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ABSTRACT 

The r e l i a b i l i t y  of nuc lear  pressure  v e s s e l s  was i n v e s t i g a t e d  by 

p r o b a b i l i s t i c  design methods t o  develop a n a l y t i c a l  expressions f o r  eva l -  

u a t i n g  the adequacy of  e x i s t i n g  allowable stress i n t e n s i t i e s .  The change 

i n  r e l i a b i l i t y  r e s u l t i n g  from changes i n  a l lowable s t ress  i n t e n s i t i e s  

was a l s o  i n v e s t i g a t e d .  

Ana ly t i ca l  express ions  were der ived and combined wi th  e x i s t i n g  

methods of r e l i a b i l i t y  a n a l y s i s  and s t ress  a n a l y s i s  t o  c a l c u l a t e  f a i l u r e  

p r o b a b i l i t y  a s  a func t ion  of genera l  membrane stress , b u r s t  p re s su re ,  

and c y c l i c  stress amplitude.  

t r i b u t i o n s  of induced stress and ma te r i a l  s t r e n g t h  t o  demonstrate the 

method by which pressure  v e s s e l  r e l i a b i l i t y  can be es t imated .  

The r e s u l t s  were appl ied  t o  t y p i c a l  d i s -  

It was found t h a t  e x i s t i n g  allowable stress i n t e n s i t i e s  r e s u l t  i n  

very h igh  e s t ima tes  of r e l i a b i l i t y  when b u r s t i n g  o r  y i e ld ing  under a 

s t eady- s t a t e  p re s su re  i s  def ined  a s  f a i l u r e .  However, when f a t i g u e  f a i l -  

u re  i s  considered,  the  p r o b a b i l i t y  of f a i l u r e  r e s u l t i n g  from al lowable 

c y c l i c  stress amplitudes was found t o  be s i g n i f i c a n t l y  h ighe r .  It was 

the re fo re  concluded t h a t  cons idera t ion  should be given t o  lowering the  

allowable c y c l i c  stress amplitudes.  

allowable membrane stress i n t e n s i t i e s  can be s u b s t a n t i a l l y  increased  

without  producing a s i g n i f i c a n t  change i n  the es t imated  f a i l u r e  

p r o b a b i l i t y  . 

It was a l s o  concluded t h a t  the 
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1. INTRODUCTION 

The ques t ion  of what margin of s a f e t y  t o  a s s ign  i n  a design problem 

i s  b a s i c  t o  the design process .  H i s t o r i c a l l y ,  t h i s  s a f e t y  margin has  

been based on experience and i n t u i t i o n .  The improved technology and 

increased  product ion c o s t s  t h a t  have a r i s e n  i n  r ecen t  yea r s  have led  t o  

the use of lower margins of s a f e t y ,  while the  demands of the genera l  pub- 

l i c  and the  consumer f o r  b e t t e r  q u a l i t y  and s a f e t y  have increased .  This 

se t  of circumstances has  i n  t u r n  l ed  t o  the need t o  augment experience 

and i n t u i t i o n  with a t r a c t a b l e  a n a l y t i c a l  method t h a t  can be used t o  

eva lua te  the  r e l i a b i l i t y  of  a product a s  a func t ion  of the  s a f e t y  margin 

used i n  the design of  t h a t  product .  The i n v e s t i g a t i o n  repor ted  h e r e i n  

was undertaken to  demonstrate the a n a l y t i c a l  methods o f  such an evalua-  

t i o n  a s  appl ied  t o  nuc lea r  pressure  v e s s e l s  and t o  eva lua te  the adequacy 

of  the allowable stress i n t e n s i t i e s  now used i n  t h e i r  design.  

It i s  o f t e n  d i f f i c u l t  to  see a need f o r  r e l i a b i l i t y  a n a l y s i s  s ince  

the word " r e l i a b i l i t y "  has  been used i n  a q u a l i t a t i v e  o r  sub jec t ive  sense 

t o  imply absolu te  dependabi l i ty ;  t h a t  i s ,  something e i t h e r  i s  o r  i s  no t  

r e l i a b l e .  The word " r e l i a b i l i t y "  i s  no t  r e a l l y  def ined  i n  the d i c t i o -  

nary  (1)* nor  i s  the word " re l i ab le"  except  i n  terms o f  the  word "rely",  

and the d e f i n i t i o n s  given a r e  b a s i c a l l y  i n  terms of human a t t r i b u t e s .  

However, t he re  i s  a l a rge  body of  l i t e r a t u r e  c u r r e n t l y  accepted by the 

assurance sc iences"  i n  which r e l i a b i l i t y  i s  def ined a s  'Ithe p r o b a b i l i t y  1 1  

*Numbers w i t h i n  parentheses  i n  the t e x t  des igna te  numbered r e f e r -  
ences given i n  the L i s t  o f  References.  

1 
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t h a t  an equipment w i l l  opera te  f o r  a s t a t e d  per iod  of  t i m e  under a 

s p e c i f i e d  se t  of condi t ions ." (2)  The three  key words i n  t h i s  d e f i n i t i o n  

a r e  p r o b a b i l i t y ,  t i m e ,  and cond i t ions .  When t h i s  d e f i n i t i o n  i s  used ,  

the concept of 99% r e l i a b i l i t y  has  no meaning un le s s  the t i m e  span and 

condi t ions  of  ope ra t ion  a r e  a l s o  s t a t e d .  Thus, the equipment can have a 

r e l i a b i l i t y  of  99% under normal ope ra t ing  condi t ions  over  a pe r iod  of 

10 yea r s ,  b u t  the r e l i a b i l i t y  f o r  a per iod  of 1 year  under the  same con- 

d i t i o n s  would be considerably h igher  i n  most cases .  

There i s  a l s o  a l a rge  body of l i t e r a t u r e  i n  which r e l i a b i l i t y  i s  

def ined a s  the p r o b a b i l i t y  t h a t  the induced l e v e l  of s t ress  w i l l  remain 

below the ins tan taneous  al lowable s t r e s s  of a component.(3) When loads 

o r  s t r eng ths  a r e  t i m e  dependent, t h i s  d e f i n i t i o n  i s  e s s e n t i a l l y  accept -  

ab le  i n  the contex t  of the preceding d e f i n i t i o n .  However, the two d e f i -  

n i t i o n s  a r e  no t  compatible f o r  s t r e n g t h s  and loads t h a t  cannot be 

assigned a time dependency, and ca re  must be used when combining the  

a n a l y s i s  methods a s soc ia t ed  wi th  these  two d e f i n i t i o n s  of r e l i a b i l i t y .  

The h i s t o r y  of q u a n t i t a t i v e  r e l i a b i l i t y  ana lys i s  i s  p r imar i ly  

r e l a t e d  t o  l a rge  popula t ions  of equipment from which a 1% p r o b a b i l i t y  of  

f a i l u r e  can be t r a n s l a t e d  i n t o  one of 100 p a r t s  f a i l i n g  during ope ra t ion .  

I f  t he re  i s  a foreknowledge t h a t  a p a r t  i s  l i k e l y  t o  f a i l  and cause the 

f a i l u r e  of a mission,  the need f o r  p r e d i c t i n g  t h i s  f a i l u r e  i s  e a s i e r  t o  

comprehend. Thus, the concept of p r e d i c t i n g  system f a i l u r e s  by synthe-  

s i z i n g  component f a i l u r e  r a t e s  has  been accepted. 

speaks of  a s i n g l e ,  one-of-a-kind component having one chance i n  100 of  

f a i l i n g ,  the  value of such knowledge i s  no t  a s  e a s i l y  understood o r  

explained.  The s k e p t i c  i s  j u s t i f i a b l y  prone t o  respond "I want t o  know 

However, when a person 



3 

whether t h i s  p a r t  w i l l  f a i l ,  no t  how many o u t  of 100 w i l l  f a i l . "  

Although i t  i s  no t  poss ib l e  t o  p r e d i c t  the f a i l u r e  of  a s i n g l e  component, 

a r e l i a b i l i t y  a n a l y s i s  can be used t o  e s t ima te  which component i s  more 

l i k e l y  t o  f a i l ,  and i n  a r e l a t i v e  sense ,  one chance i n  100 has meaning 

when compared wi th  one chance i n  1,000. Thus, an es t imated  p r o b a b i l i t y  

o f  f a i l u r e  of  0.001 i s  seen  t o  be b e t t e r  than one of  0.01 r ega rd le s s  of  

whether o r  no t  f a i l u r e  can be p red ic t ed  abso lu te ly .  

The major i ty  of the  r e l i a b i l i t y  ana lyses  c u r r e n t l y  performed a r e  

systems analyses .  The weakest l i n k  i n  an u n r e l i a b l e  system i s  u s u a l l y  

made redundant t o  improve the  chances of  success fu l  system ope ra t ion .  

For example, o f  the  mi l l i ons  of  p a r t s  i n  a Sa turn  rocke t ,  s e v e r a l  thou- 

sand a r e  expected t o  f a i l  dur ing  a launch. However, these  f a i l u r e s  do 

no t  abor t  the mission because the  systems a r e  designed t o  t o l e r a t e  compo- 

nent  f a i l u r e s . ( 4 )  When performing a r e l i a b i l i t y  a n a l y s i s  of a system, 

the ana lys t  o r d i n a r i l y  makes a b a s i c  assumption t h a t  the components i n  

the system w i l l  ope ra t e  wi th in  a s p e c i f i e d  environment and range of 

loads.  Without t h i s  assumption, n e i t h e r  the component f a i l u r e  r a t e s  nor 

the system r e l i a b i l i t y  f o r e c a s t  w i l l  be v a l i d .  This i n  essence res t r ic ts  

a sys t e m  r e l i a b i l i t y  a n a l y s i s  t o  p r e d i c t i n g  random f a i l u r e  under known 

loads.  Overloads, extreme environmental  cond i t ions ,  and extraneous f ac -  

t o r s  a r e  not  p a r t  of t h i s  f o r e c a s t  except  as  they con t r ibu te  t o  the 

randomness" o f  f a i l u r e .  I 1  

Random f a i l u r e s  a r e  those which occur  a t  a d i s t r i b u t e d  r a t e  over  

long per iods  of  t i m e .  Wear-out f a i l u r e s  a r e  u s u a l l y  normally d i s t r i b u t e d  

near  the end of  component l i f e ,  while  unexpected f a i l u r e s  a r e  those which 

j u s t  happen dur ing  the  u s e f u l  l i f e - span  of  equipment and may be 
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exponen t i a l ly  d i s t r i b u t e d .  The apparent  cause of these  unexpected 

f a i l u r e s  i s  o f t e n  no t  known. A r e s i s t o r  s h o r t s  o u t ,  a bea r ing  begins  t o  

make n o i s e ,  o r  a b racke t  c racks .  Ac tua l ly ,  these  f a i l u r e s  have causes ,  

bu t  gene ra l ly  they a r e  randomly d ispersed  because they a r e  the  r e s u l t  of 

the chance occurrence of  simultaneous even t s  which r e s u l t  i n  f a i l u r e .  A 

c e r t a i n  set  of  environmental  condi t ions  , load f l u c t u a t i o n s  , p a r t  d e f e c t s ,  

and c y c l i c  h i s t o r i e s  may combine a t  one i n s t a n t  t o  cause the f a i l u r e  o f  

one component, b u t  t h i s  may no t  happen t o  another  component f o r  s e v e r a l  

years  o r  i t  may no t  happen a t  a l l .  

The determinat ion of component r e l i a b i l i t y  by a n a l y t i c a l  methods i s  

not  a widely accepted p r a c t i c e ,  b u t  i t  i s  the e s s e n t i a l  t i e  between sys-  

t e m  r e l i a b i l i t y  based on known loads and system f a i l u r e  r e s u l t i n g  from 

an unexpected load.  Component r e l i a b i l i t y  i s  t y p i c a l l y  determined by 

c o l l e c t i n g  f a i l u r e  r a t e s  on ope ra t ing  components, and these  component 

f a i l u r e  r a t e s  a r e  used t o  f o r e c a s t  a synthes ized  system f a i l u r e  r a t e .  

Thus, an under ly ing  argument f o r  r e l i a b i l i t y  a n a l y s i s  of  s i n g l e  compo- 

nents  l i e s  i n  the  need f o r  ob ta in ing  component f a i l u r e  r a t e s  t o  perform 

system ana lyses .  This i s  p a r t i c u l a r l y  t r u e  f o r  nuc lea r  r e a c t o r  systems, 

f o r  which f a i l u r e  d a t a  a r e  scarce  and few c o l l e c t i o n  programs e x i s t  t o  

provide accura te  da t a  f o r  component f a i l u r e  r a t e s .  

Nuclear p re s su re  v e s s e l s  a r e  designed i n  accordance wi th  r u l e s  

which i n  essence e s t a b l i s h  the  minimum s a f e t y  f a c t o r s  t o  be used. There 

i s  inc reas ing  i n t e r e s t  i n  lowering some of these  s a f e t y  f a c t o r s  and i n  

r a i s i n g  o t h e r s  t o  lower c o s t s  and inc rease  s a f e t y .  Ana ly t i ca l  methods 

now e x i s t  f o r  e s t ima t ing  f a i l u r e  p r o b a b i l i t y  a s  a func t ion  o f  appl ied  

and allowable stresses. I n  the i n v e s t i g a t i o n  repor ted  h e r e i n ,  t hese  
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methods a r e  appl ied  t o  the nuc lea r  pressure  v e s s e l  t o  develop a n a l y t i c a l  

express ions  f o r  i t s  f a i l u r e  p r o b a b i l i t y .  The terms used i n  these  expres-  

s ions  and i n  t h e i r  development a r e  explained i n  the  t e x t ,  and a complete 

l i s t i n g  o f  these  terms and d e f i n i t i o n s  i s  presented  i n  Appendix A. 

These a n a l y t i c a l  express ions  a r e  used t o  eva lua te  the minimum s a f e t y  

f a c t o r s  imposed on nuc lear  pressure  v e s s e l s .  Data from s e v e r a l  sources  

a r e  reviewed and used t o  e s t ima te  t y p i c a l  f a i l u r e  p r o b a b i l i t i e s  t o  be 

expected i n  v e s s e l  design.  Conclusions r e l a t i v e  t o  the  adequacy of  

e x i s t i n g  design r u l e s  a r e  drawn, and recommendations f o r  maintaining,  

lowering, o r  r a i s i n g  e s t a b l i s h e d  s a f e t y  margins a r e  presented .  



2. PROBABILISTIC DESIGN 

P r o b a b i l i s t i c  design i s  the method by which the p r o b a b i l i t y  of  a 

def ined f a i l u r e  i s  p red ic t ed .  (5) For expected frequency d i s t r i b u t i o n s  

of component s t r e n g t h  and induced stress, t h i s  p r o b a b i l i t y  w i l l  be a 

func t ion  of the a rea  of over lap  of the  two d i s t r i b u t i o n  func t ions .  

Aside from the  lack  of adequate d a t a  upon which t o  base stress and 

s t r e n g t h  d i s t r i b u t i o n s ,  the b a s i c  problem i n  p r o b a b i l i s t i c  design i s  one 

of de f in ing  f a i l u r e .  

i n  terms of  induced stress and al lowable stress (3) i n  Sec t ion  1, a def-  

i n i t i o n  of f a i l u r e  i n  these  same terms w i l l  s imp l i fy  the  a p p l i c a t i o n  of 

p r o b a b i l i s t i c  design methods. However, t h i s  d e f i n i t i o n  must be ampli- 

f i e d  t o  inc lude  the  concept of c y c l i c  f a i l u r e .  F a i l u r e  i s  then def ined  

a s  the occurrence of  a s i n g l e  induced stress i n  excess  of  the  al lowable 

Since the  p r o b a b i l i t y  o f  f a i l u r e  has  been s t a t e d  

l e v e l  f o r  t h a t  stress o r  the occurrence of  a number of  induced s t r e s s e s  

of  a given amplitude i n  excess  of the allowable number of  stresses a t  

t h a t  amplitude.  The word " r e l i a b i l i t y "  a s  used h e r e i n  w i l l  t h e r e f o r e  

r e f e r  t o  the d e f i n i t i o n  repor ted  by Ju ran ,  ( 2 )  whi le  the t e r m  "probabil-  

i t y  of f a i l u r e "  w i l l  be used i n  connection wi th  the  d e f i n i t i o n  of f a i l -  

u re  j u s t  s t a t e d .  Random f a i l u r e s  can be thought of a s  those caused by 

the chance occurrence of a stress l e v e l  which exceeds a simultaneous 

occurrence of component s t r eng th .  The same s t r e n g t h  a t  a d i f f e r e n t  t i m e  

would no t  r e s u l t  i n  f a i l u r e  i f  the s t ress  l e v e l  were lower a t  t h a t  

i n s  t an  t . 
Thus, the b a s i c  problem of  deciding what t o  c a l l  a f a i l u r e  becomes 

one of d e f i n i n g  a component s t r e n g t h  above which a stress would be 

6 
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considered i n t o l e r a b l e .  There a r e  s e v e r a l  a l lowable stress i n t e n s i t i e s  

(minimum s t r e n g t h s )  f o r  a nuc lea r  pressure  v e s s e l ,  and these  al lowable 

s t r e s s e s  a r e  dependent upon the  na tu re  of  the loads which produce the 

stresses and the  e x t e n t  of the stresses throughout the v e s s e l . ( 6 )  The 

d e f i n i t i o n  of  f a i l u r e  employed h e r e i n  p e r m i t s  f a i l u r e  t o  be t r e a t e d  ana- 

l y t i c a l l y  without  t y ing  i t  t o  a phys i ca l  occurrence.  

g r e a t e r  than the value s e l e c t e d  a s  the  allowable stress i s  a f a i l u r e  by 

d e f i n i t i o n .  

Any induced stress 

2 . 1  Ana ly t i ca l  Model 

For f a i l u r e  a s  def ined h e r e i n ,  the p r o b a b i l i t y  of  f a i l u r e  (Q)  i s  

the p r o b a b i l i t y  t h a t  an induced stress (S i )  w i l l  exceed the al lowable 

stress (Sa) f o r  any va lues  of the induced stress and allowable stress 

t h a t  e x i s t  s imultaneously.  , 

Q = P(Si 2 Sa) (2.1) 

When i n e q u a l i t y  opera t ions  a r e  appl ied  t o  Equation 2 . 1 ,  the p r o b a b i l i t y  

of f a i l u r e  can a l s o  be s t a t e d  a s  

Q = P(Sa - Si 5 0) 

Because the re  a r e  u n c e r t a i n t i e s  i n  the  measurement of  s t r e n g t h  and 

there  a r e  v a r i a t i o n s  i n  s t r e n g t h  throughout a m a t e r i a l ,  t he  allowable 

stress may take on a d i s t r i b u t e d  set of  values .  

t h i s  may be thought of  a s  a popula t ion  of t e n s i l e  specimens, each of 

which i s  subjec ted  t o  a load t h a t  causes  f a i l u r e .  

u re  f o r  each o f  the  specimens become the allowable stress d i s t r i b u t i o n  

I n  the  s imples t  case ,  

The stresses a t  f a i l -  

o f  the  ma te r i a l .  S imi l a r ly ,  the m a t e r i a l  w i l l  experience an induced 

stress t h a t  takes  on d i s t r i b u t e d  va lues  because of  the u n c e r t a i n t i e s  i n  
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f o r e c a s t i n g  loads and the ope ra t ing  t r a n s i e n t s  t h a t  a r e  l i k e l y  t o  occur .  

This induced stress frequency d i s t r i b u t i o n  can be thought of  a s  a s i n g l e  

t e n s i l e  specimen subjec ted  t o  a popula t ion  of loads u n t i l  f a i l u r e  occurs  

I f  each t e n s i l e  specimen has  an equal  chance o f  exper ienc ing  any of  

the poss ib l e  loads ,  the p r o b a b i l i t y  of f a i l u r e  of any given specimen i s  

the  j o i n t  p r o b a b i l i t y  t h a t  a p a r t i c u l a r  t e n s i l e  specimen w i l l  be chosen 

and t h a t  a load g r e a t e r  than the s t r e n g t h  of  t h a t  specimen w i l l  occur .  

S t a t ed  i n  t e r m s  of stress,  the p r o b a b i l i t y  of  f a i l u r e  of  any given spec- 

imen i s  the  j o i n t  p r o b a b i l i t y  t h a t  an al lowable stress e x i s t s  and t h a t  

an induced s t ress  i n  excess  of  t h a t  a l lowable stress w i l l  occur .  

I f  the p r o b a b i l i t y  dens i ty  func t ion  of  induced stress i s  

f (S i )  = f ( I l ,  12, ... I n )  

g(Sa) = g(A,, A 2 9  An) y (2 .4 )  

( 2 . 3 )  

and the p r o b a b i l i t y  d e n s i t y  func t ion  of  a l lowable stress i s  

the p r o b a b i l i t y  t h a t  any value of  Si exceeds a given value of  Sa i s  

given by the d i s t r i b u t i o n  func t ion  F(Si). (7 )  

F(Si) = P(Si >An)  = f ( S i )  dSi - 

The p r o b a b i l i t y  t h a t  An exists i s  given by the  express ion  (8) 

P(Sa 5 A, < - Sa + dSa) = g(Sa) dSa (2.6) 

The j o i n t  p r o b a b i l i t y  of  An e x i s t i n g  and of  Si exceeding 42 i s  given by 

the product of the ind iv idua l  p r o b a b i l i t i e s .  
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For the  p r o b a b i l i t y  t h a t  any va lues  of  a l lowable stress w i l l  be exceeded, 

Equation 2.7 must be i n t e g r a t e d  over  the  e n t i r e  range of  g(Sa) . (7)  

This w i l l  g ive the p r o b a b i l i t y  of f a i l u r e  Q .  

Q = ~ ~ g ( s a ~ ~ f ( s i )  dSi dSa (2 8 )  

Equation 2.8 can be thought of phys i ca l ly  a s  the  d i s t r i b u t i o n  func t ion  

o f  the a rea  o f  over lap  of the two frequency d i s t r i b u t i o n s .  (9)  

The frequency d i s t r i b u t i o n s  o f  induced stress va lues  and al lowable 

stress values  a r e  i l l u s t r a t e d  on the same a x i s  i n  Figure 2 .1 .  The 

shaded a rea  r ep resen t s  the number of f a i l u r e  causing stresses. The 

d e s c r i p t i o n  of the  frequency d i s t r i b u t i o n  i s  of  g r e a t  importance i n  eva l -  

u a t i n g  Equation 2.8. A s  w r i t t e n ,  Equation 2.8 app l i e s  t o  any frequency 

tn 
7 

+ 0 

a 
m 

3 
w 
B 
0 

a 
W 
m 
I 
3 z 

STRESS 

Figure 2 . 1 .  F a i l u r e  S t r e s s e s  Resul t ing  From Overlap of Two S t r e s s  
Di s t r ibu t ions .  
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d i s t r i b u t i o n ,  f (Si) o r  g(Sa) ,  t h a t  f u l f i l l s  the requirements se t  f o r t h  

i n  the development of the equat ion .  However, i n  a c t u a l  p r a c t i c e ,  the 

i n t e g r a l  can be eva lua ted  f o r  on ly  c e r t a i n  d i s t r i b u t i o n s  such a s  expo- 

n e n t i a l ,  normal, log  normal, and Weibull. I n  l a t e r  equa t ions ,  c e r t a i n  

r e l a t i o n s h i p s  w i l l  hold f o r  on ly  one d i s t r i b u t i o n  func t ion  and ca re  must 

be exerc ised  i n  applying these  equat ions  t o  a s su re  t h a t  the r e l a t i o n -  

sh ips  a re  v a l i d  f o r  the  d i s t r i b u t i o n  func t ion  i n  use.  

The d i s t r i b u t i o n  func t ion ,  F ( S ) ,  has  a value of u n i t y  when the  prob- 

a b i l i t y  d e n s i t y  func t ion ,  f ( S ) ,  i s  i n t e g r a t e d  over  a l l  poss ib l e  va lues .  

The i n t e g r a l  can be broken up a s  fol lows.  

It can be seen from Equation 2.5 t h a t  the f i r s t  p a r t  o f  the i n t e g r a l  

( f o r  va lues  below Sn) i s  the  p r o b a b i l i t y  of f a i l u r e  ( Q ) .  

(2.11) 

The second p a r t  o f  the  i n t e g r a l  conta ins  a l l  va lues  g r e a t e r  than Sn, 

which a r e  a l l  o t h e r  poss ib l e  va lues .  Thus, the  second p a r t  o f  the i n t e -  

g r a l  must be the  p r o b a b i l i t y  of  success  (P ) .  

P = I i f ( S )  dS . (2.12) 
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It fol lows from Equation 2.10 t h a t  

P + Q = l .  (2.13) 

There a r e  two parameters of the d i s t r i b u t i o n  func t ion  t h a t  w i l l  be 

needed i n  performing c a l c u l a t i o n s  of f a i l u r e  p r o b a b i l i t y .  These a r e  the  

mean (5) and the  s tandard  dev ia t ion  (F,). By d e f i n i t i o n ,  (7)  

- S -1:f (S) dS 

- 2  and F2 S =L; (S - S )  f ( S )  dS , 

where S i s  a d i s t r i b u t e d  random v a r i a b l e .  

2.2 R e l i a b i l i t y  and F a i l u r e  

(2.14) 

(2.15) 

The p r o b a b i l i t y  of f a i l u r e  r e s u l t i n g  from any two frequency d i s t r i -  

bu t ions  of induced and allowable stresses i s  expressed by Equation 2 .8 .  

This p r o b a b i l i t y  depends only  on the d i s t r i b u t i o n  func t ions  and t h e i r  

i n t e r f e r e n c e  wi th  one another .  Conditions of  the d i s t r i b u t i o n  t h a t  a r e  

not  t i m e  dependent a r e  r e f e r r e d  t o  h e r e i n  as  s t eady- s t a t e  condi t ions .  

While the allowable stress d i s t r i b u t i o n  i s  n o t  l i k e l y  t o  change 

wi th  time, the d i s t r i b u t i o n  of the appl ied  s t ress  may a r i s e  from a t i m e -  

dependent s i t u a t i o n ,  such a s  c y c l i c  pressure  f l u c t u a t i o n s .  A s  w e l l  a s  

providing a b a s i s  f o r  analyzing the  f a t i g u e  l i f e  of  the v e s s e l ,  these  

c y c l i c  pressures  a c t u a l l y  descr ibe  a frequency d i s t r i b u t i o n  f o r  the  

s t eady- s t a t e  design pressure .  A s  long as  c e r t a i n  va lues  of  these  c y c l i c  

stresses do no t  c l u s t e r  a t  a given t ime, the induced stress d i s t r i b u t i o n  

w i l l  be independent of t i m e  and Equation 2.8 can be used t o  c a l c u l a t e  
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the  s t e a d y - s t a t e  f a i l u r e  p r o b a b i l i t y .  When one o r  more of  the  

d i s t r i b u t i o n  func t ions  i s  a func t ion  of  t i m e ,  such a s  the  al lowable 

stress d i s t r i b u t i o n  f o r  f a t i g d e  f a i l u r e ,  Equation 2 .8  r ep resen t s  the 

time-dependent f a i l u r e  p r o b a b i l i t y  from which r e l i a b i l i t y  can be calcu-  

l a t e d  by us ing  Equation 2.13. Thus, Equation 2 . 8  can be used t o  calcu-  

l a t e  r e l i a b i l i t y  only  when the d i s t r i b u t i o n  func t ions  a r e  t i m e  dependent. 

I n  a l l  o t h e r  cases ,  Equation 2 .8  i s  simply an express ion  f o r  t he  prob- 

a b i l i t y  t h a t  f a i l u r e  w i l l  occur  a t  any t i m e .  

The p r o b a b i l i t y  of  i ' a i lu re  r e s u l t i n g  from a s t e a d y - s t a t e  stress d i s -  

t r i b u t i o n  may have a t i m e  dependency t h a t  i s  n o t  a t  f i r s t  ev iden t  from 

the da t a  of which the  d i s t r i b u t i o n  i s  comprised. For example, the  f a c t  

t h a t  a stress of  any given l e v e l  has  an equal  chance of  occur r ing  a t  any 

t i m e ,  a s  was pos tu l a t ed  f o r  the  s t e a d y - s t a t e  d i s t r i b u t i o n ,  w i l l  r e s u l t  

i n  an exponent ia l  f a i l u r e  p r o b a b i l i t y  a s  a func t ion  of t ime.(7)  

Y (2.16) 
- AT Q = l - e  

where h i s  the  average r a t e  a t  which f a i l u r e  stresses occur  and T i s  the 

i n t e r v a l  o f  time over  which the f a i l u r e  p r o b a b i l i t y  i s  es t imated .  

A more genera l  case i s  one i n  which i t  i s  assumed t h a t  the  r a t e  a t  

which f a i l u r e  stresses occur  can vary wi th  t i m e .  Such a case can be 

expressed by the two-parameter Weibull d i s t r i b u t i o n  func t ion .  (10) 

b 
- ( T  /m) Q = l - e  Y (2.17) 

where b and m a r e  parameters determined from the  d i s t r i b u t i o n  of f a i l u r e  

causing stresses. I f  b = 1, the Weibull d i s t r i b u t i o n  becomes the  expo- 

n e n t i a l  d i s t r i b u t i o n  of  Equation 2.16 and m corresponds t o  the mean t i m e  

between f a i l u r e s  ( l /X).  Equations 2.16 and 2.17 a r e  s ta tements  of  
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r e l i a b i l i t y  because they express  time-dependent p r o b a b i l i t i e s .  Thus, 

from Equation 2.13, r e l i a b i l i t y  (R) can be expressed a s  

b 
R = e  -(T -/m> (2.18) 

The p r o b a b i l i t y  of  f a i l u r e  can the re fo re  be ca l cu la t ed  a s  an i n t e r -  

fe rence  of induced stress wi th  al lowable stress by us ing  Equation 2 .8 ,  

o r  i t  can be ca l cu la t ed  a s  the  r e l i a b i l i t y  r e s u l t i n g  from a s p e c i f i e d  

level of stress (corresponding t o  the  parametr ic  va lues  of b and m >  f o r  

any t i m e  by us ing  Equation 2.18.  

2.3 Environmental E f f e c t s  

The c a l c u l a t i o n  of r e l i a b i l i t y  a s  a time-dependent p r o b a b i l i t y  i s  

u s u a l l y  done by measuring va lues  of m and b i n  experimental  o r  opera- 

t i o n a l  s i t u a t i o n s  and us ing  these  va lues  i n  equat ions s i m i l a r  t o  Equation 

2-18 (depending upon the type of  d i s t r i b u t i o n  R takes  on) .  When t h i s  

procedure i s  followed, the  same environment observed while the parameters 

were measured must be pos tu l a t ed  f o r  the  p red ic t ed  ope ra t ion ,  a s  s t a t e d  

by the d e f i n i t i o n  of r e l i a b i l i t y  used h e r e i n .  I f  t he re  i s  any dev ia t ion  

from the  measured environment , the  p red ic t ed  r e l i a b i l i t y  i s  t h e o r e t i c a l l y  

i n v a l i d .  

I f  the e f f e c t s  of environment (stress and s t r e n g t h s )  a r e  considered,  

a more accura te  e s t ima te  of  r e l i a b i l i t y  i s  poss ib l e .  For example, the 

measured f a i l u r e  r a t e s  might be used i n  Equation 2.16 t o  f o r e c a s t  compo- 

nent  r e l i a b i l i t y  and i n  Equation 2.8 t o  determine the  allowable v a r i a -  

t i o n  i n  environment necessary  t o  maintain the v a l i d i t y  of  Equation 2.16. 
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The use of measured f a i l u r e  r a t e s  would n o t  on ly  f o r e c a s t  r e l i a b i l i t y  

but  would a l s o  t i e  t h a t  r e l i a b i l i t y  t o  acceptable  l i m i t s  of  environ-  

mental v a r i a t i o n .  



3 .  STEADY-STATE DISTRIBUTION FUNCTIONS 

I n  o rde r  t o  c a l c u l a t e  a s t eady- s t a t e  f a i l u r e  p r o b a b i l i t y ,  the 

d i s t r i b u t i o n  func t ions  must be determined. I f  da t a  a r e  a v a i l a b l e  f o r  a 

s p e c l f i c  a p p l i c a t i o n ,  the d i s t r i b u t i o n  func t ions  should be based on t h a t  

da t a .  However, t he re  a r e  many poss ib l e  d i s t r i b u t i o n s ,  and some of  them 

cannot be mathematically s t a t e d  i n  a c losed form. Hence, t he re  w i l l  be  

many ins t ances  i n  which a design must be formulated before  the d i s t r i b u -  

t i o n  func t ion  i s  known. It i s  the re fo re  important t o  determine whether 

pressure  v e s s e l  d a t a  a r e  l i k e l y  t o  have t y p i c a l  d i s t r i b u t i o n s  from which 

a genera l ized  equat ion  f o r  f a i l u r e  p r o b a b i l i t y  can be developed. 

3.1 Stress Di s t r ibu t ions  

There i s  much evidence t h a t  the  ma te r i a l  s t r e n g t h  a s soc ia t ed  wi th  a 

s t eady- s t a t e  genera l  membrane stress occurs  a s  a normally d i s t r i b u t e d  

func t ion .  A s  a s p e c i f i c  example, the d i s t r i b u t i o n  func t ion  was de t e r -  

mined f o r  16 va lues  of y i e l d  stress f o r  A533 Grade B s t ee l  obta ined  under 

s i m i l a r  c o n d i t i o n s . ( l l )  These da t a  were analyzed by computing the  per-  

centage of  the t o t a l  popula t ion  of  t e n s i l e  test specimens expected t o  

f a i l  a t  each stress l e v e l ,  a s  o u t l i n e d  i n  Table 3.1. The symbol S i n  

Table 3 . 1  r ep resen t s  the  induced f a i l u r e  s t ress  i n  k ips  (from the  word 

kilo-pounds where 1 k i p  = 1,000 pounds) pe r  square inch.  The symbol N 

r ep resen t s  the popula t ion  p r i o r  t o  a p p l i c a t i o n  of  the  j - t h  stress,  and 

r 

The percentage of the  o r i g i n a l  popula t ion  t h a t  survived app l i ca t ion  o f  

the j - t h  s t ress  l e v e l  i s  represented  by the symbol F S j .  The va lues  of 

j 

j 

r ep resen t s  the number of f a i l u r e s  r e s u l t i n g  from the j - t h  stress.  
j 

15 
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Table 3 .1 .  Parameters Used t o  Construct  D i s t r i b u t i o n  Function 
of Yie ld  S t rength  

S N 
j j 

Jr N .  + 1 -  r 

N; + 1  Rsj 
u r N . + 1  N . + l - r  

j J J j 

58.2 16 1 1 7  16 0.941 0.941 
15 0.937 0.882 58.6 15 1 16 

59.0 14 1 15 14 0.933 0.823 
59.4 13 1 14 13 0.928 0.763 
59.5 1 2  1 13 1 2  0.923 0.705 

1 2  11 0.912 0.646 59.6 11 1 
59.9 10 2 11 9 0.818 0.528 
60.1 8 1 9 8 0.889 0.470 
60.3 7 1 8 7 0.875 0.411 

0 857 0.352 60.6 6 1 7 6 
61.0 5 1 6 5 0.833 0.293 
61.3 4 1 5 4 0.8 0.235 

0.75 0.176 61.4 3 1 4 3 
61.5 2 1 3 2 0.667 0.117 

0.5 0.058 62.2 1 1 2 1 

j 
N .  + 1 -  r 

N .  +1 

J( 

Rs =T[ ’ 
J j 

S .  a r e  p l o t t e d  a s  y i e l d  s t r eng ths  and values  of 1 - RS. a r e  p l o t t e d  a s  

percent  f a i l e d  i n  Figure 3.1.  It can be seen t h a t  the r e s u l t i n g  p l o t  i s  

nominally a s t r a i g h t  l i n e ,  thereby f u l f i l l i n g  the  c r i t e r i o n  f o r  a nor- 

mally d i s t r i b u t e d  func t ion .  (7) 

J J 

Figure 3 .1  alone does not  provide j u s t i f i c a t i o n  f o r  assuming t h a t  a 

normal d i s t r i b u t i o n  i s  t y p i c a l  of allowable s t r e s s e s .  An ex tens ive  sur-  

vey of t e s t  d a t a  repor ted  by Lipson, Sheth,  and Disney (9) revea led  t h a t  

the type of d i s t r i b u t i o n  changed s i g n i f i c a n t l y  wi th  changes i n  tempera- 

t u r e .  

s t r e n g t h s  f o r  f u l l y  annealed low-carbon, low-alloy s t e e l s  and f o r  f u l l y  

I n  t h a t  d a t a ,  the d i s t r i b u t i o n  func t ions  of  y i e l d  and u l t i m a t e  

annealed low-carbon, h igh-a l loy  s teels  a r e  approximately normal a t  
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= I  

56 57 58 59 60 61 62 63 
YIELD STRENGTH (ksi) 

Figure 3 .1 .  D i s t r i b u t i o n  Function of Yield S t rength  P lo t t ed  on 
Normal P r o b a b i l i t y  Sca le .  

temperatures between 250 and 750°F. Inasmuch a s  the da t a  i l l u s t r a t e d  i n  

Figure 3 .1  were obta ined  wi th in  t h a t  temperature range, the assumption 

of normally d i s t r i b u t e d  allowable stress func t ions  f o r  pressure  v e s s e l s  

i n  l ight-water-cooled nuc lear  r e a c t o r  systems would no t  be g ross ly  inac-  

cu ra t e .  However, t h i s  assumption might no t  be v a l i d  f o r  very h igh  t e m -  

pe ra tu re  condi t ions  , such a s  those experienced by v e s s e l s  i n  l iquid-metal  

f a s t  b reeder  r e a c t o r s ,  o r  f o r  near  ambient temperature cond i t ions ,  such 

a s  those experienced by a containment v e s s e l .  

The induced stress d i s t r i b u t i o n  f o r  s t eady- s t a t e  condi t ions  c l o s e l y  

approximates a normal d i s t r i b u t i o n  when the re  i s  a very h igh  incidence 

of  peak pressures  on e i t h e r  s i d e  of the design p res su re .  These p re s su res  
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a r e  gene ra l ly  assumed t o  occur  a s  a f a c t o r  i n  f a t i g u e  a n a l y s i s ,  and a 

s u i t a b l e  example might be lo6 cyc les  of  - $100 p s i ,  200 cyc le s  of  5120 p s i ,  

and 5 cyc le s  of  _+ 500 p s i .  

u ted  by s p e c i f i c a t i o n  i n  such a case ,  and i t  may be assumed a s  normally 

d i s t r i b u t e d  i n  p r a c t i c e  when l a rge  numbers of pressure  f l u c t u a t i o n s  a r e  

The induced stress w i l l  be normally d i s t r i b -  

assumed on e i t h e r  s i d e  of a mean. It may the re fo re  be assumed t h a t  nor- 

mally d i s t r i b u t e d  induced and allowable stresses a r e  t y p i c a l  f o r  many 

s t eady- s t a t e  s t ress  condi t ions .  Equation 2 .8  w i l l  be developed f o r  

these s p e c i f i c  d i s t r i b u t i o n  func t ions  a s  a t y p i c a l  case f o r  s t e a d y - s t a t e  

f a i l u r e  p r o b a b i l i t y .  

3 .2  F a i l u r e  P r o b a b i l i t y  

When S i s  a normally d i s t r i b u t e d  rando'm v a r i a b l e ,  the  frequency d i s -  

t r i b u t i o n  i s  given by the fol lowing equat ion .  (8) 

f ( S )  = 1 [e-;( q2] 
us (27T)l j2 

where 5 i s  the mean, a s  def ined i n  Equation 2 .14 ,  and us i s  the  s tandard  

dev ia t ion ,  a s  def ined  i n  Equation 2.15. The normal d i s t r i b u t i o n  func t ion  

i s  obta ined  by i n t e g r a t i n g  Equation 3 .1  over  a l l  va lues  of S .  

The p r o b a b i l i t y  of  f a i l u r e  r e s u l t i n g  from the i n t e r f e r e n c e  of nor-  

mal d i s t r i b u t i o n s  of  induced and allowable s t ress  i s  obta ined  by us ing  

Equation 3.2 t o  c a l c u l a t e  the p r o b a b i l i t y  t h a t  Sa - Si 5 0.  

si a 

When S = 

- S i s  taken a s  the  d i f f e rence  between two normally d i s t r i b u t e d  

e 
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independent v a r i a b l e s ,  i t  can be shown by the method o f  maximum 

l ike l ihood  e s t ima to r s  (5) t h a t  

and 

- - 
s = s  - s  i a ( 3 . 3 )  

( 3 . 4 )  

- -  - 
cr cr and CT: a r e  the  r e spec t ive  means and s tandard  

‘a’ s ’  si, ’a 
where S, Si, 

dev ia t ions  of  S ,  S i ,  and Sa. 

When S i s  the d i f f e r e n c e  between the induced s t ress  and the  allow- 

ab le  stress, the p r o b a b i l i t y  of f a i l u r e  i s  obtained by eva lua t ing  Equa- 

t i o n  3 . 2  over p o s i t i v e  values  of S ,  a s  shown i n  Equation 3.5. 

I f  

and i f  appropr ia te  changes i n  the v a r i a b l e s  of i n t e g r a t i o n  a r e  made, 

Equation 3 . 5  can be expressed as  

where 

Equation 3 . 8  i s  the “coupling” equat ion  whose value i s  used t o  eva lua te  

Equation 3.7 with  s tandard  t a b l e s  of p r o b a b i l i t y  func t ions .  (9 )  The prob- 

a b i l i t i e s  of  f a i l u r e ,  determined by us ing  Equation 3 . 7 ,  f o r  s e v e r a l  

va lues  o f  m a r e  given i n  Table 3 . 2 .  
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Table 3 .2 .  Values of 
Normal I n t e g r a l  

m Q = ( 1  - P) 

5.0 

4.5 

4.0 

3 .5  

3 .O 

2.8 

2.6 

2.4 

2.87 x 
3.40 x lo-= 
3.12 x 1 0 ' ~  

2.33 x 1 0 - ~  

1.35 x 
2.56 x 1 0 - ~  

4.66 x 10-3 

8 .20  x 1 0 - ~  

2 . 2  0.0139 

2.0 0.0227 

1.8 0.0359 

1 .6  0.0548 

1 a4 0.0807 

1 . 2  0.1151 

1.0 0.1586 

0.5 0.3085 

0 .0  0.50 

e 

6 



2 1  

The method of maximum l ike l ihood  e s t ima to r s  (5) used t o  develop 

Equations 3.3 and 3.4 can a l s o  be used t o  show o t h e r  mathematical opera- 

t i o n s  wi th  normally d i s t r i b u t e d  v a r i a b l e s .  Severa l  o f  these  ope ra t ions  

t h a t  a r e  of  use i n  performing stress analyses  of  pressure  v e s s e l s  a r e  

g iven ,  without  proof ,  i n  Table 3 . 3 .  These opera t ions  a r e  v a l i d  f o r  

va lues  of the c o e f f i c i e n t  of v a r i a t i o n  (V,) less than 0.1,  where the  

c o e f f i c i e n t  of v a r i a t i o n  i s  def ined a s  

0- 
S 

s -  
v = - ,  

S 
(3.9) 

When s u b s t i t u t e d  i n t o  Equation 3.8,  the c o e f f i c i e n t s  of  v a r i a t i o n  

of allowable and induced stresses (VS, and Vsi) and the  r a t i o  of  allow- 

ab le  t o  induced stress (M) reduce the number o f  v a r i a b l e s ,  a s  i s  shown 

i n  Equation 3.10. 

where 

M -  1 
(3.10) 

(3.11) 

The number of v a r i a b l e s  i n  Equation 3 .8  i s  f u r t h e r  reduced by in t roduc-  

t i o n  of the c o e f f i c i e n t  of v a r i a t i o n  o f  f a i l u r e  p r o b a b i l i t y  ( C ) ,  (8) 

where 

(3.12) 

Because each value of m i n  Equation 3.10 corresponds t o  a f a i l u r e  

p r o b a b i l i t y  i n  Equation 3.7, the p r o b a b i l i t y  of  f a i l u r e  i s  a func t ion  of  

the two v a r i a b l e s  M and C. The f a i l u r e  p r o b a b i l i t i e s  f o r  s eve ra l  va lues  

of M and C repor ted  by Kececioglu and Haugen (8) a r e  i l l u s t r a t e d  i n  
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Table 3 . 3 .  Operations With Normal 
Functions 

I tern Operation 

1. w = x + y  

w = x + ;  
u 2 = u 2 + u z  

W X Y 

w = x - y  

w = x - y  
- - - 

u 2 = u 2 + m 2  
W X 

2. 

3 .  

4 .  

w = xy 

X w = -  
Y 

Y 

+ x2u 
Y 

+ ;““,‘ 
t 



a 

Figure 3 . 2 .  The 

Equation 3 . 7  and 

i t y  f o r  normally 

23 

d a t a  i l l u s t r a t e d  i n  Figure 3 . 2  can be used i n  l i e u  of  

Table 3 . 2  (page 20) t o  determine the f a i l u r e  probabi l -  

d i s t r i b u t e d  induced and al lowable stresses. The param- 

e ter  M can be thought of  phys i ca l ly  a s  the  "safe ty  f a c t o r "  corresponding 

t o  a des i r ed  p r o b a b i l i t y  o f  f a i l u r e  (Q) and c o e f f i c i e n t  of  v a r i a t i o n  of 

f a i l u r e  p r o b a b i l i t y  ( C ) .  

a 
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Figure 3.2.  P r o b a b i l i t y  o f  F a i l u r e  a s  a Function of  Dimensionless 
Parameters of Normal Funct ions.  

Source: D. Kececioglu and E .  B.  Haugen, "A Unified Look a t  Design 
Safe ty  Fac to r s ,  Sa fe ty  Margins, and Measures o f  R e l i a b i l i t y , ' '  pp.  520- 
530 i n  1968 Annals of  Assurance Sciences,  Seventh R e l i a b i l i t y  and Main- 
t a i n a b i l i t y  Conference, The American Socie ty  of Mechanical Engineers ,  
New York, 1968. 



4 .  STEADY-STATE I N D U C E D  STRESSES 

The p r o b a b i l i t y  of f a i l u r e  i s  s t a t e d  i n  Sec t ion  3 i n  terms o f  

allowable stress d i s t r i b u t i o n s  and induced stress d i s t r i b u t i o n s .  When 

these  two s t r e s s  d i s t r i b u t i o n s  a r e  normal, the f a i l u r e  p r o b a b i l i t y  can 

be obta ined  e i t h e r  d i r e c t l y  from Figure 3.2 (page 2 4 )  o r  from Equation 

3 .7  and Table 3.2  (page 2 0 ) .  While the allowable s t r e s s  d i s t r i b u t i o n  

can be measured o r  es t imated  a s  stress,  the induced s t r e s s  d i s t r i b u t i o n  

u s u a l l y  cannot be obtained a s  a d i r e c t l y  measured stress. The induced 

stress d i s t r i b u t i o n  i s  u s u a l l y  the r e s u l t  of a d i s t r i b u t e d  set  of  loads 

a c t i n g  on a component wi th  a d i s t r i b u t e d  s e t  o f  dimensions, and i t  must 

be ca l cu la t ed  by us ing  s t ress  a n a l y s i s  methods i n  conjunct ion wi th  prob- 

a b i l i t y  ca l cu lus .  Such ana lyses  a r e  o f t e n  r e f e r r e d  t o  a s  " p r o b a b i l i s t i c  

design.  " ( 5 )  

The r u l e s  f o r  the s t r e s s  a n a l y s i s  of nuc lear  pressure  v e s s e l s  se t  

f o r t h  i n  Sec t ion  I11 of  the ASME Boi l e r  and Pressure  Vessel Code (12) 

a re  based on the maximum shear  s t r e s s  theory of  f a i l u r e . ( l 3 )  This 

theory s t i p u l a t e s  t h a t  f a i l u r e  occurs  when the maximum shear  stress a t  a 

po in t  exceeds the shear  s t ress  corresponding t o  the y i e l d  po in t  i n  a 

u n i a x i a l  t ens ion  tes t  specimen. S ta t ed  mathematically,  f o r  p r i n c i p a l  

s t r e s s e s  S > S > S and a y i e l d  stress S f a i l u r e  r e s u l t s  when 
1 2 3 Y Y  

sY > - .  s1 - s3 

2 - 2  

The p r o b a b i l i s t i c  design methods by which the p r i n c i p a l  s t r e s s e s  i n  

a vessel a r e  determined can be used t o  determine the induced stress d i s -  

t r i b u t i o n  requi red  t o  c a l c u l a t e  the p r o b a b i l i t y  of  f a i l u r e  when the 

25 
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allowable s t ress  l e v e l  i s  def ined  by the maximum shear  stress theory.  

Since the p r i n c i p a l  s t r e s s e s  i n  a pressure  v e s s e l  away from d i scon t inu -  

i t i e s  gene ra l ly  c o n s i s t  of the hoop s t ress ,  the  meridional  s t r e s s ,  and 

the i n t e r n a l  p re s su re ,  a genera l ized  d e r i v a t i o n  of  p r o b a b i l i s t i c  design 

formulas f o r  p re s su re  v e s s e l s  i s  poss ib l e .  

4.1 Hoop Stress 

I f  the hoop s t r e s s  (Sh) i n  a pressure  v e s s e l  subjec ted  t o  an i n t e r -  

n a l  p ressure  (p) i s  given by the equat ion  

'h = Py Y (4 .2)  

where Y i s  a func t ion  of  the r ad ius  of  the v e s s e l  and th ickness  of  t he  

s h e l l ,  the  mean va lue  of  the  hoop s t r e s s  r e s u l t i n g  from a normally d i s -  

t r i b u t e d  p and Y i s  determined from Table 3 . 3  (page 2 2 )  t o  be 
- --  
Sh = pY . 

The s tandard  dev ia t ion  of  hoop s t r e s s  ( u  

t i o n  4 . 3  i s  

) expressed i n  t e r m s  o f  Equa- sh 

The mean va lues  of  the two d i s t r i b u t i o n s  can be e l imina ted  by s u b s t i t u t -  

i n g  the c o e f f i c i e n t s  of  v a r i a t i o n  of  Sh ,  p ,  and Y i n t o  Equation 4.4. 

v = [VP' + vy2 + v 2v 
'h P Y  

(4 .5 )  

Values of  Vs f o r  s e v e r a l  va lues  of V and V t h a t  were c a l c u l a t e d  by 

us ing  Equation 4.5 a r e  i l l u s t r a t e d  i n  Figure 4.1. 

used a s  a g raph ica l  a i d  i n  determining the c o e f f i c i e n t  o f  v a r i a t i o n  of 

hoop s t r e s s  when the mean value of the hoop s t r e s s  i s  expressed by 

h P Y 

Figure 4.1 can be 
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vY 

Figure 4.1. Coef f i c i en t  o f  Var ia t ion  of  Hoop S t r e s s  a s  a Function 
of  Coef f i c i en t s  o f  Var ia t ion  of the Product of Two Normally Di s t r ibu ted  
Funct ions.  
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Equation 4.3. The s tandard  dev ia t ion  i s  then obta ined  a s  

The quan t i ty  Y i n  Equation 4.2 i s  a func t ion  of the r ad ius  ( r )  and 

s h e l l  th ickness  ( t )  o f  a cy l inde r  o r  sphere subjec ted  t o  i n t e r n a l  pres -  

sure .  I f  r and t a r e  i n v a r i a n t ,  Y i s  i n v a r i a n t  and the s tandard  devia-  

t i o n  of hoop stress i s  simply the  product of  Y and the  s tandard  devia-  

t i o n  of pressure .  I f  1: and t a r e  normally d i s t r i b u t e d ,  Y w i l l  a l s o  be 

normally d i s t r i b u t e d .  For a cy l inde r ,  
- - -  
Y = r l t  . (4 .7)  

t From Table 3 . 3  (page 2 2 ) ,  the  s tandard  dev ia t ion  of  Y f o r  va lues  of V 

less than 0 .1  i s  

The c o e f f i c i e n t  of  v a r i a t i o n  of  Y i s  determined by s u b s t i t u t i n g  the coef-  

f i c i e n t s  of v a r i a t i o n  of r and E i n t o  Equation 4.8. 

+ vt vy=r 1 + vt2 2r/2 * 

(4 .9)  

Values of  V f o r  s e v e r a l  va lues  of  V and V t h a t  were c a l c u l a t e d  by 

us ing  Equation 4.9 a r e  i l l u s t r a t e d  i n  Figure 4.2. Figure 4.2 can be 

used t o  g raph ica l ly  determine va lues  of  V t o  be used i n  Figure 4.1 

(page 2 7 )  o r  i n  Equation 4.5 when r and t a r e  normally d i s t r i b u t e d  

Y r t 

Y 

v a r i a b l e s .  

Although Equation 4.9 was der ived  f o r  hoop stress i n  a e y l i n d e r ,  i t  

i s  v a l i d  f o r  any Y = a r / t ,  where a i s  a cons tan t  o r  i n v a r i a n t ,  because 

the c o e f f i c i e n t  of v a r i a t i o n  of Y i s  ca l cu la t ed  a s  
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Figure 4.2 .  Coef f i c i en t  of Var ia t ion  of  the Quotient  (Y)  o f  Two 
Normally Di s t r ibu ted  Funct ions.  
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L 

and the  cons tan t  ( a )  does not  a f f e c t  the c o e f f i c i e n t  of v a r i a t i o n .  Thus, 

Equation 4.9 and Figure 4.2 apply t o  a sphere o r  any o t h e r  shape f o r  

which Y i s  expressed i n  terms of a cons tan t  mu l t ip l i ed  by the r ad ius - to -  

th ickness  r a t i o .  Equation 4.5 and Figure 4.1 (page 27) a r e  a l s o  app l i -  

cab le  t o  these  same geometries f o r  the same reasons.  

The normal d i s t r i b u t i o n  func t ion  of hoop stress i n  p re s su re  v e s s e l s  

of s eve ra l  shapes can the re fo re  be determined a s  a func t ion  of  p re s su re  

and geometry by us ing  Equations 4.3 and 4.5.  This  stress i s  then used 

t o  determine the  induced stress d i s t r i b u t i o n  i n  accordance wi th  the  max- 

imum shear  stress theory of f a i l u r e .  

4 .2  Induced Membrane Stress 

The maximum p r i n c i p a l  stress i n  a cy l inde r  o r  sphere under i n t e r n a l  

pressure  i s  the  hoop s t ress ,  and the minimum p r i n c i p a l  stress i s  the 

negat ive o f  the  i n t e r n a l  p re s su re . ( l3 )  The mean value of induced s t ress  

i s  t h e r e f o r e  

(4.10) 

and the s tandard  dev ia t ion  of induced stress,  from Table 3.3 (page 22) ,  

i s  expressed a s  

(4.11) 

Equation 4.11 i s  no t  s impl i f i ed  by s u b s t i t u t i o n  of  the c o e f f i c i e n t s  

of v a r i a t i o n  of  Sh and p .  However, the mean and s tandard  dev ia t ion  o f  
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induced stress r equ i r ed  i n  Equation 3.8 f o r  determining the p r o b a b i l i t y  

of  f a i l u r e  a r e  s t a t e d  d i r e c t l y  i n  Equations 4.10 and 4.11. 

the  p r o b a b i l i s t i c  design c a l c u l a t i o n s  f o r  determining the  induced stress 

f o r  the  maximum shear  stress theory of  f a i l u r e  a r e  culminated i n  these  

two equat ions , with  in te rmedia te  s t e p s  represented  by Figures  4.1 (page 

Therefore ,  

27) and 4.2 (page 29)  o r  Equations 4.5 and 4.9.  

When l o c a l  e f f e c t s  a r e  considered,  the hoop stress and p res su re  a r e  

no t  always the maximum and minimum p r i n c i p a l  stresses. Such l o c a l  

e f f e c t s  have no t  been considered h e r e ,  bu t  they can be ca l cu la t ed  by 

p r o b a b i l i s t i c  methods i f  necessary.  The s impler  stresses,  such a s  bend- 

ing ,  t ens ion ,  and t o r s i o n ,  have been t r e a t e d  p r o b a b i l i s t i c a l l y  by Haugen. 

(5) These stresses i n  combination wi th  the hoop stress can be eva lua ted  

by us ing  Table 3 .3  (page 22) and fol lowing a procedure s i m i l a r  t o  t h a t  

followed t o  de r ive  the p r o b a b i l i s t i c  s ta tement  f o r  hoop stress. 

The induced s t ress  c a l c u l a t i o n s  a r e  g r e a t l y  s impl i f i ed  i f  Y i s  

i n v a r i a n t .  I n  p r a c t i c e ,  the r ad ius  and s h e l l  th ickness  of a pressure  

v e s s e l  a r e  he ld  t o  r a t h e r  c lose  to l e rances  (about 2%) when compared wi th  

the expected v a r i a t i o n  i n  loads and ma te r i a l  s t r e n g t h s  (about 15%). It 

i s  the re fo re  poss ib l e  i n  many cases t o  neg lec t  the dimensional d i s t r i b u -  

t i o n  func t ions  and c a l c u l a t e  the induced stress a s  a func t ion  of a d i s -  

t r i b u t e d  load only.  

The f a i l u r e  p r o b a b i l i t y  r e s u l t i n g  from the induced stress d i s t r i b u -  

t i o n  i s  ca l cu la t ed  f o r  a s p e c i f i e d  allowable stress d i s t r i b u t i o n  by us ing  

Equation 3 .7  o r  Figure 3 . 2  (page 24). However, care  must be exe rc i sed  

i n  doing t h i s  because the induced stress ca l cu la t ed  by us ing  Equation 

4.10 must be compared wi th  an al lowable stress def ined i n  accordance 
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wi th  the maximum shear  stress theory of f a i l u r e ;  t h a t  i s ,  an al lowable 

s t r e s s  corresponding t o  one-half  o f  the y i e l d  s t r e n g t h  determined i n  an 

u n i a x i a l  t e n s i l e  test .  Because both the induced stress and the  y i e l d  

s t r e n g t h  a r e  d iv ided  by two, "stress i n t e n s i t y "  i s  def ined i n  Sec t ion  

I11 of  the ASME Boi l e r  and Pressure  Vessel Code (12 )  a s  a stress equal  

t o  t w i c e  the  induced shear  stress, and "allowable stress i n t e n s i t y "  (Sm) 

i s  def ined  ( 1 2 )  a s  an al lowable design s t ress  equal  t o  twice the  shear  

stress allowed by Code r u l e s .  The t e r m  "allowable stress" used h e r e i n  

i s  a def ined f a i l u r e  s t r e s s ,  and i t s  va lues  do not  correspond t o  the  

allowable stress i n t e n s i t y "  va lues  s p e c i f i e d  i n  Sec t ion  111 of  the  ASME I 1  

Boi l e r  and Pressure  Vessel Code inasmuch a s  those va lues  have b u i l t - i n  

f a c t o r s  of  s a f e t y . "  II 

4.3 Burst  Pressure 

The f a i l u r e  def ined  by Equation 3.7 i s  a mode o f  f a i l u r e  f o r  which 

the p r o b a b i l i t y  i s  ca l cu la t ed  by us ing  induced stress. On the o t h e r  

hand, gross  rup tu re  o r  b u r s t i n g  i s  not  e a s i l y  expressed i n  terms of an 

induced stress because s t r a i n  r a t h e r  than stress p lays  the dominant r o l e  

above the y i e l d  p o i n t  of a ma te r i a l .  The concept of "burst  p ressure"  

was presented  by Langer (14) t o  c o r r e l a t e  Sec t ion  111 ASME Code ( 1 2 )  

al lowable stress i n t e n s i t y  va lues  wi th  da t a  from rup tu re  tes ts  performed 

by the Pressure  Vessel Research Committee. A s  repor ted  by Langer , ( l4)  

the b u r s t  p re s su re  (p ) corresponding t o  the u l t i m a t e  t e n s i l e  s t r e n g t h  

(Su) of  a ma te r i a l  can be ca l cu la t ed  by us ing  Equation 4.12. 

b 

pb = SUB In  W , (4 .12)  

where B i s  a s t r a in -ha rden ing  f a c t o r  and 
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where 

(4.13) 

t = th ickness  of v e s s e l  s h e l l  and 

r = i n s i d e  r ad ius  of v e s s e l .  

Values of B were determined i n  the tes ts  performed by the Pressure Ves- 

s e l  Research Committee,(l4) and these values  can be approximated by 

us ing  Equations 4.14 through 4.19 i n  which B denotes the s t ra in-harden-  

ing  f a c t o r  f o r  a cy l inde r ,  B denotes the s t r a in -ha rden ing  f a c t o r  f o r  a 

sphere ,  and n i s  the s t ra in-hardening  exponent of the ma te r i a l  measured 

C 

S 

i n  t e n s i l e  t e s t s .  

= 1.16 - 0.9n 

= 1.14 - 0.75n 

B = 1.08 - 0.51n 

= 2.0 - 1.211 

B = 1.98 - 1.06n 

= 1.90 - 0.76n 

BC 

BC 

C 

BS 

S 

BS 

f o r  

f o r  

f o r  

f o r  

f o r  

f o r  

O < n < 0 . 1 .  - (4.14) 

0 .1  - < n < 0.3 . (4.15) 

0 .3  - < n < 1.0 . (4.16) 

O s n < 0 . 1 .  (4.17) 

0 . 1  - < n < 0.3 . (4.18) 

0.3 - < n < 1.0  . (4.19) 

While Equation 4.10 can be used t o  e s t ima te  an induced s t r e s s  t o  be 

compared wi th  a measured al lowable s t ress ,  Equation 4.12 can be used t o  

compute a b u r s t  p ressure  t o  be compared wi th  a measured induced pressure .  

The p r o b a b i l i t y  of f a i l u r e  by b u r s t i n g  can the re fo re  be der ived i n  a man- 

ne r  s i m i l a r  t o  t h a t  used t o  de r ive  the p r o b a b i l i t y  of  f a i l u r e  def ined  by 

maximum shear  s t r e s s .  

For normally d i s t r i b u t e d  Su, B ,  and p ,  Equation 4.12 can be w r i t t e n  

a s  
- - -  
pb = SUB In W , (4.20) 
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where r and t a r e  assumed t o  be i n v a r i a n t .  From Table 3 . 3  (page 2 2 ) ,  

the  s t anda rd  dev ia t ion  o f  b u r s t  p re s su re  (a ) i s  expressed a s  
pb 

(4.21) 

The c o e f f i c i e n t  of v a r i a t i o n  o f  b u r s t  p re s su re  i s  expressed i n  Equation 

4.22. 

where 

(4.22) 

- 
VB = c B / B  , and 

vs = as / su . 
U U 

S i w e  the  c o e f f i c i e n t  o f  v a r i a t i o n  of b u r s t  p re s su re  i s  the c o e f f i c i e n t  

pb 
of a product ,  Figure 4.1 (page 2 7 )  can be used t o  o b t a i n  va lues  of V 

when the  va lues  of V and V a r e  known and normally d i s t r i b u t e d .  S U  B 

The p r o b a b i l i t y  of  f a i l u r e  i s  obta ined  by computing a va lue  of  m 

c o n s i s t e n t  w i th  Equation 4.20 and M = pb/F . 

o r  M -  1 m =  

(4.23) 

(4.24) 

The computed va lue  o f  m can be used t o  determine the  p r o b a b i l i t y  of f a i l -  

u r e  by us ing  Table 3 . 2  (page 2 0 ) .  To use  Figure 3 . 2  (page 24) t o  d e t e r -  

mine f a i l u r e  p r o b a b i l i t y ,  the  va lue  of  the  c o e f f i c i e n t  of v a r i a t i o n  o f  

f a i l u r e  p r o b a b i l i t y  (C)  must be c a l c u l a t e d .  
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C =  V 2 M 2 + V  1 pb P 
( 4  e 2 5 )  

Equations 4 . 2 4  and 4.25 t oge the r  wi th  Table 3 . 2  (page 2 0 )  o r  Figure 3 . 2  

(page 2 4 )  provide a means of e s t ima t ing  the p r o b a b i l i t y  of  f a i l u r e  by 

b u r s t i n g  based on the p r o b a b i l i t y  t h a t  an induced pressure  w i l l  exceed 

a ca l cu la t ed  b u r s t  p ressure .  

4.4 Numerical Example 

A numerical example i s  presented  here  t o  demonstrate the method of  

c a l c u l a t i n g  f a i l u r e  p r o b a b i l i t y  d iscussed  i n  the preceding subsec t ions .  

A cy l inde r  wi th  s p e c i f i e d  design condi t ions  t y p i c a l  of those f o r  a pres- 

su re  v e s s e l  i n  a pressurized-water  nuc lear  r e a c t o r  i s  considered i n  t h i s  

example, and the  r ad ius  and s h e l l  thickness  of  t h i s  v e s s e l  a r e  t r e a t e d  

a s  i n v a r i a n t  i n  t h i s  example wherein cr and (T a r e  l a rge  a s  compared 

with cr and cr . The s p e c i f i e d  design condi t ions  f o r  t h i s  v e s s e l  a r e  a s  

fo  1 lows. 

P Sa 

r t 

c r =  
P 

s =  
Y 

- 

0 - =  

- 
- sY 

- 
sU 

r =  

mean o r  average i n t e r n a l  pressure  = 2,250 p s i ,  

s tandard  dev ia t ion  of i n t e r n a l  pressure  = 8 6  p s i ,  

mean y i e l d  s t r e n g t h  of the v e s s e l  ma te r i a l  = 5 7 , 5 0 0  p s i ,  

s tandard  dev ia t ion  of  the y i e l d  po in t  = 3,068 p s i ,  

mean u l t ima te  t e n s i l e  s t r e n g t h  of v e s s e l  ma te r i a l=83 ,000  p s i ,  

s tandard  dev ia t ion  o f  u l t ima te  t e n s i l e  s t r e n g t h  = 4 , 6 5 0  p s i ,  

al lowable stress i n t e n s i t y  a s  s p e c i f i e d  i n  Sec t ion  PI1 of  the  

ASME Boi l e r  and Pressure  Vessel Code ( 1 2 )  = 26,700 p s i ,  

r ad ius  of  cy l inde r  = 9 1  inches ,  

mean s t ra in-hardening  f a c t o r  f o r  cy l inde r  = 0 . 9 7 ,  and 

s tandard  dev ia t ion  of  s t ra in-hardening  f a c t o r  = 0.0116.  
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The r u l e s  of  Sec t ion  I11 of  the ASME B o i l e r  and Pressure  Vessel 

Code (12) r e q u i r e  t h a t  a minimum s h e l l  th ickness  (tmin) be e s t a b l i s h e d  

f o r  the v e s s e l  by us ing  the p re sc r ibed  va lue  of  Sm f o r  S 

4.10. Equation 4.10 then becomes 

i n  Equation 

= 8.37 inches . - pr = 2,250(91 
tmin S m - p 26,700 - 2:250 

(4.26) 

The p r o b a b i l i t y  of f a i l u r e  def ined  by the maximum shear  stress 

theory can be es t imated  by us ing  Equation 3.8.  The al lowable stress i s  

S / 2 ,  and the induced stress must be ca l cu la t ed .  For the  minimum s h e l l  

th ickness ,  the mean hoop stress 

- 
Y 

- 2 250 9 1  - = = a = 24,462 p s i  , 'h t 8.37 

and the s tandard  dev ia t ion  of  the hoop s t ress  

(T I: 86 91) 
t 8.37 = -JL = 1 = 935 p s i  . 

'h 

The mean induced s t ress  

and the s tandard  dev ia t ion  of  induced s t ress  

(4.27) 

(4.28) 

(4.10) 

(4.11) 

The value of  m t o  be used i n  Table 3 .2  (page 20) i s  determined from 

Equation 3.8 a s  

This value i n  Table 3.2 (page 20) corresponds 

= 9.59 . (3.8) 

t o  a f a i l u r e  p r o b a b i l i t y  

of  e s s e n t i a l l y  zero .  
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Di f f e ren t  s h e l l  th icknesses  were s e l e c t e d  f o r  the v e s s e l  and design 

condi t ions  s p e c i f i e d  i n  t h i s  example, and the same computational proce- 

dures  were used t o  o b t a i n  the da t a  given i n  Table 4.1. Examination of 

the  da t a  r evea l s  t h a t  the p r o b a b i l i t y  of f a i l u r e  i s  very  low f o r  s h e l l  

th icknesses  g r e a t e r  than 5.0 inches ,  i n d i c a t i n g  t h a t  the requi red  (12) 

minimum s h e l l  th ickness  of  8.37 inches given by Equation 4.10 f o r  the 

s t i p u l a t e d  des ign  condi t ions  provides  more than adequate assurance 

aga ins t  f a i l u r e .  

Table 4.1. Maximum Shear S t r e s s  
F a i l u r e  P r o b a b i l i t y  a s  a Function of 
S h e l l  Thickness f o r  a Cylinder 

t 
( i n . )  m Q 
4.00 0.3 0.3 

4.25 2.0 2.3 x 1 0 - ~  

4.50 2.8 2.5 x 1 0 ' ~  

4.75 3.5 2.3 x 1 0 - ~  

5.0 4.8 2.0 x 1 0 - ~  

8.37 9.6 -0 

I f  the minimum th ickness  of  8.37 inches were not  mandatory (12) and 

a th ickness  corresponding t o  a very low f a i l u r e  p r o b a b i l i t y  w e r e  des i r ed ,  

the  value of  5 inches would be a d e s i r a b l e  th ickness  f o r  the s t a t e d  con- 

d i t i o n s  of t h i s  example. 

about how c l o s e l y  the s p e c i f i e d  condi t ions  correspond t o  a c t u a l  condi- 

t i o n s ,  much of t h i s  u n c e r t a i n t y  has  been removed by the design methods 

used. 

Although the re  would s t i l l  be u n c e r t a i n t y  
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The p r o b a b i l i t y  of f a i l u r e  by rupture  can be ca l cu la t ed  i n  a 

s i m i l a r  manner by us ing  Equations 4.20 and 4.24 t o  o b t a i n  the  va lue  of 

m corresponding to  the  s t a t e d  design condi t ions .  The mean b u r s t  

p r e s  sure  
- -  - 

pb = SUB In W , 

where f o r  the minimum s h e l l  th ickness  of 8.37 inches 

- 
= 83,000(0.97)(0.088)  = 7,120 p s i  , 'b Therefore ,  

and from Equation 

The value of m t o  

The corresponding 

4.21, the s tandard  dev ia t ion  of  b u r s t  p re s su re  

O- = 0.088(10,040) = 890 p s i  . 
'b 

be used i n  Table 3.2 (page 20) i s  determined as  

7,120 - 2,250 

[ ( 8 9 0 ) 2  + ( 8 6 ) 2 ] 1 / 2  
= 5.45 . m =  

(4.20) 

(4.23) 

p r o b a b i l i t y  of f a i l u r e  given i n  Table 3 .2  (page 20) i s  

l e s s  than 3 x 

Dif fe ren t  s h e l l  th icknesses  w e r e  s e l e c t e d  f o r  the  v e s s e l ,  and the 

preceding computational procedures w e r e  used t o  o b t a i n  the  d a t a  given i n  

Table 4.2.  Examination of the d a t a  given i n  Table 4 .2  r e v e a l s  t h a t  the 

p r o b a b i l i t y  of  f a i l u r e  i s  s i g n i f i c a n t l y  decreased f o r  s h e l l  th icknesses  

between 3 and 4 i nches ,  b u t  t he  va lue  f o r  a 4- inch th ickness  s t i l l  rep-  

r e s e n t s  c r e d i b l e  f a i l u r e  (about one chance i n  1,000).  The s e l e c t i o n  of  

a design value of s h e l l  th ickness  g r e a t e r  than 4 inches would t h e r e f o r e  

be a r b i t r a r y ;  the i d e a l  value being perhaps 6 inches ,  corresponding t o  

a f a i l u r e  p r o b a b i l i t y  of about four  chances i n  1,000,000. 
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Table 4.2.  Burst  Pressure 
F a i l u r e  P r o b a b i l i t y  a s  a Function 
of S h e l l  Thickness f o r  a Cylinder 

t 
( i n . )  m Q 

3.0 1.18 0.115 

4.0 3 *07 1.3 x 1 0 - ~  

5.0 4.04 3 .1  x 1 0 - ~  

6.0 4.61 3.4 x 
7 * O  5.05 2 .0  x 
8 . 3 7  5.45 2.0 x 

The f a i l u r e  p r o b a b i l i t y  f o r  rupture  by b u r s t i n g  i s  h igher  than f o r  

the  maximum shear  stress theory of f a i l u r e ,  and rupture  i s  l i k e l y  t o  be 

the  dominant mode of f a i l u r e  i n  t h i s  case.  The al lowable s t r e s s e s  cor-  

responding t o  each f a i l u r e  mode a r e  compared i n  more d e t a i l  i n  Sec t ion  

5. 



5. ASME ALLOWABLE STRESS INTENSITIES 

The examples of  Subsect ion 4.4 show a c o r r e l a t i o n  between s h e l l  

th ickness  and f a i l u r e  p r o b a b i l i t y ,  and a very low f a i l u r e  p r o b a b i l i t y  

was computed f o r  the  minimum s h e l l  th ickness  r equ i r ed  by Sec t ion  I11 of 

the  ASME Boi l e r  and Pressure  Vessel Code.(lZ) The s h e l l  th ickness  i s  an 

i n d i r e c t  s ta tement  of  induced s t ress  f o r  a s p e c i f i c  geometry; t h u s ,  i t  

says l i t t l e  of  the adequacy of  the  Code ( 1 2 )  a l lowable stress i n t e n s i -  

t i e s  f o r  o t h e r  geometries.  A genera l ized  p r e d i c t i o n  of f a i l u r e  probabi l -  

i t y  can be made i f  the allowable stress i n t e n s i t i e s  s p e c i f i e d  i n  Sec t ion  

I11 of  the ASME B o i l e r  and Pressure  Vessel Code ( t h a t  i s ,  the  des ign  

stresses which a r e  permi t ted  t o  exis t  i n  a v e s s e l )  a r e  compared wi th  the  

m a t e r i a l  s t r e n g t h s  l i k e l y  t o  e x i s t  i n  the v e s s e l  p re s su re  boundary ( t h a t  

i s ,  the  a c t u a l  d i s t r i b u t i o n  o f  y i e l d  o r  u l t i m a t e  s t r e n g t h s ) .  
1 

Since the ASME Code ( 1 2 )  a l lowable s t ress  i n t e n s i t y  (Sm) i s  equal  

t o  e i t h e r  two-thirds  of  the minimum s p e c i f i e d  y i e l d  s t r e n g t h  (S ) o r  one- 

t h i r d  of the minimum s p e c i f i e d  u l t ima te  t e n s i l e  s t r e n g t h  (Su) ,  the  allow- 

ab le  stress i n t e n s i t y  provides  a "safe ty  f a c t o r "  of  approximately th ree  

aga ins t  rup tu re  (based on c l a s s i c a l  d e f i n i t i o n s  of t he  t e r m  "safe ty  fac-  

t o r " ) .  The f a i l u r e  p r o b a b i l i t y  r e s u l t i n g  from Code ( 1 2 )  a l lowable 

stress i n t e n s i t i e s  i s  obtained from Equation 3.10 by us ing  an induced 

s t ress  equal  t o  the  al lowable stress i n t e n s i t y  and an al lowable stress 

equal  t o  the  y i e l d  s t r e n g t h  of the ma te r i a l .  

Y 

Data c o l l e c t e d  from th ree  sources  (11, 15, 16) i n d i c a t e  t h a t  the 

mean va lue  of y i e l d  stress f o r  pressure  v e s s e l  s tee l s  w i l l  be 1.35 t i m e s  

h igher  than the minimum s p e c i f i e d  y i e l d  s t r eng th .  Conformance w i t h  the  

40 
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s t a t e d  c r i t e r i o n  of keeping the al lowable stress i n t e n s i t y  less than 

two-thirds  of  the minimum s p e c i f i e d  y i e l d  stress the re fo re  r e q u i r e s  t h a t  
- 
S = 1.35(1.5)S . (5.1) Y m 

This corresponds t o  a value of M determined from Equation 3.11 of 

- 
when si = S and s = S . 
(page 1 7 )  and the r e s u l t s  of  the l i t e r a t u r e  survey repor ted  by Lipson e t  

a l .  ( 9 )  i n d i c a t e  a c o e f f i c i e n t  of  v a r i a t i o n  of a l lowable stress (Vs ) 

near  0.05 f o r  a s p e c i f i c  m a t e r i a l  and e s t a b l i s h  the l i k e l y  range f o r  a l l  

s teels  a s  being between 0.01 and 0.1. S imi l a r ly ,  the a v a i l a b l e  d a t a  on 

pressure  v a r i a t i o n s  i n d i c a t e  t h a t  a c o e f f i c i e n t  of  v a r i a t i o n  of  induced 

stress (V,.) of  0.05 would be common. 

Equation 3.12 y i e l d s  a c o e f f i c i e n t  of  v a r i a t i o n  of  f a i l u r e  p r o b a b i l i t y  

of  

The da ta  ana lys i s  i l l u s t r a t e d  i n  Figure 3 . 1  
m a Y  

a 

S u b s t i t u t i o n  o f  these  va lues  i n t o  
1 

' I 2  = 0.144 . (5.3) 

From Figure 3.2 (page 24) ,  the value of C = 0.144 and the va lue  of  M = 

2.02 r e s u l t  i n  a f a i l u r e  p r o b a b i l i t y  o f  roughly lo-* o r  one chance i n  

10,000. The approximate va lue  of Q should be considered s u f f i c i e n t l y  

accura te  i n  analyses  such a s  t h i s  s ince  the re  i s  no accepted minimum 

l e v e l  of f a i l u r e  p r o b a b i l i t y  f o r  pressure  vessels. 

The p r o b a b i l i t y  of  f a i l u r e  by shear  stress based on an al lowable 

stress i n t e n s i t y  o f  two-thirds  of the  minimum s p e c i f i e d  y i e l d  s t r e n g t h  

i s  somewhat h igher  than might be des i r ed .  

g r e a t e r  assurance aga ins t  f a i l u r e ,  he might s e l e c t  a lower value of 

allowable stress i n t e n s i t y  such a s  one-half  of  the  minimum s p e c i f i e d  

Should the  des igner  p r e f e r  
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y i e l d  s t r e n g t h ,  which corresponds t o  a f a i l u r e  p r o b a b i l i t y  o f  loe6 when 

ca l cu la t ed  i n  the foregoing manner. Since the  y i e l d  s t r e n g t h  of  a mate- 

r i a l  i s  the governing f a c t o r  i n  the maximum shear  stress theory o f  f a i l -  

u r e ,  a more acceptab le  f a i l u r e  p r o b a b i l i t y  would r e s u l t  from an allow- 

ab le  stress i n t e n s i t y  equal  t o  o r  l e s s  than one-half  o f  the minimum 

s p e c i f i e d  y i e l d  s t r e n g t h  i f  the same var iance  i n  loads and m a t e r i a l  

s t r e n g t h s  assumed he re in  i s  expected. 

To eva lua te  the p r o b a b i l i t y  of  f a i l u r e  r e s u l t i n g  from the  c r i t e r i o n  

t h a t  the  allowable stress i n t e n s i t y  s h a l l  no t  exceed one - th i rd  of the 

u l t i m a t e  t e n s i l e  s t r e n g t h ,  the  b u r s t  p re s su re  d iscussed  i n  Subsect ion 

4 .3  w i l l  be  used. The f a i l u r e  p r o b a b i l i t y  i s  obtained from Equation 

4.23 when the b u r s t  p ressure  corresponding t o  the u l t ima te  t e n s i l e  

s t r e n g t h  (computed by us ing  Equation 4.20) i s  compared wi th  the induced 

pressure  corresponding t o  the al lowable stress i n t e n s i t y  (computed by 

us ing  Equation 4.10) .  The d a t a  c o l l e c t e d  from th ree  sources  (11, 15,  16) 

i n d i c a t e  t h a t  the mean value of  u l t i m a t e  t e n s i l e  s t r e n g t h  f o r  p re s su re  

v e s s e l  s t e e l s  w i l l  be only  1.06 t i m e s  h igher  than the  minimum s p e c i f i e d  

ASME Code (12) value.  Thus, 
- 

= 1.06Su . (5.4) 

Designation of the  r a t i o  of the minimum s p e c i f i e d  u l t i m a t e  t e n s i l e  

s t r e n g t h  t o  the al lowable stress i n t e n s i t y  a s  N 

and s u b s t i t u t i o n  of the va lue  of zu obta ined  i n  Equation 5.4 i n t o  Equa- 

t i o n  5.5 y i e l d s  



4 3  

s =  m 

The induced p res su re  corresponding t o  the allowable stress i n t e n s i t y  i s  

obta ined  by s u b s t i t u t i n g  Equation 5.6 i n t o  Equation 4 . 1 0  (where i?h = 

pY) and so lv ing  f o r  p. - 

- 
P 

The value of  M t o  be used i n  

M =  

- 

( 5 . 7 )  
1 

Figure 3 . 2  (page 2 4 )  o r  Equation 4 . 2 4  i s  
- - -  
'b SUB In  W 
- =  - - 

1 

S u b s t i t u t i o n  of the  c o e f f i c i e n t  of  v a r i a t i o n  of b u r s t  p ressure  (V ) 
pb 

def ined i n  Equation 4.22  i n t o  Equation 4 . 2 5  y i e l d s  a c o e f f i c i e n t  of  v a r i -  

a t i o n  of  f a i l u r e  p r o b a b i l i t y  (C) of  

P 
c = [(vs2 + VB 

U 
( 5 . 9 )  

The value of  m given by Equation 4.24  i s  the re fo re  expressed by s u b s t i -  

t u t i o n  of Equations 5.8  and 5 . 9 .  

[1.06NB(1 + Y) In  (1 + $1 - 1 
m =  

V 2V ']M2 -I- Vp2]1/2 
su 

( 5 . 1 0 )  

The p r o b a b i l i t y  of f a i l u r e  by b u r s t i n g  was ca l cu la t ed  f o r  ASME Code 

(12)  allowable stress i n t e n s i t i e s  by assuming a va lue  of  N = 3 f o r  the 

r a t i o  of minimum s p e c i f i e d  u l t i m a t e  t e n s i l e  s t r e n g t h  (S ) t o  allowable 

stress i n t e n s i t y  (Sm). 

t o  o b t a i n  the va lues  

U 

Avai lable  da t a  on s t r a i n  hardening ( 7 )  were used 

was found = 0.97  and VB = 0.01. The value of V 
SU 

t o  be the  same as  t h a t  f o r  Vs o r  0 . 0 5 .  ( 9 ,  11) Since i s  the Same 
Y 
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pressure  used t o  eva lua te  the maximum shear  s t ress ,  the va lue  of  V i s  

aga in  assumed a s  0.05. These va lues  were used i n  Equation 5.10 t o  c a l -  

P 

c u l a t e  the  f a i l u r e  p r o b a b i l i t y  f o r  s e v e r a l  va lues  of  Y by us ing  Table 

3 . 2  (page 20). The c a l c u l a t i o n s  were then repeated f o r  o t h e r  va lues  of 

N. The r e s u l t s  of  these  c a l c u l a t i o n s  a r e  i l l u s t r a t e d  i n  Figure 5.1. 

N=5 
3 

(ASME) 

0 

a 10- 

g 10-15 2 

0 10-10 1.5 

- J 10- 

3 
J 

L L  

t + 1.4 

Z 10-4 a 
m 
0 1.2 a 

10 20 30 40 50 60 70 80 90 IO0 
Y 

Figure 5.1.  P r o b a b i l i t y  of  Fa i lu re  a s  a Function of the  Rat ios  of  
Vessel Radius t o  Thickness (Y) and Ult imate  S t rength  t o  Allowable S t r e s s  
I n t e n s i t y  ( N ) .  

The curve f o r  N = 3 i l l u s t r a t e d  i n  Figure 5 .1  r ep resen t s  the f a i l -  

u re  p r o b a b i l i t y  by b u r s t i n g  r e s u l t i n g  from an al lowable s t ress  i n t e n s i t y  

of one- th i rd  of t he  u l t ima te  t e n s i l e  s t r e n g t h .  The p r o b a b i l i t y  of  f a i l -  

u r e  i s  so low t h a t  i t  can be considered as  zero p r o b a b i l i t y  of  f a i l u r e .  

The p r o b a b i l i t y  of  f a i l u r e  would l i k e l y  be considered acceptab le  f o r  

values  of N a s  low as  1.4, corresponding t o  less than one chance i n  

1,000,000. However, the f a i l u r e  p r o b a b i l i t y  i s  s e n s i t i v e  t o  changes i n  

N f o r  va lues  of  N less than approximately 2.0. This s e n s i t i v i t y  makes 
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i t  advisable  t o  s e l e c t  va lues  of  N f o r  which e r r o r s  i n  d a t a  a n a l y s i s  

w i l l  no t  r e s u l t  i n  gross  e r r o r s  i n  f a i l u r e  p r o b a b i l i t y .  I n  t h i s  ca se ,  

the  va lue  of N = 2 appears t o  o f f e r  adequate assurance a g a i n s t  f a i l u r e  

by bu r s t ing .  

On the  b a s i s  of  t h i s  a n a l y s i s ,  an al lowable s t r e s s  i n t e n s i t y  equal  

t o  one-half  o f  the  minimum s p e c i f i e d  u l t ima te  t e n s i l e  s t r e n g t h  of  the 

vessel m a t e r i a l ,  a s  opposed t o  the p r e s e n t l y  accepted va lue  (12) o f  one- 

t h i r d  of  the minimum s p e c i f i e d  u l t ima te  t e n s i l e  s t r e n g t h ,  would be 

acceptab le .  The use of t h i s  value should be based on o t h e r  considera-  

t i o n s  i n  add i t ion  t o  p r o b a b i l i s t i c  design s i n c e  cons iderable  u n c e r t a i n t y  

can s t i l l  exis t  even though an ex tens ive  p r o b a b i l i t y  a n a l y s i s  has  been 

performed. On the o t h e r  hand, the  r e s u l t s  ob ta ined  f o r  y i e l d  s t r e n g t h  

suggest  a change from the  p r e s e n t l y  accepted va lue  of an al lowable stress 

i n t e n s i t y  of two-thirds  of the minimum s p e c i f i e d  y i e l d  s t r e n g t h  t o  one- 

h a l f  o f  the minimum s p e c i f i e d  y i e l d  s t r e n g t h  would be j u s t i f i e d  on the  

s t r e n g t h  of  the p r o b a b i l i s t i c  ana lys i s  by i t s e l f  because a p o t e n t i a l l y  

non-conservative c r i t e r i o n  was discovered. 



6.  CYCLIC FAILURE PROBABILITY 

The equat ions  f o r  s t eady- s t a t e  s t r e s s e s  presented  i n  Sec t ion  4 were 

used i n  Sec t ion  5 t o  develop a genera l ized  p r e d i c t i o n  o f  t he  s teady-  

s t a t e  f a i l u r e  p r o b a b i l i t i e s  f o r  the allowable s t ress  i n t e n s i t i e s  s t i p u -  

l a t e d  i n  Sec t ion  I11 of  the ASME Bo i l e r  and Pressure Vessel Code ( 1 2 )  as 

appl ied  t o  pressure  v e s s e l  s tee l s .  However, an a d d i t i o n a l  mode of  f a i l -  

u re  a r i s e s  from the repea ted  a p p l i c a t i o n  of  loads of  a c y c l i c  na tu re .  

The p r o b a b i l i t y  of  f a i l u r e  r e s u l t i n g  from the  repea ted  a p p l i c a t i o n  of  

c y c l i c  s t r e s s e s  was def ined i n  Sec t ion  2 (page 6 )  a s  the p r o b a b i l i t y  

t h a t  the number of  s t r e s s  amplitudes of a s p e c i f i e d  l e v e l  exceeds the 

allowable number of s t ress  amplitudes f o r  t h a t  stress l e v e l .  The prob- 

a b i l i t y  of  f a i l u r e  so def ined i s  a func t ion  of  the number of s t ress  

cyc les  a s  we l l  a s  the amplitude of the s t ress .  The d i s t r i b u t i o n  func- 

t i o n  must t he re fo re  include the e f f e c t s  of  bo th  the s t r e s s  l e v e l  and the 

number of  stresses.  One method of inc luding  both would be t o  develop 

the p r o b a b i l i t y  t h a t  a number of s t r e s s e s  exceed an al lowable number f o r  

a spec i f i ed  s t r e s s  l e v e l .  Another method would be t o  develop the prob- 

a b i l i t y  t h a t  an induced s t ress  exceeds an al lowable stress f o r  a given 

number of  s t r e s s  cyc les .  This l a t t e r  method was s e l e c t e d  f o r  u se  h e r e i n  

to  be c o n s i s t e n t  wi th  the preceding development of a s t e a d y - s t a t e  f a i l u r e  

p r o b a b i l i t y  i n  terms of an induced s t r e s s  exceeding an al lowable s teady-  

s t a t e  stress. 

I n  the development of the s t e a d y - s t a t e  p r o b a b i l i t y  i n  Sec t ions  3 

and 4 ,  the induced and allowable stresses were assigned a d i s t r i b u t i o n  

i n v a r i a n t  wi th  t i m e  (or  the number of  s t r e s s e s ) .  In  the c y c l i c  a n a l y s i s ,  

46 
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an induced stress d i s t r i b u t i o n  and an allowable stress d i s t r i b u t i o n  must 

be s p e c i f i e d  f o r  each number of cyc le s  of i n t e r e s t  i n  the eva lua t ion .  

These s t r e s s  d i s t r i b u t i o n s  may no t  be the same f o r  each c y c l i c  l i f e .  

For example, a stress may be log normally d i s t r i b u t e d  f o r  one l i f e  and 

exponent ia l ly  d i s t r i b u t e d  f o r  another .  This i nc reases  the complexity of 

the  s ta tement  of  f a i l u r e  p r o b a b i l i t y .  

Equation 3 . 1  can be solved f o r  c y c l i c  f a i l u r e  p r o b a b i l i t y  when a 

d i s t r i b u t i o n  of stress d i f f e rences  can be expressed f o r  the  c y c l i c  l i f e  

of i n t e r e s t .  The na tu re  of  the c y c l i c  stress d i s t r i b u t i o n  must be de t e r -  

mined before  the i n t e g r a l  o f  Equation 3 .1  can be eva lua ted .  

6 .1  Cycl ic  D i s t r ibu t ion  Functions 

The d i s t r i b u t i o n  func t ion  f o r  induced s t ress  i s  gene ra l ly  no t  known. 

Induced stresses a r e  u s u a l l y  s p e c i f i e d  i n  terms of a number of cyc le s  of 

a s t ress  of  an exac t  value and s i g n i f i c a n t  v a r i a t i o n s  from t h a t  exac t  

stress value a r e  t r e a t e d  a s  a number of stresses of a d i f f e r e n t  va lue .  

The d i s t r i b u t i o n  of induced stress f o r  any s p e c i f i c  c y c l i c  l i f e  can 

the re fo re  usua l ly  be t r e a t e d  a s  i n v a r i a n t  un le s s  extreme accuracy i s  

requi red  i n  the e s t ima te  of  f a i l u r e  p r o b a b i l i t y .  

The f a t i g u e  l i f e  (allowable s t r e s s )  of  ma te r i a l s  subjec ted  t o  cy'clic 

s t ress  i s  a d i f f e r e n t  s i t u a t i o n  i n  which the re  a r e  s i g n i f i c a n t  v a r i a t i o n s  

wi th  r e spec t  t o  both c y c l i c  l i f e  and stress l e v e l .  To avoid the complex- 

i t y  involved i n  the  determinat ion of s eve ra l  s p e c i f i c  func t ions  f o r  the 

allowable c y c l i c  stress d i s t r i b u t i o n ,  the  v e r s a t i l i t y  of  the Weibull d i s -  

t r i b u t i o n  func t ion  w i l l  be used t o  genera l ize  the  s ta tement  o f  the d i s -  

t r i b u t i o n  of allowable stress f o r  a l l  numbers of cyc les  and s t r e s s  l e v e l s .  



The two-parameter Weibull d i s t r i b u t i o n  func t ion  was given i n  

Equation 2.17 (page 12) wi th  t i m e  a s  the independent v a r i a b l e .  The prob- 

a b i l i t y  t h a t  a stress w i l l  exceed a s p e c i f i e d  value i n  a Weibull d i s t r i -  

bu t ion  i s  obta ined  by us ing  induced stress (Si) a s  the independent v a r i -  

ab l e  i n  l i e u  of t i m e .  

b -si /m 
Q = l - e  (6.1) 

The parameters b and m i n  Equation 6 .1  a r e  determined by a n a l y s i s  of  the 

allowable stress d i s t r i b u t i o n  f o r  c y c l i c  f a i l u r e .  

f o r e  s t a t e s  the  p r o b a b i l i t y  t h a t  an i n v a r i a n t  induced stress w i l l  exceed 

an allowable stress wi th  a Weibull d i s t r i b u t i o n  t h a t  i s  cha rac t e r i zed  by 

d i f f e r e n t  va lues  of  the  parameters b and m f o r  each c y c l i c  l i f e .  

Equation 6 .1  the re -  

6 .2  Determination of Weibull  Parameters 

The manner i n  which c y c l i c  f a i l u r e  d a t a  are obta ined  i s  important  

t o  the de te rmina t ion  of  Weibull parameters f o r  c y c l i c  allowable s t r e s s e s .  

The d a t a  a r e  gene ra l ly  presented a s  the number of cyc le s  of a given 

stress amplitude t h a t  r e s u l t e d  i n  f a i l u r e ,  wi th  the s t ress  amplitude 

assumed i n v a r i a n t  and the c y c l i c  l i f e  d i s t r i b u t e d  about some mean va lue .  

The allowable stress d i s t r i b u t i o n  corresponding to  an i n v a r i a n t  c y c l i c  

l i f e  must t he re fo re  be obta ined  by convert ing l i f e  d a t a  t o  s t r e n g t h  da t a  

s ince  i t  i s  n o t  p r a c t i c a l  t o  test  a t  a s p e c i f i e d  number of cyc le s  t o  

o b t a i n  a f a i l u r e  stress d i s t r i b u t i o n .  (9 )  

6.2.1 Cycl ic  Rupture 

Data on the  number of s t ress  amplitude cyc les  t h a t  r e s u l t e d  i n  the 

propagation of  a crack through the s h e l l  ( h e r e i n a f t e r  r e f e r r e d  t o  a s  
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c y c l i c  rup tu re )  of pressure  v e s s e l s  were obta ined  by the Pressure  Vessel 

Research Committee and repor ted  by The American Socie ty  of  Mechanical 

Engineers . ( l3)  These da t a  a r e  i l l u s t r a t e d  i n  Figure 6.1.  To convert  

these  da t a  from a l i f e  d i s t r i b u t i o n  t o  a stress d i s t r i b u t i o n ,  a l e a s t -  

squares  l i n e  was f i t t e d  through the da t a  po in t s  and p a r a l l e l  l i n e s  w e r e  

drawn, a s  descr ibed  i n  Appendix B y  t o  cons t ruc t  a family of  S-N curves .  

A v e r t i c a l  l i n e  was drawn through t h i s  family of S-N curves a t  represent -  

a t i v e  values  of  c y c l i c  l i f e .  The number of  da t a  po in t s  on an S-N curve 

was then assumed t o  r ep resen t  the number of f a i l u r e s  r e s u l t i n g  from the  

stress amplitude (SA) corresponding t o  the i n t e r s e c t i o n  o f  the S-N curve 

wi th  the  v e r t i c a l  l i n e  denot ing c y c l i c  l i f e .  The f a i l u r e  d i s t r i b u t i o n  

CYCLES 
lo= 

Figure 6.1.  Family of  S-N Curves Constructed f o r  Pressure Vessels 
That Fa i l ed  by Rupture a s  a Resul t  o f  Cycl ic  I n t e r n a l  Pressure.  
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func t ion  f o r  each c y c l i c  l i f e  was determined from t h i s  d a t a  i n  the  

manner d iscussed  i n  Subsect ion 3.1 and o u t l i n e d  i n  Table 3 .1  (page 16) .  

The c y c l i c  stress amplitudes corresponding t o  the  es t imated  number o f  

f a i l u r e s  by c y c l i c  rupture  f o r  t h ree  va lues  of  c y c l i c  l i f e  a r e  given i n  

Table 6.1. 

Table 6 .1 .  Cycl ic  S t r e s s  Amplitudes Corresponding t o  
Estimated Number o f  Cycl ic  Ruptures f o r  Three Values of 
Cycl ic  Li fe  

Number 
of 

S t r e s s  Amplitude a t  

Data Percent  io4 Cycles io5 Cycles 10" Cycles 
Poin ts  Fa i l ed  (Ps i )  (PS i 1 ( P s i )  

~ -~ 

2 1 2 . 7  59,000 35 , 000 21,000 
3 35.1 64,000 39,000 23,000 
1 42.5 66,000 40,000 24,000 
1 50.0 68 , 000 41,000 25,000 
1 57.5 73,000 44 , 000 27,000 
1 64.9 81,000 49 , 000 30,000 
2 79.9 85,000 52,000 32,000 
2 94.8 90,000 54 , 000 35,000 

The d i s t r i b u t i o n  func t ions  f o r  c y c l i c  rupture  given i n  Table 6 .1  

were p l o t t e d  on a s p e c i a l l y  cons t ruc ted  Weibull p r o b a b i l i t y  paper ,  (9) 

as i l l u s t r a t e d  i n  Figure 6.2,  t o  g raph ica l ly  determine the  Weibull param- 

eters f o r  each c y c l i c  l i f e .  The s c a l e s  of  t h i s  paper w e r e  drawn t o  show 

Weibull parameters  t h a t  s impl i fy  the use of Equation 6 .1  when performing 

numerical computations s ince  very l a rge  numerical  q u a n t i t i e s  f o r  S 

would be involved f o r  p o s i t i v e  va lues  of the parameter b g r e a t e r  than 

un i ty .  I f  a cons tan t  equal  t o  the b - th  roo t  o f  the  parameter m i n  Equa- 

t i o n  6.1 i s  determined, t he  numerical  va lues  i n  the  in te rmedia te  

b 
i 
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Figure 6 .2 .  D i s t r i b u t i o n  Functions of Cycl ic  Rupture Data f o r  
Pressure Vessels P l o t t e d  on a Weibull P r o b a b i l i t y  Scale .  
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computations w i l l  be smal le r .  When 

b m = 8  , 

Equation 6 .1  can be w r i t t e n  a s  

- ( s i / @ )  b 

Q = l - e  (6.3) 

Hence, the  Weibull p r o b a b i l i t y  paper used h e r e i n  w i l l  y i e l d  a va lue  of 8 

t o  be used i n  Equation 6.3, b u t  i t  cannot be used t o  d i r e c t l y  determine 

the va lue  of m to  be used i n  Equation 6.1. The use of  Equation 6.3 a l s o  

r e q u i r e s  t h a t  va lues  of s t ress  amplitude r a t h e r  than the t o t a l  stress be 

used with the parameters because the S-N curves c o r r e l a t e  stress ampli- 

tude and c y c l i c  l i f e .  Thus, Equation 6.3 i s  more proper ly  w r i t t e n  a s  

- (s,/oIb 
Q = l - e  (6 - 4 )  

Since t h i s  Weibull p r o b a b i l i t y  paper has  the  proper ty  t h a t  Weibull 

d i s t r i b u t i o n  func t ions  p l o t  a s  s t r a i g h t  l i n e s , ( 7 )  a s t r a i g h t  l i n e  was 

f i t t e d  through each d i s t r i b u t i o n  t o  g raph ica l ly  determine va lues  of  the  

Weibull parameters.  

cyc les  was obta ined  by drawing a l i n e  through the c e n t r a l  p o i n t  (+) par-  

a l l e l  t o  the  l i n e  r ep resen t ing  the d i s t r i b u t i o n  func t ion  f o r  lo4 cyc le s ,  

a s  i s  shown i n  Figure 6.2. The value was then read from the '%I' s c a l e  

a t  the  top of  the  graph. The value of 0 was read from the  a b s c i s s a  cor- 

responding t o  the s t ress  amplitude producing 63.2% of  the f a i l u r e s  a t  

lo4 cyc les .  The Weibull  parameters ob ta ined  i n  t h i s  manner a r e  shown i n  

Figure 6.3 a s  a func t ion  of c y c l i c  l i f e .  These parameters r e s u l t  i n  t he  

Weibull d i s t r i b u t i o n  of a l lowable stress f o r  a s p e c i f i c  c y c l i c  l i f e  when 

s u b s t i t u t e d  i n t o  Equation 6.4. 

of cyc les  of  induced s t r e s s  amplitude w i l l  cause rup tu re  i s  c a l c u l a t e d  

For example, the value of the parameter b f o r  lo4 

The p r o b a b i l i t y  t h a t  a s p e c i f i e d  number 
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Figure 6 . 3 .  Cycl ic  Rupture Weibull Parameters f o r  Pressure  Vessels 
as a Function of Number of  Cycles. 
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by s u b s t i t u t i n g  the  induced s t ress  amplitude and the Weibull parameters 

f o r  t h a t  number of  cyc le s  i n t o  Equation 6.4.  

Severa l  va lues  of  rupture  p r o b a b i l i t y  were ca l cu la t ed  a s  a func t ion  

of  s t r e s s  amplitude and c y c l i c  l i f e  by us ing  Equation 6.4 and the  Weibull 

parameters shown i n  Figure 6.3. These va lues  of f a i l u r e  p r o b a b i l i t y  a r e  

i l l u s t r a t e d  i n  Figure 6.4 as  S-N curves of  a cons tan t  f a i l u r e  probabi l -  

i t y .  The S-N curve f o r  low-carbon a l l o y  s tee l  given i n  Sec t ion  I11 of  

the  ASME Bo i l e r  and Pressure  Vessel Code ( 1 2 )  i s  shown as  a dashed l i n e  

i n  Figure 6.4,  and i t  corresponds t o  a p r o b a b i l i t y  of  f a i l u r e  by c y c l i c  

rupture  g r e a t e r  than one chance i n  100. Such a r e s u l t  should be 

expected s i n c e ,  a s  s t a t e d  i n  the  ASME C r i t e r i a , ( l 3 )  t he  S-N curves  given 

i n  Sec t ion  I11 of  the  ASME Boi l e r  and Pressure  Vessel Code do no t  neces- 

s a r i l y  r e s u l t  i n  a f a c t o r  of s a f e t y  f o r  c y c l i c  l i f e  inasmuch a s  they 

were only  co r rec t ed  t o  compensate f o r  the  d i f f e r e n c e  between t e s t  d a t a  

and ope ra t ing  condi t ions .  

It can be concluded t h a t  rup ture  r e s u l t i n g  from c y c l i c  loads i s  a 

c red ib l e  event  ( g r e a t e r  than one chance i n  100) i f  the design s t ress  

amplitudes a r e  permit ted t o  reach the va lues  allowed by the S-N curve i n  

Sec t ion  I11 o f  the  ASME Boi l e r  and Pressure  Vessel Code. A f a c t o r  of  

s a f e t y  f o r  c y c l i c  l i f e  would s u b s t a n t i a l l y  decrease t h i s  f a i l u r e  proba- 

b i l i t y .  For example, Figure 6.4 shows t h a t  designing f o r  the ASME Code 

( 1 2 )  al lowable stress amplitude a t  lo6 cyc les  would r e s u l t  i n  a f a i l u r e  

p r o b a b i l i t y  of  a t  lo5 cyc le s ,  which would r ep resen t  a cons iderable  

improvement i n  the  f a i l u r e  p r o b a b i l i t y .  

A t t en t ion  should a l s o  be d i r e c t e d  t o  the t y p i c a l  p r a c t i c e  o f  assum- 

ing  t h a t  lo6 cyc le s  i s  equ iva len t  t o  i n f i n i t e  l i f e . ( 6 )  The c y c l i c  l i f e  
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Family of S-N Curves Constructed f o r  t he  P robabab i l i t y  o f  Rupture i n  P res su re  Figure 6.4. 
Vessels Subjected t o  Cycl ic  I n t e r n a l  Pressure .  
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f o r  the rupture  d a t a  from which the  f a i l u r e  p r o b a b i l i t y  was determined 

d id  no t  exceed LO5 cyc les .  

t i o n  t h a t  stress amplitude would asymptot ica l ly  approach some va lue  a t  

lo6 cyc les .  Therefore ,  care  should be exe rc i sed  i n  e x t r a p o l a t i n g  the 

c y c l i c  f a i l u r e  p r o b a b i l i t y  da t a  i n  Figure 6.4 t o  lives g r e a t e r  than lo6 

cyc les .  

However, a t  lo5 cyc le s ,  t he re  was no ind ica-  

The c y c l i c  f a i l u r e  da t a  shown i n  Figure 6 .1  (page 49) a r e  a combi- 

na t ion  of  da t a  from two re sea rch  i n s t a l l a t i o n s  on two k inds  of  m a t e r i a l .  

A l l  of  the da t a  po in t s  were considered toge the r  i n  the foregoing da ta  

a n a l y s i s ,  and a very c lose  f i t  t o  the s t r a i g h t  l i n e  r equ i r ed  f o r  a 

Weibull d i s t r i b u t i o n  was not  achieved, a s  i s  shown i n  Figure 6.2 (page 

51) .  (However, the  parameters determined a r e  s u f f i c i e n t l y  accu ra t e  t o  

s u b s t a n t i a t e  the  conclusions drawn h e r e i n . )  This  lack  of  a c lose  f i t  

r e s u l t e d  from the  p o s s i b i l i t y  t h a t  t he re  may be a s  many a s  fou r  d i f f e r -  

e n t  d i s t r i b u t i o n s  involved:  one f o r  each of the two m a t e r i a l s  t e s t e d  

and one f o r  each of the two research  i n s t a l l a t i o n s  performing the  t es t s .  

The da ta  as  analyzed the re fo re  r e s u l t  i n  a p r o b a b i l i t y  t h a t  f a i l u r e  by 

rupture  w i l l  occur  i r r e s p e c t i v e  of  the  ma te r i a l  and da ta  source.  

6.2.2 Cycl ic  Crack I n i t i a t i o n  

Data t o  document the onse t  of  c racking  i n  c y c l i c a l l y  loaded pres-  

su re  vessels were a l s o  obta ined  by the  Pressure  Vessel Research Commit- 

tee,  and these  d a t a  a r e  c i t e d  (13) a s  j u s t i f i c a t i o n  f o r  the des ign  curve 

f o r  a l lowable s t r e s s e s  i n  Sec t ion  I11 o f  the ASME Boi l e r  and Pressure  

Vessel Code.(l2) 

were converted from a c y c l i c  l i f e  d i s t r i b u t i o n  t o  a stress d i s t r i b u t i o n  

i n  the same manner used t o  convert  the d a t a  shown i n  Figure 6 .1  (page 

These da ta  a r e  i l l u s t r a t e d  i n  Figure 6.5, and they  
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Figure 6.5. Family of  S-N Curves Constructed f o r  Pressure  Vessels 
That Fa i l ed  by Crack I n i t i a t i o n  a s  a Resul t  of Cycl ic  I n t e r n a l  Pressure .  

4 9 ) .  The f a i l u r e  d i s t r i b u t i o n  func t ion  f o r  each c y c l i c  l i f e  was 

determined, and the  c y c l i c  stress amplitudes corresponding t o  the e s t i -  

mated number of  f a i l u r e s  by crack i n i t i a t i o n  f o r  two va lues  of c y c l i c  

l i f e  a r e  given i n  Table 6.2. 

The d i s t r i b u t i o n  func t ions  f o r  c y c l i c  crack i n i t i a t i o n  given i n  

Table 6.2 were p l o t t e d  on Weibull p r o b a b i l i t y  paper ,  as  shown i n  Figure 

6.6,  t o  g raph ica l ly  determine the Weibull parameters f o r  each c y c l i c  

l i f e .  The Weibull parameters determined i n  t h i s  manner a r e  shown a s  a , 

func t ion  of c y c l i c  l i f e  i n  Figure 6.7. The p r o b a b i l i t y  t h a t  a s p e c i f i e d  

number of cyc le s  of  induced stress amplitude w i l l  cause f a i l u r e  by 

crack i n i t i a t i o n  i s  ca l cu la t ed  by s u b s t i t u t i n g  the induced stress 
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Table 6 .2 .  Cycl ic  S t r e s s  Amplitudes 
Corresponding t o  Estimated Number of  Crack I n i -  
t i a t i o n s  f o r  Two Values of Cycl ic  Li fe  

~~ ~ ~ ~~~ ~~ 

Numb e r Stress Amplitude a t  
o f  

Data Percent 10" Cycles io5 Cycles 
Po in t s  Fa i l ed  ( P s i )  ( p s i >  

~ 

1 7.7 44,000 32,000 
1 15.4 49 ,000 36,000 
3 38.5 52,000 38,000 
4 69.2 54,000 40,000 
1 76.9 56,000 41,000 

1 93.2 62,000 45,000 
1 84.6 60,000 44,000 

25 30 40 50 60 70 8 0 9 0 0 0  10 15 20 
STRESS AMPLITUDE (kri) 

Figure 6 .6 .  D i s t r i b u t i o n  Functions of Cycl ic  Crack I n i t i a t i o n  Data 
f o r  Pressure Vessels P l o t t e d  on a Weibull P r o b a b i l i t y  Sca le .  

J 



P 

59 
L .  

Figure 6 . 7 .  Cycl ic  Crack I n i t i a t i o n  Weibull Parameters f o r  Pressure  
Vessels as  a Function o f  Number o f  Cycles. 
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amplitude and the  Weibull parameters f o r  t h a t  number of cyc le s  i n t o  

Equation 6 . 4 .  

i n i t i a t i o n  were c a l c u l a t e d  i n  t h i s  manner, and these  va lues  of  f a i l u r e  

p r o b a b i l i t y  a r e  shown i n  Figure 6.8 as  S-N curves of a cons tan t  f a i l u r e  

p r o b a b i l i t y  . 

Severa l  va lues  of the p r o b a b i l i t y  of  f a i l u r e  by c rack  

A comparison of  the curves f o r  the p r o b a b i l i t y  of  v e s s e l  f a i l u r e  by 

crack i n i t i a t i o n  shown i n  Figure 6.8  with  the  curves f o r  the  p r o b a b i l i t y  

of  f a i l u r e  by rup tu re  shown i n  Figure 6 . 4  (page 55) shows t h a t  t h e r e  i s  

a much h igher  p r o b a b i l i t y  f o r  vessel rupture  than f o r  crack i n i t i a t i o n  

above 10 cyc les .  This anomally r e s u l t s  from the  na tu re  of  t he  two sets 

of da t a .  It can be observed t h a t  the s lope  of the S-N curve f o r  rup tu re  

shown i n  Figure 6 . 4  (page 55) i s  much s t e e p e r  than t h a t  of  the  S-N curve 

f o r  crack i n i t i a t i o n  shown i n  Figure 6.8 .  Since the  s lope  of each curve 

i s  more c l o s e l y  a s soc ia t ed  wi th  the  d a t a  source than the  m a t e r i a l  o r  

o t h e r  known f a c t o r s ,  i t  can be assumed t h a t  the p r o b a b i l i t y  of  f a i l u r e  

by crack i n i t i a t i o n  i s  no t  comparable t o  t h a t  by rup tu re  i n  t h i s  case .  

Since the curves r ep resen t ing  the p r o b a b i l i t y  of f a i l u r e  by rup tu re  

developed h e r e i n  inc lude  d a t a  from two sources  and r e s u l t  i n  conserva- 

t ive e s t ima tes  of  f a i l u r e ,  they w i l l  be used a s  the b a s i s  of  f u r t h e r  

d i scuss ion .  

4 

However, i t  can be noted from the f a i l u r e  p r o b a b i l i t y  curves  f o r  

e i t h e r  f a i l u r e  mode t h a t  the  design w i l l  n o t  be conserva t ive  below lo4 

cyc les  i f  the  design stress amplitudes a r e  permit ted t o  reach the  va lues  

allowed by the  S-N design curve i n  Sec t ion  I11 of the ASME Boi l e r  and 

Pressure  Vessel Code.(l2) There i s  c e r t a i n l y  no i n d i c a t i o n  t h a t  an 

inc rease  i n  the al lowable c y c l i c  stresses would be d e s i r a b l e .  
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Figure 6.8.  Family of  S-N Curves Constructed f o r  the  P r o b a b i l i t y  o f  Crack I n i t i a t i o n  i n  
Pressure  Vessels Subjected t o  Cycl ic  I n t e r n a l  Pressure .  
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6.3 Numerical Example 

I f  the  c y l i n d r i c a l  p ressure  v e s s e l  o f  the numerical  example i n  

Subsect ion 4.4 (page 35) had a d i s c o n t i n u i t y  corresponding t o  a s t ress  

concent ra t ion  f a c t o r  of  3 on the hoop stress,  the c y c l i c  f a i l u r e  proba- 

b i l i t y  would be es t imated  as presented  he re .  Assume t h a t  t he  mean 

i n t e r n a l  p re s su re  (p = 2,250 p s i )  and i t s  s tandard  dev ia t ion  (a = 86 

p s i )  were c a l c u l a t e d  i n  Subsect ion 4.4 from the  fol lowing c y c l i c  p re s -  

s u r e  s p e c i f i c a t i o n s .  

P 

Type-1 cyc le :  100,000 cyc le s  of  2,250 5 100 p s i  . 
Type- 2 cyc le  : 200 cyc les  of 2,250 _+ 120 p s i  . 
Type-3 cycle  : 5 cyc les  of 2,250 - + 210 p s i  . 

Cycles of p re s su re  corresponding to  s t a r t - u p  and shutdown of t he  system 

were no t  considered i n  the  example of  Subsect ion 4 . 4 ,  b u t  they  w i l l  be 

added he re  f o r  the  purposes of t h i s  i n v e s t i g a t i o n .  

Type-4 cyc le :  40 cyc les  of  0 t o  2 ,250  p s i  . 
The a n a l y s i s  methods presented  i n  Subsect ion 6.2.1 w i l l  be used t o  c a l -  

c u l a t e  the  f a t i g u e  f a i l u r e  p r o b a b i l i t y  f o r  the minimum requ i r ed  (12 )  

s h e l l  th ickness .  

The stress range i s  determined from the equat ion  (12) 

(6 .5)  - - 
'r 'max - 'min 9 

where S i s  the stress value corresponding t o  the  maximum amplitude of 

pressure  and Smin i s  the  value corresponding to  the minimum amplitude o f  

pressure .  

equat ion  (12) 

max 

The a l t e r n a t i n g  stress i n t e n s i t y  (SA) i s  given by t h e  

SA = 0.5s r 
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I n  the  example of Subsection 4.4,  the  minimum requi red  (12) shell 

thickness  f o r  the cy l inder  was determined t o  be 8.37 inches.  

s t ress  concent ra t ion  f a c t o r  of  3 appl ied to  hoop stress,  the  following 

Assuming a 

c y c l i c  a n a l y s i s  r e s u l t s  from t h a t  minimum s h e l l  thickness  and the  four  

types o f  c y c l i c  load. For the  Type-1 cyc le ,  

23350(91)(3) + 2,350 = 79,000 p s i  - - 
max 8.37 S 

- - 2y150(91)(3) + 2,150 = 72,275 p s i  , 'min 8.37 

Sr = 79,000 - 72,275 = 6,725 p s i  , 

6 y 7 2 5  = 3,362 p s i  f o r  100,000 cycles  . - 
'A - 2 and 

For the Type-2 cyc le ,  

2y370(91)(3) + 2,370 = 79,671 p s i  , 

2y130(91)(3) + 2,130 = 69,473 p s i  , 

= 79,671 - 69,473 = 10,198 p s i  , 

- - 
'max 8.37 

- - 
'min 8.37 

'r 

'A - 2 10y198 = 5,100 p s i  f o r  200 cyc les  . - and 

For the Type-3 cyc le ,  

2y460(91)(3)  + 2,460 = 82,696 p s i  , - - 
'max 8.37 

- - 2y040(91)(3) + 2,040 = 68,578 p s i  , min 8.37 

= 82,696 - 68,578 = 14,118 p s i  , sr 

and 14y118 = 7,057 p s i  f o r  5 cycles  . - 
'A - 2 
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For the  Type-4 cyc le ,  

and 

- - 2’250(91)(31 + 2,250 = 75,636 max 8.37 S 

= o ,  ’min 

= 75,636 - 0 = 75,636 ’r 

- 75y636 = 37,818 p s i  f o r  
‘A - 2 

P s i  9 

.o cyc 

P s i  , 

les . 
The allowable number of cyc les  f o r  each amplitude can be found from 

Figure 1-9.1 i n  Sec t ion  I11 o f  the ASME Boi l e r  and Pressure  Vessel Code 

(12)  o r  from the ASME Design Curve shown a s  a dashed l i n e  i n  Figure 6.4 

(page 55) .  These va lues  a r e  t abu la t ed  below. 

Number 
Number of  of 
A 1  lowab le  A c  tua  1 

( P s i )  Cycles Cycle s 

3,362 > lo6 1 o5 
5,100 3 lo6 200 

7,057 > lo6 5 

37,818 1 o4 40 

Rat io  of 
Actual  t o  
A 1  lowab l e  

Cycles - 0.05 

- 0  

- 0  - 0.004 

The sum of  the r a t i o  of  a c t u a l  cyc les  t o  allowable cyc les  m u s t  be less 

than u n i t y  t o  s a t i s f y  the cumulative damage requirements of  Sec t ion  I11 

of the ASME Bo i l e r  and Pressure Vessel Code. I n  t h i s  example, t he  sum 

i s  approximately 0.054, which i s  an acceptable  va lue  by ASME Code (12) 

r u l e s .  

When each type of c y c l i c  loading i s  considered a s  independent of  the  

o t h e r  types ,  the p r o b a b i l i t y  of non-fa i lure  i s  given by the fo l lowing  

equat ion.  (7) 

(6.7) 
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where the  s u b s c r i p t s  1, 2,  3 ,  and 4 r e f e r  t o  the r e spec t ive  types of 

c y c l i c  loading. S u b s t i t u t i o n  of the va lues  shown i n  Figure 6 . 4  (page 

55) i n t o  Equation 6.7 y i e l d s  

(1 - Q) = (1 - i0-6)(1 - o ) ( i  - o ) ( i  - 10-3) , 

where the  value f o r  the p r o b a b i l i t y  of  f a i l u r e  f o r  cyc les  lower than lo3 

i n  Figure 6.4 was assumed t o  be the value a t  lo3 because o f  the shape of  

the curves , and 

Q = - . 
I f  the 40 s t a r t - u p  and shutdown cyc les  are n o t  included,  Equation 6.7 i s  

(1 - Q )  = ( 1  - 10M6)(1 - 0 ) ( 1  - 0) , 
and the p ' robabi l i ty  of  f a i l u r e  i s  

Q = . 

a 



7. VESSEL RELIABILITY 

The p r o b a b i l i t y  of non- fa i lu re ,  i m p l i c i t  i n  the p r o b a b i l i t y  of  

f a i l u r e ,  i s  an e s t ima te  of r e l i a b i l i t y  only  i f  there  i s  a t i m e  depend- 

ency a s soc ia t ed  wi th  the  f a i l u r e  d i s t r i b u t i o n  func t ion .  The c y c l i c  f a i l -  

u r e  p r o b a b i l i t y ,  d i scussed  i n  Sec t ion  6 ,  c o n s t i t u t e s  a r e l i a b i l i t y  fo re -  

c a s t  f o r  a s p e c i f i e d  number of cyc les  i n  t h a t  the c y c l i c  f a i l u r e  proba- 

b i l i t y  i s  a func t ion  of the number of cyc les  ( t ime)  a stress amplitude 

i s  to  occur.  On the  o t h e r  hand, the s t e a d y - s t a t e  f a i l u r e  p r o b a b i l i t y ,  

discussed i n  Sec t ion  4 ,  i s  independent of  t i m e  s ince  i t  i s  based on the 

assumption t h a t  t he  stress d i s t r i b u t i o n s  exis t  a t  any i n s t a n t  and do no t  

change from one i n s t a n t  t o  another .  

The p r o b a b i l i t y  o f  f a i l u r e  f o r  s t eady- s t a t e  stress d i s t r i b u t i o n s  i s  

d i f f i c u l t  t o  v i s u a l i z e  phys i ca l ly  f o r  a s i n g l e  component because the re  

i s  i n t u i t i v e  knowledge t h a t  the induced stress d i s t r i b u t i o n  must occur  

over a s p e c i f i e d  per iod  of t i m e  t o  e x i s t  (as  opposed t o  100 v e s s e l s  of 

random s t r e n g t h ,  each of which i s  subjec ted  t o  a random pres su re  a t  the 

same t ime) .  The c o r r e l a t i o n  between s t eady- s t a t e  f a i l u r e  p r o b a b i l i t y  

and r e l i a b i l i t y  i s  the re fo re  important f o r  the case i n  which a small  

populat ion of s i m i l a r  components i s  subjec ted  t o  a l a rge  popula t ion  of  

s t r e s s e s .  This  c o r r e l a t i o n  i s  based on the non-mathematical even t s  sur -  

rounding the  d e r i v a t i o n  of the p r o b a b i l i t y  t h a t  an induced s t e a d y - s t a t e  

stress w i l l  exceed an allowable s t eady- s t a t e  stress. 

One event  which changes the r e l i a b i l i t y  f o r e c a s t  i s  in spec t ion .  I f  

a component i s  examined p e r i o d i c a l l y  f o r  evidence of  i n c i p i e n t  f a i l u r e  

and no evidence i s  found, the o r i g i n a l  r e l i a b i l i t y  f o r e c a s t  i s  i n v a l i d  
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and a new f o r e c a s t  i s  requi red .  S imi l a r ly ,  i f  the  system of  which the 

component i s  a p a r t  i s  examined p e r i o d i c a l l y  and r e s t o r e d  t o  a new con- 

d i t i o n ,  the  p r o b a b i l i t y  of  unexpected stresses be ing  placed on the  compo- 

nent  by the system i s  a f f e c t e d  by each examination. Under such condi- 

t i o n s ,  i t  would be reasonable  t o  assume t h a t  the  s t eady- s t a t e  stress 

d i s t r i b u t i o n s  discussed i n  Sec t ion  4 e x i s t  f o r  the  i n t e r v a l  of  t i m e  

between such in spec t ions  and r e s t o r a t i o n s .  The p r o b a b i l i t y  of  f a i l u r e  

given by Equation 3.7 (page 19) i s  the re fo re  the  same as  the r e l i a b i l i t y  

given by Equation 2.18 (page 13) f o r  the per iod  of t i m e  (TI) dur ing  

which the stress d i s t r i b u t i o n s  a r e  not  d i s tu rbed  by the  in spec t ion  o r  

r e p a i r  o f  t h e i r  source of  o r i g i n  ( e i t h e r  ma te r i a l  p r o p e r t i e s  o r  system 

loads ) .  
b 

-TI /m 
Q = l - e  (7 1)  

I f  i t  can be f u r t h e r  assumed t h a t  any pressure  above a s p e c i f i e d  

value has an equal  chance of occur r ing  a t  any t i m e ,  Equation 7 . 1  becomes 

the  exponent ia l  express ion  of  r e l i a b i l i t y  o r i g i n a l l y  s t a t e d  i n  Equation 

2.16 (page 12) as the  time-dependent p r o b a b i l i t y  of  f a i l u r e .  

-XT1 Q = l - e  (7 2) 

Af t e r  k i n spec t ions ,  the r e l i a b i l i t y  wi th  in spec t ion  (R ) i s  given by 

the  equat ion  (7)  

T 

where TI i s  the i n t e r v a l  between inspec t ions  and T i s  the  length  of t i m e  

beyond the l a s t  inspec t ion .  The f a i l u r e  r a t e  (A) i n  Equation 7.3 i s  

obta ined  from Equation 7 . 2  a s  
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(7 04) 

where Q i s  the  p r o b a b i l i t y  of f a i l u r e  r e s u l t i n g  from the s t e a d y - s t a t e  

stress d i s t r i b u t i o n  o f  Equation 3.7 (page 19) .  Thus, Equations 7.3 and 

7.4 s t a t e  the r e l a t i o n s h i p  between r e l i a b i l i t y  and the  p r o b a b i l i t y  of 

f a i l u r e  under s t eady- s t a t e  stress d i s t r i b u t i o n s  when these  stress d i s -  

t r i b u t i o n s  r equ i r e  a f i n i t e  t i m e  t o  occur  and t h a t  t i m e  can be i d e n t i f i e d  

by the  in spec t ion  i n t e r v a l  f o r  t he  v e s s e l  and when the  a d d i t i o n a l  

r e s t r i c t i o n  i s  imposed t h a t  induced stresses above a s p e c i f i e d  level 

must have an equal  p r o b a b i l i t y  of occur r ing  a t  any t i m e .  

I f  i t  i s  assumed t h a t  the in spec t ion  i n t e r v a l  f o r  a nuc lea r  p r e s -  

su re  v e s s e l  i s  2 yea r s ,  the r e l i a b i l i t y  o f  the v e s s e l  f o r  40 years  i s  

ca l cu la t ed  a s  fol lows.  For f a i l u r e  def ined  by the maximum shear  stress 

theory and an al lowable stress i n t e n s i t y  equal  t o  two-thirds  of  the  min- 

imum s p e c i f i e d  y i e l d  s t r e n g t h  of the v e s s e l  m a t e r i a l ,  the  p r o b a b i l i t y  of  

f a i l u r e  ( Q )  was approximately l o m 4  (page 41 ) .  

f a i l u r e  r a t e  corresponding t o  t h i s  p r o b a b i l i t y  of  f a i l u r e  f o r  an inspec-  

t i o n  i n t e r v a l  o f  2 years  i s  

From Equation 7.4,  the 

h =  - In 0*9999 = 5 x 10-5 f a i l u r e s / y e a r  . 2 

The des i r ed  40-year r e l i a b i l i t y  (R ) corresponds t o  20 in spec t ion  i n t e r -  

v a l s ,  and from Equation 7 .3 ,  the r e s u l t i n g  vessel r e l i a b i l i t y  i s  

40 

-20(5 = 0.998 . R40 = e 

The p r o b a b i l i t y  of  f a i l u r e  by b u r s t i n g  based on an al lowable stress 

i n t e n s i t y  of  one - th i rd  of  the minimum s p e c i f i e d  u l t i m a t e  t e n s i l e  s t r e n g t h  

of the  vessel m a t e r i a l  was found t o  be about (Figure 5 .1 ,  page 44) 
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I 

This corresponds t o  a f a i l u r e  r a t e  o f  e s s e n t i a l l y  zero wi th  a r e l i a b i l i t y  

of  u n i t y  f o r  a 40-year l i f e .  S imi l a r  r e s u l t s  a r e  obta ined  f o r  an allow- 

ab le  stress i n t e n s i t y  of one-half  of the minimum s p e c i f i e d  u l t i m a t e  ten-  

s i le  s t r e n g t h  o f  the  v e s s e l  m a t e r i a l  (Q - and R - 1.0) .  However, 

a r a t i o  of u l t i m a t e  s t r e n g t h  t o  a l lowable stress i n t e n s i t y  a s  low as  1 .4 ,  

corresponding t o  a p r o b a b i l i t y  of  f a i l u r e  of  about w i l l  r e s u l t  i n  

a f a i l u r e  r a t e  of  5 X 

of  0.99998. 

40 - - 

f a i l u r e s  per  year  and a 40-year r e l i a b i l i t y  

Thus, the  import of Equations 7.3 and 7.4 i s  t h a t  the  d i s t r i b u t e d  

s t eady- s t a t e  f a i l u r e  p r o b a b i l i t y  given by Equation 3.7 over  a known 

per iod  of  t i m e  r ep resen t s  a f a i l u r e  r a t e  (1) from which r e l i a b i l i t y  can 

be ca l cu la t ed  f o r  any time per iod .  

The c y c l i c  rup tu re  p r o b a b i l i t y  discussed i n  Sec t ion  6 i s  a d i r e c t  

s ta tement  of r e l i a b i l i t y  when the  parameters b and 0 ,  shown i n  Figure 

6.3 (page 53 ) ,  a r e  expressed a s  a func t ion  of cyc le s  ( t ime) .  For exam- 

p l e ,  when N r ep resen t s  the number of  cyc le s ,  the  equat ions  of the l i n e s  

shown i n  Figure 6.3 were found t o  be 

and e = 551 , O O O N - ~  *2151 . (7 .6)  

S u b s t i t u t i o n  of these  va lues  i n t o  Equation 6.4 (page 52) r e s u l t s  i n  a 

s ta tement  of c y c l i c  rupture  r e l i a b i l i t y  a s  a func t ion  of induced stress 

and the  number of  cyc les .  

1 2  .44Nm0 

I 
R = e  (7.7) c 
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Since Equation 7 . 7  does no t  c l e a r l y  de f ine  a f a i l u r e  r a t e  

independent of l i f e  (N) , the  r e l i a b i l i t y  wi th  r e s p e c t  t o  c y c l i c  rupture  

cannot be assigned a f a i l u r e  r a t e .  The e f f e c t s  of i n spec t ion  and r e p a i r  

a r e  n o t  c l e a r l y  def ined  by Equation 7.7,  b u t  s ince  some of the d a t a  

p o i n t s  from which t h i s  equat ion  was der ived represented  f a i l u r e s  t h a t  

occurred a f t e r  r e p a i r s  had been made, i t  may be assumed t h a t  Equation 

7.7 inc ludes  the e f f e c t s  of  some inspec t ion  and r e p a i r .  



8. CONCLUSIONS AND RECOMMENDATIONS 

The p r o b a b i l i t y  of f a i l u r e  was developed f o r  f a i l u r e  def ined  by the 

maximum shear  stress theory,  f o r  rupture  from s t e a d y - s t a t e  stress,  and 

f o r  rupture  from c y c l i c  stress. Normal d i s t r i b u t i o n  func t ions  of  

induced stresses and allowable stresses were used f o r  the s t e a d y - s t a t e  

stresses. For the c y c l i c  stresses,  the two-parameter Weibull d i s t r i b u -  

t i o n  was used t o  account f o r  the change i n  the d i s t r i b u t i o n  func t ion  of  

allowable stress wi th  c y c l i c  l i f e ,  while the  induced c y c l i c  s t ress  ampli- 

tude was t r e a t e d  a s  i n v a r i a n t  f o r  a s p e c i f i e d  value.  

The allowable stress i n t e n s i t i e s  and the S-N curves f o r  low-carbon 

a l l o y  s t e e l  w e r e  eva lua ted  by us ing  the  a n a l y s i s  methods developed f o r  

the th ree  f a i l u r e  modes. It was found t h a t  an al lowable stress in t en -  

s i t y  equal  t o  two-thirds  of  the minimum s p e c i f i e d  y i e l d  s t r e n g t h  of the 

m a t e r i a l  corresponds t o  a f a i l u r e  p r o b a b i l i t y  of about f o r  expected 

loads and ma te r i a l  v a r i a t i o n s  when f a i l u r e  was def ined by the  maximum 

shear  s t ress  theory.  The p r o b a b i l i t y  of f a i l u r e  corresponding to  an 

allowable stress i n t e n s i t y  equal  t o  one - th i rd  of  the  minimum s p e c i f i e d  

u l t ima te  t e n s i l e  s t r e n g t h  o f  the m a t e r i a l  was found t o  be e s s e n t i a l l y  

zero when f a i l u r e  was def ined  i n  terms of an allowable b u r s t  p ressure  

f o r  the v e s s e l .  The p r o b a b i l i t y  of f a i l u r e  r e s u l t i n g  from the  s t r e s s  

amplitudes allowed f o r  s p e c i f i e d  numbers of cyc le s  was found t o  be 

g r e a t e r  than f o r  low-carbon a l l o y  s tee l .  

Numerical examples were presented f o r  a cy l inde r  under i n t e r n a l  

pressure  t o  demonstrate the  use  of the p r o b a b i l i s t i c  design method 

developed h e r e i n  f o r  pressure  vessels. The minimum requi red  s h e l l  

7 1  
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th ickness  produced low p r o b a b i l i t i e s  of f a i l u r e  f o r  the  s t e a d y - s t a t e  

stresses. The c y c l i c  f a i l u r e  p r o b a b i l i t y  was a l s o  judged t o  be adequate.  

The e f f e c t  o f  the s t eady- s t a t e  f a i l u r e  p r o b a b i l i t y  on v e s s e l  l i f e  

was d iscussed ,  and an a n a l y t i c a l  express ion  was der ived  f o r  the  r e l a t i o n -  

sh ip .  It was concluded t h a t  t he  p r o b a b i l i t y  of  f a i l u r e  def ined  a s  the 

p r o b a b i l i t y  t h a t  a s t e a d y - s t a t e  induced stress w i l l  exceed a s teady-  

s t a t e  a l lowable stress can be converted t o  time-dependent r e l i a b i l i t y  by 

cons ider ing  the  t i m e  i n t e r v a l s  during which the  stress d i s t r i b u t i o n s  a r e  

not  per turbed  by in spec t ion  and maintenance. A method o f  e s t i m a t i n g  the 

f a i l u r e  r a t e  f o r  a p re s su re  v e s s e l  t h a t  i s  based on t h i s  conclusion was 

p re sen te d . 
On the  b a s i s  of  these  r e s u l t s ,  i t  i s  recommended f o r  adequate a s su r -  

ance aga ins t  f a i l u r e  t h a t  the al lowable stress i n t e n s i t y  should no t  be 

h igher  than one-half  o f  the minimum s p e c i f i e d  y i e l d  s t r e n g t h  o f  the  mate- 

r i a l ,  a s  opposed t o  the p r e s e n t l y  accepted va lue  of  two-thirds  of  the  

minimum s p e c i f i e d  y i e l d  s t r e n g t h  of  the m a t e r i a l ,  b u t  i t  can be a s  h igh  

a s  one-half  of t he  minimum s p e c i f i e d  u l t ima te  t e n s i l e  s t r e n g t h  of the  

m a t e r i a l ,  a s  opposed t o  the p r e s e n t l y  accepted va lue  of  one - th i rd  of t he  

minimum s p e c i f i e d  u l t i m a t e  t e n s i l e  s t r e n g t h  of the  m a t e r i a l .  No d i r e c t  

recommendation r e l a t i v e  t o  the al lowable c y c l i c  s t ress  amplitude can be 

made a s  a r e s u l t  o f  t h i s  i n v e s t i g a t i o n ,  b u t  S-N curves  corresponding t o  

d i f f e r e n t  p r o b a b i l i t i e s  o f  f a i l u r e  were superimposed on the al lowable 

S-N curve t o  a i d  i n  an eva lua t ion  of the  adequacy of e x i s t i n g  al lowable 

c y c l i c  stresses. 

S i g n i f i c a n t  d i screpancies  i n  c y c l i c  f a i l u r e  da t a  were observed,  and 

they apparent ly  w e r e  a func t ion  of the d a t a  sources .  These d i sc repanc ie s  
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r e s u l t e d  i n  a ca l cu la t ed  p r o b a b i l i t y  of f a i l u r e  by c y c l i c  rupture  t h a t  

was h igher  than the c a l c u l a t e d  p r o b a b i l i t y  of  f a i l u r e  by crack i n i t i a -  

t i o n .  These r e s u l t s  a r e  no t  c o n s i s t e n t  i f  i t  i s  assumed t h a t  c y c l i c  

rupture  i s  a r e s u l t  o f  crack growth. It i s  the re fo re  recommended t h a t  

a d d i t i o n a l  da t a  ana lyses  be performed on the p r o b a b i l i t y  of  c y c l i c  c rack  

i n i t i a t i o n  and c y c l i c  rupture .  This i s  p a r t i c u l a r l y  advisable  i n  view 

of  the  r e l a t i v e l y  high f a i l u r e  p r o b a b i l i t y  which r e s u l t e d  f o r  the  d a t a  

analyzed here in .  

The reader  should consider  the s ign i f i cance  of the numbers r e s u l t -  

i n g  from the analyses  presented  he re in .  References t o  numerical  quant i -  

t ies  of  r e l i a b i l i t y  o r  f a i l u r e  p r o b a b i l i t y  have been presented  through- 

o u t  t h i s  document a s  approximate va lues .  Despi te  the  very p r e c i s e  

values  t h a t  could r e s u l t  from some of  the a n a l y t i c a l  techniques used,  

the r e s u l t i n g  va lues  were termed approximate f o r  two reasons.  One r ea -  

son i s  t h a t  the  d a t a  used i n  the  equat ions  a r e  from small  populat ions 

and the re fo re  r ep resen t  low l e v e l s  of confidence i n  ca l cu la t ed  va lues  of 

p r o b a b i l i t y .  The o t h e r  reason i s  t h a t  c r i t i c s  of  engineer ing p r a c t i c e s  

and of r e l i a b i l i t y  analyses  a r e  prone t o  ques t ion  whether a value of  

lom7, f o r  example, i s  adequate assurance aga ins t  a c a t a s t r o p h i c  event  a s  

a moral judgment. The a n a l y s i s  method presented  h e r e i n  should the re fo re  

be looked upon a s  a t o o l  t o  be used t o  compare a l t e r n a t i v e  designs r a t h e r  

than a s  a t o o l  t o  be used t o  c a l c u l a t e  a value of mer i t  and as  a t o o l  t o  

be used i n  conjunct ion wi th  o t h e r  w e l l  developed methods of p re s su re  

ve s se 1 techno logy. 
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APPENDIX A 

LIST OF SYMBOLS 

a = cons tan t  o r  i n v a r i a n t  m u l t i p l i e r  

B = s t ra in-hardening  f a c t o r  

Bc = s t ra in-hardening  f a c t o r  f o r  c y l i n d r i c a l  v e s s e l  

Bs = s t r a in -ha rden ing  f a c t o r  f o r  s p h e r i c a l  vessel 

b = s lope  parameter of Weibull d i s t r i b u t i o n  func t ion  

C = c o e f f i c i e n t  of v a r i a t i o n  of f a i l u r e  p r o b a b i l i t y  r e s u l t i n g  f o r  
normally d i s t r i b u t e d  allowable and induced stresses 

k = number of i n spec t ions  

M = r a t i o  of  a l lowable t o  induced stress o r  o f  b u r s t  p re s su re  t o  
induced p res su re  

m = coupl ing parameter of normal d i s t r i b u t i o n  func t ion  

m = shape parameter of  Weibull d i s t r i b u t i o n  func t ion  

m = mean t i m e  between f a i l u r e s  f o r  exponent ia l  r e l i a b i l i t y  func t ion  

N = r a t i o  of  minimum s p e c i f i e d  u l t i m a t e  t e n s i l e  s t r e n g t h  t o  the  
allowable stress i n t e n s i t y  

N = number of cyc les  of stress amplitude i n  c y c l i c  a n a l y s i s  

n = s t ra in-hardening  exponent of a m a t e r i a l  as  measured i n  t e n s i l e  
tests 

P = p r o b a b i l i t y  o f  success  

p = i n t e r n a l  p re s su re  

pb = b u r s t  p ressure  

Q = p r o b a b i l i t y  o f  f a i l u r e  

R = r e l i a b i l i t y  

R = r e l i a b i l i t y  wi th  in spec t ion  T 
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r = r ad ius  

S = a d i s t r i b u t e d  random v a r i a b l e  
- 
S = mean of the  frequency d i s t r i b u t i o n  of S 

SA = stress amplitude 

= allowable stress 'a 

Sh = hoop stress 

Si = induced stress 

S = allowable stress i n t e n s i t y  a s  s p e c i f i e d  i n  Sec t ion  I11 of the  ASME m Bo i l e r  and Pressure Vessel Code 

S = stress range r 

= u l t ima te  t e n s i l e  s t r e n g t h  

= y i e l d  stress of  a ma te r i a l  

sU 

S 
Y 
T = time 

TI = t i m e  span between inspec t ions  

t = th ickness  

V 

V = c o e f f i c i e n t  of v a r i a t i o n  of the frequency d i s t r i b u t i o n  of  S 

= c o e f f i c i e n t  of  v a r i a t i o n  of pressure  
P 

S 

Vs a 

"h 
Vsi = c o e f f i c i e n t  of v a r i a t i o n  of induced stress 

= c o e f f i c i e n t  of  v a r i a t i o n  of allowable stress 

= c o e f f i c i e n t  of v a r i a t i o n  of hoop stress 

Vy = c o e f f i c i e n t  of v a r i a t i o n  of Y 

Y = func t ion  of r ad ius  of vessel and th ickness  of  s h e l l  

8 = b- th  r o o t  of  shape parameter o f  Weibull d i s t r i b u t i o n  func t ion  where 
b i s  the Weibull s lope  parameter 

1 = average r a t e  a t  which f a i l u r e  stresses occur  o r  the  f a i l u r e  r a t e  
f o r  the exponent ia  1 re l i a b i l i t y  func t ion  

u = s tandard  dev ia t ion  of the frequency d i s t r i b u t i o n  of S 
S 
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= s tandard  dev ia t ion  of hoop stress 
ash 
cr = s tandard  dev ia t ion  o f  Y Y 



APPENDIX B 

DETERMINATION OF CYCLIC ALLOWABLE STRESSES 

The manner i n  which f a t i g u e  t e s t i n g  i s  performed u s u a l l y  involves  

the sub jec t ion  of a number of  specimens t o  a repeated s t r e s s  of a spec- 

i f i e d  value u n t i l  f a i l u r e  occurs  and r e p e t i t i o n  of the process  on o t h e r  

specimens a t  a d i f f e r e n t  stress l e v e l  u n t i l  f a i l u r e  occurs  a t  t h a t  

stress l e v e l .  The s c a t t e r  ob ta ined  i n  such t e s t i n g  i s  a s c a t t e r  of 

c y c l i c  l i f e  f o r  a given stress amplitude.  Theore t i ca l ly ,  i t  is  neces- 

s a ry  t o  f a t i g u e  t e s t  a l l  specimens wi th  d i f f e r e n t  stress amplitudes 

u n t i l  f a i l u r e  occurs  a t  a given number of  cyc le s  i f  one wishes t o  e s t i -  

mate the p r o b a b i l i t y  t h a t  a given stress amplitude w i l l  cause f a i l u r e  i n  

a s p e c i f i e d  number of cyc le s ,  b u t  such t e s t i n g  i s  imprac t i ca l .  The l i f e  

s c a t t e r  ob ta ined  by convent ional  t e s t i n g  methods was converted t o  a 

s t r e n g t h  d i s t r i b u t i o n  f o r  use  i n  Sec t ion  6 a s  fol lows.  

The f a t i g u e  da ta  obta ined  f o r  c y c l i c  v e s s e l  f a i l u r e  were p l o t t e d  i n  

a convent ional  S-N diagram (Figure 6.1, page 4 9 ,  o r  Figure 6.5,  page 57) .  

It was assumed t h a t  each specimen (da ta  p o i n t )  corresponded t o  an i n d i -  

v idua l  S-N curve and t h a t ,  f o r  f i xed  t e s t  condi t ions ,  there  would be a 

family of  non in te r sec t ing  S-N curves,  each of which would correspond t o  

a d i f f e r e n t  p r o b a b i l i t y  f o r  the occurrence of f a i l u r e .  The average S-N 

curve was f i t t e d  through the p o i n t s  by assuming a s t r a i g h t  l i n e  and 

making a l e a s t  squares  f i t  o f  t h a t  l i n e  t o  the da t a  po in t s .  An S-N 

curve,  p a r a l l e l  t o  the average S-N curve,  was then drawn through each 

da ta  po in t .  The f ami l i e s  of S-N curves corresponding t o  c y c l i c  rup tu re  
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and c y c l i c  crack i n i t i a t i o n  a r e  shown i n  F igures  6 .1  (page 4 9 )  and 6.5 

(page 57) ,  r e s p e c t i v e l y .  

The frequency d i s t r i b u t i o n  o f  a l lowable c y c l i c  s t ress  was obta ined  

f o r  a l i f e  of  lo5 cyc les  by drawing a v e r t i c a l  l i n e  a t  N = lo5 t h a t  

i n t e r s e c t e d  the fami ly  of  S-N curves .  The p o i n t s  o f  i n t e r s e c t i o n  repre-  

s e n t  a sample of  the s t r e n g t h  d i s t r i b u t i o n  a t  a des i r ed  l i f e .  These 

da t a  were then p l o t t e d  on the Weibull p r o b a b i l i t y  paper a s  a cumulative 

d i s t r i b u t i o n  func t ion  of allowable c y c l i c  stress,  as  i l l u s t r a t e d  i n  

Figures  6.2 (page 51) and 6.6 (page 58) .  

9 
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