


This report was prepared as an account of work sponsored by the United 
States Government, Neither the United States nor the United States Atomic 
Energy Commission, nor any of their employees, nor any of cheir contractors, 
subcontractors, or their erriployees, makes any vvarranry, express or implied, or 
ZSSUIMS any legal Itability or responsibilW for t he  ,~ccuracy, completeness or 
Esefulness of any information, apparatus, product or process d k l o s e d ,  or 
represents that i t s  use ~NOLIICJ not infrmge privately owned rtghts. 

x 



3 4456 13534495 b 

ORNL-TM- 3 40 5 

Contract NO. W-7405-eng-26 

COMPUTER CALCULATIONS OF EIECTRQN CYCLOTRON HEATING 

I N  P, NON-UNIFORM MAGNETIC FIELD 

J. C. Sprott and P. H. Edmonds 

THERMONUCLEAR D I V I S I O N  

[This paper i s  being submitted f o r  publ ica t ion  
i n  The Physics of Flu ids . ]  

OAK RIDGE: NATIONAL LABORATORY 
Oak Ridge, Tennessee 

ope rated by 
UNION CARBIDE CORPORATIOJY 

f o r  the 
U.S. ATOMIC ENERGY COMMISSION 



2 
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ABSTRRCT 

A computer i s  used t o  c a l c u l a t e  t h e  t r a j e c t o r i e s  of a 

c o l l e c t i o n  of non-interact ing,  non- re l a t iv i s t i c  eleckrons 

near  the  a x i s  of a s p a t i a l l y  s inusoida l ,  dc magnetic f i e l d  i n  

the  presence of a s p a t i a l l y  homogeneous, perpendicular rf 

e l e c t r i c  field. The computed hea t ing  r a t e  i s  i n  good agree- 

ment with t h e  pred ic t ion  of var ious equivalent  s tochas t i c  

models f o r  a wide v a r i a t i o n  of- parameters. The d i s t r i b u t i o n  

i s  approximately maxwellian, and the  p a r t i c l e s  tend to t u r n  

a t  the  resonance sur face .  Departure Prom t he  s tochas t i c  

theory i s  observed for high energy p a r t i c l e s  t h a t  t u r n  near  

the  resonance sur face ,  an?. a condi t ion f o r  s t o c h a s t i c i t y  i s  

derived I 

* Research sponsored by the U. S. Atomic Energy Cormisston 
under cont rac t  with the  Union Carbide Corporation. 



I. INTRODUCTION 

Electron cyclotron resonance hea t ing  i n  non-uniform magnetic f i e l d s  

has been the  subjec t  of a g rea t  dea l  of t h e o r e t i c a l  and experimental  s tudy 

over the  pas t  decade. Detailed quant i - ta t ive comparisons OF the  predicted 

and observed hea t ing  r a t e s  have not  been made, however, and so  the  i s sue  

cannot be considered closed. 

using simultaneous resonant and off-resonant microwave hea t ing  i n  the  

EIMO device,  f o r  example, have revealed the  presence of i n t e r e s t i n g  and 

use fu l  hea t ing  mechanisms that; have not  y e t  been adequately explained 

theore t i c a l l y .  

Experiments by Dandl e t  a l . '  a-1; Oak Ridge 

I n  t h i s  paper we present  t h e  r e s u l t s  of a s e r i e s  of computer calcu-  

l a t i o n s  of t h e  t r a j e c t o r i e s  of  a c o l l e c t i o n  of non-interact ing,  non- 

r e l a t i v i s t i c  e l ec t rons  i n  an ex te rna l  rf e l e c t r i c  f i e l d  and i n  a non- 

uniform dc magnetic f i e l d .  By t h i s  method, we arEt ab1.e not only t o  de- 

termine hea t ing  r a t e s ,  bu t  t o  follow the  time evolut ion of the  d i s t r i b u -  

t i o n  func t ion .  This work i s  similar t o  t h a t  of  Zichtenberg e t  al., '  and 

of Kawmura e t  a l . ,3  except t h a t  we follow a l a rge  c o l l e c t i o n  of p a r t i -  

c l e s  and emphasize the  macroscopic behavior of the system, r a the r  than 

the  de t a i l ed  mechanism of the  resonant i n t e rac t ion .  

Ii. REVIEW OF T€BORETICAL WORK 

The usual  method f o r  calcul.ating resonance hea t ing  r a t e s  begins by 

dete-rmining the  change i n  energy of a p a r t i c l e  moving along a magnetic 

f i e l d  3.j.m t h a t  passes through a region i n  which the  l o c a l  cyclotron fre- 

quency w i.s equal. t o  the  frequency o f  t he  ex te rna l  rf e l e c t r i c  f i e l d ,  w. 

%ne energy change depends on the  phase of  t he  p a r t i c l e ' s  ve loc i ty  a s  it 

crosses  -the resonance surface.  11: the  phase i s  random a t  siiccessive 

C 
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crossings of the  resonance, the p a r t i c l e  executes a random walk i n  veloc- 

i t y  space, and the mean energy of a c o l l e c t i o n  of such p a r t i c l e s  increases  

i n  time. The average energy gained by an e l e c t r o n  during one t r a n s i t  

through the  resonance i s  

e2E2 

where EL i s  the  magnitude of the  perpendicular component of the  rf e l ec -  

t r i - c  field. a t  the  resonance, and T i s  the  e f f e c t i v e  time during which the 
o 

e l e c t r o n  i s  i n  resonance. 

t o  ca l cu la t e  the  heat ing r a t e  i n  the  TP-M mirror  machine a t  Nagoya. 

Kawamura and Terashima4 used t h i s  expression 

Lichtenberg L- e t  a l . 2  have proposed a similar expression. The t r a n s i t  t i m e  

of an e l e c t r o n  through the resonance can be approximated by a method sug- 

gested by Guest5 and by Ard': 

where B is  the dc magnetic field s t rength  and vII i s  the  component of the 

p a r t i c l e ' s  v e l o c i t y  p a r a l l e l  t o  B. The subscr ipt  o r e fe r s  t o  the  value 
-3 

of t he  quant i ty  a t  the resonance. Solving f o r  T gives 

and s u b s t i t u t i n g  i n t o  Eq. (1) 

1 
2 
- 

1 

gives 

Kuckes7 and EldridgeB have derj-ved t h i s  same r e s u l t  by solving e x p l i c i t l y  
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the  equation of motion of an e l e c t r o n  t h a t  moves through the  resonance 

with constant  vII i n  a f i e l d  with a constant  V,,B.  

a magnetic mirror  f i e l d  crosses  the  resonance fou r  times i n  a longi tudi -  

rial bounce period: and so t h e  heat ing r a t e  can be expressed i n  berms of 

the  bounce frequency w a s  

A p a r t i c l e  trapped i n  

B 

For a parabol ic  mir ror ,  the  heat ing r a t e  i s  

where R 

mirror  r a t i o  at; the  turn ing  poin t .  ?'his r e s u l t  c lo se ly  resembles the  

resonant ,  n o n - r e l a t i v i s t i c  l i m i t  of a ca l cu la t ion  by Grawe. 

i s  -the mi~rror  r a t i o  a t  the  resonance surPace, and % i s  t h e  
0 

9 

I n  an a r b i t r a r y  magnetic f i e l d ,  the  bounce frequency i s  a compli- 

cated func t ion  of  R 

would have a d i s t r i b u t i o n  of tu rn ing  po in t s ,  and this d i s t r i b u t i o n  would 

change during the  heat ing.  It i s  a t  t h i s  po in t  t h a t  t he  s ing le  p a r t i c l e  

heat ing ca l cu la t ions  become inadequate. The heat ing r a t e  can be expressed. 

in terms of' .the dens i ty  d i s t r i b u t i o n  by consider ing a c o l l e c t i o n  of p a r t i -  

c les  tha t  t u r n  a t  t h e  same R bu t  a t  random times.  

t i o n  i s  

Furthermore, i n  a r e a l  experiment the  p a r t i c l e s  T' 

The dens i ty  di-s t r ibu-  T 



5 

and the bounce frequency i s  

where .l i s  the  dis tance along the €field l i n e .  

gives a heat ing rate 

Subs t i tu t ion  i n t o  Eq. (3)  

nnoeE: 
0 dW 

d t  r 
- - -  e ( 4 )  

When w r i t t e n  i n  t h i s  form, the r e s u l t  i s  v a l i d  f o r  a d i s t r i b u t i o n  of 

turning poin ts ,  and includes untrapped p a r t i c l e s  as wel l .  This same 

r e s u l t  w a s  obtained by Sprott l '  by t r e a t i n g  the plasma as  a r e s i s t i v e  

d i e l e c t r i c  medium and i n t e g r a t i n g  the l o c a l  heat ing r a t e  along the  mag- 

n e t i c  f i e l d .  

obtained by computer ca lcu la t ion .  

Equation (4) w i l l  be used t o  compare with heating rates 

111. FORMULATIOD OF COMPUTER PROBLEM 

Consider an e l e c t r o n  i n  a de magnetic f i e l d  

B = B ( o )  (1 + R) -t (1 - R) cos('ka/l)] , 4 

2 

where R 1s t he  mlrror  r a t i o  and k = w/e, and i n  an rf e l e c t r i c  f i e l d  

9 
E = E x^ s i n  w t  . 

I 

The magnetic f i e l d  represents  the f i e l d  on the  ax i s  of an i n f i n i t e  s e t  of 

connected mirrors .  If the e l e c t r i c  f i e l d  i s  not t oo  s t rong (eEl < mwvL), 

the  e l e c t r o n  w i l l  gyrate  i n  a c i r c u l a r  o r b i t ,  and the  n o n - r e l a t i v i s t i c  

equations of motion can be w r i t t e n  i n  the  two-dimensional Tom 
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where ;i i s  t h e  magnetic moment: 

The use of  t h e  guiding cen te r  approximation i s  j u s t i f i e d  s ince  ne i the r  E 

nor B have gradients  i n  -the perpendicular d i r e c t i o n  and si.nce t h e  p a r a l l e l  

gradients  a r e  necessar1I.y s m a l l  f o r  t he  cases  considered (v 

This approximation reduces the  computation t i m e  and computer s torage re- 

quired while s t i l l  retain-ing the  3-dimensional character  of t h e  problem. 

< c ,  L > 1). I1 

This r e l a t i v e l y  simple geometry was chosen becausc exact comparisons with 

the  ana ly t i ca l  theory are possible .  

An IBM 360/91 computer was used to ca lcu la t e  by succe-c- ,,ive iteration 

of t h e  equations of  motion the  t r a j e c t o r i e s  of a l a rge  ( t y p i c a l l y  100) 

c o l l e c t i o n  of e l ec t rons  which were s t a r t e d  a t  t = 0 with various i n i t i a l  

conditions.  Tne time i n t e r v a l  of t he  i t e r a t i o n  s t e p  A t  and t h e  durat ion 

of the  computer rum 1; are t y p i c a l l y  related t o  the  o the r  c h a r a c t e r i s t i c  

times according t o  

max 

The accuracy o f  the computation w a s  v e r i f i e d  by varying A t  and by s e t t i n g  

E, = 0. - 
For ‘&is geometry, t he  heat ing ra-te from Eq. (4 )  becomes 
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where N i s  t h e  t o t a l  number 

wit,hin dz of the  resonance, 

GI = eEI/mwc 

Fox- w = 2s x 10 GHz, GI i s  

i s  programed t o  ca l cu la t e  l 

of p a r t i c l e s ,  i s  the  number of p a r t i c l e s  

and GL i s  the  normalized e l e c t r i c  f i e l d :  

i n  units of 1.07 x lo6  volts/crn. The computer 

g/ as well as t h e  average perpendicular and 
32 0 

p a r a l l e l  energies  of the p a r t i c l e s  a t  time i n t e r v a l s  of l / u .  

A p a r t i c l e  can permanently change i t s  energy only i f  i n  the  p a r t i -  

c l e ' s  f r m e  of reference,  t h e  e l e c t r i c  f i e l d  has a f o u r i e r  component a t  

zero frequency. This can happen i f  c o l l i s i o n s  a re  present  t o  byoaden the 

frequency spectrum o r  i f  the  p a r t i c l e  crosses a resonance sur face .  Other- 

wise t h e  energy must b e a p e r i o d i c ,  although complicated, funct ion of' time. 

A s ing le  p a r t i c l e  t h a t  repeatedly crosses  a resonance executes a random 

walk i n  ve loc i ty  space, s ince  it may e i t h e r  gain o r  l o se  energy during 

each resonance crossing.  

t h a t  executes a random walk i n  ve loc i ty  space i s  i.ts i n i t i a l  energy no 

matter  how long one waits, and so a heat ing  r a t e  cannot be determined by 

observing the  energy of a s ing le  p a r t i c l e  a s  a func t ion  of  time. 

f a c t  i s  demonstrated i n  Fig. l w h e r e  the average energy of 1, 10, and 100 

p a r t i c l e s  i s  shown as a funct ion of time. The s ing le  p a r t i c l e  energy 

The most; probable energy of a s ixg le  p a r t i c l e  

This 

merely f l u c t u a t e s ,  but  t he  average energy of a l a rge  c o l l e c t i o n  of 

p a r t i c l e s  increases  monotonically. 

IV. COMPUTER CALCULATIONS 

There a r e  two d i s t i n c t  c l a s ses  of  p a r t i c l e s :  (1) those t h a t  a r e  

always r e f l e c t e d  before  they reach a resonance (F$ < Ro), and ( 2 )  those 

t'nat are never r e f l e c t e d  be€ore they reach a resonance (% > R ). 

second c l a s s  contains  both trapped (pT < X) and untrapped ( R  > R) 

The 
0 

T 
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p a r t i c l e s .  “he average energy of the  p a r t i c l e s  i n  c l a s s  (I) Fluctuates  

slightly but does not grow, while the  average energy 07 those i n  c l a s s  

( 2 )  increases  i n  a r e l a t i v e l y  smooth way. A p a r t i c l e  I n  c l a s s  (1) wi1.1 

forever  remain i n  t h a t  cla.ss s ince  the  v a r i a t i o n  i n  i t s  turn ing  poin t  i s  

small and per iodic .  A p a r t i c l e  i n  c l a s s  ( 2 )  has a fini-Le v,, a s  it crosses  

the resonance, and so it will necessa r i ly  cross the  resonance on t h e  suc- 

ceeding bounce, regard less  o f  how la rge  the  change i n  i.ts perpendicular 

energy. Since only class ( 2 )  p a r t i c l e s  a r e  heated,  optimum use of‘ the  

coinputer i s  achieved by choosing i n i t i a l  condi t ions such t h a t  most of the 

p a  rt i c l e  s have RT > Ho. 

z 7 0 and x = 0 with v e l o c i t y  v 

I n  most cases ,  the  p a r t i c l e s  w e r e  s t a r t e d  a t  

(monoenergetic) and a uniform d i s t r i b u -  i 

t i o n  of p i t c h  angles (sin-’(v,,/vi)) i n  the  i n t e r v a l  v i /- < vII  < vi. 

Other i n i t i a l -  condi t ions were t r i e d ,  bu t  the s t a t i s t i c s  ai-e general ly  

worse and the  heat ing r a t e  i s  unaffected apsyt  from i t s  dependence on 

About 50 di-f-rerent s e t s  of condi t ions were chosen over the  range 

0.001 <_ GL 5 0.1, 25 eV < W. < 1 MeV, 1 < ._.I L < - 100, 0.01. 2 R - 15 100, and 
1. - - 

0.02 I Ro - Is 0.98 ( fo r  R - 2 ) .  

t h u s  independently conCirmed. h’igure 2 summal-izes t’ne r e s u l t s  by showing 

the  computed and the theo re t i ca l  heat ing r a t e s  for each set of condi t ions .  

The sca l ing  with each parameter w a s  

For l a rge  e k c t r i c  f i e l d s ,  it was o f t e n  noted t h a t  the  energy would 

r i s e ,  i n  good agreement with the  theory,  up t o  some val-i .~,  and then sa tu-  

r a t e .  Figure 3 shows such a case.  Tne tu in ing  poin t  d i s t r i b u t i o n  f o r  

t h l s  case at c c r t  -- 500 i s  shown i n  Fig.  4. Note t h a t  near ly  a l l  the p a r t i -  

c l e s  tu rn  very near  the  resonance. When an appreciable  number of energ t ic  

p a r t i c l e s  t u rn  near  the resonance, t he  theory i s  inadequate f o r  two rea-  

sons: The dens i ty  a t  the resonance i s  not  wel l  derined because the  (1) 
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a x i a l  dens i ty  gradient  i s  l e s s  than the resonance width, o r ,  equivalent ly ,  

the p a r a l l e l  v e l o c i t y  of a p a r t i c l e  i s  not constant across  the  resonance. 

( 2 )  When the energy i s  s u f f i c i e n t l y  high, the e l e c t r i c  f i e l d  does not 

appreciably per turb the p a r t i c l e ' s  t r a j ec to ry ,  and the  phase of the  e l ec -  

t r i c  f i e l d  a t  successive resonance crossings i s  per iodic  r a the r  than s t o -  

chas t ic .  We w i l l  der ive a modified heat ing rate appropriate f o r  (l), and 

a c r i t e r i o n  of s t o c h a s t i c i t y  f o r  (2). 

The heat ing r a t e  for p a r t i c l e s  t h a t  t u rn  exac t ly  a t  resoiiance can 

be obtained from Eq. (1) assuming T i s  given by 

v,,(o)w t 2 d t  2! 2 51 , B 

The heat ing r a t e  f o r  t h i s  case i s  

3nL2Rz 

For the case i n  Fig.  3, t he  heat ing r a t e  i s  -60 eV/radian i n  t h i s  l i m i t .  

The observed heat ing i s  slower than t h i s  value,  and so the s a t u r a t i o n  

apparently represents  a f a i l u r e  of s tochas t i c i ty .  

I n  the  frame of reference of  the  p a r t i c l e ,  t he  phase of the e l e c t r i c  

field i s  given by 

I$, - 2Ro + 1 
@(t) = st (W - w (t')) d t '  u t  . 

2R0 
C 

0 
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For the  case i n  Fig.  3, the  phase change pe r  bounce i s  -6~. The resonance 

i n t e r a c t i o n  calxes  t h i s  phase change t o  f l u c t u a t e  an amount 

- 
where a d  i s  given by Eq. (1) with a T appropriate  t o  the  case where all 

parb ic l e s  t u r n  a t  t he  resonance. I f  we requi re  t h a t  A@ exceed Zfi/bounce, 

the  condi t ion f o r  s t o c h a s t i c i t y  becomes 

This r e s u l t  i s  similar t o  a crriterioi? derived by Mekrasov.ll For the  case 

i n  Fig.  3, w e  ca l cu la t e  a f a i l u r e  of  s t o c h a s t i c i t y  when the  energy exceeds 

about )-IO keV, i n  good agreernen-t with the  computed sa tu ra t ion .  For low 

energy p a r t i c l e s  t h a t  t u r n  well beyond the  resonance, t he  f luc tua t ion  rin 

eneucgy and turn ing  po in t  cause 4 t o  change by more than 231 per  bounce, but 

as the  energy r i s e s  and R approaches ii t h e  phase change i s  re1.ativel.y T 0’ 

constant and the  energy of a p a r t i c l e  i s  near ly  periodi-c i n  time. 

Figure 5 shows the  energy d i s t r i b u t i o n  fo r  t h i s  same case.  ‘Ihe d i s -  

tribution i s  approximately maxwellian, as expected f o r  a ve loc i ty  inde- 

pendent s tochas t i c  heat ing process.  

Since el.ectrons tend t o  t u r n  a t  t he  resonance sur face  i n  t h i s  model, 

it would appear t h a t  e l ec t ron  cyclotron hea t ing  could be used t o  i n h i b i t  

s c a t t e r i n g  i n t o  the loss  cone i n  mirror  devices.  To inves t iga t e  t h i s  
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effect, t h e  case i n  Fig. 3 w a s  modified so  t h a t  a l l  100 p a r t i c l e s  were 

s tar ted a t  the  midplane with a uniform d i s t r i b u t i o n  of p i t c h  angles  i n  the  

loss cone, 

average a x i a l  pos i t i on  of t h e  d i s t r i b u t i o n  (. <z2>'/L) a t  w t  = 200 i s  

shown i n  Fig.  6 as a func t ion  of the rf e l e c t r i c  f i e l d  s t rength .  

cant  t rapping should occur when the  energy change f o r  one crossing of t h e  

resonance i s  comparable t o  the  i n i t i a l  energy, or  

The f r a c t i o n  of p a r t i c l e s  trapped i n  the  f irst  mirror  and the  

S i g n i f i -  

For t h e  case i n  Fig. 6 ,  we ca l cu la t e  GI = 6.5 x lom3 i n  agreement with 

observations.  

A number of cases were a l s o  run with a more r e a l i s t i c  e l e c t r i c  f i e l d  

of t he  form 
-+ 
E = EL x^ s i n  ut sin(kz + + E,, 2 s i n  w t  sin(kz $. 42) . 

Such a f i e l d  should simulate a multimode cavi ty .  

hea t ing  rates were not s i g n i f i c a n t l y  d i f f e r e n t ,  however, and the theore t -  

i c a l  ca l cu la t ion  i s  more d i f f i c u l t  because the  pos i t i on  of t h e  resonances 

i s  a func t ion  of t h e  energy because of Doppler s h i f t s .  

The computed resonance 

For Ro > R or for R < 1, no fundamental, cold plasma resonance 
0 

occurs,  and the computed heat ing rate i s  zero. Off-resonance hea t ing  was 

observed, however, by modifying the  ca l cu la t ion  to include any one of the  

following e f f e c t s :  

R > R],  ( 2 )  f i n i t e  k 

e i t h e r  above o r  below], (3) f i n i t e  k,, [causes absorption a t  harmonics of  

wc]  (4)  f i n i t e  VIB [ a l s o  causes harmonic absorption].  These phenomena 

are being s tudied  using a more r e a l i s t i c  3-dimensional model and will be 

the subjec t  of a l a t e r  publ icat ion.  

(1) r e l a t i v i t y  [mass increase causes w = w f o r  
c 

[Doppler s h i f t s  a p a r t i c l e  i n t o  resonance from 
0 It 
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V. CONCLXSSIONS 

It has been shown by computer ca l cu la t ion  of t he  t r a j e c t o r i e s  of a 

c o l l e c t i o n  of p a r t i c l e s  i n  a non-imitorm de nza.gne-t;ic f i e l d  and i n  a uni- 

form, homogeneous, rf e l e c t r i c  f i e l d ,  t h a t  t he  average energy of the 

partic1.es increases  a t  a r a t e  t h a t  agrees  with t h a t  ca lcu la ted  by var ious 

t h e o r e t i c a l  models. The d i s t r i b u t i o n  approaches a raxwell ian,  and the  

p a r t i c l e s  tend t o  tu rn  a t  t he  resonance su r face ,  a s  expected. AI-though 

the computer model i s  somewhat oversimplif ied,  t he  good agreement en- 

courages us t o  extend the  ca l cu la t ions  t o  more rea1isti.c s i t u a t i o n s  t h a t  

include r e l a t i v i t y ,  cav i ty  modes , p a r a l l e l  e l e c t r i c  f i e l d s  , and perpen- 

d i c u l a r  magnetic f i e l d  grad ien ts .  
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Fig. 1. Average energy vs t i m e  for one p a r t i c l e  (a), 
10 particles (b), and 100 particles ( e ) .  
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Fig. 2. Comparison of computed heating rate 
( 4 ) .  and rate ca lcu la t ed  from Eq. 
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Fig. 4. R r n i n g  p o i n t  distribution showing the tendency 
of p a r t i c l e s  t o  t u r n  a t  the  resonance surface. 
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