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ABSTRACT 

A n o n l i n e a r  theory  i s  developed which d e s c r i b e s  t h e  e a r l y  

behavior  of a p a r t i c u l a r l y  s imple u n s t a b l e  mode i n  a magnetized 

plasma, The mode i s  a s i n g l e  e l e c t r o s t a t i c  t r a v e l i n g  wave propa- 

g a t i n g  d i r e c t l y  a c r o s s  t h e  magnetic f i e l d ,  w i t h  t h e  energy f o r  

t h e  growth of t h e  wave f u r n i s h e d  by an i n v e r t e d  popula t ion  i n  v e l o c i t y  

space ,  whi le  t h e  wave propagat ion  i s  p r i m a r i l y  supported by a co ld  

i s o t r o p i c  plasma component, The n o n l i n e a r  theory  i s  c o n s t r u c t e d  

from p a r t i c l e  o r b i t s ;  i t  p r e d i c t s  a f a s t  s t a b i l i z a t i o n  of t h e  wave 

by t h e  h e a t i n g  of t h e  c o l d  component, The theory  a g r e e s  q u a l i t a t i v e l y  

and q u a n t i t a t i v e l y  w i t h  t h e  r e s u l t s  of a r e c e n t  computer s i m u l a t i o n ,  

p r e d i c t i n g  t h e  temperature  of t h e  co ld  component and t h e  energy i n  

t h e  e l ec t r i c  f i e l d ,  The g e n e r a l  conclus ion  i s  t h a t  t h e s e  modes are 

s e l f - s t a b i l i z i n g ,  w i t h  f i n a l  f l u c t u a t i n g  f i e l d  levels t h a t  are n o t  

p a r t i c u l a r l y  dangerous t o  plasma confinement,  
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I. INTRODUCTION 

A computer s i m u l a t i o n  of plasma dynamics i s  most u s e f u l  when 

S i n c e  i n  t h e  s i m u l a t i o n  many i t  can b e  compared t o  an a n a l y t i c  theory ,  

parameters  can be v a r i e d  independent ly  t h e  reg ions  of v a l i d i t y  of  

a n a l y t i c  approximations can b e  explored ,  The masses o f  d a t a  produced 

i n  t h e  s i m u l a t i o n  can b e  used t o  check t h e  minute  d e t a i l s  of  t h e  t h e o r y ,  

and when s u c c e s s f u l  t h e  theory can be  g e n e r a l i z e d  and used t o  p r e d i c t  

t h e  behavior  of  real plasma systems,  

i n s t a b i l i t i e s  can b e  e a s i l y  fol lowed i n  a s i m u l a t i o n ,  w h i l e  i n  a l a b o r a t o r y  

experiment only t h e  f i n a l  s ta te  of t h e  system can u s u a l l y  b e  observed,  

The e a r l y  t i m e  e v o l u t i o n  of  plasma 

The theory  p r e s e n t e d  h e r e  h a s  been developed by c l o s e  comparison w i t h  

t h e  d e t a i l s  of  t h e  s i m u l a t i o n  of  such a plasma i n s t a b i l i t y ,  

d e t a i l s  are be ing  publ i shed  s e p a r a t e l y  ; a s h o r t  summary of  t h e  t h e o r e t i c a l  

r e s u l t s  h a s  a l s o  appeared. 

These 

1 
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The p a r t i c u l a r  i n s t a b i l i t y  s t u d i e d  h e r e  is  a v e r s i o n  of t h e  loss -  

cone f l u t e  mode, 

t h e  magnetic f i e l d ,  

i s  f u r n i s h e d  by an i n v e r t e d  p o p u l a t i o n  i n  v e l o c i t y  space3, produced by 

t h e  loss cone i n  open ended m i r r o r  t r a p s  and a l s o  o c c u r r i n g  i n  many 

o t h e r  containment d e v i c e s ,  

t h e  s ta t ic  magnet ic  f i e l d  t h e  mode r e q u i r e s  a c o l d  plasma component which 

appears  n a t u r a l l y  i n  many ways, The mode i s  b a s i c a l l y  t h e  lower h y b r i d  

mode, suppor ted  by t h e  c o l d  plasma component, It becomes u n s t a b l e  when 

i t  can couple  t o  t h e  n e g a t i v e  energy B e r n s t e i n  modes of t h e  h o t  plasma, 

near one of  t h e  c y c l o t r o n  harmonics,  

d i s c u s s e d  by H a l l ,  Heckro t te ,  and Kammash 

It i s  a n  e l e c t r o s t a t i c  mode, propagat ing  d i r e c t l y  a c r o s s  

The energy needed f o r  t h e  growth of t h e  i n s t a b i l i t y  

I n  a d d i t i o n  t o  t h e  h o t  plasma conta ined  by 

The l i n e a r  theory  w a s  f i r s t  

4 and h a s  been explored  more 

C 

4 
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5 completely by Guest,  F a r r  and Dory, 

The n o n l i n e a r  evo lu t ion  of t h e  mode has  been p rev ious ly  s t u d i e d  

6 by Aamodt and Bodner 

of h o t  plasma, 

w i t h  emphasis on t h e  regime wi th  a small p ropor t ion  

They found t h e  system t o  be  s t a b i l i z e d  by a n o n l i n e a r  

smearing of  t h e  cyc lo t ron  harmonics,  

Meier, and E ld r idge  

In t h e  plasma s imula t ion  of Crume, 

1 t h e  amounts of h o t  and co ld  plasma were roughly 

comparable, and t h e  system w a s  s t a b i l i z e d  by h e a t i n g  of  t h e  co ld  component, 

The s a t u r a t i o n  l e v e l  of t h e  e l e c t r i c  f i e l d  energy was found t o  b e  sub- 

s t a n t i a l l y  lower then  t h a t  p r e d i c t e d  by Aamodt and Bodner o r  by t h e  

e m p i r i c a l  formula of Byers and G r e w a l ,  7 

This i n s t a b i l i t y  is  important  as a p ro to type  of a class of i n s t a b i -  

l i t i e s  which appear  as a necessa ry  r e s u l t  of containment i n  an open ended 

mi r ro r ,  a l though i t  can appear  i n  a v a r i e t y  of containment dev ices ,  S ince  

a component k,,of t h e  wave v e c t o r  a long  f i e l d  l i n e s  a l lows Landau damping 

t o  occur  and decreases  growth rates,  t h e  f l u t e  modes wi th  k = 0 are 

p a r t i c u l a r l y  dangerous,  

ld 
Maximum growth rates of a t e n t h  of t h e  rea l  

frequency are p r e d i c t e d ,  The f i n i t e  l e n g t h  of open ended devices  does 

n o t  change t h e  c h a r a c t e r i s t i c s  apprec i ab ly ,  The l a r g e  growth rates 

which are p o s s i b l e ,  and more t o  t h e  p o i n t ,  t h e  l a r g e  amount of f r e e  

energy which can appear  i n  t h e  f l u c t u a t i n g  e l ec t r i c  f i e l d ,  make t h e  

s tudy  of t h e  n o n l i n e a r  development of t h e s e  modes p a r t i c u l a r l y  impor tan t ,  

The amounr of energy i n  t h e  e lec t r ic  f i e l d  spectrum has  a d i r e c t  b e a r i n g  

on t h e  f e a s i b i l i t y  of open ended m i r r o r s  as containment dev ices ,  The 

s imula t ion  s t u d i e s  are l i m i t e d  t o  a number of s p e c i a l  cases, b u t  w i th  

an a n a l y t i c  t heo ry ,  t h e  e f f e c t s  of parameter  v a r i a t i o n  can b e  p r e d i c t e d ,  

I n  t h e  computer s imula t ion  a s i n g l e  u n s t a b l e  t r a v e l i n g  wave i s  

d i rven  t o  an ampli tude above the  n o i s e  l e v e l  and then allowed t o  evolve  
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i n  a s e l f  c o n s i s t e n t  way. The magnet ic  f i e l d  i s  cons t an t  and t h e  plasma 

i n i t i a l l y  uniform i n  space ,  Par t ic le  t r a j e c t o r i e s  are fol lowed i n  two 

v e l o c i t y  dimensions and one s p a t i a l  dimension pe rpend icu la r  t o  t h e  

magnet ic  f i e l d ,  These approximations are a l s o  used f o r  t h e  l i n e a r  

a n a l y s i s .  

wavelengths are l i m i t e d  t o  submul t ip les  of t h e  b a s i c  l eng th .  A s  a 

consequence only one u n s t a b l e  wave appears  i n  t h e  s imula t ion ;  i t  is  

chosen t o  b e  t h e  wave wi th  maximum growth rate f o r  t h e  plasma parameters ,  

Actua l ly  i n  a l a r g e  plasma a f a i r l y  broad spectrum of wwes are u n s t a b l e ,  

bu t  t h e  f a s t e s t  growing mode dominates t h e  spectrum a f t e r  a s h o r t  wh i l e ,  

The s i m u l a t i o n  p la sma  has  a f i n i t e  s p a t i a l  e x t e n t  s o  t h a t  

The r e s u l t  of t h e  computer experiment i s  an e f f i c i e n t  and r a p i d  

s t a b i l i z a t i o n ,  i n  a s s o c i a t i o n  wi th  a r a p i d  h e a t i n g  of t h e  c o l d  plasma 

component, The t y p i c a l  t i m e  dependence of t h e  e l ec t r i c  f i e l d  ampl i tude  

i s  shown i n  Fig.  1 f o r  a case wi th  frequency n e a r l y  twice t h e  c y c l o t r o n  

frequency. The ampli tude i n c r e a s e s  e x p o n e n t i a l l y ,  as p r e d i c t e d  by l i n e a r  

theory ;  then  i c  s a t u r a t e s  and develops a slow n o n l i n e a r  o s c i l l a t i o n .  The 

s imula t ion  ampli tude i s  always p o s i t i v e ,  b u t  a jump i n  phase by r a t  t h e  

f i r s t  minimum i n d i c a t e s  t h a t  an equa l ly  v a l i d  i n t e r p r e t a t i o n  i s  t h a t  t h e  

second peak is  nega t ive .  Later i n  t i m e  a backward wave w i t h  t h e  same 

wavelength appears  as an a d d i t i v e  component a t  twice t h e  wave frequency,  

S p a t i a l  harmonics a l s o  are seen ,  

of t h e  co ld  plasma component i n c r e a s e s  cohe ren t ly  wi th  t h e  f i e l d  ampl i tude ,  

reaching  a maximum as t h e  ampli tude goes t o  zero .  

a t  the  second gyroharmonic changes t h e  p a r t i c l e  d i s t r i b u t i o n  and s t a b i l i z e s  

t h e  system, 

A s  shown i n  r e f e r e n c e  1 t h e  tempera ture  

The cyc lo t ron  h e a t i n g  

The n o n l i n e a r  theory  i s  based on a c a l c u l a t i o n  of o r b i t s ,  w i t h  a 

g e n e r a l  r e p r e s e n t a t i o n  of t h e  e l e c t r i c  f i e l d ,  and t h e  c o n s t r u c t i o n  of 
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t h e  d i s t r i b u t i o n  f u n c t i o n  from t h e  o r b i t s ,  The dominant i n t e r a c t i o n  i s  

taken  t o  b e  resonant ;  t h e  frequency i s  assumed t o  b e  n e a r l y  a m u l t i p l e  

of t h e  c y c l o t r o n  frequency,  This  i s  shown t o  b e  q u i t e  a good approxi- 

mation f o r  t h i s  class of  modes, 

coherent  h e a t i n g  o f  c o l d  p a r t i c l e s ,  

These o r b i t  s o l u t i o n s  show a s t r o n g  

From t h e  Poisson  e q u a t i o n  a n o n l i n e a r  

d i f f e r e n t i a l  equat ion  i s  der ived  f o r  t h e  wave ampli tude,  S o l u t i o n s  of 

t h i s  e q u a t i o n  e x h i b i t  a behavior  q u i t e  similar t o  t h e  e a r l y  t i m e  behavior  

of  t h e  s i m u l a t i o n ,  The q u a n t i t a t i v e  p r e d i c t i o n s  of c o l d  component 

temperature  and maximum f i e l d  ampli tude a g r e e  w i t h  t h e  s i m u l a t i o n  over  

a range of  plasma parameters .  

The d e t a i l e d  c a l c u l a t i o n s  o f  t h i s  paper  apply only  to t h e  s p e c i a l  

case of an i n s t a b i l i t y  n e a r  t h e  second gyroharmonic, The a n a l y s i s  is  

c a r r i e d  as f a r  as p o s s i b l e  f o r  t h i s  case, and c r i t i c a l  comparisons w i t h  

t h e  r e s u l t s  of t h e  computer s i m u l a t i o n  are made, The s u c c e s s  of  t h e  

a n a l y s i s  shows t h a t  t h e  approximations of  t h e  theory are v a l i d ,  b u t  i t  

does n o t  prove t h a t  i n s t a b i l i t i e s  a t  o t h e r  harmonics are s t a b i l i z e d  s o  

q u i c k l y  and e a s i l y ,  The i n s t a b i l i t i e s  a t  h i g h e r  f r e q u e n c i e s  w i l l  b e  

analyzed i n  a f u t u r e  paper ,  t h e r e  are reasons to b e l i e v e  t h a t  they  too  

are s t a b i l i z i e d  by h e a t i n g  of  t h e  c o l d  plasma, 

I n  s e c t i o n  I1 t h e  l i n e a r  s t a b i l i t y  c r i te r ia  and d e t a i l s  of t h e  

model are p r e s e n t e d ,  O r b i t s  are c a l c u l a t e d  i n  s e c t i o n  111, and t h e  

charge d e n s i t y  and temperature  are c a l c u l a t e d  i n  s e c t i o n  I V ,  I n  s e c t i o n  V 

t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  f i e l d  ampli tude i s  d e r i v e d  and s o l v e d ,  

and t h e  g e n e r a t i o n  of s p a t i a l  harmonics p r e d i c t e d ,  
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11. LINEAR BEHAVIOR 

The model system i s  a uniform plasma i n  a uniform magnet ic  f i e l d .  

For f l u t e  modes t h e r e  is no v a r i a t i o n  i n  t h e  d i r e c t i o n  of t h e  magnetic 

f i e l d  s o  t h a t  che system is e s s e n t i a l l y  two dimensional ;  v e l o c i t y  d i s t r i -  

b u t i o n s  are cons idered  t o  b e  i n t e g r a t e d  ove r  t h e  a x i a l  v e l o c i t y .  

one s p e c i e s  of p a r t i c l e  i s  cons idered  w i t h  a n e u t r a l i z i n g  background of 

o p p o s i t e  charge.  The p a r t i c l e s  are taken  t o  b e  i o n s ,  a l though i t  t u r n s  

o u t  t h a t  t h e  equa t ions  apply equa l ly  w e l l  t o  e l e c t r o n s .  

d i s t r i b u t i o n  f u n c t i o n  i s  taken  t o  b e  

Only 

The e q u i l i b r i u m  

where t h e  co ld  component w i t h  d e n s i t y  n 

component d i s t r i b u t i o n  wi th  d e n s i t y  n 

cone d i s t r i b u t i o n  n e a r  t h e  midplane of a m i r r o r  t r a p  w i t h  m i r r o r  r a t i o  

of two-to-one. 

i s  Maxwellian, and t h e  h o t  
C 

is designed t o  approximate a l o s s  h 

The average energy p e r  p a r t i c l e  is  g iven  i n  terms of 

t h e  thermal  veloci t ies  v 

Wh = ma2 f o r  t h e  h o t  component. 

and a by Wc = mv f o r  the co ld  component 0 0 

The d i s p e r s i o n  r e l a t i o n 5  f o r  a small ampli tude e l e c t r o s t a t i c  

w i th  frequency w and wave number k i s  

m 
n I  (k2a 2, 

n C exp(-k2a 2 ,  
w 2  

C w - nQ 

2 "  2 2  2 2  nEin(k  a h) - I 'n ( k  a , ) I  2 2  exp (-k a = h w - nil 

where I 

frequency and t h e  cyc lo t ron  r a d i i  are a 

i s  t h e  Bessel f u n c t i o n  of imaginary argument, il 

= v f a  and ah = 

n 

\ ~e 

and 

wave 

0 

is  t h e  c y c l o t r o n  

a / a  fie 

b 
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There are no s imple expres s ions  f o r  t h e  f r equenc ie s  of t h e s e  modes 

There are t h a t  are g e n e r a l l y  v a l i d ;  r o o t s  are u s u a l l y  found numer ica l ly ,  

an i n f i n i t e  number of s o l u t i o n s  wi th  rea l  frequency c l o s e  t o  t h e  cyc lo t ron  

harmonics,  Whenever one of t h e s e  f r equenc ie s  co inc ides  wi th  t h e  lower 

hybr id  frequency an i n s t a b i l i t y  i s  p o s s i b l e ,  

i n s t a b i l i t y  n e a r  t h e  N'th cyc lo t ron  harmonic, w i th  a growth rate y Parge 

For t h e  case  of an 

1 

enough s o  t h a t  W>y>>w-NR, an approxima e expres s ion  f o r  t h e  growth rate 

is  

Here t h e  argument of t h e  Bessel f u n c t i o  s i s  k2a ' and t h e  Bessel 

f u n c t i o n s  wi th  argument k2ac2 have been approximated by the  small 

argument expansion,  The d i e l e c t r i c  functiw of Eq, 2 has  t h e  terms 

wi th  n=N miss ing  i n  t h i s  approximation,  

4 h 

The denominator of Eq, 3 is  p o s i t i v e  s i n c e  t h e  b a s i c  mode i s  a 

p o s i t i v e  energy wave, 

a ba l ance  between t h e  c o n t r i b u t i o n s  of t h e  h o t  and co ld  plasma components, 

When t h e  co ld  component cyc lo t ron  r a d i u s  ac i s  l a r g e  enough t h e  mode i s  

s t a b l e ,  and an i n i t i a l l y  uns t ab le  mode i s  s t a b i l i z e d  by h e a t i n g  of t h e  

Formally t h e  s t a b i l i t y  of  t h e  mode depends upon 

8 

cold  component, 

more p h y s i c a l  way. The lower hybr id  mode and t h e  nega t ive  energy Berns t e in  

mode are n o t  decoupled i n  t h e  sense  t h a t  two s e p a r a t e  o s c i l l a t i o n s  develop,  

The s t a i b i l i z a t i o n  by h e a t i n g  i s  ha rd  t o  e x p l a i n  i n  a 

b u t  energy i s  no l o n g e r  f e d  i n t o  t h e  growing wave, There fs no such 

mystery about t h e  h e a t i n g  mechanism; i t  is  simply cyc lo t ron  harmonic 

h e a t i n g  

Most of t h e  fo l lowing  a n a l y s i s  w i l l  b e  developed p r i m a r i l y  f o r  

t h e  s p e c i a l  case of an i n s t a b i l i t y  a t  t h e  second gyroharmonic, Represen ta t ive  
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parameters  are w 2/f12 2 20, w 2 / ~  2 4 ,  k2ah2 2 1 0 ,  and k2ac2  2 0.1. 

One f i n d s  i n  t h i s  moderate d e n s i t y  regime and i n  t h e  h i g h  d e n s i t y  regime 

t h a t  t h e  real frequency i s  always c l o s e  t o  a gyroharmonic f o r  u n s t a b l e  

modes e 

Ph Ph P C  
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111, I O N  ORBITS 

The o r b i t  equa t ions  cannot b e  s o l v e d  e x a c t l y ,  so  t h e  real  problem 

i s  t h a t  of f i n d i n g  a v a l i d  approximation f o r  each r e g i o n  of i n t e r e s t ,  

For t h e  co ld  p o p u l a t i o n  t h e  i o n  c y c l o t r o n  r a d i u s  is smaller t h a n  t h e  

wavelength and a small r a d i u s  expansion is v a l i d .  For t h e  h o t  p o p u l a t i o n  

t h e  i o n  c y c l o t r o n  r a d i u s  i s  n e i t h e r  l a r g e  nor  s m a l l ,  b u t  changes i n  

o r b i t  parameters  are slow, The d i s c u s s i o n  h e r e  depends somewhat on 

6 t h e  a n a l y s i s  of Aamodt and Bodner, b u t  t h e  development owes more t o  

t h e  cont inued t e s t i n g  of: approximations i n  t h e  course  of  t h e  computer 

experiment 

A, Equat ions of Motion 

The e q u a t i o n s  of motion of an i o n  i n  an c o n s t a n t  magnetic f i e l d  
A -f -f 

A 

B = Bz and an e lec t r ic  f i e l d  E = E ( x , t ) x  are 

e 
= s2 v + - E ( x , t ) ,  

- dvX 

d t  Y m  

and 

dV 

d t  -J = -Rvxg 

where R = eB$m@ i s  t h e  c y c l o t r o n  frequency,  The form of t h e  e l ec t r i c  

f i e l d  i s  taken t o  b e  

r e p r e s e n t i n g  a s i n g l e  p l a n e  wave of real frequency w and wave v e c t o r  

k = kx, w i t h  an a r b i t r a r y  t i m e  dependent ampli tude E ( t > o  

i t  is  found t h a t  s p a t i a l  harmonics are genera ted ,  t h e s e  ampli tudes w i l l  

b e  added as p e r t u r b a t i o n s ,  

-P A 

When la ter  1 
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The guid ing  c e n t e r  of  an i o n  o r b i t  moves i n  t h e  y d i r e c t i o n ,  s o  

t h a t  t h i s  motion is  ignorab le ,  The x component of t h e  guid ing  c e n t e r  

p o s i t i o n  5 = x + v /SI i s  a cons t an t .  

are in t roduced  w i t h  t h e  t r ans fo rma t ion  v 

I n  terms of t h e  d imens ionless  v e l o c i t y  u = kv/ll and t h e  d imens ionless  

The v e l o c i t y  v ( t )  and phase $ ( t )  
Y 

= vcos($-S2t) and v =v s i n ( $ - n t ) .  
X Y 

ampli tude A ( t )  = ekE1/2mQ2 the  o r b i t  equa t ions  are 

- =  d' 2nAcos ($ -~ t ) cos [k~-wt -u  sin($-s2t)]  = - - - a (2QA sin[kC-wt-usin($-nt)1) (6) 
d t  u a $  

and 

- = - -  "* s i n  ($-at) cos  [ k5 -ut-u s i n  ($4 t 1 d 
dt U 

By t h e  use  of t h e  gene ra t ing  f u n c t i o n  f o r  Bessel f u n c t i o n s  J (u) t h e  t i m e  

dependence of t h e  f i e l d  a t  t h e  p o s i t i o n  of an i o n  is  made e x p l i c i t ,  t a k i n g  

t h e  form of a F o u r i e r  series wi th  d i s c r e t e  f r equenc ie s  w - ni2: 

n 

a, 

- = -  du 2RA 1 nJn(u)  cos + n 9  
d t  u 

and 

wi th  t h e  wave phase + = ke - ut+nGt-n$ f o r  each term, n 
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44 

Bo The Resonant Approximation 

During t h e  e a r l y  s t a g e s  of t h e  growth of an uns t ab le  wave wi th  

small ampli tude i n c r e a s i n g  l i k e  A ( t )  = Aoexpyt a p e r t u r b a t i o n  s o l u t i o n  

i s  v a l i d  w i t h  u and $ almost  cons t an t .  By i t e r a t i o n  one f i n d s  

c4 nJn (u> 
[ Y C O S $ ~ -  (w-nil) sin$,] 2ilA u g u  + -  1 

0 U y2+ (w-nil)' 

where u i s  t h e  i n i t i a l  va lue ,  For a wave wi th  l a r g e  growth ra te  t h a t  

is  almost resonant  w i th  t h e  N'th cyc lo t ron  harmonic,  t h e  q u a n t i t y  A=w-NS2 

is  small and y>A, The t i m e  dependence of t h e  v e l o c i t y  i s  dominated by 

t h e  nea r  resonant  N'th t e r m  b u t  t h e  a c t u a l  va lue  of t h e  frequency i s  n o t  

very important  s i n c e  t h e  resonance is very  broad ,  

t h e  ra te  of change of th ie  i on  phase d$/dt  2 ilA, i n i t i a l l y  i s  very small, 

Ear ly  i n  t i m e  t h e  o r d e r i n g  of t h e  r e l e v a n t  f r equenc ie s  i s  taken t o  b e  

0 

A f o u r t h  f requency,  

il>ysA>SZA, 

As t h e  wave grow t h e  ampli tude can become s o  l a r g e  t h a t  t h e  o rde r ing  

i s  changed t o  ibilA>y>A where y = l /A(dA/dt ) ,  S t i l l  t h e  va lue  of A is 

r e l a t i v e l y  unimportant ,  The fundamental  approximation of t h i s  theory  

i s  t o  t a k e  only resonant: c o n t r i b u t i o n s  t o  t h e  i o n  o r b i t s  and t o  set: A = 0, 

A new t i m e  v a r i a b l e  

i s  in t roduced  and t h e  o r b i t  equa t ions  become 

(12) -= -a  du 2o NJN(u) cos (k< - N$) da u 
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6 A s  was po in ted  out  by Aamodt and Bodner 

Hamiltonian form wi th  momentum u2/2 ,  coord ina te  J, and cons t an t  Hamiltonian 

t h e s e  equa t ions  are i n  

H = 2fiJN(u) s in(kS - Nq) ( 1 4 )  

s o  t h a t  a s i n g l e  o rd ina ry  d i f f e r e n t i a l  equa t ion  determines t h e  o r b i t s .  

C ,  So lu t ions  f o r  Cold Ions 

The h e a t i n g  of co ld  ions  s t a b i l i z e s  t h e  system. For t h i s  plasma 

component t h e  cyc lo t ron  r a d i i  are small and u = kv/S1<<1 even l a t e  i n  t i m e .  

With t h i s  approximation J (u) % (u/2)  / N !  and 
N 

N 

(15) - d (u2)  = [uZN-u 2N s in2(kS - NJ,o)]1/24NQ/[2NN!] 
d'r 0 

where u 

f u n c t i o n s  are p o s s i b l e  f o r  N = 1 and 2 and i n  terms of e l l i p t i c  f u n c t i o n s  

for N = 3 ,  4 ,  5, 6 ,  and 8. 

and qo are i n i t i a l  va lues .  So lu t ions  i n  terms of e lementary 
0 

For N = l  t h e  fundamental  resonance,  t h e  s o l u t i o n  i s  

u2 = u2 -I- 2fiTuoCOS(k<-$o) + f i 2 ~ 2  
0 

and 

I n i t i a l l y  t h e  energy can e i t h e r  i n c r e a s e  o r  dec rease  b u t  e v e n t u a l l y  i t  

i n c r e a s e s  as T~~ The i o n  phase becomes synchronized w i t h  t h e  wave phase 

so t h a t  cos(kS - J,)  -t 1 as T -+ m o  

b u t  i t  may b e  shown t h a t  t h e  synchron iza t ion  of phases  occurs  f o r  each 

N s o  t h a t  i n  t h e  long  t i m e  l i m i t  cos(kC - Nq) -+ 1, 

Each harmonic must be  t r e a t e d  s e p a r a t e l y ,  

The v e l o c i t y  a l s o  
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increases w i t h  t i m e ,  l i n e a r l y  f o r  N = 1, exponen t i a l ly  f o r  N = 2 ,  and 

even f a s t e r  f o r  l a r g e r  N o  

because each co ld  i o n  has  i t s  phase synchronized s o  t h a t  i t s  energy i s  

i n c r e a s i n g  a t  t h e  f a s t e s t  p o s s i b l e  rate,  

S t a b i l i z a t i o n  of t h e  mode seems t o  occur  

The case w i t h  N = 1 i s  n o t  u s e f u l  h e r e  s i n c e  t h e  i n s t a b i l i t y  

cannot occur  n e a r  t h e  f i r s t  gyroharmonic f o r  t h e  d e n s i t i e s  of i n t e r e s t ,  

To compare w i t h  t h e  s imula t ion  r e s u l t s  t h e  case w i t h  N * 2 i s  needed, 

The s o l u t i o n  is  

u2 = u2 [ cosh RT + cos (kS - 2JlO) s i n h  R T ]  
0 

an d 

cos(kS - 2$o)cosh i l ~  + s i n h  ilr 

cosh 52r 4- cos(k6 - 2$ ) s i n h  52r  COS(^^ - 2$) -3 

0 

Again t h e  remarkable synchron iza t ion  of phases  i s  seen  and i n  t h i s  

case an exponen t i a l  i n c r e a s e  i n  energy,  
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De S o l u t i o n s  f o r  Hot Ions.  

The r e g i o n  of p a r t i c u l a r  i n t e r e s t  f o r  t h e  h o t  plasma component 

i s  n e a r  k a  

expansion of t h e  Bessel f u n c t i o n s  of E q s ,  1 2  and 13 i s  v a l i d .  The 

o r b i t s  i n  t h e  asymptot ic  regime have been found approximately by Aamodt 

and Bodner.' 

p o t e n t i a l  w e l l  g iven  by t h e  Hamiltonian of  Eq. 14.  

i n  i o n  v e l o c i t y  are s m a l l  and t h e  p e r i o d s  of  o s c i l l a t i o n  are long  

compared t o  t h e  t i m e  scale f o r  changes i n  t h e  e l ec t r i c  f i e l d  ampli tude.  

S ince  t h e  t i m e  scale is  long  t h e  o r b i t s  may b e  c a l c u l a t e d  by t a k i n g  

t h e  v e l o c i t y  and phase t o  b e  c o n s t a n t  t o  f i r s t  approximation. 

2 3, where n e i t h e r  an asymptot ic  expansion n o r  a series h 

The s o l u t i o n s  show t h a t  t h e  i o n s  o s c i l l a t e  i n  t h e  pseudo 

The re la t ive  changes 

To estimate t h e  p e r i o d  of  o s c i l l a t i o n  c o n s i d e r  l a r g e  v e l o c i t y ,  

u>>1,  where t h e  asymptot ic  expansion of t h e  Bessel f u n c t i o n  i s  v a l i d ,  

JN(u)  TU TU)'/' cos(u - Nn/2 - ~ / 4 )  a 

The o r b i t  e q u a t i o n  h a s  t h e  form 

COS' (U  - N T / ~  - ~ / 4 )  du 'L 2Nfi 2 - =  + -  
dT u [xi 

- -  C O S ~ ( ~  - N T / ~  -n /4)s in2(k< - N$o)]1/20 
R U  0 

0 

A s  is i m p l i c i t  i n  t h e  d e r i v a t i o n  of t h e  asympotic expansion,  t h e  

f u n c t i o n a l  dependence on t h e  v e l o c i t y  u i s  p r i m a r i l y  an o s c i l l a t i o n ,  

so  t h a t  t h e  v e l o c i t y  may b e  r e p l a c e d  by i t s  i n i t i a l  v a l u e  u e x c e p t  

w i t h i n  t h e  o s c i l l a t i n g  term, With t h i s  s u b s t i t u t i o n  t h e  s o l u t i o n  is 

0 
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where F ( x , K )  is  t h e  e l l i p t i c  i n t e g r a l  of t h e  f i r s t  kind' of argument 

x and modulus K~ s n  is  t h e  Jacob i  e l l i p t i c  f u n c t i o n ,  s i n  x = s i n  (u -Nn/2 

1 - s in2 (kS  - N$o)cos2(uo - Nn/2  - n / 4 ) ,  and a = 2NL?(2/~ru 3)n1z0 - T r / 4 ) / K $  IC2 = 

The pe r iod  of o s c i l l a t i o n  of t h e  v e l o c i t y  i s  4 K ( ~ ) / a  where K ( K )  is  t h e  

complete e l l i p t i c  i n t e g r a l  of t h e  f i r s t  k ind ,  The s h o r t e s t  pe r iod  occurs  

f o r  t h e  p a r t i c u l a r  combination of i n i t i a l  cond i t ions  f o r  which K=O; i t  

i s  4K(O)/a = ( ~ / N a ) ( n u ; / 2 ) ~ / ~  which f o r  u = 3 and N = 2 is 1 O 0 5 / G 2 ,  

o t h e r  i n i t i a l  cond i t ions  l e a d  t o  o s c i l l a t i o n s  w i t h  longer  p e r i o d s ,  

0 

0 

All 
0 

Most of t h e  h o t  i o n s  w i l l  have completed an o s c i l l a t i o n  i n  t h e  

pseudo-potential well when GT = l0 ,5 .  However, by r e f e r r i n g  t o  Eq, 17 

one sees t h a t  t h e  v e l o c i t y  of t h e  co ld  ions  has  changed enormously by 

t h i s  t i m e .  The r e l a t i v e  changes i n  h o t  i o n  v e l o c i t y  are small dur ing  

t h e  i n i t i a l  s t a g e s  of e v o l u t i o n  of t h e  wave. 

acqui red  by t h e  co ld  d i s t r i b u t i o n  does come from t h e  h o t  d i s t r i b u t i o n ,  

Conceivably one could use  conserva t ion  of energy t o  c a l c u l a t e  t h e  

s a t u r a t i o n  va lues  of f i e l d  energy,  b u t  i t  is much easier t o  c a l c u l a t e  

t h e  charge d e n s i t y  and u s e  Poisson ' s  equa t ion ,  

O f  cou r sep  t h e  energy 

The a p p r o p r i a t e  resonant  s o l u t i o n  f o r  t h e  h o t  components i s ,  

from t h e s e  arguments 

ob ta ined  by hold ing  u and I) cons tan t  dur ing  i n t e g r a t i o n ,  

E ,  Nonresonant So lu t ions  

The nonresonant  c o n t r i b u t i o n  t o  t h e  ion  o r b i t s  i s  c a l c u l a t e d  

wi th  p e r t u r b a t i o n  theory ,  The ampli tude of t h e  e l e c t r i c  f i e l d  i s  

expanded i n  a Taylor  series 
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For t h e s e  terms t h e  t i m e  dependence of t h e  wave phase is f a s t  enough 

so  t h a t  t h e  ion  v e l o c i t y  and phase may b e  h e l d  cons t an t .  From E q .  8 

a v e l o c i t y  increment i s  found which i s  t o  be  added t o  t h e  resonant  

s o l u t i o n s  of E q s .  1 7  and 20: 

n#N 

The Taylor expansion i s  v a l i d  f o r  on ly  a s h o r t  w h i l e ,  b u t  t h i s  i s  

s u f f i c i e n t  s i n c e  t h e  o r b i t s  are t o  be  used t o  f i n d  a d i f f e r e n t i a l  

equat ion  i n  t h e  v a r i a b l e s  A ( t ) ,  dA/dt,  and T = /Adt. 



1 7  

I V .  D i s t r i b u t i o n  and Charge Densi ty  

A s o l u t i o n  of t h e  Vlasov equa t ion  is  gene ra t ed  from t h e  o r b i t s  

w i thou t  f u r t h e r  approximation. The o r b i t  v a r i a b l e s  have been given as 

f u n c t i o n s  of t i m e  w i t h  i n i t i a l  va lues  v 

t o  express t h e  i n i t i a l  va lues  a s  f u n c t i o n s  v ( v , $ , S p t )  and $ ( V ~ $ ~ S ~ ~ ) ~  

A s o l u t i o n  of t h e  Vlasov equa t ion  i s  

and $oe The o r b i t s  are i n v e r t e d  
0 

0 0 
10 

where F is  norma l i zab le  and non n e g a t i v e ,  b u t  o the rwise  a rb i t r a ry , ,  

A ,  The Cold Component 

The i n i t i a l  co ld  d i s t r i b u t i o n  of Eq ,  1 depends only on v e l o c i t y ,  

From Eqs.  1 7  and 2 2  one f i n d s  f o r  N = 2 ,  

f c ( v , $ , G , t )  = nc/(2av~)exp{-[v-6v]2[cosh C2.r - cos(k<-2$)sinh S".r]/2V~}, (23) 

By a Taylor  expansion one f i n d s  

f c  = f - & V  af / a v  
co co 

where 

f = n /(2m;)exp[-v2 cosh C2~/2vi],(I (v2sinh fi.c/2v;) co c 0 

m 

+ 2 1 I (v2sinh0.r/2v;) cos[pkx+pusin($-at)  - 2p$] 
p = l  P 

By us ing  t h e  gene ra t ing  f u n c t i o n  f o r  Bessel f u n c t i o n s  J one f i n d s  t h e  n 
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m m  

*{I (v'sinh fi.c/2vi)+2 1 1 I (v'sinh &/2v2)  J (pu) 
0 p = l  n=-w P 0 n  

a cos[pkx + n($-fit) - 2p$] 0 ( 2 6 )  

To be  c o n s i s t e n t  w i th  t h e  co ld  o r b i t s  t h e  series expansion of 

J must b e  used aga in ,  The i n t e g r a l s  needed t o  f i n d  macroscopic  quan t i -  

t ies have t h e  form 

n 
11 

( 2 7 )  1: d t  t 4 exp[- t  cosh a] I (t s i n h  a)  = (q-p)!@'(cosha) 
P 4 

which is v a l i d  f o r  qQ>O, 

Legendre f u n c t i o n s ,  de f ined  f o r  arguments g r e a t e r  than  u n i t y ,  

The f u n c t i o n s  '(cash a) are t h e  a s s o c i a t e d  
4 - 

By d i r e c t  i n t e g r a t i o n  t h e  tempera ture  of t h e  co ld  component is  

where L i s  t h e  l e n g t h  of t h e  plasma,  N i s  t h e  number of c o l d  i o n s ,  and 

Oo = mv2 i s  t h e  i n i t i a l  t empera ture ,  

C 

0 

The charge d e n s i t y  c a l c u l a t e d  from t h e  r e sonan t  p a r t  of t h e  

d i s  t r i b u t i o n  is  

(c0shQ.c) cos  (pkx-2pfit) 1 
m 

(x, t> = enc{1+2 1 
p = l  P Q  

The term wi th  p = l  acts t o  s t a b i l i z e  t h e  wave w h i l e  t h e  terms wi th  p > l  

gene ra t e  harmonics which do n o t  propagate ,  

The nonresonant  c o n t r i b u t i o n  t o  t h e  charge d e n s i t y  i s  
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co 
2.rr af 

= -e i, vdv i d$ Sv - av 
& P C  0 

w i t h  Sv g iven  i n  Eq, 2 2 ,  

p a r t i a l  r e s u l t s  are g iven  h e r e ,  

has  t h e  wave phase kx-ut is 

The c a l c u l a t i o n  i s  r a t h e r  l eng thy ,  and on ly  

The p a r t  of t h e  charge d e n s i t y  t h a t  

r f 

i Q  - 2An s2 dA n2Q2u COS (kx-ut) s in(kx-wt) f4  - -“zz-;ln2 2 d t  w n 
c 4 

Only t h e  term w i t h  n=l is l a r g e  enough t o  c o n t r i b u t e  t o  s t a b i l i z a t i o n  

o r  d i s p e r s i o n ,  even though t h e  terms wi th  n > 3  are i n c r e a s i n g  r a p i d l y  

w i t h  i n c r e a s i n g  T. The p a r t  n e g l e c t e d  h e r e  g e n e r a t e s  harmonics,  

- 

B o  The H o t  Component, 

From Eqs, 20 and 22 t h e  i n i t i a l  v e l o c i t y  of t h e  h o t  component is  

4s23 T 
v o ( v , $ 9 5 9 t )  = v - J2(kv/n> cos(kS-2$) - S V  

where changes i n  v e l o c i t y  are s m a l l ,  The d i s t r i b u t i o n  i s  approximately 

-7 J (kv/Q)cos(k[-2$~) - SV 
f h  Fh - k v  2 

where F i s  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  of Eq ,  1, The charge d e n s i t y  

i s  found by d i r e c t  i n t e g r a t i o n  t o  b e  

h 

’h = en h Cl-lrQ.c[I 2 - I;]exp(-k2ah2) 0 cos(kx-2s2t) 
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n 
-2- a t  (w-nfi ) 2 [In - IA]exp(-k2a$ 9 

COS (kx-Ut) P 

where t h e  argument of t he  Bessel func t ions  i s  k2 ah' 
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V,  STABILIZATION 

The f i e l d s  must now b e  made s e l f  c o n s i s t e n t  by us ing  Poisson ' s  

e q u a t i o n ,  a E / a x = 4 ~ r p ,  which w i t h  t h e  f i e l d  r e p r e s e n t a t i o n  of Eq, 5 i s  

A ( t )  s i n  (kx-ut) = 4 1 ~ p  (31 )  
2mQ2 - -  
e 

The charge d e n s i t y  i s  t h e  sum of  p a r t i a l  d e n s i t i e s  from Eqs, 29, 30 and 

32,  Consis tency is  obta ined  by matching t h e  c o e f f i c i e n t s  of s in(kx-u t )  

and cos(kx-ut)  i n  t h i s  e q u a t i o n ,  w i t h  w 2i 2Q. 

r e l a t i o n  of  Eq, 2 ,  i n  t h e  small c y c l o t r o n  r a d i u s  l i m i t  f o r  t h e  c o l d  

component, w i t h  t h e  n=2 terms miss ing ,  and w i t h  real  frequency,  The 

second r e s u l t  i s  an equat ion  l i n k i n g  t h e  t i m e  dependent q u a n t i t i e s  dAfdt,  

and T = /Adto 

e q u a t i o n  i n  t h e  dimensionless  v a r i a b l e  Z ( t )  = QT: 

One r e s u l t  i s  the d i s p e r s i o n  

This may b e  w r i t t e n  as a second o r d e r  d i f f e r e n t i a l  

where y is  t h e  growth rare of Eq. 3 ,  and K = [nck2ai l / [8n  (Ip-I j )exp(-k2a$] .  h d L  

The Bessel f u n c t i o n s  have t h e  argument k2a2 

growth rate an a l t e r n a t i v e  d e f i n i t i o n  o f  t h e  s t a b i l i t y  parameter  K i s  

found t o  b e  K=BO/O 

component and 0 i s  t h e  temperature  necessary  t o  s t a b i l i z e  t h e  mode 

according t o  t h e  l i n e a r  c r i t e r i o n ,  During t h e  n o n l i n e a r  e v o l u t i o n  t h e  

temperature  i n c r e a s e s  p a s t  0 

By examining t h e  approximate h "  

where 0 i s  t h e  i n i t i a l  temperature  of t h e  c o l d  
S P  0 

S 

S 

A f i rs t  i n t e g r a l  of Eq, 32 i s  
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w i t h  the c o n d i t i o n  t h a t  dZ/dt = 0 when Z = 0. A t y p i c a l  numer ica l  

s o l u t i o n  of t h i s  e q u a t i o n  i s  shown i n  Fig.  2 ,  f o r  t h e  plasma parameters  

of t h e  s i m u l a t i o n  r e s u l t s '  shown i n  Fig.  1. The ampli tude L?A = dZ/dt 

rises e x p o n e n t i a l l y ,  i s  s t a b i l i z e d ,  o s c i l l a t e s  once,  and then  damps 

away. The e a r l y  s t a g e s  of e v o l u t i o n  are q u a l i t a t i v e l y  t h e  same as t h e  

s i m u l a t i o n ,  b u t  t h e  s i m u l a t i o n  ampli tude cont inues  t o  o s c i l l a t e ,  and 

t h e  o s c i l l a t i o n  soon becomes noisy .  

t o  a small d e c r e a s e  i n  wave energy w i l l  produce a cont inued o s c i l l a t i o n .  

A c t u a l l y  any mechanism which l e a d s  

Numerical r e s u l t s  may b e  obta ined  w i t h o u t  s o l v i n g  t h e  d i f f e r e n t i a l  

equat ion .  The wave ampli tude reaches a maximum when Z = K s i n h  2; 

t h e  ampli tude i s  found d i r e c t l y  from E q .  33 and t h e  tempera ture  of  

t h e  co ld  component from Eq. 28, A numer ica l  comparison of t h e  p r e d i c t e d  

and measured v a l u e s  of f i e l d  energy and component tempera ture  0 i s  g iven  

i n  Table I ,  The r a t i o  of  f i e l d  energy i n  t h e  fundamental  mode t o  t h e  

k i n e t i c  energy of t h e  h o t  plasma i s  

E = [(dx E2/8r]/[Nhma2I = (dZ/dtI2f  [2wph2k2ah21. 
1 ( 3 4 )  

The va lues  g iven  are a t  t h e  f i r s t  maximum, For each of  t h e  t h r e e  cases 

shown n f n  = 0.2884 and w 2 / Q 2  = 20. Also  t h e  p r e d i c t e d  and measured 

v a l u e s  of t h e  o s c i l l a t i o n  p e r i o d  T of  t h e  fundamental  wave ampli tude 
c h  Ph 

are g iven ,  I n  each case t h e  p r e d i c t i o n s  are c o r r e c t  t o  w i t h i n  a f a c t o r  

of about 2 ,  

Aamodt and Bodner' have developed a n o n l i n e a r  t h e o r y  d e s c r i b i n g  

t h e  case where t h e  d e s n i t y  of  h o t  plasma i s  small compared t o  t h e  c o l d  

d e n s i t y ,  The theory  i s  based upon a n o n l i n e a r  smearing of  t h e  c y c l o t r o n  

resonances and i s  n o t  d i r e c t l y  a p p l i c a b l e  t o  t h e  p r e s e n t  cases, 

and Grewa17 r e p o r t  a m o d i f i c a t i o n  of t h i s  t h e o r y  by Bodner which p r e d i c t s  

Byers 
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a f i e l d  energy-hot i o n  energy r a t i o  of E 

t h e  n o t a t i o n  used h e r e ,  This  formula p r e d i c t s  

cases of  Table 1, w h i l e  E~ a c t u a l l y  varies by a f a c t o r  of  8 5 .  

= Q4[2k2%2]1/2/[8nw2w 2 ]  i n  
1 Ph 

3 0,002 f o r  a l l  t h e  

The dependence o f  t h e  f i e l d  energy on t h e  plasma parameters  i n  

t h e  p r e s e n t  theory  i s  r a t h e r  complicated.  The growth ra te  is n o t  t h e  

dominant f a c t o r ,  as can b e  s e e n  by examining Table  1, The growth ra te  

varies by a f a c t o r  of 2 ,  b u t  t h e  f i e l d  energy changes by a f a c t o r  of 

85 ,  

which i s  a measure of how much h e a t i n g  is  needed f o r  s t a b i l i z a t i o n ,  

b u t  of course  K is a f u n c t i o n  of t h e  o t h e r  plasma parameters ,  A parameter  

survey i s  i n  p r o g r e s s  and w i l l  b e  r e p o r t e d  l a t e r .  

The most impor tan t  parameter  i s  t h e  s t a b i l i t y  parameter  K = Q o / O  s D  

B. Harmonic Generat ion 

Since s p a t i a l  and temporal harmonics of  t h e  u n s t a b l e  mode have 

appeared i n  t h e  charge d e n s i t y  they  must b e  inc luded  i n  t h e  c a l c u l a t i o n  

of o r b i t s ,  A g e n e r a l  form f o r  t h e  e l ec t r i c  f i e l d  of  t h e s e  harmonics i s  

w i t h  ampli tudes E ( t )  and phases  $i e The terms are t r e a t e d  as s m a l l  

p e r t u r b a t i o n s  i n  t h e  a n a l y s i s ,  The r e s u l t  of t h e  c a l c u l a t i o n  i s  a compli- 

c a t e d  set  of coupled t r a n s c e n e n t a l  e q u a t i o n s  i n  which t h e  phases  $i must 

b e  t i m e  dependent,  The l a r g e s t  terms i n  t h e s e  e q u a t i o n s  are t h e  

c o n t r i b u t i o n  from t h e  fundamental  resonance (pw=il) of  t h e  co ld  i o n s ,  A 

rough estimate of t h e  harmonic ampli tudes i s  found by us ing  only t h e s e  

terms and t h e  s o u r c e  terms from t h e  charge d e n s i t y  of  Eq. 29 ,  

P P 

P 

This  estimate i s  
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1 pkve 2p 
w 2  CQ a - [6E(x, t ) ]  [l - e 2 - Q 2 ]  = 8ven ax C 1 (7) sinhPZ cos (pkx-2pQt). 

p=2 

The p r i m i t i v e  r e s u l t  i s  t h a t  t h e  e l e c t r i c  f i e l d  i s  modif ied by t h e  

i n c l u s i o n  of  t h e  d i e l e c t r i c  f u n c t i o n  o f  t h e  c o l d  plasma, which is  n o t  

changed by t h e  h e a t i n g ,  Now by d e f i n i n g  t h e  dimensionless  ampli tudes 

A = - ~ / 2 ~  w = 2Q, and matching phases ,  t h e  

harmonic ampl i tudes  are found t o  b e  

= ekE /2mR2, s e t t i n g  I$ 
P P P 

w 2  2 

Ap(t )  = -$- [ 1 - sinhPZ. ( 3 6 )  (2pN -a PP. ( 2Q 

I n  Fig.  3 are p l o t t e d  t h e  f i e l d  e n e r g i e s  i n  t h e  fundamental  mode and 

t h e  f i r s t  two harmonics f o r  t h e  s i m u l a t i o n  of  case 2 i n  Table  1, The 

numerical  v a l u e s  a t  peak ampli tude are shown i n  Table  1. Q u a l i t a t i v e l y  

t h e  estimate i s  n o t  very  good, It p r e d i c t s  t h a t  the harmonic ampl i tudes  

cont inue  t o  grow u n t i l  A goes t o  z e r o ,  w h i l e  i n  t h e  s i m u l a t i o n  A A 

and A reach  peak v a l u e s  a t  t h e  same t i m e .  The s i m u l a t i o n  r e s u l t s  also 

show t h a t  t h e  phases  @ are t i m e  dependent.  However, t h e  t i m e  dependence 

dur ing  t h e  e x p o n e n t i a l  growth phase is  c o r r e c t l y  p r e d i c t e d .  

1 1’ 2 ’  

3 

P 
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I V .  DISCUSSION 

e 
The r e s u l t s  summarized i n  Table  I a l low a c r i t i c a l  examination 

of t h e  approximations used i n  t h e  theory.  The f i r s t  approximation of 

a s i n g l e  dominant wave is seen  t o  be  good f o r  case 1 and 2 ,  b u t  n o t  f o r  

case 3 ,  where approximately a t h i r d  of  t h e  f i e l d  energy is  i n  t h e  harmonics 

a t  s a t u r a t i o n .  For t h i s  case t h e  t h e o r e t i c a l  c a l c u l a t i o n  of E is  too  

Large by a f a c t o r  of t h r e e ,  

harmonic E is  l a r g e r  t h a n  t h e  energy i n  t h e  second harmonic E w h i l e  

t h i s  o r d e r  is  r e v e r s e d  i n  t h e  s i m u l a t i o n .  

1 

Also t h e  p r e d i c t e d  energy i n  t h e  t h i r d  

3 2 

The resonant  approximation, i n  which t h e  frequency i s  s e t  e q u a l  

t o  twice t h e  c y c l o t r o n  frequency,  i s  t h e  w o r s t  f o r  case 1, i n  which 

A = w-2Q = 0,031i2. The numerical  agreement i s  n o t  as good i n  t h i s  case 

as i n  case 2 ,  w i t h  t h e  smallest A .  The o v e r a l l  agreement shows t h a t  

t h i s  approximation, which is r e a l l y  b a s i c  t o  t h e  theory ,  i s  sound, 

The approximation used f o r  h o t  i o n  o r b i t s ,  t h a t  t h e  v e l o c i t y  

and phase are changing very  s lowly compared t o  t h e  changes i n  wave ampl i tude ,  

may b e  checked by comparing t h e  p e r i o d  of t h e  o s c i l l a t i o n s  i n  v e l o c i t y  

w i t h  t h e  e l a p s e d  t i m e  f o r  s t a b i l i z a t i o n .  According t o  t h e  c a l c u l a t i o n  

i n  s e c t i o n  I11 t h e  s h o r t e s t  p e r i o d ,  f o r  t h e  v a r i a b l e  T = JAdt, is 

approximately L0,5/Q,  I n  t h e  s i m u l a t i o n ,  s a t u r a t i o n  occurs  a t  T = 7 , 3 3 / Q  

f o r  case 3 ,  and i n  a s h o r t e r  t i m e  f o r  t h e  o t h e r  cases, C l e a r l y  f o r  t h i s  

case t h e  changes i n  t h e  h o t  i o n  d i s t r i b u t i o n  should  b e  taken  i n t o  account ,  

However, f o r  t h i s  case t h e  harmonic ampli tudes have grown s o  l a r g e  t h a t  

t h e  i d e a l i z a t i o n  of  a s i n g l e  l a r g e  wave i s  a l s o  i n v a l i d ,  This  case 

r e p r e s e n t s  a l i m i t  f o r  t h e  q u a n t i t a t i v e  v a l i d i t y  of t h e  theory ,  It 

a l s o  r e p r e s e n t s  a p r a c t i c a l  l i m i t ,  i n  t h e  s e n s e  t h a t  a hot-cold tempera ture  

r a t i o  of  10,000 i s  u n l i k e l y  t o  appear  i n  a l a b o r a t o r y  plasma, 
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The s t a b i l i z a t i o n  by t h e  h e a t i n g  of t h e  co ld  component seems t o  b e  

wel l  e s t a b l i s h e d  by t h e  theory  and t h e  s i m u l a t i o n  r e s u l t s ,  

are g e n e r a l l y  encouraging,  i n d i c a t i n g  t h a t  t h e  energy i n  t h e  e lec t r ic  

f i e l d  a t  s a t u r a t i o n  is  smaller than  p rev ious ly  p r e d i c t e d .  

impor tan t  r e s u l t  of t h i s  a n a l y s i s  i s  t h e  development and v e r i f i c a t i o n  

of methods u s e f u l  i n  n o n l i n e a r  plasma problems, 

can seldom b e  a p p l i e d  d i r e c t l y  t o  d e s c r i b e  a l a b o r a t o r y  plasma, b u t  

a n a l y t i c  methods, such as those  developed h e r e ,  may b e  g e n e r a l i z e d  when 

The r e s u l t s  

The most 

A computer s i m u l a t i o n  

t h e i r  u t i l i t y  has  been e s t a b l i s h e d .  Two such g e n e r a l i z a t i o n s  are be ing  

pursued. 

ob l ique  propagat ion ,  which seems t o  be  a s t r a i g h t f o r w a r d  ex tens ion  of 

t h e  a n a l y s i s .  

w i th  e x t e r n a l  f i e l d s  

One is  t h e  development of t h e  loss-cone i n s t a b i l i t y  w i t h  

The second is an a p p l i c a t i o n  t o  i o n  c y c l o t r o n  h e a t i n g  
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Caption f o r  Table  1, 

Comparison of T h e o r e t i c a l  and Simula t ion  Resu l t s .  The f r equenc ie s  

w / Q ,  wavelength parameters  k2”h2 and k2ac2 ,  and t h e  s t a b i l i t y  parameters  

K are i n i t i a l  va lues .  The o t h e r  q u a n t i t i e s  are measured a t  s a t u r a t i o n .  

The dimensionless  t i m e  parameter  is  Z; O / O  is  t h e  r a t i o  of co ld  component 

temperature  a t  s a t u r a t i o n  t o  i ts  i n i t i a l  v a l u e ;  E~ i s  t h e  r a t i o  of f i e l d  

energy i n  t h e  fundamental  mode t o  t h e  h o t  i o n  energy;  E and E are 

t h e  energy r a t i o s  of t h e  f i r s t  two s p a t i a l  harmonics;  A is t h e  ampli tude 

of t h e  fundamental  and T i s  t h e  pe r iod  of t h e  slow modulation of t h e  

fundamental  mode. 

0 

2 3 
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FIGURE CAPTIONS 

Figure  1. A l i n e a r  p l o t  of t h e  ampli tude of t h e  fundamental  u n s t a b l e  

mode f o r  case 2 of Table  I, 

2R2A/w = A/12.88. The t i m e  p l o t t e d  is  Rt/2111, 

The ampli tude p l o t t e d  is 

P 

F igure  2 ,  A l i n e a r  p l o t  of t h e  t h e o r e t i c a l  ampli tude A of  t h e  

fundamental  mode f o r  case 3 .  

Figure  3 ,  A l o g a r i t h m i c  p l o t  of t h e  r a t i o  of f i e l d  energy t o  h o t  

i o n  energy f o r  t h r e e  harmonics. The top  curve i s  f o r  

t h e  fundamental  mode, The middle curve  i s  f o r  E t h e  second 

harmonic. The bottom curve  i s  f o r  E t h e  t h i r d  harmonic, 

2 *  

3 s  
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