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I n  an e a r l i e r  session Marshall HosenbYuth presented an ou t l ine  of our 

present t h e o r e t i c a l  knowledge of plasma i n s t a b i l i t i e s .  It  i s  t h e  pleasant 

t a s k  of some of the  other i nv i t ed  speakers t o  f i l l  i n  some of the d e t a i l s .  

Alber t  Simon has a l ready  done t h i s  f o r  the  two-stream-type i n s t a b i l i t i e s .  

I w i l l  now discuss  a class of m i c r o i n s t a b i l i t i e s ;  namely, those which a r e  

due t o  an iso t ropies  of the  ve loc i ty  d i s t r i b u t i o n s  of t h e  ions and electroris 

of t h e  plasma. 

Let us assume t h a t  the space and time dependence of the e l e c t r i c  and 

magnetic f i e l d s  i s  given by 
+-+ 

--). + i(k.x - u t )  E, B - e  

Then, one can solve time l i n e a r i z e d  Vlasov equations f o r  t h e  perturbed 

d i s t r i b u t i o n  funct ions,  s u b s t i t u t e  i n t o  the charge and current  dens i ty  

terms i n  Maxwell's equations and f i n g l l y  obtain (Reference 1, Chapter I-) 

Here a l l  the proper t ies  of t h e  plasma a r e  contained i n  the  diel .ectr ic  tensor  
4 7. It i s  a func t ion  of the  wave vector k and frequency w and i s  a func- 

t i o n a l  of t he  d i s t r i b u t i o n  funct ions f (v) ( s  = e lec t rons ,  i ons )  of t he  so 

unperturbed plasma. 

Eqs. (I) are th ree  homogeneous equations for 

S e t t i n g  t h e  determinant of t h e  coerf ' ic ients  equal 
-A 

9 
the  components of E.  

t o  zero gives  a r e l a t i o n  

between Lu and k -- t he  plasm2 d ispers ion  r e l a t i o n .  What i s  of i n t e r e s t  

here i s  t h e  condi t ions under which t h e  d ispers ion  r e l a t i o n  w i l l  have a 

solintj.on with a p o s i t i v e  imaginary pa r t  of w. 

a wave which grows exponent ia l ly  i n  t i m e .  

Such a so lu t ion  represents  
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Eq. (1) i s  r a t h e r  d i f f i c u l t ,  t o  t r e a t  i n  general .  We s h a l l  s impl i fy  

it by making the  so-call-ed quasi-elec Lros ta t ic  approximation; t h a t  i s ,  we 

assume 
3 -+ 
E = - v @  = - i k g .  

Then Eq. (1) gives 

where 

i s  ca l led  t h e  d ie lec t r ic?  func t ion  oi” t he  plasma. 

poss ib le  t o  decoiiple longi tudinal  and t ransverse  waves except i n  s p e c i a l  

cases,  s o  Eq. ( 2 )  i s  m i  a r igorous ly  v a l i d  assumption. It, i s  approxi- 

Actually,  it i s  not 

2 mately va2.j.d i f  p = 8rtP/B << 1. 
d . 3  

For an i n f i n i t e  uniform plasma i n  a magnetic field B = e Bo, the  
z 

die l -ec t r ic  func t ion  has the  form (Reference 1, Chapter 7)  

&re  0 and u! a r e  plasma and cyclotron frequencies  f o r  species  s ,  and 

fos(y1., v ) are t h e  unperturbed ve loc i ty  d i s t r i b u t i o n  func t ions .  

a Bessel func t ion  or order n .  I n  doing the  veloci-ty space i n t e g r a l  it 

PS c s  

J is 
Z n 
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must €'Lrst be assumed t h a t  (1) has a pos i t i ve  imaginary pa r t  (-this i s  

e s s e n t i a l l y  the  Landau p resc r ip t ion  f o r  t r e a t i n g  the  s i n g u l a r i t y ) ;  then 

~ ( k ,  a) i s  a n a l y t i c a l l y  continued i n t o  t h e  rest of t h e  complex u-plane.  

F ina l ly ,  ~ ( k ,  a) = 0 gives  t h e  d ispers ion  r e l a t i o n .  

3 

-+ 

A tremendous amount oP work has been done i n  solving E = 0 when E: i s  

given by Eq. ( 5 )  and var ious assumptions a r e  made about f 

s h a l l  not attempt t o  summarize the  r e s u l t s  but  r a t h e r  t o  d i s t i l l  f i -om t h i s  

work some i n s i g h t s  i n t o  t h e  na ture  of t h e  i n s t a b i l i t i e s .  We s h a l l  be 

p a r t i c u l a r l y  interested.  i n  condi t ions near the threshold f o r  i n s t a b i l i t y ;  

t h a t  i s ,  for small values of t h e  imaginary p a r t  of 0. Then, we may use 

(vL, 7 ~ ~ ) .  We os 

w e  w r i t e  a = R t- iy and assume t h a t  1.7 

f ind  as an approximation t h a t  t he  r e a l  

of 

where E and E a r e  t h e  r e a l  and imaginary p a r t s  of E. when (L, i s  r e a l .  I S  

~ ~ 1 ,  then w e  

i s  a so lu t ion  

l 2 

I Q I  and 1 ~ ~ 1  << 

par t  of t h e  frequency 

s 
E (k, Qk) = 0 1 

and the imaginary p a r t  of t h e  frequency i s  given by 

The last 

y+ = 
k 

part of 

- P 
2w 

I _ - - -  

.ows from 
+ - +  
J = ITE where 
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f s =  $1 - e )  

i s  the  plasma conduct ivi ty .  We may i n t e r p r e t  y-+as t h e  r a t i o  of t h e  power 

d i s s ipa t ed  by the  wave t o  twice the  energy of t h e  wave. The energy of the  

wave i s  given by the  e l e c t r i c  f i e l d  energy ( E l  /81t times t h e  f a c t o r  

k 

4 2  

&El/& which co r rec t s  f o r  t he  energy of t h e  p a r t i c l e s  which move i n  

response t o  t he  wave (Reference I., Chapter 1). 

i f  t he  energy of t he  wave is pos i t ive ,  then i n s t a b i l i t y  occurs ( i * e . ,  

yk > 0 )  when the  d i s s i p a t i o n  P i s  negat ive.  

t h e  p a r t i c l e s  which cont r ibu te  t o  E a r e  those for which the  Doppler 2 

s h i f t e d  frequency - k v -is just, equal t o  a harmonic of t h e  cyclotxon 

frequency W . 'These p a r t i c l e s  are i n  resonance with the wave and hence 

s t rongly  absorb energy from and emit energy i n t o  the  wave. I f  more 

From Eq. (6 )  i t .  i s  seen t h a t  

z z  

c s  

p a r t i c l e s  emit, than absorb then the wave grows; i f  more absorb than  erni.t 

then t h e  wave i s  damped. 

The energy of a wave can be negat ive i f  & /b 0. I n  t h i s  case a 1 

pos i t i ve  d i s s i p a t i o n  removes enmgy from the  wave making it more negat ive 

and hence increas ing  i t s  amplitude. 

We s h a l l  now spec ia l i ze  t o  the  case of t he  two-temperature Maxwell- 

Boltzmann d i s t r i b u t i o n  given by 

We shall also assume t h a t  TI and T a r e  very small f o r  t h e  e l ec t rons .  / I  
Then, E.  i s  determined almosi; e n t i r e l y  by t h e  e l ec t rons  and 1 

(1-2 ) 
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Solving E = 0 f o r  the  frequency gives 1 

z k 

k pe k 
R - + = c u  - .  

These a r e  plasma o s c i l l a t i o n s  i n  a magnetic f i e l d .  

on the  cosine of t he  angle between k and t h e  f i e l d  and ranges bebween zero 

The frequency depends 

3 

Figure 1 shows the contr ibut ions t o  y+as a funct ion of Q-b-. The terms k k 

due t o  &fso/avz i n  Eq. ( 5 )  are shown as s o l i d  l i n e s .  

t r i b u t e  a large but, narrow peak near the or ig in .  

The e lec t rons  con- 

%he ion contr ibut ions 

a r e  centered on the  harmonics of U) The ion  cont r ibu t ion  f r o m  “Le 
C i  - 

dfso/dvl terms are drawn as dotted l i n e s ;  these  cont r ibu t ions  are always 

negative.  

exceed the  negative.  

I n  order f o r  ? * t o  be p o s l t i v e  the p o s i t i v e  contr ibut ions inust 

This can only happen near t o  (but s l i g h t l y  below) 

Also  R+ must be i n  the  range 0 < .Rk 5 Upe, so k the  harmonics of ci 

i s  necessary fo r  i n s t a b i l i t y  of t he  n t h  harmonic.‘ I n  order for the  

positi.ve cont r ibu t ions  from the  ions  t o  exceed t h e  negative contr ibut ions,  

it may be shown t h a t  
m 

2 n 
ions 

(15) 

3 i s  necessary. 

If the  e lec t ron  temperature i s  increased, t h e  l a rge  negative con- 

t r i b u t i o n  of the  e lec t rons  shown on Fig. 1 widens and i t s  amplitude w i l l  

decrease. The f i r s t  effect of increasing the  e l e c t r o n  temperature i s  t o  

s t a b i l i z e  the  f i rs t  few harmonics. I f  t h e  el.ectron temperature increases  



8 

u n t i l  t h e  hk - Rk p lo t  looks l i k e  Fig.  2 ,  then the  cold e l ec t ron  assimption 

which led  t o  Eq. ( 1 2 )  i s  no longer va l id .  1nstea.d. E becomes 
1 

-1- f -  
1 
2- 2 k -19 

where Ib i s  the e lec t ron  Debye length.  The second t e r m  i s  t h e  el.ectron 

cont r ibu t ion  and t h e  t h i r d  term i s  t h e  n = 0 ion  contr ibut ion.  Solving 

f o r  t he  freqi-iency gives 

These a r e  ion  sound waves. 'Their maximum frequency i s  ; so  Eq.. (I)+) 

must be r=lplaced by 
P i  

w > c u  
P i  c i  

as t he  necessary condi t ion f o r  i n s t a b i l i t y  i n  t h e  region of high e l ec t ron  

temperatures e Eq. (15) i s  unchanged. 

W e  can now see changes i n  t h e  d i s t r i b u t i o n  funct ion t h a t  would in -  

crease t h e  i n s t a b i l i t y .  

afos/dvL terms i n  Eq. ( 5 )  give the negative cont r ibu t ions  (dotted curves)  

i n  Figs .  I and 2 .  

2 pos i t i ve  where Jn(kivl/~cs) i s  l a r g e "  

but ion l i k e  t h a t  shown i n  Fig. 3. T h i s  i s  a l o s s  COTE d i s t r i b u t i o n  and 

t h e  in s t , ab i l i t y  it gives rise t o  i s  t h e  l o s s  cone I n s t a b i l i t y .  

5 k = 0 i s  r a t h e r  i n t e r e s t i n g .  For it Eq. ( 5 )  t akes  t h e  form 

For t h e  d i s t r i b u t i o n  fui.ncti.on of Eq. (11.) t he  

These cont r ibu t ions  can be made posi-t ive i f  af /av, i s  os 

What we have i.n mind i s  a d i s t r i -  

4 The case 

Z 
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For sufficiently narrow l o s s  cone distributions E(k, -+ CU) = 0 gives instabil- 

ities with the real part of u) equal to zero. This would seem to contradict 

the comment made in Rosenbluth's paper that; low frequency velocity space 

instabilities were excluded by the conservation of 11 = vL 2 /B. Actually, 

p is not conserved here because the wavelengths of the unstable modes are 

shorter than the particles radius of gyration. 

I shall now leave the subject of quasi-electrostatic instabilities 
-+ 

If k is and say a few brief words about electromagnetic instabilities. 
3 

parallel to .the unperturbed magnetic field B then longitudinal and trans- 
0' 

verse waves are decoupled. One finds t'nat Eq.  (1) has cireul.arly polarized 

transverse wave solutions with 

E = + i E  Y -  X 

and 

An analysis of this dispersion relation yields Alfven, whistlers and light 

waves; these may be unstable for sufficiently anisotropic velocity 



1.0 

d i s t r i b u t i o n s .  I see  i n  t h e  program that some of t hese  i n s t a b i l i t i e s  a r e  

being discussed i n  the  contributed papers, so I s h a l l  not  d i scuss  them 

f u r t h e r  . 
Now I shall re turn to t h e  subject  of the q u a s i - e l e c t r o s t a t i c  i n s t a b i -  

l i t i e s .  Theory p r e d i c t s  i n s t a b i l - i t i e s  wit'n frequencies near harmonics of 

t h e  ion  cyclotron frequency when t h e  ions  have 8 l o s s  cone d i s t r i b u t i o n  

or a s u f f i c i e n t l y  an i so t rop ic  d i s t r i b u t i o n .  Such d i s t r i b u t i o n s  are ex- 

pected i n  magnetic mirror confined plasmas * Indeed, l a rge  ampliLude os 

c i l l a t i o n s  a t  harmonics of Lu 

shows spec t r a  of o s c i l l a t i o n s  observed in -the DCX-2 experiment a t  the Oak 

a r e  observed i n  such plasmas. Figure 4 c i  

6 Ridge National Laboratory. Harmonics up t o  t h e  100th a r e  observed. I n  

f a c t ,  i t  i s  r a t h e r  d i f f i c u l t  t o  explain on t h e  b a s i s  of l i n e a r  stabtl-i- ty 

t'neory why such high harmonics are unstable .  I be l i eve  t h a t  a more l i k e l y  

explanation i s  that  only t h e  f i r s t  f e w  harmonri.cs are l i n e a r l y  unstable  and 

t h a t  nonlinear processes Teed energy into t h e  higher harmonics. The non- 

l i n e a r  process involved here  i s  t h e  three-wave i n t e r a c t i o n  i n  which two 

waves w i t h  wave vectors  and fi-equencies kl, W, and k2, (u 

a t h i r d  wave with k 3 ,  u3 as shown i n  Fig. 5. 

i s  necessary t o  have 

4 --f combine t o  form I? 
-+ For t h i s  t o  be possible  it 

(22 1 - - + 3  k -kk = k  
1 2 3  

and 

This i s  possible  i f  t h e  frequencies  are given by e i t h e r  Eq.  (15) or (Irf). 

then (J) = (nl -+ n2hc i .  I n  t h i s  way the 
3 

If (ul := ii LU and w = n w 

higher harmonics obtain t h e i r  energy from Lower harmonics. The exchange 

1 c i  2 2 c i  
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of energy between the  waves by non-linear i n t e r e a c t i o n s  i s  a ccmplicated 

process and q u a n t i t a t i v e  predict ions a r e  d i f f i c u l t .  An attempt t o  explain 

some experimental r e s u l t s  i n  these  terms has been pub]-ished elsewhere. 

Although not as successful  as could be desired,  i t  seems t o  be a s t e p  i n  

t h e  r i g h t  d i rec t ion .  7 

?"ne l i n e a r  theory OS i n s t a b i l i t i e s  i n  i n f i n i t e  homogeneous plasmas i s  

now r a t h e r  wel l  developed. I n  order f o r  theory t o  be rea l . ly  u s e f u l  i n  

i n t e r p r e t i n g  experiments, w e  need t o  go beyond t h i s  and develop the theory 

of (a )  non-linear e f f e c t s  such as those mentioned i n  the  preceeding pzira- 

graph, and ( b )  f ini te-plasma effects. 
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