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' ABSTRACT

The purpose of this investigation was to determine the stress-strain

properties of lead subjected to gross compressive strains at strain

rates comparable to those experienced by lead shielding in shipping con

tainers for radioactive materials under accident conditions. A survey

of technical literature related to the experimental determination of

dynamic stress-strain relationships for metals revealed a general lack of

documentation of the materials tested and that the strain rates used in

these investigations were not generally in the range desired for the

purpose of this investigation. The needed data were therefore developed

in an experimental test program.

Right circular cylinders of chemical lead with five different geom

etries were impacted by free-falling steel cylinders of three different

weights dropped from various heights. The force was measured and

recorded as a function of time by using a resistance-strain-gage load

cell, amplifier, oscilloscope, and a Polaroid camera. A computer pro

gram was written to numerically integrate the force-with-respect-to-time

data to obtain velocity-with-respect-to-time and displacement-with-

respect-to-time data. From these data, a stress-strain curve was

plotted and an approximate equation for this curve was written.

It was found that the empirical equation described the dynamic true

stress-strain curve for chemical lead and that the curve for this equa

tion demonstrated reasonable agreement with the experimental data at

strains up to 0.5 inch per inch. It was concluded that the dynamic

stress-strain relationship for chemical lead expressed by this equation
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can be applied in actual design problems with approximately the same

accuracy as is normally encountered when published material property

data are used.
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1. INTRODUCTION

The increasing use of radioactive materials for power generation,

research, and other applications has necessitated the use of public

transportation systems and facilities for the shipment of these mate

rials. To protect the general public and safeguard the surrounding

real estate, the Federal Government, through the United States Atomic

Energy Commission and the Department of Transportation, has established

regulations governing these shipments. These regulations appear as

Part 71 of Title 10 of the Code of Federal Regulations (1)*. A portion

of the regulations governs the design and performance of containers in

which radioactive materials are shipped. To insure that significant

quantities of radioactive material are not released and that radiation

doses in excess of specified limits are not encountered even under acci

dent conditions, it is required that a container maintain its effective

ness during and after a specified hypothetical accident. This accident

has four major conditions, which are outlined as follows.

1. The package must be subjected to a free drop through a distance

of 30 feet onto a flat essentially unyielding horizontal surface, strik

ing the surface in a position in which maximum damage is expected.

2. The first condition is followed by a free drop through a dis

tance of 40 inches, striking in a position in which maximum damage is

expected the top end of a vertical cylindrical mild-steel bar mounted

^Numbers within parentheses in the text designate numbered
references given in the List of References.
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on an essentially unyielding horizontal surface. The bar shall be 6

inches in diameter, with the top horizontal and its edge rounded to a

radius of not more than 1/4 inch, and of such a length as to cause maxi

mum damage to the package but not less than 8 inches long. The long

axis of the bar shall be normal to the surface of the package.

3. Next, the package must be subjected to exposure for 30 minutes

within a source of radiant heat having a temperature of 1,475°F and an

emissivity coefficient of 0.9 or equivalent. For calculational pur

poses, it shall be assumed that the package has an absorption coeffi

cient of 0.8. The package shall not be cooled artificially until after

the 30-minute test period has expired and the temperature at the center

of the package has begun to fall.

4. As the last condition, the package must be immersed in water

for 24 hours to a depth of at least 3 feet.

1.1 Demonstrating Compliance With the Regulations

Prior to obtaining permission to ship radioactive material in a

particular package or container, the shipper must demonstrate to the

regulatory body (the United States Atomic Energy Commission or the

Department of Transportation) that the container meets the provisions of

the regulations. Full-size and model containers have been subjected to

the specified accident conditions to demonstrate their compliance with

the regulations. However, this practice is not desirable for economic

reasons. Also, it is doubtful that many of the features of a shipping

container for radioactive material can be adequately modeled. More
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often, the shipper demonstrates compliance with the regulations with an

approximate analytical analysis of the container in question.

Shipping containers are of two general types: shielded containers

used to transport gamma and/or neutron emitting materials and unshielded

containers used to transport non-gamma and/or non-neutron emitters.

Most of the existing shielded containers employ lead as a shielding

material and are designed primarily for shielding against gamma radi

ation. In general, these containers consist of an inner and outer shell

of steel or stainless steel with the space between the shells filled

with cast lead. An impact such as required by the first two conditions

of the hypothetical accident would result in significant deformation of

a shielded container and a reduction in the effectiveness of the shield

ing. Also, the seal might fail and release radioactive material.

Analyses of shielded containers have generally resulted in ultra-

conservative design in that most of these analyses were based on mate

rial properties determined by static tests. However, many materials

have impact properties which vary significantly from their static prop

erties. Generally, the stress for a given strain will be higher under

impact conditions. Hence, if static properties are used to compute the

deformation resulting from the free-fall conditions of the hypothetical

accident, a deformation significantly larger than the true deformation

will be indicated. Since lead is frequently used as the shielding mate

rial in shipping casks, the determination of its stress-strain prop

erties under impact conditions is of importance.
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1.2 Determination of Stress-Strain Properties of Lead

Under Impact Conditions

The study reported here was undertaken to determine the stress-

strain properties of lead under impact conditions, and the first step

taken was a review of the available technical literature on the subject.

It was found that previous work on this subject did not fully fill the

needs of the problem being studied, and the decision to conduct an

experimental investigation was made. The composition, geometry, and

fabrication method of the test material were selected; and conventional

static tests were made on the material to verify its static properties

and to provide a basis for comparing materials of similar but varying

composition. Sixty-eight test specimens were then impacted under simu

lated accident conditions, and the force-time data were successfully

measured and recorded photographically. A computer program was written

to transform the test data into stress-strain data, and the results

were evaluated.

The findings of the literature search are discussed in Section 2.

Development of the test program and apparatus is discussed in Section 3,

performance of the tests is described in Section 4, and transformation

of the resulting test data and its evaluation are discussed in Section

5. A summary of the test procedures, the conclusions drawn from the

results of the tests, and recommendations for future work are presented

in Section 6.



2. REVIEW OF LITERATURE

The literature pertaining to the experimental determination of

dynamic stress-strain relationships for metals was surveyed for two

reasons. The first of these was to determine whether dynamic stress-

strain data that could be used to improve the accuracy of the approxi

mate calculation associated with the impacts specified in the first two

conditions of the hypothetical accident had been previously developed

and published. The second reason was to study the experimental tech

niques and methods that have been used to obtain similar data.

Hard spheres were dropped on large specimens of ductile materials

in experimental investigations conducted by Tabor (2). It was assumed

that the concept of a constant dynamic yield pressure, or flow pressure

as it was also called, offers a reasonable representation of the actual

forces involved in a plastic impact. Tabor derived the expression

P = S&(h - 3h ) (2.1)
V i 2

for dynamic yield pressure where

P = dynamic yield pressure,

m = mass of the sphere,

g = gravitational acceleration,

v = volume of indentation,

h = height from which the sphere was dropped, and
l

h = rebound height of the sphere.
2

Tabor also empirically derived the expression

P

Y K (2.2)



where

c = yield stress of the material,
y

P = static yield pressure, and

K = a constant (called Tabor's constant) found by Tabor (2) to be

equivalent to 2.8 for most materials. .

Equation 2.2 is valid for low or quasi static velocities. From this

work, Tabor (2) found the ratio of P/P to be 1.58 for lead. Using
s

this ratio, Equation 2.2, and a value of 2,000 pounds per square inch

for a in Equation 2.2; a dynamic yield pressure was computed as follows.

P = 1.58PC = 1.58Ko\, (2.3)
s y

= 8,850 pounds per square inch.

A series of tests similar to those performed by Tabor was conducted

in earlier work by Vincent (3). Hard steel spheres were dropped on mas

sive lead specimens in these tests. The diameters of the spheres used

were 0.500 inch, 1.000 inch, and 1.500 inches; and the velocity of

approach varied from about zero to approximately 45 feet per second.

The equation for the dynamic flow pressure developed in this work was

where

P = dynamic flow pressure,

m = mass of the sphere,

D = diameter of the sphere,

V = velocity at impact, and

d = diameter of the resulting dent in the lead.

Values of P in the range of 8,700 to 16,850 pounds per square inch were

reported.
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Similar experiments were conducted by Crook (4). These tests

differed from Tabor's (2) in that the specimen was attached to a long

lead bar suspended horizontally with a piezoelectric crystal between the

specimen and the bar. A freely swinging ball or cylinder was used to

impact the specimen. The crystal was calibrated and its. output fed to

an oscilloscope to record a force-time history of the impact. Crook

made simplifying assumptions to interpret his test data. The most

important of these was the assumption that the mean pressure over the

contact area remains constant throughout the plastic portion of the

impact. Dynamic flow pressures in the range of 12,800 to 13,900 pounds

per square inch were reported for velocities of approach of 23.25 feet

per second.

Dynamic tests in which lead specimens were impacted by hardened

steel spheres were conducted by Mok and Duffy (5,6), who also performed

static indentation tests of spheres on lead. A series of simple com

pression tests with both a Hopkinson Bar apparatus and a static compres

sion testing machine were made in conjunction with the sphere-on-lead

impact tests, and the results were compared. Spheres with diameters of

1/2 and 1 inch were used in the dynamic impact tests at velocities up to

approximately 17 feet per second. Mok and Duffy found Tabor's constant

for lead, K, to be 3.59 rather than the 2.8 value determined by Tabor.

The flow pressure was computed by using the equation

where

P = dynamic yield pressure,

a, = constant = 0.44 to 0.47,

— (2 5)
32D ' U ;
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m = mass of sphere,

v = velocity of sphere prior to impact,

d = diameter of the dent in the lead, and

D = diameter of sphere.

The flow pressure (dynamic yield pressure) was converted to stress by

using Tabor's (2) equation for static yield pressure in a dynamic sense,

a =| (2.2)
y K

with K assigned the value of 3.59. Strain was computed by using the

equation

*=5D' (2'6)

which was also derived by Tabor. Stress was converted to true stress by

using the relationship

a = true stress = a (1 - e) . (2.7)

The equation

<rt =ben (2.8)

where

b = 7,800 and

n = 0.432

for a strain rate of 150 inches per inch per second for strains up to

0.1 inch per inch was derived from the data resulting from the tests

made with the Hopkinson Bar apparatus. The results of the simple com

pression tests and the ball tests are compared in the plots illustrated

in Figure 2.1.
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Figure 2.1. Comparison of Results of Simple Compression Tests and
Ball Tests to Determine the Yield Stress of Lead Under Impact.

Source: C. H. Mok and J. Duffy, "The Dynamic Stress-Strain Relation
of Metals As Determined From Impact Tests With a Hard Ball," Interna
tional Journal of Mechanical Science (Pergamon Press Ltd., Oxford),
Vol. 7, pp. 355-371, 1964.
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Experiments with Hopkinson Bar Apparatus were also conducted by

Gondusky and Duffy (7). Several specimens of commercial and high-purity

lead of various grain sizes and crystallographic orientations were

loaded dynamically in compression by means of Hopkinson Bar apparatus.

These specimens were right circular cylinders 0.400 inch long with diam

eters of 0.400 inch. The tests were conducted at strain rates in the

range of from 1,100 to 1,200 inches per inch per second. The results of

the tests conducted with commercial lead specimens are illustrated in

Figure 2.2.
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Figure 2.2. Dynamic Compression Stress-Strain Curve for Commercial
Lead Specimens.

Source: J. M. Gondusky and J. Duffy, "The Dynamic Stress-Strain
Relationship of Lead and Its Dependence On Grain Structure," Technical
Report Number 53, Division of Engineering, Brown University, Providence,
Rhode Island, May 1967.
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Experiments in which right circular cylinders of lead were impacted

by a free-falling weight were performed by Slater, Johnson, and Aku (8).

The lead specimens were 1 inch long with diameters of 1 inch, and the

weight of the falling body was 22.5 pounds. Several drop heights were

used, and these ranged .from 2 to 12 feet. The free-falling weight did

not impact the specimen directly; instead, it impacted a plunger of sig

nificant but unreported mass that rested on top of the specimen. The

output of a load cell was fed to an oscilloscope to provide a force-time

record of each impact. Similarly, a capacitance type of displacement

transducer was used in conjunction with the dual-beam oscilloscope to

supply a displacement-time history of the impacts. These data enabled

the investigators to construct stress-strain curves directly, and the

results of their tests are illustrated in Figure 2.3.

In conjunction with their tests, Slater, Johnson, and Aku proposed

the approximate equation

cr = a (1 + C£n)K£m (2.9)
t s .

where

a = dynamic true stress,

o* •= static true compressive stress,

C = constant with mean value of 0.004,

e = average compressive engineering strain rate,

n = index with mean value of 2.02,

e = compressive engineering strain at any instant, and

m = index with mean value of 0.44.

The investigators used Equation 2.9 to predict the results of their

experiments to within 157° of the actual test results.
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Figure 2.3. Experimental Relation Between Dynamic True Compressive
Stress and Compressive Engineering Strain for Pure Lead at Ambient

Temperature.

Source: R. A. C. Slater, W. Johnson, and S. Y. Aku, "Experiments in
the Fast Upsetting of Short Pure Lead Cylinders and a Tentative Anal
ysis, " International Journal of Mechanical Science (Pergamon Press Ltd.,
Oxford), Vol. 10, pp. 169-186, 1968.
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The literature survey revealed that a considerable amount of

investigative work has been done to determine the dynamic stress-strain

properties of lead and that three unique experimental procedures have

been used in this work. The results of the various investigations

reported are also correlated within the limits of engineering accuracy.

However, the general lack of documentation of the materials tested

creates doubt as to what the actual test specimens were in many cases.

Also, the maximum strain and impact velocity were limited in most cases.

In no sequence of tests reported were strains in excess of 0.2 inch per

inch achieved.



3. DEVELOPMENT OF TEST PROGRAM AND APPARATUS

The strain rates used in the investigations of the dynamic

stress-strain properties of lead reported in the literature were not

generally in the range of those experienced in the 30-foot-free-fall

condition of the hypothetical accident. A considerable variation in the

results of.the investigations reported was also noted. Therefore, it

was decided to develop the needed data in an experimental test program.

3.1 Test Philosophy

The general test philosophy of impacting specimens with a free-

falling weight was selected as being most applicable to the problem. It

was felt that this approach offered the most promising means of obtain

ing the desired data within the limits of engineering accuracy at a min

imum cost. It was also recognized that the successful conclusion of

this test program was contingent on being able to measure and record or

determine the force applied to the specimen, the velocity of some point

or points in the specimen, and the displacement of the specimen with

respect to some common function such as time. Considerable difficulty

and expense were anticipated if the velocity and displacement were to be

measured and recorded directly. In contrast, the techniques for mea

suring and recording force with respect to time are well developed,

universally accepted, and usable at reasonable costs. The other param

eters, velocity and displacement, can be derived from the force-with-

respect-to-time data.

14
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Force may be converted to acceleration by Newton's Second Law.

Acceleration with respect to time may be converted to velocity with

respect to time by using the expression

rt = t

a dt, (3.1)

where

v = v
t o

t = o

v = velocity at a point in time,

v = velocity at time equal to zero, and

a = acceleration.

Similarly, displacement with respect to time may be determined by using

the expression

•t = t ^t=t rt = t rt = t

Xt = vt dt = vo dt -

t = o J t = o t = o J

a dt (3.2)

t = o

where X = the displacement at a point in time. Additional data, such

as stress, true stress, strain, and strain rate, can be determined from

these parameters through application of basic engineering disciplines.

3.2 Design of Test Facility and Instrumentation

The test facility shown in Figure 3.1 was designed, fabricated, and

installed at the Oak Ridge National Laboratory Drop Tower. Three mild-

steel rods 1/2 inch in diameter were suspended the length of the tower

and aligned with respect to each other by spacers located at appropriate

intervals. This assembly served as a guide for the cylindrical weights

used to impact the specimens. The weights consisted of three right cir

cular mild-steel cylinders that weighed 6.94, 8.69, and 10.56 pounds.
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The maximum drop height was 432 inches. A spring-loaded ball-detent

pin was modified to serve as an automatic release mechanism for the

weight to be dropped, and a heavy-duty fishing reel was installed to

hoist the weight up to the drop position.

The load cell was designed as a cylinder 4 inches long with an out

side diameter of 2 inches and an inside diameter of 1.8 inches and was

fabricated of Type 6061-T6 aluminum alloy. Bonded resistance strain

gages were cemented to the cell in a full bridge, as illustrated in

Figure 3.2. This arrangement effects an approximate two and six-tenths

gage output amplification, as compared with a single compression gage.

Self-compensating foil gages with a gage length of 1/8 inch were used.

The output of the Wheatstone bridge was fed to a Tektronix Type 551

cathode ray oscilloscope after amplification by a Honeywell Model 130-2C

amplifier and bridge balance unit. The battery powered trace trigger

was selected to initiate the single-sweep scope trace, and a Polaroid

camera was used to record the force signal displayed on the screen of

the scope at a known sweep rate. A schematic diagram of this apparatus

is illustrated in Figure 3.2.

3.3 Instrument Calibration and Preliminary Test

The load cell, amplifier, and oscilloscope package were calibrated

to the design capacity of the cell (12,000 pounds) by using a Baldwin

120,000-pound hydraulic compression testing machine. The calibration

curve is illustrated in Figure 3.3.

A test was conducted to determine the effect of the guide rods on

the free-fall velocity of the weights. The apparatus schematically
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(a) LOAD CELL

OSCILLOSCOPE-

AMPLIFIER 6 VOLTS (DIRECT CURRENT)-

TRIGGER-

MmaaM
24 a

(b) INSTRUMENT SCHEMATIC

Figure 3.2. Load Cell and Schematic Diagram of the Instrumentation
Used in the Impact Tests.
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illustrated in Figure 3.4 was used to conduct this test. A weight was

released from a known elevation. When the falling weight severed the

first small conductor, both traces of the dual-beam oscilloscope were

initiated. When the second and third conductors were severed, the

traces were interrupted. The traces were photographed, as previously

described. With the distance between the second and third conductors

known and the time required for the weight to travel this distance

determined from the photographs, the velocity of the weight at the mid

point between the conductors was computed by using the expression

v=£ (3.3)
where

v = velocity,

X = distance, and

t = time.

During this test, weights were released from nominal elevations of 10,

20, and 30 feet. The distance X was held constant at 17.5 inches. The

values of velocity determined in this manner deviated a maximum of 0.5%

from those computed with the well-known theoretical expression

v = (2gh)l/2 (3.4)

where

g = gravitational constant taken as 32 feet per second per second,

and

h = the height or elevation from which the weight falls.

This small deviation indicated that the error introduced into the final

results by using the theoretical or ideal free-fall velocity was not

significant.
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LOSCOPE

1.5 VOLTS

Figure 3.4. Schematic Diagram of Apparatus Used to Measure Free-
Fail Velocity in Impact Tests.
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3.4 Selection of Test Material and

Fabrication of Specimens

A survey of shipping cask design practice revealed that cast-in-

place chemical lead was generally specified as the shielding material.

The American Society for Testing and Materials Specification ASTM B29

was also frequently used to further specify the material. Chemical lead

conforming to ASTM B29 was therefore selected as the test material.

Right circular cylinder impact test specimens with diameters of 1

and 1 1/4 inches and length-to-diameter ratios of 1, 1.5, and 2 were

cast in high-quality graphite molds. The ends were machined so that

they were parallel to each other and perpendicular to the center line

of each cylinder within 0.001 inch in 4 inches. The diameters did not

require machining.

Similar static tension and compression test specimens were also

fabricated from the same lot of material. Tensile and compressive

stress-strain tests were conducted to establish the actual static

properties of the impact test material, and the results of these tests

are illustrated in Figures 3.5 and 3.6.
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X STRAIN RATE 0.266x10 INCHES PER INCH PER SECOND

O STRAIN RATE 78.2 x 10"4 INCHES PER INCH PER SECOND
• STRAIN RATE 2.31 x 10"2 INCHES PER INCH PER SECOND

0.2 0.3 0.4

STRAIN, e (INCH PER INCH)

0.6

Figure 3.5. Quasi-Static True Stress-Strain Curves for Chemical
Lead Test Specimens in Compression.



3,000

2,500

i
o

2,000

co
Q

z

o
a

CO
CO
UJ

or

to

UJ

z>

1,500

1,000

500

24

X STRAIN RATE 0.000102 INCH PER INCH PER SECOND

A STRAIN RATE 0.00102 INCH PER INCH PER SECOND
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Figure 3.6. Quasi-Static True Stress-Strain Curves for Chemical
Lead Test Specimens in Tension.



4. PERFORMANCE OF IMPACT TESTS

Sixty-eight specimens were impact tested, and the force-time data

for each impact were successfully measured and photographically recorded

with the instrumentation described in Section 3.2 (pages 15-17). Cylin

drical lead specimens with five different geometries were tested by

using weights of 6.94, 8.69, and 10.56 pounds dropped from several dif

ferent elevations. Data were taken for the nominal specimen geometry,

weight, and drop height combinations given in Table 4.1. Specimens

before and after impact tests are shown for visual comparison in

Figures 4.1 and 4.2.

Table 4.1

Specimen Geometry, Weight, and Drop Height Combinations
Used in Impact Tests

Specimen Geometry Drop Height in

for Weights

Inc

of

:hes

Diameter Length
(inches)(inches) 6.94 Pounds 8 .69 Pounds 10.56 Pounds

1.0 1.0 434.0 432.0

1.0 1.0 364.0 360.0 360.0
1.0 1.0 288.0 288.0

1.0 1.0 207.0 207.0

1.0 1.0 120.0 120.0

1.0 1.5 431.5
1.0 1.5 359.5
1.0 1.5 240.5
1.0 1.5 120.0
1.0 2.0 359.0
1.0 2.0 240.0

1.25 1.25 359.8 120.0

1.25 2.50 430.5
1.25 2.50 358.5
1.25 2.50 239.8

25
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The procedures used to conduct the impact tests for each of the 68

specimens were as follows. The weight release trip was set at the

desired drop height, the release mechanism was connected to the selected

weight, the weight was hoisted above the safety stop, and the stop was

installed. A test specimen of the desired geometry was selected, and

its diameter and length were measured to the nearest thousandth of an

inch. The machined ends of the specimen were lubricated with Garlock

"Luball" molybdenum disulfide high-pressure lubricant to reduce fric

tion between the weight, specimen, and load cell. The specimen was

then placed on the load cell and visually centered with the scribed

alignment rings on the top surface of the cell.

The desired sweep rate and force scale were set on the oscilloscope.

Sweep rates of 0.2 and 0.5 millisecond per centimeter and force scales

of 2080 and 3125 pounds per centimeter were used. The selection of the

sweep rate and force scale was a function of the drop height, weight

dropped, and the geometry of the specimen. The trace trigger was set a

small distance, approximately 1/4 to 1/2 inch, above the top of the

specimen. The oscilloscope screen illumination was turned to its maxi

mum value, and the screen was photographed.

The weight was hoisted to within a few inches of the release trip

and the safety stop was removed. The Polaroid camera was set for time

exposure with the scale illumination off and the shutter open. Then the

weight was hoisted until the release mechanism contacted the trip,

releasing the weight. The free-falling weight first contacted the

trace trigger, initiating the single-sweep trace. The falling weight

then contacted the specimen and transmitted force to the load cell. As
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After concluding the impact tests, values of applied force were

scaled from the photographs for a constant time increment of 0.1 milli

second. The time required for the impacts varied from a minimum of 1.3

to 2.5 milliseconds. Thus, between 13 and 25 data points with non-zero

values were taken for each specimen. The maximum force recorded was

approximately 12,000 pounds.



5. DATA TRANSFORMATION AND EVALUATION

The force-time data recorded during the impact tests were

transformed into stress-strain data by means of a computer program, and

the resulting data were evaluated analytically.

5.1 The Computer Program

A Fortran program applicable to the IBM 360 computer was written to

transform the force-time data read from the Polaroid photographs into

stress-strain data. The computer program was coded to separate and list

the stress values for strains in increments of 0.025 inch per inch,

average the stresses and strains in these strain increments, and compute

the standard deviation of both average stress and average strain. The

stress and strain values were separated and listed with respect to the

strain rate in increments of 20 inches per inch per second and also with

respect to the average strain rate. This computer program is given in

Appendix A.

The values of force scaled from the photographs made during the

impact tests were transferred to IBM data cards as were the test param

eters or variables of drop height, weight dropped, initial diameter of

specimen, initial length of specimen, and the final deformed length of

the specimen. The first portion of the computer program down to and

including Statement 650 fulfills the routine function of the input of

data, dimensioning of storage, and zeroing the storage. The loops

formed at Statements 670 to. 700 convert the values of force applied to

31
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the load cell to acceleration of the top of the specimen or the bottom

of the weight.

A free-body diagram of the weight, specimen, and load cell is

illustrated in Figure 5.1. Summation of the forces acting on the

specimen results in the expression

"(i,j) " '"a,j> " Fd.j) - ° • "^
where the subscripted letter I refers to the specimen identification

number and the subscripted letter J refers to the data point identifi

cation number used in the computer program given in Appendix A.

It was assumed that the acceleration of the specimen with respect

to its length varied linearly from a value equal to the acceleration of

the weight at its top to zero at its bottom. It was also assumed that

the acceleration of the weight did not vary with respect to its length

and that the load cell remained stationary. Within the framework of

these assumptions, the equation of equilibrium becomes

M A _ s (IiJ) = F v (5.2)
w (I,J) 2 *<I,J) '

where

M = mass of the weight dropped,
w

A = acceleration in feet per second per second, and

M = mass of specimen,
s

Solving Equation 5.2 for A, T^ and substituting constants and test

parameters for mass results in the expression

F(I J)32'0
A(I,J) - *n2 r n ' ^*J;

W(I) " 8D(I)C(I)P
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•WEIGHT

(I,J)

SPECIMEN

r(l,J)

LOAD CELL

(I,J)

Figure 5.1. Free-Body Diagram of Weight, Specimen, and Load Cell.
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where

W = weight of impacting weight in pounds,

D = initial diameter of specimen in inches,

C = initial length of specimen in inches, and

p = density of specimen.

Equation 5.3 is equivalent to the Fortran equation in Statement 690 of

the computer program after constants have been substituted.

The loops at Statements 710 to 730 in the computer program compute

the initial velocity V , which is defined as the velocity when time and

force equal zero. It was assumed that the velocity of the top of the

specimen and the velocity of the bottom of the falling weight are the

same and that the velocity of the specimen varies linearly over its

length from a maximum at its top surface to zero at its bottom surface.

Therefore, the initial velocity of the center of mass of the specimen is

one-half the initial velocity. The assumption that if the stress wave

has propagated the length of the specimen at this time, the resulting

external force applied to the bottom of the specimen is negligible is

demonstrated in Appendix B. Within this framework, the principle of

conservation of momentum for this system may be stated in conventional

mathematical notation as follows.

V

V'M = V M + -_ M . (5.4)
o w o w 2 s '

where

V1 = velocity of falling weight upon impact,

M = mass of weight,
w

V = initial velocity of weight and specimen at T = 0, and

M = mass of specimen.
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Dividing Equation 5.4 through by M^ substituting (2gH) for V^, and

solving for V results in the expression

Vo<I) " —^ ' <5'5>
, +BDa)c(i)p

8W„

where

g = gravitational acceleration,

H = drop height of weight in inches,

p = density of specimen, and

Ww = weight of dropped weight in pounds.

Equation 5.5 is equivalent to the Fortran equation in Statement 700 of

the computer program given in Appendix A.

The loops between Statements 770 and 970 in the computer program

convert the acceleration-with-respect-to-time data to velocity-with-

respect-to-time data. From basic engineering mechanics it is known that

t = T

V(I,J) =Vo(l)-/ adt . (5.6)

Since the function for acceleration with respect to time is unknown, the

integral cannot be evaluated. However, the value of the acceleration at

specific points in time is known, and the integral can be evaluated by

approximate numerical integration techniques. Simpson's Rule of numer

ical integration is such a technique.

The curve shown in Figure 5.2 was assumed to be a plot of accelera

tion with respect to time with AT a constant. For an acceleration-time

curve such as this, the application of Simpson's Rule results in the

expression



a=A(I,J)

f= a=A(I,2)
<
cr
UJ

£ a^A(i.t)
<
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t\ 't i

I O <•-
t = T,(1,1) * =T,(1,2)

t =T,(I,J)

TIME, t-

Figure 5.2. Assumed Curve of Acceleration With Respect to Time.

V(I,J) ~ Vo(l) 3
AT

Ad,o) +a(i,j) +4(A(i,D

+ Ad,3) + + A
(I,J-D

+2(A(I,2) +A(I,4) + •" T"(I, J-2). + A, (5.7)

For the data taken in the impact tests, A^ Q. is always zero. This

method is limited in that J must be an even integer. However, when J is

an odd integer, this limitation can be overcome by computing the area of

the first increment by the trapezoidal rule and applying Simpson's Rule

to the increments 1 to J. Since it was desirable from an accuracy stand

point to compute the velocity at every, data point, this technique was

followed.' Equation 5.8 is valid for an odd number of increments.

V,T TN = V /TN - AT
(I, J) o(I)

A(I,0) + A(I,D) AT
2 + 3

+4(A(I,2) +A(I,4) + '•• T"(I,J-1)

A(I,1) + A(I,J)

+ A,

+ 2,A(I,3) + A(I,5) + ••• +A(I,J-2) (5.8)
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However, Equation 5.8 is not valid for one increment, and the expression

v(i,i) =vo(i) "2~(A(i,o) "A(i,i)) (5;9)
must be used to evaluate the velocity at the first data point with a

non-zero value.

A series of three similar loops located between Statements 1010 and

1210 in the computer program, which is given in Appendix A, evaluates

the deformation of the specimen with respect to time. Simpson's Rule is

used to numerically integrate the expressions. The previously discussed

limitations concerning increments are also applicable in this case, and

AT is again constant. The expression

X
(I, J)

L(I,J)

AT

3

X(I,D=AT
V /T. + V,T 1N
o(I) (1,1)

2
(5.10)

for one increment where X = deformation of the specimen, the expression

Vo(l) +V(I,J) +4(A(I,1) +A(I,3)

+ Att,5) + + A,
(I,J-D

+2(A(I,2) +A(I,4) +A(I,6) + ••• +A(I,J

for an even number of increments, and the expression

•2)
(5.11)

- AT Vo(D +V(I,D +ATai 2 +3 V(I,D + V<I,J>

+ 4|A(A(I,2) +A(I,4) + ... + A (i,j-d)
+ 2/A(A(I,3) +A(I,5) + '•• +A(l,J-2)) (5.12)

for an odd number of increments equal to three or more were used to

evaluate the deflection at any point in time.
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Deflection is converted to strain in the loop formed by Statement

1220 through Statement 1260 of the computer program, which is given in

Appendix A. The equation defining strain from elementary strength of

materials

XE = ^^J) ' (5.13)(I,J) c(I)

where

XE = strain in inches per inch,

X = deformation of specimen in inches, and

C = initial length of specimen in inches;

was used to effect this conversion.

Force is converted to engineering stress in the loop formed by

Statements 1280 through 1310 of the computer program. The basic

equation for engineering or apparent stress

4

where

S = engineering stress in pounds per square inch,

F = force in pounds, and

D = initial diameter of the specimen in inches;

is equivalent to the Fortran equation in Statement 1300.

The computation of true stress effected in the loop formed by

Statements 1330 through 1360 in the computer program is slightly more

complicated since the actual cross-sectional area of the specimen with

respect to time is not known. Lead is essentially incompressible, and

the volume of the specimen at any point in time is approximately equal
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to the initial volume. The expression

-H^ • *""(1, J)°(I)(L"=<I, J)) ' <5•15)
where

D = diameter of specimen in inches,

C = initial length of specimen in inches,

X = deformation of specimen in inches, and

XE = strain in inches per inch;

may be solved for Area,_ . and the expression for true stress written.
\IjJ/

BT^n.'<I-J>'1'°<I>J>' (5.16)
(I'J> !!k

4

where

ST = true stress in pounds per square inch and

F = force in pounds.

The final deformation of the specimen is computed in the loop

formed by Statements 1380 through 1410 of the computer program, which

is given in Appendix A.

The remainder of the computer program is related to the output of

computed variables and grouping of these variables to facilitate inter

pretation of the data. Statements 1410 through 1431 effect the printing

of all computed double-subscripted variables and certain single-

subscripted test parameters.

The next three loops from Statements 1470 through 2530 group the

stress-strain data by strain increments of 0.025 inch per inch, average

the stress and strain over these strain increments, compute the standard
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deviation of average stress and average strain, and print this data.

The first of these loops performs these operations by using all the test

data from all 68 specimens. The second loop uses only that data which

accounts for a minimum of 90% of the available kinetic energy, and the

third loop uses only that data which accounts for a minimum of 95% of the

available kinetic energy. The percentage of the available kinetic energy

accounted for is based on the difference between the kinetic energy pos

sessed by the system at time equal zero (when the velocity is equal to

the initial velocity) and the kinetic energy indicated by the computed

velocity at the last data point (point of maximum force). The Fortran

equation in Statement 1920 of the computer program that computes the per

centage of kinetic energy accounted for is derived in Appendix B.

The next loop formed by Statements 2540 through 2670 of the computer

program groups the true stress and strain values with respect to the

strain rate computed in increments of 20 inches per inch per second. The

Fortran equation in Statement 2570 that computes strain rate is derived

in Appendix B. The loop formed by Statements 2690 through 3100 groups

the stress and strain values with respect to the average strain rate in

increments of 55 inches per inch per second. The equation in Statement

2700 that computes the average strain rate is derived in Appendix B.

The percentage difference between the measured (maximum) deflection

and the computed maximum deflection is determined in the loop formed by

Statements 3110 through 3140 of the computer program. The last portion

of the program, Statements 3150 through 3680, effects the printout of the

input force-time data and all single-subscripted variables and test

parameters. This portion of the output is also presented in Appendix A.
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5.2 Evaluation of Computer Output

The incrementally averaged stress-strain data are plotted in

Figure 5.3. It is noted that the curve plotted from data which accounts

for a minimum of 95% of the available kinetic energy exhibits the highest

value of stress for a given strain. Similarly, the curve plotted from

the data which accounts for a minimum of 90% of the available kinetic

energy has higher values of true stress for a given strain than does the

curve plotted from the averaged test data for all 68 of the specimens.

It is felt that the data group which accounts for the greatest

percentage of the available kinetic energy most nearly represents the

real dynamic stress-strain curve for lead. This supposition cannot be

proved but can be justified by the fact that this group of data includes

51.5% of the specimens tested and exhibits a significantly lower devia

tion. The maximum deviation in stress is approximately 1,100 pounds per

square inch, and it occurs in the curve plotted from all the data at a

strain of 0.5 inch per inch. This amounts to a 20% deviation based on

the mean of the stress values at the point of maximum deviation.

Study of the computer printout of stress and strain values grouped

in ascending increments of strain rate shows that the true compressive

stress for a given strain is not significantly dependent upon the strain

rate within the limits of the impact test data. This is illustrated in

Figure 5.4 in which stress-strain curves for four selected strain-rate

ranges are shown. The stress-strain data grouped in ascending order of

average strain rate shown in Figure 5.5 further demonstrate that lead is

not significantly rate sensitive within the range of the impact test

data. However, comparison of all the experimental dynamic stress-strain
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data with static stress-strain data shows that lead is rate sensitive

with respect to static or quasi-static strain rates.

An equation of the general form

Sfc = f(e) (5.17)

describing the applied true compressive stress as a function of strain

would be of considerable value in evaluating the effects of the impact

conditions specified in the hypothetical accident. Observation of the

true stress-strain curve plotted from the impact test data which

accounts for a minimum of 95% of the available kinetic energy illus

trated in Figure 5.3 (page 42) indicates that an equation of the form

ot.= be™ +k, (5.18)

where

a = true compressive stress in pounds per square inch,

b = a constant,

e = strain in inches per inch,

m = an index, and

k = a constant;

possibly describes the experimental impact data adequately. There are

numerous accepted procedures for fitting experimental data to equations.

The determination of the constants in Equation 5.18 may be accomplished

by using the following procedure (9).

The points (e ,a ) and (e ,a ) are chosen at or near the extrem-
1 tl 2 t2

ities of the curve formed by the experimental data. The coordinate e ,

which is the geometric mean of the points e and e , is computed afrom

the expression

6 =[(0(0]l/2 • (5-19)
3 12
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The value of a may be read from the plot of the curve illustrated in
t3

Figure 5.3 (page 42). The points (e,,a ), (e ,a ), and (e ,a ) need
1 tl 2 t2 3 t3

not be data points but must lie on the curve formed by the experimental

data. Equation 5.18 is rearranged in the form

at -k=bem , (5.20)

and the logarithm of both sides is taken, resulting in the expression

log (a - k) = m log e + log b . (5.21)

The points (e ,a ), (€ ,a ), and (e ,a ) are substituted in Equation
1 tl 2 t2 3 t3

5.21, and the following three equations result.

log (o — k) = m log e + log b (5.22)

log (a - k) = m log e + log b (5.23)
t2 2

log (a. - k) = m log e "+ log b (5.24)
t3 3

Addition of Equations 5.22 and 5.23 results in the equation

log (a - k)(a. - k) /log e + log e \£! ES = m[ 3-g S| +log b (5.25)
Division of Equation 5.25 by Equation 5.24 results in the equation

/log e^^ + log g2\
log (a., - k) (a. - k) m r + log b

tl t2 _ _l £ [
2(log a •— k) ~ m log e^ + log b

t3 3

Substituting [(en)(e_)] for e , Equation 5.26 reduces to
. 3

log (a - k)(a. - k)
11 ts -= 1. (5.27)2 log (at3 " k)

or

(5.26)

log (a - k)(a. - k) = 2 log (a. - k) . (5.28)
tl t2 t3

Taking the logarithm of both sides of Equation 5.28 and solving for k

results in the equation
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2
a. o\. — a.

k = tx tg ^— ' (5.29)
a + a. + a. 3
tl t2 t3

from which k may be evaluated. A plot of a — k versus e is made on

log-log paper, approximating a straight line having the equation

a = b€m + k . (5.18)

The constants b and m may be evaluated from this graph where b is the

a intercept at e = 1 and m is the slope of the line, and the equation

for true stress may be written. This equation may then be converted to

an equation for engineering stress by using the relationship

Following the procedure just discussed, the points (0.0021, 718)

and (0.52, 5900) were selected from the curve plotted from the experi

mental data accounting for a minimum of 95% of the available kinetic

energy that is illustrated in Figure 5.3 (page 42). These points ful

fill the requirement that they be near the extremities of. the curve.

The value of a was then read from the curve as being 3,500 pounds per
t3

square inch. The constant k was computed from Equation 5.29 and found

to be 20,980. The constants b and m were determined from the plot of

a - k versus e shown in Figure 5.6. The value of the constant b was

found to be 14,250, and the value of m was found to be -0.093. Hence,

the equation

-0 093a = 20,980- 14,250e U'U*J- (5.31)

describes the dynamic true stress-strain curve for lead. The curve of

this equation demonstrates reasonable agreement with the experimental

data at strains up to 0.5 inch per inch, as is shown in Figure 5.7.
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Similarly, the equation

-0 093_ 20,980 - 14,250€ U'U^
e ~ (1 - e) V-s*)

describes the dynamic engineering stress-strain curve for lead. The

curves for the true stress and the dynamic engineering stress as a

function of engineering strain are illustrated in Figure 5.8.

The use of Equation 5.32 in some calculations will require diffi

cult mathematical manipulations. When this is the case and a lower

level of computational accuracy can be tolerated, an approximate

straight-line equation having the general form

a = me + b (5.33)
e

may be used in lieu of Equation 5.32. The constants m, which is the

slope of the straight line, and b, which is the cr intercept, in

Equation 5.33 were evaluated for the straight line illustrated in

Figure 5.8 to develop the equation

a. = 16,680e + 2,050 . (5.34)
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6. SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS

6.1 Summary

To summarize before drawing conclusions and making recommendations,

68 specimens were impact tested to determine dynamic stress-strain data

for chemical lead conforming to American Society for Testing and

Materials Specification B29. Force was measured and recorded as a

function of time by using a load cell, oscilloscope, and photography

equipment. The force-time data were converted to acceleration-time

data and numerically integrated, and the IBM 360 computer was used to

obtain velocity as a function of time. A second integration yielded

displacement as a function of time. After converting force to stress

and true stress and converting displacement to strain, true stress-

strain curves were plotted. The equation

-0 09"}a = 20,980 - I4,250e U,U*J (5.31)

was written by using those data which indicated that at least 95% of

the available kinetic energy had been recorded. Equation 5.31 ade

quately represents the experimental impact test data up to a strain of

0.50 inch per inch. Beyond this value of strain, the small number of

data points makes the experimental data somewhat suspect.

Reasonable agreement between the empirical Equation 5.31 and

Equation 2.8 reported by Mok and Duffy (6) is illustrated in Figure 6.1.

The lack of agreement between Equation 5.31 and Equation 2.9 derived by

Slater, Johnson, and Aku (8) is also illustrated in Figure 6.1. This

lack of agreement is not totally unexpected since the constants in

52



x
o

CO
Q

z

o
Q.

s-
CO
CO
UJ

en
\-
co

UJ

>

CO
CO
UJ

en
o_

^
o
o

UJ

=>

en

7,000

6,000

5,000

4,000

3,000

2,000

1,000 -

53

0.1 0.2 0.3 0.4 0.5

ENGINEERING STRAIN, e (INCH/INCH)

Figure 6.1. Comparison of Plots of Empirical Equation 5.31,
Equation 2.8, and Equation 2.9.

0.6



54

Equation 2.9 that are equivalent to b, k, and m in Equation 5.31 were

determined at significantly lower strain rates and somewhat lower

strains than given by the data from which Equation 5.31 was developed.

Another factor entering into this lack of agreement is that the prop

erties of the "pure" lead used by Slater, Johnson, and Aku (8) and

those of chemical lead may differ to some extent.

A comparison of curves plotted from experimental dynamic test data

with curves plotted from static test data on stress-strain properties of

lead very clearly demonstrates that the use of static data for design

calculations would result in an ultraconservative design.

6.2 Conclusions

The single objective of this experimental investigation was to

establish a usable stress-strain relationship for chemical lead conform

ing to the American Society for Testing and Materials Specification B29

for gross deflections at or near the strain rates experienced in the

30-foot free-fall condition of the hypothetical accident specified in

the Code of Federal Regulations (1). With regard to this objective,

four general conclusions may be drawn.

1. Equation 5.31 developed empirically adequately represents the

dynamic stress-strain relationship for chemical lead within the limits

of the impact test data. It is felt that this relationship can be

applied to real design problems with approximately the same accuracy as

is normally encountered when published material property data are used.
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2. Chemical lead is not significantly strain-rate sensitive in the

range of the strain rates encountered in the specified 30-foot free-fall

accident condition.

3. The experimental techniques utilized in the impact tests

performed in this investigation afford an economical method of develop

ing stress-strain or force-deflection data for lead.

4. It is further concluded that the experimental techniques used

in this investigation can be successfully employed to determine stress-

strain relationships for other ductile materials. However, it is recog

nized that determination of stress-strain relationships for materials

such as steel, stainless steel, and even aluminum will entail some diffi

culties not encountered with lead. These difficulties may include sig

nificant rebound of the impacting weight, a secondary impact, reflected

stress waves, and probably a shorter time duration for the impact

incident. A hardened alloy steel weight and load cell would be required.

6.3 Recommendations

In view of the lack of dependence of stress-strain properties of

lead on strain rate, it is recommended that the equation for true stress

-0 093a = 20,980 - 14,250£. y , (5.31)

the equation for engineering stress

_ (20,980 - 14.2506-0-093)
CTe " (1 - e) <^.jzj

developed by using Equation 5.31 and the relationship given by Equation

5.30, and the curves plotted from these equations illustrated in

Figure 5.8 (page 51) be used to compute the deflections and
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accelerations of lead shielding in shipping casks which are being

evaluated to determine their compliance with the regulations (1) govern

ing the 30-foot free-fall accident condition. When a lower level of

accuracy can be tolerated, the approximate Equation 5.34 may be used.

To further assure the adequacy of Equation 5.31 and verify the

various analytical treatments of the impact condition, it is recommended

that another series of impact tests be conducted. In these tests, lead

cylinders should be dropped on a load cell and the force measured with

respect to time. The lead cylinders dropped should have circumferential

scribe marks at appropriate intervals so that the final deformation of

each cylinder with respect to position along its length can be deter

mined. This information can be used to determine the adequacy of

Equation 5.31.

It is also recommended that the experimental techniques utilized

in the impact tests performed in this investigation be used to deter

mine the dynamic stress-strain characteristics under the specified

30-foot free-fall accident condition of the cladding materials commonly

used on shipping casks for radioactive materials. These are ASTM Grade

A-516 steel and AISC Type 304L stainless steel.

Finally, it is recommended that scale models of lead-filled ship

ping casks complete with cladding be dropped, in a fully instrumented

series of impact tests to develop and/or verify an adequate engineering

model which could be used to calculate the effects of the 30-foot free-

fall impact in future evaluations of shipping casks for radioactive

materials.
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APPENDIX A

DATA TRANSFORMATION COMPUTER PROGRAM

A Fortran program applicable to the IBM 360 computer was written to

transform the force-time data recorded during the impact tests of 68

specimens of chemical lead into stress-strain data. This program, which

is discussed in Section 5.1 of this document, is presented on the

following pages.

60
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41

42

43

4A

45

C COM

46

47

C GRO

48

1008

49

C COM

50

GO TO 44

SDXE = 0.0

SDST = CO

GO TG 43

CONTINUE

CONTINUE

IF (-INDEX-. nQ-.O)

IF(INDEX.EQ.l)

IF(INDEX.EQ.l)

I'F( INDEX.EQ.l)
SDST =SQRT( (l./(INDEX-l))*<SUK2ST - SUMST*SUVST/INDEX))
SDXE =SQRT((l./(INDEX-l))*(SUK2XE - SUMXE*SUVXE/ INDEX ) )
STAVG= SUMST/INDEX
XEAVG = SUMXE/INDEX

WRITE(51,1007) STAVG,XEAVG,SDST,SDXE
CONTINUE

CONTINUE

PUTE STRAIN RATE

DO 47 1=1,68

DO 46 J=l,NMI)
XEDOT(I,J)=(V(I,J)*12.)/(C(I)-X(I,J))

CONTINUE
UP DATA FOR STRAIN RATE eY INCREMENTS CF 2C.0 INCHES/INCH/SEC

DO 49 K=l,45
G=(K-1)*20.0

E=K*20.0

DO 48 1=1,68
DO 48 J = 1,NN(I)
IF( (XEDOT( I,J).LT.E).AND. (XEDCT( I,J).GE.G)) W*R ITE <51 ,1008 >I, J,

1 XEDOT( I,J),ST(I,J ),XE(I,J)
FORMAT (3X,I2,3X,I2,3X,F8.3,3X,Fg.l,3X,F6.3)

CONTINUE

PUTE AVERAGE STRAIN RATE

DO 50 1=1,68

AXECOT( I)=VO(I)*6.C/C(I)

DO 57 KK=1,6

GG=9.0*55.0*KK

EF=64.0+55.0*KK

DO 56 K=l,28
INDEX = 0

2410

2420

2430

2440

2450

24 60

2470

2480

2490

25C0

2510

2520

2530

2540

2550

2560

2570

2580

2590

2600

261C

2620

2630

2640

2650

2651

2660

2670

2680

2690

2700

2710

2720

2730

2740

2750

cr-
co



6
9

o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
_

_
_

_
_

_
_

_
m

M
O

r
-
c
o

o
^
o

—
'c

o
r
e
.

.4
-

in
m

d
r
-

c
o

cr>
o

o
o

o
o

o
m

m
r
o

m
c
o

c
o

O
O
O
O
O
O
O
O
O
-
i
O

M
/

C
J

W
*—

4
M

^
V

-4
V

-»
W

V
m

4
»

"
•

M
*

M
M

"
•—

#
M

X
M

M
^

W
\-

4
4—

4
M

^
W

4—
4

M
M

^
M

M
M

M
M

M
M

M
M

M
M

M
M

*
•
O

K
O

O
v
O

'^
c
\
i
(
C

i
^
s
t
t
f
i
<

)
r
-
W

^
O

,-
'r

,i
r
^
't

i
A

>
O

r
-
i
»

0
N

0
'^

N
(
*

'.
fM

.tM
.(

M
.fM

.c
o

c
o

o
o

c
jjo

p
o

o
c
o

c
o

(
r
>

o
D

o
o

r
jv

^
O

>
^
^
C

5
N

c
>

^
^
c
^

n
jC

M
C

M
c
\ir

N
jr

\jf\jn
jC

M
C

M
e
M

C
M

<
\»

c
g

c
\|c

w
c
jC

v
ic

jC
M

r
x
in

jf\ic
^

o
o
o
o
o
o
o
o

o
o

•
o

•
o

•
o

o
II

II
II

r
-

h
-

C
O

L
U

C
O

C
M

X

X
X

2
.

c
o

t
o

c
o

m

O
cm

.
o

o
•

o
ti

*

a
;

4
-4

x
I

C
\i

iC

5
'

—

3
ll

t
o

C
D

L
U

—
L

U
-
)

•
U

J

—
X

o
•

G
*-«

U
J

M
,

X
4

-
<

C
O

G
«~"

*
ii

<
—

»
O

—
c

.
x

U
J

«
t

o

a
.

L
U

>O

i
n

n
j

o
i
n

K

o
a

c
—

C
D

—C
D

L
U

X

L
U

G
X

z<
t

GZ

»
-

<
,

t
o

u
i

t
o

C
D

<
L

L

O
f

O
L

U

>
z

i
n

t-4

C
M

>

•
O

U
J

-
.

.
a

t-4
O

—
aO

f

<c
t
o

z

H
<

Z
f
-

L
U

C
O

XlU
L

_;

rt:
X

C
J

t
-

zt—
L

L

L
U

3
X

C
L

x
>

c
C

C
C

J

<-~
c
n

"
5

O
••

O

-
5

O
•

O
t-

i
L

U

—
X

L
U

<
I

X
—

.
D

C

•
O

O
f

•

G
~

•
I
V

t
u

t
of
t

.
uX•ft

V
.

4
-4

X
L

C
>

•
L

U

G
I
-

Z
f
-

<
O

f

»
3

L
U

—

—
.

o

t
-

h
O

—
-
J

•
C

O
z

»
u

.
•
o

z
-
c

•*
4*.

—
J

«

i
n

4
-1

4
-1

4>
—

C
M

II
II

I—
t-

i

O
•""

"
5

o
c
n

cm
•ft

tf,
IT

,
—

5eT
—

II
O

O
u

l
u

a
g

•
-

u
;

t-
X

G

U
i

U
i

•
C

D

U
;

•
O

—

M
M

M
M

U
J

|

•
1

1
-
X

o
t-4

O

—
L

U

U
i

X
X

<
x

r
~

*
r
..

U
J

XL
U

r
~

O
f

C
O

o

X<
M

r
-

<XC
C

•
oL

L

C
T

'

v
,-

-

o

oz

—
>

_
—

,>
t
-
.

.
M

M
»

.
M

M
-

4
-*

I--
4—

•
L

U

M
-

C
O

M
M

X
t—

U
i

M
l

t
o

+
X

+

+
+

x
h

~

L
U

tO

G
X

Z
3

t-4
C

O

II
II

X
h

u
i

c
o

G
X

r
~

A
-

L
L

!
C

O
X

n
i

u
j

c
m

X
X

X

3
X

.
t
oII

II

I
-

c
o

t
u

C
M

X

X
X

3
3

3c
oII

U
L

U
U

C
O

X
X

U
J

U
J

G
G

z
z

t
-
4

t—
i

»
M

>
*

H
L

U
C

O
X

X
X

3
^
,

t
o

t
o

•ft
•ft

t
-

L
l;

t
o

X

X
X

'
3

3
C

Oi

C
O1

1
1

L
U

c
o

X

C
M

C
M

X
X

3
3

C
O

C
O

•ft
-ft

o
o

—
—

lA
O

O
V

f
4-1

4-4
in

ix
x

C
L

L
*

U
I
-

C
G

Z
Z

X

i
n

ii

Gt
-

v
~

c
o

O
Ce
?

u
•

XU
i

GZ

XL
L

)

G

C
O

4-4
i—

i
:;j

C
D

C
O

C
O

C
D

•—
m

m
C

D
v
.

-
v

Z

O
H

r
4

H
H

r
t

V

M
M

-
m

-
'JO

J—
r--

X
O

f
O

f
3

a
C

o
o

c
o

c
o

M
II

MtD

L
U

>
X

<
1

rC
O

:

G

X

l
u

n
j

x
»

c
m

C
O

•

•
o

K
4

-)

C
O

L
L

C
i

•>
t
o

X

•
C

M

C
D

••
>

c
o

<
.

U
J

O
X

4
-1

*
L

L

C
D

•
X

>
X

L
i;

<
t

C
M

C
i

I
-

•>
Z

C
O

4-<

t
-
4

•

>
v

—
O

u
o

«-•
X

r-<
U

.

X
o

•
3

4-1
X

c
o

.
j
j

4
-
t

C
O

L
L

ii
m

«-4
3

3
—

r--
Z

Z
tD

'll;
<

i
t-i

t-i
>

h
-

X
<

I
•—

i
O

f

L
L

'
a

c

U
I

t~
h

-
z

z
o

o

a3O
U

i
V

C
X

C
D

I-

O
C

J

XC
M

X3
t-

i
t-

i
t
o

c
o

t
o

c
o

)—
t—

«

z
—

O
L

L
L

L
U

L
L

M
M

w
W

U
!

(,',
X

J
U

.
O

O

4-4
C

M
C

O
m

1
^

i
p

i
n

o
m

m
^

r-4
i
n

it,



57 CONTINUE

DO 59 1=1,68
L=NN(I)

58 PXD(I)=((XA(!)-X(I,L))/XA(I))*100.0

59 CONTINUE

DO 61 1=1,68
DO 60 J=1,NN(I)

60 T(I,J)= J*0.0001

61 CONTINUE

DO 67 I =1,65,4

11=1 + 1

I2=T+2

13=1+3

WRITE(5!,1011)

1011 FORMAT (21H1
1 I2,3X,16HSPECIMEN

WRITE.51f10121

1012 FORMAT (1H0)
WRITE(51,1013)

1013 FORMAT ( 1H ,7X,4HTIME,5X,5HF0RCF,7X,4HTIMF,5X,5HF0RCE,7X,4HTIME,
1 5X,5HFOOCE,7X,AHTIME,5X,5HFORCF)

WRITE(5i,1014)

1014 FORMAT (1H ,8X,2HIN,8X,2HIN,9X,2HIN,8X,2HIN,9X,2HIN,8X,2HIN,9X,
1 2HIN,SX,2HIN)

WRITE(51,1015)
1015 FORMAT (1H ,4X,7HSEC0NDS,4X,6HP0UNDS,4X,7HSFCONDS,4X,6HP0UNDS,«X,

1 7HSEC0NDS,4X,6HP0UNDS,4X,7HSEC0NDS,4X,6HP0UNDS)

WRITE(5l,1012)
DO 6 6 J =1,2 5

WRITF(51,1016)

1016 FORMATdH ,1X)

DO 65 K =1,4

IF (TU+K-ltJt.E.Q.0.0) GO
IF(K.NE.l) GO TO 62

WRITfc'(51flCl"M T(I+K-1,J)

I ,11 , 12 , 13
SPECIMEN NUMBER , I 2,3X,16HSPFC I MEN NUMBER ,

NUMBER ,I2,3X,16HSPFCIMEN NUMBER,12)

TO 65

F(I+K-1,J>

3100

3110

3120

3130

3140

3150

3160

3170

3180

3190

3200

3210

3220

3230

3240

32M

3250

3260

3270

3280

3281

3290

3300

3301

3310

33 20
3321

3330

3340

3350

3360

3370

3380

3390

3400

^i

o
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APPENDIX B

MATHEMATICAL JUSTIFICATIONS AND DERIVATION OF EQUATIONS

Demonstration of the validity of Equations 5.4 and 5.5 and the

derivation of Fortran equations in Statements 1920, 2570, and 2700 of

the computer program.are presented in this Appendix.

Validity of Equations 5.4 and 5.5

In the derivation of Equations 5.4 and 5.5, it was assumed that

the difference between the time, At , required for the velocity of the

free-falling weight and the velocity of the top of the specimen to

become equal and the time, At , required for the stress wave to propa-
s

gate the length of the specimen is negligible. Hence, the external

force that might be applied to the bottom of the specimen is negligible.

The validity of this assumption is demonstrated as follows.

For this time interval, it was assumed that the stress in the spec

imen has not exceeded the elastic limit and that the material obeys

Hooke's Law. A linear velocity-time relationship was also assumed. By

the principles of impulse and momentum,

-Ata

F' dt = Mw(V; - Vq) (B.l)
J o

where

F' = impulse force at any time,

t = time,

M = mass of falling weight,
w —
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V' = velocity of falling weight just prior to contacting the
o

specimen, and

V = velocity at the time the velocity of the weight and the veloc

ity of the top of the specimen are equal.

Since the material of the specimen obeys Hooke's Law

F=fA=-^ (B.2)

where

F = average force applied to the specimen,

a = maximum stress in the specimen during the time interval,

A = cross-sectional area of the specimen,

E = modulus of elasticity of the specimen, and

e = maximum strain in the specimen during the time interval.

Therefore, Equation B.l becomes

"Ata EeA(At )
F dt = =——

= M (V' - V ) . (B.3)
wo o

Since the deflection of the specimen, assuming a linear velocity-time

relationship,

rAt„

X =

j

i V

V dt =Y-(Ata) (B.4)

where

V = velocity,

V = velocity at the time the velocity of the weight and the

velocity of the top of the specimen are equal, and
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At = time required for the velocity of the free-falling weight and

the velocity of the top of the specimen to become equal;

by the definition of strain

X Vo/A N
e = L = 21^

where

X = deflection of the specimen and ,

L = the initial length of the specimen.

Substituting for e, Equation B.3 becomes

EVA(Ata)2

4L
= M (V' - V )
wo o

Solving Equation B.6 for At ,
•3.

Ata =

4LM /V' 1

— - 1
EA V

Substituting (2gh) for V'
o

where

g = gravitational acceleration and

h = drop height of weight in inches,

and, from Equation 5.5 on page 35,

,1/2

where

(2gh)'

1 +
JtDgLp

8W
w

for V

D = initial diameter of specimen,

L = initial length of specimen,

p = density of specimen, and

W = weight of free-falling weight;
w

l/2

(B.5)

(B.6)

(B.7)
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Equation B.7 becomes

At =

4LM

EA

V(2gh)l/g
1/2

Simplifying,

Ata =

(2gh)

JtD2Lp
ll+"8W

w

4LM
w nD Lp'

EA 8W
w

i9T2 11/2
CL pi

, Eg

1/2

1/2

(B.8)

The well-known equation for the velocity of a stress wave in an

elastic material

where

v =.-lai
s p

1/2

At.'
(B.9)

V = the velocity of the stress wave and

At = the time required for the stress wave to propagate the length
s

of the specimen,

may be solved for At to yield

At |L£P|1/2

Using Equations B.8 and B.IO, the ratio

At,

At"

'2Lfp
I Eg

L_p

IEg I

\^

1/2

= 1.41

= (2)

(B.IO)

1/2

(B.ll)
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From Equation B.IO

/ \l/2
P

At = L
s

lE§,
where values of

L = 2.5 inches (maximum length of specimen tested),

p = 0.41 pounds per cubic inch,

E = 2 x 106 pounds per square inch, and

g = 384 inches per second per second

were used; the maximum value of

At = 0.0000577 seconds,
s

From the ratio expressed in Equation B.11, the maximum value of

At = 0.0000814 seconds,
a

The difference between At and At is 0.0000237 seconds. From the
a s

assumption of a linear velocity-time and stress-strain relationship, it

follows that the force-time relationship is also linear. Thus, the

force at this time may be computed. The maximum force recorded for any

specimen tested at the time of 0.0001 seconds was 1,614 pounds. By sim

ilar triangles, the force applied to the bottom of the specimen at this

time would be approximately 380 pounds, which is in fact negligible.

Derivation of Fortran Statements 1920, 2570, and 2700

The percentage of kinetic energy accounted for is computed by the

Fortran equation in Statement 1920 of the computer program. This per

centage of the available kinetic energy accounted for is based on the

difference between the kinetic energy possessed by the system at time

equal zero (when the velocity is equal to the initial velocity) and the
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kinetic energy indicated by the computed velocity at the last data point

(point of maximum force). At time equal zero, the kinetic energy pos

sessed by the system

KE0 =|m[VO(][)]2 (B.12)

where

KE = kinetic energy at time equal zero,

M = mass of the system, and

VO, k = velocity of the system.

Without exception, the computer calculations indicated that after the

maximum force had been recorded and the velocity had in fact become

zero, the weight had a downward velocity and therefore possessed indi

cated kinetic energy of

^^"['(M')!8 (B-13)

where

KE = indicated kinetic energy,
F

M = mass of the system, and

V,T T,k = indicated velocity when the actual velocity is zero.

The quantity of kinetic energy that the data acquisition and transforma

tion system accounts for is the difference between the quantities KE

and KE . Therefore, the equation that is used to compute the percentage
F

of kinetic energy accounted for

12

[V0(I)] " [V(I J')]'PED,Tk = ^ U'J J (100) (B.14)
[vo(I)]2

is an arbritrary measure of the accuracy of the data acquisition and
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translation system. After substitution of constants, Equation B.14 is

equivalent to the Fortran equation in Statement 1920 of the computer

program.

A compressive specimen, located on top of a rigid surface, that is

being deformed by a moving mass will undergo a displacement of Vt where

V = velocity and t = time. Assuming a linear velocity profile, the

displacement, u, of any point a distance X above the rigid surface will

be

«-*P (B.15)

where L = the length of the specimen. It follows that the strain, e,

will be

G=c5x = iT- (B-16)

In turn, the strain rate will be

Equation B.17 is equivalent to the Fortran equation given in Statement

2570 of the computer program. This equation is as follows.

V(I J)XED0Tm = ^¥ (B.18)
W C(I) " X(I,J)

where

XEDOT. k = strain rate,

C, k = initial length of specimen, and

X, k = deformation of specimen.
(I, J)

The Fortran equation in Statement 2700 of the computer program com

putes the average strain rate. The average strain rate may be defined

as the velocity or rate at which two points on a body approach or
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diverge from each other averaged over the entire deformation period

divided by the initial distance between these points. The ends of each

specimen tested were selected as the two points, and the equation for

average strain rate is

V°(I)—^(12)

where

AXEDOT,_k = —- (B.19)CD c(I)

AXEDOT. k = average strain rate,

V0<.Jk = initial velocity, and

C, k = initial length of specimen.

Equation B.19 is equivalent to the Fortran equation in Statement 2700

of the computer program.
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