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Nomenclature
ai, Ai dimensionless coefficients in the entrainment equation
8y 3 Aij coefficients in equations (20) and (21)

b jet width

c concentration
C, cos O,
i i
Cd cos d
a, shorthand notation, defined in Appendix B
B entrainment rate
£ Fi coefficients in equations (20) and (21)

Fr Froude number, ué/[ﬁpm — pg) rog/po], dimensionless

g acceleration of gravity, 32.174 ft/sec2

i, 4, k unit vectors parallel to the x, y, z axes, respectively
is’ ir’ ié unit vectors parallel to the s, r, d axes, respectivgly
Ii integrals, defined in Appendix A
™)
o} Jo ﬁz rdr -%-E2
r radial distance from jet centerline
r, width of the concentration potential core
r width of the temperature potential core
r width of the veloecity potential core

. .
velocity ratio, Wm/uo

Ris R-sin ©,.cos &,

s streamwise coordinate, distance along the jet axis
S, sin G,

i

S¢ sin d



ZEF

ZFE

temperature
component of velocity parallel to is
u.sin G, -cos 9,

cartesian coordinate, horizontal and perpendicular to
freestream

cartesian coordinate, horizontal and parallel to freestream
cartesian coordinate, positive vertically up
zone of established flow

zone of flow establishment, defined as the region in which
the centerline velocity remains constant and equal to g

thermal coefficient of volumetric expansion, —’i;-<§%>
0 P

concentration coefficlent of volumetric expansion,
- }_@_e)
Po Gl

angle between the projection of iﬁ onto the X,y plane and
the x axis "

angle between is and the x, y plane

spreading ratio between density and velocity profiles

~density

azimuthal angle

at diffuser outlet, s =0

at Jjet centerline, r = 0O

top-hat value

freestream value

at end of flow establishment zone
derivative with respect to s

average with respect to time






ANALYSIS OF BUOYANT JETS WITHIN THE ZONE
OF FLOW ESTABLISHMENT

Eric Hirst

Abstract

In order to assess the ecologlcal consequences of thermal
discharges from steam-electric power plants, one must be able
to predict the physical changes (temperature, velocity, salinity)
induced by these discharges. This work is concerned with the
mathematical prediction of these physical properties in the zone
of flow establishment (ZFE), for thermal effluents discharged
as buoyant jets through round, submerged diffusers. The ZFE 1s
the region, immediately beyond the diffuser exit, in which the
mean flow profiles undergo a transition from their internal flow
shapes to a free turbulent flow condition.

The method developed here uses the integral equations of
mass, energy, salt, and momentum conservation. The solution to
these equations includes the length of the ZFE, and the values
of Jet width, Jet orientation, and centerline temperature and
salinity at the end of this zone. This method 1s quite general,
capable of predicting buoyant jets with three dimensional tra-
Jectories discharged to flowing, stratified ambients.

Results obtained with the method agree well with the
limited experimental data available and with existing semi-
empirical correlations. Unfortunately, the range of flow
variables covered by the data and correlations is quite small.
Predictions of starting length, jet width, centerline tem-
perature, and jet orientation at the end of the ZFE are pre-
sented for several Froude number:velocity ratio:initial orien-
tation combinations.

This method can be used to provide the necessary initial
conditions for conventional (zpplicable only in the zone of
established flow) buoyant jet prediction methods. Further,
the method can be used to help design optimal thermal dis-
charge configurations.

1. Introduction

Modern steam-electric power plants discharge approximately 1.5-2 kwh
of waste heat for every kwh of electrical energy produced. Traditicnally,
this heat hasg been discharged to a water body adjacent to the power plant

using "once-through'" cooling. With this method, water is pumped through



the condensers, where its temperature is increased 10°—30°F, and then
discharged back into the receiving water body. Because aquatic organisms
tend to be temperature sensitive, these massive thermal discharges modify
the local aquatic environment.

Bioclogical models exist which describe the response of aquatic orga-
nisms to their time-temperature history. This time-temperature history is
defined by engineering models which predict the physical changes (tempera-
ture, velocity salinity) induced by thermal discharges. These models must
be integrated o yleld predictions of the ecological effects of power plant
thermal discharges. This work is concerned with the prediction of physical
properties for thermal effluents discharged as buoyant Jets through single,
circular, submerged diffusers. Attention is restricted to the region
immediately beyond the diffuser exit, the zone of flow establishment (ZFE).

The method developed here uses The integral equations of mass, energy,
salt, and momentum conservation. The sclution includes the length of the
ZFE, and the values of Jet width, jet orientation, and centerline tempera-
ture and salinity at the end of this zone. This method is guite general,
capable of predicting buoyant jets with three dimensional trajectories
discharged to a flowing, stratified ambient.

To the author's knowledge this is the first such method described in
the literature. Several semi-empirical correlations exist but they are
limited in applicability.

In general, round buoyant Jjets pass through several regimes as they
move from the diffuser outfall through the ambient. The three most commonly
considered regimes are (see figure 1):

a. Zone of flow establishment (ZFE) - in which the mean flow profiles

undergo a transition from their internal flow shapes to a free turbulent
flow condition. It is in this region that mixing begins with the ambient
fluid, Here the flow is strongly influenced by the outfall conditions and
only slightly influenced by ambient conditions. Within the ZFE the center-
line velocity remains constant, equal to u..

o
b. Zone of established flow (ZEF) - begins when turbulent mixing has

reached the jet centerline, and the centerline velocity begins to decay.

In this region the profiles have assumed their free turbulent shapes and



the jet dynamics are governed by the jet's momentum and buoyancy and the
free stream conditions, rather than by the initial outfall conditions.

c. TField zone - in which the jet momentum i1s depleted and the jet

fluid is convected and diffused by the ambient currents and ambient turbu-
lence.

The zone of established flow has been extensively studied, both
experimentally and theoretically,1"3 but the other two regions have received
much less attention.

Some experimental data concerning the length and shape of the ZFE is
available. Albertson, et al.* showed that the length of this region, s

el
is:

se/ro = 12,4 (1)
and that the shape of the potential core is roughly conical, with
ru/ro =1 ~»s/se (2)

for a simple momentum Jjet, i.e., a non-buoyant jet discharged to a quies-

cent ambient. The width of the free-turbulent region grows linearly as:

b/s = 0.115 (3)

so that be/ro = vrabfor a simple momentum jet. Figure 2 is a sketch of
the ZFE (for a more general flow) showing the potential core and the free-
turbulent flow,

The velocity profile within the ZFE is approximated by:

1 r<r
u

U/uo = r 2 (4)

[0 e,

b

for a simple momentum Jet.

Finally, the entrainment rate within the ZFE was shown to be
E/uoro = 0.0204 + 0.00324(s/ro) (5)

for the simple momentum Jjet.



5 measured the axial and radial

More recently, Sami, Carmody & Rouse
velocities, and some turbulence properties within the ZFE for the simple
momentum Jjet. Thelr velocity profile measurements are in good agreement
with equation 4. Kuethe® also measured the velocity profiles in this
region.

Forstall & Shapiro7 and Landis & Shapiro8

studied momentum jets dis-
charged to coflowing streams and deduced the length of the ZFE from their
measurements. Their data were closely approximated by:

sn/ro =8+ 24 R (6)

=

which shows that the starting length, s_, increases with increasing velocity

4 measurements

ratio, R. This expression is in conflict with Albertson's
of S for R = 0.

Gordier,? Keffer & Baines,lo and Platten & Keffer'! measured the tra-
jectories and centerline velocity decay for non-buoyant jets discharged
normal to a cross flow. These data show that s_ decreases with increasing
R. i

Unfortunately, none of the abhove data indicate the values of center-
line temperature or jet width at 8, Further, no data exist describing
the ZFE for buoyant Jjets discharged to either guiescent or flowing ambients.

Theoretical solutions for buoyant Jjet flows generally assume that
the velocity and density (temperature, concentration) profiles normal to
the jet axis are similar, i.e., the profiles are identical when plotted in
appropriate coordinates. This 1s a reasonable assumption within the ZEF,
but within the ZFE the profiles are definitely non-similar. At the dif-
fuser exit the velocity and density profiles are "top-hat", i.e., the fluid
is assumed to enter the environment as a plug flow while at the end of the
ZFE the profiles are Gaussian; see figure 3. Within the ZFE the shape of
the profiles gradually changes from tov-hat to Gaussian, as shown in figure
4,

Theoretical sclutions are currently limited to the ZEF. 1In order to
define appropriate initial conditicns for the ZEF, one must relate condi-
tions at the diffuser exit to those at the end of the ZFE. Further, the

length of the ZFE musgt alsc be determined.



Several methods are currently used to define these initial conditions.
Hoult, et al.'? and Platten & Kefferll ignore the ZFE, i.e., they assume
it to be of zero length, and apply the diffuser exit conditions directly
to thelr differential equations.

For buoyant jets discharged to quiescent ambients Fan!? develops
simple expressions for the Jjet radius and centerline density, based on the
integrated forms of the momentum and energy equations. Fan neglects the
effects of buoyancy and density stratification within the ZFE, and assumes
that the length of the ZFE ig 12.4 ro regardless of buoyancy.

Based on Gordier's?

data, Fan!? develops similar expressions for 8.
8o, and be at the end of the ZFE for Jjets discharged to a cross flow.
Fan's expressions contain many limitations, the most severe of which
restricts them to flows in which the jet centerline remains in a single
plane.

pl4

Abramovic presents an expression for S, for non-buoyant Jets dis-

charged to a coflowing stream. This expressioé shows that as R increases
the length of the ZFE increases. Abramovich provides no relation for the
centerline density at 8,

Abraham®®~17? presents graphical solutions for the length of the region,
within the ZFE, in which the centerliine density remains constant. This
length is shorter than the corresponding length for velocity because scalar
properties diffuse more rapidly than momentum in free turbulent flows.

This is shown in figure 4 where the velocity and temperature profiles
within the ZFE are plotted; the temperature profile develops more rapidly
than does the velocity profile. Abraham's solutions show that the starting
length decreases with decreasing Froude number.

Thus, semi-empirical correlations exist which define 5, for non-buoyant
Jjets discharged either parallel or perpendicular to a free stream. Similar
expressions exist for buoyant jets discharged horizontally or vertically
to quiescent ambients. But, these expressions do not cover the range of
flows likely to occur with power plant thermal discharges. For example,
existing methods are incapable of predicting S for jets discharged to
stratified ambients, or for buoyant Jets discharged to a free stream.

This report describes a theoretical method (based on previous ORNL
research?) which can predict physical properties within the ZFE. These

predictions can be used to define initial conditions for the ZEF methods.



Chapter 2 describes the new method. The integral equations, velocity,
temperature and salinity profiles, and the entrainment function are devel-
oped and explained. The result is a set of six, non-linear, coupled
ordinary differential equations, the solution to which provides values of

r T b, 61, and 9, as functions of the streamwise coordinate, s.

r

w Tt
Chapter 3 presents results obtained with this new method. Predictions

of starting length are compared with the limited experimental data avail-

13

. 5 . PO N . 4
able and with the semi-empirical correlations proposed by Fan® -, Abramovicht*

and Abraham'®. The parameters required for starting solutions within the
ZEF are presented graphically for jets discharged with several Froude num-
bers at different velocity ratios: (1) horizontal and normal to the free
stream, (2) vertically up, and (3) horizontal and parallel to the free
stream.

In addition, the values of s_ as a function of ;5 and 6, are shown
for a particular Fr, R combinatio; and the velocity and temperature pro-
files within the Jjet are computed for one case to show how the profiles
develop within the ZFE. Finally, an example is given which shows how this
method can be used to develop optimal discharge techniques for thermal
effluents discharged through a single, circular, submerged diffuser.

Chapter 4 summarizes the pertinent features and limitations, and

briefly discusses the results obtained with the new method.

2. Development of the Integral Method

This work is concerned with the behavior of momentum Jets discharged
to an infinite ambient through a single, circular, submerged diffuser. The
jet is subjected to buoyancy forces, ambient cross flows and ambient density
stratification. The basic equations governing the dynamics of the Jet as
it moves through the ambient are:

1. Conservation of mass

2. Conservation of energy

3. Conservation of salt (or any other scalar)

4. Conservation of momentum (3 scalar equations)



In order to derive a solvable system of equations the following assump-
tions are made:’

1. The flow 1s steady, in the mesan.

The flow is fully turbulent; molecular diffusion is neglected.
The fluid is assumed incompressible; density variations are
included only in the buoyancy terms.
4., A1l other fluid properties are assumed constant.
Fluid velocities are assumed low enocugh so that frictional heating
can be neglected.
The pressure variation is assumed to be purely hydrostatic.
Changes in density are assumed to be small enough so that a linear
equation of state is valid.
The flow within the jet is assumed to be axisymmetric.

9. The flow within the jet is assumed to be of boundary layer type,
and the boundary layer approximations are valid.

10. The jet is discharged to an ambient fluid of infinite extent.

11, The ambient Ilow is laminar.

The coordinate system used in this analysis is shown in figure 5.
X,y,2 are the usuval cartesian coordinates with 2 increasing vertically up
and %,y forming the horizontal plane. The freestream velocity, u_s is
assumed horizontal and parallel to the y axis.

s,Y,¢ are the coordinates in a "natural" curvilinear coordinate system.
s measures the distance along the jet axis from the origin (diffuser exit);
r is the radlal distance from the jet axis; and the angle, d, determines
the orientation of r.

The two systems are related to each other by ©1 and 6,. O; measures
the angle between the projection of the jet centerline onto the horizontal
plane and the x axis. ©; measures the angle between the Jjet centerline
and the X,y plane,

Using this coordinate system and the assumptions listed earlier, the

following ordinary differential equations?

can be derived for buoyant jet
flows:

continuity equation:

a - o
a‘j irdr =B (7)



energy equation:

dt
ém,[ u (% -tm) r dr = — —— j u rdr (8)
o) ds o

concentration equation:

[«o] (o]
a o _ dcm _
ag»J u (c -cm) r dr = «v—~—»j ur dr (9)
Yo ds ‘o
s-momentum (parallel to jet axis) equation:
oW (e -
a e Pe — P
= J u rdr = j - rdr g 8, + Eu_ 510 (10)
o o Po
k-momentum (vertical) equation:
[~ w -
da _2 poo - P dgg
EE'[J ur dr] Sy = J ———— r dr g - qQ C; — (11)
o) o) po ds
j-momentum (parallel to free stream) equation:
d. o _2 d@l d@z
a—‘[J\ u r dI’:l Slc2 =FEu —g [C]_CQ —_ 8182 — (12)
S @
o] ds ds

Equations (11) and (12) can be simplified using equation (10) to
vield:

d@l E le Cl
= (13)
ds q G,

- (14)



where

> 2 1.2
q = J u: r dr — 7~E
a5
o

The density can be written in terms of the temperature and salianity

a53 .

2t~ )+ yle, — &) (15)

The cartesian coordinates of the jet centerline (x,y,z) can be ex-

pressed in terms of s, 93, and O, as follows?:
s 8 S
X = J Ci Cp ds y = j 5y Cp ds 7 = I S, ds (16)
o} o Yo

These equations can be non-dimensionalized by normalizing all the
variables on the jet properties at the diffuser exit - us T to’
c 4, and Por Writing the equations in this form introduces three non-

dzmensional parameters ~R, Fr, and T. The velocity ratio, R, is the

ratio of free stream velocity to initial jet velocity. The Froude nunmber,
Fr, is the ratio of inertia to buoyancy forces. The stratification parame-
ter, T, is the ratio of initial density difference to ambient density
gradient.

In order to solve equations (7) — (10), (13), and (14) the velocity,
temperature, and concentration profiles normal to the jet axis must be
specified. The velocity profile suggested by Albertson, et al.,4 equation
(4), is limited in applicability. For jets discharged to a flowing stream,
the longitudinal velocity (parallel to the jet axis) far from the Jjet axis
will be uyp (= umslcg). Generalizing equation (4) to jets discharged to

flowing streams gives:

u r<r
u

o]
2
~ T
Au_ exp (;~<?i————{>j] +u, r>r
¢ 1 .b b 1w

(17)
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where Au_ = u_ ~ uyp.
o] o]

Similarly, the temperature profile is assumed to be:

1 r < Ty
at/nt = (18)
© .2
r—r
t
exp [}~<}~——~%> ] r > T,
\b
and the concentration profile is assumed to be:
1 r<r
_ c
Ac/Aco = .2 (1.9)

In the above equations, rpo Ty and r, are the potential core widths
for velocity, temperature, and salinity, respectively. The widths for
temperature and salinity are unequal only for stratified flows. Db is a
measure of the width of the free-turbulent (jet) flow for velocity and
Ab is the corresponding width for the scalar profiles.

These profiles introduce four unknowns Ty T T and b. The
angles ©7 and 9, provide two additional unknowns for a total of six depen-
dent variables — equal to the number of equations.

These profiles are substituted into the integrals appearing in the
differential equations, as shown in Appendix A. In order to evaluate the
integrals involving both the velocity and temperature (or concentration),

for example:

o
j u(t—tm)rdr,
0
we assume that r, T rt (or rc). Without this simplification, these inte-

grals are guite difficult to evaluate. However, the approximation will
yield accurate values for these integrals except (perhaps) near the end
of the ZFE. 1In any case, this approximation is less critical than are

the entrainment assumptions made later in the chapter.
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In Appendix B the governing differential equations are written in
termsg of the integrals developed in Appendix A. As shown in Figure 6,
there are two distincet regions within the ZFE. In the first region L

T and rc are all greater than zero. Since scalar properties diffuse

.t 2
more rapidly in a free-turbulent flow than do vector properties, the

centerline temperature and salinity will begin to decrease from their
diffuser outfall values before the end of the velocity potential core is
reached.

The second region is downstream of the point where r, (or rc) becomes

%

" and rc are required to remain zero and the

new dependent variables are thand cm which now decay from their initial

zero. Beyond this point, r

values,

Thus, in region 1, the differential equations can be written as:

ai; © o a4 r ' 1
o) arns O azes rt‘ 5
o} o] azs 814 rc' - T3
as1 O o a4 b’ fs
(20)
6;' =I5
0" = fg
where the a,, and the f, are defined in Appendix B, equation (B-11).
ij i ?
In region 2, the differential equations are:
Aq 1 O o} Al A I'u ! q
[¢] bprpr © Aoy Atm' Fo
o o A3z Agy se | | F3
A4 O o Asy b’ Fu
(21)
G1' = Fs
8" = Fg

where the coefficients are defined in equation (B-12).
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In order to achieve closure the entrainment rate, E, must be specified.
Mbvertson's correlation for E, equation (5), is valid only for the simple

momentum Jjet. Using equation (3), equation (5) can be rewritten as:

S - / . T 22
E/u_oxo 0.0204 + 0.0284 (b/ro) (22)

In reference 3, a general expression for the entrainment rate in the zone

of established flow was developed, based on the works of Hoult, et al.t?
18

and Fox. The entrainment function used there is:

a2 ey
E = <8.1 + - Sg) [um‘o I 1 —Rq» + 8.3U_wb ,\/l - <51C2) ] (23)
Fr

In order to develop an entrainment equation valid for a wide range
of flows within the ZFE we shall assume that the form of equation (23) is
valid within the ZFE. This assumption, plus the requirement that the
entrainment equation reduce to equation (22) for simple momentum jets,

suggests the following entrainment function for the ZFE:

- A,
E/ur = [9.0204 + 0.0284(b/y )] L},O + —~—82]
© 0 © Fr

2
X [| L —Ryp | + &R /T = (5102) :l (24)

Equation (24) appears to account for the important factors which influence
entrainment — jet width, b; buoyancy, Fr; jet orientation, 8 and 6,; and
the free stream velocity, R.

Lack of sufficient experimental data within the ZFE prohibit a more
scientific development of the entrainment function. However, as we shall
later see, the predictions obtained with this function appear reascnable
and are in reasonable agreement with the limited data available. As more
data are obtained, a more accurate function can be developed. Even then,
the eguations and profiles used here will still provide the framework

needed to predict Jet development within the ZFE,
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Equations (20), (21), and (24) have been programmed for the IBM 360
computer using FORTRAN IV. Hamming's modified predictor-corrector method
(IBM Scientific Subroutine Package HPCG)1? is used to numerically solve
the differential equations. The initial conditions include the potential
core widths (ru =r =T, = 1), turbulent jet width (b = 0), and initial
angles, ©; and ©,. The values of Fr, R, and T must also be specified.

The scolution then proceeds by marching in the direction of increasing s.

3. Results Obtained With the Method

Equations (20), (21), and (24) are sufficient to determine jet devel-
opment within ZFE. However, the coefficients in the entrainment equation
(24) must be determined first.

For the simple momentum jet (i.e., Fr = o, R = 0) equation (24)
reduces to equation (22). Predictions made with this entrainment function
give a value of se/ro greater than the 12.4 measured by Albertson, et al.”
Increasing the constants in equation (22) by 5% bring the predictions
closely in line with experimental data for the simple momentum Jet. There-
fore, all further predictions are made with these coefficlents so increased.

The predictions for the simple momentum Jet are compared with experi-
mental velocity profiles obtained by Sami, et al.,5 in figure 7. The
agreement bebtween theory and experiment i1s excellent throughout the ZFE,

The coefficient A3 determines the influence of cross flows on the
entrainment. Its value was determined by fitting the present predictions

2 13

with Gordier's” data and Fan's'’ correlation of that datae, which can be

written as:

-3.4R (25)

se/rO = 12.4 e
valid for non-buoyant jets discharged to a cross flow. Predictions made
with A3 = 4.3 give good agreement with Gordier's data and Fan's correlation;
see figure 8. Starting length values measured by Platten & Kefferll are
also shown on the figure. These values are conslderably lower than those
measured by Gordier, but no obvious explanation exists for this discrep-

ancy.
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The method, with A, unspecified, is now capable of predicting all
non-buoyant Jjet flows. Figure 9 shows the present predictions and the
correlation given by Abramovich,14 equation (26), for non-buoyant jets

discharged to a coflowing stream:

1L+ R .

L=R'" 7798 ®

s /v, = 12.4 | (26)

where Abramovich's constants were adjusted so that se/ro = 12.4 when

R = 0. Also shown are the experimental measurements obtained by Shapiro,
et al.778 The agreement between the present method and the Abramovich
correlation is remarkably good. The new method predicts values of S
which are higher than those measured by Shapiro, but the agreement is

qualitatively satisfactory. Hinze?°

questioned the accuracy of this data
since it seems to conflict with the value se/ro = 12.4 for R = 0.

The coefficient, A,, determines the influence of initial buoyancy on
the entrainment. TIts value was determined by fitting the present pre-
dictions with Abraham's'® correlations for horizontal and vertical buoyant
Jets discharged to quiescent ambients. Predictions made with A; = 34 give
satisfactory agreement with Abraham's correlations; see figure 10. Unfor-
tunately, no data within the ZFE exist for buoyant jets so it is impossible
to empirically check the accuracy of this method for buoyant jet flows.

The entrainment equation used in all further calculation is:

A
8/ur_ = 1.05 [o 0204 + 0.0284(b/r_) ][1 0+ 9—~ 82] |

[|1~R12|+/+3R,\/l~ 5,0 ] (27)

This method is now capable of predicting development within the ZFE
for buoyant Jets discharged at arbitrary angles to flowing, stratified
ambients.

Figures 11-15 present the predictions of se/ro, be/ro, Ate/Ato, @le’
@28 for jets discharged horizontally and normal to the free stream for
several values of Fr and R. As the free stream velocity increases, the
starting length, jet width, and 92e decrease while the centerline tempera-

ture and 919 increase. As the jet becomes more buoyant (Fr decreases) the
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starting length and centerline temperature decrease, while the jet width
and angles increase.

Figures 16-19 present similar predictions for Jjets discharged verti-
cally up. For these flows (with 8, = 90°) ©; is undefined and the 9,
equation does not enter into the calculations. The effects of R and Fr
are very similar to those for jets discharged horizontally and perpen-
dicular to the free stream. The curves for Fr = 5 in figures 16—18 are
unexpected because they are not monotonically increasing (or decreasing).

Figures 20~23 present predictions for jets discharged horizontally
and parallel to the free stream. When the velocity ratio is 1.0, the jet
and free stream are moving at the same velocity so there is no jet, which
accomnts for the discontinuities at R = 1.0 on these figures. These
figures show that the influence of a coflowing stream is the reverse of
that from a cross flow. The results for Fr = 5 are not shown here because
numerical instabilities which appeared in those calculationsg reduce con-
fidence in those results. The low Fr curves on figures 20-22 are unusual
because they cross over the higher Fr curves.

The anomolies in figures 16-18 and 20-22 suggest that the low Froude
number results presented here be used with caution. These anomolies may
be due to an inaccurate entrainment function; unfortunately the validity
of equation (24) at low Fr cannot be checked because no experimental data
for the ZFE of buoyant Jets exist. Alternatively, these anomolies may
appear because the velocity within the potential core increases at low
Froude numbers* due to the buoyancy driven acceleration. This analysis
would therefore be invalld for these Froude numbers. In particular,
equation (17) would have to be modified.

Because of the different influences of the ambient flow, according
to whether the Jjet is perpendicular or parallel to the free stream, we
compute the starting length for a variety of B¢, 8, values with Fr and R
fixed. The results of this computation are shown in figure 24 for a jet
discharged with Fr = 40 and R = 0.2. The starting length increases with

increasing 91 and decreasing G».

*Fr < 0(1).
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Figure 4 shows how the jet develops for a particular set of initial
conditions. The Jjet shown is discharged horizontally to a quiescent
ambient with an initial Froude number of 40. The jet curves upward due
to the buoyancy force. The turbulence and entrainment at the edge of the
Jet diffuse the jet outward, as shown by the growth in Jjet width, b.
Velocity and temperature profiles are shown at four stations within the
ZFE. Initially, the profiles are top-hat, but as we move downstream the
profiles become more nearly Gaussian. Note that the temperature profile
decays more rapidly than does the velocity profile.

This method can be used to help design optimum systems for power plant
thermal effluents discharged through a single, submerged, round diffuser.
For example, for a jet discharged with Fr = 40 and R = 0.2 (figure 24)
Table 1 shows the size of the region within which the temperature is equal
to the diffuser exit temperature, i.e., t(r,s) = to. This table shows
that the size of this maximum temperature region is roughly proportional
to the length of the mixing zone. Thus, as shown in figure 24, discharg-
ing the jet vertically up will reduce the extent of this mixing zone.
Also, Jets discharged perpendicular to the ambient, rather than parallel
to the ambient, yield smaller mixing zones. These results have been

confirmed by calculaticons within the zone of established flow.?

Table 1. Mixing Zone Size As A Function
Of Initial Orientation

a

Ql @l v

o 0

0° 0° 1.0
30 Q 1.05
60 Q 1.29
90 0 1.71
0 30 0.825
30 30 0.873
60 30 1.0L
90 30 1.12
0 60 0.733
30 60 0.729
60 60 0.785
20 60 0.802
-- 90 0.706

a

_ Volume within which t = tp

V= Corresponding volume at 0°,

o
[+
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4, Summary

The method developed in chapter 2 uses the integral consgervation
equations of mass, energy, concentration, and momentum. A modified
Gaussian is used to evaluate the velocity, temperature, and salinity
profiles and a new entrainment function is postulated. The result is
a set of six, non-linear, coupled, ordinary differential equations, the
solution to which includes the length of the zone of flow establishment;
and values of centerline temperature, salinity, Jet width, and Jjet orien-
tation. The method is quite general, capable of predicting buoyant jets
discharged to flowing, stratified ambients (three-dimensional trajectory
flows).

However, the method is limited to steady flows for which the free
stream is laminar. Further, the accuracy of the new entrainment function
can be determined only after additional experimental data become available,
Therefore, predictions obtained with this method should be used cautiously.
This is particularly true for low Froude number flows where the method may
not be valid.

There i1s a real need for more veloclty and temperature profile measure-
ments within the ZFE. To date, only the ZFE of the simple momentum Jet
has been extensively studied, while the ZFE of buoyant jets has been com-
pletely ignored.

Predictions have been compared with the limited experimental data
available for non-buoyant jets and the agreement is adequate. The agree-
ment between present predictions and the Fan, !> Abramovich,l4 and Abraham'®
correlations is guite good.

The output of this method can be used to define the initial conditions
required for the conventional Zone of Established Flow methods. These
initial conditions are presented graphically in figures 11-23 for three
different initial jet orientations. Coupling these initial conditious
with conventicnal methods should provide more accurate predictions of jJet
development .

This is particularly important for thermal plumes from power plants,
where one is primarily concerned with the region near the outfall in which
the temperature excess 1s large. This method provides, for the first time,
predictions of the size and location of this zone and the temperature field
within this zone, for thermal effluents discharged through single, circular,

submerged diffusers.
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APPENDIX A

Evaluation of the Integrals In the Differential Equations

The differential equations, (7) - (10), (13) and (l4), contain several
integrals which involve the velocity, temperature, and concentration pro-
files, equations (17) - (19). In this Appendix, the integrals are evaluated
using these profilles.

Equation (7) contains the mass flux integral, denoted by I, which

igs¥*

@ T [o o}
_ u _(r - ru)z
1, = J urdr = J u r dr + J Auo e b r dr
o] 0 T,
ry + J2 b
+ j U, r dr (A-1)
a

1 2 VAL i ﬁ)
Il-.’Zuoruak[uo 2 +Q§ 2 ulz]rub
2

+ (uo + u32) g— (A-2)

Equation (8) contains the energy flux integral, I,, which is:

-] Ir @
- - G T
I, = j u(t -tw) rdr = J Ato u, T dr + J Ato e Ab
o} o} r
t
(r —~rt)2
X [Auo e ' b + um] r dr (A-3)

The difference between T and ry is ignored in evaluating I.. An exact

solution is Impossible without this assumption. In actuality, T and Ty

*The outer edge of the Jet is taken as ru + Jﬁ_b for the integrals
involving uyp, — I1 and Ta4.
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are very nearly equal, except in the region where rt is zero; see figure
6.

u_ -~ u 2 '
12
+ b2 <}§%?frﬁf' + ulé> %*] (A-4)

The integral on the left hand side of equation (9) is identical to

I, with t replaced by c¢. This integral, denoted by I;, is:

u —u
12
= Ac 1‘. u I‘2 + b r L s + u _Mﬁ
o o e 12

2 C ,\/-}?"F—l 2
0} u 2
L w2 (O e, > A
LAt e 2-] (A-5)

Once again, the widths of the velocity and salinity potential cores are

u

agssumed identical, i.e., r, =T, -
) contains the momentum flux integral ,

The momentum equation (10

denoted by 14:

I —

I, = J u® rdr = f w rdr + j {(Au )2 o2l b
ol L O
u

r—r
—( .H) - 2b + T,
+ 2u1o pu e b J r dr + ug, r dr (A-6)
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I, = —é— uz ri + rub L(%) u(z) + Utz <ﬁ —g)
i ui(% A ﬁ)] * %2" (ug +uy,)7 (A-7)

The momentum equation (10) also contains the integral of density -
difference, denoted by Is. This integral can be evaluvated using the
equation of state (15) and the temperature and salinity profiles, equations
(18) and (19):

[=-] - o oo}

I5=J pﬁ_f_p.rdr:BI (f=t)rar+y [ (E-c)rar (a8)
O

2
r 2.2
t A"b cﬁ
— e ¢ b
BAto[z 5 5 A rt]

=
\n
il
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APPENDIX B

Evaluation of the Differential Equations

The integrals, evaluated in Appendix A, can now be substituted into
the differential equations (7) — (10), (13), and (14). In order to
reduce the algebraic complexity, we assume that, locally, the values of
©1 and O, remain censtant. That is, the rates of change of the terms
involving ©; and 9, are assumed to be much smaller than the rates of change

of the terms involving b, r , r, and r_ 1in the conservation of mass, energy,
u c

t
concentration, and s-momentum equations. In the last two momentum equa-
tions (13) and (14) the derivatives of @; and 6, are, of course, not
neglected.

We make certain definitions for later use:

Yo &ég " <}ﬁ§'m ¥§§> H12

]

dy

U, — Y12

o = (o
AT

u _u12

0 2
b - (a2,
)\,2+l 12

- W u u F'—~¢E o S -~
ds © o f oU12 <}/ Nﬁ;> 12 <;kﬁ§ W wﬁ{>

ds

i

1 2
§>(uo * u12)

Now the integrals from Appendix A, and the di can be substituted into

the differential equations to yileld:

continuity equation (7):

(uoru +ba) r& + [@lru + (uO +ug,) b] b' o= R (B-2)
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energy equation (8):

1
+ dzb) r. + ((121;D +d,p) b

e 1 1142,)
= &Il+2uort+rtbd2+2bd3 /Ato
concentration equation (9):

A > '
(uorc + d,b) rl + (dzrO + d;p) b
dc
@ 1 2 1.2
[ (R -~ + jock
= ( Il + 5 uorc rcb d2 + B b d%) /AcO

g-momentum equation (10):

(uiru +a0) vl + (A0 + dur ) ' o= Isg S + B ou

@, -equation (13):

Q,-equation (14):

—_ — 2 —_ —— r; —— ——
where q = I, — B°/4, At =t tw(a), be = ¢, cm(z), and ( )

e}

a( )/as.
Equations (B-2) — (B-7) are valid only for r, >0, r

t

(B-3)

(B-4)

(B-6)

(B-7)

r, > 0. Once any of these potential core widths becomes zero, these

egquations are no longer appropriate. Beyond that point, the centerline

temperature (or concentration) will decay from its initial value,
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(or ¢ ). Also, the potential core width will remain zerc, r, = O
o o ’ 7Ty

(or r, ® 0). Thus t (or cm) becomes a dependent variable replacing
r, (or rc).

In the portion of the ZFE beyond where r, O, the energy and con-

centration equations are changed, as is the density-difference integral,
Is.

The energy equation (B-3) becomes:
(b2 ~adt

5 d3) At! + At b dy b o= S (B-8)
ds

Similarly, the concentration egquation (B-4) becomes:

1? —Ae
(§uAd3) Acé + Ac b ds ' = - I, (B-9)
ds

And finally, the density-difference integral becomes:

)\2b2
Is = (ot B+ ac v} =3 (B-10)

where At =t —t (2) and Ac_ =c —c (z).
m m o m 0 s

So, in the region where roo= 0 and ru > 0 the governing differential
equations are (B-2), (B-8), (B-9), and (B-5) — (B-7), with equation (B-10)
substituted for the definition of I5 from equation (A-9),

The governing equations for both regions within the ZFE can be written

in matrix form, as shown in Chapter 2. The coefficients in eguation (20)

are:
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]

: +
assy ur, dob

aps = dpry, + dsb

t

at,
.= 1 2 1.2
£2 = — <11+2uort+ftb d2+2bd3>/AtO

asz3 = ur 4+ d4d,b
33 o ¢ 2
3

aszy = dQTc + d.b

de
1 2
£y = agi(—ll v 3 uori trba,+ ~]2: b d3> /Aco

2
a =u r + d,b
41 o Tu A

a4y = dsb + d4ru
fo =15 85, +E uy,
‘., - B umCl
qC,
‘- I5 gC, — B u 8182 (B-11)

The coefficients in equation (21) are:

Apqp = ayq
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Ay, =12 d,/2

A24 = Atm b d3

—d t
o]

ds

Ay = 1% ds5/2

A34 = Ac b d

il 3
——dcoo

FB = I,

ds
Ay = s
Apy = ayy,
F4 = f4
Fo =1, (B-12)

with Is (in £, and f,) changed to:

pebog 2 2
I, (Atmg + de y) A%b /2
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APPENDIX C

FIGURES
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