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TOLERANCE FACTORS FOR THE TWO-PARAMETER
EXPONENTIAL DISTRIBUTION

1. INTRODUCTION AND SUMMARY

The tolerance limit factors based on the assumption of a Gaussian
distribution of the underlying phenomenon, are often used in practice.
For instance, in 1963, Burrows [1] used such tolerance factors in the
context of finding tolerance limits for some data on ultimate yield
strength of hafnium ingots. More recently, at the Oak Ridge National
Laboratory, W. E. Lever and J. J. Beauchamp used Gaussian tolerance factors
in connection with the crack length on the studs in a high flux isotope
reactor. Though the assumption of normality may be questionable, several
investigators use the tables of Gausslan tolerance factors since they
are readily available [8].

As a matter of fact, not much is known about the tolerance factors
for other distributions with location and scale parameters. In some
situations the assumption that the underlying phenomenon has an exponen-
tial distribution may be more realistic than that of a Gaussian distribu-
tion. In the case of a two-parameter exponential distribution, the
theoretical aspects of the B~content tolerance factors, motivated from
'best tests', were considered by Guenther [7]. 1In this paper we investi-
gate this case, and obtain formulae for the B-content upper and lower
tolerance factors which are amenable for computation. For comparison, we
obtain the corresponding formulae for the p-expectation tolerance factors

which were previously considered by Guttman [5].



2. PB-CONTENT TOLERANCE LIMIT FACTORS
Let

f(%Xu,0) = o< <w, >0 (2.1)
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=

be the probability density function of a two-parameter exponential dis-

tribution. Based on a random sample X X of size n from this

17 %o
population, it is of interest to find the B-content tolerance limit
factors. As in the case of the Gaussian distribution [9,3], these factors
will depend on the sufficient statistics of |, and g. It is well known [2]
that t = min(xl,...,xn) and s::ji (xi - t) are sufficient for , and ¢
respectively. =1

Definitions:

For a given significance level 0 < ¢ < 1, and given 0 < B < 1:

(1) We say that Ay is a p-content upper tolerance limit factor,

whenever
t + A,S

P[ /\ f(x;p,0)dx > 6] > Q. (2.2)

\—co
(2) We say that Xg is a p-content lower tolerance limit factor, when-~
ever

[>=4

P[ /‘ f(x;u,0) dx > B} > Q. (2.3)

t o+

Xﬁs

In the case of an exponential distribution, the tolerance limits
associated with the above definitions, agree with the f-content tolerance

limits (upper and lower) discussed by Guenther [6].



Similarly, the B-expectation tolerance limit factors may be defined

by
t + y.8

E\:jp h f(x;u,0) dx] > B (2.4)

®©

E[uf f(x;u,0) dx] >a (2.5)
t + vﬂs

where E denotes the expectation and Vyr vy, refer to the upper and lower

factors respectively. Guttman [5] tabulated the values of y,, and in

f/}

a later section, we will give the expressions for vy and vy

3. MATHEMATICAL PRELIMINARIES

In this section, we obtain the analytical expressions for the
determination of the upper (xu) and lower (xﬂ) B-content tolerance limit

factors. 1In order to accomplish this, we need the distributions of

Z:t&.{.)\iandY:m-ﬁfor)\)O. (3.1)
g g g [e)

It is well known [2] that 2n)(t-y)/c has a chi-square distribution
with 2 degrees of freedom (abbreviated as x2(2)), and 2s/g has a chi-square
distribution x2(2n - 2); and these are statistically independent. We
obtain closed forms for the distribution of Z and Y useful for our pur-
pose; these do not overlap with the known distribution theory [11] of
weighted chi-square variables.

Lemma 1:
The cumulative distribution function of Z, denoted by F(z)

is given by



n-2 .
-nz 3
F(z) = 1 - __E_____I _ e-z/X Sﬂ Kfé%l_ {1 - ———-—lﬁ—i_f} for ny £1
(1-m\ )" j:O J: (1-nm)) J
n-1 j
1 - E: ﬁ%%l— for ) = 1. (3.2)
J=0

Proof':
Let u = (t-y)/o and v = % s/g. Using the distributions of t
and s and their independence, we can write the joint probability

density function (p.d.f.) of u and v as

n

f( 7v) = T
B AL (n-2)

-2
Vn exp{_ (nu + )% )}, 0<u, v<e. (5-3)

Making the transformation z = u + v and v = v and integrating out v,

we obtain the p.d.f. of z to be

Z

1
n e ¢ U/\ e-(f - n)v %4y, (3.4)

f(z) = ——"——
=) xn-l(n-2)!

0

From this, we get the distribution function of Z as,

Z _(t - a)
2) — 1 A vn-2 - hzy oo .
F(z) oy [ e (e e )a (3.5)

and by integration by parts we obtain (3.2).

In the next lemma, we obtain the distribution of Y = Eé& - A8 s
o

for 3 > O.



Lemma 2:
P[Y S y] = 1|1 - -————E;—E:I e-ny s ¥ Z 0.
(1 + m)
n-2 j (3.6)
e'y/x E: ﬁlé%l_ {l - 1 o3 1} , ¥ <O.
J! : -J- -

320 (L + m)

Proof:

We will obtain this result, by the use of moment generating
functions and the inversion formula. Using the moment generating
functions of t and s, we can write the moment generating function of

Y, as

b4

£) = B[e] = L 3.7
) = 6 = (5.7)

Using the partial fraction technique, we can write this as

n-1
M(t) = D) ik (5.8)
1-DHaem) T 2 @i )t

Using the inversion formula for moment generating functions, we can

write the p.d.f. of Y as,
n-1

k-1 _y/a
£(y) = z ) — (y) e =, v<0
k=1 (l + nk) (k - l)' A
(3.9)
n -ny
(1 + n)\)n—l © P VRO

Using the definition of the cumulative distribution function, and

interchanging the order of summation with integration, we obtain

(3.6).



4. UPPER TOLERANCES

In this section we discuss the B-content and B-expectation upper
tolerance limit factors. From definition (2.2) the B-content factor Xu

is given by

t + AyS
P[L/‘ f(x;y,0) dx > B] > a.
0

For the two -parameter exponential distribution (2.1), this reduces to

P[l - exp{- Eé& - igi >
P[m e > -@,1(1-5)] >a . (4.1)
o o

We note that A, can be either positive or negative. First we show
for the range of values of practical interest such as a = .90, .95, and
B = .8 to 1.0, that A cannot be negative, for n > 2. This will be justi-

fied by contradiction. If ) 1is <0, then (4.1) is equivalent to

P[Y > -@n(l-s)] > (L.2)

where Y was defined in (3.1). Since-g,(1-B) is always nonnegative (for

0 <B <1), and the distribution of Y is known from (3.6); we have

y

Y > -0n(1-8) | - -8 5q (4.3)
(1 - m)

Now we can see for n > 1, and o > .90 and B > .8, and ) <0, (L.3)
is incompatible. Hence we conclude that A, 1s positive in the range of
values of interest of the three parameters n, £ and @. Thus Xu is

determined by using the distribution of Z given by (3.2), as follows:



P[z Sty s -Q/n(l-B)] > Q. (4.4)
o uog - -
Explicitly, for given o and B, we find ) such that

n-1 =2 J n -1-J
R I CE RN C LA R WG CC I P RS N L §
3=0

(4.5)

For n = 2, (4.5) reduces to

2\ ( 1/)\

-1

1-8)7"% - 5= (1- B)2. (4.6)

(L.6) could also be seen from the distribution given by Geunther (6]
on page 57, in equation (11.8). Even in this simple case n = 2, explicit
solution of )\ is not possible. This may be the reason why Guenther says
that there are no techniques available for the evaluation of the tolerance
factors in the B-content case. Mention was made about My by Hanson and
Koopmans [4], and a particular value of xu obtained from D. B. Owen
was used to illustrate the upper tolerance limit in the case of a two-
parameter exponential distribution. In a personal communication Owen
informed us that there is no record available of the values of Xu' In
tables la and 1b we give & short table of the values of Ku’ for
3<n<1l2, B = .80, .90, .95, .99, .999 and o = .90, and & = .95.

For the sake of comparison we now briefly discuss the B-expectation

upper tolerance factors, Vi defined by the expected value

‘t+\)S

2 f b £(xip,0)ax | > 6. (4.7)
0

In the case of the two-parameter exponential distribution (2.1), this

reduces to



t- vy ©

E[l - exp{- i ——;}] > B, (4.8)
o o -

The independence of Eéﬁ and g reduces the left side of (L.8) to
t- vuS n 1

- - i - — = -
1 E[exp( = )] E{exp( = ) 1-27 ™ )n-l . (4.9)
Vi

Solving (L4.8) for v, leads to
1
n-1

welmom b (1.10)
which is comparable with equation (11.11) given by Guenther [6], after
appropriate identifications. It is not clear why Guttman [5] did not
given a short table of values of v glven by (4.10), though he worked on
all allied problems. In particular, Guttman [57] focused attention on the
lower B-expectation tolerance factors which will be discussed in the

next section.

5. LOWER TOLERANCES

From definition (2.3) the B-content lower tolerance limit factor

xz is given by

P[ /\ f(x;p,0) dx > B] > Q.

For the two parameter exponential distribution (2.1) this reduces to

P[ f(t-qu)/o B B] = oy

Once again, we note that ), can be either positive or negative. We will

4

first discuss the situations when xz will be negative, and where we need



to use the distribution of Y given by (3.6). Given A, < 0, the random
variable Y could be either positive or negative, and the left side of

(5.1) becomes

- ]
e du; Y >0
max(0,Y)

-9y < o} + P[o <Y< -ngJ > a. (5.2)

From the distribution of Y given by (3.6), we obtain

n
1 -
1 - — L Bn-l > o (5.3)
(1-n)) (1-ny)
and xz is given by
1
(n-1)

n
My = %[1 - <i%6>

In the above discussion, we tacitly assumed that 7\2 < 0; we note

] (5.4)

. . on(l-x)
that = 0 if and onl fn="—"r— .
XZ if and only i e (5.5)
om(1-0x) . . . .
and for values of n > “0E kz given by (5.4) yields inconsistent

values. Hence, for values of n > 2%%%:22 , We need to use the distribu-

tion of Z given by (3.2). Using this, we obtain ), to be the solution

£
of the equation
e L \n-3-l
w2 a s Y (L (2T 6

(1-n)) 320
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In tables 2a and 2b we indicate the values of n(~ 1%%%121)’ for
which ) = 0, for B = .80, .90, .95, .99, .999 and @ = .90 and & = .95.
For n greater than the value tabulated in 2a and 2b, we need to use the
distribution of Z and equation (5.6).

There are no guidelines of the sign of xz in the discussion by
Guenther [67. However, for the p-expectation lower tolerance factors
(in the case of a two-parameter exponential distribution), both positive
and negative values of v, were tabulated by Guttman [5], in table IIT.
In our notation, these tabulated values can be obtained from the following

discussion. The B-expectation lower tolerance factor is obtained from

® - X
dx

E[[ ¢ ° —}ZB : (5.7)

U (o)

t+\)ES
When vy > 0, we have t + VES > 0, and the left side of (5.7) reduces to
oof 22 23 (=2 -0

o o “"n+1 \1l+w h

L

and
1

=
Vo~ {[(n+§551n il l} : (5-8)

When 2 < 0, we need a finer analysis, and we have

b - X

E[ e © dx
o

EfP[o <X b, ovs o oﬂ
. L o) o) a
max(0, t + vs)

+P[o<§1+25<x—'&ﬂ
c e} o

1 n 1
+ —_— D
(l-n\))n-l nl (l-n\))n-l -
(5.9)

1 -
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Finally, ) is obtained from

1

oy -2 - (i) (5.10)

The values obtained from (5.8) and (5.10) agree with the values
given in table IIT by Guttman [5] after division by n - 1.

We present the values of the B-content lower tolerance limit
factors in tables 3a and 3b, for n = 3 to 12, B = .8, .9, .95, .99, .999

and @ = .90 and @ = .95. These are based on expressions (5.4) and (5.6).

6. ILLUSTRATION

In this section, we use the data given by Proschan [10], on the
time of successive failures of the air conditioning systems in jet
airplanes, and obtain the tolerance factors. One set of data (for
plane number 7907) on intervals between failures is given by 194, 15,
41, 29, 33 and 181. These are failure times after an overhaul; the

plane is overhauled once in 2000 hours. For this data

6
/
x = 82.16, N T (xi-§)2/5 = 82.12, min(data) =t = 15,
i=1

(xi-t) = Lo3.
1

n
I
T~ o

From formula (2.2), the B-content upper tolerance limit factor
(under the assumption of a two-parameter exponential distribution) is

determined from
t + as _gx-!z

PE% L/\ e © dx 2> B] = .

0



12

For a = .90, B = .90, from table [la], we obtain ) = .882, and the upper
tolerance limit is equal to 15 + (.882) (L03) = 370.Lk.

The B-content lower tolerance factor xz is determined from

= (x-u)
P[% k/ﬁ e 9 ax> s] = o

t + xzs
For & = .90, B = .90, from table [3a], we obtain Ay = - .066; and the
lower tolerance limit is equal to 15 - (.066)(403) = - 11.60.

For numerical comparison, we find the B-expectation tolerance
factors discussed in sections 4 and 5. The B-expectation upper tolerance
factor vy is given by

1
n-1

n
Vu T {(n+15(l-65} - L
and for B = .90 (and n = 6), is equal to v, = -537, and the upper
tolerance limit is 15 + (.537)(403) = 231.L41.
The lower R-expectation tolerance factor discussed in section 5 is

given by

Sl
[
._l

n
= - >
vz [ ] B] 1 for vz 0

and

L
-ih “‘l}
V) =14 ( ) l B ] for v, < 0.

. n
Since p = .90 and n = 6, B > ——

which implies Vz is negative and is
given by vy = -.01232, and the lower tolerance limit 1s equal to

15 + (-.01232)(403) = 10.0kL.
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7. REMARKS

In the past, for most problems Gaussian tolerance factors have been
used. For instance, in the Context of Ultimate Yield Strengths on 30
Hafnium specimens, Burrows [1] used the assumption of normality to
discuss the problem of tolerance limits. There may be several situations
where the assumption of normality is not valid. We made an attempt to
make available the B-content tolerance factors in the case of a two-
parameter exponential distribution. There is a need to make a theoretical
comparison of these B-content factors with the p-expectation tolerance

factors.
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TABLE la. PR-content Tolerance Factors (upper), Ay

for a Two-parameter Exponential Distribution

a= .90

é}g .8 -9 -95 .99 -999
3 2.450 3.733 5.028 8.0k45 12.370
L 1.254 1.876 2.501 3.958 6.045
5 .819 1.212 1.608 2.528 3.847
6 .599 .882 1.166 1.827 2.773
7 469 .688 .907 1.417 2,147
8 .38k .561 .739 1.151 1.742
9 .324 L72 .621 L0966 1.460
10 .279 Lot .53k .830 1.25k4
11 .25 .356 .L6e8 .726 1.096

12 .218 .317 415 gann .972
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TABLE 1b. PB-content Tolerance Factors (Upper) Xu

for a Two-parameter Exponential Distribution

a=.95
MNE .8 -9 .95 99 -999
3 3.681 5.598 7.533 12.046 18.517
L 1.696 2.533 3.375 5.337 8.149
5 1.048 1.550 2.055 3.230 4.913
6 .Th2 1.091 1.h41 2.256 3424
7 .567 .831 1.095 1.710 2.590
8 TS 666 .876 1.365 2.066
9 .379 .553 .726 1.130 1.708
10 .324 A7 .618 .960 1.450
11 .282 409 .536 .833 1.257
12 .2h9 .361 473 .73% 1.107
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TABLE 2a. Values of n x%%i%:gl

Q= .90

B .8 -9 95 -99 -999

n 10.31 21.85 L4 .89 229,10 2301.43

TABLE 2b. Values of n x%%i%:gl

a=.95

B .8 .9 .95 .99 -999
n 13.42 28.43 58.40 298.07 299k , 23
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TABLE %a. pB-content Tolerance Factors (lower), Ay
for a Two-parameter Exponential Distribution
a=.90
NG .8 -9 .95 -99 0.999
3 -0.421 -0.567 -0.643 -0.705 -0.719
L -0.150 -0.218 -0.253 -0.281 -0.288
5 - .069 - .112 - .13L -0.151 -0.155
6 - .035 - .066 - .082 -0.09k -0.097
7 - .019 - .0L43 - .055 -0.064 -0.067
8 - .010 -0.028 - .039 -0.047 -0.048
9 - .00k -0.020 - .029 -0.035 -0.037
10 - .000 -0.015 - .022 -0.028 -0.029
11 -0.011 - 017 -0.022 -0.023
12 -0.008 - .0lk -0.018 -0.019




TABLE 3b.

B-content Tolerance Factors (lower), VL

for a Two-parameter Exponential Distribution

a = .95

NS 0.8 -9 -9 -99 -999
3 -.7133 -9%9 ~1.0k7 -1.1%5 -1.155

L -.254 .3h0 - .38k - k2o - .L428

5 -.120 171 - .197 - .218 - .22

6 -.065 .101 - .119 - .133 - .136

7 -.03%9 . 065 - .079 - .090 - .092

8 -.024 .05 - .056 - .065 - .067

9 -.015 .0%2 - .okl - .09 - .050

10 -.009 .02k - .0%2 - .038 - .0%9
11 -.005 .018 - .025 - .025 - .0%2
002 .01k - .020 - .021 - .026

12 -.




ORNL-4981
UC-32 — Mathematics and Computers

INTERNAL DISTRIBUTION

1-3. Central Research Library 56. D. G. Gosslee
4. ORNL — Y-12 Technical Library 57. L. J. Gray
Document Reference Section 58. T. L. Hebble
5-24. Laboratory Records Department 59. R. F. Hibbs
25. Laboratory Records, ORNL R.C. 60. G. S. Lemons
26. ORNL Patent Office 61l. W. E. Lever
27-46. Computer Sciences Division Library 62. F. L. Miller
47. C. K. Bayne 63. T. J. Mitchell
48, J. J. Beauchamp 64. H. Postma
49. K. 0. Bowman 65. B. K. Shelton
50. A. A. Brooks 66. Milton Sobel
51. H. P. Carter 67. J. G. Sullivan
52. S. J. Chang 68-92. V. R. R. Uppuluri
53. R. R. Coveyou 93. C. S. Williams
54. F. L. Culler 94. A. Zucker
55. D. A. Gardiner

EXTERNAL DISTRIBUTION

95-119. S. A. Patil, 240 W. Propspect Street, Ft. Collins, Colorado

80521

120. J. N. Rogers, Division 8321, Sandia Laboratories, Post Office
Box 969, Livermore, California 94550

121. M. E. Rose, Mathematical and Computer Sciences Program,
Molecular Sciences and Energy Research, U.S. Atomic Energy
Commission, Washington, D.C. 20545

122. Gordon L. Walker, American Mathematical Society, 321 South Main
Street, Post Office Box 6248, Providence, Rhode Island 02904

123. Gerald Estrin, Department of Engineering, University of
California, Los Angeles, California 90024

124. H. B. Keller, Applied Mathematics, California Institute of
Technology, Pasadena, California 91109

125. Garrett Birkhoff, Department of Mathematics, Harvard University,
2 Divinity Avenue, Cambridge, Massachusetts 02138

126. C. W. Gear, Department of Computer Science, University of
Illinois, Urbana, Illinois 61803

127. Michael J. Flynn, Department of Computer Sciences, Johns
Hopkins University, Baltimore, Maryland 21218

128. Richard S. Varga, Department of Mathematics, Kent State University,
Kent, Ohio 44240

129. B. E. Hubbard, Institute for Fluid Dynamics & Applied
Mathematics, University of Maryland, College Park, Maryland
20742

130. John S. Coleman, National Academy of Sciences, National
Research Council, 2101 Constitution Avenue, Washington, D.C.
20418



131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142,

143.

144,

145.

146.

147.

148.
149-325.

22

Erwin H. Bareiss, Department of Computer Sciences & Engineering
Sciences, Northwestern University, Evanston, Illinois 60201
John W. Tukey, Department of Statistics, Princeton University,
Princeton, New Jersey 08540

G. S. Watson, Department of Statistics, Princeton University,
Princeton, New Jersey 08540

Richard Bellman, University of Southern California, University
Park, Los Angeles, California 90007

George B. Dantzig, Department of Operations Research, Stanford
University, Stanford, California 94305

Gene H. Golub, Computer Science Department, Stanford University,
Stanford, California 94305

Clair G. Maple, Mathematics & Computer Division, Ames Laboratory,
Iowa State University, Ames, Iowa 50010

Richard J. Royston, Applied Mathematics Division, Argonne
National Laboratory, 9700 South Cass Avenue, Argonne, Illinois
60439

Yoshio Shimamoto, Applied Mathematics Department, Brookhaven
National Laboratory, Upton, Long Island, New York 11973

James Baker, Mathematics and Computing, Building 50-A, Room
1140, Lawrence Berkeley Laboratory, University of California,
Berkeley, California 94720

Sidney Fernbach, Computation Division, Lawrence Livermore Lab.,
Post Office Box 808, Livermore, California 94550

Nicholas Metropolis, Room C-6, Los Alamos Scientific Laboratory,
University of California, Post Office Box 1663, Los Alamos,

New Mexico 87544

William R. McSpadden, Theory & Analyses, Battelle Memorial
Institute, Pacific Northwest Laboratory, Post Office Box 999,
Richland, Washington 99352

Paul Garabedian, AEC Computing & Applied Mathematics Center,
Courant Institute of Mathematical Sciences, New York
University, 251 Mercer Street, New York, New York 10012
Gustavus J. Simmons, Department of Mathematics and Computer
Science, Sandia Laboratories, Post Office Box 5800,
Albuquerque, New Mexico 87115

V. A. Kamath, Scientific Advisor, Attention: P. K. Patwardhan,
Bhabha Atomic Research Center, Trombay, Bombay, India

Research and Technical Support Division, AEC-ORO

Patent Office, AEC-ORO

Given distribution as shown in TID-4500 under Mathematics and
Computers category (25 copies — NTIS)



	image0001
	image0002
	image0003

