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EFFECTS OF MAGNETIC FIELD ERRORS I N  ORMAK 

James A .  . Rome 

ABSTRACT 

The e f f e c t  of  e r r o r s  i n  the  magnetic f i e l d  of 

ORMAK a r i s i n g  from the  leads  of t h e  t o r o i d a l  f i e l d  

c o i l s  i s  ca lcu la ted .  It i s  found t h a t  i n  the  f irst  few 

mil l iseconds of a discharge,  these  e r r o r s  may open t h e  

flux sur faces  i f  t he  hea t ing  cu r ren t  and t o r o i d a l  f i e l d  

are p a r a l l e l .  

f o r  t he  observed e l imina t ion  of runaway e l ec t rons  i n  

ORMAK. A t  l a te r  times i n  the  discharge the  e f f e c t  of 

these  f i e l d  e r r o r s  i s  neg l ig ib l e .  

This opening of f l u x  sur faces  may account 

I. INTRODUCTION 

I n  recent  years  much a t t e n t i o n  has been focused on the  d e l i t e r i o u s  

e f f e c t s  Df magnetic f i e l d  e r r o r s  which can prevent t he  closure of l i n e s  

3Y force  i n  "closed-l ine"  devices (such as rnultipoles) o r  s p o i l  t h e  

symmetry of axisymmetric devices (such as TOKAMAKS). 

devices are p a r t i c u l a r l y  s e n s i t i v e  t o  f i e l d  e r r o r s  unless a s m a l l  

" to ro ida l"  component of magnetic f i e l d  i s  introduced de l ibe ra t e ly .  

Er ror  Fields  of 1% of the  main f i e l d  increase plasma los ses  by an order  

of magnitude. (') 

The c losed- l ine  

TOKAMAKS were found t o  be s e n s i t i v e  t o  f i e l d  e r r o r s  

only f o r  c o l l i s i o n l e s s  regimes of operat ion i n  the  experiments repor ted  

by Stodiek, e t  a l .  (*) 

TOKAMAK operat ion i n  which f i e l d  e r r o r s  can p l ay  an important ro l e ,  

Here we wish t o  po in t  ou t  a d i f f e r e n t  aspec t  of 
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namely a t  the  beginning of t he  discharge when t h e  r o t a t i o n a l  transform 

i s  s t i l l  very small. In  p a r t i c u l a r ,  f i e l d  e r r o r s  due t o  the  t o r o i d a l  

f i e l d  c o i l s  w i l l  have t h e i r  g r e a t e s t  e f f e c t  a t  t h i s  t i m e  s ince  t h e  

plasma hea t ing  cu r ren t  i s  low. I n  ORMAK these  e r r o r s  can prevent  t he  

formation of runaway e l ec t rons  (and the  r e s u l t i n g  x r ays )  by opening 

a l l  of t h e  magnetic f l u x  sur faces  a t  t he  beginning of t he  discharge.  

When the  l i n e r  i n  ORMAK has n o t  been adequately discharge cleaned 

and baked, ORMAK opera tes  i n  t h e  runaway regime. I n  t h i s  regime t h e  

plasma i s  co ld  and highly  r e s i s t i v e .  The app l i ed  capac i to r  vo l tage  

causes a l a r g e  t o r o i d a l  e l e c t r i c  f i e l d  which exceeds t h e  Dreicer  f i e l d  ( 3  ) 

and causes a po r t ion  of t he  e l ec t rons  t o  acce le ra t e ,  break away from the  

main d i s t r i b u t i o n  funct ion,  and ''run away" t o  high energ ies .  Almost a l l  

of the t o r o i d a l  cu r ren t  i s  then c a r r i e d  by the  runaway e l e c t r o n s .  

However, i n  order  t o  run away, t he  e l ec t rons  must remain confined 

(on f l u x  su r faces )  long enough t o  acce le ra t e  t o  these  high energ ies .  

I n  t h i s  r e p o r t  t he  hypothesis i s  t h a t  t h i s  process can be stopped by a 

magnetic f i e l d  e r r o r  which causes a l l  of t he  f l u x  sur faces  t o  i n t e r c e p t  

the  l i m i t e r  a t  e a r l y  times i n  the discharge when t h e  t o r o i d a l  vo l tage  i s  

high and the  plasma dens i ty  i s  low. If runaway e l ec t rons  are prevented, 

t he  plasma c a r r i e s  t he  t o r o i d a l  cu r ren t  which increases  r a p i d l y  and c loses  

the  f l u x  su r faces .  

E f i e l d  f o r  runaway t o  occur and by the  time the  f l u x  sur faces  c lose ,  con- 

d i t i o n s  f o r  runaway are unfavorable.  During the  t i m e  when t h e  flux 

sur faces  i n t e r c e p t  the  l imi te r ,  the  plasma ions w i l l  s t i l l  be confined 

The r ap id ly  increas ing  dens i ty  then r equ i r e s  a l a r g e r  

because of t h e i r  g r e a t e r  i n e r t i a  and r e s u l t i n g  slower a c c e l e r a t i o n  i n  t h e  

t o r o i d a l  E f i e l d .  



d' 

3 

I n  the  p re sen t  ORMAK device the  uncompensated cu r ren t  l eads  t o  each 

t o r o i d a l  f i e l d  c o i l  a r e  the  primary source of f i e l d  e r r o r s .  The purpose 

of t h i s  paper i s  t o  c a l c u l a t e  approximate f l u x  sur faces  i n  ORMAK i n  t he  

presence of these  e r r o r s  and t o  show t h a t  t h e  sur faces  may indeed be 

opened a t  e a r l y  times as a r e s u l t  of t hese  e r r o r s .  However, l a t e r  i n  t h e  

discharge,  the  e f f e c t  of these  e r r o r s  i s  n e g l i g i b l e .  

11. APPROACH TO THE PROBLEM 

To s impl i fy  the  ana lys i s  we neg lec t  t o r o i d a l  e f f e c t s  and consider  

a pe r iod ic  cy l inder  (per iod 2rrR ) with e r r o r  c o i l s  d i s t r i b u t e d  as shown 

i n  Fig.  1. Although these  c o i l s  are a c t u a l l y  d i s t r i b u t e d  over t h e  

0 

lower right-hand quadrant of t he  cy l inder ,  we w i l l  assume t h a t  a l l  of 

t he  rec tangular  cu r ren t  loops are loca ted  i n  the  x-z plane.  I n  ORMAK 

t he re  a r e  56 such loops pe r  2vR0 of a x i a l  l ength .  

To c a l c u l a t e  f l u x  sur faces  we must assume some plasma cu r ren t  

d i s t r i b u t i o n ,  here  taken t o  be uniformly d i s t r i b u t e d  over t h e  plasma 

cross  sec t ion  which i s  probably t h e  case f o r  a high r e s i s t i v i t y  plasma. 

Other d i s t r i b u t i o n  could be e a s i l y  used, bu t  i n  any event t h e  d i s t r i b u t i o n  

i s  no t  s e l f  cons i s t en t  s ince  the  p l a s m  cu r ren t  i s  assumed t o  be indepen- 

dent  of  the  cu r ren t s  i n  the  magnetic f i e l d  c o i l s .  

We adopt t he  "method of averaging" as expounded by Morozov and 

S ~ l o v ' e v ' ~ )  and by Bogoliubov and M i t r ~ p o l s k y ' ~ )  t o  obta in  an approximate 

so lu t ion  t o  the  magnetic f i e l d  l i n e  equat ions.  

To proceed f u r t h e r  we w i l l  assume t h a t  t he  f i e l d  of t he  t o r o i d a l  

f i e l d  c o i l s ,  Bo, i s  pure ly  z -d i rec ted  and i s  much l a r g e r  than any o the r  

magnetic f i e l d  i n  the  problem. The plasma cu r ren t  and the  cu r ren t  i n  t h e  
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e r r o r  c o i l s ,  taken together ,  have a magnetic f i e l d  b = bxix + b i 

t h a t  i s  pe r iod ic  i n  z with a per iod  of 

+ b i 
Y Y  z z  

2 nR0 

L=-y7- 

since  there  are 56 e r r o r  c o i l s  p e r  per iod .  I n  t h i s  ana lys i s  we w i l l  - 
1 

include the  average p a r t  of b i n  with B s o  t h a t  - 4 bz(z)dz  = 0.  

The equat ions f o r  the  magnetic f i e l d  l i n e s  are given by 
L O  Z 0 

b b b  dx bx X x z  -= -==- , -  

BE 
dz Bo+bz Bo 

where the  approximations are good so long as B >> b ,b  ,b . 
i s  of t he  general  form 

Equation (2 )  
0 X Y Z  

If f has a small, rapidly-varying p a r t ,  we follow Morozov and Solov'ev 
k 

and make the  change of va r i ab le s  

A 2 x = 5k + Efk + o ( c  ) k (4) 

where ck i s  a new va r i ab le  which d i f f e r s  only s l i g h t l y  from x, bu t  which 

does no t  have the  r ap id  va r i a t ion  of  x .  Also, 

d 
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In  these  equat ions,  c i s  an order ing parameter 

- f = -  f f ( z ’ ) d z ’  
L ,  

0 

- cy 

f ( z )  = f ( 2 )  - f 

u 
;.(z) = s“ f (z  ‘ ) dz ‘ 

0 

and 
B 

J 

Accordingly, the  averaged vers ion of Equation (2 )  i s  ( t o  order  c )  

- b b b  bx abx b y abx 
+ - - + - -  d x x  x z  - = - - -  

dz Bo 2 -  BE B~ ax B: a? 

We w i l l  only work with the  f i r s t  of  these equations s ince  they  a r e  

- i d e n t i c a l  upon interchange of x and y. Since B B = 0 ,  

Using the  i d e n t i t i e s  $32 = 

- 
- dx 

dz 
- -  

- -  
h A  

a and ab + ab = 0, it follows t h a t  

- - 
- - - -  bx a ( ; , )  
Bo BE a? X Y  

B 

J 
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Since the  vec tor  p o t e n t i a l  i s  r e l a t e d  t o  6 by X 

we obta in  

and s imi l a r ly ,  

- b b  

*Z Bo 

dY l a  - x y  
az 
- = - - -  

Bo 3; 

The so lu t ion  t o  Equations (14) and (15)  i s  j u s t  - 
h 

b b  - -  
q(x,y) = 7i, - - Y = cons tan t  

BO 

This i s  the  equation f o r  t he  averaged f l u x  su r faces .  An even more 

accura te  representa t ion  may be obtained by using Equation (4)  t o  e l i m i -  

na te  and y, but  t h i s  w i l l  no t  be done here .  

The e r r o r  f i e l d  can be obtained from the  vector  p o t e n t i a l  of a 

rectangular  cu r ren t  loop by means of the  formula 

which i s  e a s i l y  der ived from the  Biot-Savart  l a w .  This i n t e g r a l  can be 

c a r r i e d  ou t  i n  terms of r e l a t i v e l y  simple func t ions  f o r  a rec tangular  

cu r ren t  loop. The geometry of one such loop i s  shown i n  Fig.  2 .  Using 

Equation 17, we f i n d  t h a t  (6) 
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- A = -  I i-h [z-b - /- . z+b - 

P 

d 

2 2 2  2 2 2  4v 
[z+b - d(z+b)  +(x+a) +y z-b - ?/(z-b) + ( X - a >  +Y 

2 J 2 2  
x-a - d ( x - a )  2 2  +y +(z-b)  2 . x+a - (x+a) +y +(z+b) 

x+a - /- x-a - 
- 
A 

W e  now wish t o  examine the  term b b i n  Equation (16).  It i s  a t  

least  Ic(/Bo smaller than the  term. Furthermore, i n  the  l i m i t  t h a t  

the  loops shr ink  t o  po in t  dipoles ,  it can be shown t h a t  the  averaging 

process  y i e lds  zero s ince  b i s  an even func t ion  of  z and b i s  an odd 

funct ion of z .  For f i n i t e  loops, t h i s  term i s  no t  i d e n t i c a l l y  zero, bu t  

w i l l  be small enough t o  neg lec t  provided t h a t  t he  t o r o i d a l  f i e l d ,  Bo, i s  

l a rge  compared t o  - Thus, we s h a l l  assume t h a t  

X Y  

A 

Y X 

J I - "  . 

111. CALCULATION OF THE AVERAGED FLUX SURFACES 

We w i l l  make use of the  following theorem t o  e l imina te  some i n f i n i t e  

sums : 

Theorem: 

1 
L f(z-mL)dz = - f ( z ) d z  

m= - 0) -L/2 -03 

Proof:  

m=-w 

L/2 

-L/2 

$ f(z-mL)dz 

W 

m=-co 

f 2  dz 

-L/2 

+ mL) 
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Furthermore, s ince fodd ( z ) d z  = 0, we only  need t o  i n t e g r a t e  t h e  even 
-OD 

p a r t  of  f ( z )  i n  Equation (21) .  

Since the  z component of the  vec tor  p o t e n t i a l  which a r i s e s  from t h e  

plasma hea t ing  cu r ren t  i s  not  a func t ion  of z, we w i l l  no t  need t o  

average it, and w i l l  include it l a t e r  i n  the  a n a l y s i s .  Because t h e  

AZ 
rec tangular  cu r ren t  loops a r e  spaced a d i s t ance  L a p a r t ,  

loops i s  a c t u a l l y  given by 

due t o  these  

z-Lm-b - d(z-Lm-b) 2 +(x+a) 2 2  cy  

I - - -  
m=-a, z-Lm+b - d(z-Lm+b)'+(x+a) 2 2  +y 

2 2 2  . z-Lm+b - l/(z-Lm+b) +(x-a)  +y 

z-Lm-b - d(z-Lm-b) 2 +(x-a)  2 2  +y 

Using Equation (21) we see t h a t  i s  given by 
Z 

fl I 

- '2 '0' z+b + "/(z+b) 2 +(x+a) 2 2  +y . z-b + d ( z - b )  2 +(x-a)  2 2  +y 

2 2  
83 A =  

[/2 .(z+b - 41- z-b - 

. z-b - "Jz-b) 2 +(x+a) 2 2  
+y . 

z+b + 2 z-b + (z-b)  +(x+a) 

Using the  f a c t  t h a t  

and the l i m i t s  as z + co 

Z 

2 
d ( z C b ) 2  + x + z rl ? - + - 

L 

B 

YJ 
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b 

&[- (z+b) + 

we f i n d  t h a t  

- N p I b  L o L h[(x-a)  2 + y2 1 
2 2 2  A =  

Z 
417 Ro ( x + 4  + Y 

2 2  2 I n  the  l i m i t  t h a t  x + y >> a t h i s  approaches the  po in t  dipole  

so lu t ion  

- - ~ O ' L ' L ~ ~  x 
- 2  2 2  - * Z  dipole  217 Ro x +y 

TO ob ta in  the  complete zz7 we must s h i f t  t h e  loca t ion  of t he  loop 

centers  t o  x = rL, y = 0 and add the  p o t e n t i a l  due t o  the  hea t ing  cu r ren t .  

Thus 7 

(x-rL-a) 2 2  + y 

Normalizing t o  t h e  d is tance  r 

obta in  

and using a d i f f e r e n t  s ca l e  f o r  $ we L' 

9 

NLb r i  IL an r ( x - i - A ) 2  + 
2 $ ( X , Y )  = - - 

r r ~  O L  r2 IP '--(x-l+A) + Y 

where A = a/r X = X/rL,  e t c .  For ORMAK, L' 

R = .79 m 0 r = .455 m , L r = .23 m P 
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so t h a t  

2 

2 
b 

L 
.0865 = 2.62 . NLbrP 

nROrL 

- =  

P 

Accordingly, it i s  seen t h a t  I must be much l a r g e r  than Ip i n  order  L 

t o  obta in  an appreciable  e f f e c t .  We can make t h i s  comparison more p rec i se  

by solving f3r the  po in t  a t  which c losed  flux sur faces  in s ide  the  plasma 

disappear.  To f i n d  t h i s  point ,  we look  f o r  t he  s e p a r a t r i x  which occurs on 

the  X a x i s  and i s  defined by a $ / a X  = a $ / a Y  = 0. 

a $ / a Y  i s  always zero by symmetry, we solve f o r  a $ / a X .  

Since a t  Y = 0, 

If we def ine  

2 
NLrP I L  E =  

b 
r '  B = -  

L 

we obta in  

2 2 2  

[ ( x - ~ - A ) ~  + y2] [(x-1+A)2 + y21 
] - 2x 2 [ ( ~ - 1 )  - A ] - 2 Y  3 = 0 = 2EBA r 1 

ax 

when V = 0, t h i s  reduces t o  

2EBA 
2 2  x =  

(x-1) - A 

F 

d 

(32) 

(33) 

A g raphica l  so lu t ion  of t h i s  equation revea ls  t h a t  the  s e p a r a t r i x  occurs 

between X = 0 and X = 1 - A  as shown i n  Fig.  3. We obta in  a second 

condi t ion by not ing t h a t  when the  s e p a r a t r i x  j u s t  disappears,  t h e  s lopes 

of  the  two s ides  of Equation (33) must be 

- 2EBA 1 =  
[(x-1)2 - A'f 

equal : 

[2 (x-1) 1 (34) 

h 
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I 
I 

I 
I 
I I 

' igure 3. Graphical solution of Equation 33. 

a 
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Solving Equations (33) and (34) simultaneously y i e l d s  

E 5 10.25 (36) 

Therefore, using the  d e f i n i t i o n  of E, we f i n d  t h a t  t he re  a r e  no c losed  

f l u x  sur faces  in s ide  the  plasma when 

Since i n  normal opera t ion  i n  ORMAK, I << Ip, we see t h a t  under 

these  condi t ions,  the  e f f e c t  of the  f i e l d  e r r o r s  on t h e  shape of t h e  

L 

f l u x  sur faces  i s  n e g l i g i b l e .  However, when ORMAK i s  opera t ing  i n  t h e  

runaway regime, a d e f i n i t e  change is  noted a t  s h o r t  times when t h e  sign 

of I ~ / I ~  is  reversed.  

duced s ince  the  f l u x  sur faces  are always c losed  and t h e  e l e c t r o n  con- 

m e n  I /I < 0, l a r g e  f luxes  of x rays  are pro- L P  

tainment t i m e  i s  always long enough t o  allow runaway t o  occur .  When 

I /I i s  p o s i t i v e ,  the f l u x  sur faces  are open f o r  s h o r t  times and no 

l a r g e  x-ray f luxes  are observed. 

L P  

Computer p l o t s  of the  averaged f l u x  sur faces  are presented i n  

Fig.  4 for both signs of IL/Ip. 

firmed f o r  IEI > 10.25 and IL/Ip > 0. It is  a l s o  seen t h a t  even i f  

such ca t a s t roph ic  e f f e c t s  do n o t  occur, t he  non-centering e f f e c t  of 

The opening of t he  sur faces  i s  con- 

the f i e l d  e r r o r s  on the f l u x  sur faces  w i l l  t end  t o  raise t h e  aspec t  

4 

e.’ 

r a t i o  of t he  device.  
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(The smoothed outlines of the lettered regions 

represent the magnetic flux surfaces. ) 
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I V .  EFFECT OF A VERTICAL MAGNETIC FIELD 

Since we are using a c y l i n d r i c a l  approximation, it i s  c o n s i s t e n t  t o  

assume t h a t  the  v e r t i c a l  f i e l d ,  B i s  cons tan t .  Y' 

B = B  = - -  
Y V  ax 

so t h a t  

With t h i s  addi t ion ,  Equation (31) becomes 

2 

(40) Q = E B h [  (X-1-A)2  + Y2 ] 2 2  4Bv"P 

(X-1+A)2  + Y2 pO*PrL 
- x - Y  - 

2 If we define 

F E  BV"P 

pO1PrL ' 
Equation (40) i s  equiva len t  t o  

2 2  1 - ( X  - 2F)* - Y2 (X-1-A)  + Y Q = E B h  

which merely s h i f t s  t he  cen te r  of t he  plasma by -2F i n  the  X-direct ion.  

When the  plasma cu r ren t  i s  very s m a l l ,  t h e  s h i f t  i s  very l a r g e  so  

t h a t  the  e f f e c t  of the  v e r t i c a l  f i e l d  i s  g r e a t e s t  a t  s h o r t  t imes.  

We can e a s i l y  solve Equation (42) f o r  t h e  s e p a r a t r i x  condi t ion  as 

it stands,  bu t  it i s  more t ransparent  t o  so lve  Equation (42) i n  the  

dipole  approximation, X -tY >> A . I n  t h i s  case,  2 2  2 

(43) 
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and the separatrix disappears at 

I 
I 
I C  

1 - 4 ,  x = 7  5 

E = m  (2) 3 [l + 2F]’ . 

(44) 

(45 1 

For example, there will be no flux surfaces when E = 0 (no perturbation) 

when F = - - For this condition, we require 2 -  

Y 

For a heating current of lo5 amperes, the critical vertical 

1720 gauss which is far higher than is used in practice. 

field is 

However, it is apparent that the sign and the variation in time of 

the vertical magnetic field can be used to reduce or exacerbate the 

effect of the errors in the toroidal field coils. 

V.  CONCLUSIONS AND COMPARISON WITH EXPERIMENT 

We see that if the direction of the plasma current is properly 

chosen, the magnetic field errors can open the flux surfaces at the 

beginning of the discharge until the density has time to build up to a 

point where the existing electric field is insufficient for runaway to 

occur. 

Figures 5 and 6 show the experimental results for ORMAK operation 

in the runaway regime. There is essentially no vertical field at the 

beginning of the discharge. 

that although the plasma is extinguished before 20 milliseconds, the 

current remains at a high level and is then completely carried by 

runaway electrons. The discharge is accompanied by a copious x-ray 

Figure 5 is for IL/Ip C 0. It is seen 
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f lux.  

opened a t  e a r l y  times i n  the  discharge ( I  < I ), we ob ta in  t h e  

r e s u l t s  of Fig.  6.  

decays away with t h e  plasma dens i ty .  

programmed and t h e  q u a n t i t a t i v e  x-ray behavior was c o n s i s t e n t  with t h e  

model presented i n  Sect ion IV. 

On the  o t h e r  hand, when I /I > 0 and the  f l u x  su r faces  are L P  

c r i t  

The x rays are e l imina ted  and the  plasma current 

Also, t h e  v e r t i c a l  f i e l d  was 

To see i f  t he re  i s  numerical agreement between the  experiment and 

theory,  we refer t o  Dre ice r ' s  work(3) t o  see how long i n t o  t h e  discharge 

condi t ions f o r  runaway e x i s t .  If we assume t h a t  t h e  plasma temperature 

i s  about 10 eV, and t h a t  the  t o r o i d a l  E f i e l d  i s  about .07 V/cm, we 

see t h a t  t h i s  w i l l  be above the c r i t i c a l  f i e l d  only when t h e  dens i ty  i s  

below 5 x Referr ing t o  t h e  experimental  data ,  we see t h a t  

so '5 I c r i t  t h i s  dens i ty  l e v e l  occurs when the  plasma cu r ren t  i s  about 

t h a t  holding the  f l u x  sur faces  open u n t i l  Icrit i s  reached w i l l ,  i n  f a c t ,  

e l imina te  the  runaway e l ec t rons .  

Thus, we see t h a t  numerical agreement between the  theory and exper i -  

ment i s  c lose  enough t o  make the  f lux sur face  spo i l ing  hypothesis t enab le .  

Furthermore, w e  see  t h a t  under normal opera t ing  condi t ions,  I 

the  e f f e c t  of these  f i e l d  e r r o r s  i s  n e g l i g i b l e .  

>> IL and P 
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