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Introduction

The effects of high-energy bombardment of nuclei are poorly
known, yet radiation shielding calculations for space vehicles and
accelerators require some knowledge of these effects. There is some
information available on cross sections for proton-proton, proton-
neutron, proton-pion, and similar reactions. By assuming that a cas-
cade develops mainly out of two body collisions, one can estimate the
frequency and size of cascade showers. The computer hurls a particle
at the nucleus. From the cross sections, the probability of a reaction
is calculated. We choose at random a number between O and 1 and if it
is less than the calculated probability we assume that the reaction
happened. We then decide the reaction products and directions from
the relative probabilities and kinematic equations; this also involves
random numbers. The reaction products then are considered as projec-
tiles which can cause other reactions. Finally, information concerning
all particles which leave the nucleus is recorded.

This procedure is repeated over and over again until any
random effects have averaged out or until the available computer time
is used up.

The approach used here is similar to that described by
H. W. Bertini, ORNL-3383, for the Medium Energy Cascade Code. Two
differences, though small in concept, cause a large change in calcu-
lational procedure. In ORNL-3383, the reaction probability was calcu-
lated from a simple formula which led to a reaction rate too high.

Some reactions were then eliminated by a rejection technique which gave

the correct final distribution. In the present report, a method for



direct estimation of the reaction probability is outlined; it is hoped
that this method will be faster. In ORNL-3383, nuclear matter was not
conserved. In the present report, an elaborate scheme for preserving
nuclear matter is outlined. First, the nucleus is represented as a
cluster of space-filling regions. To each region a density is assigned
to fit approximately our present notions of nuclear density variation
and normalized to match the nuclear mass number. If a collision results
in a new high-energy particle at the expense of the nuclear matter, the
density of the region in which the collision took place, and, if neces-
sary, nearby regions, is reduced by the equivalent of one mass unit.
This greatly reduces the probability the reaction products will almost
instantly react again. 1In order to keep the reaction probabilities in
line with the reduced densities, the developing cascade is followed in
time rather than space. Finally, it is assumed that nuclear matter will

flow from one region to another if there is a density imbalance.



Notation

Parameters of incident high-energy particles (capital letters)

E
T
M
E!

Tl

il

RI

Kinetic energy of incident particle, lab frame
Total energy of incident particle = E + M

Mass of incident particle

Kinetic energy of incident particle, nucleon frame
Total energy of incident particle, nucleon frame

Current of incident particles, lab frame (particles

per cm® per second)

Current of incident particles, nucleon frame
Ratio of current magnitudes, J'/J

Momentum of incident particle, lab frame
Momentum of incident particle, nucleon frame
Component of J' parallel to J

Component of J' perpendicular to J

Density of incident particles = J/V

Density of incident particles at t =0
Velocity of incident particle, lab frame
Reaction rate (reactions per second per cm®)

Reaction rate (reactions per second per cma)

Parameters of struck particles (lower case letters)

e
er
1Y

br

kinetic energy of struck particle
Fermi kinetic energy

momentum of struck particle = mvy
Fermi momentum

mass of gtruck particle



Other notation
o(E)
o(E")

A

885838,
Q000

tytatat,

velocity of nucleon = velocity of nucleon frame
component of v parallel to 7

component of vV perpendicular to 7

momentum distribution function, lab frame

density of either protens or neutrons depending on

which type of reaction is being considered

p/m

cross section at energy E

cross section at energy E'’

beam decay constant

absorption coefficient

a-v)% -t

Constant used in momentum distribution, BQ/Mn p%

Speed of light, set equal to 1

Arbitrary volume element

Phase space

Planck's constant

Time

Number of particles in ¢

A function, (1 + xa)'l/a(l-eraua+xaV_a -2xu,V"1(l-era)l/a)l/a
Coordinates such that p cos 6 = p,, p sin 6 = p,

cos 6

Coefficients in expansion of f in powers of x
Coefficients in expansion of o(E') in terms of (E' - E)

Coefficients in expansion of o(E') in terms of x



Coefficients in expansion of y in terms of x

VoV,
E, Arbitrary energz about which to expand the cross section,
o(B) = o(E,) +zl B, (E - E,)*
i=
Nr Random number between O and 1

a Distance to next collision site



Part I. The Absorption Coefficient Integral

First let us define a beam decay constant A\ as

A = fraction of a beam of monoenergetic particles inside a

nucleus that will collide per unit time.
From this definition we can see that

dD

F = -MD

where D is the density of particles (particles/cma) in the beam. This
leads to

D = Do e

where D, 1s the initial density of particles. This can also be written
-(x/V) | . . . . . . .
D =Dy e if the beam is moving with velocity V in direction x.

Next, we define an absorption coefficient p = %. Then

3 -UX
D Do e .
The number of collisions in a distance dx for each cm® of the

beam is -dD = Dy p e”M ax. The probability of a collision for a single

particle in a distance dx is

The distribution function for collision sites is p e Hx,

The mean free path is, by definition, the first moment of
this distribution, 1/u.

Next, consider a beam of incident particles, each of energy

E, with beam current J incident upon a stationary medium of density p,

causing reactions at a rate R. The cross section, o(E), is defined by
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o(E) = f%

Suppose now that the medium is moving with velocity V. We
must transform to the system in which the about-to-be-struck particle

is at rest in order to use the above definition of cross section. Thus
RI — J' O_(E') pv

where primes mean measured in the system in which the about-to-be-struck
particle is at rest, referred to herein as the nucleon system.
However, the reaction rate is independent of which system it
is measured in, (because the U-dimensional volume element dx dt is a
Lorentz invariant quantity) so
R=R'=J"0o(E") p'
The beam decay constant is

1
BRovL o) o

A D J

and the absorption coefficient is

=J7 o(E') o'

=
Il
<>

Let us now amend our assumption above that the medium is moving
with velocity V. Let us assume, rather, that the medium is moving in

all directions with a momentum distribution n(E). For this case
_ - - J' ' =, =,
w=]u@) dp=| 5 oE)n@®) dp

Next, we try to express this equation using only E, V, M, m, and p.
First, we express J' in terms of J. Following the discussion

on page 188 of ORNL-3383, we note that the current J and density D of
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incoming particles make up a four-vector with a standard transformation

7.y (Ja' v) < 1 ¥> _ DV
v 1-v? /1-v?

when transformed to a system moving with relative velocity V. We are

property.

using units in which ¢ = 1.

Breaking J' into components J., and J,, we have

v 1 Dv,
J+J<——1—2-></__!-1 -
Vz 1-v*® Vl—v5
)
ve 1-v*® /Z:;E

where J{ is the component of I parallel to 3, v, 1is the component of

9

oy
©-
I

v parallel to 3; and J5 is the component of I perpendicular to 7.

We need the ratio C of current magnitudes,

¢ =L
J
or
12 12
0 Ji” + Jpg
- 2
J
or

. vi? 1 v, (Vi Vs (1 Dva \’
= (1 1-ve'>'J/t%/+<lv22</m'>'Jﬁ%/

But the current J of incident pérticles is = (density of incident par-

ticles)* (velocity of incident particles), J = DV.
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v.2 1 v 2
C2 =11 + LE - - —
v 1-v? Wiy2
<?1 v, 1 ) v 2
+ = { = - - —2
v 1-v® Wi-vR

2 2 N
v v,y v, V v,y
(1 s _1__1_>+<_1_a a1y - 27
< 3 (7-1) - == (7-1)

So

v

1

/1%

where =

If we expand this expression and collect like terms we obtain
a somewhat simpler expression

2.3 v
C2=1+V1272+VVZ -0y L

- -k I vy
Next we substitute v = ny and y = 7 Vp3+m@

Finally,
2
2 D, p?  p3/pPmt
C" =1+ —5 + 5 - =
m m m°v

g 1-F-¥
12
or
E+M—PV1
E' + M=
/147
or
E'=Ey+My -M-P?Pv, »y
or

E' = (E+M) - M- 2B
m
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From p. 189 of ORNL-3383

n'(p') &' = /1% n(®) ap

or

n'(p') dp' = n(p) dp

m
IF
Collecting terms, we obtain

y = J w(B) 4ap = J C o(E') n(p') dp'

2 1
_ I Yo LN W
=\t +—+ 5=z - 5 o(E") n(p)dp ,
m m=V m°Vv /p2+m"‘a

where

E' = %<¢p=+mE (E+M) - mM - Pp1> .
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Part TI. Momentum Distribution

The momentum distribution function n(ﬁ) for nucleons inside a
nucleus is not known. An approximation which may be adequate for the pre-

sent purpose is to use a zero-temperature Fermi gas model, in which

n(F) =K p < b,

0 p>p,

where Pe is the Fermi momentum and X is defined by

[0@) 8= [ xaB-p
PsPe

where p is the density of the nucleons of the type appropriate for the

reaction being considered.

jKd§=thnpadp=EKp3 -
3 f
or
>p
K =
3
Ly P

Further, P, can be obtained from the Pauli exclusion principle.

The phase space corresponding to a region of volume § is

e
i
(|

i p; Q .

If we divide this into boxes of side h and put 2 nucleons (Fermions of

spin 1/2) in each box, we can accommodate

2 82 Q nucleons.

Nzeaz——-p

3
h 3h® °f
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Since the density p is = , we have

The corresponding Fermi energy is given by

2_2 ~
pf = ef + 2 m ep N 2 m ef
or
n® (3 %
¢ ® 5w \Bn P
or

2
he (3 A2 3
ef’“zm(" >

m %’T(ro Al/a )s

using a rough approximation for the density

2
or e~ 0.03 o ~ 30 MeV  since r. ~ 1.3 x 107*% cm .
£ 2 0
mre
and Pg/m 0.26 .

In the present study we use a sharp cut-off model for n(ﬁ).

However, we do not fix e_ at 30 MeV but propose to run the program at vari-

f

ous values of en from 30 MeV to 100 MeV to see if any important results

are sensitive to the details of the momentum distribution.

Some values obtained from the equation

(pg/m)® = (ey/m)? + 2(ey/m)

are given in Table 1.
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er pp/m (pg/m)? (pg/m)* (pg/m)®

30 MeV 0.26 0.065 0.0042 0.0003

50 MeV 0.33 0.11 0.012 0.0013
100 MeV 0.47 0.22 0.050 0.011
150 MeV 0.59 0.35 0.12 0.041
200 MeV 0;69 0.L47 0.22 0.11

Table 1. Some Fermi energies and corresponding momentum-to-mass ratios.

For the limiting case
1
f 81 ’
the momentum distribution is

3
n(p) =2/h°  p <p,
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Part III. Evaluation of Absorption Coefficient Integral.

Analytic Approach

For the general case, we put the momentum distribution in
the expression for u to get

Y,
plz p? gpl/p2+m2\2

[ ,y __mdp
w=—2_ 12y - o(B') —2_
hﬂp; “ \ m® m?v? m2V ) /55155

We convert this to spherical coordinates with

dp = p? sin 6 dp d8dP = p® dp du 4P

and integrate over ¢ to get

1 D 1
£ =2
o= 20 r aw | (1« Eigi + p° _ 2pu p2+ma> o (E") QEEEEi
2p§ Y é m e Ve m2v (o2 m

where u = cos 6.

It is convenient to write this as

1 pf
2
L =25 f du f p- f(p,u) o (E') dp
P 1) 0

By ©

where y

2.2 2 2
m(pa+m2fy;<} + pm: + mEVZ - 2puﬁ?$ o)
yg

RV - -
(1 + x®) /e /\1 +xP® o VT - 2xwvT (L + xQ)J’/B/

f(P{u)

where x = p/m.
The expression for f becomes infinite as the projectile ve-

locity V goes to O (corresponding to a reversal of roles of incident
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and struck particles) but this situation will not occur in practice
since we do not allow any proton or neutron with energy less than ep
to be a projectile.

Since ' x < 1 for all cases of interest, as shown in Table 1,

we expand f in powers of x

f =1+ a,x + aax2 + a.sx3 + a.4x4 + eaa
where
a, = - w™t = - cos 8/V
1 2 -2 1 . R -
8, =5 (L -v®) (v7° - 1) =5 sin® 9(V™® - 1)
g = % (u® v o+ uv® - us yTe)
a, = % vV (-5 ut + 6 u® - 1)
1l . -2 4 2
+g Vv (3u* -2u® -1)
ut U

b)
- -TtE -

A nonrelativistic treatment would have yielded f =1 + a,x. The term

in x® is a relativistic effect which depends only on the perpendicular
component of the velocity of the struck particle.
Suppose that in the region of interest the cross section

o(E') can be adequately represented by
o(E') = o(E) + @, (E' - E) + 0y (E' - E)*
+a,(B - E)° +a, (8 -E)*.

Again, we expand in powers of x = p/m, since
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E' = %((p2 + ma)l/2 (E+M) -mM - Ppcos 9>

= <(l+x2)1/2 (E+M)-M'-qu'>

_ T =2 T _ s
= E-qu+.2x --8x + eun

where T =E + M. We obtain
o(E') = o(E) + e,;x + e,axa + eaxa + e4x‘ +oes
where e, = -0,Pu

1

1
€ = -é- alT + aa Pau.2

€q = = Qg P uT -OtaPaua
' 1 1l 2 3 2 2 44
€4=-'8(11T+H(12T +§(13PU.T+(14PU. .

The product f o, again to order x", is

il

f o(E') = o(E) + nyx + naxa + naxa + n“x‘
where n, = ¢ + & ofE)

Mg = €5 + 8,€y + 8y o(E)

Mg = € + 8y €5 + 8¢, + 85 O(E)

Ny = € + 8y€3 + 865 + 85€; + 8, 0(E) .

We can now evaluate, to order x* , the absorption coefficient

5 1 Pr
o
b= —F I du I pz[o(E) + X+ naxa + naxa + n‘x‘} dp



1
2P oE) M Mg .2 N3 .3 Ny 4
S TN A
-1

where Xp = pf/m, or, finally

po= p o(E) + vy p x% + v, p x% s
where
1 1 Mo(E 1 2
VZ = '2—a1T+§ —Pé—z +§a2P
_ 3 Mr 1 sz 1
Vg ~—-8('11T+76a1—£§- EoczT +35oc2M2
3 2 3 P
* 10 % T+ 52 0,P0 - 52 ;2-0‘(E)

This is the absorption coefficient to order (xf)4, where xp is the Fermi
momentum divided by the nucleon mass, Q®y, Oy, Oy, O, are coefficients
in a power series expansion of o(E') about E, p is nucleon density and
o the cross section for the reaction being considered, and E, P, M, T
are the kinetic energy, momentum, rest mass, and total energy of the
incident particle.

The proposed method for estimating u consists of using the
above expansion for p whenever the cross section can be adequately

expressed by
o(E') = o(E) + @, (B' - E) + 0y (E' - E)® + a (8" - E)® + o, (B' - E)*

over the region E'. to E' and elsewhere numerically integrating the
min max

double integral form of pu.
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A separate study is proposed to determine which cross sections
in what energy ranges can be expressed in this way. For such cases, the
crogss section can be stored in terms of overlapping ranges, E . , E )

min’ “Tmax

Egs Bys Bgs Bas By U(Eo) where Emin and Emax define the range over

which the expansion
o(E) = 0(E,) + By (B - Bg) + By(E - Ey)° + Ba(E - Ey)® + B, (E - Ey)*

is valid. The coefficients &, , G5, Q,, &, are related to Bl, Bss Bgs By

by

0y = By +2By(E - By) + 3By (E - B)® + U B(E - B)®

+ 3 By(E - By) + 6B, (E - E)°

Q
©
1l
o
©

+ 4B, (E - E)°

Q
w
1
w
®

This transformation allows us to "move" the point of expansion from E,

to the energy E of the incoming particle.

The range of energies involved in the integral is given by

2 V
EAin = (1 +xp)"? (E+M)-M-Pxp E> e
= 0 E < ep
2 V
i — 2 _
En = (1 + xf) (E+M) -M+Pxp

Some samples of Eﬁin and E&ax for various incident energies and Fermi

energies are given in Table 2.
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If the cross-section is flat, ie. independent of E over the

required energy range,

1 M 3 L MR e
= l+— —— - .
a po(l + 3 08 X~ 35 7 *f)



Table 2.

E'. and E' » the limits in energy involved for various values of
min max

the incident proton or neutron energy E and nucleon Fermi energy e

=

e
f
Me 50 MeV 100 MeV 300 MeV 500 MeV 1 GevV 5 GeV 10 GeV 100 GeV 500 GeV
2.5 MeV 20 MeV 134 MeV 268 MeV 630 MeV 3.7 GeV 7.6 GeV 77 GeV 388 Gev
30
161 MeV 246 MeV 546 MeV 824 Mev 1.5 Gev 6.7 GeV 13 GeVv 129 GeV 6Lh3 Gev
o} 8.3 MeV 99 MeV 216 MeV 542 MeV 338 MeV 7 GeVv 72 GeV 361 GeV
50
205 MeV 302 MeV 633 MeV 937 MeV 1.7 GeV 7.2 GeV 14 Gev 139 GeV 693 GeV
o} 0 49 Mev 137 MeV 403 Mev 2.8 Gev 6 GeV 63 GeV 315 GeV
100
302 MeV 421 Mev 815 Mev 1.2 GeV 2 GeV 8.4 Gev 16 GeV 160 GeV 791 GeV
0 0 23 MeV 89 MeV 313 MeV 2.5 GeV 5.3 GgeV 56 GeV 286 GeV
150
390 MeV 527 MeV 973 MeV 1.4 Gev 2.3 GeV 9.4 gev 18 Gev 175 GeVv 875 Gev
0 0 9 MeV 57 MeV 248 MeV 2.2 GeV 4.8 Gev 52 GeV 260 GeV
200
L7k Mev 627 MeV 1 Gev 1.6 GeV 2.6 GeV 10 GeV 20 GeV 191 GeV 950 GeV

¢e
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The success of the approach outlined above depends on two
things:

(1) the existence of an adeQuate analytic function for the cross sections;
(2) the validity of the expansion of the integrand in powers of p/m.

Some comments on (1):

(A) We do not require that one analytic function fit the
entire cross section; we could use overlapping analytic functions.

(B) We do not have to use a power series as was done above;
perhaps a better function can be found.

(C) We can use the analytic function where it is valid and
use numerical integration elsewhere.

(D) A few analytic functions would require less time to read
into the computer than long data lists.

(E) Programs are now available (e.g., ORDEAL) for quickly
finding the best polynomial fit to a cross section curve so that chang-
ing the cross section data should not be too difficult.

(F) TFor some cases tests could be run to compare the results
obtained with an analytic function and those obtained with a data list.

Some comments on (2):

(A) Table 1 gives some idea of the convergence of this expan-
sion. For Fermi energies of 100 MeV or less the terms beyond (p/m)4
should be very small.

(B) We could test the expansion in some cases by forcing the
program to integrate everything numerically.

(C) The above power series expansion goes to (p/m)*. we

could keep more terms.
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Part IV. Evaluation of Absorption Coefficient Integral.

Numerical Approach

Consider the case where the integral form of p i1s to be inte-

grated numerically rather than analytically. We have to integrate

: 1
2 1
b = 25_ J du J p- £(p,u) o, (p,u) dp = ;—— J I dp du
-1

Of——;"d

where I = 3p(p/pf)2 £ (p,u) ck(p,u) and ok(p,u) is the cross section

for reaction k, found by interpolating from a data list. Suppose that
the region -1 g u <1 is divided into n, equal intervals and the region
O0<p < Pe is divided into np equal intervals. We then have nunp blocks
and for each block we evaluate the integrand I(i,j) for the values of

p and u in the middle of the block. A simple approximation to the inte-

gral is formed by dividing the sum of the evaluations by nunp.
1 1 -
e ® o w z E I(1,3)

Probably n, = np = 10 would be sufficient; the effects of varying n,
and np could be tested and a balance between running time and accuracy
found. Note that 100 evaluations of the integrand would be much more

time-consuming than the analytic approach.
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Part V. Sampling Method

After we calculate the absorption coefficients for every pos-
sible reaction we add them to find the total absorption coefficient for

this high energy particle,
Ho= E: M

Then since the distribution function for collision sites is e_'le we
can sample randomly from this distribution a collision site using a

method given by Herman Kahn in Applications of Monte Carlo, AECU-3259,

page 55. We look to see if this collision site is in the same region.
If so, we calculate the time to the collision, t = d/V. If not, we
schedule this event for later and caluclate for now the time to the next
boundary. We do the same for all the particles currently in the high-
energy cascade.

To save time we would not, of course, go through all this for
a particle in a region of density zero. We just calculate the time
until it enters a nonzero region or leaves the nucleus.

If the high-energy particle is a pion we proceed in the same
way except for the pion absorption calculations. The absorption cross
sectlon is based on calculations for pion + deuteron reactions and is
not well known. We ignore the effect of deuteron motion and use the
pion absorption cross sections given on page 30 of ORNL-3%383. The
energy ranges given in Table 2 above do not apply to pions.

Some particles will have a scheduled event waiting for them

from a previous calculation. If the densities have not been disturbed

we keep this schedule.
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When we have calculated the "time-to-next-event" for each
high energy particle we look to. see who is first. The corresponding
"event" is allowed to happen and all the other particles move forward
uneventfully a distance Vitmin' If the event is a boundary crossing
we simply repeat the process, except that particles whose next event
has already been scheduled proceed without recalculation until either
(a) their time:comes or (b) the density in their region is changed
by the depletion algorithm (Appendix C¢). If the boundary crossing
means an escape we record the pertinent trajectory information.

Suppose the event which is allowed to happen is a reaction
rather than a boundary crossing. We must then decide among the n pos-

n
sible reactions which contribute to the p =:§; e for this particle.

We do this by dividing the region from O tokl into n steps, of different
lengths pk/p. Then we get a random number and see which step it falls in.

Next we must decide which value of E' to send to the kinematics
subroutine. We look back to see if the integrand values for the n, steps
in u and the n_ steps in p have been calculated for this case. If not,
we calculate them until the following test is satisfied.

Let TEST = Nr n, nP by s where Nr is a random number, Hae is the
absorption coefficient for the reaction we have decided to let happen,

n and n, are numbers of intervals in u (u=cos 6) and p (nucleon momen-

tum). We add integrand values until

Dy

Z 'ip I(i,j) = TEST
j:

i=1

where I(i,j) is the value of the integrand for the i step in u and
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the jth step in p. From i and j we can find u and p and then we can
find E' to send to the kinematics subroutine, which we do.

The kinematics subroutine will occasionally reject a proposed
reaction, out of deference to the Pauli exclusion principle. If this
happens we drop the proposed event entirely and go back, and reschedule
another event for this particle. Usually, however, the kinematics
routine will return a set (sometimes null) of particles to be added
to the list of high-energy particles as we wipe out the particle we
started with. The size of this set (not counting the pions), minus 1
if the incident particle is a proton or neutron, is sent to the Deple-
tion Algorithm. Any depletions necessary are performed forthwith and
any high-energy particles in regions affected by these depletions have
their next scheduled collision canceled.

Now we are ready to advance the clock by tm. and begin again.

in

We keep this up until all the high-energy particles have escaped or have

been absorbed.
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Appendix A. Some Derivatives used in the Series Expansion of Part III

Consider
Y.
VA - - 1/ /2
f = (1+ xz) Z <} +xPe® VTR s 2wyt (L4 xa)/;)
Let
y = 1+x° (W +V?)
G = - 2uV-1
-1
e = Q-+
h = (l+Xa)_l
Then

£2 = hy + xg

The derivatives of f can be obtained from

2ff' = h'y + hy' + g8 + xg'
of'® 4+ 2ff" = h"y + 2h'y' + hy" + 2g' + xg"
6ETEM + 2fFf™ = h'™y + 3h"y' + 3h'y" + hy'™ + 3g" + xg""
6E" 4 8ETEM 4+ 272" = W'y + Ln™y' + 6n"y"

+ L‘_h!yl" + hy"" + Lkg'" + Xg

For h, the derivatives are

h = @+ x)7 = 1 at x=0
h' = -2xh° = 0 at x=0
n" = -2h® - Lxhh! = -2 at x=0
n' = -8hh' - Uxh'® - Lxh"h = 0 at x=0

n"" = -12h'® - 12xh'h" - 12hh" - bxhh™ = 24 at x=0
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For g, the derivatives are

g = G(1+ ){3)-1/2 g = G at x=0
ga = G°h
2gg' = G®h! g = 0 at x=0
2g'? + 2gg" = G2h" g" = -G at x=0
6g'g" + 2gg" = Gn' g" = 0 at x=0
8g'g" + 6g"® + 2gg"" = @en"" g" = 9G at x=0
Consider
v = 1+x*(u® +V®) where u = cos 6
v = 1 at x=0
y' o= 2x(V® +V®) = 0 at x=0
yv'o= 2(u® + V-a) = 2(u® +V'?) at x=0
y" o= y" = 0

Putting these values into the expressions for the derivatives of f, we get

f =1 at x=0
2ff' = 0+0+G+0 = @ at x=0
or f' = % G = -uV'! at x=0

2(%@)a + off" (-2)(1) + 0 + 2(x® + V?)
or M o= WP eV Byl -
(1-u)(V™®_-.1) at x=0
6(-uv )1 - uB)(V® - 1) +2£™ = -3¢
So

£ o= 3w il - B)(vR -1)-2¢

= 3uV (1l - w®)(V® - 1) + 3uv”
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3uvT (WB + VTR - uRByTR)

3BVt o+ av™? - By at x=0

61 - ) (2 - 1)° + 8(-w ) (BurH) (@ + VTR - PVTR) 4 2ff""

2k (1) + 4(0) + 6(-2)(2)(u2 +V2) + 4(0) +0+U4(0)+0

ol - 2h(u® + V7®)

or
2, _ 2
AL _B(l_ua) (VB -l)
+ b(uv") Guv ) (vB + v oo WBR)
-12(u® +VR®) + 12
= 2y % (-5u* + 6u® - 1)
6V (But - 2u® - 1)
-3t o6 + 9
For the expansion of the cross section, we let e = E'-E, so that
o(E') = o(E) +a,e + ocze2 + aaea + oc4e4
Since
2\ Y.
e = 1L+x®°)2E+M) -M-Pxu-E,

at x=0, e,

and the derivatives are e'(0) = -Pu, e"(0) =T =M + E, ¢ (0) =0,
enn(o) = - 3D.

The derivatives of ¢ are

v 1 ' 2at P
o' = o,e' + 2,ee’ + Xgele’ + Mx4e e

o'(0) = -aPu

og" = ale" + 20,e'® + axaee" + 613ee'2 + Bxaeae" + 12054e2e'2 + wx4e3e"
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g™
o' (O)
o (O)
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2
a, T + 20, (Pu) + 20,(0) = o,T + 20,,P3u2
iR 11 1 1" 1 1"t 11t
a,e™ + Liocae e" + yge'e" + o ee
+ 6a3e'3 + l2ogee'e"” + 6a3ee'e" + 30e2e
+ 2l;0t4ee'3 + 2ha4e3e'e" + 1314e3e'e"

+ Lla"’eae e

0 + 6oty (-Pu)T + 20, (0)

3
+ g (-Pu) + 0 = - €x, PuT - €o,P2u3
ale"" + &26" + 1&xaelae”
+ 18x,e'3e" + 2l e'4

30T + 6T? + 560, PRU3T

+ 2 JPeud
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Appendix B. Polynomial Fit to Some Cross Sections

Usually, the cross sections show little variation over wide
energy ranges in the region above 1000 MeV. In some cases the cross
sections are poorly known. We took two cases where there was some
variation, namely the p-p and p-n cross sections from 40O to 2600 MeV
and fitted them to a power series in energy (up to E‘), using the
ORDEAL system. The values are from Table VII of Chen, Leavitt, and

Shepiro, Phys. Rev. 103, 211 (1956). The fit is fairly good, as shown

in Fig. 1.
o, = - 0.881 x 107 (E - 1000)* + 0.31 x 10”7 (& - 1000)°

- 0.34(E - 1000)° + 0.735 x 1072 (E - 1000) + 48.56
o = 0669 x 107** (g - 1000)* - 0.188 x 1077 (& - 1000)°

+ 0.64k x 1075 (E - 1ooo)2 + 0.0126(E - 10000) + 34.26

An even better fit can be obtained by taking a smaller range

in energy. Examples are shown in Fig. 2. For the range 800 to 2200 MeV,

= - 0.26 x 107*3(g - 1ooo)4 +0.595 x 10" (E - 1000)3

g
pp

- 0.1175 x 10 *(® - 1ooo)3 - 0.207.x 10"2(E - 1000) + L48.24
Oon = 0.234 x 107°(E - 1ooo)4 - 0.5316 x 107" (E - 1ooo)°

+ 0.2425 x 1074(E - 1ooo)a + 0.01256(E - 1000) + 33.58
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Fig. 1. Fourth order polynomial fit to proton-neutron and
proton-proton scattering cross sections from 400 to 2600 MeV. Data
from Chen, Leavitt, Shapiro, Phys. Rev. 103, 211 (1956).
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Fig. 2. Fourth order polynomial fit to proton-neutron and
proton-proton scattering cross sections from 800 to 2200 MeV. Data
from Chen, Leavitt, Shapiro, Phys. Rev. 103, 211 (1956).
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By fitting overlapping ranges it should be possible to repre-
sent the high energy cross sections by lists containing (1) reaction
type, (2) range over which this expansion is valid, (3) expansion point
Eg, (4) coefficients. Whenever the program is ready to perform an inte-
gration it will first calculate the energy range involved; then it will
scan the appropriate list to see if there is an energy range given which
includes the energy range needed. If there is, the evaluation proceeds

as in Part III above; if not, the evaluation proceeds as in Part IV.
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Appendix C. Density Disturbance

Part 1. Density Depletion Algorithm

What is density depletion and why do we need it? Basically
it arises out of a desire to have the computer program conserve mass-
energy as we assume the nucleus-projectile system does. We define two
groups of nuclear particles. Group I contains the high-energy pro-
jectiles of the developing cascade. Group II contains the low-energy
nuclear matter. Group I particles are represented by a list of posi-
tions, particle types, and velocities. Group II particles are repre-
sented by a density distribution. The density distribution is nor-

malized so that

where Py is the density of neutrons, op is the density of protons,
A is the nuclear mass number.

We make an approximation by ignoring collisions among Group I
particles (most of the time they are all going in about the same direc-
tion and a collision would only cause a minor rearrangement of energies)
and consider only Group I-Group II type collisions. After such a col-
lision, the kinematics routine may decide that the struck nucleon has
received enough energy to become a Group I particle. It then receives
a definite position and velocity, whereas before it was only part of
the amorphous nuclear soup. The Group I particle which caused the col-
lision may still have enough energy to be a Group I particle so we have

in effect created a particle, for which we must pay.
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The way we propose to make this payment is to decrease the

density such that
[op+op) av=a-1,

where primes mean after the collision.
Further, we propose to decrease the density not uniformly
but in such a way that the biggest effect occurs near the collision
site. It seems reasonable to suppose that a collision on one side of
the nucleus would not instantly be felt on the other side of the nucleus.
We divide the nucleus into N regions such that initially

N

Z (pys * Ppg) V3 =4,
&

where N (pPi) is the neutron (proton) density in the ith region,
Vi is the volume of the ith region. If a collision in Region k results
in a loss of one neutron from Group II, we reduce the ka by an amount

Aka, such that

provided that the result pﬁk = Pk " A’Nk is greater than or equal to O.
If the resulting density would be negative, we instead set the
density to 0. This leaves a debt of D =1 - P Vk to be paid by de-
pleting other regions. From a neighborhood matrix we select the list of
nearest neighbors to k. We deplete each according to the amount of
nuclear matter in it. Let the total amount of neutronic matter in all

the nearest neighbors combined be Mn’ where
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n
M= z QNJ' VJ'
]

Then the depletion for each region is

provided the resulting densities are all greater than or equal to O.

If the resulting densities would be negative, we instead set
them to zero. This leaves a debt of D' =1 - Pk Vk - Mn to be paid by
depleting other regions.

We take the list of next-nearest neighbors and repeat this
process until the debt is paid.

If it should ever happen that this process continues until
all the regions have been wiped out and still the debt is not paid,
then we assume the nucleus has completely disintegrated. We allow all

the remaining particles to escape and conclude this particular cascade.

Part 2. Propagation of Density Disturbance

If we deplete the density from one region, it seems reason-
able to suppose that nuclear matter will flow in from the neighboring
regions. It is not clear whether or how we should take this effect
into account. We suggest here an approach to this propagation problem,
which, though overly simple, may be enough to give us an idea of how

much inclusion of this effect changes the final answers.
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Let us arbitrarily define a "pressure" between two regions as

pij = QJ' - pjo - (pi - pio)

where pj is the density of region j, pjo is the initial density of region
j, etc. When pij = 0 we regard the i and j regions as "balanced." ILet

us again arbitrarily suppose that a density imbalance will "heal" with

a relaxation time T, such that

Pij(tz) = pij(tl) o - (tg - ty)/7

If we now try to combine the effects of all the pressure im-
balances at once we will get a big, ugly set of coupled equations. We
avoid this (at least approximately) by assuming that the densities will

be corrected frequently, i.e., such that the following condition is met:
At =ty - t, <<
This leads to
- =4t
whereA;H_is the change in density of region i in the time interval at, etc.
From conservation of nuclear matter we should require that
Vi ADi + Vj ADJ. =0

where Vi is the volume of region i, ete.

Solving these two equations leads to the proposed propagation

formulas:
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AB: = - — D, v
J T 1] Vi + Vj

The procedure is this: At convenient intervals At < < 1, all region
boundaries are checked and for each non-zero pressure, two density
changes are made according to the above formulas. To prevent this pro-
cedure from being order-sensitive we calculate and list all the values
of pij first and then make all the corrections.

Consider the case of two neighboring regions that are com=-
pletely depleted, Py = pj = 0. Strict application of the above formulas
would lead to a mass flow if i # pjo' Therefore, we arbitrarily but
conveniently neglect the density correction if it would lead to a nega-
tive density.

This approach ignores differences in boundary areas. These
would have to be accounted for in a more elaborate treatment.

Perhaps a reasonable relaxation time would be the average
region crossing time times the probabillity of hitting the boundary area,

or

where r, is the nuclear radius constant, A is the nuclear mass number, N
is the total number of regions, m is the nucleon mass, Pe is the Fermi
momentum, ay is the boundary area, ag is the surface area. If there are

many regions of about equal size the ration ab/aS will vary from O to

about 1/6 for regions in different shells and will be about 1/6 for
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neighboring regions in the same shell. If we let ab/as = 1/6, then

_h A %é m
T—gl‘o (-ﬁ) P_f

For A ~ 2N and a Fermi energy of 50 MeV,

-32
T~ 35x 10 seconds.
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