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ABSTRACT

Methods for applying importance sampling techniques to secondary

gamma-ray generation in coupled, neutron-gamma-ray Monte Carlo transport

calculations have been developed and evaluated. The Boltzmann trans

port equation is presented in an integral-matrix form which defines a

set of coupled neutron-gamma-ray, multigroup equations and provides the

basis for the coupled Monte Carlo random walk. Three methods of biasing

the production of secondary gamma rays which make use of importance

functions obtained from discrete ordinates adjoint calculations are

formalized. These methods employ importance sampling techniques which

include alteration of the gamma-ray generation probabilities, non-

absorption weighting, and a combination of splitting and Russian

roulette. These three methods are evaluated using the multigroup,

Monte Carlo code M0RSE in the solution of a deep-penetration shielding

problem in concrete. All three methods are shown to be more efficient

than the standard method of biasing the secondary gamma-ray production

in the M0RSE code. The methods varied from a factor of 1.3 to 40.0

better than the standard method based on the running time of the code

and variance of the answer obtained.
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CHAPTER I

INTRODUCTION

The production of secondary gamma rays due to the interaction of

neutrons within shielding materials creates a serious problem in the

design of radiation shields. In deep-penetration transport problems

their production and subsequent transport within a shield can contri

bute a major portion of the transmitted dose. For example, this is

true of shields being optimized for weight in space applications, at

large distances from the center of nuclear weapons bursts in air, or

for thick shields used for reactor power plants.

Because of this importance of secondary gamma rays, the methods

used to treat them in radiation transport calculations is a primary

consideration in shield design. In the case of the Monte Carlo method

of calculation these gamma rays must be incorporated into the random

walk process in terms of the secondary gamma-ray production cross sec

tions and corresponding energy spectra. Traditionally, this has been

accomplished in separate Monte Carlo codes for the neutron and gamma-ray

transport; however, more recently Monte Carlo codes have been written

that employ "coupled" multigroup cross sections such that the combined

neutron-gamma-ray problem may be solved simultaneously using a single

code. However, the efficiency of running a combined problem, using

either a single or separate code, can be largely dependent upon the

techniques used in biasing the production of secondary gamma rays.

This is especially true in the deep-penetration shielding problems

where large numbers of secondary gamma rays may be produced which



never contribute to the answer. For example, in one approach that has

been used gamma rays are generated at every neutron collision with the

result that a large amount of computer time is spent in tracing un

important gamma-ray histories. Obviously, importance sampling or bias

ing schemes are required to alter the gamma-ray production such that

only important gamma rays are produced, i.e., the gamma rays which would

have the best chance of contributing to the desired response.

Thus, the purpose of this work is to develop practical methods for

and to demonstrate the calculational advantages of applying importance

sampling techniques to secondary gamma-ray generation in coupled neutron-

gamma-ray Monte Carlo transport calculations. Three basic methods have

been developed and evaluated using the Monte Carlo code MORSE. * All of

the methods make use of importance functions obtained from discrete

ordinates adjoint calculations. These importance functions have been

used to bias the secondary gamma-ray generation in energy and angle as

well as in space.

In Chapter II, the coupled neutron-gamma-ray Boltzmann transport

equation is presented in integral-matrix form which provides the basis

for the coupled Monte Carlo random walk. The Monte Carlo method of

obtaining the effect of interest is discussed along with an outline of

the random walk process. The three methods of biasing the production

of secondary gamma rays within the random walk process are then pre

sented. These methods employ importance sampling techniques which

include alteration of the gamma-ray generation probabilities, non-

absorption weighting, and a combination of splitting and Russian

roulette.



Chapter III presents the results of importance sampling the produc

tion of secondary gamma rays in deep-penetration shielding calculations

using the multigroup Monte Carlo code MORSE. Results are given for a

concrete shield for both a 14-MeV and a fission source. The three methods

of importance sampling are compared based on the efficiency of obtain

ing an answer. This efficiency is considered to be proportional to the

running time of the code and the variance of the answer obtained. The

results of the Monte Carlo calculations are also compared with the

results of the S code ANISN.2
n

Conclusions are discussed and recommendations are made in Chapter

IV.



CHAPTER II

THEORY

The coupled neutron-gamma-ray transport equation and the formaliza

tion of the various techniques by which this coupling is obtained in

Monte Carlo calculations are presented in this chapter. The coupled

Boltzmann transport equation is presented in an integral-matrix form,

defining a set of multigroup coupled neutron and gamma-ray equations.

Methods of importance sampling the production of secondary gamma rays

in the Monte Carlo random walk are developed in terms of these equations.

Coupled Neutron Gamma-Ray Boltzmann Transport Equation

The coupled Boltzmann transport equation can be written in the

following integral-matrix form:

X(P) = S(P) + K(P^-P') X(P')dP' , (II-D

where the fundamental variable is the "emergent particle density" and

X(P)dP* is the matrix of particles per unit time emerging in dP about

P from a source or from real collisions, S(P)dP is the matrix of

particles per unit time leaving a source in dP about P, and K(P«-P')dP

is the transition kernel matrix which is the matrix of particles

per unit time emerging from collisions within dP about P given that a

particle came out of collision at P'. The elements of these matrices

*Note that P e (r,fi) designates a point in position and direction space,
and, thus, x(P) Is simply a way of indicating that the_elements of this
matrix are a function of space point r, and direction Q. This notation
will be used hereafter to designate the functional dependence of the

matrix elements.

**The word "particles" refers to both neutrons and gamma rays.
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are first delineated according to the types of particle, i.e., either

neutron or gamma ray:

where

X(P) =

S(P) =

xn(P)"

xy(p)

sn(P)

SY(P)

emergent particle density matrix;

source density matrix;

K(P^-P') = C(P+-P')T(P-H?') transition kernel matrix,

C(p-f-p') =

T(p-t-p') =

rcnn(p^p') CYn(P^P')'

cnY(p«-p') CYY(P«-P')
collision kernel matrix,

T (P-H?1) 0

0 TY(P^P')
transport kernel matrix.

These elements are further delineated into N neutron energy groups and

M minus N gamma-ray groups where M is the total number of energy groups:

xn(p) =

where

rx"(r,^)'

X^.fi)

x£(r,n)

X (r,f2)d^ = the number of neutrons per unit volume and time,

emerging at space point r from a source or real



where

collision having energies within the gth energy group

and directions which lie in dft about ft,

N = number of neutron groups.

XY(P) =

YY%t-l
,Y

(r.ft)

XN+2(r^

xj(r.fl)

X (r,ft)dft = the number of gamma rays per unit volume and time
©

emerging at space point r from a source or real

collision having energies within the gth group and

directions which lie in dft about ft,

M = number of neutron groups plus the number of gamma-ray

groups.

where

S (r,ft)dft

sn(p) =

S?(r,ft)

s?(7,n)

sJJ(r.Q)

source neutrons emitted per unit volume and time at

space point r having energies within group g and

directions which lie in dft about ft.



SY(P) =

where

sifl<r'n>
sY+2(7,ft)

SY(r,ft)

SY(r,ft)dft source gamma rays emitted per unit volume and time at

space point r, having energies within group g and

directions which lie in dft about ft.

Neutron Collision Matrix

where

cnn(p-p')

r nn rnn

Ll«-1 V2

rnn rnn
L2«-l L2^2

/-. nn /-, nn

N-«-l N+-2

-,nn

'1«-N

-,nn

'2+-N

-,nn

JN^-N

Er"8'(r,ft^ft") Z8'(r)
C™ , = C™ ,(7,?M?') = -JL_ x _J2
g^g g^g "' - "'2S (r)

n

£f (r)
n

Z8^8 (r,ft<-ft")dft
s ' '
n

,- _ = normalized probability density function; the prob-
I8 (r)
n ability that a neutron in energy group g' and with

an initial direction ft" undergoes a collision at r

which places it into a new energy group g, and a

direction that lies in dft about ft,



n

z8'(7)

Z^'tr.TWT)

average number of neutrons* emerging from a collision at

r given that a neutron in energy group g' has a collision

at r,

neutron to neutron energy-averaged transfer cross

section** which includes all neutron producing reac

tions,

Z8 (r)
n

Z8 (r)

energy-averaged neutron total cross section for the

g'th group,

energy-averaged neutron production cross section for

the g'_th group

N

I
8=1 ;

dft ZS^8'(r,ft^-ft")
s
n

Secondary Gamma-Ray Generation Matrix

where

CnY(P-s-P*) =

rnY rnY
N+l«-l N+1+-2

rnY rnY
N+2-KL N+2-f-l

"M«-l "M+-2

JN+l-«-N

JN+2«-N

rnY
T^-N

Z8^8'(r,ft^") ^'(r)
cnY , =cnY ,<7,Iw?') = Cn , _ xA—

g^S g"^g vg /••v\ vgZ* (r)
n

Z* (r)
n

*Note that for reactions such as (n,2n) more than one neutron may emerge
from the collision.

**Definitions of all flux-weighted, energy-averaged cross sections used
throughout this thesis are given in Appendix A.



Z8*"8 (r,ft+ft")dft
c '
n

zg'(7)
c
n

— = normalized probability density function; the prob

ability that a neutron in energy group g' and with

an initial direction ft" undergoes an event at 7

which produces a gamma ray into energy group g and

a direction which lies in dft about "ft,

——— = average number of gamma rays emerging from a collision
Z8 (r)
n at r given that a neutron in energy group g' has a

collision at r,

Z (r,ft<-ft") = neutron to gamma-ray energy-averaged transfer cross
n

section which includes all neutron reactions from

which a gamma ray results.

Zc (r) = energy-averaged, neutron-to-gamma-ray production cross
n

section for the g'th group,

N r _ ,
= I dft Z8*~8 (r.JWT) .

g=l j °n

Gamma-Ray Collision Matrix

where

'\ =CYY(P+-P')

YY YY

CN+1«-N+1 CN+l+-N+2
YY YY

CN+2«-N+l CN+2<-N+2

.YY
:M^N+1

_YY

•'M^-N+2

.YY

JN+1«~M

.YY

"N+2+-M

.YY

"M+-M

Z8*"8 (r,ft+-ft") Z8 (r)
cZ =cJJ (7,JW2") =—*- , _ - ,

ge> e~8 yg /~\ vgZ8 (r)
Y

JL

Z* (r)
Y
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Z8^8 (r,ft^")dft
SY

z8'(7)
= normalized probability density function; the prob

ability that a gamma ray in energy group g' and with

an initial direction ft" undergoes an event at r

which places it into energy group g and a direction

which lies in dft about ft,

Y

Zf (r)
-^- = average number of gamma rays* emerging from a collision at

z8'(7)
Y r given that a gamma ray in energy group g' has a

collision at r,

Z8" (r,ft<-ft") = gamma ray to gamma ray energy-averaged transfer cross

section which includes Compton scattering and pair

production,

Z (r) = energy-averaged gamma-ray total cross section for the

Y

g'th group,

Z (r) = energy-averaged gamma-ray production cross section for

Y
the g'th group,

M

I
g=N+l

dft Z8^8'(r,ft^ft") .
SY

Photoneutron Production Matrix

cYn(p«-p') =

.Yn ,Yn

1+-N+1 1+-N+2

.Yn .Yn

2+-N+1 2+-N+2

rYn rYn
N+-N+1 N-s-N+2

.Yn

1+-M

.Yn

J2+-M

.Yn

JN-t-M

*Note that a pair production reaction is assumed to result in two
gamma rays emerging from a collision.



where

11

Z8^8'(r,ft+ft") Z8'(r)
c!l .= cy? ,(7,TwT") =-x—j x-4—
8^g g^g T& (r\ v8 _Z8 (r)

y

Z* (r)
Y

Z8^8'(r,ft^-ft")dft
c '
Y — = normalized probability density function; the prob

ability that a gamma ray in energy group g' and with

an initial direction ft" undergoes a collision at r

which produces a neutron at r in energy group g

and a direction which lies in dft about ft,

z8'(7)
Y

—{ _ = average number of neutrons emerging from a collision at r
Z8 (r)
Y given that a gamma ray in energy group g' has a colli

Z* (r)
c

Y

sion at r,

cri-o '
Z (r,ft-«-ft") = gamma ray to neutron energy-averaged transfer cross

°Y
section which includes photoneutron production,

Z (r) = energy-averaged, gamma-ray-to-neutron production

Y
cross section for the g'th group,

M

I
g=N+l

dft Zg^g'(r,ft^ft")
c

Y

Neutron Transport Matrix (Diagonal Matrix)

T^ 0

T (P+-P1) =

0 0



where

Z8 (r) e
n

Tn = Tn(r^r',ft')
g 8

rR _ _
Z8 (r-R'ft")dR'

oJ n

12

Z8 (7) e °J
n

dR

rR

Z8 (r-R'ft')dR'
n 6(ft',ft")

= probability that a neutron which emerges from a

collision at r' with coordinates (group g, ft") will

experience an event in dR about r = r' + Rft".

Gamma-Ray Transport Matrix (Diagonal Matrix)

where

Zf (7) e°

M =TY (P-s-P')

TY 0
N+l

rY
N+2

0 0

R

TY = TY(r-*-r',ft') = Z8 (r)e
8 g ty

oJ

rR

Z8(r-R'ft")dR'
Y dR

... 0

.. T,
M

Z8 (r-R'ft') dR'
ty 6(ft',ft")

Rz

probability that a gammaray which emerges from a colli

sion at r' with coordinates (group g, ft") will

experience an event in dR about r = r' +Rft".
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The delta function must appear in the transport kernel since only those

particles emerging from collisions at r' which are directed along the

positive ft" direction can contribute at r (see Appendix A). The delta

function has the property that for any function f(ft'),

•ft'

f(ft') 6(ft',ft")dft' = f(ft")

where the angles ft" and ft' are specified in Figure II-l.

Y

Figure II-l: Coordinate System for Equations II-2 and II-3,
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R = spatial variable which relates a fixed point in space (r)

to an arbitrary point (r').

ft' = the direction of particles emerging from collisions at r'.

ft" = the required direction for particles traveling from r' to r.

ft = the direction of particles emerging from collision at r.

7' = 7 - Rft".

dP = dftd7.

dP' = dft"d7'.

With these definitions, the matrix equation (Eq. II-l) represents a set

of multigroup equations which are coupled through the collision kernel

matrix C(P-<-P;'). General assumptions are now made regarding the form

of C(P-H?') which alter this set of equations. Although these assump

tions are not essential, they are made at this point for simplicity.

The assumptions, along with the corresponding changes in C(P-*-P') are

as follows:

1. photoneutron production is assumed to be zero which implies

Yn
C (P-«-P') is a zero matrix,

2. neutron upscatter (neutron transfer from a lower to higher

neutron energy group) is assumed to be zero which implies

that C (P-<-P') is a lower diagonal matrix (all elements above

the diagonal are zero), and

3. gamma-ray upscatter (gamma-ray transfer from a lower to higher

gamma-ray energy group) is assumed to be zero which implies

YY
that C (P-+-P1) is a lower diagonal matrix.

With these assumptions regarding the collision kernel it is

instructive to examine the individual group equations represented by
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Eq. (II-l). First consider the typical neutron equation* for group g,

1 < g < N:

X"(r,ft) = Sn(r,ft)
o 6

r' 4tt
1 f

+ I
8'=8 J )

C™ ,(r.SMT) Tn,(r^r',ft') xn,(r',ft')dft"dr'
8^8 g g

(II-2)

Thus the contributions to x (r,ft) are made up of direct source con-

tributions from neutron group g plus inscattering contributions from

group g and all neutron groups g' of higher energy.

Now consider the typical gamma-ray equation for group g,

N + 1 < g < M:

XY(r,ft) = SY(r,ft)

N+l

+ I

r' 4tt

g'=g '

1

+ I
g'=N -"

cIT.U.JHft") TY,(r^r',ft') xY»(r',ft')dft"dr'
g*~g g g

r' 4tt

(II-3)

C°T ,(r,ft^ft") Tn,(r^r',ft') Xn.(r',ft')dft"dr' .
g^"g g g

Thus, the contributions to x (r,ft) are made up of direct source contri-

butions from gamma-ray group g plus inscattering from group g and all

gamma-ray groups g' of higher energy and from neutron collision events

(which produce gamma rays) in all neutron groups.

An assumption is also made regarding the angular dependence of

the previously defined cross sections. These cross sections have been

*See Appendix A for derivation of this group equation from the
integro-differential form of the Boltzmann transport equation.
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shown to be a function of ft" and ft; however, it is assumed that they

are independent of the incoming particle direction ft" and only a

function of ft"«ft, i.e., the cosine of the angle between ft" and ft.

Effect of Interest

The solutions usually being sought in radiation transport problems

is some particular quantity like the total dose at the outside surface

of a shield or the heating rate in the control rods of a reactor. This

solution is referred to as the "effect of interest" and denoted X.

The effect of interest A can be expressed in terms of the emergent parti

cle density by

A = R(P) X(P)dP (H-4)

where R(P) is a row-matrix response function

R(P) = [R1(r,ft), R2(r,ft) ... RM(r,ft)]

where

R (r,ft) = the response function of the effect of interest due to

a neutron which emerges from a collision having phase

space coordinates (group g, r,ft), 1 <_ g <_ N,

R (r,ft) = the response function of the effect of interest due to

a gamma ray which emerges from a collision having phase

space coordinates (group g, r,ft), N+l < g < M.
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The Monte Carlo Procedure

The Monte Carlo procedure for obtaining an estimate of the effect

of interest A consists of two basic steps. First, the random walk

process is used to sample the distribution of neutrons and gamma rays

as defined by equation (II-l). Large numbers of particle histories

are generated which are random samples from the emergent particle

density p.d.f. X(P). This collection of particle event descriptions

can be denoted by

(r0.'80.'V (rl '81 '"l } •••• (rD '8D >% }
J J J JJ3 jjj

where D. is the number of collisions for a given history j. Secondarily,

an estimate of A, A, is computed as

. i J M °j
j=l g=l d=0 &d j 3

where

D. = number of collisions for jjth history,

d = collision number for the jth history,

J = total number of histories,

Rg ^rd ,fid -* = resPonse function evaluated at the phase space
dj j j

coordinates of the dth collision for the jth history.

If J is large enough (i.e., if a sufficient number of particle histories

are sampled) then the value of A will approach the expected value

A.3
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Importance Sampling

Importance sampling involves adistortion of the actual physical

transition probabilities such that events of interest in the calculation

will occur more frequently than in the analog process. (Events of

interest are those events which contribute, directly or potentially,

most heavily to the desired answer.) This may involve the alteration

of the source term S(P) or the transition kernel K(P-P') or both, and

the subsequent generation of particle histories from these altered

probability density functions in the Monte Carlo random walk. However,

if the estimate of the effect of interest is not to be affected, this

biasing must be compensated for in some way. This may be accomplished

in the random walk process by adjusting the statistical weight associated

with each of the particle histories. In the analog random walk the

weight of the particle would remain equal to its initial value as the

particle moves from site to site. However, in the biased random walk

where the particle histories are constructed from these altered dis

tributions, this weight must be adjusted at each transition by the ratio

of the natural distribution to the biased distribution.

With this procedure the estimate of A is given by

. , J M °j _
A=J I I I % <r 'VY^ (II"6)

J j=l g=l d=0 8d. aj j S 3

where W (7, ) is the weight of the jth particle leaving the dth colli-
g d.

sion.

Generally the application of importance sampling involves the use

of a function I(P) to modify the source S(P) and/or the transition
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kernel K(P^-P') where I(P) is referred to as an importance function and

is a measure of the importance (to the effect of interest) of particles

emerging from collisions at P. Ideally the application of a proper

importance function would result in a very small variance of the mean.

Coveyou et at. have shown a very good choice of this importance function

to be the adjoint flux J(P) which is the solution to the adjoint of equa

tion (II-l), and is defined as the expected contribution to the answer

that these particles will yield leaving the present and all subsequent

collisions until they are absorbed or leave the configuration.

Therefore J(P) or a function which is similar to J(P) is normally a

reasonable choice for an importance function.

Analog Secondary Gamma-Ray Generation

In order to describe secondary gamma-ray generation as an analog of

the physical process, it would be necessary to have the total neutron

cross section in terms of the individual neutron reaction types along

with the multiplicity of neutrons and gamma rays produced and correspond

ing energy spectra. Then the probability of a particular reaction type

occurring is given by the ratio of the cross section for that reaction

to the total neutron cross section and the number of gamma rays produced

is given by the corresponding multiplicity for that particular reaction.

However, in multigroup cross section format all neutron reactions which

produce neutrons are included in the. neutron-to-neutron transfer cross

sections and all neutron reactions which produce gamma rays are included

in the neutron-to-gamma-ray transfer cross sections as previously

defined. Therefore, the coupled Boltzmann transport equation in multi-
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group form has been written such that the specific reaction types do

not appear independently. Consequently the Monte Carlo simulation of

neutron and gamma-ray transport according to this equation cannot be

an analog process and appropriate weight adjustments must be applied to

particle histories so generated. In order to determine what these

adjustments should be, it is necessary to consider what the average

weight of particles leavins a neutron collision would be in the analog

case. To do this, the individual neutron reaction cross sections and

corresponding average multiplicity of neutron and gamma rays are as

sumed to be known and defined as follows:

E = neutron reaction cross section for the ith reaction type,
i

Z = total neutron cross section,

=i-1 l±
k\ = average number of neutrons produced for the ith type

n

reaction,

k. = average number of gamma rays produced for the ith type

reaction, and

Q = total number of reaction types.

With these definitions the average weight, <W>, leaving a neutron collision

due to an incoming neutron of weight W' is given by

Q Z. Q Z.
<W> = W'x ) k. ^ + W" x I k. — (H-7)

i=l xn \ 1=1 \ lt

where the two summations represent the average number of neutrons and

gamma rays produced multiplied by the respective probability for their

production and summed over all possible reactions.



21

The first term on the right hand side of equation (II-7) is the

average weight of neutrons leaving the collision and the second term is

the average weight of gamma rays leaving the collision. For a given neut

ron group g' and space point r, this equation may be expressed in terms

of the multigroup cross sections previously defined:

z8' (7) z8' (7)
<W(7)> = W ,(7) x " _ + W /r) x n _ . (II-8)

S Z8 (r) 8 Z8 (r)
n n

This equation then gives the average weight* of particles leaving a colli

sion at r due to a neutron collision in group g' at r in the analog case.

Similarly it can be shown that the average weight leaving a gamma-ray

collision in the absence of photoneutron production is given by

zs8' (7)
<W(r~)> = W (r) x ~1 . (II-9)

9 2f*(7)
Y

It would not be practical to use analog Monte Carlo in the produc

tion of secondary gamma rays not only because of the additional detail

in the cross-section data that would be required, but also the computa

tions would be grossly inefficient. For example, in deep-penetration

shielding problems analog sampling may not within a reasonable period

of time yield any gamma-ray histories traveling through the regions

of interest. Even when a few histories that make important contributions

are obtained, the probable error may be very large, and increasing the

number of histories decreases the error only slowly (inversely to the

square root of the number of histories). Then, just as in other aspects

of Monte Carlo, the application of importance sampling techniques to

*The weight with no group subscript indicates the outgoing group has not
yet been specified.
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the production of secondary gamma rays is essential in deep-penetration

shielding problems. However, in any importance sampling scheme which

is applied to the collision process, the average weight of particles

leaving a neutron or gamma-ray collision must be maintained at the

average value given by the previous equations or else a bias is introduced.

The Random Walk in the Coupled Multigroup Monte Carlo Calculation

An outline of a procedure for generating a sequence of particle

histories by the random walk process from the probability distribution

functions S(P) and K(P-*-P') defined in equation (II-l) is as follows:

Step 1. Source

An initial particle position, energy and angle are chosen and weight

W (r) assigned from the probability density function S(P). Choose g ,
6

r , and ft from
o o

S(P)

Set weight

M

I
g=l

M

g=lg o

S (r.ft)drdft
g

S (r,ft)drdft .
g

In some cases the source distribution is a properly normalized p.d.f.

and each source particle has an initial weight of unity. During the

random walk W (r) will denote the expected weight density of particles
g

leaving collisions at r in group g.
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Step 2. Transport

The particle is transported to the next collision site, r , accord

ing to the transport probability density function. Select a flight

path R from

rR 8,
Z °(r -R'ft )dR'
t 1 og„

Zt°(ri) e° n if 1<go <N ,
n

8n - n
Z °(r.) e ' if N+K g < M
t 1 — o —

Y

R g
Z °(r -R'ft )dR'
tY 1 o

and set r.. = r_ + Rftn- If r is outside the system of interest the parti

cle has escaped and the history is terminated.

Step 3. Collision

Require that the particle survive the collision by adjusting

the weight for nonabsorption according to

W(r,) = W (r ) x — if 1 < g < N (i.e., the
1 a o e — °o —

sO „bO ,— \ • -i \L (r ; particle is a neutron),

n

or according to

S„ -

- - YW(rJ = W (r ) x ! if N+l < g < M (i.e., the
1 gQ o gQ _ - o -

Z (rn) particle is a gamma ray)
Y
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If 1 < 8 £ N> require a secondary 8amma rav to De produced with

the weight given by

8„ -

w«i> • \ <v *-f— •
Zt (rx)

n

In each of the above cases the weight is adjusted to the average

value of the analog case given by equations (II-8) and (II-9). (Note

that the weight with no group subscript indicates that the outgoing

group has not yet been selected.)

Step 4. Selection of Exit Energy Group and Angle

If 1 _< g _< N, select a new neutron group g according to the p.d.f,

_ g^g.
dft Z °(r,,JW2 )

s I o
n

n

and select a new neutron direction ft from

g]^0
Z °(r. ,JMi )
s 1' o
n

8l^8o -
s 1
n

g = (g0»g0+l,...N)

Select a gamma-ray group g„ according to the p.d.f.

g*-g„
dft Z °(r,ft+ft )

c o
n

g g = (N+1.N+2...M)

n
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and a new gamma-ray direction from

g2^8o - - -Z Z °(ri,ft^ft )
c 1 o
n

82^8o -

n

If N+1 <_ g <_K, select a new gamma-ray group g according to the p.d.f.

g"*~g
dft Z 6(7, ,JWJ )

s 1 o

-1 g - <g„,g +!»••• M)

Y

o'"o

and a new direction ft from

8l*"8o - - -Z L °(r1fft<-ft )sy 1* o
^—-

^s °<*1>
Y

If the new energy groups of the particles is below the energy range of

interest the history is terminated and this procedure begins again at

step 1. If the history is not terminated the procedure returns to

step 2.

The secondary gamma ray's source position r , group g„, angle of

emission ft and weight W (r ) are stored for future processing through
82

steps 2 through 4.
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Importance Sampling the Production of Secondary Gamma Rays

Method I: Combined Problem as a Single-Type Particle Problem with
Nonabsorption Weighting

In the analog random walk a neutron collision survival test is per

formed at every neutron collision to decide whether the neutron emerges

or not. The survival probability for a neutron in group g' at r is given

by the nonabsorption probability which is the previously defined cross-

,i „ t

section ratio Zg (r)/Z8 (r) excluding the multiplicity factor. The
s t
n n

neutron statistical weight remains unchanged if it survives the collision

and is set equal to zero if it is absorbed. However, if nonabsorption

weighting is used as a means of importance sampling, instead of determin

ing the probability of absorption or survival, the particle is forced to

survive and a weight modification is introduced to account for this biased

sampling. Thus if the incoming weight is W ,(r), the emerging weight is

z8'(7)

n

where the multiplicity of neutrons included as part of the nonabsorption

probability accounts for more than one neutron being produced in the col

lision process. This type of importance sampling, generally referred

to as "survival biasing," changes only the survival probability without

essential change in the collision kernel.

One method of allowing for importance sampling the production of

secondary gamma rays, which is analogous to survival biasing, is to

treat the coupled transport problem as a single-type particle transport

such that the result of any collision is always a single particle. A



27

nonabsorption weight adjustment is then made to account for this biased

particle production.

With this method the production of secondary gamma rays is simply

a consequence of selecting a transfer to group g where N+1 < g < M

without any reference to the type of particle being transferred. (Dis

tinction between neutron and gamma rays is allowed for in the analysis

portion of the Monte Carlo code in order that individual responses can

be calculated.)

In this case the survival probability of a particle at each colli

sion is certainty, and the corresponding nonabsorption weight correction

for an incoming particle of weight W ,(r) in group g' is given by
6

z8'(7) + z8'(7)
w (7) x n ,_ n— (n-ii)
8 Z8 (r)

n

for 1 £ g' <_ N and

s
Z8 (r)

W (r) x J _ (11-12)
8 Z8 (r)

Y

for N+1 <_ g' <_ M.

With this procedure the average weight leaving the collision is the

same as in the analog case [equations (II-8) and (II-9)]; however, this

weight is carried by a single particle.

The proper distribution of this weight between the neutron and gamma-

ray groups is allowed for by selecting an outgoing group g for this parti-

ff*~g —cle according to the normalized p.d.f. P (r) which is the set of

discrete group-to-group transfer probabilities given by
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^8'(7) =<

dft Z8^8 (r,JM2")

Z8 (r) + Z8 (r)
n n

dft Z8*"8 (r,ft«-ft")
c
n

Z8 (r) + Z8 (r)
v s c
v n n

for 1 <_ g' < N.

P8"8 (7) =

dft Zg^g'(r,ft^ft")
SY
z8'(7)

Y

= (g',g'+l...N)

g = (N+1.N+2...M)

g = (g\ g'+l ... M)

(H-13)

(11-14)

for N+1 < g* £ M.

Thus a particle in group g' may transfer into any group g > g'* for

which the transfer probability is not zero. Such a transition from a

neutron group, 1 < g'< N, to a gamma-ray group N+1 <_ g <_ M marks the end

of a neutron history and the beginning of a gamma-ray history.

Importance sampling is then applied to the secondary gamma-ray produc

tion when the problem is performed in this manner by altering the p,d,f,

for the selection of outgoing groups such that more important groups are

selected more often. Assuming that a reasonable importance function

I (r) is known that measures the importance of group g relative to all

other groups, the selection of the outgoing group g is made according to

the altered set of group-to-group transfer probabilities defined by

P8^8 (r) x I (r)
M

I Pg^8'(r) xI (r)
g = (g\g'+l,...M), (H-15)

g=g'

*Group numbers usually increase with decreasing energy; however, g > g'
does not imply that the transfer must be from a higher energy to a~
lower energy since some gamma-ray energy groups may be higher in energy
than the neutron energy group from which the particle transfers.
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and the particle is given the weight W (r) where
8o

, _ , _ M , _ _
Z8 (r) + Z8 (r) 7 P8 8 (r) x i (r)

_ _ s c f; , g
W (r) = W ,(r) x —2 j—-J^ x £z£ (11-16)
8o 8 Z8 (r) I (r)

t E
n 6o

for 1 £ g' £ N ,

, _ M , _ _
Z8 (r) J P8^8 (r) x i (r)

_ s ^ , 8
W (r) = W ,(r) x—1-—- x£lS for N+1 £ g' £ M .
8o 8 Zg (r) I (r)

S' 8o (H-17)

When the coupled problem is handled in this manner, at each collision the

outgoing particle is given the statistical weight of the incoming parti

cle times the appropriate nonabsorption weight adjustment as well as

the weight adjustment due to energy biasing.

Method II: Combined Problem as a Dual Particle Problem with Altered

Gamma Ray Generation Probabilities

A more conventional Monte Carlo method of solving the combined prob

lem is to treat the neutron and secondary gamma rays separately in the

random walk. In this case when a gamma ray is produced the neutron

history is not necessarily terminated. For example, this would be true

in analog Monte Carlo for a neutron inelastic scattering or biased Monte

Carlo for nonabsorption weighting of the neutron. Thus when a secondary

gamma ray is generated, its source position, group, and weight must be

stored in a gamma-ray source bank or on a source tape for future proces

sing and the neutron history is continued. The probability for secondary

gamma-ray production by a neutron in group g' is given by the previously
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defined cross-section ratio Z (r)/Z* (r) excluding the multiplicity
n n

factor. At every neutron collision a secondary gamma ray is either

produced or not according to this gamma-ray generation probability. The

gamma ray is given the precollision statistical weight of the neutron if

it is produced and an energy group is selected from the normalized

p.d.f. which is the set of discrete neutron group-io-samma-ray 8rouP

transfer probabilities given by

ZrHg'(7,ft^")dft
J c

— , (g = N+1,N+2,...M) . (11-18)
Z8 (r)

c
n

Importance sampling may be applied to secondary gamma-ray production

when the coupled problem is run in this manner by altering the natural

gamma-ray production probability based on an importance function I (r).

Initially an outgoing gamma-ray group g is selected from the p.d.f.

given above at every neutron collision in group g'. Then a new gamma-

ray generation probability is formed from I (r) which relates the

importance of a gamma ray in group g which has weight

W{,,(r) x "_ (11-19)
8 Z8 (r)

n

to the importance of a neutron in group g' which has weight

V (r) X

Z8 (r)
n

z8'(7)
n

(11-20)
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where W ,(r) is the weight of the incoming neutron. This new function

H ,(r) is given by

i (7) x z8'(7)
8 Cn

H ,(r) = — = p—- . (H-21)
8'8 I (r) x Z8 (r) + I ,(r) x E8 (r)

8 V 8 V

At every neutron collision in group g' a gamma ray is either produced in

energy group g or is not produced according to the new generation

probability H ,(r).
8>S

If a gamma ray is produced, its statistical weight is given by

z8'(7)/z8'(7)
W ,(7) x —S _n ^ (11-22)

With this procedure, the average weight leaving a neutron collision is

given by the weight of the incoming neutron times the probability of the

neutron not being absorbed plus the weight of the outgoing gamma ray

times the probability it is produced or

Z8'(7)/Z8'(7)
+ W (7) x 2 _2_ x H (7) (11-23)

8 H ,(r) 8'8
8>g

V (r) X

Z8'(r)
n

z8'(7)
n

Z8'(r) Z8'(r)
n , T, /—s „ n=W ,(r) x-ip-^+w (r) x-^_ .

8 Z8 (r) 8 Z8 (r)
n n

which is equal to the averase weight leaving a neutron collision in the

analog case.
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Method III: Combined Problem as a Dual Particle Problem with Russian

Roulette and Splitting

Yet another method of applying importance sampling to the production

of secondary gamma rays is by the use of Russian roulette and splitting

to decrease or increase respectively the number of samples in any region

of phase space. These techniques may be considered as a form of survival

biasing by which unimportant gamma rays are terminated with some prob

ability or an important gamma ray is multiplied to give several semi-

independent gamma rays. This method requires that initially a gamma ray

be produced at every neutron collision in group g' by requiring the

gamma-ray weight W (r) to be given by
©

£f(7)
W (r) = W (r) x n _ (11-24)
8 8 Z8 (?)

n

where W ,(r) is the weight of the incoming neutron and the multiplicity
O

of gamma rays included in the gamma-ray generation probability accounts

for more than one gamma ray being produced in the collision process. The

outgoing gamma-ray group g is then selected from the set of discrete

neutron group to gamma-ray group transfer probabilities given in

Equation (11-18).

Russian roulette and splitting are now applied to this gamma ray to

produce gamma rays of the desired weight standard V (r). That is, if
g

the gamma-ray weight, W (r), is less than V (r), then Russian roulette

is applied such that this gamma-ray history is continued with probability
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W (r)

-* (H-25)
V(r)

W (r)
1 - S _ . (11-26)

V (r)
g

However, if the gamma-ray weight is greater than V (r), then splitting

is applied such that there are G (integer) gamma rays generated where

w (7)
G = whole part of 6 _ (11-27)

V (r)
g

and Russian roulette is played with the remaining weight

W (r) - G x v (r) . (11-28)
© ©

All of the gamma rays so produced receive the weight standard V (r) to

account for this biased sampling.

In order to show that such a procedure is valid, it is necessary to

consider the average weight leaving a neutron collision in each of the

above cases. First consider Russian roulette where the average weight

leaving a collision is the sum of the neutron weight and gamma-ray weight

multiplied by these respective production probabilities

Zl'& _ w(7)
W ,(r) x n_ + V (r) x-S__ (11-29)
8 Z (r) 8 V (r)

fcn 8

Z8'(7) Z8'(7)
= W ,(r) x —~- + W ,(7) x n
8 Z^ (r) 8' Z8'(r)

n t
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This is the average value of the weight leaving a neutron collision in

the analog case.

Now consider the combination of splittins and Russian roulette where

the average weisht leaving a neutron collision is the sum of the neutron

weight, the weight of the samma rays senerated by splittins and the weisht

of the gamma ray 8enerated by Russian roulette times their respective

production probabilities:

Zs (r) _ _ W (7) -Gxv (7)
W ,(r) x —2 + G x v (r) + V (r) x -B B (11-30)
8 £8 (7) g g v (7)

V 8

z8'(7) _ zg'(7)
= w ,(7) x-2_ + W (7) x_S_ .

8 Z8 (r) 8 Z8 (r)
n n

Again the average weight leaving a collision is as in the analog case.

In order for this method of importance sampling to be effective, the

weight standards must be so chosen that important gamma rays are produced

and unimportant gamma rays are killed. It is obvious that these weight

standards must be related to the importance function I(P). This rela

tionship can be obtained by consideration of a special case in which the

relationship between the particle weight and the adjoint function is

known, namely at the source. In terms of the adjoint matrix J(P), A is

given by

A = ST(P) J(P)dP (H-31)

Twhere S (P) is the transpose of S(P). Assuming the source to be defined
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as isotropic in group g and located at space point r ,

A = S (7 ) x j (7 ) . (11-32)
% o go
6o Bo

The initial weight of a particle W (r ) can be equated to the source and
E o_ &o

the importance function I (r ) with the adjoint function with the result
8o °

W (r) = . (11-33)
8o I (r )

6o

Thus the particle weight is given by the reciprocal of the importance func

tion times the effect of interest. This relationship holds at any point

in phase space for an optimum method of importance sampling using density

biasing. This method makes use of the exact adjoint solution J(P) to

modify the source S(P) and the transition kernel K(P-<-P') and can be

combined with "last event" estimation to yield answers completely free

of statistical fluctuations, i.e., all histories give the exact same

estimate of the effect of interest. One of the results of this optimum

method of biasing is that at any point in phase space the weight of the

particles times the corresponding adjoint flux is equal to the effect of

interest. This implies then that optimum weight standards for secondary

gamma rays are to be calculated according to

v (7) L_ (11-34)
J (r)
g

where approximate values of A and J (r) can be obtained from an adioint
g

solution to a simplified version of the problem under investigation. (It

is obvious if the exact adjoint solution were known A could be obtained

directly from equation 11-31.)
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Source Angle Biasing of Secondary Gamma Rays

The methods of biasing secondary gamma rays in energy and space which

have been developed in the previous section were based on the importance

function I (r). The extension of these methods to include source angular
©

biasing of the secondary gamma rays requires only that an importance

function I (r,ft) be available which is the angular importance of a gamma
©

ray in energy group g and at space point r. The normalized p.d.f. for

the selection of an outgoing direction ft of a secondary gamma ray in

group g produced by a neutron collision in 8rouP 8* is given by

Z8^8'(7,?Kft")
c '

Vg' • (H-35)
Z8^8 (r)
c
n

In order to bias the selection of the outgoing gamma-ray direction,

selection is made from the altered p.d.f. given by

Z8^8'(r,ft^ft")
c

n - x I (7,ft)
z^8'(7) &
c

n . (11-36)
Zr"g,(r,ft^-ft")

re

" , x I (7, ft) dft
Z8"8 (7) 8

c
n

For a gamma ray of weight W (r) the weight adjustment is given by
©

z8^8'(7,ft<^")r c ' _
n ^ , x i (7, ft) dft
Z8"8 (7) 8

_ c

W (r) x 2 (11-37)
8 I (r.ft )

g o
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where ft is the outgoing direction selected. To select from this altered

0-*-Q '
distribution Z6 6(r,ft*-ft") and I (r,ft) must be in terms of the same co-

Cn 8

ordinate system. However, the angular distribution of Z8^8 (r,ft-<-ft")
n

is specified relative to the incomins neutron direction ft" and is as

sumed to be azimuthally symmetric about this direction whereas I (r,ft)

would usually be siven in terms of the laboratory coordinate system.

This complication is avoided if the source angular distribution of

secondary gamma rays is assumed to be isotropic. Then the natural

angular distribution is symmetric about all directions and the normalized

p.d.f.

Z8^g'(r,ft^")
Cn = 1_

z8"8'(7) ~4Tr
c
n

The altered p.d.f becomes

I (7,ft)

I (r,ft)dft
8

and the weight adjustment is given by

1_
4tt

I (r.ft)dft
g

(11-38)

(11-39)

W (r) x . (11-40)

g °
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CHAPTER III

PRESENTATION AND DISCUSSION OF RESULTS

The three methods of secondary gamma-ray importance sampling

described in Chapter II were studied using a modified version of the

Monte Carlo code MORSE. These modifications allowed for the various

biasing techniques of the secondary gamma-ray generation to be

incorporated into the random walk subroutines of the code as well as for

secondary gamma-ray source angle biasing.

The problem considered was the determination of the tissue dose

due to gamma rays at the outside surface of a 200-cm-thick concrete slab

shield. Two source conditions were considered: (1) a 14-MeV neutron

beam source and (2) an isotropic 235U fission source. MORSE calculations

were performed for these source conditions employing each of the three

secondary gamma-ray production biasing techniques to be evaluated. Cal

culations using the method* of biasing the secondary gamma-ray production

employed by the standard MORSE code were also performed for the 14-MeV and

fission source cases to be used as a basis for evaluating the other three

methods. In the standard method the gamma-ray generation probabilities

as a function of position and energy groups were simply estimated based

on what regions and energy groups were thought to be important. The

problem was then treated as in Method II using these estimated values

as the gamma-ray generation probabilities. It is this procedure of

having to estimate the biasing parameters that the new methods

*Hereafter this method will be referred to as the "standard method."
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developed here will eliminate as well as to provide secondary gamma-

ray biasing techniques which make use of a detailed importance function.

As a further check on the validity of these new biasing techniques,

the results of all the calculations were compared with those obtained

with the discrete ordinates code ANISN.2

Calculation Details

All of the MORSE calculations included not only the biasing

particular to one of the gamma-ray generation techniques but also secondary

gamma-ray source angle biasing, neutron and gamma-ray path length

stretching, neutron and gamma-ray nonabsorption weighting and neutron

and gamma-ray Russian roulette.

The biasing parameters for path length stretching were obtained

8

from the code BIASPREP. Additional subroutines were added to this

code to provide the biasing parameters averaged over spatial regions for

importance sampling the secondary gamma-ray generation as well as for

secondary gamma-ray source angle biasing. This included region averaged

values of the importance function I (r) to be used with biasing Methods
8

I and II, region averaged weight standards V (r) to be used with Method
6

III, and region averaged values of the importance function I (r,ft) to
g

be used for the source angle biasing. In all of the MORSE calculations

these parameters were obtained for five equal spatial regions (40^cm-

thick) extending across the concrete slab.

The basic function of the BIASPREP code is to prepare these biasing

parameters for input into the MORSE code using a precalculated importance

function. The importance function used in the present work was the
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coupled adjoint flux solution to the concrete shield problem obtained

from the discrete ordinates code ANISN. Since the effect of interest

was the gamma-ray dose at the outside surface of the shield, the source

for the ANISN adjoint problem was specified as isotropic at this outside

surface and with a masnitude equal to the gamma-ray fluence-to-dose

factors (Table III-l). As the ANISN adjoint calculation was a coupled

problem, the adjoint flux solution was obtained for both neutrons and

gamma-ray groups.

One-dimensional slab geometry was used to represent the 200-cm-

thick concrete shield in both the MORSE and ANISN calculations. The

spatial mesh in the ANISN calculations consisted of 100 intervals 2-cm

wide. The 8ami&a-ray tissue dose was calculated at each of these mesh

intervals for both the forward and adjoint ANISN calculations. An Si6

ansular quadrature was used for all discrete ordinates calculations.

q

In the MORSE calculation, boundary crossing estimators were

used to calculate the gamma-ray dose at 40, 80, 120, and 160 cm from

the source. The dose at the outside surface of the shield (200 cm) was

calculated using next-event estimation.9

Cross-Section Preparation

Both the Monte Carlo and the discrete ordinates calculations used

an identical set of coupled multigroup cross sections which employ 22

neutron s^oups and 18 a31"1113-1^ 8rouPs> The energy group limits

defining these 40 groups are given in Table III-l along with the

corresponding group-averaged fluence-to-dose response functions used

to calculate the tissue dose.
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TABLE III-l

Energy Group Structure for Coupled Multigroup Cross Sections
40 Groups

Upper Energy Tissue Dose Response Function
Group Number (eV) (rads/particle/cm2)

Neutron Groups

1 1.50(+7)a 5.46(-9)
2 1.22(+7) 5.13(-9)
3 1.00(+7) 4.84(-9)
4 8.19(+6) 4.6K-9)
5 6.36(+6) 4.44(-9)
6 4.97(+6) 4.13(-9)
7 4.07(+6) 4.0K-9)
8 3.0K+6) 3.39(-9)
9 2.46(+6) 3.15(-9)

10 2.35(+6) 3.09(-9)
11 1.83(+6) 2.64(-9)
12 1.11(+6) 1.97(-9)
13 5.50(+5) 1.12(-9)
14 1.10(+5) 2.29(-10)
15 3.35(+3) 0.0

16 5.83(+2) 0.0

17 1.01(+2) 0.0

18 2.90(+l) 0.0

19 1.06(+1) 0.0

20 3.05 0.0
21 1.12 0.0

22 4.14(-l)b 0.0

Gamma-Ray Groups

23 1.00(+7) 2.49(-9)
24 8.00(+6) 2.02(-9)
25 6.50(+6) 1.7K-9)
26 5.00(+6) 1.44(-9)
27 4.00(+6) 1.20(-9)
28 3.00(+6) 1.0K-9)
29 2.50(+6) 8.70(-10)
30 2.00(+6) 7.48(-10)
31 1.66(+6) 6.48(-10)
32 1.33(+6) 5.34(-10)
33 1.00(+6) 4.30(-10)
34 8.00(+5) 3.48(-10)
35 6.00(+5) 2.56(-10)
36 4.00(+5) 1.79(-10)
37 3.00(+5) 1.24(-10)
38 2.00(+5) 6.86(-ll)
39 1.00(+5) 3.64(-ll)
40 5.00(+4)

2.00(+4)c
8.55(-ll)

*Read as 1.50 x 107.
Thermal neutron group.
Lower limit of gamma-ray group 40.
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The form of these cross sections is basically a set of four 40 by

40 group-to-group transfer matrices denoted Po, Pi, P2> and P3. This

set of four matrices (referred to as a P3 cross-section set) is a

result of approximating the angular dependence of the neutron

elastic scattering cross section and the gamma-ray Compton scattering

cross section for a given group-to-group transfer with third-order

Legendre polynomial expansions. Neutron-to-neutron energy group trans

fers as a result of neutron reactions other than elastic and gamma-ray-

to-gamma-ray energy group transfers as a result of gamma-ray reactions

other than Compton scattering appear as part of the transfer cross

sections only in the Po matrix since such reactions were assumed to take

place isotropically in the laboratory coordinate system. This is also

true for neutron group to gamma-ray group energy transfers since the

secondary gamma rays were also assumed to be emitted isotropically in

the laboratory coordinate system.

These multigroup transfer cross-section matrices were formed from

point cross-section data for each of the eleven elements of the concrete

composition given in Table III-2. Initially, 104 group P3 neutron cross-

section sets were generated for each element with the cross-section code

SUPERTOG11 using a 1/E flux weighting. Similarly, 18 group, P3, gamma-

12
ray cross-section sets were generated with the cross-section code MUG

using a constant or flat weighting.

The P3 neutron cross-section sets were further reduced to 22 neu

tron groups by weighting with the flux obtained from a 104-group ANISN

calculation for a fission source in an infinite medium of concrete.
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Table III-2

a
Concrete Composition

Density

Element (atoms/b-cm) Source of Cross-Section Data

H 8.9326(-3)C

0 4.0015(-2)

Na 1.0725(-3)

Mg 2.1055(-3)

Al 3.0557(-3)

Si 1.059K-2)

K 2.3103(-4)

Ca 4.4345(-3)

Ti 1.3835(-4)

Mn 3.2870(-5)

Fe 1.9204(-3)

Ref. 14

Ref. 14

Ref. 14

Ref. 14

Ref. 14

Ref. 15

Ref. 16

Ref. 16

Ref. 14

Ref. 14

Ref. 14

Type 0-HWl ordinary concrete excluding P and S
(see ref. 13).

Density of composition = 2.328 grams/cm3

CRead as 8.9326 x 10_3.
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Secondary gamma-ray production cross sections were prepared as

group-to-group transfers from the 22 neutron groups to the 18 gamma-

1 7
ray groups by the cross-section code P0P0P4. These secondary gamma-

ray production cross sections along with the P3 neutron cross-section

sets and the P3 gamma-ray cross-section set were then input to the

1 8
COUPLING code to produce a coupled, P3, cross-section set for each

of the eleven elements.

These coupled sets were then converted from microscopic to macro

scopic cross sections with the code JRMACRO19 by weighting each element

by its atom density in concrete (Table III-l) to give the coupled P3

concrete cross-section set used in the MORSE and ANISN calculations.

Calculation Results

The results of the MORSE Monte Carlo calculations are compared with

the ANISN discrete ordinates calculation in Figures III-l through III-8.

Figure III-l through Figure III-4 show the gamma-ray dose as a function

of distance into the concrete slab for each of the three secondary gamma-

ray generation importance sampling methods and the standard method for

the 14-MeV source case, while Figures III-5 through III-8 show the same

results for the fission source case. (The fraction of source particles

in the neutron groups for the 235U fission source is given in Table

III-3.)

In general, all of the Monte Carlo results agreed well with the

ANISN results. However, in each of the calculations the ANISN results

fell outside the statistics of the MORSE results for at least one of
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Table III-3

Energy Distributions for Fission Source

Fraction of Particles

Energy (MeV) in Group

12.2-15.0 1.568(-4)a

10.0-12.2 8.932(-4)

8.19-10.0 3.480(-3)

6.36-8.19 1.392(-2)

4.97-6.36 3.457(-2)

4.07-4.97 3.507(-2)

3.01-4.07 1.072(-1)

2.46-3.01 8.898(-2)

2.35-2.46 2.323(-2)

1.83-2.35 1.203(-1)

1.11-1.83 2.18K-1)

0.55-1.11 1.983(-1)

0.11-0.55 1.403(-1)

0.0335-0.110 1.550(-2)

5.83(-4)-3.35(-3) 0

1.01(-4)-5.83(-4) 0

2.90(-5)-1.01(-4) 0

<2.90(-5) 0

aRead as 1.568 x 10-1\
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the five detector points as can be observed by the error bars* on the

Monte Carlo data points. It should be noted that the poorer statistics

(larger error bars) were always associated with those detector points

other than the last detector. This is a consequence of the biasing being

designed to yield gamma-ray histories which contribute most heavily to

the last detector and consequently the other detector regions are under-

sampled. This general agreement with the ANISN results confirms the

validity of these importance sampling procedures.

The comparison of the three methods of secondary gamma-ray importance

sampling is given in Table III-4 in terms of the results obtained for

the gamma-ray dose at the shield surface for the 14-MeV and fission

sources.** For each calculation the estimated fractional standard devia

tion of the mean is given with a corresponding figure of merit. Follow

ing standard practice, the "figure of merit" is taken as the variance

times the total computer computation time. This quantity is

intended to express the relative value of the secondary gamma-ray

importance sampling methods such that the smaller the figure of merit

the better the method. For both the 14-MeV and fission source cases,

Method I ranks as the best method followed by Method II, Method III, and

the Standard Method in that order. The figure of merit indicates

Method I to be a factor of 6.2 better than the Standard Method for the

14-MeV source case and a factor of 40.0 better for the fission source

case. Method II is a factor of 2.2 better than the Standard Method for

*A11 error bars are one standard deviation. Data points with no error
bars have a fractional standard deviation of less than 6%.

**ANISN results are also given in Table III-4.



Table III-4

Comparison of the Monte Carlo Results Obtained with the

Various Secondary Gamma-Ray Importance Sampling
Techniques for the Concrete Shield3

Importance

Sampling
Techniques

Number

of Neutron

Histories"

Number of

Secondary
Gamma Rays

Generated

Gamma-Ray Tissue
Dose at Shield Surface

(rads/source neutron)

Fractional Figure
Standard Deviation of

of Mean Merit

Method I 8,000 5,864
Method II 8,000 14,293
Method III 8,000 7,318
Standard 8,000 112,127
ANISN

Method I 16,000 5,852
Method II 16,000 11,750
Method III 16,000 14,649

Standard 16,000 101,311
ANISN

14-MeV Source

1.92(-14)
1.85(-14)
1.88(-14)

1.95(-14)
1.94(-14)

Fission Source

2.93(-15)

2.95(-15)

3.20(-15)
3.64(-15)

3.20(-15)

0.07

0.09

0.12

0.09

0.05

0.09

0.10

0.20

ANISN results are also included in the comparison.

These neutron histories were divided into 40 equal batches for each calculation.

"Figure of Merit = (variance) x (IBM 360/91 computer time in minutes).

*Read as: 1.92 x 10_1\

0.03

0.09

0.15

0.20

0.02

0.10

0.13

0.84
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the 14-MeV source case and a factor of 8.5 better for the fission

source case. Finally Method III is a factor of 1,3 better than the

Standard Method in the 14-MeV source case and a factor of 6.6 better

in the fission source case.

It should be noted that the figure of merit does not take into

account the deviation of the Monte Carlo results from those obtained

with ANISN which are taken to be the true answer in this one-dimensional

problem. However, the results for the gamma-ray dose calculations at

the shield surface (last detector) for each of the MORSE calculations

compared, within statistics, with the ANISN result except in the fission

source case using importance sampling Method I. In this case the MORSE

result is 9% lower than the ANISN result but with a fractional standard

deviation of only 5%.

Spatial Distribution of Secondary Gamma-Ray Generations

Figures III-9, 111-10, and III-ll show the spatial distribution of

these secondary gamma-ray generations throughout the concrete slab

using importance sampling Methods I, II, and III respectively for the

14-MeV source case. Each point on the graph represents the location

of a secondary gamma-ray generation in the concrete. The 14-MeV neu

tron source is located at the origin (0,0) of the graphs. The total

number of secondary gamma rays generated in each of the calculations is

listed in Table III-4.

The spatial distribution of the gamma-ray generations is very

similar for Methods I and II, although less than half as many gamma

rays were generated in Method I as compared to Method II for the same
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number of neutron histories. The number of secondary gamma-ray genera

tions in Method III falls between Method I and II; however, the spatial

distribution is different.

The Standard Method of biasing the secondary gamma-ray production

produced nearly eight times as many gamma rays as did Method II. For

the Standard Method 62% of the gamma rays were generated in the first

two regions (first 80 cm), 33% in the next two regions (next 80 cm),

and only 5% in the last region (last 40 cm). This distribution is

similar to that for Method II which produced 53% of the gamma rays in

the first two regions, 42% in the next two regions, and 5% in the last

region.

For importance sampling Method III, 38% of the gamma-ray generations

occurred in the first two regions, 45% in the next two regions, and 17%

in the last region. The distribution of these gamma-ray generations as

shown in Figure III-ll indicates that the gamma rays were produced in

layers. This layering effect is due to the use of an insufficient number

of spatial regions for averaging the weight standards V (r). In order
S

to evaluate the sensitivity of Method III to the number of averaging

regions used, additional MORSE calculations* were performed in which

the number of regions was increased from five to ten. The MORSE results

showed a more uniform production of gamma rays across the slab with a

corresponding change in the effect of interest from a value of 16% low

(5 region) to only 5% low (10 region) when compared with the ANISN

results. There was no significant change in the MORSE problem running

*In these calculations the effect of interest was the gamma-ray fluence
in groups 23 to 32.
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time with the increase in the number of regions. This would imply that

an increase in the number of regions would improve the results for

Method III. However, in order to obtain a valid comparison of these

gamma-ray generation methods as presented in Table III-4 five regions

were used in each of the calculations.

Distribution of Batch Estimates

Figures 111-12, 111-13, and 111-14 show the distribution of the

batch estimates of the gamma-ray dose at the shield surface about the

mean compared with a normal distribution for Methods I, II, and III

respectively (fission source case). Both the normal distribution

(smooth curve) and the batch distribution (histogram) are normalized to a

unit area under the curve. Each bin of the histogram represents a width

of 25% of the batch standard deviation. The height of the histogram is

then proportional to the fraction of the total of 40 batches that fell

within a particular bin. For the normal distribution, the batch standard

deviation represents the limits within which 68% of the batches should

lie, i.e., if an additional batch estimate were made there would be a 68%

probability of it falling within one batch standard deviation of the

mean. It is obvious that the histogram does not approximate a normal

distribution, but is skewed such that more than 50% of the total area

falls below the mean. This is characteristic of deep-penetration

shielding problems where the large percentage of the estimates which give

a low answer are offset by a few rather large estimates which raise

the mean value. However, the skewed distribution does indicate that

more detailed biasing would be required in the Monte Carlo calculations
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to give a tighter distribution of the batch estimates. The histograms

obtained from calculations using the three methods of gamma-ray biasing

all exhibit this same general skewness.

The dose due to neutrons is not reported for the MORSE calculations

since all of the biasing was done with the gamma-ray dose as the effect

of interest and consequently the statistics on the neutron dose was very

poor. However, the ANISN calculations showed the neutron dose to be a

factor of 8 lower than the gamma-ray dose in the 14-MeV source case and

a factor of 135 lower in the fission source case.
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CHAPTER IV

CONCLUSION AND RECOMMENDATIONS

Three methods of biasing the production of secondary gamma rays in

coupled, multigroup, Monte Carlo transport calculations have been

developed. These methods employed important sampling techniques which

include alteration of the gamma-ray generation probabilities, non-

absorption weighting, and a combination of splitting and Russian

roulette. The importance functions used for this importance sampling

were obtained from a discrete ordinates solution to the adjoint Boltz

mann equation.

The three biasing methods were evaluated in their application to

deep-penetration Monte Carlo calculations in concrete for both a 14-MeV

and a fission source. Method I was found to be the most efficient method

of obtaining an answer for both source cases. However, all three

methods were shown to be superior than the standard method of secondary

gamma-ray generation used in the M0RSE code. The methods varied from

a factor of 1.3 to 40.0 better than the standard method based on the

running time of the code and the variance of the answer obtained.

It is felt that the results of these calculations demonstrate the

applicability of these importance sampling methods in deep penetration,

coupled, multigroup, Monte Carlo calculations and provide an evaluation

of their effectiveness. However, before routinely utilizing these

methods, further research into their application in deep penetration

should perhaps be performed. This research might include investigation
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in multi-media problem as well as problems in which the effect of

interest includes both neutrons and gamma rays. Also investigation

might be performed into the applicability of these methods to the

coupled adjoint mode of the multigroup Monte Carlo calculations as

well as to Monte Carlo calculations which employ point cross-section

data.

The calculation of the importance function as an integral part of

the Monte Carlo calculation might be investigated as a method of

further increasing the efficiency of these importance sampling

methods.
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APPENDIX A

The time-independent integro-differential form of the Boltzmann

transport equation is given by

ft'Vc|>(r,E,ft) + £(r,E) <}>(r,E,ft) (A-l)

= S(r,E,ft) + dE' dft' I (r.E+E'.fi+ft1) <t>(r,E',ft')

(r,E,ft) = the six-dimensional phase space,

r = position variable.

E = the particles' kinetic energy.

ft = a unit vector which describes the particles' direction

of motion,

<j>(r,E,ft) = time-independent angular flux,

4>(r,E,ft)dEdft = the number of particles that cross a unit area

normal to the ft direction per unit time at space point

r with energies in dE about E and with directions that

lie within the differential solid angle dft about the

unit vector ft.

ft*V(f>(r,E,ft)dEdft = net convective loss per unit volume and time at

the space point r of particles with energies in dE about

E and direction which lie in dft about ft.

Z (r,E) = the total cross section at the space point r for particles

of energy E,

E (r,E)(()(r,E,ft)dEdft = collision loss per unit volume and time at

the space point r of particles with energies in dE about

E and directions which lie in dft about ft.
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£ (r,E-*-E' ,ft-«-ft' )dEdft = the differential cross section which describes
s

the probability per unit path that a particle with an

initial energy E' and an initial direction ft' undergoes a

collision at r which places it into a direction that

lies in dft about ft with a new energy in dE about E.

E (r,E^E',ft+-ft')<j>(r,E',ft')dE'dft' dEdft = the gain per unit volume

and time at the space point r of particles with energies

in dE about E and directions which lie in dft about ft.

S(r,E,ft)dEdft = source particles emitted per unit volume and time

at the space point r with energies in dE about E and

directions which lie in dft about ft.

A group form of Eq. (A-1) is obtained by integrating each term with

respect to the energy variables over the energy integral AEg where

AEg = energy width of the gth group,

g = 1 corresponds to the highest energy group,

g = N corresponds to the lowest energy group,

with the obvious constraint that

N

I AEg =
g=l oJ

dE = E , the maximum particle energy.

The integration of each term over the gth energy group yields

ft-V

AEgJ
st(r,E,ft)dE + Zt(r,E)<J)(r,E,ft)dE

AEg-

AEgJ

S(r,E,ft)dE + I
g'=g AEg'J

dE'dft1

kw

x E (r,E^E',ft+ft')<j)(r,E',ft')dE

AEg-

(A-2)
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Equation (A-2) provides the formal basis for the following group param

eters:

<J> (r,ft) = time-independent group angular flux

AEg-
<j)(r,E,ft)dE

E?(r) = energy-averaged total cross section for the gth group

_ AE£
E (r,E)<J,(r,E,ft)dE

AEg-
(J>(r,E,ft)dE

E 6 (r,ft«-ft') = group g'-to-group g transfer cross section

= AEB U AEg-
E (r,E+-E',ft+ft')4>(r,E',ft')dE'dE
s

<f>(r,E' ,ft')dE'
AEg i J

S (r,ft) = source particles for the gth group

AEg
S(r,E,ft)dE

Thus equation (A-2) may be written

ft«V<j> (r,ft) + £f(r)<|> (r,ft) = S(r,ft)
R t g

+ I
g'=g

dft' Eg^8'(r,ft^') $ ,(r,ft')

(A-3)

where the summation over energy groups could be expanded over all g' to

allow for upscatter of particles. This equation can be transformed into

an integral form in terms of the emergent particle density x (r»!ft) where
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X (r,ft)dft = the expected number of particles leaving a source or

emerging from a real collision per unit volume and time

at the space point r in energy group g and directions

which lie in dft about ft.

The emergent particle density is therefore given by

1

X (r,ft) = S (r,ft) + I
8 g g'=g 4ir-

dft'E8^8'(r>JKft,)(}) ,(r,ft') (A-4)
S 2

which is simply the right hand side of equation (A-3).

Consequently x (r>^) must also be equal to the left hand side of
©

equation (A-3)

X Or\ft) = ft'V<|) (7,ft) + E8(r)<j> (7,ft) . (A-5)
g g t g

In order to obtain a solution to the above equation, the convection term

is expressed in terms of the spatial variable R which relates a fixed

point in space (r) to an arbitrary point (r') as shown in Figure A-1.

The total derivative of the group angular flux with respect to R

is

dR" Vr'Q) = 9R9t+8ia?+8R^ (A"6)

x dx y dy ' z dz

= ft«V<j> (r,ft) .

Using the relationship, equation (A-5) can be written at r' as
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ORNL-DWG 71-6305

X

Fig. A-I. Coordinate System Which Relates a Fixed Point_r to_an
Arbitrary Point r' in Terms of the Spatial Variable R: r"' = r - Rft.
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^-<j> (r'.ft) +E8(r')4(r',ft) =xo(r',«)
ok g t g g

(A-7)

To solve equation (A-7) for cj) (r',ft) we multiply by an integrating factor
©

E°(r-R'ft)dR'

Then equation (A-7) can be written

rR

d_
dR

E8(r-R'ft)dR'

4> (r'.ft) e °

= X„(r',ft) e
oJ

E&(r-R'ft)dR'

Multiply equation (A-8) by dR and integrate (R = 0, R = °°), then

cf> (r,ft) - (J) (oo,ft) e
© o

Require that

E8(r-R'ft)dR*

rR

Z°(r-R'ft)dR'

Xg(r',ft) e

Ejf(r-R'ft)dR'
4) (oo,ft) e = 0

dR

(A-8)

(A-9)

(A-10)
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Thus the solution for cj) (r,ft) is given by

* (r.ft) =
O oJ

Y (r-Rft,ft) e
g

oJ

E8(r-R'ft)dR'

dR (A-ll)

which gives the group g angular flux at r in direction ft in terms of the

density of particles leaving collisions in group g at r - Rft and in

direction ft.

In order to make this equation more general such that cj) (r,ft) is

given in terms of the density of particles leaving collision at any

arbitrary angle ft' it is necessary to define a delta function 6(ft',ft)

with the properties that

6(ft' ,ft) =0 if ft' t ft

and

ft'

6(ft',ft)dft' = 1

Then equation (A-ll) can be rewritten as

<j> (r,ft) =
©

Now with

ft'

6(ft',ft)dft'

X (r-Rft,ft) e
g

E6(r-R'ft)dR'

dr' = R2dft'dR

(A-12)

dR
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and

f(ft') S(ft',ft)dft' = f(ft)

Equation (A-12) becomes

<f> (r.ft) =
O

rr'

X (r-Rft',ft')
©

R

oJ

E»(r-R'ft')dR'

6(ft',ft) ,-,

(A-13)

(A-14)

which gives the group g angular flux at r in direction ft' in terms of the

density of particles leaving collisions in group g at an arbitrary space

point r' in an arbitrary direction ft'.

This group angular flux may be substituted into equation (A-4) to

give

, r'4TT

X(r\ft) =S(r",ft) +lff E^'cr^ft")
8 8 b'=b ) J s

g =8

R

E°(r-R*ft')dR'

x e
6(ft',ft")

R2

(A-15)

X ,(r-Rft',ft')dft"dr'

where the arbitrary angle of integration at space point r has been denoted

ft" in order to distinguish it from ft' which is the angle of integration

at r'. Equation (A-15) then gives the density of particles leaving

collisions in group g at r in direction ft in terms of the density of

particles leaving collisions in group g' at r' in direction ft'.
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