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ANALYSIS OF BUOYANT JETS WITKTN ~ r n  ZorsE 
OF FLOW ESTIIJ3LISiIMENT 

E r i c  H i r s t  

Abstract  

I n  o r d e r  t o  a s s e s s  t h e  eco log ica l  consequences of thermal 
discharges from s t eam-e lec t r i c  power p l an t s ,  one must be a b l e  
t o  p r e d i c t  t h e  physical  changes (temperature, ve loc i ty ,  s a l i n i t y )  
induced by t h e s e  discharges.  This work i s  concerned with t h e  
mathematical p red ic t ion  of t h e s e  physical  p r o p e r t i e s  i n  t h e  zone 
of flow establishment (w1'E), f o r  thermal e€ f lucn t s  discharged 
as bdoyant j e t s  through round, submerged d i f f u s e r s .  The ZFE i s  
t h e  region, immediately beyond t h e  d i f f u s e r  e x i t ,  i n  which t h e  
mean flow p r o f i l e s  undergo a t r a n s i t i o n  from t h e i r  i n t e r n a l  flow 
shapes t o  a f r e e  tu rbu len t  €low condi t ion.  

The method developed he re  uses the i n t e g r a l  equat ions of 
mass, energy, salt,  and momentum conservat ion.  The s o l u t i o n  t o  
t h e s e  equat ions includes t h e  1-ength of t h e  ZFE, and t h e  va lues  
of j c t  width, j e t  o r i e n t a t i o n ,  and centerl-ine temperature and 
s a l i n i t y  a t  t h e  end of t h i s  zone. 
capable  of p r e d i c t i n g  buoyant J e t s  w i th  t h r e e  dimensional t ra- 
j e c t o r i e s  discharged t o  flowing, s t r a t i f i e d  ambients. 

This method i s  q u i t e  general ,  

Resu l t s  obtained with t h c  method ag ree  w e l l  w i t h  the 
l i m i t e d  experimental d a t a  a v a i l a b l e  and with e x i s t i n g  s e m i -  
empir ical  c o r r e l a t i o n s .  Unfortunately,  t h e  range of flow 
v a r i a b l e s  covered by the  d a t a  and c o r r e l a t i o n s  i s  q u i t e  small. 
P r e d i c t i o n s  of s t a r t i n g  length,  j e t  width, c e n t e r l i n e  tm- 
perature ,  and j e t  o r i e n t a t i o n  at t h e  end of t h e  ZFE a r e  pre- 
sented f o r  s e v e r a l  Froude number: v e l o c i t y  r a t i o : i n i t i a l  o r i e n -  
t a t i o n  combinations. 

This  method can be used t o  provide t h e  necessary i n i t i a l  
cond i t ions  f o r  conventional ( app l i cab le  only i n  t h e  zone of 
e s t a b l i s h e d  f low)  buoyant 
t h e  method can be  used t o  
charge conf igu ra t ions .  

1. I n t r o d u c t i o n  

jet; p red ic t ion  methods. Further ,  
h e l p  design optimal thermal d i s -  

Modern s t eam-e lec t r i c  power p l a n t s  discharge approximately 1 . 5 2  kwh 

T r a d i t i o n a l l y ,  of  waste h e a t  for every kwh of e l e c t r i c a l  energy produced. 

t h i s  hea t  has been discharged t o  a water body adjacent  t o  t h e  power p l a n t  

using "once -through" cool ing.  Wi.th t l i i  s method, water i s  pmped through 



t h e  condensers, where i t s  temperature i s  i.ncrea2sed 10°-300F, and then 

discharged back i n t o  t h e  r ece iv ing  water body. Because aqua t i c  organisms 

t end  t o  be temperature s e n s i t i v e ,  t h e s e  massive thermal. discharges modify 

t h e  l o c a l  a.quatj.c environment. 

B io log ica l  - models e x i s t  which desc r ibe  t h e  response of aqua t i c  orga- 

nisms t o  t h e i r  time-temperature h i s t o r y .  This  time-temperat,ure h i s t o r y  i s  

def ined by engineering models which p r e d i c t  t h e  physical  changes (tempera- 
Lure, v e l o c i t y  s a l i n i t y )  i.nduced by thermal. discharges.  These models mus-t 

be in- tegrated t o  y i e l d  p red ic t ions  of t h e  eco log ica l  e f f e c t s  of power plant  

thermal discharges.  This work i s  concerned with t h e  p red ic t ion  of  physical  

p r o p e r t i e s  for thermal. e f f l u e n t s  discharged as buoyant j e t s  through s ing le ,  

c i r c u l a r ,  submerged. d i f f u s e r s .  Attent ion i s  r e s t r i c t e d  t o  t h e  regLon 

immediately beyond t h e  d i f f u s e r  e x i t ,  t h e  zone of flow establishment (ZFE) ~ 

The method developed here  uses t h e  i n t e g r a l  eo,u.etj.ons of mass, energy, 
sa l t ,  and momentum conserva-tion. The sol-ution iiicluc’des t h e  l eng th  of t h e  

2373, and t h e  values of j e t  width, j e t  o r i e n t a t i o n ,  and c e n t e r l i n e  tempera- 

t u r e  and s a l i n i t y  at t h e  end of  t h i s  zone. This  method i s  q u i t e  general ,  

capable of p r e d i c t i n g  buoyant j e t s  with t h r e e  di-mensional t r a j e c t o r i e s  

discharged t o  a flowing, s t r a t i f i e d  ambient. 

To t h e  a u t h o r ’ s  knowledge t h i s  i s  t h e  fj-rst such method descr ibed i n  

t h e  l i t e r a t u r e .  Several. semi-empirical c o r r e l a t i o n s  e x i s t  b u t  they a r e  

l i m i t e d  i n  a p p l i c a b i l i t y .  

I n  general ,  round buoy-ant j e t s  pass through seve ra l  regimes as they  

move from t h e  d i f f u s e r  o u t f a l l  through t h e  ambient. The t h r e e  most commonly 

considered regimes a r e  ( s e e  f i g u r e  1): 

a .  Zone of flow establishment (ZFE) - i n  which the mean flow p r o f i l e s  

undergo a t r a n s i t i o n  from theri.r i n t e r n a l  flow shapes t o  a f r e e  turbulen-t 

flow cofidli.tri.oi1. It i s  i n  t h i s  regi.on t h a t  mixing begins with the ambierit 

f l .uid.  Here t h e  flow i s  s t rong ly  infl.uenced ’oy t h e  o u t f a l l  condi t ions and 
only s l i g h t l y  inf luenced by ambient cond.i.’c,ions. Within t h e  ZFE t h e  cen te r -  

l i n e  v e l o c i t y  remains constant ,  equal  t o  uo. 

b .  Zone of e s t ab l i shed  flow (ZEF) - begins when t u r b u l e n t  mixing has 

reached t h e  j e t  c e n t e r l i n e ,  and t h e  c e n t e r l i n e  v e l o c i t y  begins t o  decay. 
I n  Lhis regi-on t h e  p r o f i l e s  haire assumed t h e i r  f r e e  turbulent; shapes and 
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t h e  j e t  dynamics are governed by t h e  j e t ' s  momentum and buoyancy and t h e  

f r e e  stream condi t ions ,  r a t h e r  than by t h e  i n i t i a l  o u t f a l l  cond i t ions .  

e .  F i e l d  zone - i n  which t h e  jet momentum i s  deple ted  and t h e  j e t  

f l u i d  i s  convected and d i f f u s e d  by t h e  ambient c u r r e n t s  and ambient tu rbu-  

lent e.  

The zone of e s t a b l i s h e d  flow has been ex tens ive ly  s tud ied ,  bo th  

experimental ly  and t h e o r e t i c a l l y ,  

much less a t t e n t i o n .  

b u t  t h e  o t h e r  two regions have rece ived  

Some experimental  d a t a  concerning thc. l eng th  and shape of the  ZFE i s  

Albertson, e t  a l . 4  showed t h a t  t h e  l eng th  of t h i s  region,  se, a v a i l a b l e .  

is: 

s /ro = 12.4 
e 

and. t h a t  t h e  shape of the p o t e n t i a l  core  i s  roughly conica l ,  wi th  

r /r = 1 - s/se u o  

for a simple momentum j e t ,  i . e . ,  a non-buoyant ,jet discharged t o  a quies -  

cen t  ambient. The width of t h e  f r ee - tu rbu len t  region grows l i n e a r l y  as: 

b/s = 0.115 ( 3  1 
so t h a t  b,/ro = f i  f o r  a simple momentum j e t .  

t h e  ZFE (for a more genera l  f low)  showing t h e  p o t e n t i a l  core and t h e  free- 

t u rbu len t  flow. 

Figure 2 i s  a sketch of 

The v e l o c i t y  p r o f i l e  w i th in  t h e  ZFE i s  approximated by: 

for a simple momentum jet. 

Fina l ly ,  t h e  entrainment r a t e  w i th in  t h e  ZFE was shown to be 

E/uoro = 0.02C4 + 0.0032&(s/r ) 
0 

fo r  the simple momentwn j e t .  



More r ecen t ly ,  Sami, Carmody & Rouse5 measured t h e  a x i a l  and radial 

v e l o c i t i e s ,  and some turbulence p r o p e r t i e s  vi t 'n in  t h e  22% for t h e  simple 

momentum j e t .  'Their v e l o c i t y  p r o f i l e  measurements a r e  in good agreement 

wi th  equation 4 .  

region.  

Kuethe6 a l s o  measured t h e  v e l o c i t y  profi-les i n  t h i s  

F o r s t a l l  & Shapiro7 and. Landis & Shapiro8 s tudied momentum j e t s  di.s- 

charged t o  coflowing streams and deduced t h e  l eng th  of  t h e  ZFE from t h e i r  

measurements . Their  data were c l o s e l y  approxirmted by: 

which shows t h a t  t h e  s t a r t i n g  length,  so ,  i nc reases  with inc reas ing  velocrity 

r a t i o ,  R .  

of se  f o r  R = 0. 

L 

This  expression i s  i n  c o n f l i c t  with A l b e r t s ~ n ' s ~  measurements 

Gordier,g Keffer  & Baines," and P l a t t e n  & Keffer ' l  measured t h e  tra- 

j e c t o r i e s  and c e n t e r l i n e  v e l o c i t y  decay f o r  non-buoyant j e t s  discharged 

normal t o  a c r o s s  flow. 

R .  

These d a t a  show t h a t  sa d-ecreases with inc reas ing  
L 

Unfortunately,  none of t h e  above data i n d i c a t e  t h e  values  of c e n t e r -  

l i n e  temperature o r  j e t  v i d t h  a t  s . Further ,  no dabs e x i s t  desc r ib ing  

t h e  ZFE f o r  buoyant, j e t s  discharged t o  e i t h e r  quiescent; o r  f lowing ambients. 
e 

Theore t i ca l  s o l u t i o n s  f o r  buoyant j e t  flows gene ra l ly  assunie t h a t  

t h e  v e l o c i t y  and d e n s i t y  (temperature,  concen t r a t ion )  p r o f i l e s  normal t o  

t h e  j e t  a x i s  a r e  similar, i.e., t h e  p ro€ i l e s  a r e  i d e n t i c a l  when plot- ted i n  
appropr i a t e  coordinates .  This i s  a reasonable assumption wi th in  t h e  ZEF, 

bu-t within t h e  ZFFJ t h e  p r o f i l e s  a r e  defini.tel..y non-similar .  A t  t h e  d i f -  

f u s e r  e x i t  t h e  v e l o c i t y  and d e n s i t y  p r o f i l e s  a r e  "top-hat",  i.e., t h e  f l u i d  

i s  assixlied t o  e n t e r  t h e  environment; as a plug flow while a t  t h e  end of  t h e  

ZPE t h e  profi.3-es a r e  Gaussian; see f i g u r e  3.  Within t h e  ZFE: t h e  shape of 

t he  profiles gradual ly  changes f r o m  top-hat to Gaussian, as shown i n  figure 

4 .  

Theore t i ca l  s o l u t i o n s  a r e  c u r r e n t l y  l i m i t e d  t o  t h e  ZEF. In o r d e r  t o  

de f ine  appropr i a t e  i n i t i a l  condi-Lions f o r  -Lhe ZEF, one must r e l a t e  condi- 

t i o n s  a t  t h e  d i f f u s e r  e x i t  to those a t  t h e  end of t h e  ZF'E. Further ,  the 

l eng th  of t h e  ZFZ must also be determined.. 
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Seve ra l  methods a r e  c u r r e n t l y  used t o  d e f i n e  t h e s e  i n i t i a l  cond i t ions .  

H o u l t ,  r t  a1.12 and P l a t t e n  & Keffer’’ ignore  t h e  ZFX, i . e . ,  t hey  assume 

it t o  be  of zero length ,  and apply t h e  d i f f u s e r  e x i t  condi t ions  d i r e c t l y  

to t h e i r  d i f f e r e n t i a l  equat ions .  

For buoyant j e t s  discharged t o  quiescent  ambients Fan13 develops 

simple expressions for t h e  j e t  r ad ius  and c e n t e r l i n e  dens i ty ,  based on t h e  

i n t e g r a t e d  forms of t h e  momentum and energy equat ions.  

e f f e c t s  of buoyancy and d e n s i t y  s t r a t i f i c a t i o n  wi th in  t h e  m, and assumes 

t h a t  t h e  l eng th  of t h e  2;FE i s  12.4 r 

Fan neg lec t s  t h e  

r ega rd le s s  of  buoyancy. 
0 

Based on Gordier’s’  da ta ,  Fan13 develops similar expressions f o r  s e’ 
and b a t  t h e  end of t h e  ZFE f o r  j e t s  discharged t o  a c r o s s  flow. e 0 2  7 

Fan’s  expressions conta in  many l i m i t a t i o n s ,  the  most severe of which 

r e s t r i c t s  them t o  flows i n  which t h e  j e t  c e n t e r l i n e  remains i n  a s i n g l e  

plane.  

Abramovich14 p resen t s  an expression f o r  s €or  non-buoyaxnt j e t s  d i s -  

charged t o  a coflowing stream. This  expression shows t h a t  as R i nc reases  

t h e  l eng th  of t h e  ZFF i n c r e a s e s .  Abramovich provides  no r e l a t i o n  for t h e  

c e n t e r l i n e  d e n s i t y  a t  s . 

e 
- 

e 
A b r a h a n ~ l ~ - ’ ~  presents graph ica l  s o l u t i o n s  f o r  t h e  l eng th  of t h e  region, 

within t h e  ZFE, i n  which t h e  c m t e r l i n e  d e n s i t y  remains cons t an t .  

Length i s  s h o r t e r  t han  t h e  corresponding l eng th  f o r  v e l o c i t y  because s c a l a r  

p r o p e r t i e s  d i f f u s e  more r a p i d l y  than  momentum i n  f r e e  t u r b u l e n t  flows. 

This  i s  shown i n  f i g u r e  4 ?,her?  t h e  v e l o c i t y  and temperature p r o f i l e s  

wi th in  t h e  2;FE a r e  p l o t t e d ;  t h e  temperature p r o f i l e  develops more r a p i d l y  

than  does t h e  v e l o c i t y  p r o f i l e .  

l eng th  decreases with  decreasing Froude number. 

This  

Abraham’s s o l u t i o n s  show t h a t  t h e  s t a r t i n g  

Thus, semi-empirical  c o r r e l a t i o n s  e x i s t  vhich de f ine  s f o r  non-buoyant e 
j e t s  discharged e i t h e r  para l le l -  or perpendicular  t o  a f r e e  stream. S imi l a r  

expressions e x i s t  f o r  buoyant j e t s  discharged h o r i z o n t a l l y  or v e r t i c a l l y  

t o  quiescent  ambients. But, t h e s e  expressions do no t  cover t h e  range of 

flows l i k e l y  t o  occur with power p l an t  thermal d ischarges .  For example, 

e x i s t i n g  methods are  incapable  o€ pred ic t ing  s f o r  j e t s  discharged t o  

s t r a t i f i e d  ambients, or for buoyant j e t s  discharged t o  a f r e e  stream. 
e 

This r epor t  desc r ibes  a t h e o r e t i c a l  method (based on previous O R N L  

These r e sea rch3)  which can p r e d i c t  phys ica l  p r o p e r t i e s  wi th in  t h e  ZFE. 

pred ic t ions  can be used t o  de f ine  i n i t i a l  condi t ions  f o r  t h e  ZEF methods. 
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Chapter 2 desc r ibes  t h e  new method. The i n t e g r a l  equa-Lions, vel-ocity, 

temperature and salinri-ty prof i l -es ,  and. -the entrainment Tunc t i o n  aye devel-  

oped arid explained. The r e s u l t  i s  a s e t  of‘ six, non-l inear ,  coupled 

o rd ina ry  d i f f e r e n t i a ? .  equations,  t h e  soluti-on t o  which provides values  of 

r r r b, 81, and Qz as func t ions  of  .the streamwise coordinate,  s. u’ t’ e’ 
Chapter 3 presen t s  r e s u l t s  obiained w i t h  t h i s  new method. P red ic t ions  

of s t a r t i n g  l eng th  a r e  compared wi.th t h e  li.mi.ted experimental d a t a  a v a i l -  

a b l e  and with t h e  semi-empirical c o r r e l a t i o n s  proposed by Fa.n13, Abramovi.ch14 

and Abraham16. 

ZEF a r e  presented g raph ica l ly  f o r  j e t s  discharged wi th  s e v e r a l  E’roude num- 

b e r s  a t  d i f f e r e n t  v e l o c i t y  r a t l o s r  

stream, ( 2 )  v e r t i c a l l y  up, and ( 3 )  h o r i z o n t a l  and p a r a l l e l  t o  t h e  f r e e  

stream. 

The parameters required f o r  s t a r t i n g  sol-utions within t h e  

(1) h o r i z o n t a l  and normal t o  t h e  f r e e  

I n  add i t ion ,  the values  of s m as a func t ion  of 91, and Qz0 a r e  shown 

f o r  a p a r t i c u l a r  Fr,  R combination and t h e  v e l o c i t y  and temperature pro- 

f i l e s  wikhin t h e  j e t  a r e  compiited f o r  one case t o  show how t h e  p r o f i l e s  

develop wi.thin t h e  ZFE. 

method can be used t o  develop optimal discharge kechniques f o r  thermal 

e f f l u e n t s  discharged through a s ing le ,  c i r c u l a r ,  submerged d i f f u s e r .  

F ina l ly ,  an example i s  given which shows how t h i s  

Chapier 4 summarizes t h e  pertj-nent f e a t u r e s  and l i m i t a t i o n s ,  and 

b r i e f l y  d i scusses  t h e  r e s u l t s  obtained with t h e  new method 

2 .  Development of the I n t e g r a l  Method 

This work i s  concerned with t h e  behavior of momentum j e t s  discharged 

t o  an i n f i n i t e  ambient through a single,  c i r c u l a r ,  submerged d i f f u s e r .  The 

j e t  i s  subjected t o  buoyancy fo rces ,  ambient c ros s  flows and ambient d e n s i t y  

s t r a t i f i c a t i o n .  The ’0asi.c equations governing t h e  dynamics of the j e t  as 

it moves through t h e  ambient a r e :  
1. Conservation of mass 

2 .  Conservation of energy 

3.  Conservat,i.on of sa!-t (or any o t h e r  s c a l a r )  

L+. conservat ion of rnomentwn ( 3  s c a l a r  equat ions)  
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I n  o rde r  t o  de r ive  a so lvable  system of equat ions t h e  fol lowing assump- 

t i o n s  are made:3 

1. The flow i s  s teady,  i n  t h e  mean. 

2 .  The flow i s  f u l l y  t u r b u l e n t ;  molecular d i f f u s i o n  i s  neglec ted .  

3. The f l u i d  i s  assumed incompressible;  d e n s i t y  v a r i a t i o n s  are 
included only  i n  t h e  buoyancy terms. 

A l l  o t h e r  f l u i d  p rope r t i e s  a r e  assumed cons t an t .  

F l u i d  v e l o c i t i e s  a r e  assumed low enough so t h a t  f r i c t i o n a l  hea t ing  

can be neglec ted .  

The pressure  v a r i a t i o n  i s  assumed t o  be pure ly  hydros t a t i c .  

4.  

5. 

6. 

7 .  Changes i n  d e n s i t y  a r e  assumed t o  be small.. enough so t h a t  a l i n e a r  

equat ion of s t a t e  i s  v a l i d .  

The flow wi th in  t h e  j e t  i s  assumed t o  be axisymnietric. 

The flow with in  t h e  j e t  i s  assumed t o  be of boundary l a y c r  type, 

and t h e  boundary l a y e r  approxima%ions are v a l i d .  

8 .  

9 .  

10. The j e t  i s  discharged t o  an  ambient f l u i d  of i n f i n i t e  e,xtent. 

11. The ambient flow i s  laminar .  

The coord ina te  system used i n  t h i s  a n a l y s i s  i s  shown i n  f i g u r e  5. 
x, y, z are t h e  usua l  Car tes ian  coord ina tes  with z i nc reas ing  v e r t i c a l l y  up 

and x,y €'oming t h e  h o r i z o n t a l  plane.  

assumed hor i zon ta l  and p a r a l l e l  t o  t h e  y a-xis. 

The f rees t ream ve loc i ty ,  u,, i s  

s, r, d a r e  the  coord ina tes  i n  a ' ' na tura l"  c u r v i l i n e a r  coord ina te  system. 

s measures t h e  d i s t ance  along t h e  j e t  a x i s  from the o r i g i n  ( d i f f u s e r  e x i t ) ;  

r i s  t h e  r a d i a l  d i s t a n c e  from t h e  jet a x i s ;  and t h e  angle ,  6, debermines 

the  o r i e n t a t i o n  of r.  
The two systems are r e l a t e d  t o  each o t h e r  by 0, and 8 2 .  01 measures 

t h e  ang le  between t h e  p ro jec t ion  of t h e  j e t  c e n t e r l i n e  onto t h e  ho r i zon ta l  

plane and t h e  x axis. 02 measures t h e  a.ngle between t h e  j e t  c e n t e r l i n e  

and t h e  x,y plane.  

Using t h i s  coord ina te  system md t h e  assumptions l i s t e d  e a r l i e r ,  t h e  

fol lowing ord inary  d i f f e r e n t i a l  equat ions3 can be derived f o r  buoyant j e t  

flows : 

c o n t i n u i t y  equation: m 

d 
ds 
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energy equation: 

concent r a t i o n  equation : 

s-momentum ( p a r a l l e l  t o  jet ax i s )  equation: 

2 P, - P “j. r d r = s o - T  r d r  g S2 + E um Sic2 
ds 0 

k-momentum ( v e r t i c a l )  equation: 

j-momentum ( p a r a U e 1  i o  f r e e  stream) equation: 

Equations (11) and (12) can be s impl i f i ed  using equation (1-0) t o  

y i e l d :  

m 

U U - -- - 

9 
ds 
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where 

The d e n s i t y  can b e  w r i t t e n  i n  terms of t h e  temperature and s a l i n i t y  

as3 : 

The Car tes ian  coord ina tes  of t h e  j e t  c e n t e r l i n e  ( x , y , z )  can be  ex- 
pressed i n  terms of s, 01, and €I2 as follovs3: 

S S S 
P P 

These equat ions can be non-dimensionalized by normalizing a l l  t h e  

v a r i a b l e s  on t h e  j e t  p r o p e r t i e s  a t  t h e  d i f f u s e r  e x i t  - uo, ro, to, 

c o j  and po. 
dimensional parameters - R ,  F r ,  and T.  The v e l o c i t y  r a t i o ,  R, i s  t h e  

r a t i o  of f r e e  stream v e l o c i t y  t o  i n i t i a l  jet v e l o c i t y .  

Fr ,  i s  t h e  r a t i o  of i n e r t i a  t o  buoyancy fo rces .  
t e r ,  T, i s  t h e  r a t i o  of i n i t i a l  d e n s i t y  d i f f e r e n c e  t o  ambient d e n s i t y  

g rad ien t .  

Wri t ing  t h e  equat ions i n  t h i s  form in t roduces  t h r e e  non- 

The Froude number, 

The s t r a t i f i c a t i o n  parame- 

I n  o rde r  t o  so lve  equat ions ( ' 7 )  - (lo), ( l3) ,  and (14)  t h e  ve loc i ty ,  

temperature,  and concent ra t ion  profiles normal t o  t h e  j e t  axis must  be 

s p e c i f i e d .  

( 4 ) ,  i s  l i m i t e d  i n  a p p l i c a b i l i t y .  

t h e  l o n g i t u d i n a l  v e l o c i t y  ( p a r a l l e l  t o  t h e  j e t  axis) f a r  from t h e  j e t  axls 

w i l l  be  u12 ( =  u,S1C2). 
flowing streams g ives :  

The v e l o c i t y  p r o f i l e  suggested. by Albertson, e t  al.,' equat ion 

For , je ts  discharged t o  a fl-owing stream, 

General iz ing equat ion ( 4 )  t o  j o t s  discharged t o  

U r < r  
0 U - 
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where Au = u - U 1 2 '  
0 0 

Simi la r ly ,  t h e  temperature p r o f i l e  i s  assumed t o  be:  

and t h e  concentrat ion p r o f i l e  i s  assumed t o  be:  

-., 

I n  t h e  above equations,  r r and r a r e  t h e  p o t e n t i a l  c o r e  widths u' t' C 

f o r  velocit,y, temperature, and s a l i n i t y ,  respectiveJ-y. The widths f o r  

temperature and s a l i n i t y  a r e  unequal only for s t r a t i - f i e d  flows. b i s  a 

m a s u r e  of  t h e  width of t h e  f r ee - tu rbu len t  ( j e t )  flow f o r  velocri.ty and 

hb  i s  t h e  corresponding width f o r  t h e  scal.ar profil .es.  

These p r o f i l e s  introduce f o u r  unknowns - r r i- and b. The 

angles  01 and Q2 provide two a d d i t i o n a l  unknowns f o r  a t o - t a l  of s i x  depen- 

dent  v a r i a b l e s  - equal t o  .the number of equations. 

u) 1;' c' 

These p r o f i l e s  a r e  s u b s t i t u t e d  i n t o  the i n t e g r a l s  appearing i n  the 

d i f f e r e n t i a l  equations,  as shown i n  Appendix A. i n  order  t o  evaluate  t h e  

i n t e g r a l s  involving both t h e  v e l o c i t y  and temperature ( o r  concen t r a t ion ) ,  

f o r  example: 
m 

(i - tm,! r d r ,  
0 

we assume t h a t  r = r ( o r  r e ) .  Without t h i s  simplifica-Lion, t h e s e  i n t e -  u t  
g r a l s  a r e  q-uite d i f f i c u l t  t o  evaluate .  However, t h e  approximation w i l l  

y i e l d  accu ra t e  values f o r  t h e s e  i n t e g r a l s  except (perhaps)  nea r  t h e  end 

of t h e  ZFE. I n  any case,  this approximation i s  l e s s  c r i t i c a l  than a r e  

the entrainment assumptions made l a t e r  i.n t h e  chapter .  
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I n  Appendix B t h e  governing d i f f e r e n t i a l  equat ions are w r i t t e n  i n  

A5 shown i n  Figure 6, 

I n  t h e  f i r s t  region ru, 

tl-.rms of t h e  i n t e g r a l s  developed i n  Appendix A. 

t h e r e  are two d i s t i n c t  regions wi th in  t h e  2;FE. 

rmL, and r 

more r a p i d l y  i n  a f r ee - tu rbu len t  flow than do vec to r  p rope r t i e s ,  t h e  

c e n t e r l i n e  temperature and s a l i n i t y  w i l l  begin t o  decrease from t h e i r  

d i f € u s e r  o u t f a l l  va lues  be fo re  t h e  end of t h e  v e l o c i t y  p o t e n t i a l  core  i s  
reached. 

a r e  a l l  g r e a t e r  than zero. Since s c a l a r  p r o p e r t i e s  d i f f u s e  
C 

The second region i s  downstream of the po in t  where r 

t; C 

( o r  r ) becomes t C 
zero. Beyond t h i s  po in t ,  r and r a r e  requi red  t o  remain zero and t h e  

new dependent v a r i a b l e s  a r e  t and c which now decay from t h e i r  i n i t i a l  

value s . m m 

Thus, i n  region 1, t h e  d i f f e r e n t i a l  equat ions can be w r i t t e n  as: 

whore t h e  a and t h e  f .  are def ined  i n  Appendix B, equat ion (B-11). i j  1 
I n  region 2, t h e  d i f f e r e n t i a l  equat ions a r e :  

where the c o e f f i c i e n t s  a r e  defined. i n  equat ion ( B - 1 2 ) .  



In orde r  t o  achieve c losu re  t h e  entrainment r a t e ,  E, must be s p e c i f i e d .  

Albertson 's  c o r r e l a t i o n  foy E, equation ( 5 ) ,  i s  va1.i.d only f o r  the  simple 

momentum j e t .  Using equation ( 3 ) ,  equation ( 5 )  can be r e w r i t t e n  as: 

I n  reference 3 ,  a general  expression f o r  the entrainment ra te  i n  t h e  zone 

OP es t ab l i shed  flow w a s  developed, based on t h e  works of Hoult, e t  al.12 

and Fox. l8 The entrainment funct ion used theye i s :  

I n  o rde r  t o  develop an entrai.nment equation v a l i d  f o r  a wide range 

of flows within t h e  ZE? we s h a l l  assume t h a t  t h e  form of equation ( 2 3 )  i s  
v a l i d  wi th in  t h e  Z?TE. This assumption, plus  t h e  requirement that; -the 

entrainment equation red-uce t o  equation (22 )  f o r  simple momentum j e t s ,  

suggests t h e  following entrainment func t ion  f o r  t h e  ZF'li:: 

E/uoro = p . 0 2 0 4  + 0.0284(b/r ) 
0 1 

2l x [I 1 - R12 1 + A3R dl - (SIC2) 

Equation (24) appears t o  account f o r  t h e  important f a c t o r s  which in f luence  

entrainment - j e t  width, b; buoyancy, E'r; jet o r i e n t a t i o n ,  01 and. Q2; and 

t h e  f r e e  stream ve loc i ty ,  R.  

Lack of  s u f f i c i e n t  experimental d a t a  within t h e  ZFE pro1ii.bi.t a 1nox-e 

s c i e n t i f i c  development of t h e  entrainment funct ion.  However, as we s h a l l  

l a t e r  see, the p r e d i c t i o n s  obtained with t h i s  func t ion  appea:c- j-easonable 

and are i n  reasonable agreement with t h e  l imi t ed  d a t a  a v a i l a b l e .  As more 

d a t a  a r e  obtained, a more accu ra t e  func'iion can be developed. Even then, 

t h e  equations and p r o f i l e s  used he re  w i l l  s t i l l  provide t h e  framework 

needed t o  p red ic t  j e t  development wi th in  t h e  ZFE. 
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Equations (20), (21), and (2i+) have been programmed f o r  t h e  IBM 360 

cor'puter u s ing  FORTRAN I V .  

(IBM S c i e n t i f i c  Subroutine Package HPCG) 

t h e  d i f f e r e n t i a l  equat ions.  

core  widths (ru = r 
angles,  01 and Q,. The values  of Fr, R, and T must a l so  be s p e c i f i e d .  

The s o l u t i o n  then  proceeds by marching i n  t h e  d i r e c t i o n  of i nc reas ing  s .  

Hamming's modified p red ic to r - co r rec to r  method 

i s  used t o  numerically solve 

The i n i t i a l  condi t ions include t h e  p o t e n t i a l  

= r = l), t u r b u l e n t  j e t  width (b  = 0 ) ,  and i n i t i a l  t c  

3 .  Resu l t s  Obtained With t h e  Method 

Equations ( X I ) ,  (2L), and ( 2 4 )  a r e  s u f f i c i e n t  t o  determine j e t  devel-  

opment w i t h i n  ZFF,. However, t h e  c o e f f i c i e n t s  i n  t h e  entrainment equation 

( 2 4 )  must be  determined f irst .  

For t h e  simple momentum j e t  (i.e., F r  = a, R = 0 )  equation ( 2 4 )  

reduces t o  equation ( 2 2 ) .  P red ic t ions  made with t h i s  entrainment func t ion  

giTre a value of s /r g r e a t e r  than t h e  1 2 . 4  measured by  Mbertson,  e t  al.' 

I n c r e a s i n g  t h e  cons t an t s  i n  equation ( 2 2 )  by 5 8  b r i n g  t h e  p red ic t ions  

c l o s e l y  i n  Line with experimental d a t a  f o r  t h e  simple momentum jet. 

f o r e ,  a l l  f u r t h e r  p red ic t ions  are m d e  w i t h  t h e s e  c o e f f i c i e n t s  so increased.  

e o  

There- 

The p r e d i c t i o n s  f o r  t h e  simple momentum ,jet are compared with experi-  

mental v e l o c i t y  p r o f i l e s  obtained by Sami, e t  i n  f i g u r e  '7. The 

agreement between theo ry  and experiment i s  e x c e l l e n t  throughout t h e  ZFE. 

The c o e f f i c i e n t  A3 determines t h e  in f luence  of cross flows on t h e  

entrainment.  

wi,t,h Gordier'sg data and Fan's13 c o r r e l a t i o n  of t h a t  data ,  which can be 

w r i t t e n  as: 

I t s  value was determined by f i t t i n g  t h e  p re sen t  p red ic t ions  

-3.4R s,/ro = 1 2 . 4  e 

v a l i d  f o r  non-buoyant j e t s  discharged t o  a cross flow. 

with A3 = 4.3  give good agreement with Gordiev's d a t a  and Fan 's  c o r r e l a t i o n ;  

s e e  f i g u r e  8.  
a l s o  shown on t h e  f igure .  These values a r e  considerably lower than t hose  

meassured by Gordier, b u t  no obvious explanat ion exists f o r  t h i s  d i sc rep -  

ancy. 

P r e d i c t i o n s  made 

S t a r t i n g  l eng th  values  measured by P l a t t e n  & K e f f e r l l  are 
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The method, with A2 unspecified,  i s  now capable of p r e d i c t i n g  a l l  

non-buoyant j e t  f lows. Figure 9 shows t h e  present  p red ic t ions  and t h e  

c o r r e l a t i o n  given by Abra.movich, equation (2S),  f o r  non-buoy-ant j e t s  

discharged t o  a coflowing stream: 

1 
( 2 6 )  

1 + H  se/:c0 = 12.4 I------- I ~ - ~ -  1 - R  + 1.18 R 

where Abramovich’s cons t an t s  were ad jus t ed  so t h a t  s /r 
R = 0. 

e t  a l .  ‘9 

c o r r e l a t i o n  i s  remarkably good. The new method p r e d i c t s  values of s e 
which a r e  higher  than those mea.sured by Shaplro, b u t  t h e  agreement i s  

q u a l i t a t i v e l y  s a t i s f a c t o r y .  Hinze2 ques‘iioned t h e  accuracy of t h i s  d a t a  

s i n c e  it seems t o  c o n f l i c t  with t h e  value s /r 

= 12.4 when e o  
A l s o  shown a r e  t h e  experimental measurements obtained by Shapiro, 

The agreement between t h e  present  me-t‘nod and t h e  Abramnovich 

= 12.4 f o r  R := 0. e o  
The c o e f f i c i e n t ,  A2, determines t h e  in f luence  of i n i t i a l .  buoyancy on 

t h e  entrainment. I t s  value w a s  determined by f i t t i n g  t h e  present, pre- 

d i c t i o n s  wi th  Abraham’ s16 c o r r e l a t i o n s  f o r  horizontal. a d  vert ical .  buoyant 

j e t s  discharged t o  quiescent ambients. P red ic t ions  made wi-th A2 = 34 give 

s a t i s f a c t o r y  agreement with Abraham’s c o r r e l a t i o n s ;  see f i g u r e  1-0. Unfor- 

tunately,  no da-ta within t h e  ZFE e x i s t  f o r  buoyant je -Ls so it i s  impossible 

t o  empi r i ca l ly  check t h e  accuracy of t h i s  method f o r  buoymt j e t  f lows. 

The entrainment equation used i n  a l l  f i i r t he r  c a l c u l a t i o n  i s  : 

E/u r = 1.05 0.020L -c 0.0284(b/ 
0 0  

This method i s  now capable of  p red ic t ing  d-evelopment wlt’nin the  ZFE 

for buoyant j e t s  discharged a t  ar’oitrary a.ngles t o  flowing, s - t r a t i f i ~ e d  

ambients. 
Figures  11-15 present  t h e  p red ic t ions  of  s /r b,/ro, A t e / A t o ,  Qle, e 0’ 

f o r  j e t s  discharged h o r i z o n t a l l y  and normal t o  t h e  f r e e  stream for 

several- values of F r  and R .  A s  t h e  f r e e  stream veloci-ty inereascs ,  t h e  
s t a r t i n g  length,  j e t  width, and Q2 e decrease while t h e  centerlj-ne tempera- 

t u r e  and. 8 i nc rease .  A s  t h e  j e t  becom.es more buoyant ( F r  dec reases )  t h e  
le 



s t a r t i n g  l eng th  a id  c e n t e r l i n e  temperature decrease,  while t h e  j e t  width 

and angles  inc rease .  

F igures  16-19 present  similar p red ic t ions  f o r  j e t s  discharged v e r t i -  

c a l l y  up. 

equat ion does not  e n t e r  i n t o  t h e  c a l c u l a t i o n s .  The e f f e c t s  of R and F r  

a r e  very similar t o  those  f o r  J e t s  discharged h o r i z o n t a l l y  and perpen- 

d i c u l a r  t o  t h e  f r e e  stream. The curves f o r  F r  = 5 i n  f i g u r e s  16-18 are 

unexpected because they  are not  monotonically inc reas ing  (or  dec reas ing ) .  

For  t h e s e  flows (wi th  0, = 90') 0, i s  undefined and t h e  8, 

Figures  20-23 present  p red ic t ions  f o r  je ts  discharged h o r i z o n t a l l y  

and p a r a l l e l  t o  t h e  f r e e  stream. When t h e  v e l o c i t y  r a t i o  i s  1.0, t h e  j e t  

and f r e e  s t ream a r e  moving a t  t h e  same v e l o c i t y  so t h e r e  i s  no jet, which 

accoimts for t h e  d i s c o n t i n u i t i e s  a t  R = 1.0  on these  f i g u r e s .  

f i g u r e s  show tha t  t h e  in f luence  of' a coflowing stream i s  t h e  reverse  of 

t h a t  from a c ross  flow. The r e s u l t s  f o r  Fr = 5 a r e  no t  shown here because 

numerical  i n s t a b i l i t i e s  which appeared i n  those  c a l c u l a t i o n s  reduce con- 

f idence  i n  those  r e s u l t s .  

because they  cross over  t h e  h igher  F r  curves. 

These 

- 

The low Fr curves on f i g u r e s  20-22 a r e  unusual 

The anomolies i n  f i g u r e s  16-18 and 20-22 suggest t h a t  t h e  low Froude 

nuniber r e s u l t s  presented here  be used w i t h .  c au t ion .  These anomolies may 

be due t o  an inaccura t e  entrainment func t ion;  unfori,unately t h e  v a l i d i t y  

of equat ion ( 2 4 )  at low Fr cannot; be checked because no experimental  d a t a  

f o r  t h e  ZFE of buoyant j e t s  e x i s t .  Al te rna t ive ly ,  t hese  anomolies may 

appear  because t h e  v e l o c i t y  wi th in  t h e  p o t e n t i a l  core  inc reases  a t  low 

Froude numbers* due t o  t h e  buoyancy dr iven  a c c e l e r a t i o n .  

would t h e r e f o r e  be i n v a l i d  f o r  t h e s c  Froude numbers. 

equat ion (17) would have t o  b e  modified.  

This a n a l y s i s  

I n  p a r t i c u l a r ,  

Because of t he  d i f f e r e n t  influences of the ambient flow, according 

t o  whether t h e  j e t  i s  perpendicular  or p a r a l l e l  t o  t h e  f r e e  stream, we 

compute t he  s t a r t i n g  l eng th  fo r  a v a r i e t y  of GI1, 8, values  with F r  and R 

f ixed .  The r e s u l t s  of t h i s  computation a r e  shown i n  f i g u r e  24 f o r  a j e t  

dis2harged wi th  F r  = 40 and R = 0.2.  The s t a r t i n g  l eng th  inc reases  wi th  

inc reas ing  01 and decreas ing  8 2 .  



Figure 4 shows how t h e  j e t  develops f o r  a, p a r t i c u l a r  se t  of i n i - t i a l  

cond i t ions .  The j e t  shown i s  discharged h o r i z o n t a l l y  t o  a quiescent  

ambient with an i n i b i a l  E'roude number of 40. The j e t  curves upward. due 

t o  t h e  buoyancy f o r c e ,  The turbulence and entraiixaent a t  t h e  edge of t h e  

j e t  d i f f u s e  t h e  j e t  ou-tward-, as shown by t h e  growth i n  j e t  width, h. 

Veloci ty  and temperature p r o f i l e s  a r e  shown a t  f o u r  s t a t i o n s  within t h e  

mE. I n i t i a l l y ,  t h e  profiles a r e  top-hac,  b u t  as we move downstream t h e  

p r o f i l e s  become more n e a r l y  Gaussia.n . Not e t h a t  t h e  temperature p r o f i l e  

decays more r a p i d l y  than does t h e  vel.ocity p r o f i l e .  

This method can be used t o  h e l p  design optimum systems for power p l an t  

thermal e f f l u e n t s  discharged through a s ing le ,  submerged, round d i f f u s e r .  

For example, f o r  a j e t  discharged with F r  = 40 and R := 0.2 ( f i g u r e  24) 

Table 1 shows t h e  s ize  of t h e  regj-on wi th in  which t h e  temperature i s  equal 

t o  t h e  d i f f u s e r  e x i t  temperature, i . e . ,  t ( r , s )  = t . This t a b l e  shows 

t h a t  t h e  s i z e  of t h i s  mxi.mum tempemture region i s  rough1.y proport ional  

t o  t h e  length of t h e  mixing zone. Thus, as shown i n  f i g u r e  24, discharg-  

i ng  t h e  j e t  v e r t i c a l l y  up w i l l  reduce t h e  ex ten t  of t h i s  mixing zone. 

Also, j e t s  discharged perpendicular t o  the ambient, r a t h e r  than p a m l l e l  

t o  t h e  ambient, y i e l d  smaller  mixing zones. These r e s u l t s  have been 

c o n f i m e d  by c a l c u l a t i o n s  wi th in  the  zone of e s t ab l i shed  f l o w .  

0 

Table 1. Mixing Zone Size A s  A Function 
O f  Initial Orien ta t ion  

Q, 

0" 
30 
60 
90 

0 
30 
60 
90 

0 
30 
60 
90 

0" 
0 
0 
0 

30 
30 
30 
30 

60 
60 
60 
60 

1. . 0 
1.05 
1.29 
1- . 71. 
0.825 
0.873 
1.01 
1.12 

0.733 
0 . 759 
0.785 
0.802 

- -  90 0.706 

a Vo1.um.e wi th in  which t = to 
Corresponding volume a t  0", 0" v =  



17 

4 .  Summary 

The method developed i n  chapter  2 uses t he  i n t e g r a l  conserva t ion  

eqilations of' mass, energy, concent ra t ion ,  and momentum. A modified 

Gaussian i s  used t o  eva lua te  t h e  ve loc i ty ,  temperature,  and s a l i n i t y  

p r o f i l e s  and a new entrainment func t ion  i s  pos tu l a t ed .  

a s e t  of s i x ,  non- l inear ,  coupled, o rd ina ry  d i f f e r e n t i a l  equat ions,  t h e  

so.lution t o  which inc ludes  t h e  l eng th  of t,he zone of flow establ ishment;  

and va lues  of c e n t e r l i n e  temperature,  s a l i n i t y ,  j e t  width,  and j e t  o r i e n -  

t a t i o n .  The method i s  q u i t e  general ,  capable  of p red ic t ing  buoyant j e t s  

discharged t o  flowing, s t r a t i f i e d  ambients ( three-dimensional  t r a j e c t o r y  

The r e s u l t  i s  

f l o w s ) ,  

However, t h e  method i s  l i m i t e d  t o  s teady  flows for which t h e  f r e e  

s t ream i s  laminar. Fur ther ,  t h e  accuracy of t h e  new entrainment func t ion  

can be  determined only  a f t e r  a d d i t i o n a l  experimental  data become a v a i l a b l e .  

Therefore,  p red ic t ions  obtained wi th  t h i s  method should be used cau t ious ly .  

This i s  p a r t i c u l a r l y  t r u e  f o r  l o w  Froude number flows where t h e  method may 

not, be  v a l i d .  

There i s  a r e a l  need f o r  more v e l o c i t y  and teraperature p r o f i l e  measure- 

ments wi th in  t h e  ZFE. 

ha:; been ex tens ive ly  s tud ied ,  while  t h e  ZFF, of buoyant j e t s  has  been com- 

p l e t e l y  ignored. 

To da te ,  o n l y t h e  ZFE of t h e  simple momentum j e t  

P red ic t ions  have been compared w i t h  t h e  l i m i t e d  experimental  d a t a  

avai lable  f o r  non-buoyant j e t s  and t h e  agreement i s  adequate. The agree-  

ment between present  p red ic t ions  and t h e  Fan, l 3  Abramovich, '' and Abraham16 

c o r r e l a t i o n s  i s  q u i t e  good. 

Tine output, of t h i s  method can be used t o  de f ine  t h e  i n i t i a l  condi t ions  

requi red  for  the cunvent ional  Zone of Es tab l i shed  Flow methods. These 

i n i t i a l  cond i t ions  a r e  presented g raph ica l ly  i n  f i g u r e s  11-23 f o r  t h r e e  

d i f f e r e n t  i n i t i a l  j e t  o r i e n t a t i o n s .  Coupling t h e s e  i n i t i a l  condi t ions  

w i t h  convent ional  methods should provide more accu ra t e  p red ic t ions  of j e t  

development. 
This  i s  p a r t i c u l a r l y  important f o r  thermal  plumes from power p l a n t s ,  

where one i s  p r imar i ly  concerned with t h e  region near  t h e  o u t f a l l  i n  which 

t h e  temperature excess i s  l a r g e .  This  method provides, f o r  t h e  P i r s t  time, 

p red ic t ions  of t h c  s i z e  and l o c a t i o n  of t h i s  zone and t h e  temperature  f i e l d  

wi th in  t h i s  zone, f o r  thermal  e f f l u e n t s  discharged through s ing le ,  c i r c u l a r ,  

submerged d i f f u s e r s .  
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APpENnIX A 

Evaluat ion of t h e  I n t e g r a l s  I n  t h e  D i f f e r e n t i a l  Equations 

The d i f f e r e n t i a l  equations, (7 )  - (LO), (13) and ( 1 4 ) ,  conta in  seve ra l  

i n t e g r a l s  which involve t h e  ve loc i ty ,  temperature,  and concent ra t ion  pro- 

f i l e s ,  equat ions (17) - (19). 

using t h e s e  p r o f i l e s .  

I n  t h i s  Appendix, t h e  i n t e g r a l s  a r e  evaluated 

Equation ( 7 )  con ta ins  t h e  mass f l u x  i n t e g r a l ,  denoted by I,, which 

is:* 

' J  u12 r dr 

I, = - 2 o u  u r2 +[u 0 9 + @  - '9) u12] r U b 

Equation (8)  con ta ins  t h e  energy flux i n t e g r a l ,  Iz, which i s :  

L -  -J 
( A - 3 )  

The d i f f e r e n c e  between r and r i s  ignored i n  eva lua t ing  12. .4n exact  

so lu t ion  i s  impossible  without t h i s  assumption. I n  a c t u a l i t y ,  Y and r 
U t 

t U 

V h e  o u t e r  edge of t h e  j e t  i s  taken as r + f i b  f o r  the  i n t e g r a l s  
involving u12 - 11 and 14. U 
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a r e  very  n e a r l y  equal, except i n  the region where I" i s  zero; s ee  f i g u r e  

6 .  
t 

The integral .  on t h e  l e f t  hand s i d e  of equation (9 )  i s  i d e n t i c a l  t o  
12, with t replaced by c .  This i n t e g r a l ,  denoted by 13, i s :  

Once again, t h e  widths of t h e  velocity and s a l i n i t y  p o t e n t i a l  c o r e s  are 

assumed i d e n t i c a l ,  i . e . ,  r = r . 
C U 

The momentum equation (10) con ta ins  t h e  momentum flux i n t e g r a l ,  

deno-ted by I : 
L 
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(A-7) 

The momentum equat ion (10) a l s o  con ta ins  the in tegra l .  of density - 
d i f f e rence ,  denoted by 15. 

equat ion of state (15) and t h e  temperature  and s a l i n i t y  p r o f i l e s ,  equat ions 

(18) and (19):  

This i n t e g r a l  can be evaluated using the 



APPENDIX R 

Evaluation of t h e  D i f f e r e n t i a l  Equations 

The integral-s,  evaluated in Appendix A, can now be subst i tuted.  i n t o  

t h e  d i f f e r e n t i a l  equations (7)  - (lo), ( l3) ,  and (14).  I n  o rde r  t o  

reduce t h e  a lgeb ra i c  complexity, we assume tha-t, locally, t h e  values  of 

01 and 02 remain constant .  That is ,  t h e  ra-tes of change of t h e  t e r n s  

involving Q1 and Q 2  are assumed t o  be  much smaller  than t h e  rates of change 

of t h e  terms involving b, r r.t and r 

concentration, and s-momentum equat ions.  I n  t h e  l as t  two momentum equa- 

t i o n s  (13) and (14) t h e  d e r i v a t i v e s  of €I1 and Q2 a re ,  oP course, not 

neglected . 

in t h e  conservation of mass, energy, 
U' C 

We make c e r t a i n  d e f i n i t i - o m  f o r  l a t e r  use: 

+ u12) h2 
d3 = (U. - u12 

x 2  + 1 

Now t h e  i n t e g r a l s  froin Appendix A, and t h e  d .  can be  s u b s t t t u t e d  i n t o  
1 

t h e  d i f f e r e n t i a l  equations t o  y- ie ld . :  

con-t inui ty  equation ( 7 )  : 

( u  T + b dl) r; -t- ply + (11 -t u12) b b '  :I= E 
o u  u 0 1 ( B - 2 )  
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energy equation (8)  : 

+ d,b) r '  f (d2rt  + d,b) b '  
('Ort t 

0 

1 
2 + r b d , + ; !  b'd,) / A t  =--(-I~ + - u r 2 o t  t 

dtco /, 

ds 

concen t r a t ion  equation (9)  : 

+ d,b) ri + (d2rC + d,b) b '  
(UOrC 

( B - 4 )  

s-momentum equation (10): 

2 
(uorU + d4b) '1; + (d,b + d 4 r U )  b' = I,g S2 + E u12 (B-5) 

Ql-equation (13): 

8, ,-equation ( 1 4 . )  : 

where y = IL, - 

d( )/as. 
E quat i ons  

1,g c, - E UmS1Sz 

Q; = (B-7)  
9 

E2//1, A t  = t - t ( z ) ,  Aco = c - c,(z), and ( ) '  = 

(B-2) - (B-7)  a r e  v a l i d  only f o r  r > 0, rt > 0, and 

0 0 0 OD 

u 
r > 0. 

equa-tions are no longer  appropr i a t e .  

temperature ( o r  concen t r a t ion )  will decay from i t s  i n i t i a l  value,  

Once any of t h e s e  p o t e n t i a l  core  widths becomes zero, these 
C 

Beyond t h a t  point ,  t h e  c e n t e r l i n e  
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to ( o r  c ) .  Also, the p o t e n t i a l  core width w i l l  remain zero, r = 0 

( o r  r = 0 ) .  Thus t ( o r  c ) becomes a dependmt v a r i a b l e  replacing 

r ( o r  r e ) .  

0 t 
C m m 

t 
I n  t h e  po r t ion  of t h e  ZFE beyond where r 2 0, t h e  energy and con- t 

c e n t r a t i o n  equations a r e  changed, as i s  the dens i ty -d i f f e rence  i n t e g r a l ,  

J-5 * 

The energy equation (B-3) becomes: 

( B - 8 )  

Similar ly ,  t h e  concentrat ion equation (B-A) becomes: 

(a-9) 

And f i n a l l y ,  t h e  dens i ty -d i f f e rence  i n t e g r a l  becomes: 

(B-10) 

where A t  = t - t  ( z )  and Ac = c - c m ( z ) .  
111 rn 53 m rfl 

So, i n  the region where r = 0 and r > 0 t h e  governing diPf 'erential  t U 

equations a r e  (B-2 ) ,  (B-g),  ( B - 9 ) ,  and ( B - 5 )  - (B-7), with equaLiun (B-10) 

s u b s t i t u t e d  f o r  t h e  d e f i n i t i o n  of I, from equation ( A - 9 ) .  

The governing equations f o r  both regions within t h e  ZFE can be  wr i t t en  

i n  matr ix  form, as shown i n  Chapter 2 .  The c o e f f i c i e n t s  i n  equation (20)  

a r e  : 

all = u r -+ b d, o u  
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a22 = u r -+ d2b 
0 %  

= d 2 r  + d,b 
t, 

1 2  
f* = - dtw (--Il + 2 1 ~ ~ r . ~  2 + rtb d2 + ;2 b d3) / A t o  dS 

a33 = u r + d,b 
o c  

a 3 4  = d2r  + d 3 b  
c 

f 3  = - dcw (-I1 c - 1 u r 2 + r b d, + 2 1 2  b d3) /heo 
ds 2 o c  c 

2 

o u  a41 = u r + d,b 

a44 = d,b + d,r 
U 

f4 = I, g S, + E 111, 

E u,cl 

c ,  
f, = 

1 5 g C 2 - E u  S S  
m 1 2  

f6 = 

The coefficients in equation ( 2 1 )  are: 

(B-11) 
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A,, = b2 d,/2 

= A t m  b d3 

Tfl d3 
A34 = ac 

co 
- d c  

ds 
1, F3 = -  

444 = a44 

F4 = f, 

F, = f, 

P, = f, 

wi.th I5 (in f4 and f6) changed to: 

I, := (At,@ -I- Acmy) h2b2/2 

(B-12) 
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APPENDIX C 

FIGURES 
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\ZONE OF FLOW 
ESTA B L I S H ME NT 

Fig. 1. Flow Regimes for Buoyant J e t s  

F i g .  2. Schematic Representat ion of the Zone of' Flow Establish- 
ment. 
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Fig .  3. Veloci ty  and Density-Difference P r o f i l e  Shapes. 

0 4 12 16 

Pig .  4. Veloci ty  and 'Tcmpcrature P r o f i l e s  Within the Zone of Flow 
Establ ishment .  J e t  i s  Discharged with F r  : 40, R = 0, Q1 = O", Q2 - 0". 
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ORNL-DWG 74-i434 
2 

x 

Fig .  5 .  Natural  Coordinate System f o r  Biuoyant Je t  An.s l .ys i s .  

ORNL-DWG 74-5187 

S Se 

Fig. 6. Zone of Flow Establishment Showing the P o t e n t i a l  Cores f o r  
Temperature and Velocity. 
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ORNL-DWG 71-5186 

F i g .  7. Ve loc i ty  P r o f i l e s  Within t h e  Zone of Flow Establishment f o r  
t h e  Simple Momentum J e t ,  Data are from Sami, Carmody &. Rouse (196'7) ~ 
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Fig. 8. S t a r t i n g  Length for Non-buoyant Jets  Discharged Normal Lo 
the Free Stream. Data are from Gordier (1959) and Platten & Keffer (1968). 
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Fig.  9 .  S t a r t i n g  Lerigth f o r  Xon-buoymt 
J e t s  Discharged t o  a Coflowing Stream. Data 
are from Landis & Shapiro (1951) snd  F o r s t a l l  
& Shapiro (1950). 
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