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SHIELDING CALCULATIONS FOR A 400-MeV LINEAR ELECTRON ACCELERATOR 

R .  G .  A l smi l l e r ,  Jr., J .  Bar i sh ,*  

R .  T .  Boughner, and W .  W .  Engle* 

Ab s t r ac  t 

Shie ld ing  c a l c u l a t i o n s  f o r  a l i n e a r  e l e c t r o n  a c c e l e r a t o r  may conven- 

i e n t l y  be  d iv ided  i n t o  four  p a r t s :  

2 )  photoneutron product ion ,  3 )  p a r t i c l e  t r a n s p o r t  through t h e  s h i e l d ,  and 

4) t h e  conversion of p a r t i c l e  cu r ren t  l eav ing  t h e  s h i e l d  t o  dose.  Calcu- 

l a t i o n s  i n  each of t h e s e  ca t egor i e s  have been c a r r i e d  out  t o  a i d  i n  t h e  

design of t h e  t r a n s v e r s e  s h i e l d  of a 400-MeV l i n e a r  e l e c t r o n  a c c e l e r a t o r .  

In  p a r t i c u l a r ,  neut ron- t ranspor t  c a l c u l a t i o n s ,  which a r e  c a r r i e d  out  us ing  

t h r e e  approximation methods, 1) t h e  s t r a igh tahead  approximation, 2 )  t h e  

s t r a igh tahead  approximation coupled wi th  a low-energy d i s c r e t e  o rd ina te s  

c a l c u l a t i o n ,  and 3) t h e  s t r a igh tahead  approximation coupled with a Monte 

Carlo c a l c u l a t i o n ,  a r e  presented  and compared. Shie lds  composed of s i l i c o n  

dioxide and s i l i c o n  d ioxide  with 10% water  by weight a r e  considered.  

1) t h e  e lectron-photon cascade,  

* 
Computing Technology Center ,  Union Carbide Corporat ion,  Oak Ridge, 
Tennessee. 
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1. INTRODUCTION 

A s e r i e s  of c a l c u l a t i o n s  has  been c a r r i e d  out  t o  a i d  i n  t h e  design of 

t h e  t r a n s v e r s e  s h i e l d  f o r  a 400-MeV l i n e a r  a c c e l e r a t o r .  While t h e  calcu- 

l a t i o n s  refer s p e c i f i c a l l y  t o  an e l e c t r o n  a c c e l e r a t o r  of t h i s  energy,  t h e  

electron-photon cascade c a l c u l a t i o n s  and t h e  neutron t r a n s p o r t  through t h e  

s h i e l d  have been c a r r i e d  out  us ing  s e v e r a l  d i f f e r e n t  approximations,  and 

t h e  intercomparison of  t h e  r e s u l t s  ob ta ined  i n  t h e s e  va r ious  approximations 

have gene ra l  imp l i ca t ions .  

When a high-energy e l e c t r o n  s t r i k e s  t h e  w a l l s  o f  t h e  a c c e l e r a t o r ,  an 

electron-photon cascade develops.  The photons of t h e  cascade i n t e r a c t  wi th  

t h e  n u c l e i  i n  t h e  w a l l s  and produce photoneutrons which must be s h i e l d e d  

a g a i n s t .  Shie ld ing  c a l c u l a t i o n s  f o r  an e l e c t r o n  a c c e l e r a t o r  may conven- 

i e n t l y  be d iv ided  i n t o  fou r  p a r t s :  

neutron product ion ,  3 )  p a r t i c l e  t r a n s p o r t  through t h e  s h i e l d ,  and 4 )  t h e  

conversion of t h e  p a r t i c l e  cu r ren t  l eav ing  t h e  s h i e l d  t o  dose.  The calcu- 

l a t i o n s  performed i n  each of t h e s e  ca t egor i e s  a r e  descr ibed  i n  s e c t i o n s  2 ,  

3, 4 ,  and 5 ,  r e s p e c t i v e l y .  

s e c t i o n  6.  

1) t h e  electron-photon cascade,  2 )  photo- 

The r e s u l t s  a r e  presented  and d iscussed  i n  

2 .  ELECTRON-PHOTON CASCADE 

A computer code for t h e  s tudy  of t h e  l o n g i t u d i n a l  and la te ra l  develop- 

ment of t h e  electron-photon cascade induced i n  matter by high-energy e l ec -  

t r o n s  has been w r i t t e n  by C .  D .  Zerby and H .  S. Moran.1-3 Using t h i s  code 

t h e  photon t r a c k  l e n g t h ,  which i s  needed t o  c a l c u l a t e  t h e  photoneutrons pro- 

duced by t h e  cascade,  has been c a l c u l a t e d  for t h e  case  of 400-MeV e l e c t r o n s  

normally inc iden t  on an i n f i n i t e  s l a b  of copper.  

. 

This g i v e s ,  of course ,  
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only an approximation t o  t h e  a c t u a l  t r a c k  l eng th  i n  t h e  a c c e l e r a t o r  w a l l ,  

bu t  f o r  t h e  high-energy photons,  which are of  primary i n t e r e s t  h e r e ,  it i s  

perhaps a reasonable  approximation. 

The c a l c u l a t e d  t r a c k  l eng th ,  T ,  i s  shown as a func t ion  of  photon energy,  

E , i n  F ig .  1. I n  t h e  f i g u r e  t h e  solid histogram shows t h e  r e s u l t s  given 

by t h e  Monte Carlo code and t h e  s o l i d  curve drawn through t h e  histogram 

gives  t h e  values which have been used i n  a l l  subsequent c a l c u l a t i o n s  i n  

t h i s  paper .  

l eng th  ( s o l i d  curve below E 

given by t h e  often-used approximate express ion ,  

Y 

Also shown i n  t h e  f i g u r e  f o r  comparison purposes i s  t h e  t r a c k  

= 280 MeV and dashed curve above E 
Y Y 

= 280 MeV)  

4 

EO T(Eo, E ) = 0.572 - 
Y 

Y E2 xo ' 

where 

E = e l e c t r o n  energy, 

E = photon energy, 

X = r a d i a t i o n  l eng th .  

0 

Y 

0 

The, approximate t r a c k  l eng th  i s  i n  very good agreement wi th  t h e  Monte Carlo 

r e s u l t s  f o r  photon energ ies  of less than  280 MeV b u t  becomes s i g n i f i c a n t l y  

d i f f e r e n t  from t h e  Monte Carlo r e s u l t s  a t  h ighe r  photon ene rg ie s .  
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Fig. 1. Photon Track Length 400 MeV Electrons in Cu. 
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3. PHOTONEUTRON PRODUCTION 

The energy and angular  d i s t r i b u t i o n  of t h e  neutrons produced by t h e  

cascade may be c a l c u l a t e d  from t h e  equat ion 

(3.1) 

where 

E = k i n e t i c  energy i n  t h e  l abora to ry  system; 

cos0 = cos ine  of t h e  angle  de f in ing  neutron emission 

wi th  r e spec t  t o  t h e  d i r e c t i o n  of t h e  inc iden t  

e l e c t r o n .  (The assumption i s  be ing  made t h a t  

t h e  l a t e r a l  spread  of t h e  cascade may be neglec ted  

s o  t h a t  t h e  cosine of t h e  angle  de f in ing  neutron 

emission wi th  r e spec t  t o  t h e  d i r e c t i o n  of  t h e  

may be equated wi th  t h e  cos ine  da photon i n  - dEdR 

of  t h e  angle  de f in ing  neutron emission wi th  

r e spec t  t o  t h e  d i r e c t i o n  of t h e  inc iden t  e l e c t r o n . )  

n = number dens i ty  of t a r g e t s ;  

( E  ,E,cost3) = d i f f e r e n t i a l  c ros s  s e c t i o n  i n  t h e  l a b o r a t o r y  

system for t h e  product ion of  neutrons by t h e  

do - 
dEdR y 

c o l l i s i o n  of a photon of energy E wi th  a nucleus.  

(When i n t e g r a t e d  over a l l  energ ies  and ang le s ,  

dEdn 

nucleus c o l l i s i o n  bu t  r a t h e r  t h i s  t o t a l  c ros s  

Y 

- gives  not t h e  t o t a l  c ros s  s e c t i o n  f o r  photon- 

s e c t i o n  m u l t i p l i e d  by t h e  average number of neutrons 

emi t ted  p e r  c o l l i s i o n . )  
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N (E,cosf3) = t h e  number of neutrons pe r  u n i t  energy- range p e r  

u n i t  s o l i d  angle  produced by t h e  electron-photon 

cascade from an e l e c t r o n  of energy E . 

0 

0 

The d i f f e r e n t i a l  c ross  s e c t i o n  f o r  photoneutron product ion i s  not  w e l l  

By in t roducing  many ad hoc assump- known and cannot r e a d i l y  be ca l cu la t ed .  

t i o n s  and u t i l i z i n g  e a r l i e r  work by J .  S. Levinger5 and D.  N .  Olson, 6 

H.  De S t a e b l e r ,  Jr.7 has obtained an e s t ima te  of t h i s  d i f f e r e n t i a l  c ros s  

s e c t i o n .  The c ross  s e c t i o n  used i n  t h i s  paper has  been c a l c u l a t e d  us ing  

a l l  of t h e  assumptions and parameters of D e  S t a e b l e r .  Since t h e  many ap- 

proximations used and t h e  choice of parameters i n  copper a r e  d iscussed  i n  

d e t a i l  i n  t h e  paper  by De S t a e b l e r , 7  only t h e  f i n a l  r e s u l t s  w i l l  be  given 

he re .  

do 
dEdR In  t h e  approximation being used,  - i s  composed of two te rms:  one 

which a r i s e s  from t h e  absorp t ion  of a photon by a neutron-proton p a i r ,  t h a t  

i s ,  by a "quasi-deuteron" i n  t h e  nuc leus ,  and one which arises from pion 

product ion and reabsorp t ion  i n  t h e  same nucleus ,  t h a t  i s ,  a pion i s  formed 

as a r e s u l t  of a photon-nucleon c o l l i s i o n  i n  t h e  nucleus and t h e  pion i s  re -  

absorbed by two nucleons before  it escapes from t h e  nucleus.* If t h e s e  two 

do terms a r e  denoted by - dEdR I and -1 do r e s p e c t i v e l y ,  t h e  photoproduction dEdR 71' 
QD 

cross  s e c t i o n  may be c a l c u l a t e d  from t h e  equat ions t :  

* 
A t h i r d  term t h a t  a r i s e s  from t h e  r e c o i l  nucleon fol lowing pion product ion 
from a photon-nucleon c o l l i s i o n  should,  i n  p r i n c i p l e ,  be p r e s e n t .  This  
term, however, i s  zero a t  cos0 = 90°, which i s  t h e  only case a c t u a l l y  used 
i n  t h i s  paper .  

'Some of t h e  d e t a i l s  of de r iv ing  t h e s e  f i n a l  equat ions ,  which a r e  not  given 
e x p l i c i t l y  by De S t a e b l e r ,  a r e  given i n  Appendix I .  
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( 3 . 3 )  

2 2mEZ - 4 mTr *I = 0.8 A J ~ ( E ,  case) 6 
coseJ(2E + m T r  )(2E- m T ) +  

On  'Ey ) 

dEdQ 4lT 

2J(2E + mT)(2E - m T )  
( 3 . 4 )  JJE, case) = 

Q(Ey)[cos6d(2E + mTr)(2E - mT) + m - 2El 

where 

A = atomic weight 

u = t o t a l  c ros s  s e c t i o n  f o r  d i s s o c i a t i o n  of a deuteron D 

m = nucleon mass 

u = t o t a l  c ros s  s e c t i o n  for pion product ion i n  photon-nucleon 
T 

c o l l i s i o n  

m = pion mass: 

The photoneutron emission spectrum at 90' from 400-MeV e l e c t r o n s  i n  

T 

copper,  c a l c u l a t e d  us ing  Eqs. 3 . 1  through 3.4,  i s  shown i n  F ig .  2 .  The 

func t ions  N and NOT are obta ined  by us ing  Eqs .  3.3 and 3.4 s e p a r a t e l y  i n  OD 

Eq.  3.1, so 

N = NOD + NOT . 0 
( 3 . 5 )  
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I n  t h e  case  shown i n  t h e  f i g u r e ,  N con t r ibu te s  apprec iab ly  t o  N over  a 

s i g n i f i c a n t  p a r t  o f  t h e  energy range.  

neutron spectrum arises because t h e  motion of t h e  nucleons i n  t h e  nucleus 

has been neglected.* 

071 0 

The high-energy c u t o f f  i n  t h e  photo- 

4. PARTICLE TRANSPORT 

The t r a n s v e r s e  s h i e l d  of a l i n e a r  a c c e l e r a t o r  may be v i s u a l i z e d  as 

being roughly c y l i n d r i c a l  i n  shape with t h e  a c c e l e r a t o r  tube  along t h e  a x i s  

of  t h e  cy l inde r .  I n  p r i n c i p l e ,  e l e c t r o n s  of vary ing  energy s t r i k e  t h e  

a c c e l e r a t o r  t ube  a l l  a long i t s  l eng th  and t h e  geometry t h a t  should be con- 

s i d e r e d  i s  t h a t  of a l i n e  source wi th  both t h e  energy and angular  d i s t r i -  

bu t ions  of t h e  neutrons from t h e  source varying as a func t ion  of p o s i t i o n  

along t h e  l i n e .  Rather  t han  t rea t  t h i s  gene ra l  problem, it i s  assumed 

he re  t h a t  only high-energy e l e c t r o n s  a r e  of  i n t e r e s t  and t h a t  a l l  high- 

energy e l e c t r o n s  may be  assumed t o  s t r i k e  t h e  a c c e l e r a t o r  tube  a t  nea r ly  

t h e  same p o i n t .  

energy e l e c t r o n  e n t e r s  matter,  and t h e  r e s u l t i n g  photoproduction t a k e  p l ace  

over  d i s t ances  t h a t  a r e  very small compared t o  t h e  s h i e l d  th i cknesses  of 

i n t e r e s t ,  and thus  t o  a reasonable  a.pproximation t h e  photoneutrons may be 

assumed t o  emanate from a p o i n t .  Furthermore, it i s  un l ike ly  t h a t  high- 

energy e l e c t r o n s  w i l l  s t r i k e  t h e  w a l l s  of t h e  a c c e l e r a t o r  tube  a t  angles  

which are very d i f f e r e n t  from zero degrees ,  so it w i l l  be  assumed t h a t  

photoneutron emission wi th  r e spec t  t o  t h e  d i r e c t i o n  of t h e  inc iden t  e l ec -  

t r o n  may be equated wi th  photoneutron emission wi th  r e spec t  t o  t h e  acce l -  

e r a t o r  a x i s .  The minimum s h i e l d  th i ckness  w i l l  t h e r e f o r e  be i n  t h e  d i r ec -  

t i o n  of t hose  neutrons emi t ted  wi th  cos0 = 90’. 

The electron-photon cascade,  which develops when a high- 

* 
A c a l c u l a t i o n  of N which inc ludes  t h i s  motion, has r e c e n t l y  been c a r r i e d  
out  by J. L .  Matthews. OD’ 8 3 9  
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The geometry t h a t  i s  considered he re  i s  t h a t  of a po in t  source of 

neutrons on t h e  a x i s  of t h e  a c c e l e r a t o r .  Because of  t h e  approximations 

which a r e  made i n  t h e  t r a n s p o r t  equa t ions ,  only neutrons emi t ted  a t  a spe- 

c i f i c  angle  e n t e r  i n t o  t h e  c a l c u l a t i o n s ,  and r e s u l t s  a r e  presented  only f o r  

t h e  case of neutron emission i n  t h e  d i r e c t i o n  of minimum s h i e l d  t h i c k n e s s .  

Shie lds  composed of s i l i c o n  dioxide and s i l i c o n  d ioxide  p lus  water  a r e  con- 

s i d e r e d .  

When a high-energy neutron e n t e r s  m a t t e r ,  a cascade composed of neut rons ,  

p ro tons ,  and photons w i l l  develop. A t  t h e  neutron energ ies  of i n t e r e s t  h e r e ,  

however, t h e  protons and photons w i l l  be predominantly of low energy and 

w i l l  c o n t r i b u t e  l i t t l e  t o  t h e  cascade,  so  i n  genera l  only neutron t r a n s p o r t  

i s  considered.  I n  t h e  remainder of t h i s  s e c t i o n ,  t h e  var ious  approximations 

t h a t  a r e  used t o  desc r ibe  t h e  neutron t r a n s p o r t  through t h e  s h i e l d  a r e  d i s -  

cussed. I n  conJunct ion wi th  one of t h e  t r a n s p o r t  methods ( s e e  s e c t i o n  4 . b ) ,  

photon product ion and t r a n s p o r t  a r e  t r e a t e d .  

a .  S t ra ightahead  Approximation 

I n  t h i s  approximation it i s  assumed t h a t  neutron emission fol lowing 

e i t h e r  e l a s t i c  o r  none la s t i c  neutron-nucleus c o l l i s i o n s  t a k e  p l ace  only i n  

t h e  d i r e c t i o n  of t h e  inc iden t  neutron.  The energy d i s t r i b u t i o n  of t h e  

neutron emi t ted  i n  t h e  forward d i r e c t i o n  must be s p e c i f i e d .  This energy 

d i s t r i b u t i o n  may be obta ined  by i n t e g r a t i n g  t h e  energy-angle d i s t r i b u t i o n  

of t h e  emi t ted  neutrons over a l l  angles  o r  by i n t e g r a t i n g  over some cone 

i n  t h e  forward d i r e c t i o n ;  t h a t  i s ,  one may simply neglec t  t hose  p a r t i c l e s  

emi t ted  a t  l a r g e  ang le s .  Throughout t h i s  paper t h e  energy d i s t r i b u t i o n s  a r e  

s p e c i f i e d  by i n t e g r a t i n g  over a l l  ang le s .  
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I n  a d d i t i o n  t o  t h e  s t r a igh tahead  approximation, it w i l l  a l s o  be  

assumed t h a t  e l a s t i c  c o l l i s i o n s  between neutrons and heavy n u c l e i ,  t h a t  i s ,  

n u c l e i  heav ie r  t han  hydrogen, may be t reated i n  a continuous slowing-down 

approximation. 

Under t h e s e  circumstances,  t h e  neutron t r a n s p o r t  equat ion  when t h e r e  

i s  a po in t  source of neutrons may be w r i t t e n  

a - - [S(E)  r 2 N ( r , E ) ]  aE 
(4.1) 

where 

r = radial  coord ina te  measuring depth i n t o  t h e  s h i e l d  from 

t h e  p o i n t  source ;  

N ( r , E )  = neutron cu r ren t  p e r  u n i t  energy range,  t h a t  i s ,  t h e  number 

of neutrons p e r  u n i t  energy range c ross ing  u n i t  area at a 

depth r i n  t h e  s h i e l d .  ( I n  t h e  approximation being used,  

t h e  neutron v e l o c i t y  a t  any po in t  i n  t h e  s h i e l d  i s  i n  t h e  

radial  d i r e c t i o n .  ) 

n = number dens i ty  of nuc le i  of  t ype  i i n  t h e  s h i e l d ;  i 

0 ( E )  = n o n e l a s t i c  c ros s  s e c t i o n  for t h e  c o l l i s i o n  of a neutron Ii 

of  energy E with a nucleus of  t ype  i ;  

= one i f  i i s  hydrogen and zero o therwise ;  i H  

o ( E )  = e l a s t i c  c ros s  s e c t i o n  for t h e  c o l l i s i o n  of a neutron of E i  

energy E and a nucleus of type  i ;  
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S ( E )  = 

Fi(E’ ,E)  = 

Gi(E’  , E )  = 

energy loss p e r  u n i t  d i s t a n c e  t h a t  a neutron undergoes 

because of e l a s t i c  c o l l i s i o n s  with n u c l e i  o t h e r  t han  

hydrogen ; 

number of  neutrons p e r  u n i t  energy range produced by t h e  

none la s t i c  c o l l i s i o n  of a neutron of energy E ’  w i th  a 

nucleus of  type  i ;  

number of  neutrons pe r  u n i t  energy range produced by t h e  

e l a s t i c  c o l l i s i o n  of a neutron of energy E ’  wi th  a nucleus 

of t ype  i .  

The boundary condi t ion  on Eq .  4 . 1  i s  t h a t  t h e  i n t e n s i t y  I ,  def ined  by 

I ( r , E )  = r 2 N ( r , E )  , ( 4 . 2 )  

reduce t o  t h e  energy d i s t r i b u t i o n  pe r  u n i t  s o l i d  angle  of t h e  source  when 

r goes t o  zero .  Since i n  genera l  t h i s  energy d i s t r i b u t i o n  w i l l  be a func t ion  

of t h e  d i r e c t i o n  i n  which t h e  p a r t i c l e s  a r e  emi t t ed ,  t h e  s o l u t i o n  w i l l  be  

parameter ized by t h e  d i r e c t i o n  of emission.  

I n  o rde r  t o  o b t a i n  a numerical s o l u t i o n  t o  Eq. 4 . 1 ,  a l a r g e  moun t  of 

phys i ca l  data i s  r equ i r ed .  The c ross  s e c t i o n s  f o r  n o n e l a s t i c  neu t ron - s i l i con  

and neutron-oxygen c o l l i s i o n s  a t  energ ies  g r e a t e r  t han  25 MeV were taken  

from t h e  c a l c u l a t i o n s  of Ber t in i . ’” ’ ’  

f o r  s i l i c o n ,  t h e  d a t a  used were obta ined  by i n t e r p o l a t i o n .  The c ross  

s e c t i o n s  f o r  neut ron-s i l icon  and neutron-oxygen n o n e l a s t i c  c o l l i s i o n s  be- 

low 25 MeV were taken from t h e  d a t a  compilat ion of I rv ing .12  I n  some in-  

s tances  when d a t a  f o r  s i l i c o n  were not a v a i l a b l e ,  d a t a  f o r  aluminum were 

used. The c ross  s e c t i o n s  for neutron-hydrogen e l a s t i c  c o l l i s i o n s  below 

25 MeV were taken from t h e  compilat ion of  I rv ing12 and above 25 MeV from 

t h e  compilat ion of B e r t i n i .  1 3  

Since B e r t i n i  does not  r e p o r t  d a t a  



1 3  

The energy d i s t r i b u t i o n s  of neutrons emi t ted  from neut ron-s i l icon  and 

neutron-oxygen none la s t i c  c o l l i s i o n s  above 25 MeV were taken  from t h e  ca l -  

c u l a t i o n s  of  B e r t i n i .  l' These d i s t r i b u t i o n s  were obta ined  by i n t e g r a t i n g  

t h e  energy-angle d i s t r i b u t i o n s  of  both t h e  cascade and evapora t ion  neutrons 

over a l l  angles .  The energy d i s t r i b u t i o n s  of neutrons from neut ron-s i l icon  

and neutron-oxygen none la s t i c  c o l l i s i o n s  below 25 MeV were assumed. t o  be  of 

the form 
E 

(4.3) F i (E ' ,E)  = - E e - - p - J -  E e E '  , 
T? ( E '  ) 
1 

and t h e  func t ions  T . ( E ' )  were calcul 'ated from t h e  equat ions  used by Dresner 

i n  h i s  evaporat ion code.14 Equation 4 .3  g ives  a neutron m u l t i p l i c i t y  which 

1 

i s  very  nea r ly  u n i t y  and which i s  roughly i n  agreement w i t h  t h e  r e s u l t s  

given by t h e  Dresner evaporat ion code. 

The energy d i s t r i b u t i o n s  of t h e  neutrons from neutron-hydrogen e l a s t i c  

c o l l i s i o n s  were obta ined  by t ransforming t h e  angular  d i s t r i b u t i o n  i n  t h e  

center-of-momentum system t o  t h e  energy-angle d i s t r i b u t i o n  i n  t h e  l abora to ry  

system and i n t e g r a t i n g  over a l l  ang le s .  l 5  The angular  s c a t t e r i n g  d i s t r i -  

bu t ion  i n  t h e  center-of-momentum system w a s  t aken  t o  be i s o t r o p i c  f o r  in-  

c iden t  neutron energ ies  of less than  25 MeV, and above t h i s  energy it w a s  

t aken  from the a n a l y t i c  f i t s  given by B e r t i n i  t o  t h e  measured d i s t r i b u t i o n s .  

The s topping  power S may be def ined  by the  equat ion 

( 4 . 4 )  
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where a l l  of t h e  symbols have t h e  d e f i n i t i o n s  given previous ly  and t h e  sum 

over i does not inc lude  hydrogen s i n c e  neutron-hydrogen c o l l i s i o n s  have 

been e x p l i c i t l y  introduced i n t o  Eq. 4 . 1 .  A t  neutron energ ies  of s e v e r a l  

MeV and below, t h e  e l a s t i c  s c a t t e r i n g  c ros s  s e c t i o n s  con ta in  resonances,  

and t h e s e  resonances cause S ( E ' ) ,  def ined  by Eq. 4 . 4 ,  t o  be a very r a p i d l y  

varying func t ion  of energy. To avoid t h e  numerical  d i f f i c u l t i e s  a s s o c i a t e d  

wi th  t h i s  r ap id  v a r i a t i o n ,  a smoothing procedure w a s  used a t  t h e  lower 

ene rg ie s .  The d i s t ance  R t h a t  a neutron w i l l  t r a v e l  i n  going from an energy 

E t o  some low energy E may be  w r i t t e n  c 

(4.5) 

To ob ta in  a smoothly varying s topping power, R(E), c a l c u l a t e d  us ing  Eqs. 4 .3  

and 4 . 4 ,  w a s  assumed t o  be of  t h e  form 

8 

j =o R ( E )  = e 3 

1 a j  ~j 

(4.6) 

and t h e  c o e f f i c i e n t s ,  a were determined by t h e  method of least  squares .  

Once t h e  c o e f f i c i e n t s  were determined, t h e  s topping  power w a s  c a l c u l a t e d  

from t h e  equat ion 

3 '  

8 
1 a EJ 

Ej-l  e j = o  j i rf J a j  - -  
j =o S(E)  - 1 (4.7) 

The e l a s t i c  s c a t t e r i n g  c ross  sec t ions  and t h e  center-of-momentum angular  

d i s t r i b u t i o n s ,  which were needed t o  ob ta in  t h e  energy d i s t r i b u t i o n s  i n  

Eq. 4 . 4 ,  were taken  from t h e  compilat ion of I r v i n g . 1 2  

cedure d iscussed  above w a s  used a t  energ ies  of l e s s  than  26 MeV. Above 

t h i s  energy, S(E)  i s  slowly varying and could be used d i r e c t l y .  

The smoothing pro- 



Calcula t ions  us ing  t h e  s t r a igh tahead  approximation have been c a r r i e d  

out  f o r  neutron energ ies  g r e a t e r  t han  0.5 MeV. There i s ,  of course ,  l i t t l e  

j u s t i f i c a t i o n  for us ing  t h e  approximation a t  such low e n e r g i e s ,  and it i s  

t o  b e  expected t h a t  a cons iderable  overes t imate  of t h e  low-energy neutron 

f l u x  and t h e  r e s u l t i n g  dose w i l l  be  obta ined  when t h i s  method i s  used. I n  

t h e  next  s e c t i o n  an approximation method, which r e t a i n s  t h e  s t r a igh tahead  

approximation a t  t h e  h ighe r  energ ies  b u t  t r e a t s  t h e  low-energy neutron 

t r a n s p o r t  more r e a l i s t i c a l l y ,  i s  descr ibed .  

b .  S t ra ightahead  Approximation Coupled wi th  a Low-Energy Di sc re t e  

Ordinates  Calcu la t ion  

The t r a n s p o r t  of low-energy neutrons has  been i n t e n s i v e l y  s t u d i e d  for 

many yea r s .  There i s  p r e s e n t l y  a v a i l a b l e  a d i s c r e t e  o rd ina te s  code which 

w i l l  so lve  t h e  neutron t r a n s p o r t  equat ion  wi th  a n i s o t r o p i c  s c a t t e r i n g  i n  

one space dimension f o r  neutron ene rg ie s  of less  than  14 .9  MeV provided t h e  

neutron source i s  known.16 

s e c t i o n ,  t h e  s t r a igh tahead  approximation i s  used t o  t r a n s p o r t  t h e  high- 

energy (>14.9 MeV) neut rons ,  and t h e  c a l c u l a t e d  high-energy neutron f l u x  

i s  used t o  cons t ruc t  a source of low-energy neutrons t h a t  is  used i n  con- 

junc t ion  wi th  t h e  d i s c r e t e  o rd ina te s  code. 

I n  t h e  approximation t o  be descr ibed  i n  t h i s  

The neutron t r a n s p o r t  equat ion may be w r i t t e n  as 
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where 
+ 
r = p o s i t i o n  v e c t o r ,  

R = u n i t  vec to r  i n  t h e  d i r e c t i o n  of t h e  momentum, 
-+ 

+ - +  
Q ( r , E , R )  = angular  flux of neutrons p e r  u n i t  energy range,  

- + +  
F.(E',E,R'.R) = t h e  number of neutrons p e r  u n i t  energy range p e r  

u n i t  s o l i d  angle  produced a t  t h e  energy E and i n  

t h e  d i r e c t i o n  R when a neutron wi th  energy E '  going 

i n  t h e  d i r e c t i o n  R' undergoes a none la s t i c  c o l l i s i o n  

wi th  a n u c l e i  of type  i ,  

1 

+ 

+ 

- + +  
G.(E t ,E ,R t .R)  = t h e  number of neutrons pe r  u n i t  energy range p e r  u n i t  
1 

s o l i d  angle  produced a t  t h e  energy E and i n  t h e  

d i r e c t i o n  f2 when a neut ron  wi th  energy E '  going i n  

t h e  d i r e c t i o n  R' undergoes an e l a s t i c  c o l l i s i o n  wi th  

a n u c l e i  of t ype  i. 

+ 

I f  Eq. 4.7 i s  r e w r i t t e n  i n  t h e  form 

(4.9) 

we have t h e  equat ion  which, when s p e c i a l i z e d  t o  one space dimension, t h e  

d i s c r e t e  o rd ina te s  code w i l l  so lve  i f  S ( r , E , R ) ,  def ined  by 
+ +  



E '  

(4.10) 

Q' Y 

is known. 

dimensional spherical geometry, it is assumed that the straightahead 

approximation is valid for neutron energies greater than 14.9 MeV, so 

To obtain an approximate expression for S in the case of a one- 

6(1-5 .d) 
O(i-,Ey$r-6) = N ( r , E )  2Tl r , E > 14.9 MeV, (4.11) 

where 
+ 
R = a unit vector in the radial direction. r 

Furthermore, it is assumed that 

F. (E' ,E) E'  > 14.9 MeV 1 E < 14.9 MeV (4-12) 
4Tl F. (E' ,E,;' 06) = 

1 

and 

where Fi(E',E) and Gi(E',E) are the quantities defined in 4.a. 

With these approximations the source S may be written 

(4.14) 
(1-$r.6) 

+ 21T Gi(E',E) ni uEi(E')} N(r,E') dE' 
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and may be c a l c u l a t e d  using t h e  prev ious ly  determined N ( r , E )  . 
approximate source t e r m  i n  Eq. 4 .9 ,  i n  p r i n c i p l e  it i s  now p o s s i b l e  t o  de- 

Using t h i s  

termine t h e  f l u x  p e r  u n i t  energy range of  low-energy neutrons with t h e  d i s -  

c r e t e  o rd ina te s  code. 

To avoid excess ive  computation and because t h e  low-energy neutrons are 

of l i t t l e  i n t e r e s t  a t  t h e  beginning of t h e  s h i e l d ,  Eq. 4 .9  w a s  a c t u a l l y  

solved f o r  only r values  g r e a t e r  t han  600 g/cmz. 

w a s  necessary ,  o f  course ,  t o  have an e s t ima te  of t h e  f l u x  a t  t h i s  r .  This 

I n  o rde r  t o  do t h i s ,  it 

boundary condi t ion  w a s  ob ta ined  by assuming t h e  s t r a igh tahead  approximation 

t o  be v a l i d  a t  a l l  energ ies  f o r  r - < 600 g/cmz. The boundary cond i t ion  used 

w a s  

( 4 . 1 5 )  

= o  E < 0 . 5  

s i n c e  N ( r , E )  w a s  not determined f o r  E < 0 . 5 .  

The data t h a t  were used t o  c a l c u l a t e  t h e  source term are t h e  same as 

those  descr ibed  i n  s e c t i o n  4.a. The d a t a  t h a t  were used i n  t h e  d i s c r e t e  

o rd ina te s  code were taken  from t h e  work of  Joanou and Dudek.17 

I n  c a l c u l a t i n g  t h e  dose and comparing t h e  r e s u l t s ,  w e  s h a l l  be  in-  

t e r e s t e d  i n  t h e  cu r ren t  p e r  u n i t  energy of  t h e  p a r t i c l e s  emerging from t h e  

s h i e l d  and i n  t h e  i n t e n s i t y .  This poses a s l i g h t  problem because a t  a 

given depth r i n  a s h i e l d  of r ad ius  R ( R  > r ) ,  t h e  cu r ren t  p e r  u n i t  energy 

i s  d i f f e r e n t  than  it would be  i f  t h e  s h i e l d  were of  t h i ckness  r ,  and t h u s ,  

i n  p r i n c i p l e ,  t o  o b t a i n  t h e  cu r ren t  of  p a r t i c l e s  emerging from a s h i e l d ,  

t h e  complete c a l c u l a t i o n  must be repea ted  for each s h i e l d  th i ckness .  To 



avoid t h i s  d i f f i c u l t y  h e r e ,  it w i l l  be  assumed t h a t  t h e  cu r ren t  l eav ing  a 

s h i e l d  of t h i ckness  r may be approximated by t h e  cu r ren t  i n  t h e  p o s i t i v e  r 

d i r e c t i o n  at  a depth r i n  a s h i e l d  of t h i ckness  R ;  t h a t  i s ,  t h e  cu r ren t  

l eav ing  a s h i e l d  of th ickness  r w i l l  be  approximated by 

E 1 1 4 . 9  MeV , (4.16) 

where @ i s  t h e  f l u x  p e r  u n i t  energy a t  depth r i n  a s h i e l d  of t h i ckness  R .  

Of course t h e  only e s t ima te  one has a t  t h e  h ighe r  energ ies  i s  t h a t  given by 

t h e  s t r a igh tahead  approximation. I n  t h e  previous s e c t i o n ,  t h e  i n t e n s i t y  

w a s  def ined t o  be  t h e  cu r ren t  p e r  u n i t  energy m u l t i p l i e d  by r2 ,  and t h i s  

d e f i n i t i o n  w i l l  be  r e t a i n e d  wi th  t h e  proviso  t h a t  only t h e  cu r ren t  i n  t h e  

forward d i r e c t i o n  be  used. Therefore ,  

I ( r , E )  = r 2 J ( r , E )  E 5 14.9  MeV 

= r 2 N ( r , E )  E > 14.9  MeV . 
(4.17) 

I n  add i t ion  t o  t h e  neutrons t h a t  emerge from t h e  s h i e l d ,  t h e r e  w i l l  

a l s o  be  some photons t h a t  emerge. The con t r ibu t ion  of t h e s e  photons t o  t h e  

dose i s  not expected t o  be  l a r g e ,  bu t  i n  conjunct ion with t h e  neutron t r ans -  

p o r t  approximation descr ibed  above, an e s t ima te  of t h e  gamma-ray f l u x  leav-  

ing  t h e  s h i e l d  has  been obta ined .  

The gamma rays t h a t  emerge from t h e  s h i e l d  w i l l  be formed predominantly 

from neutron capture  and neutron i n e l a s t i c  s c a t t e r i n g .  Because t h e  neutron 

s p e c t r a  i n  t h e  s h i e l d  a r e  sharp ly  peaked toward low energy and because of 

t h e  l a c k  of d a t a  on g a m a  product ion from neutron i n e l a s t i c  s c a t t e r i n g ,  

- 

only t h e  gamma rays a r i s i n g  from neutron capture  a r e  considered h e r e .  The 

neutron capture  c ros s  s e c t i o n s  were taken from r e f .  17 and t h e  capture  
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photon s p e c t r a  were taken from t h e  Reactor Handbook.18 

t h e  photon spectrum from neutron capture  i s  a func t ion  

It w a s  assumed t h a t  

of  t h e  nucleus b u t  

not of t h e  ener&y of t h e  neutron.  

same d i s c r e t e  o rd ina te s  code t h a t  w a s  used for neutron t r a n s p o r t .  The 

photon source w a s  ca l cu la t ed  from t h e  neutron f l u x  obta ined  wi th  t h e  d i s -  

c r e t e  o rd ina te s  code. In  t r a n s p o r t i n g  t h e  photons,  account w a s  t aken  of 

p a i r  p roduct ion ,  Compton s c a t t e r i n g ,  and t h e  p h o t o e l e c t r i c  e f f e c t .  

The photons were t r a n s p o r t e d  us ing  t h e  

While t h e  neutron t r a n s p o r t  method descr ibed  i n  t h i s  s e c t i o n  t r e a t s  

t h e  low-energy t r a n s p o r t  r e a l i s t i c a l l y ,  t h e  c a l c u l a t e d  f l u x  a t  t h e  low 

energ ies  i s  s t i l l  approximate because of  t h e  use of t h e  s t r a igh tahead  approx- 

imation a t  t h e  high ene rg ie s .  Furthermore,  t h e  only estimate of t h e  neutron 

cu r ren t  p e r  u n i t  energy emerging from t h e  s h i e l d  a t  t h e  h ighe r  ene rg ie s  i s  

t h a t  given by t h e  s t r a igh tahead  approximation, and t h u s  apprec i ab le  e r r o r  

i n  t h e  dose may a r i s e  from t h e  approximate na tu re  of t h e  high-energy c u r r e n t .  

I n  t h e  next s e c t i o n  of t h i s  paper ,  an approximation method i n  which some of 

t h e s e  d i f f i c u l t i e s  a r e  avoided w i l l  be  descr ibed .  

c .  S t ra ightahead  Approximation Coupled wi th  a Monte Carlo Calcu la t ion  

There i s  a v a i l a b l e  a code w r i t t e n  by Kinney19 t h a t  w i l l  so lve  t h e  

neutron t r a n s p o r t  equat ion ,  E q .  4 .8 ,  f o r  neutron ene rg ie s  of less  than  ap- 

proximately 400 MeV. 

complete s o l u t i o n  t o  t h e  neutron t r a n s p o r t  problem be ing  considered.  How- 

eve r ,  t h e  code employs Monte Carlo methods and i s  n o t ,  a t  least  i n  i t s  

present  form, capable  of y i e l d i n g  adequate s t a t i s t i c a l  accuracy i n  t h e  case 

of very t h i c k  s h i e l d s .  I n  t h i s  s e c t i o n ,  an approximation method i s  descr ibed  

whereby t h e  s t r a igh tahead  approximation i s  used t o  t r a n s p o r t  t h e  neutrons 

through t h e  beginning of t h e  s h i e l d  and t h e  Monte Carlo code i s  used t o  

t r a n s p o r t  t h e  neutrons through t h e  l as t  few c o l l i s i o n  mean f r e e  p a t h s .  

I n  p r i n c i p l e ,  t h i s  code could be used t o  o b t a i n  a 
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The Monte Carlo code has been descr ibed  i n  d e t a i l  e lsewhere,19 so  only 

a few p e r t i n e n t  f a c t s  about t h e  code w i l l  be included he re .  The code uses 

t h e  intranuclear-cascade d a t a  of Bertini’O t o  desc r ibe  none la s t i c  neutron- 

nucleus c o l l i s i o n s  above 25 MeV and the  compilat ion of  B e r t i n i 1 3  t o  desc r ibe  

neutron-proton c o l l i s i o n s  above 25 MeV. Below 25 MeV t h e  d a t a  compilat ion 

of I rv ing12 i s  used,  and p a r t i c l e  product ion from none la s t i c  c o l l i s i o n s  i s  

obtained from t h e  Dresner evaporat ion code.14 I n  t h e  Monte Carlo ca l cu la -  

t i o n  aluminum d a t a  a r e  used t o  r ep resen t  s i l i c o n  throughout .  

The Monte Carlo code of Kinney w i l l  so lve  t h e  neutron t r a n s p o r t  equa- 

t i o n  f o r  an a r b i t r a r y  inc iden t  neutron f l u x  pe r  u n i t  energy range.  In  t h e  

p re sen t  i n s t a n c e ,  t o  avoid s t a t i s t i c s  problems t h e  s t r a igh tahead  approxima- 

t i o n  w a s  used t o  ob ta in  an e s t ima te  of t h e  f l u x  pe r  u n i t  energy range a t  a 

depth of 750 g/cm2 i n  t h e  s h i e l d ,  and t h i s  approximate f l u x  w a s  used i n  

conjunct ion wi th  t h e  Monte Carlo code t o  e s t ima te  t h e  f l u x  a t  l a r g e r  depths .  

One f u r t h e r  approximation w a s  made: 

neutrons should be t r anspor t ed  w a s  approximated by a semi - in f in i t e  s l a b .  

The a c t u a l  procedure used w a s  t o  assume t h a t  t h e  inc iden t  f l u x  p e r  u n i t  

energy t o  be used i n  t h e  Monte Carlo code w a s  given by 

The s p h e r i c a l  s h e l l  through which t h e  

6 ( l-nz * n 
2TT , (4.18)  

z=750 g/cm2 r=750 g/cm2 

where 

z = a coord ina te  which measures depth i n t o  t h e  s l a b ,  

-+ 
R = a u n i t  vec to r  i n  t h e  z d i r e c t i o n ,  z 

and N ( r , E )  i s  t h e  quan t i ty  c a l c u l a t e d  i n  s e c t i o n  4.a; t h a t  i s ,  i n  t h e  Monte 

Carlo c a l c u l a t i o n s  normal incidence on a s l a b  s h i e l d  was considered.  In  

t h e  Monte Carlo c a l c u l a t i o n s  it i s  p o s s i b l e  t o  t r e a t  s e v e r a l  s h i e l d  th ick-  

nesses  s imultaneously;  t h a t  i s ,  it i s  p o s s i b l e  t o  c a l c u l a t e  t h e  f l u x  a t  a 
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depth z when t h e  s h i e l d  i s  of t h i ckness  Z, and t h i s  i s  t h e  q u a n t i t y  t h a t  

has  been c a l c u l a t e d .  

I n  c a l c u l a t i n g  t h e  dose and comparing t h e  r e s u l t s  we a r e  i n t e r e s t e d  i n  

t h e  cu r ren t  pe r  u n i t  energy of t h e  p a r t i c l e s  l eav ing  t h e  s h i e l d  and i n  t h e  

i n t e n s i t y .  The cu r ren t  i s  c a l c u l a t e d  from t h e  equat ion 

0 0  

Because of t h e  s l a b  approximation it i s  not  e n t i r e l y  c l e a r  how t o  de f ine  an 

i n t e n s i t y  which i s  comparable with t h a t  def ined  i n  t h e  previous methods. 

A reasonable  d e f i n i t i o n  would seem t o  be t h a t  t h e  i n t e n s i t y  i s  equal  t o  t h e  

c u r r e n t ,  t h a t  i s ,  

(4.20) 

and t h i s  i s  t h e  b a s i s  on which comparisons with t h e  o t h e r  c a l c u l a t i o n s  w i l l  

be made. 

5 .  DOSE CALCULATION 

The dose has been es t imated  from t h e  p a r t i c l e  cu r ren t  emerging from 

t h e  s h i e l d  by us ing  current-to-dose conversion f a c t o r s .  Once t h e  cu r ren t  

i s  known, t h e  dose i s  ca l cu la t ed  from t h e  equat ion  

D ( r )  = rmx J ( r , E )  C ( E )  dE , 

where 

E = thermal  energy T 
C ( E )  = current- to-dose conversion f a c t o r .  

(5.1) 
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The current-to-dose conversion f a c t o r s  f o r  neutrons were taken  from 

Snyder and Neufeld2' ( <O. 5 MeV) , I r v i n g  e t  aZ. 21 ( 0 . 5  t o  60 M e V ) ,  and Zerby 

and Kinneyi12 (>60 MeV). 

corresponding t o  t h e  maximum dose f o r  normally inc iden t  neutrons on semi- 

i n f i n i t e  t i s s u e  s l a b s .  The current-to-dose conversion f a c t o r s  f o r  photons 

were taken  from t h e  work of  Henderson.23 

t h a t  t h e  dose e s t ima tes  obta ined  us ing  t h e s e  conversion f a c t o r s  a r e  very 

approximate. I n  p a r t i c u l a r ,  t h e  use of t h e  conversion f a c t o r s  corresponding 

t o  normal incidence r a t h e r  t han  t o  i s o t r o p i c  incidence i s  a r b i t r a r y .  A l l  of  

t h e  doses c a l c u l a t e d  he re  would be  approximately a f a c t o r  of two h igher  i f  

t h e  i s o t r o p i c  conversion f a c t o r s  were used. 

The conversion f a c t o r s  used i n  a l l  cases  were those  

It must of course be understood 

6 .  RESULTS AND CONCLUSIONS 

Calcula t ions  have been c a r r i e d  out  f o r  s h i e l d s  composed of s i l i c o n  di-  

oxide and s i l i c o n  dioxide wi th  10% water  by weight .  

of t h e  s h i e l d  material w a s  taken t o  be 1 .8  g/cm3. 

In  a l l  cases  t h e  dens i ty  

The r e s u l t s  f o r  t h e  spectrum shown i n  F ig .  2 inc iden t  on t h e  s i l i c o n  

dioxide s h i e l d  a r e  shown i n  F igs .  3-5. I n  F igs .  3 and 4 t h e  neutron in-  

t e n s i t i e s  ( s e e  d e f i n i t i o n  Eqs. 4.2,  4 .17,  and 4.20) obta ined  i n  each ap- 

proximation a t  a depth of 1000 g/cm2 a r e  compared, while  i n  Fig.  5 t h e  doses 

as a func t ion  of depth obta ined  i n  t h e  var ious  approximations a r e  compared. 

The corresponding r e s u l t s  f o r  t h e  s h i e l d  composed of s i l i c o n  dioxide and 

water  are shown i n  F igs .  6-8. 

I n  F igs .  3 and 6 t h e  lowest energy po in t  shown f o r  t h e  d i s c r e t e  ord i -  

na tes  c a l c u l a t i o n  i s  0 . 0 1  MeV. The spectrum, of course ,  does not s t o p  a t  

t h i s  energy but  cont inues t o  inc rease  very r ap id ly  with decreas ing  energy 
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from 0 .01  MeV t o  thermal energy. The thermal-neutron i n t e n s i t y ,  as given 

by t h e  d i s c r e t e  o rd ina te s  code i n  t h e  case  of t h e  s i l i c o n  d ioxide  s h i e l d  

-1 ( s e e  F ig .  3 ) ,  i s  approximately 3 x lo-’ neutrons MeV-’ s te rad ian- ’  s ec  

e lec t ron- ’  s ec  and i n  t h e  case of t h e  s i l i c o n  dioxide and water  s h i e l d  i s  

approximately 2 x 

t h a t  i s ,  t h e  thermal  i n t e n s i t y  i s  approximately 6 o rde r s  of magnitude l a r g e r  

t han  t h e  i n t e n s i t y  a t  0 . 0 1  MeV at a depth of 1000 g/cm2. 

neutrons MeV-’ s te rad ian- ’  see-’ e lectron-’  s e c ;  

I n  Figs .  4 and 7 t h e  neutron i n t e n s i t y  c a l c u l a t e d  us ing  Monte Carlo 

methods and t h e  s t r a igh tahead  approximation shows a l o c a l  minimum and maxi- 

mum i n  t h e  energy range 1 0  t o  50 MeV. This f e a t u r e  of t h e  i n t e n s i t y  a r i ses ,  

a t  l e a s t  t o  some e x t e n t ,  because a d i f f e r e n t  nuc lear  model i s  used t o  ca l -  

c u l a t e  p a r t i c l e  product ion from none la s t i c  c o l l i s i o n s  above 25 MeV than  i s  

used below 25 MeV, and t h e  two models do not agree at 25 MeV. Because of 

t h i s  d i f f i c u l t y  with nuc lea r  d a t a ,  t h e  shape of  t h e  spectrum i n  t h e  energy 

reg ion  must be  considered t o  be  very approximate.* 

I n  F igs .  3, 4, 6 ,  and 7 t h e  i n t e n s i t y  c a l c u l a t e d  i n  t h e  s t r a igh tahead  

approximation i s  considerably l a r g e r  a t  t h e  lower energ ies  than  t h a t  given 

by e i t h e r  t h e  d i s c r e t e  o rd ina te s  c a l c u l a t i o n  o r  t h e  Monte Carlo c a l c u l a t i o n .  

This overes t imate  given by t h e  s t r a igh tahead  approximation could presumably 

be reduced by in t roducing  removal c ros s  s e c t i o n s ,  t h a t  i s ,  by d i sc r imina t ing  

aga ins t  p a r t i c l e s  s c a t t e r e d  a t  l a r g e  ang le s ,  bu t  t h i s  has  not been done h e r e .  

The i n t e n s i t i e s  ob ta ined  us ing  t h e  d i s c r e t e  o rd ina te s  and Monte Carlo methods 

a r e  i n  rough agreement, b u t  t h e  d i s c r e t e  o rd ina te s  i n t e n s i t y  tends  t o  be 

% 
Calcula t ions  r e c e n t l y  publ ished by K .  O’Brien and J .  E .  M ~ L a u g h l i n ~ ~  i n  a 
case similar t o  those  considered he re  do not  g ive  maxima and m i n i m a  bu t  
do g ive  a very f l a t  spectrum i n  t h i s  energy reg ion .  
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s l i g h t l y  h igher  t han  t h e  Monte Carlo i n t e n s i t y  a t  t h e  lower energ ies  

( 5 2 - 3  MeV). Since t h e  s t r a igh tahead  i n t e n s i t y  a t  t h e  h ighe r  energ ies  

(>14.9  MeV) i s  l a r g e r  t han  t h e  Monte Carlo i n t e n s i t y ,  t h e  source of low- 

energy (<14.9  MeV) neutrons t h a t  i s  used i n  t h e  d i s c r e t e  o rd ina te s  ca lcu la-  

t i o n  i s  l a r g e r  than  t h a t  used i n  t h e  Monte Carlo c a l c u l a t i o n s ,  and it i s  t o  

be expected t h a t  t h e  d i s c r e t e  o rd ina te s  i n t e n s i t y  w i l l  be  l a r g e r  t han  t h e  

Monte Carlo i n t e n s i t y  a t  t h e  lower ene rg ie s .  I n  t h e  method which employs 

t h e  d i s c r e t e  o rd ina te s  code, t h e  only e s t ima te  of t h e  i n t e n s i t y  above 

14 .9  MeV i s  t h a t  given by t h e  s t r a igh tahead  approximation. It i s  t o  be 

noted i n  F igs .  4 and 7 t h a t  t h e r e  i s  a l a r g e  d i f f e r e n c e  between t h e  s t r a i g h t -  

ahead i n t e n s i t y  a t  14 .9  MeV and t h e  d i s c r e t e  o rd ina te s  i n t e n s i t y  a t  t h i s  

energy. This means t h a t  t h e  s t r a igh tahead  approximation i s  not v a l i d  a t  

energ ies  as low as 1 4 . 9  MeV. It f u r t h e r  means t h a t  i n  e s t ima t ing  t h e  dose 

us ing  t h e  d i s c r e t e  o rd ina te s  method as app l i ed  h e r e ,  t h a t  i s ,  coupl ing with 

t h e  s t r a igh tahead  approximation a t  1 4 . 9  MeV, one must use an i n t e n s i t y  t h a t  

i s  discont inuous a t  14 .9  M e V ,  and one n e c e s s a r i l y  ob ta ins  an overes t imate  

of  t h e  dose from t h e  neutrons wi th  energy g r e a t e r  than  14 .9  MeV.*  An e s t i -  

mate of how low i n  energy t h e  s t r a igh tahead  approximation can reasonably be 

used may be obta ined  by comparing t h e  Monte Carlo i n t e n s i t y  wi th  t h e  s t r a i g h t -  

ahead i n t e n s i t y  i n  F igs .  4 and 7 .  I n  F ig .  4 t he  two i n t e n s i t i e s  a r e  i n  

rough agreement f o r  ene rg ie s  g r e a t e r  than  50 M e V ,  whi le  i n  F ig .  7 t h e  Monte 

Carlo i n t e n s i t y  i s  s l i g h t l y  lower than  t h e  s t r a igh tahead  i n t e n s i t y  a t  most 

of t h e  energ ies  shown. On t h e  b a s i s  of t h i s  somewhat l i m i t e d  amount of in -  

formation,  it would seem t h a t  t h e  s t r a igh tahead  approximation can be ex- 

pec ted  t o  g ive  reasonable  r e s u l t s  only f o r  energ ies  of t h e  o rde r  of 100 MeV 

n 
The f a c t  t h a t  14 .9  MeV w a s  used as t h e  coupl ing energy w a s  l a r g e l y  a ma t t e r  
of convenience. Given t h e  d i f f e r e n t i a l  product ion c ros s  s e c t i o n s ,  t h e  d i s -  
c r e t e  o rd ina te s  code i n  p r i n c i p l e  can be used t o  t r a n s p o r t  h igher  energy 
neutrons.  
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o r  more. It must be emphasized, however, t h a t  t h i s  i s  not  a very f i r m  con- 

c lus ion  because t h e  Monte Carlo c a l c u l a t i o n s  have been c a r r i e d  out only 

over r e l a t i v e l y  s h o r t  d i s t ances  (250 g/cm2 i n  F igs .  4 and 71, and t h e  e r r o r  

a t  t h e  h igher  energ ies  may become more pronounced a t  l a r g e r  depths .  Further-  

more, t h e  energy a t  which t h e  s t r a igh tahead  approximation becomes v a l i d  may 

depend on geometry and on t h e  energy spectrum of t h e  neutrons i n  t h e  s h i e l d .  

In  F igs .  5 and 8 t h e  doses obta ined  i n  t h e  var ious  approximations a r e  

compared. Since i n  t h e  d i s c r e t e  o rd ina te s  method as used he re  t h e  dose 

from neutrons wi th  energ ies  g r e a t e r  than  1 4 . 9  MeV must be  obta ined  from t h e  

s t r a igh tahead  approximation, t h e  dose from neutrons with energy less  than  

14.9 MeV, as w e l l  as t h e  dose from neutrons with a l l  e n e r g i e s ,  i s  shown i n  

t h e  f i g u r e s .  Also shown i s  t h e  photon dose obta ined  from t h e  d i s c r e t e  

o rd ina te s  code. To ob ta in  t h e  t o t a l  dose t h e  photon dose must be added t o  

t h e  curve l abe led  " d i s c r e t e  o rd ina te s . ' !  In  both t h e  d i s c r e t e  o r d i n a t e s  and 

Monte Carlo c a l c u l a t i o n s  t h e  con t r ibu t ion  of t h e  thermal  neutrons t o  t h e  

dose i s  included.  In  t h e  d i s c r e t e  o rd ina te s  c a l c u l a t i o n s  t h e  con t r ibu t ion  

o f  t h e  neutrons w i t h  energy less t han  0 . 4  eV w a s  ob ta ined  s e p a r a t e l y ,  and 

it w a s  found t h a t  t h e s e  neutrons con t r ibu ted  approximately 10% of t h e  dose 

obtained from a l l  neutrons with energy l e s s  than  14 .9  MeV; t h a t  i s ,  approx- 

imately 10% of  t h e  dose shown i n  F igs .  5 and 8 by t h e  curves l abe led  " D i s -  

c r e t e  Ordinates ( E  2 14.9  MeV)" i s  due t o  neutrons wi th  energy l e s s  t han  

0 . 4  eV. The f a c t  t h a t  t h e  neutron dose obta ined  i n  t h e  d i s c r e t e  o rd ina te s  

c a l c u l a t i o n  approaches t h a t  given by t h e  s t r a igh tahead  approximation a t  

r/Ao = 6 and t h e  f a c t  t h a t  t h e  neutron dose obta ined  i n  t h e  Plonte Carlo 

c a l c u l a t i o n  approaches t h a t  given by t h e  s t r a igh tahead  approximation a t  

r/Ao = 7 . 5  a r e  a d i r e c t  consequence of t h e  manner i n  which t h e  c a l c u l a t i o n s  
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were done. The r a p i d  v a r i a t i o n  of t h e  dose a t  depths j u s t  l a r g e r  than  

r/Xo = 6 i n  t h e  d i s c r e t e  o rd ina te s  c a l c u l a t i o n s  and r / h  

Carlo c a l c u l a t i o n s  i s  i n d i c a t i v e  of t h e  f a c t  t h a t  t h e  "equi l ibr ium" energy 

spectrum obta ined  i n  t h e  s t r a igh tahead  approximation i s  very d i f f e r e n t  from 

t h e  "equi l ibr ium" spectrum obta ined  i n  t h e  d i s c r e t e  o rd ina te s  and Monte Carlo 

c a l c u l a t i o n s .  The reg ion  of r ap id  v a r i a t i o n  i s  l a r g e r  i n  t h e  case  of t h e  

s i l i con-d ioxide  s h i e l d  than  i n  t h e  case of t h e  s i l i con-d ioxide  and water  

s h i e l d  because t h e  very low energy neutrons come i n t o  "equi l ibr ium" very 

slowly when t h e r e  i s  no hydrogen. This i s  p a r t i c u l a r l y  no t i ceab le  i n  t h e  

case of t h e  photon dose because t h e  photon product ion is  determined p r imar i ly  

by t h e  capture  of t h e  very low energy neut rons .  A t  s u f f i c i e n t l y  l a r g e  depths 

a l l  of t h e  doses have a dependence on depth which i s  roughly exponent ia l .  

The observable  dev ia t ion  of t h e  d i s c r e t e  o rd ina te s  neutron doses from ex- 

ponen t i a l  behavior  i n  t h e  reg ion  r/X > 1 3  i s  due t o  t h e  f a c t  t h a t  t h e  d i s -  

Crete  o rd ina te s  c a l c u l a t i o n s  were c a r r i e d  out  f o r  a f i n i t e  s h i e l d  wi th  a 

maximum r / h  of 1 4 .  

i n  t h e  d i s c r e t e  o rd ina te s  c a l c u l a t i o n s  has  e s s e n t i a l l y  t h e  same a t t e n u a t i o n  

l eng th  as t h e  dose obta ined  i n  t h e  s t r a igh tahead  approximation. To some ex- 

t e n t  t h i s  i s  t o  be  expected because t h e  neutron source i n  t h e  d i s c r e t e  or-  

d ina t e s  c a l c u l a t i o n  i s  obta ined  from t h e  s t r a igh tahead  approximation. The 

e r r o r  b a r s  on t h e  Monte Carlo p o i n t s  r ep resen t  one s tandard  dev ia t ion  calcu- 

l a t e d  on t h e  b a s i s  of  ba tch  s t a t i s t i c s .  I n  s p i t e  of t h e  f a c t  t h a t  t h e  e r r o r  

bars on t h e  l as t  few po in t s  shown i n  F igs .  5 and 8 a r e  not l a r g e ,  t h e s e  

po in t s  a r e  probably not as s t a t i s t i c a l l y  r e l i a b l e  as t h e  p o i n t s  a t  smal le r  

depths .  

a r e  t r anspor t ed  i n  t h e  Monte Carlo c a l c u l a t i o n s  and because of s t a t i s t i c a l  

= 7.5  i n  t h e  Monte 
0 

0 

It i s  s i g n i f i c a n t  t o  note  t h a t  t h e  neutron dose obta ined  
0 

Because of  t h e  r e l a t i v e l y  s h o r t  d i s t ances  over which t h e  p a r t i c l e s  
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f l u c t u a t i o n s ,  it i s  d i f f i c u l t  t o  o b t a i n  an accu ra t e  a t t e n u a t i o n  l eng th  from 

t h e  Monte Carlo r e s u l t s .  In  t h e  s i l i con -d iox ide  s h i e l d ,  i f  one neg lec t s  t h e  

p o i n t s  a t  r/X 

obtained i n  t h e  Monte Carlo c a l c u l a t i o n s  seems t o  be  roughly comparable t o  

t h a t  obtained i n  t h e  o the r  c a l c u l a t i o n s .  I n  t h e  case of t h e  s h i e l d  contain-  

i ng  s i l i c o n  dioxide and wa te r ,  however, t h e  Monte Carlo c a l c u l a t i o n  seems 

t o  g ive  an a t t e n u a t i o n  length  which i s  d i f f e r e n t  from t h a t  given by t h e  

o t h e r  c a l c u l a t i o n s .  I n  cons ider ing  t h e s e  a t t e n u a t i o n  r e s u l t s ,  it must be 

remembered t h a t  t h e  geometry used i n  t h e  Monte Carlo c a l c u l a t i o n s  i s  not  ex- 

a c t l y  t h a t  used i n  t h e  o t h e r  c a l c u l a t i o n s  and t h e r e f o r e  t h e  a t t e n u a t i o n  

length  i n  t h e  Monte Carlo case i s  not completely comparable t o  t h a t  ob ta ined  

i n  t h e  o t h e r  cases .  

> 10.75 as be ing  somewhat u n r e l i a b l e ,  t h e  a t t e n u a t i o n  l eng th  
0 -  
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Inso fa r  as magnitude i s  concerned, i n  both s h i e l d s  t h e  dose obta ined  

i n  t h e  s t r a igh tahead  approximation i s  t o o  l a r g e .  The curves l a b e l e d  "dis-  

c r e t e  o rd ina te s"  a r e  a l s o  t o o  high because they  conta in  an overes t imate  of 

t h e  con t r ibu t ion  of t h e  neutrons wi th  energy g r e a t e r  than  14 .9  MeV. The 

dose values  given by t h e  Monte Carlo c a l c u l a t i o n s ,  a t  l eas t  a t  values  of 

r / h o  s u f f i c i e n t l y  l a r g e  compared t o  7 .5  t h a t  equi l ibr ium has been approxi- 

mately e s t a b l i s h e d ,  are presumably t h e  most c o r r e c t .  The d i f f e r e n c e  between 

t h e  Monte Carlo doses and t h e  curves l abe led  " d i s c r e t e  o rd ina te s  ( E  < 14.9  MeV)" 

i s  an approximate e s t ima te  of t h e  a c t u a l  con t r ibu t ion  of t h e  neutrons with 

energ ies  g r e a t e r  t han  1 4 . 9  MeV. 

In  F ig .  5 t h e  photon dose i s  small compared t o  t h e  neutron dose a t  t h e  

l a r g e r  depths shown i n  t h e  f i g u r e .  It must be understood,  of course ,  t h a t  

over much of t h e  reg ion  shown i n  t h e  f i g u r e  t h e  photon dose r e f l e c t s  t h e  

l a r g e  overes t imate  of t h e  neutron f l u x  given by t h e  s t r a igh tahead  approxi- 

mation and i s  t h e r e f o r e  not meaningful. 

compared t o  t h e  neutron dose a t  a l l  depths .  

it must be remembered t h a t  t h e  con t r ibu t ion  from photons produced by non- 

e l a s t i c  neutron-nucleus c o l l i s i o n s  has been neglec ted  and t h e r e f o r e  t h e  

ca l cu la t ed  photon dose i s  somewhat t o o  small. 

In  F ig .  8 t h e  photon dose i s  small 

In  cons ider ing  t h e  photon dose,  



APPENDIX I 

I n  t h i s  appendix a few of t h e  d e t a i l s  a s s o c i a t e d  wi th  t h e  photoneutron 

production which a r e  not  given by De S t a e b l e r  are presented .*  

duces a l l  of t h e  assumptions of  De S t a e b l e r ,  t h e  d i f f e r e n t i a l  c ros s  s e c t i o n  

f o r  photoneutron product ion i n  t h e  l abora to ry  system from t h e  quasi-deuteron 

model may be w r i t t e n  

If one i n t r o -  

where 

A = atomic weight 

5 = pho tod i s soc ia t ion  c ros s  s e c t i o n  of t h e  deuteron 

E = l abo ra to ry  photon energy 

D 

Y 

H ( E  ) = k i n e t i c  energy of t h e  produced neutron i n  t h e  c e n t e r  of 
D Y  

momentum 

d E ' d R '  = Jacobian t o  t ransform t h e  d i f f e r e n t i a l  c ros s  s e c t i o n  from 

t h e  center-of-momentum t o  t h e  l abora to ry  system 

E',E = k i n e t i c  energy i n  t h e  center-of-momentum and l a b o r a t o r y  

dEd 2 

systems,  r e s p e c t i v e l y .  (Throughout t h i s  appendix primes 

w i l l  be  used t o  i n d i c a t e  center-of-momentum q u a n t i t i e s . )  

I n  t h e  abo;ie t h e  center-of-momentum system i s  by d e f i n i t i o n  t h e  cen te r -  

of-momentum system between t h e  photon an;' quasi-deuteron which i s  a t  r e s t  i n  

t h e  l abora to ry  system. The Jacobian i n  E q .  A . l  may i n  t h e  usua l  manner be 

w r i t t e n  as 

dE'dR - p 
dEdR' p '  ' 
-- 

*The de r iva t ion  presented  he re  i s  due t o  D r .  F .  S .  A l smi l l e r .  
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where 

p , p '  = momentum of  p a r t i c l e  i n  l abora to ry  and center-of-  

momentum systems, r e spec t ive ly .  

Since i n  Eq. 3.1 i n  t h e  t e x t  t h e  d i f f e r e n t i a l  c ros s  s e c t i o n  i s  i n t e g r a t e d  

over dE 

form which i s  convenient f o r  t h i s  i n t e g r a t i o n .  

of t h e  theorem 

it i s  necessary t o  r e w r i t e  t h e  d e l t a  func t ion  i n  Eq. A.l i n  a 
Y '  

This may be done by means 

Thus Eq. A.l becomes 

where 

G = E'- 

and, a f t e r  a t r i v i a l  change i n  n o t a t i o n ,  

ldEY I 
where I i s  now t h e  va lue  of E such t h a t  

Y 

G ( E ) = O .  

D 

D Y  
( A . 6 )  

I n  a l i k e  manner, making a l l  of t h e  assumptions of D e  S t a e b l e r ,  t h e  

d i f f e r e n t i a l  c ros s  s e c t i o n  i n  t h e  l abora to ry  system for photoneutron pro- 

duc t ion  by pion product ion and reabsorp t ion  i n  t h e  same nucleus may be 

w r i t t e n  



where 

G 

0 = total cross section for pion production from pion-nucleon 

= E' 71 - H n ( E Y )  
71 

71 

collision 

' = pion momentum in the laboratory and center-of-mass systems, p, 7% 

respectively 

H ' ( E  ) = kinetic energy of the produced pion in the center-of- 
7 1 - Y  

momentum system 

E = the total energy of the produced pion 
71 

means that the pion total energy is to be re- [ ]E =*E and the symbol 

placed by two times the neutron kinetic energy. 
71 

The center-of-momentum 

system in this case is defined to be the center-of-momentum system between 

the photon and a nucleon at rest in the laboratory system. 

variables as before, we have then 

Changing 

where I is the value of E such that 
TI Y 

G ( E ) = O .  
7 1 Y  

(A.9) 
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To evaluate the functions occurring in Eqs. A . 5  and A . 9 ,  consider the 

process 

where if the target S is a quasi-deuteron, nA and n 

if the target is a nucleon, n 

taken to be the nucleon. 

are both nucleons, and B 

will be taken to be the pion and n 
A B will be 

-+ 
In the laboratory system the total energy E and momentum P may be T T 

written before the collision as 

(A.lO) 

E = E :  + E  (A.11) T Y S  

and after the collision as 

-+ -+ 
E = E  + E  T A B '  

-+ 
and the velocity of the center-of-momentum P may be written 

In the center-of-momentum system 

before the collision and 

+ 
P' = 0 T 

E l  = E '  + E '  
T Y S  

-+ 
P' = 0 T 

E '  = E '  + E '  
T A B  

after the collision. The invariant mass m is given by T 

( A . 1 2 )  

( A . 1 3 )  

(A.14) 

(A.17) 

(~.18) 
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In the laboratory system 

m = /(sY + m,) 2 - P; 
T 

= Jm2 + 2E mS 
S Y , 

(A.20) 

while in the center-of-momentum system 

T m 

and, after some algebra, 
(mA 2 + mB 2 - m,) 2 2  mi mg - 

2 
T Pi2 = pb2 = 4m; m 

m2 + mi - mg2 
2mT 

-- T 
El; = 

Furthermore, from the Lorentz transformation we have 

SO 

and 

r + +l 
E +E 

+ +  2 + m 2 - m  2 
( E  +E ) E  y S A ’y”A mT A B - - -  

2mT 
G =  

T mT m 

(A.21) 

(A.22) 

(A.23) 

(A. 24) 

(A.25) 

(~.26) 
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- 
m T 

The value of the photon ener&y for which G(E ) is zero is from 
Y 

G=O 

Eq. A.26: 
E E - $(m2 + mA 2 - mB) 2 
A S S 

E =  p cos0 - E + m Y 

A A S  Y 

where 

cose = the cosine of the angle between the momentum of 

particle A in the laboratory system and the incident 

(A.27) 

photon direction. 

Because of the delta function in Eqs. A.5 and A.8, we shall be interested 

in the quantity p ’  @ evaluated at the zero of the delta function, that 
is, at the value of E given by Eq. A.27. It will be convenient to express 

E 

Y 
the various quantities in terms of the invariant mass 5 ,  so for future 
reference we note 

- %(m2 + m2 - m2)] 
= {mi + 2mS [‘A ‘S S A B i %  

p cos0 - E + m I G=O A A S  

Also, 

so 

dG 
dE 
- 

Y 

dmT 

dEY Y 
+ G- dG d 

= m  - 
T dEy dE 

(~.28) 

(A.30) 

and, from Eq. A.26, 

Now, using Eqs. A. 22, A.28, and A.31, the quantity 

evaluated explicitly. G=O 
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In  t h e  case of t h e  deuteron model, 

E = 2 m  , S 

where 

m = nucleon mass, 

so (going t o  k i n e t i c  e n e r g i e s )  from Eq. A.27 

and from Eq. A.28 

2E 

cosOJE(E+2m) - E + m 
m = 2m {l + T I G=O 

From Eq. A.31 

and from Eq. A.22 

P' 

(A.32) 

( A .  33) 

( A .  34)  

Combining t h e s e  r e s u l t s  w e  have f i n a l l y  

and then  Eqs. A . 5 ,  A.33, and A.37 g ive  e x p l i c i t l y  Eq. 3 .3  of t h e  t e x t .  
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. 

In the case of pion production and reabsorption, 

so from Eq. A . 2 7  

and from Eqs. A . 2 2  and 

E = m  
S 

m = m  A T  

m B = m  ¶ 

E m - % m T I  2 
T I -  I =  

TI 
3 

c o s e J E 2 - m 2  - E + m 
T I I T  TI 

A .  31 

[m2 - m m 2  I + m4 - m2 
TI 1 T T I  TI TI 

E TI - c o s e d E ; - m i  - m I =  dG 

( A . 3 8 )  

( A .  39) 

( A . 4 0 )  

( A .  41) 

Combining these equations and evaluating the result at E = 2E, we have 
TI 

24( 2E+mTI ) ( 2E-mTI 
- - 

TI Q(ITI)[cosf3J(2E+mn)(2E-m1T)-2E+m] 
G=O 

L J~ =2N 
TI 

( A .  4 2 )  

[m2 12 - m m2 I - m2 m2 + mTI 41% 
TI T I T I  TI 

rn(21~ + m )  Q ( I T I )  = Y 

and then Eqs. A.8, A . 3 9 ,  and A . 4 2  give explicitly Eq. 3.4 in the text. 
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