t e r  c .  The d e s i r e d  expressions a r e  de r ived  f o r  t h r e e  cases :  
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(1) the case where spans a ,  b ,  and c and t h e  f l e x u r a l  r i g i d i t i e s  E 1  

E I b ,  and E 1  may be d i f f e r e n t  from each o t h e r ,  ( 2 )  the case where span 

a = span b but  spans a and b may be d i f f e r e n t  from span c and the plane 

moments of i n e r t i a  I = I but  I and I may be d i f f e r e n t  from I and 

( 3 )  the  case where I = 1 = I = I and a = b bu t  a and b may be 

d i f f e r e n t  from c .  

a ’  

C 

a b  a b c 7  

a b  C 

Case 1 

I n  the  f i r s t  ca se ,  Ia # Ib # IC and a # b # c ,  the e l a s t i c  curve 

( d e f l e c t i o n )  of span a ,  

t he  d e f l e c t i o n  of span b ,  
R x2 M x2 

+ - 1 -  BGx, 1 1 wx4 - -  - - - 
’b E I b  j 24 6 

and the d e f l e c t i o n  of span c ,  

The r e a c t i o n ,  

w (a31b - b31 ) ( b I c  -1- c l b )  - ( a l b  + bIa)(c31b - 6b2cIb - 3b”I ) 
R =  a c -  . 

3 I 

4b 

T h e  moment 
w ( a ” 5  - b31a) + 4bzIaR3 

M =  12 (a Ib  + b I a )  (15) 
3 

The end s lopes  

and 

8b2K - 12bM - 3 w b 3  
3 - 3 

‘A - 24EIb 

12aM - w a 3  

24E I 
e =Ae 

a 
G 
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The moment 

The s t a y  load,  

24EIceA + wc3 

12c 
M =  
1 

wa 
(19)  P = R  + -  

3 2 '  

For span a,  t he  mid-span d e f l e c t i o n  t h a t  occurs  a t  x = a/2, 

For span b ,  t h e  mid-span d e f l e c t i o n  t h a t  occurs  a t  x = b/2, 

2 . (21) 
3 

1 I wb4 bSR 
! - -  - -  - 

'b mid-span E I b  384 48 8 

For span c, the mid-span d e f l e c t i o n  t h a t  occurs a t  x = c / 2 ,  

A 
1 I wc4 M ~ C ~  1 ce 

-7 - _ -  
E I c  \ 128 8 I + 2 ' - 

'c mid-span 

A l l  of t h e  expres s ions  f o r  t h i s  f i r s t  case a r e  a l s o  a p p l i c a b l e  i n  

t h e  second and t h i r d  cases .  However, t he  expres s ions  f o r  t he  d e f l e c t i o n s  

a t  mid-span and the  e l a s t i c  curves  are no t  s impler  i n  cases  2 and 3 than 

they a r e  i n  case  1, and they  t h e r e f o r e  w i l l  no t  be repeated f o r  t h e  l a s t  

two cases .  

Case 2 

I n  the  second case ,  a = b and I - the  r e a c t i o n  a - 'by 

w(3a31c 4- 6a2cI - c31a) 

2a(3aI + 5 ~ 1 , )  
a 

R =  
C 

3 

The moment 

a 
M = - R  . 

3 6 3  



1 2  

The end s lope ,  

and 

The moment 

The s t a y  load 

Case 3 

(2R - wa) 8 = -  a' 
A 8EIa 3 

wa 
P = K  + -  

3 2 .  

I n  the  t h i r d  case ,  a = b and I = I = I = I, the r e a c t i o n ,  
a b  C 

w(3a3 + 6a2c - c3>_ 
2a (3a + 5c)  ' 

R =  
3 

The moment 

M =-R a = w(3a3 -t 6a2c - c3) 
3 6 3  1 2  (3a + S c )  * 

The end s lopes  

acw (a2 - c2) 
8EI (3a + 5c) 

(2R - wa) = 
a' = -  

A 8EI 3 

and 

'A - - acw ( a 2  - c') 
(2R - wa) = - 3 = -  a' 

G 24EI 3 24EI (3a + 5c) a 

The moment 

The s t a y  load 
w a  w'6a3 3 l l a 2 c  - c3 p = R  + -  = - -  

i 3 2  2 !, 3a t- 5c 
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Panel Deflections, Moments, and Stresses 

In a composite wall structure, it is necessary to consider the 

deflections and stresses within the flat plate panels between stiffeners 

as well as the deflections of the whole composite wall. The problem 

boils down to one of choosing a suitable combination of stiffener size 

and spacing and plate thickness that will satisfy the criteria for both 

the composite wall and the plate panels between the stiffeners. While 

it must meet specific design criteria, the choice is usually also influ- 

enced by economics and local situation factors such as the material 

already on hand. 

With deflection criteria established, values for the flexural 

rigidity, EI, of the composite walls may be determined from expressions 

that are derived in Appendices G and D. Values for the second moment of 

area, I, follow when the materials of construction are known or selected. 

With the value of the second moment of area known, a multi-parameter 

study of plate thickness and stiffener size and spacing must be made 

with the choice of the combination based upon the permissible deflec- 

tions, moments, and stresses within the plate panels. After the combi- 

nation is chosen on this basis, it must be confirmed by checking the 

stresses in the composite structure. 

Two computer programs were written to aid in the selection of a 

suitable combination of plate thickness and stiffener size and spacing. 

One of the programs, called TBEAM, is used to solve the equations of 

Appendix A. The characteristics of the composite structure are com- 

puted as a function of the T-beam stiffener size and spacing and the 

plate thickness. The properties of 77 "standard" T-beams are read into 

the computer memory. These properties include weight (lb/ft), area 

(in.2), depth of beam (in.), width of flange (in.), 

(in.), thickness of stem (in.), moment of inertia (in.*), and a value 

representing the location of the centroidal axis (in.), as found in 

steel handbooks. Several spacings for stiffeners (12, 15, 18, ..., and 
39 in.) are also generated and stored, and a number of arbritrary plate 

thicknesses are also read into the computer, such as 0 . 3 4 5 ,  0 . 3 7 5 ,  

thickness of flange 
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0.4375,  0.461, and 0.500 i n .  The computer output  c o n s i s t s  of a l i s t i n g  

of some of t he  c h a r a c t e r i s t i c s  of t he  composite s t r u c t u r e  as a func t ion  

of t he  inpu t  parameters. The important ou tpu t  i t e m s  i nc lude  (1) t h e  

t o t a l  amount of i n e r t i a  ( in .4)  of t h e  composite s t r u c t u r e ,  (2) a u n i t -  

i zed  moment of i n e r t i a  ( i n . 4 / i n . )  obtained by d i v i d i n g  t h e  t o t a l  moment 

of i n e r t i a  by t h e  spacing ( i n . ) ,  (3) a u n i t i z e d  weight ( l b / f t  pe r  i n . )  

obtained by d i v i d i n g  the  weight per  f o o t  of l eng th  of the  composite 

s t r u c t u r e  by the spacing i n  in . ,  

l b  per  f t )  obtained by d iv id ing  I t e m  2 above by I t e m  3,  and ( 5 )  a va lue  

f o r  t h e  c e n t r o i d a l  a x i s  ( i n . )  of t h e  composite s t r u c t u r e .  A l i s t i n g  of 

t he  p r o p e r t i e s  of t he  T-beam is a l s o  included as computer ou tpu t  da t a .  

( 4 )  a r e l a t i v e  e f f i c i e n c y  t e r m  ( i n . 4 /  

Regardless o f  how determined? i f  t he  r equ i r ed  uniti-zed moment of 

i n e r t i a  is known, a combination o E  s t i f f e n e r  s i z e  and spacing and p l a t e  

t h i ckness  can be found t o  meet t h e  requirements i n  an approximate manner. 

Then, i f  t he  p l a t e  thickness  and s t i f f e n e r  spacing a r e  known, the  most 

e f f i - c i e n t  T-beam of a l l  p o s s i b l e  ones can be determined. The c h a r a c t e r -  

i s t i c s  of t h i s  T-beam can then be examined t o  determine i.ts s u i t a b i L i t y  

from t h e  s t andpo in t  of depth and s t ress .  

A second computer program used i n  corijunction w i t h  TBEAM, c a l l e d  

PANEL, w a s  w r i t t e n  t o  a i d  i n  t h e  p a r a m e t e r  s tudy  of the d e f l e c t i o n s ,  

moments, and s t resses  of f l a t  p l a t e s .  The inpu t  parameters are  (1) p l a t e  

thickness  ( i n . ) ,  (2) panel  l e n g t h  ( i n . ) ,  and (3) panel wid th  ( i n . ) .  

The computer ou tpu t  l i s t s  t h e  va lues  f o r a  and p, t he  maximum d e f l e c t i o n  

of t h e  panel, Y, ,= 0,  

Fig* 7, the momerit> (Mx)x ~ s / 2 ,  

~ 07 where t h e  coord ina te  axis i s  as shown i n  

'max * 
= 0.' and the  maximum stress,  

When the  requirements of t he  composite s t r u c t u r e  and the  panels  

between s t i f f e n e r s  are known i n  terms o f  (1) t h e  r equ i r ed  moment: of 

i n e r t i a  of t h e  composite s t r u c t u r e  based on pe rmis s ib l e  d e f l e c t i o n s ,  

(2 )  t h e  l i m i t i n g  stresses in  the  composite s t r u c t u r e ,  and (3) the p e r -  

m i s s i b l e  moments, stresses and d e f l e c t i o n s  i n  the  p l a t e  panels,  a sui t -  

a b l e  and perhaps the  most economical combination o f  s t i f f e n e r  s i z e  and 

spacing and p l a t e  t h i ckness  can be found from t h e  ou tpu t  d a t a  of t h e  

computer programs TBEAM and PANEL. 
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ORNL Dwg 67-9069 

Y 

X 

2 'b'in. 
THICKNESS 

f -  

Fig.  7 .  Coordinate  A x i s  f o r  Maximum Def l ec t ion  of Panel 
Determined by the  Computer Program PANEL. 

The p a r t i c u l a r  p l a t e  used t o  c o n s t r u c t  the  pro to type  double-gap 

c a v i t y  f o r  a 50-Mev sepa ra t ed  o r b i t  cyc lo t ron  was chosen because i t  

w a s  a v a i l a b l e  from su rp lus  s tock .  Once the  th ickness  of t he  p l a t e  is 

chosen, the  s i z e  of t h e  T-beam s t i f f e n e r  w i l l  depend upon i t s  spacing 

Thus, i n  the  c a s e  of t h e  prototype,  t h e  problem became one of d e t e r -  

mining t h e  spac ing  of t he  s t i f f e n e r s ,  which i s  t h e  same as the  width 

of t h e  pane ls .  

r ec t angu la r  and assumed t o  be  f ixed  (clamped) on a l l  fou r  edges, bu t  

I n  t h e  w a l l  s t r u c t u r e  of the  c a v i t i e s ,  t h e  pane ls  are  
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t h e  pane ls  w i l l .  d e f l e c t  somewhat between s t i f f e n e r s ,  a s  i nd ica t ed  i n  

F igs .  4 and 7 .  Based on d e f l e c t i o n s  o r  stresses, o r  both,  t he  fo l lowing  

f i v e  express ions”  may be  used t o  choose t h e  widths  of t he  pane ls .  The 

express ions  f o r  a and @ a r e  given i n  equat ion  form t o  f a c i l i t a t e  t h e i r  

use i n  FORTRAN f o r  computer programming. 

0.0284 

1 + 1.0561;r 
az 

= ~ W S ~  i n .  - l b / i n .  (Mx)x = s/2, y = 0 

0.0833 

1 + 0.623::6 
p =  

l b /  in .  
- E - -  - 6M 

max 2 - t p  
S 

Computer program PANEL output  d a t a  f o r  va lues  of d e f l e c t i o n s ,  

max ’ maximum s t r e s s ,  S a, (Mx) x = s / 2 ,  y = 0’ 
and p, are given i n  Table  1 f o r  s e l ec t ed  va lues  of panel  l eng ths ,  z ,  

and panel wid ths ,  s .  The format f o r  Table 1 i s  as def ined  below. 

moments , 
YX = 0 ,  y = 0’ 

Term i n  Term i n  
Table I De f i n  i t i o n  Equat ion 

S Panel width S 

z Panel l eng th  z 

A a lpha  a 
B b e t a  B 
Y Def l ec t  i o n  Y 

XM Moment M, 
Maximum s t r e s s  S 

max ST. 

Unit  
i n .  
i n .  

d imens i o n l e s s  
d imens i o n l e s s  

i n .  
in .  - l b /  i n .  

p s i  

1 R. J. Roark, p .  20.5 i r i  Formulas f o r  S t r e s s  and S t r a i n ,  3rd e d . ,  

McGraw-Hill Book Company, Inc . , 1954.  



Table 1. PANEL Computer Program Output  Data f o r  Panel Def l ec t ions ,  Moments, and S t r e s s e s  f o r  
Selected Values of Panel  Lengths and Widths 

Z =  
S =  
A =  
B =  
Y =  
x M =  
ST = 

Z =  
s =  
A =  
B =  
Y =  

XM = 
ST = 

z =  
S =  
A =  
B =  
Y =  
x M =  
ST = 

Z =  
s =  
A =  
B =  
Y =  
x M =  
ST = 

36.0 
15.0 

0.02803 
0.08303 
0.00734 

274.6 
7753.2 

42.0 
15.0 

.02823 

.083 19 

.0073 9 
275.2 

7768.4 

48.0 
15 .0  

,02831 
.08325 
.00742 
275.4 

7774.0 

54.0 
15.0 

.02835 

.08328 

.00743 
275.4 

7776.2 

18.0 
.02 749 
.08250 
,01493 
392.9 

11093.0 

18.0 
.02797 
.08298 
,01519 
395.2 

11157.9 

18.0 
.02818 
,083 16 
,0153 1 
396.1 

11181.6 

18.0 
.02828 
.08323 
.01536 
396.4 

11191.4 

21.0 
.02651 
.08130 
.02667 
527.1  

14880.5 

21.0 
.02 749 
.08250 
.02766 
534.8 

15098.8 

21.0 
.02793 
.08294 
,02810 

5 3 7 . 7  
15179.5 

21.0 
.02814 
.083 12 
.02831 
538.8 

152 13.0 

24.0 
.02493 
.07898 
.04280 

668.7 
18880.2 

24.0 
.02668 
.OB153 
.04580 

690.3 
19490.1 

24.0 
.02 749 
.08250 
.04719 

698.5 
19720.9 

24.0 
.02789 
.082 90 
.04787 

701.9 
19817.7 

27.0 
.02271 
.07499 
.06244 
803.6 

22686.7 

27.0 
.02545 
.07979 
,06998 
855.1 

24140.7 

27.0 
.02681 
.08169 
.07371 

875.4 
24714.5 

27.0 
.02 749 
.08250 
.07559 

884.1 
24959.3 

30.0 
.01994 
.06892 
.08356 

911.8 
25742.9 

30.0 
.02374 
.07693 
.09949 
1017.8 

28736.2 

30.0 
.02580 
.08032 
.lo831 
1062.6 

29999.9 

30.0 
.02690 
.08180 
.11272 
1082.2 

30554.2 

33.0 
,01687 
.06082 
. l o 3 5 1  

973.6 
27487.8 

33.0 
.02 158 
.07265 
.13239 
1163.0 

32834.9 

33.0 
.02444 
.07816 
.14994 
1251.2 

35324.0 

33.0 
.02605 
.08068 
.15987 
1291.6 

36464.5 

36.0 
.01381 
.05132 
.12004 

977.8 
2 7605.7 

36.0 
.01908 
.06680 
.16580 

35927.6 
1272.6 F 

36.0 
.02271 
.07499 
.19735 
1428.6 

40332.0 

36.0 
.02493 
.07898 
.21667 
1504.7 

42480.6 
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The computer c a l c u l a t i o n s  f o r  the va lues  given i n  Table 1 a r e  based 

on a panel p l a t e  t h i ckness ,  t ,  of 0.461 i n . ,  a modulus of e l a s t i c i t y ,  E ,  

o f  29,000,000 p s i ,  and an atmospheric p re s su re  load,  w ,  of 14.7 p s i .  

The beam spacing on the prototype c a v i t y  i s  21.35 i n . ,  and the  approxi- 

mate maximum d e f l e c t i o n s  and s t r e s s e s  t o  be expected i n  the va r ious  

panels  of the c a v i t y  can be deduced from the va lues  given i n  the t h i r d  

column of Table 1. Observe t h e  l eng ths  of the pane l s ,  z ,  have l i t t l e  

i n f luence  on t h e  magnitude of the d e f l e c t i o n s  and s t r e s s e s  f o r  t he  

range of r a t i o s  of s / z  t abu la t ed .  
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3.  NUMERICAL EXAMPLES 

The express ions  f o r  t h e  e l a s t i c  curves ,  bending moments, and end 

s lopes  t h a t  a r e  presented i n  the  previous chapter  cover a v a r i e t y  of 

p o s s i b l e  des ign  cond i t ions .  The form of these  express ions  sugges ts  

t h a t  they  may be appl ied  i n  s e v e r a l  ways. 

d i f f e r e n t  approaches,  of which some have no c l e a r  o r  d e f i n i t e  p o s s i b i l -  

i t i e s  f o r  des ign  a p p l i c a t i o n ,  a r e  descr ibed  i n  the  fol lowing ma te r i a l .  

In a l l  of t he  examples, t h e  atmospheric p re s su re  loading ,  w,  i s  assumed 

t o  be 14.7 p s i  and t h e  modulus of e l a s t i c i t y ,  E, i s  assumed t o  be 2 9  X 

lo6  p s i .  

Four numerical  examples of 

Example 1 

For t he  f i r s t  example, cons ider  t he  

s t a y s  i l l u s t r a t e d  n Fig. 3 .  The dimens 

example a r e  shown i n  Fig.  8. 

double-gap c a v i t y  without  s i d e  

ons of t he  c a v i t y  f o r  t h i s  

ORNL Owg 67-9070 

... .- . 

FROM 20.81 TO 54.01 in. 

ORNL Owg 67-9070 

I- b d VARIES FROM 20.81 TO 54.01 in. 

TYPICAL SECTION 

Fig.  8. Dimensions of Double-Gap Cavi ty  Without Side S tays  for 
Numerical Example 1. 
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In  t h i s  example, t he  f l e x u r a l  r i g i d i t y ,  E I ,  and consequently the  

second moment of a r e a ,  I, of t h e  w a l l s  are s p e c i f i e d  t o  be cons t an t  a l l  

over ;  t h a t  i s ,  I = I = I a t  each s t a t i o n .  The va lue  of I i s  t o  be 

based upon a s p e c i f i e d  maximum d e f l e c t i o n  of s i d e  a a t  t h e  s m a l l  end of 

the cav i ty .  A r b i t r a r i l y ,  y = 0.019 i n .  a t  S t a t i o n  1, which i s  a t  

the small  end of t he  cav i ty .  

a b  

a max 

From Eq. 9, the  second moment of a r e a ,  I = 2.856 in ." / in .  From Eq. 

C.2, given i n  Appendix C ,  R = 504.4 l b  per inch of c a v i t y  l eng th  a t  

each of the 10 s t a t i o n s .  Values f o r  R (Eq. C . l ) ,  M (Eq. 5), and 8 

(Eq. 6) may be obtained a t  each of the 10 s t a t i o n s  equa l ly  spaced along 

the  c a v i t y ,  and the  d e f l e c t i o n  curves a t  each of t h e  10 s t a t i o n s  a r e  

obtained from Eqs .  1 and 2. 

2 

A 1 1 

These computations were made by using a simple computer program 

c a l l e d  COAXCAV-5. The inpu t  f o r  t h e  program i n  t h i s  example c o n s i s t s  

of a d e f l e c t i o n  cond i t ion ,  = 0.019 i n .  a t  S t a t i o n  1, and dimen- 

s ions  t o  d e f i n e  the s i z e  of t h e  c a v i t y .  The widths  a t  each s t a t i o n ,  

i nd ica t ed  by t h e  l e t t e r  b i n  Fig.  8, a r e  computed, and these widths and 

t h e  h e i g h t ,  a ,  a r e  divided i n t o  10 equal spaces f o r  computing the  d e f l e c -  

t i o n  curves. 

I ,  and R a r e  given i n  Table 2. The u n i t s  Cor K, and R Lb/in. ,  and I, 

in .  " / in .  , a r e  t h e  r e s u l t  of t ak ing  a 1 - in . - th i ck  (measured i n  the  d i r e c -  

t i o n  o f  a )  s e c t i o n a l  s l i c e  of t he  cav i ty .  

'a max 

@A The computer program COAXCAV-5 va lues  f o r  b ,  R,, MI, - 

2 2' 

Table 2. Computer Program COAXCAV-5 Output f o r  
Reactions,  Moments, and End Slopes f o r  Widths a t  10 S t a -  
t i o n s  of the Double-Gap Cavi ty  i n  Numerical Example 1 

b R1 M1 *A 
S t a t  i on  ( in .  ) ( l b / i n . )  ( i n .  - l b /  i n ,  ) ( r ad ians )  

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

20.81 152.92 4550.3 0.000505 
24.49 180.04 4444.8 0.000549 
28.18 207.15 4372.8 0.000578 
31.87 234.27 4334.0 0.000594 
35.56 261.39 4328,7 0.000597 
39.25 288.51 4356.7 0.000585 
[+2.94 315.63 4418.0 0.000560 
46.63 342.74 4512.7 0.000520 
50.32 369.86 4640.7 0.00046 7 
54.01 396.98 4802.1 0.000401 

I = 2.8559 i n .  4 / in .  R2 = 504.4 l b / i n .  
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We may observe i n  Table 

S t a t i o n  1 t o  a maximum value  

t o  S t a t i o n  10. The mid-span 

2 t h a t  t h e  end s lope  @ * i n c r e a s e s  from 

a t  S t a t i o n  5 and then  cont inous ly  decreases  

d e f l e c t i o n s  given i n  Table 3 a l s o  fo l low 

t h i s  p a t t e r n .  The e l a s t i c  curves  a r e  symmetrical about a h o r i z o n t a l  

plane pass ing  through a /2  and a v e r t i c a l  plane passing through b/2. The 

d e f l e c t i o n  p a t t e r n s  a t  S t a t i o n s  1, 5 ,  and 10 a r e  i l l u s t r a t e d  i n  F igs .  9 ,  

10, and 11, r e s p e c t i v e l y ,  and t h e  d a t a  f o r  t hese  graphs were taken from 

Table 3 .  

A 

1 

ORNL Dwg 67-9071 

, b = 10.405 in. 
2 

F4 
I 
I 
I 

I 
I 
I 
I 
I 
I 
I 

I 
I 
I 

\-O.OO,, 

!-0.0145 

!-0.0178 

1- 0.0189 _ _  

FAXES OF 
SYMMETRY 

_. 

Fig .  9. Def lec t ion  P a t t e r n  
a t  S t a t i o n  1 of Double-Gap Cavi ty  
of Numerical Example 1. 
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1-0.0193 
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I-0.0205 --4 
Fig .  10. Def l ec t ion  P a t t e r n  

a t  S t a t i o n  5 of Double-Gap Cavity 
of Numerical Example 1. 



Table 3 .  Computer Program COAXCAV-5 Output f o r  Def lec t ions  a t  10 S t a t i o n s  of Double-Gap 
Cavity i n  Numerical Example 1 

NORMALIZED DISTANCE ALONG SPAN 

STATION 0 . 0  0 . 1  0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 .0  

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Y a= 
Yb= 

Yb= 

Ya= 

Ya= 

Ya= 
Yb= 

Y a= 

Ya= 

Y,= 
Yb= 

Ya= 
Y.b= 

Ya=  

Y = a 

Yb= 

Yb= 

Yb= 

Yb= 

0 -. 0044 
0 .0009 

0 -.0047 
0 .0012 

0 -. 0049 
0 ,0014 

0 -.0050 
0 .0016 

0 -.0050 
0 .0018 

0 -.0049 
0 .0019 

0 -.0048 
0. .0020 

0 -.0045 
0 .0019 

0 -. 0042 
0 .0017 

0 -.GO38 
0 .0014 

-. 0097 
.0016 

-. 0102 
,0021 

-. 0106 
.0025 

-. 0107 
,0028 

-. 0108 
.003 1 

-. 0106 
.0032 

-. 0103 
.0032 

-. 0099 
.0030 

-. 0093 
,0025 

-. 0086 
.0019 

-. 0145 
.0021 

-. 0151 
.0027 

-. 0156 
.0032 

-. 0158 
.003S 

-. 0158 
.0039 

-. 0157 
.0040 

-. 0153 
.0039 

-. 0147 
.0036 

-. 0140 
.0028 

-. 0130 
.0018 

-. 0178 
.0024 

-. 0185 
.0031 

-. 0190 
.0036 

-. 0192 
.0041 

-. 0193 
.0044 

-. 0191 
,0045 

-. 0187 
.0043 

-. 0180 
.0038 

-. 0171 
,0029 

-. 0160 
.0016 

-. 0189 
.0025 

-. 0197 
.0032 

-. 0202 
.0038 

-. 0205 
.0043 

-. 0205 
.0046 

-. 0203 
.0046 

-. 0199 
.0044 

-. 0192 
.0039 

-. 0183 
.0029 

-. 0171 
.@015 

-. 0178 
.0024 

-. 0185 
.0031 

-. 0190 
.0036 

-. 0192 
.0041 

-. 0193 
.0044 

-. 0191 
.0045 

-. 0187 
.0043 

-. 0180 
.0038 

-. 0171 
.0029 

-. 0160 
,0016 

-. 0145 
.0021 

-. 0151 
.0027 

-. 0156 
.0032 

-. 0158 
.0036 

-. 0158 
.0039 

-. 0157 
.0040 

-. 0153 
.0039 

-. 0147 
.0036 

-. 0140 
.0028 

-. 0130 
.0018 

-. 0097 
.0016 

-. 0102 
.0021 

-. 0106 
.0025 

-. 0107 
.0028 

-. 0108 
.0031 

-. 0106 
.0032 

-. 0103 
.0032 

-. 0099 
.0030 

-. 0093 
.0025 

-. 0086 
.0019 

-. 0044 -. 0000 
.0009 0 

-. 0047 -0 
.0012 -0 

-. 0049 -. 0000 
.0014 -0 

-. 0050 -0 
.0016 0 

-. 0050 -0 
.0018 0 

-. 0049 -0 
.0019 0 

-. 0048 -0 
.0020 0 

-. 0045 -. 0000 
.0019 0 

-. 0042 -. 0000 
.0017 -0 

-. 0038 -0 
,0014 -0 

N 
K I  
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b =27.005in. 
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1-0.0030 
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I 
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Fig. 11. Def l ec t ion  P a t t e r n  a t  S t a t i o n  10 
of Double-Gap Cavi ty  of Numerical Example 1. 

P a r t i c u l a r l y  n o t i c e  the  e l a s t i c  curve of span b a t  S t a t i o n  10 shown 

i n  Fig. 11. The d e f l e c t i o n  i s  zero  a t  zero  d i s t a n c e ,  reaches a maximum 

a t  about a normalized d i s t a n c e  of 0.2,  passes  through a minimum a t  m i d -  

span, reaches  a second maximum a t  normalized d i s t a n c e  0.8, and f a l l s  o f f  

t o  zero  a t  normalized d i s t a n c e  1.0. Notice a l s o  t h a t  i n  t h i s  p a r t i c u l a r  

example, t h e  d e f l e c t i o n s  of span a a r e  always inward (nega t ive)  and t h e  

d e f l e c t i o n s  of span b a r e  always outward ( p o s i t i v e ) .  

t h a t  t he  d e f l e c t i o n s  of span b would become nega t ive  i n  t h e  r eg ion  near  

mid-span i f  t he  c a v i t y  were lengthened a s u f f i c i e n t  amount and t h e  same 

s i d e  t a p e r  were kept .  

We would sugges t  

The d a t a  f o r  t h e  c a v i t y  used i n  t h i s  example a r e  t h a t  of the  pro to-  

type  f o r  a 50-Mev separa ted  o r b i t  cyc lo t ron .  The. dimensions given a r e  
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t hose  of the prototype a s  i t  w a s  f a b r i c a t e d .  The c a v i t y  i s  s t i f f e n e d  

by T-beams (ST 6B X 9.5) spaced 21.35 i n .  c e n t e r  t o  cen te r .  Based on an 

equ iva len t  p l a t e  t h i ckness ,  

obtained i s  2 . 7 2 7  in ." / in .  This compares favorably wi th  t h e  computed 

r equ i r ed  va lue  of 2.856 i n .  "/ in.  given i n  Table 2 .  

of 0.461 i n . ,  t he  a c t u a l  value of I te '  

Example 2 

For t h e  second example, consider  t he  double-gap c a v i t y  without  s i d e  

s t a y s  i l l u s t r a t e d  i n  Fig. 3 .  The dimensions of t he  c a v i t y  f o r  t h i s  

example a r e  shown i n  Fig.  12 .  

ORNL Dwg 67-9074 

......... .... ~ ..... ~ .............. 1= 166.0 in: ~~~~~~~~ 

b _, VARIES FROM 17.44 

I 

I 
TO 39.82 in. 

TYPICAL SECTION 

Fig .  1 2 .  Dimensions of Double-Gap Cavity Without 
S i d e  Stays f o r  Numerical Example 2.  
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I n  t h i s  example, t h e  f l e x u r a l  r i g i d i t y ,  E I ,  and consequent ly  the  

second moment of a r e a ,  I, of t h e  w a l l s  a r e  allowed t o  vary along t h e  

l eng th  of the  c a v i t y  whi le  Ia = Ib = I a t  any s e c t i o n  taken normal t o  a. 
The va lues  of I a r e  t o  be determined a t  each of the  11 equa l ly  spaced 

s t a t i o n s  shown i n  Fig.  12 ,  and they a r e  t o  be based upon a s e r i e s  of 

s p e c i f i e d  maximum d e f l e c t i o n s  of s i d e  a ,  

t i o n s .  Beginning a t  S t a t i o n  1, t h e s e  va lues  i n c r e a s e  n e a r l y  l i n e a r l y  

a long t h e  l eng th  of t h e  c a v i t y  t o  the  maximum value  a t  S t a t i o n  11. 

a t  each of the  11 s t a -  
Ya max’ 

Following t h e  s p e c i f i c a t i o n  of t h e  11 va lues  of y and the  
a max 

computation of I a t  each s t a t i o n ,  va lues  f o r  R,, M QA, and the  d e f l e c -  

t i o n  curves were obtained i n  t h e  same manner a s  they were f o r  Example 1. 

The computations were performed by using a computer program c a l l e d  

COAXCAV-3, which i s  e s s e n t i a l l y  t h e  same a s  COAXCAV-5 except  f o r  t h e  

d e f l e c t i o n  cond i t ion  i n p u t ,  t he  c a l c u l a t i o n  of 11 va lues  of I ins t ead  

of one, and t h e  r e s u l t i n g  changes i n  t h e  output  format. The computer 

program COAXCAV-3 ou tput  fo r  wid ths ,  second moments of a r e a ,  r e a c t i o n s ,  

moments, and end s lopes  f o r  t h e  maximum d e f l e c t i o n s  s p e c i f i e d  a r e  given 

i n  Table 4 ,  and the  output  f o r  t he  d e f l e c t i o n  d a t a  a t  t h e  11 s t a t i o n s  

a r e  g iven  i n  Table 5 .  

1’ 



Tab le  4 .  Computer Program COAXCAV-3 Output f o r  Widths,  Second Moments of Area,  Reac t ions ,  Moments, and End 
Slopes f o r  the  Kaximum Def l ec t ions  Spec i f i ed  a t  11 S t a t i o n s  of Double-Gap Cavi ty  i n  Numerical Example 2 

eA 
'a max I Spacing R M 

1 1 STATION b 
( in .  ) ( in .  ) ( i n .  4 / i n .  ) ( in .  ) ( l b / i n .  ) ( i n .  - l b / i n .  ) ( r a d i a n s )  

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

17.44  
19.68 
21.92 
24.16 
26 .39  
28.63 
30.87 
3 3 . 1 1  
35 .34  
37 .58  
39.82 

R = 415.3 l b / i n .  
2 

-0.017 
-0 .019 
-0.02 1 
-0.023 
-0.026 
-0.028 
-0.030 
-0.032 
-0.034 
-0.036 
-0 .039 

1.472 
1 . 3 0 5  
1.172 
1.063 
0.973 
0.897 
0.832 
0.776 
0.727 
0.683 
0 .645 

12.0 
1 2 . 0  
1 5 . 0  
1 5 . 0  
18.0 
18.0 
21.0 
2 4 . 0  
2 4 . 0  
2 7 . 0  
3 0 . 0  

128.21  
144.65 
161.10  
177.55  
193.99  
210.44  
226.89 
243.34  
259.78  
276.23 
292.68 

3075.9  
3 0 2 2 . 8  
2982.0  
2953.4  
2 9 3 7 . 1  
2 9 3 3 . 1  
2941.. 3 
2961.8  
2994.5 
3039.6 
3096.9 

0.000552 
0.000663 
0.000772 
0 .  QO0677 
0.000975 
0.001062 
0.001135 OI 

0.001192 
0.001228 
0.001242 
0.001229 

N 



Table 5. Computer Program COAXCAV-3 Output €or Deflections at 11 Stations of Double-Gap 
Cavity in Numerical Example 2 

NORMALIZED DISTANCE ALONG SPAN 

STATION 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

0 -.0040 -.0087 -.0130 -.0159 -.0169 -.0159 -.0130 -.0087 -.0040 
0 .0009 -.0015 -.0020 -.0022 -.0023 -.0022 -so020 -a0015 -SO009 Y,= 

Yb= 

Y,= 

Y,= 
Yb= 

0 -. 0047 -. 0102 -. 0151 -. 0185 -. 0197 -. 0185 -. 0151 -. 0102 -. 0047 
0 .0012 .0020 ,0026 .0030 .0031 .0030 -0026 .0020 .0012 Y b =  

0 -. 0054 -. 0117 -. 0173 -.0211 -. 0224 -. 0211 -. 0173 -. 0117 -. 0054 
0 .0015 .0026 .0034 .0038 .0040 -0038 ,0034 .0026 .0015 

0 -.0061 -.0131 -.0193 -.0236 -.0250 -.0236 m.0193 -.0131 -SO061 Y =  
0 .0019 .0032 .0042 .0047 .0049 .0047 .0042 .0032 .0019 Y;= 

0 -. 0067 -. 0145 -. 0213 -. 0260 -.2076 -. 0260 -. 0213 -. 0145 -. 0067 Ya= 

Ya’ 

Y,= 
Yb= 

Y,’ 

Ya= 

0 .0022 .0038 .0049 .0056 .0058 .0056 .0049 .0038 .0022 Y b =  

0 -.0037 -.0157 e.0232 -.0282 -.0300 -.0282 m.0232 -.0157 m.0073 
0 .0026 ,0045 .0057 .0064 .0066 .0064 .0057 ,0045 .0026 Y b =  

0 -.0079 -.0169 -.0249 -.0303 -.0322 -.0303 -.0249 -.0169 -.0079 
0 .0030 .0050 .0063 .0071 .0073 .0071 .0063 .0050 .0030 

0 -. 0083 -. 0179 -. 0264 -. 0321 -. 0342 -. 0321 -. 0264 -. 0179 -. 0083 
0 ,0033 .0055 .0068 .0076 .0078 .0076 .0068 .0055 .0033 Y b =  

0 -.0086 m.0187 -.0276 -.0337 -.0359 m.0337 -.0276 -.0187 -.0086 
0 .0035 .0058 .0071 .0078 .0080 .0078 .0071 .0058 ,0035 Y b =  

0 -.0089 m.0193 -.0286 m.0350 -.0372 -.0350 m.0286 -.0193 -e0089 Y =  
0 .0037 .0059 .0071 .0076 .0078 .0076 .0071 ,0059 .0037 YE= 

0 -. 0090 -. 0197 -. 0293 -. 0359 -.3082 -. 0359 -. 0293 e. 0197 -. 0090 Y,= 
Yb= 0 .0037 .0057 .0066 .0070 .0071 .0070 ,0066 .0057 .0037 

0 
0 

0 
-0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
-0 

0 
0 

0 
-0 

. 0000 
0 

0 
0 
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Again, we f ind  t h a t  the  e l a s t i c  curves  a r e  symmetrical a s  they were 

i n  Example 1. The d e f l e c t i o n  p a t t e r n s  a t  S t a t i o n s  6 and 11 a r e  shown 

g r a p h i c a l l y  i n  F i g s .  13 and 14 ,  r e s p e c t i v e l y ,  and the  d a t a  f o r  these  

graphs were taken  from Table 5. 

the  d e f l e c t i o n  p a t t e r n  i s  somewhat d i f f e r e n t  from t h a t  i n  Example 1. 

The end s lope  8 i nc reases  cont inuously from S t a t i o n  1 through S t a t i o n  11. 

The mid-span d e f l e c t i o n s  of span b ( the  top  and bottom of t h e  c a v i t y )  

i nc rease  cont inuously from S t a t i o n  1 through S t a t i o n  9 and then  decrease 

s l i g h t l y  a t  S t a t i o n s  10 and 11. There a r e  no po in t s  of i n f l e c t i o n  i n  

the  e l a s t i c  curves ,  a s  prev ious ly  noted. 

Because of  the  varying f l e x u r a l  r i g i d i t y ,  

A 

ORNL Dwg 67-9075 

-- 0.00 7 3 ~- 

I \ -0.0157 
I 
I 
I 
I 
I 

..+- I - 0.0232 

I 
I 
I 
I 
I 
I 

I 
I 
I 
I 
I 
I 

I -0.0282 
AXES OF 

I -0.0300_ L 

Fig .  13. Def lec t ion  P a t t e r n  a t  S t a t i o n  6 of Double-Gap Cavi ty  
of Numerical Example 2 .  



2 9  

ORNL Dwg 67-9076 

------I b 2 =19.91Oin. 

_ _ -  
IC 

I h n 

I I I 0 i- 4 - 71 + + 0 + 
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1-0.0359 
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!- 0.0 I97 

1-0.0293 
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I -0.0382 
I 

F ig .  14. Def l ec t ion  P a t t e r n s  a t  S t a t i o n  11 of Double-Gap Cavi ty  
of Numerical Example 2 .  

The v a r i a b l e  second moment of a r e a ,  I, may be s a t i s f a c t o r i l y  

approximated f o r  t h e  va lues  computed by using T-beams (ST 4 B  X 6.5 on a 

p l a t e  wi th  an equ iva len t  t h i ckness  of 0.461 i n . )  on a v a r i a b l e  spacing.  

The approximate spacing requi red  i s  g iven  i n  column 5 of Table 4.  

Example 3 

Again cons ider  t he  c a v i t y  i n  Example 2 dimensioned i n  Fig.  1 2 .  For 

t h i s  example, t h e  s e r i e s  of maximum d e f l e c t i o n s  on span a a r e  imposed a s  

they were i n  Example 2 ,  and i n  a d d i t i o n ,  t he  cond i t ion  t h a t  y = 0.080 b max 
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i n .  a t  each of t h e  11 s t a t i o n s  i s  imposed. Therefore ,  I w i l l  no t  nec- 

e s s a r i l y  be equal  t o  I a t  any s e c t i o n  taken normal t o  R ,  and both  I 

and I w i l l  vary  along L?. 

each of t he  11 s t a t i o n s  a r e  t o  be based on the  imposed d e f l e c t i o n  r equ i r e -  

ments. 

a 

b a 
The va lues  f o r  la and Ib t o  be determined a t  

b 

'I'he values  of I and I cannot be determined d i r e c t l y  from Eqs. 1 
a b 

and 2 because t h e  express ion  f o r  M given i n  E q .  3 and the  express ion  

f o r  t h e  end s lope  8 

They a r e  found by us ing  the  i t e r a t i v e  procedure descr ibed  i n  the  fol low- 

ing  m a t e r i a l .  

1 
given  i n  Eq. 4 a r e  func t ions  of both Ia and Ib. 

A 

A t  each of the  11 s t a t i o n s ,  an i n i t i a l  e s t ima te  was made f o r  t h e  

va lues  of I and I from express ions  f o r  t h e  mid-span def l -ec t ion  of a 

uniformly loaded beam wi th  f u l l y  cons t r a ined  ends. For  t h e  f i r s t  e s t i -  

mate, 

a b 

- wa4 
'a 384.0EA 

- 
a 

and 
wb 

'b 384.0E% ' 
- - 

where Aa and 4, rep resen t  the  imposed d e f l e c t i o n  cond i t ions  s t a t e d  above. 

I n  t h e  second s t e p  of t h i s  procedure,  va lues  f o r  M and 8 w e r e  c a l c u l a t e d  

The t h i r d  from Kqs. 3 and 4 by us ing  t h e  va lues  es t imated  f o r  I and I 

s t e p  of t he  procedure cons i s t ed  of computing y from E q .  1 by s e t t i n g  

x = a/2 and us ing  the va lues  obta ined  i n  t h e  f i r s t  two s t e p s  of thi.s 

procedure and of computing y from Eq. 2 by s e t t i n g  x = b/2. These 

c a l c u l a t e d  va lues  w i l l  i n  a l l  p r o b a b i l i t y  d i f f e r  from the  s t a t e d  imposed 

d e f l e c t i o n  cond i t ions .  Therefore ,  I and 1 must be ad jus t ed .  

1 A 

b '  a 

a mas 

b max 

a b 

'a rnax 

a 

'b max 

Ia(new> = I a ( o l d )  

and 

a Ib(new) = I a ( o l d )  

With n e w  va lues  f o r  I and I the  f i f t h  s t e p  of t h i s  procedure cons i s t ed  

A '  of r e t u r n i n g  t o  t h e  second s t e p  and c a l c u l a t i n g  new va lues  f o r  M and 0 

The procedure was cont inued unti.1 

a b' 

1 



31 

'a max < k /  
na - 

and 

where k = some s p e c i f i e d  convergence cond i t ion .  

The va lues  f o r  b ,  Ia, Ib, R , M , and 8 were computed a t  each of 
A 1 1  

t he  11 s t a t i o n s  by using a computer program c a l l e d  COAXCAV-2. Values 

f o r  R and the  d e f l e c t i o n  curves were a l s o  computed by using the  program. 

The important  d i f f e r e n c e  between program COAXCAV-2 and the  COAXCAV-3 

program used f o r  Example 2 i s  t h a t  COAXCAV-2 performs the  i t e r a t i v e  

procedure j u s t  descr ibed .  It a l s o  has a d i f f e r e n t  d e f l e c t i o n  cond i t ion  

input  and a d i f f e r e n t  ou tput  format. The va lues  computed f o r  t he  widths ,  

second moments of a r e a ,  r e a c t i o n s ,  moments, and end s lopes  f o r  the  

s p e c i f i e d  maximum d e f l e c t i o n s  a t  t he  11 s t a t i o n s  of t h e  double-gap 

c a v i t y  i n  Example 3 a r e  given i n  Table 6 ,  and the  computed d e f l e c t i o n  

d a t a  a r e  g iven  i n  Table 7.  

2 



Table 6. Computer Program COAXCAV-2 Output for Widths, Second Moments of Area, Reactions,  Moments, and End S l o p e s  
f o r  the Naxirnum Deflections Specified a t  11 Sta t ions  of Double-Gap Cavity i n  Numerical Example 3. 

I R M 
1 eA b 'a nax 'b max 'a b 

( in .  - lb / in .  ) (rad ians  ) STATION ( in .  ) (in.  ) ( i n .  ) ( i n .  4 / i n .  ) ( in .  4 / in .  ) ( l b / i n .  ) 

1 17.44 -0.017 -0.080 3.664 0.001 128.21 377.3 0.000939 
0.001053 2 19.68 -0.019 -0.080 3.173 0.002 144.65 481.7 

3 21.92 -0.021 -a. 080 2.773 0.004 161.10 599.4 0.001163 
4 24.16 -0.023 -0.080 2.439 0.005 177.55 730.4 0.001270 

0.001372 
0.001469 6 28.63 -0.028 -0.080 1.908 0.010 210.44 1033.4 

7 30.87 -0.030 -0.080 1.690 0.013 226.89 1205.5 0.001559 
a 33.11 -0.032 -0.080 1.497 0.017 243.34 13Y1.4 0.001640 
9 35.34 -0.034 -0.080 1.322 0.022 259.78 1591.1 0.001709 
10 37.58 -0.036 -0.080 1.163 0.027 276.23 1804.5 0.001765 
11 39. a2 -0.039 -0.080 1.017 0.034 292.68 2031.3 0.001801 

5 26.39 -0.026 -0.080 2.154 0.007 193.99 875.1 

W 
h, 

B = 415.3 l b / in .  
2 



Table 7. Computer Program COAXCAV-2 Output for Deflections a t  11 Stations of Double-Gap 
Cavity i n  Numerical Example 3 

NORMALIZED DISTANCE ALONG SPAN 

STATION 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

0 -. 0053 
0 -.0094 

0 -.0059 
0 -. 0092 
0 -.0065 
0 -. 0089 
0 -.0072 
0 -.0086 

0 -.0078 
0 -. 0083 
0 -.0084 
0 -.0079 

0 -.0090 
0 -.0076 

0 -. 0095 
0 -.0072 

0 -.0100 
0 -.0069 

0 -.0105 
0 -.0065 

0 -.0109 
0 -.0062 

-. 0100 -. 0318 
-. 0113 -. 0316 
-. 0125 -. 0313 
-. 0137 -. 0310 
-. 0150 -. 0307 
-. 0162 -. 0303 
-. 0174 -. 0300 
-. 0185 -. 0296 
-. 0196 -. 0293 
-. 0207 -. 0289 
-.0217 -. 0286 

-. 0137 -. 0559 
-. 0155 -. 0558 
-. 0172 -. 0556 
-. 0190 -. 0554 
-. 0207 -. 0552 
-. 0224 -. 0550 
-. 0241 -. 0548 
-. 0258 -. 0546 
-. 0275 -. 0544 
-. 0291 -. 0542 
-. 0307 -. 0540 

-. 0161 -. 0736 
-. 0182 -. 0735 
-. 0202 -. 0735 
-. 0223 -. 0734 
-. 0244 -. 0734 
-. 0264 -. 0733 
-. 0285 -. 0733 
-. 0305 -. 0732 
-. 0326 -. 0731 
-. 0346 -. 0731 
-. 0366 -. 0730 

-. 0169 -. 0800 
-. 0191 -. 0800 
-. 0213 -. 0800 
-. 0235 -. 0800 
-. 0256 -. 0800 
-. 0278 -. 0800 
-. 0300 -. 0800 
-. 0321 -. 0800 
-. 0343 -. 0800 
-. 0365 -. 0800 
-. 0387 -. 0800 

-. 0161 -. 0736 
-. 0182 -. 0735 
-. 0202 -. 0735 
-. 0223 -. 0734 
-. 0244 -. 0734 
-. 0264 -. 0733 
-. 0285 -. 0733 
-. 0305 -. 0732 
-. 0326 -. 0731 
-. 0346 
-.0731 

-. 0366 -. 0730 

-. 0137 -. 0100 -. 0559 -. 0318 
-. 0155 -. 0113 -. 0558 -. 0316 
-. 0172 -. 0125 -. 0556 -. 0313 
-.0190 -.0137 -. 0554 -. 0310 
-. 0207 -.0150 -. 0552 -. 0307 
-. 0224 -. 0162 -. 0550 -. 0303 
-. 2041 -. 0174 -. 0548 -. 0300 
-. 0258 -. 0185 -. 0546 -. 0296 
-. 0275 -.0196 -. 0544 -.0293 

-. 0291 -. 0207 -. 0542 -. 0289 
-. 0307 -. 0217 -. 0540 -. 0286 

-. 0053 0 -. 0094 .OOOO 

-. 0059 0 -. 0092 0 

-. 0065 0 -. 0089 -. 0000 
-. 0072 0 
-.0086 .OOOO 

-. 0078 0 -. 0083 .OOOO 

-. 0084 0 -. 0079 0 

-. 0090 0 -. 0076 -. 0000 
-. 0095 0 
-.0072 .OOOO 

-. 0100 0 
-.0069 .OOOO 

-.0105 .OOOO 
-.0065 .OOOO 

-. 0109 0 
-.0062 .OOOO 

w w 
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A s  i n  Example 2 ,  we aga in  f ind  t h a t  t he  e l a s t i c  curves a r e  

symmetrical. The d e f l e c t i o n  p a t t e r n s  a t  S t a t i o n s  1 and 11 a r e  i l l u s -  

t r a t e d  g r a p h i c a l l y  i n  Figs .  15 and 16, r e s p e c t i v e l y ,  and the d a t a  f o r  

these graphs were taken from Table 7. 

Judging from the  range of va lues  o f  I and I given i n  Table 6 ,  i t  
a b 

might be concluded t h a t  t h i s  approach has no p r a c t i c a l  a p p l i c a t i o n  i n  

the  des ign  of r a d i o  frequency c a v i t i e s ,  and i t  might a l s o  be suspected 

t h a t  the range of v a l i d i t y  of the assumptions made has been exceeded. 

That i s ,  i f  a c a v i t y  s t r u c t u r e  were b u i l t  w i th  t h e  v a r i a b l e  f l e x u r a l  

r i g i d i t y  i n d i c a t e d ,  i t  i s  no t  c e r t a i n  t h a t  t he  d e f l e c t i o n  behavior 

would be s imi la r  t o  t h a t  i nd ica t ed  by the computations. 

ORNL Dwg 67-9077 

1 
b -2 ~8.720in. 

! -0.0053 
I 

I 

I 
I 
I 
I-0.01 37 

I 

I 
I 
1 

-0.0161 
I 
I 
I 
I 6 
I 
I 

0 0169 I-. - 

__AXES OF 
SYMMETRY 

Fig .  15. Deflect ion P a t t e r n  a t  S t a t i o n  1 of t he  Double-Gap Cavity 
of Numerical Example 3 .  
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Fig. 16. Def lec t ion  P a t t e r n  a t  S t a t i o n  11 of the  Double-Gap Cavi ty  
of Numerical Example 3 .  

Example 4 - 

The s ingle-gap  c a v i t y  wi th  f l a t  tapered s i d e s ,  f l a t  p a r a l l e l  top 

and bottom, f l a t  ends,  and s i d e  s t a y s  i l l u s t r a t e d  i n  Fig. 2 i s  considered 

i n  t h i s  example. I f  t he  cu rva tu re  of t h e  t o p  and bottom of the  c a v i t y  i s  

s l i g h t ,  t he  s i d e s  may be considered as  being r ec t angu la r .  

example, i t  was assumed t h a t  a l l  s e c t i o n s  normal t o  the  lengthwise d i r e c -  

t i o n  a r e  t h e  same, and the dimensional des igna t ions  for these s e c t i o n s  

a r e  i l l u s t r a t e d  i n  Fig.  D . l  of Appendix D. For t h i s  example, a = 44.5 

i n . ,  b = 44.5 i n . ,  and c = 85.0 in .  The d e r i v a t i o n s  for t h i s  example a r e  

g iven  i n  Appendix D ,  and the  r e a c t i o n s  and moments a r e  shown i n  Fig. D.2.  

For t h i s  
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The fol lowing d e f l e c t i o n  cond i t ion  was imposed f o r  t h i s  example. 

= A = 0.030 in .  - - 
'a(x = a / 2 )  'b(x = b /2 )=  'c(x = c /2 )  

and I w i l l  be made t o  take on 
a '  'by C 

The second moments of a r e a  I 

va lues  t h a t  s a t i s f y  the  imposed d e f l e c t i o n  condi t ion.  Values f o r  I 
a '  

and I cannot be determined d i r e c t l y  from expressions a l r e a d y  
'by C 

derived,  but  they were determined by using t h e  i t e r a t i v e  procedure 

descr ibed i n  t he  following m a t e r i a l .  

The f i r s t  s t e p  i n  the  i t e r a t i v e  procedure was t o  make an i n i t i a l  

e s t i m a t e  of the values  of 1 Ib, and I by using expressions f o r  t he  

mid-span d e f l e c t i o n  of a uniformly loaded beam wi th  f u l l y  constrained 

ends. For t h i s  f i r s t  e s t i m a t e ,  

a '  C 

- wb4 - 
'b 384.0EA ' 

and 
- wc4 - 

IC 384.OEA ' 

Using these  est imated va lues ,  t h e  second s t e p  involved computing the 

va lues  f o r  R , M , BAY eG, and M 

der ived i n  Appendix C. The t h i r d  s t e p  then cons i s t ed  of using these  

va lues  t o  o b t a i n  va lues  f o r  y and y 

from E q s .  32,  3 3 ,  and 34.  I n  a l l  p r o b a b i l i t y ,  t he  values  obtained w i l l  

d i f f e r  Erom the  d e f l e c t i o n  cond i t ions  imposed. Therefore ,  t he  f o u r t h  

s t e p  i n  the procedure involves  a d j u s t i n g  the va lues  f o r  I 

by using Eqs. 14, 15, 16, 1 7 ,  and 18 
3 3  1 

a mid-span' 'b mid-span, c mid-span 

Ib, and I . 
a '  C 

'a mid-span 
Ia(new) = Ia(ol.d) n > 

'b mid-span 
Ib(new) = I b (o ld )  n Y 

and 
'c mid-span 

I (new) = I (o ld )  
C C A 

and I the second, t h i r d ,  f o u r t h ,  and f i f t h  
a '  'b' c '  

With new values  of I 

s t e p s  of the procedure were repeated u n t i l  
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and 

ya mid-span - A , 

'b mid-span , n 5 : k :  Y 

'c mid-span < - l k /  , n 

where k = some s p e c i f i e d  convergence c r i t e r i o n .  

The procedure j u s t  descr ibed  would be r a t h e r  ted ious  i f  performed 

manually; however, i t  i s  handled quick ly  wi th  a computer. The i t e r a t i v e  

procedure was appl ied  t o  computer va lues  of I a '  
I C Y  > ' 9 'A, 'G, 

3 3  
and M 

R , R2, R , P, and the  d e f l e c t i o n  curves were a l s o  computed by using t h i s  

program. The inpu t  f o r  t h e  program c o n s i s t s  of s e t s  of d e f l e c t i o n  condi- 

t i o n s  t h a t  the w a l l s  of t he  c a v i t y  must meet under the  imposed loads and 

the dimensions of t he  c a v i t y .  The output  c o n s i s t s  of one s e t  of d a t a  f o r  

each s e t  of d e f l e c t i o n  cond i t ions .  

dimensions and d e f l e c t i o n  cond i t ions  oE t h i s  example a r e  g iven  i n  Table 8. 

through t h e  use of a computer program c a l l e d  CAVSAG. Values f o r  
1 

1 4 

Computer ou tput  d a t a  f o r  t he  c a v i t y  

The d e f l e c t i o n  d a t a  given i n  Table 8 a r e  i l l u s t r a t e d  i n  Fig. 1 7 ,  

and we aga in  f ind  t h a t  t he  e l a s t i c  curves  a r e  symmetrical.. 

example, the  mid-span d e f l e c t i o n s  of spans a ,  b ,  and c have a r b i t r a r i l y  

been requi red  t o  equal  each o the r .  

d i f f e r  from each o t h e r  i n  any manner a s  long a s  the  va lues  chosen permit 

a r e a l  s o l u t i o n .  I f  t h e  s i d e s  of such a c a v i t y  were made from f l a t  s t e e l  

p l a t e ,  the  va lues  of Ia, Ib, and I 

approximately by using p l a t e  t h i ckness  of 

I n  t h i s  

However, t h e  mid-span d e f l e c t i o n s  may 

g iven  i n  Table 8 could be a t t a i n e d  
C 

and 

= 1 318 i n . ,  t a  
tb = 1 114 i n . ,  

tc = 4 314 i n .  

While such an arrangement might be unusual ,  i t  i s  q u i t e  poss ib l e .  

an economical c o n s i d e r a t i o n ,  t h e  des ign  f o r  such a s t r u c t u r e  would l i k e l y  

r e s u l t  i n  a composite w a l l  s t r u c t u r e  such as t h a t  i l l u s t r a t e d  i n  Figs .  4 

and A . l  even though t h e  t r a n s i t i o n  from one va lue  of I t o  one of a g r e a t e r  

o r  l e s s e r  va lue  might be d i f f i c u l t  from a des ign  s t andpo in t .  

From 
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Fig. 17. Deflection Pattern for Single-Gap Cavity of Numerical 
Example 4 .  
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4.  CONCLUSIONS 

It may be concluded from t h e  a n a l y s i s  methods developed and the  

numerical examples i l l u s t r a t i n g  the  a p p l i c a t i o n  of the methods t h a t  

f l e x u r a l  r i g i d i t i e s  can be made t o  vary a s  r equ i r ed  t o  o b t a i n  s p e c i f i e d  

d e f l e c t i o n  p a t t e r n s  i n  r a d i o  frequency c a v i t i e s .  However, a p p l i c a t i o n  

of t h i s  p r i n c i p l e  t o  a c t u a l  designs f o r  c a v i t i e s  i s  sometimes d i f f i c u l t .  

The numerical r e su l t s  obtained i n  Examples 3 and 4 of Chapter 3 suggest 

t he  d i f f i c u l t y  of applying t h i s  p r i n c i p l e  t o  any g r e a t  degree i n  the  

a p p l i c a t i o n s  considered here .  I n  t h e  p a r t i c u l a r  case of the prototype 

c a v i t y  f o r  t h e  50-Mev separated o r b i t  cyc lo t ron ,  cons ide ra t ion  of the 

a v a i l a b l e  m a t e r i a l ,  the probable i n c r e a s e  i n  c o s t ,  the d i f f i c u l t y  of 

f a b r i c a t i o n ,  and t h e  problems i n  the  des ign  of t he  c a v i t y  r e s u l t e d  i n  

t h e  d e c i s i o n  t o  use p l a t e  of t he  same s i z e ,  s t i f f e n e r s  of t h e  same s i z e ,  

and the same s t i f f e n e r  spacing a l l  around t h e  c a v i t y .  

Even with consc ien t ious  e f f o r t  exer ted i n  t h e  shop t o  keep d e v i a t i o n s  

t o  a minimum, experience has shown t h a t  dimensional d e v i a t i o n s  t h a t  r e s u l t  

du r ing  f a b r i c a t i o n  may be s e v e r a l  t i m e s  g r e a t e r  than those caused by 

e l a s t i c  behavior.  Strong s t i f f e n e r s  a r e  very h e l p f u l  i n  c o n t r o l l i n g  

f a b r i c a t i o n  d e v i a t i o n s ,  p a r t i c u l a r l y  i n  c o r r e c t i n g  warping of t h e  f l a t  

p l a t e  caused by welding. 

However, t he  p r i n c i p l e  of varying f l e x u r a l  r i g i d i t y  and the a s soc ia t ed  

d e r i v a t i o n s  may be u s e f u l  i n  c e r t a i n  s p e c i a l  a p p l i c a t i o n s .  The necessary 

c a l c u l a t i n g  with mathematical expressions such a s  those der ived i n  t h i s  

r e p o r t  can be done with simple computer programs. Perhaps the  g r e a t e s t  

b e n e f i t  der ived from using computer programs i n  t h i s  a p p l i c a t i o n  i s  the  

a b i l i t y  t o  use wider ranges of v a r i a b i l i t y  i n  multi-parameter c a l c u l a t i o n s .  

Grea te r  accuracy and c l o s e r  spaced d a t a  a r e  u s u a l l y  obtained by using 

computer programs, and while  t h e  c a l c u l a t o r y  p o r t i o n s  of t h e  programs a r e  

u s u a l l y  simple and s t r a i g h t f o r w a r d ,  the ou tpu t  may be tedious.  
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Appendix A 

COMPOSITE WALL STRUCTURE CONSIDERED AS AN EQUIVALENT SOLID PLATE 

I n  t h e  ana lyses  desc r ibed  i n  t h i s  r e p o r t ,  t h e  f l e x u r a l  r i g i d i t y  of a 

composite s t r u c t u r e  made by welding T-beam s t i f f e n e r s  on s t ee l  p l a t e  i s  

considered t o  be equ iva len t  t o  t h a t  o f  a s o l i d  s t e e l  p l a t e  w i th  an equal  

second moment of area.  The equ iva len t  t h i c k n e s s  of t h e  s o l i d  p l a t e  i s  

de r ived  i n  t h e  fol lowing m a t e r i a l ,  and c r o s s  s e c t i o n s  through t h e  composite 

s t r u c t u r e  and an  equ iva len t  p l a t e  a r e  i l l u s t r a t e d  i n  F ig .  A.1. 

STEEL T- BEAM 

I- -I 

COMPOSITE STRUCTURE 

// // // // 
/ // / // / / 

EOUIVALENT PLATE 

Fig .  A.l. Cross Sec t ions  Through A Composite Wall S t r u c t u r e  and A 
S t e e l  P l a t e  of Equivalent  Thickness.  

The terms used t o  d e r i v e  t h e  equ iva len t  t h i c k n e s s  o f  a s o l i d  s t ee l  

p l a t e  are  de f ined  by r e f e r r i n g  t o  F ig .  A.l where 

A = t h e  a r e a  of t h e  T-beam, i n . ” ,  

A = t h e  a r e a  o f  t h e  s t ee l  p l a t e ,  in.’, 
b 

S 

= s t  and 
S’  
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A = t he  equ iva len t  a r ea  of  copper c ladding,  i n .2 ,  
C 

s t  
E C  _ _  - - 
E c y  

where 

S 

E = Young's modulus f o r  s t e e l ,  p s i ,  and 

E = Young's modulus f o r  copper, p s i .  
S 

C 

The l o c a t i o n  of  t h e  c e n t r o i d a l  a x i s  of  t he  composite s t r u c t u r e  i s  expressed 

by the  equat ion,  

- AbYb + AsYs + AcYc 
- V - 

'c-c Ab + As + A 
C 

The second moment o f  a r e a  o r  moment of i n e r t i a  of  t he  composite s t r u c t u r e ,  

= I  + Abdb2 + I + A d 2  + I  + A d 2 .  
c-c b3 -3 %? -2 s s  c1 -1 c c  
I 

The second moment o f  a r e a  of  a s o l i d  p l a t e  equ iva len t  i n  f l e x u r a l  r i g i d i t y  

t o  the  composite s t r u c t u r e ,  

s t  
e - - -  

- 1 2  - I  c- c 
I 

e4 -4 

Therefore,  the equ iva len t  t h i ckness  o f  a s o l i d  s t e e l  p l a t e ,  

1121 11/3 
, c - c ,  

e i s  i t =  
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Appendix B 

COPPER-CLAD STEEL PLATE CONSIDERED AS SOLID STEEL PLATE 

I n  t h e  c a l c u l a t i o n s  f o r  panel  d e f l e c t i o n s ,  copper-clad s t e e l  p l a t e  

i s  regarded as s o l i d  s t e e l  p l a t e  w i t h  an equ iva len t  t h i ckness .  The equi- 

v a l e n t  t h i c k n e s s  of  t he  s o l i d  s t e e l  p l a t e  i s  de r ived  i n  t h e  fol lowing 

m a t e r i a l ,  and c r o s s  s e c t i o n s  through t h e  copper-clad p l a t e  and a s o l i d  

s t e e l  p l a t e  o f  equ iva len t  t h i ckness  a r e  i l l u s t r a t e d  i n  F ig .  B . l .  

ORNL Dwg. 67-9068 

y c y s  - 

C- 

L ~ T E E L  
COPPER-CLADSTEEL 

3- 

EQUIVALENT PLATE 

Fig .  B . l .  Cross S e c t i o n s  Through A Copper-Clad S t e e l  P l a t e  and a 
So l id  S t e e l  P l a t e  With An Equivalent  Thickness.  

The terms used t o  d e r i v e  t h e  equ iva len t  t h i c k n e s s  of  a s o l i d  s t ee l  

p l a t e  a r e  de f ined  by r e f e r r i n g  t o  Fig.  B . l  where 

A = t h e  a r e a  o f  t h e  s t e e l  p l a t e ,  i n ,  2 , 
S 

= s t  and 
S’ 

A = t he  equ iva len t  a r ea  of  t h e  copper c ladding,  i n . ” ,  
C 

C 
E 

C’ 
s t  - -  - 

ES 

where 

= Young‘s modulus f o r  s t e e l ,  p s i ,  and 
ES 

E = Young’s modulus f o r  copper, p s i .  
C 
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The l o c a t i o n  of  t h e  c e n t r o i d a l  a x i s  o f  t h e  

equat ion 

The second moment o f  a r ea  o r  t he  moment of  

+ A d 2  + I  = I  
c- c s, -2 c1 s s  1 

The second moment o f  a r ea  o f  a s o l i d  p l a t e  

t o  t h e  c l a d  pl-ate ,  

s t  

c l a d  p l a t e  i s  given by t h e  

i n e r t i a  o f  t h e  c l a d  p l a t e ,  

+ A d 2 .  
-1 c c 

equ iva len t  i n  f l e x u r a l  r i g i d i t y  

e - -  - I  
12 c-c 

- - I 
e3 -3 

Therefore,  t h e  equ iva len t  t h i ckness  of  t h e  s o l i d  s t e e l  p l a t e ,  
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Appendix C 

MATHEMATICAL DgRIVATION OF ELASTIC CURVES, 
BENDING MOMENTS, AND END SLOPES FOR CAVITY WITHOUT SIDE STAYS 

A c r o s s - s e c t i o n a l  s l i c e  of  u n i t  t h i ckness  taken through t h e  c a v i t y  

without  s i d e  s t a y s  i s  shown i n  F i g .  C . l .  The h e i g h t  o f  t h i s  cross-  

s e c t i o n a l  s l i ce  i s  denoted by the l e t t e r  a, t h e  width by b, and the  end 

s l o p e s  by 

The loading,  w l b / i n . ,  i s  t h e  atmospheric p re s su re  a l l  around t h e  o u t s i d e  

s u r f a c e  of  t h e  c a v i t y  t h a t  r e s u l t s  when t h e  c a v i t y  i s  evacuated du r ing  

ope ra t ion .  

a r e  I and IbJ r e s p e c t i v e l y .  a 
assumed t o  be r i g i d  b u t  s u b j e c t  t o  r o t a t i o n .  

e = e  = - e  = - e  

e,, O C ,  and 0, a t  p o i n t s  A, B, C, and D, r e s p e c t i v e l y .  

The p l ane  moments of  i n e r t i a  o f  t h e  beams wi th  spans a and b 

The c o r n e r s  a t  p o i n t s  A, B, C, and D were 

Therefore,  by symmetry, 

A C  B D '  

ORNL Dwg 67-9063 

t 

L w ( I b l l n )  ALL AROUND 

Fig .  C . l .  Cross-Sect ional  S l i c e  o f  Un i t  Thickness Through Cavity 
Without S ide  S tays .  
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To o b t a i n  expressions f o r  t h e  bending moments and r e a c t i o n s ,  f r e e  

body diagrams of  spans a and b were drawn, as shown i n  Fig.  C . 2 ,  and a 

s i g n  convention was adopted. P o s i t i v e  d e f l e c t i o n  i s  upward, as shown f o r  

span b i n  Fig.  C . 2 .  I f  t he  tangent  t o  t h e  e l a s t i c  curve r o t a t e s  counter-  

clockwise,  t h e  angle  of  r o t a t i o n  i s  p o s i t i v e ,  and those moments a c t i n g  i n  

a clockwise d i r e c t i o n  on j o i n t s  a r e  p o s i t i v e .  I f  d e f l e c t i o n s  a r e  small ,  

bending moments caused by a x i a l  end r e a c t i o n s  a r e  small when compared wi th  

bending moments caused by t r a n s v e r s e  loads  and r e a c t i o n s .  Since t h e  amount 

of  d e f l e c t i o n  i n  t h e  c a v i t y  must be l i m i t e d  t o  small values ,  we may neg lec t  

a x i a l  end r e a c t i o n s  and s impl i fy  t h e  mathematics g r e a t l y .  

ORNL Dwg 67-9064 

w/ in  
ALLSPANS 

Fig .  C . 2 .  Free Body Diagrams o f  Spans A and B i n  Cavi ty  Without Side 
Stays (Axial  End React ions Not Shown). 
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From t h e  f r e e  body diagrams shown i n  Fig.  C . 2 ,  t he  fol lowing 

equa t ions  were ob ta ined .  

wb 
RI = - 2 

w a  Iz, = -  
2 ,  

For span a ,  
wax w 2  

M(x) = -y -t- - - - 2 2 .  

For span b, 
wbx m? 

M ( x )  = -4 3. 2 - 2 .  

The d i f f e r e n t i a l  equa t ion  f o r  t he  e l a s t i c  curves  has  t h e  fol lowing 

gene ra l  form. 

E 1  -$$ = M(x) . 
Two o r  more o f  t h e  c o n d i t i o n s  l i s t e d  below w i l l  be needed t o  so lve  f o r  

t he  c o n s t a n t s  of  i n t e g r a t i o n .  These c o n d i t i o n s  a r e  

1. y = 0 a t  A, B, C ,  and D ;  

2 .  

3 .  

dy/dx = 0 a t  a / 2  and b/2; 

f o r  span a a t  D, dy/dx = -8 a t  x = 0 ;  and 
A 

The f o u r t h  c o n d i t i o n  i s  an expression o f  c o n t i n u i t y  between two beams 

connected a t  a j o i n t .  The cond i t ion  i s  t h a t  a t  t h e  j o i n t  o f  t he  beams, 

t he  s lope  o f  t h e  beam on one s i d e  of  t h e  j o i n t  i s  equa l  t o  t h e  s lope  o f  

t h e  beam on t h e  o t h e r  s i d e  o f  t he  j o i n t .  Th i s  fol lows from the  assumption 

t h a t  t h e  c o r n e r s  ( j o i n t s )  a r e  r i g i d  but  t h a t  they may r o t a t e .  

For span a, 

I n t e g r a t i n g  once, 

Condi t ion 3 given above i s  app l i ed  t o  e v a l u a t e  q. 
c, = -eA . 
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Combining Eqs. C.6 and C . 7 ,  

wax? - , dx E I , .  4 6 

and i n t e g r a t i n g  again,  

Condi t ion 1 , y  = 0 a t  x = 0, i s  a p p l i e d  to  e v a l u a t e  C,. 
c, = o .  

Combining Eqs. C.9 and C.10, 

- 1 ( - % . 2 5 + - - -  w a s  w x 4 \  - e A x '  
2 12 24 I 

- 
'a E I ~  i 

By analogy, f o r  span b, 

and 

T o  o b t a i n  t h e  equat ion  f o r  t h e  moment & ,  t h e  second condi t ion ,  

dy/dx = 0 a t  a/2 and b/2, i s  a p p l i e d  t o  Eq. C . 8 ,  

wa3 I - h a  + - I  - O A = o ,  1 
E 1  ; 2 24 

a 
and t o  Eq. C.12, 

+ o * = o .  1 i M,b wb3 ' 

E I b  
2 24 4 

- I  , - - + -  

Rewri t ing Eqs. C.14 and C.15, 

and 

Adding E q s .  C . 1 6  and C . 1 7 ,  changing s igns ,  and rear ranging ,  t h e  moment 

(C.3)  

( C .  10) 

(1) 

( C .  1 2 )  

( 2 )  

y = -  
1 2  \ a I b  + bIaa  

. 

( C .  14)  

(C. 15) 

(C.16) 

( C .  17) 

( 3 )  
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S u b s t i t u t i n g  t h e  expres s ion  f o r  MI given i n  Eq .  3 i n t o  Eq.  C.16, t h e  

end s lope  

wab a2 - b" ' 
'A = % 1 aIb + bIa ; '  (4) 

By S u b s t i t u t i n g  t h e  expres s ions  f o r  MI and CIA given i n  E q s .  3 and 4 

b 
i n t o  E q s .  1 and 2, the more customary type of  expres s ions  f o r  y and y 

without  t h e  terms % and 8 may be ob ta ined .  However, i t  i s  s impler  t o  

use  E q s .  1 and 2 i n  t h e i r  p r e s e n t  forms than i n  t h e  more customary form 

when one wishes t o  expres s  them i n  FORTRAN f o r  computer programming. 

Since t h e r e  seems t o  be no compelling reason t o  o b t a i n  t h e  more customary 

expres s ions ,  we w i l l  avoid t h e  a lgeb ra  and l eave  E q s .  1 and 2 i n  t h e i r  

p r e s e n t  form a 

a 

A 

A t  t h i s  p o i n t  i t  may be worth observing t h a t  E q s .  1 and 2 permit I 
a 

t o  be d i f f e r e n t  from Ib. 

I t o  va ry  along the  span and t o  be d i f f e r e n t  a t  each s i d e  and a t  t h e  top  

and bottom. Considerat ion of  t he  a v a i l a b l e  m a t e r i a l ,  c o s t s ,  and problems 

of  des ign  and f a b r i c a t i o n  have l e d  t o  t h e  b e l i e f  t h a t  i t  i s  more p r a c t i c a l  

i n  a t  l e a s t  t h e  case  of t h e  p ro to type  of  t h e  50-Mev "coaxial" r a d i o  

frequency c a v i t y  t o  use  t h e  same s i z e  p l a t e  and the same s i z e  and spacing 

f o r  t h e  s t i f f e n e r s  a l l  around. Th i s  i s  t o  say  t h a t  t h e  f l e x u r a l  r i g i d i t y  

of  t h e  w a l l s  w i l l  be  cons t an t  a l l  around. 

We may have been even more gene ra l  and pe rmi t t ed  

L e t t i n g  Ia = I = I, t h e  moment 
b 

ab + b2) , 
and t h e  end s l o p e  

wab(a - b) 
24EI eA = 

S u b s t i t u t i n g  Eq .  5 i n t o  E q .  1 and s impl i fy ing ,  

wx 
- -[- (2 - ab + b2)x + 2 a 2  - 9 - ab(a - b)]  , 

'a - 2 4 E I  

and s u b s t i t u t i n g  E q .  6 i n t o  Eq.  2 and s impl i fy ing ,  

- -[- wx (2 - ab + b2)x  + 2 b 2  - x? + ab(a - b ) ]  . 
'b - 2 4 E I  

(7)  

Equat ions 7 and 8 are expressed i n  khe customary form. 
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Expressions of  t h e  maximum d e f l e c t i o n s  w i l l  be u s e f u l .  For  span a ,  

occurs  a t  x = a / 2 .  S u b s t i t u t i n g  a / 2  f o r  x i n  E q .  7 and s impl i fy ing ,  
'max 

occurs  a t  x =: b/2. S u b s t i t u t i n g  b/2 f o r  x i n  E q .  8 and 
J ',ax 

For span b 

s impl i fy ing ,  

An easy  check on these  d e r i v a t i o n s  may be obta ined  by l e t t i n g  I = 
a 

I = I and a = b = R .  Making t h e s e  s u b s t i t u t i o n s  i n  E q s .  3 ,  4 ,  L, and 2 

and performing t h e  appropr i a t e  a l g e b r i a c  ope ra t ions ,  
b 

e A = o ,  
and 

( C .  26) 

(C.27) 

( C .  28) 

These a re  t h e  f a m i l i a r  express ions  f o r  the end moments and d e f l e c t i o n s  o f  

a uniformly loaded beam wi th  f u l l y  cons t r a ined  ends.  
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Appendix D 

MATHEMATICAL DERIVATION OF 
BENDING MOMENTS, AND END SLOPES 

ELASTIC CURVES, 
FOR CAVITY WITH SIDE STAYS 

A c r o s s - s e c t i o n a l  s l i c e  of u n i t  t h i ckness  taken through the  c a v i t y  

wi th  s i d e  s t a y s  i s  shown i n  F i g .  D.l. The o v e r a l l  h e i g h t  of the  c r o s s -  

s e c t i o n a l  s l i c e  i s  denoted by the  l e t t e r  j ,  t h e  d i s t a n c e  between s t a y s  

loca ted  a t  p o i n t s  C and H and G and D a s  a ,  the  d i s t a n c e  from the  s t a y s  

t o  e i t h e r  t h e  top  o r  bottom of the  c a v i t y  a s  b,  and the  width of t he  

c r o s s - s e c t i o n a l  s l i c e  as  c .  The s lopes  a t  po in t s  A ,  B,  C y  D ,  E ,  F ,  G, 

e 0 0  and BH. The loading  and H a r e  des igna ted  as 8 

w l b / i n . ,  i s  t h e  atmospheric p re s su re  a l l  around the  o u t s i d e  su r face  of 
A' 'By C y  D ,  E '  'F' 'G' 

F i g .  D.l. Cross-Sec t iona l  S l i c e  of Uni t  Thickness Through Cavi ty  
With Side Stays.  
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t h e  c a v i t y  t h a t  r e s u l t s  when the  c a v i t y  i s  evacuated dur ing  opera t ion .  

The plane moments of i n e r t i a  of t he  beams wi th  spans a ,  b ,  and c a r e  

and I r e s p e c t i v e l y .  
Ia, 'b, C Y  

The corners  a t  p o i n t s  A ,  B ,  E ,  and F were assumed t o  be r i g i d  but  

ab le  t o  r o t a t e ,  and the po in t s ,  A ,  B ,  C ,  D ,  E ,  F ,  G ,  and H were assumed 

t o  remain s t a t i o n a r y  except  f o r  r o t a t i o n s .  Therefore ,  

y ( d e f l e c t i o n )  = 0 a t  A ,  B ,  C ,  D ,  E ,  F ,  G ,  and H, 

and by symmetry 

To o b t a i n  express ions  f o r  t he  bending moments and r e a c t i o n s ,  f r e e  

body diagrams of spans a ,  b ,  and c and the  load po in t  between spans a 

and b were drawn, a s  shown i n  Fig.  D . 2 .  The s i g n  convention previous1.y 

adopted f o r  the  d e r i v a t i o n s  i n  Appendix C was a l s o  appl ied  i n  t h i s  case.  

From the  f r e e  body diagrams shown i n  Fig.  D . 2 ,  f o r  span c the  CV = 0 and 

wc - 2 R  = 0 
2 

For span b, CH = 0 ,  and 

w b - R  - R  = O .  
1 3 

CM = 0 + ,,), and 

-1- R b - M  = O .  
wb2 

R 
M ----- 1 

1 2  3 3 

For span a ,  CH = 0 ,  and 

w a  - 2 R  = 0 
4 

wa R =--- 
4 2 -  

For j o i n t  H ,  CH = 0 ,  and 

R -tR - P = O .  
3 4 

S u b s t i t u t i n g  the  express ion  f o r  R 4  given i n  E q .  D . 6  i n t o  Eq.  D . 7 ,  

R + ?  = P .  
3 

We may observe from Fig.  D . 2  t h a t  t h e  1.oadings of spans a ,  b ,  and 

c a r e  s i m i l a r .  They each have a x i a l  and t r ansve r se  end r e a c t i o n s ,  end 
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ORNL Dwg 67-9066 

-c* 

M3 

Fig.  D . 2 .  Free  Body Diagrams of Spans a ,  b,  and c f o r  Cavi ty  With 
Side Stays.  (Axial End React ions not  Shown.) 

moments and uniform span loading. We need only t o  so lve  one genera l  

problem t o  o b t a i n  express ions  f o r  t h e  bending moments, end s l o p e s ,  and 

t h e  e l a s t i c  curves  t h a t  apply t o  a l l  t h r e e  spans i n  gene ra l  terms, I f  

d e f l e c t i o n s  a r e  smal l ,  t h e  bending moments caused by a x i a l  end r e a c t i o n s  

a r e  small  when compared wi th  t h e  bending moments caused by t r a n s v e r s e  

loads  and r e a c t i o n s .  Since t h e  d e f l e c t i o n s  i n  the  c a v i t y  must  be l imi t ed  

t o  small  ones,  we may n e g l e c t  a x i a l  end r e a c t i o n s  and s impl i fy  the  mathe- 

mat ics  g r e a t l y .  The f r e e  body diagram of a span labe led  i n  gene ra l  terms 

a p p l i c a b l e  t o  spans a ,  b,  and c i s  i l l u s t r a t e d  i n  Fig. D.3. 
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ORNL Dwg. 67-9067 

Fig.  D.3. Free Body Diagram of a Span Labeled i n  General Terms. 

The d i f f e r e n t i a l  equat ion  of  t h e  e l a s t i c  curve,  

and 

(D. 10) 

S u b s t i t u t i n g  t h e  express ion  f o r  M(x) given i n  Eq.  D . 1 0  i n t o  Eq. D . 9 ,  

(D. 11) 

I n t e g r a t i n g  once, 

To eva lua te  C , we a p p l y  the  cond i t ion  
1 

!* - 

, d x  x = 0 - 30 

and 
c = e o .  
1 

Combing E q s .  D. 13 and D. 1 2 ,  

(D. 12) 

(D. 13) 

(D. 14)  

I n t e g r a t i n g  aga in ,  

+ e x + c  . (D. 15) 
R x3 
0 + -  - -  

EL 1 2 4  6 2 :  0 2 



5 7  

To eva lua te  C , we apply the  cond i t ion  y = 0 a t  x = 0, and 
2 

c = o  
2 

Combining Eqs.  D .  15 and D. 1 4 ,  

+ eOx . Mox2 2 i R x3 

6 
0 + -  - -  1 wx4 Y = -  - -  

E 1  24 

(D. 16) 

(D. 1 7 )  

By making simple s u b s t i t u t i o n s  i n  Eqs.  D.14 and D.17, express ions  

f o r  t h e  end s lopes  and e l a s t i c  curves  of spans a ,  b y  and c may be 

obtained.  

R = R = wa/2. 

For span a ,  j = a ,  e = O G ,  8 
0 a 

= BH, I = I M = M , and 
a '  o 

0 4  

' wx3 wax2 &=-L I - -  + -  - M X  ! + e , .  
dx E I a  6 4 

+ - - -  + Q G X .  

3 :  

M x2 
1 1- wax3 - -  - 

12 2 1  

For span b y  j = b y  eo - - 8 = -eG, O j  = OA, 1 = I 

'a E I ~  24 

M = M , and R = R . 
H b y  o 3 0 3  

(D. 1 8 )  

\ I wx3 &=A 
dx E I b  6 2 3 1  

R x2 
+ -  - M X  I - e G .  ( D .  2 0 )  

M = M y  and Ro = R = 
1 2 c y  0 

8 = eB, I = I For span c y  j = C ,  8 = 6 o A' j 

wc/2. 

& = 1 / - & wcx2 \ + e* . - + - 
dx E I  I 6 4 

1 1 wx4 wcx3 

c \  

2 
, - -  - -  

'c - E I c  ' 24 

(D. 22) 

To f ind  express ions  f o r  M , M R , eGY and 0 i n  terms of a ,  by  
1 3 3  A 

c y  Ia, Ib, IC, E ,  and w,  f i v e  equat ions  i n  these  terms w i l l  be needed. 

Applying t h e  cond i t ion  

- - 'Hj R 9 

'HJ L 

s e t t i n g  x = a i n  Eq. D . 1 8 ,  and no t ing  t h a t  a = - , H 
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The expressions 

a r e  expres s ions  of c o n t i n u i t y  between two beams connected a t  a j o i n t .  

They s t a t e  t h a t  a t  t he  j o i n t  of t h e  beams, the tangent  t o  the  beam on 

one s i d e  of t he  j o i n t  i s  equal t o  the  tangent  t o  t he  beam on the o the r  

s i d e  of t h e  j o i n t .  This  f o l l o w s  from the assumption t h a t  t h e  co rne r s  

and s t a y  p o i n t s  a r e  r i g i d  bu t  may r o t a t e .  The s u b s c r i p t  H of the 

expres s ion  @ r e f e r s  t o  j o i n t  I-I and the  s u b s c r i p t  A of t he  expres s ion  

8 r e f e r s  t o  j o i n t  A. Applying the cond i t ion  
H 

A 

- I  

R @A - 
- L  

and  s e t t i n g  x = b i n  E q .  D . 2 0 ,  

Applying the  c o n d i t i o n  y 1, = 0 t o  E q .  1 2 ,  
c , x  -= b 

Applying the  c o n d i t i o n  y = 0 t o  Eq.  13,  
c], = c 

(I). 2 5 )  

(0 .26 )  

( U .  2 7 )  

Equation D.4 con ta in ing  the  terms M M and R will be used a s  t h e  

f i f t h  equat ion.  Simultaneous s o l u t i o n  of E q s .  D . 4 ,  D.24, D.25, D.26, 

and D . 2 7  y i e l d s  E q s .  14, D . 2 9 ,  D . 3 0 ,  D.31, and D.32 .  These equat ions 

give expressions f o r  R3, M3, eA, QG, and M 

lb, IC, E ,  and w ,  and these expressions m a y  be checked by s u b s t i t u t i n g  

them i n t o  the o r i g i n a l  equati-ons from whi.ch they were der ived.  

1' 3' 3 

i n  terms of a ,  b ,  c ,  Ia, 
1 
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- 
- b31 + bIa) 

( a 3 ~ b  a 
w M =  

3 12(a1b + bla) , 

- b31 )(bI + cIb) - (aIb + bIa)(c31b - 6b2cIb - 3b31 )? 
(a31b a C C 

i 
J(D. 29) (2bI + 3cIb)(aIb + bIa) - bI a c  (bI + cTb) 

C 

a 
aIb + bIa 1 

1 

a 3 ~ b  - b3ia 
- 

- 3b2 I aTb + b I a  - 
(D.30) 

- 
- b31, i bIa i + aw (3 = -  

G 24EL alb + bIa aIb + b I a J  
a -  

- - b3~a)(b~c f CI~) - (aIb + bIa)(c31b - 6bacIb - 3b31 ) , 
C 2‘ - a /  

1 i d 

(a31~ 

( 2 b I  + 3cIb)(aIb + bIa) - bIa(bIc + cIb) 
\ C 

(D .  31) 

The expressions for R M3, eA, Q G ,  and M in E q s .  14, D.29, D.30, 
3’ 

D.31, and D.32 may be substituted into E q s .  11, 12, and 13 to obtain 

and y in the customary form. However, it is expressions for y 

s i m p l e r  to use E q s .  11, 12, and 13 in t he i r  present form for FORTRAN 

computer programing. 

a’ ’b’ C 

It i s  necessary that the expression for R, in 
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Eq. 14 be i n  terms of a ,  b y  c y  Ia, Ib' IC, and w,  b u t  simpler expressions 

f o r  M , OA, eG, and M t h a t  a r e  e a s i e r  t o  express  i n  FORTRAN and t o  
3 1 

handle i n  manual computations can be obtained. These expressions a r e  

given i n  E q s .  15, 1 6 ,  1 7 ,  and 18, and the expres s ion  f o r  P der ived from 

the s o l u t i o n  of Eq.  D.8 i s  given i n  Eq. 19.  

- b31 ) + 4b21 R w (a3ib 
(D. 15) 

a a .? 
12(aIb + b I a )  

M =  
3 

8b2R - 12bM - 3wb2 
e =  ? ? 

A 24EIb 

12aM - w a 3  
=- 

G 24E Ia 

24EI 8 + wc3 
c A  

1 2  c 
M =  
1 

Expressions f o r  the maximum d e f l e c t i o n s  would be use fu l .  However, 

t hese  a r e  not  e a s i l y  obtained because the maximum d e f l e c t i o n s  do not  

n e c e s s a r i l y  occur a t  the middle of t h e  span. Expressions of t he  d e f l e c -  

t i o n s  a t  mid-span w i l l  be obtained on the assumption t h a t  f o r  s m a l l  

d e f l e c t i o n s  and reasonable  des igns ,  t he  maximum d e f l e c t i o n  i s  l i k e l y  t o  

occur a t  t he  mid-span of spans a and c and near t h e  mid-span on span b. 

For span a ,  occurs  a t  x = a/2. S u b s t i t u t i n g  a/2 f o r  x 
'a mid-span 

i n  Eq. 11 and s impl i fy ing ,  

For span b, y occurs at: x = b/2 .  S u b s t i t u t i n g  b/2 f o r  x i n  
b mid-span 

E q .  1 2  and s impl i fy ing ,  

For span c y  occurs  a t  x = c/2.  S u b s t i t u t i n g  c/2 f o r  x i n  
yc  mid-span 

E q .  13 and s impl i fy ing ,  
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*A - - -  1 wc4 -1 + -  
M c2 

1 2  8 8 2 
- 

E I C  
'c mid-span 

I n  a p a r t i c u l a r  des ign  c a s e ,  a i s  s e t  t o  equa l  b and I = Ib. a 
Therefore ,  

w(3a31 + 6a2cIa - c31a) 

R =  2a(3aIc  C + 5 c I a )  (23) Y 
3 

a M = - R  , 
3 6 3  

(2R - wa) , 0 = -  a2 
A SEIa 3 

8 = -  a2 (2K - w a )  = 7 @A , 
G 24EIa 3 

24EIcGA + wc3 

12 c 
M =  
1 

Y 

and w a  
P = R  + - .  

3 2  

In  another  des ign  c a s e ,  a = b and I = I = I = I. Eqs. 29 
a b c  

through 34 r e s u l t  from these  c o n d i t i o n s ,  and they were obtained from 

Eqs. 23 through 2 8  by dropping t h e  s u b s c r i p t s  from t h e  terms I and I 

g i v i n g  I. 

and i n  terms of a ,  c ,  w ,  E ,  and I. 

ou t  of t he  expres s ions  f o r  R , M , M , and P. 

a C 

They a r e  expressed both i n  the  form of the o r i g i n a l  equat ions 

I n  the  l a t t e r  form, the  1's cancel  

3 3 1  

w(3a3 + 6a'c - c3) 
R =  

3 2a(3a + 5c)  

M = - R  a = w(3a3 + 6a2c - c31 
3 6 3  12(3a + 5c)  

acw(a2 - c 2 )  

A 8 E I  8EI(3a + 5c)  
(2R - wa) = 

a2 8 = - -  

- acw(a2 - c21 
G 24EI 24EI(3a + 5 c )  

- eA 
(2R - w a )  = 3 e = -  a2 
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w(3a3+ 5 c 3 )  
12(3a + 5c)  

24EI8 + wc3 
A 
12 c 

+ M =  
1 

(33 1 

These d e r i v a t i o n s  may be checked e a s i l y  by l e t t i n g  a = b = c = 4 

and I = = I = I. Making these  s u b s t i t u t i o n s  i n  the s e t  of equat ions 

from E q .  14 and Eqs. D.29 through D.32; E q .  D.8, E q .  11, E q .  1 2 ,  7 ,  

and Eq. 13;  o r  the s e t  of equa t ions  from Eq .  23  through E q .  28 and per-  

forming t h e  a p p r o p r i a t e  a l g e b r i a c  o p e r a t i o n s ,  Eqs. D.53 through D.59 

a r e  der ived.  

a C 

WJf 
M =  

3 12 

a = o  

Q = o  

A 

G 

M =  "L'?=. 
1 12 3 

(D. 53) 

(D. 54) 

(D. 55) 

(D. .56) 

(D. 5 7 )  

P = WQ (D. 58) 

(D.  59) 

These a r e  the  f a m i l i a r  expressions of the end moments and d e f l e c t i o n s  of 

a uniformly loaded beam wi th  f u l l y  constrained ends. 
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