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CALCULATION OF MAGNETIC FIELDS FROM TIME-VARYING CURRENTS -_ 
I N  THE PRESENCE OF CONDUCTORS1 

C .  V .  Dodd W .  E. Deeds2 

ABSTRACT 

W e  have de r ived  t h e  equa t ions  f o r  t h e  magnetic f i e l d  
f o r  t h e  case  of a c y l i n d r i c a l l y  symmetric c o i l  of rec- 
t a n g u l a r  cross s e c t i o n  being d r i v e n  by a s i n u s o i d a l  
c u r r e n t  above conducting p l a t e s .  Computer programs w e r e  
w r i t t e n  t o  numer i ca l ly  e v a l u a t e  t h e s e  equa t ions .  

The most g e n e r a l  program c a l c u l a t e s  t h e  f i e l d  f o r  a 
c o i l  above m u l t i p l e  (up t o  9)  p l a t e s ,  each having any 
r e s i s t i v i t y  and th i ckness .  The f i e l d  is c a l c u l a t e d  any- 
where i n  or behind t h e  conductors ,  and € o r  f i v e  d i f f e r e n t  
v a l u e s  of coil-to-conductor spac ing .  The t o t a l  eddy- 
c u r r e n t  power d i s s i p a t e d  i n  the  conductors  is  a l s o  
c a l c u l a t e d ,  as w e l l  as t h e  magnetic f i e l d  a t  t h e  c e n t e r  
of t h e  c o i l .  

The c a l c u l a t i o n s  a g r e e  wi th  c a l c u l a t i o n s  and exper- 
imen ta l  measurements performed by o t h e r s ,  a l though only  
a few cases could be compared. 

a n a l y s i s  of p u l s e s ,  t h e  power d e n s i t y ,  and the eddy- 
c u r r e n t  f o r c e  denslity; bu t  no programs have been w r i t t e n  
f o r  t h e s e .  

Equat ions  have a l s o  been d e r i v e d  f o r  t h e  F o u r i e r  

*Funding provided by t h e  Superconducting Magnet Development 

2Consul tan t  from The U n i v e r s i t y  of Tennessee. 

Program of t h e  Thermonuclear D iv i s ion .  
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INTRODUCTION 

Eddy c u r r e n t s  have been used f o r  many y e a r s  t o  n o r d e s t r u c t i v e l y  
t es t  c r i t i c a l  components i n  t h e  nuc lear  and a i r c r a f t  i n d u s t r i e s .  I n  
r e c e n t  y e a r s ,  many advances have been made i n  t h e  a n a l y t i c a l  solut:i.on 
of eddy-current problems. In 1963, r e l a x a t i o n  o r  f i n i t e  d i f f e r e n c e  
c a l c u l a t i o n s  were made for a number of eddy-current problems. ' ' ' 
These c a l c u l a t i o n s  w e r e  r e l a t i v e l y  expensive t o  perform and w e r e  n o t  
v e r y  a c c u r a t e  (-10%)) b u t  t h e y  were v e r y  g e n e r a l .  

Later, i n t e g r a l  e q u a t i o n s  were obta:ined ' ' ' O * for c o i l s  
above conducting p l a n e s  and c o i l s  c o a x i a l  w i t h  m u l t i p l e  c y l i n d e r s .  

3C. V. Dodd, "Eddy-Current Impedance Calcula ted  by a Relaxat ion 
Method," pp. 300-14 i n  Proceedings of the  Symposium on Physics and 
Nondestructive Yesting, Southwest Research I n s t i t u t e ,  Sari Antonio , 
Texas, 1963. 

'C. V.  Dodd, A Solution t o  Electromagnetic Induckion Problems, 
ORNL-TM-1185 (August 1965).  M.S. T h e s i s ,  The U n i v e r s i t y  of Tennessee,  

'C. V .  Dodd, Solutions t o  EZectrofflnynetic I%ducI;.Con ProbZsms, 
ORNL-TM-1842 (.June 1967) .  Ph.D, T h e s i s ,  The U n i v e r s i t y  of Tennessee.  

6J .  N. T u n s t a l l  and C .  V .  Dodd 111, A Computer Program t o  Solve 
Eddy-Current Problems, K-1740 ( A p r i l  1968).  

7 C .  V.  Dodd and W. E. Deeds, "Analyt.i.ca1 S o l u t i o n s  t o  Eddy-Current 
Probe C o i l  Probl.ems," J. A p p l .  Phys. 39(6):  2 8 2 F 3 8  (May 1968).  

'C. V .  Dodd, W. E. Deeds, J.  W. Luquire ,  and W. G.  Spoer i ,  Some Eddy- 
Curz.ent Problems and Their Integral Solutions,  ORNL-4384 ( A p r i l  1969) .  

'C. V.  Dodd, W, E.  Deeds, and J. W. Luquire ,  " I n t e g r a l  S o l u t i o n s  
t o  Some Eddy Current  Problems, 'I I n t .  J .  Nondestr. Test. l(1): 29-90 
(June 1969).  

D i s t r i b u t i o n  Between Planar  Conductors," J .  A p p l .  Phys. 41(10) : 398.3-91 
(September 1'370). 

llJ, W. Luquire,  W. E. Deeds, and C. V .  Dodd, "Axial ly  Symmetr ic  
Eddy Currents  i n  a Spherical .  Conductors,' '  J. AppZ.  Phys. 4 1 ( 1 0 ) :  3976-82 
(September 1 9 7 0 ) .  

Probe C o i l s  Near Stratifrl-ed Conductors," int;. J .  Nondestr. Tes t .  3(2 )  : 
1 0 F 3 0  (September 1 9 7 1 ) .  

l o J .  W. Luquire ,  W, E. Deeds, and C .  V .  Dodd, "Alt:ernating Current  

C .  C.  Cheng, C .  V .  Dodd, and W. E. Deeds, "General Analys is  of 1 2  
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Computer p r o g r a m s 1 3 ' 1 4 ' 1 5 ' 1 G ' x 7  were w r i t t e n  f o r  t h e s e  cases and t h e  
resul ts  obta ined  were q u i t e  a c c u r a t e .  

Experiments have been designed u s i n g  t h e s e  programs and t h e  
r e s u l t s  have been q u i t  e good. I ' ' ' ' ' ' 

In all of t h e s e  eddy-current phenomena, w e  f i r s t  c a l c u l a t e d  t h e  
v e c t o r  p o t e n t i a l  and t h e n  c a l c u l a t e d  t h e  p h y s i c a l l y  observable  phenomena 
from t h e  v e c t o r  p o t e n t i a l .  
c o i l  v o l t a g e ,  c o i l  impedance, power l o s s  in a conductor ,  f o r c e  d e n s i t y  
i n  a conductor  and magnetic and electric f i e l d s  i n s i d e  o r  o u t s i d e  of 
a conductor.  
of a s i n u s o i d a l  d r i v i n g  c u r r e n t ,  any type  of c u r r e n t  p u l s e  can be obta ined  
us ing  a F o u r i e r  s y n t h e s i s .  

These phenomena i n c l u d e  eddy-current d e n s i t y ,  

Although t h e s e  c a l c u l a t i o n s  have been made w i t h  t h e  assumption 

I 3 C .  V. Dodd and W. E. Deeds, "Computer Design of Eddy-Current T e s t s , "  
pp. 199-203 in Proceedings of the  F i f t h  International Conference on 
Nondestructive Test-zkg,  Canada, 1967, The Queen's P r i n t e r ,  O t t a w a ,  
Canada, 1969. 

of Eddy-Current Problems w i t h  a Time-sharing Computer," Mater. El)aZ. 
27(7) : 165-68 ( J u l y  1969). 

"5. W. Luquire ,  W. E.  Deeds, C.  V. Dodd, and W .  G. Spoer i ,  Camputeri 
Programs for Some Eddy Current ProbZms, ORNL-TM-2501 (August 1969).  

"W. A. Simpson, J. W .  Luquire ,  C .  V. Dodd, and W .  G. S p o e r i ,  Computer 
Programs for Some Eddy-Current ProbZems - 1970, ORNL-TM-3295 (June 1971) .  

I 7 C .  V. Dodd, C. C .  Cheng, W. A. Simpson, D. A. Deeds, and J .  H. Smith, 
The AnaZysis of RefZeetion-Type CoiZs f o r  Eddy-Current Testing, ORNJL-TM-4107 
( A p r i l  1973). 

Detec t ion  i n  Eddy Current  Tes t ing ,"  Mater. E v n I .  29(3) : 59-63 (March 1971) .  

P e r m e a b i l i t y  Changes by Eddy-Current Techniques," Mater. EvaZ. 29(10):  
217-21 (October 1971).  

Eddy-Current Tachniques, ORNL-TM-3712 (March 1972) . 
Design of Inchction Probes f o r  Measurement o f  Leva2 of Lipid Metals, 
ORNL-TM-4175 (May 1973) .  

of lVucZear Contro'l Rods, ORNL-TM-4321 (September 1973).  

1 4 C .  V.  Dodd, W. E. Deeds, J .  W. Luquire,  and W. G. S p o e r i ,  "Analysis 

18Ce V. Dodd, W. E .  Deeds, and W. G. Spoer i ,  "Optimizing Defect 

"C. V.  Dodd and W. A.  Simpson, "Measurement of S m a l l  Magnetic 

2 o C .  V .  Dodd and W. A. Simpson, Jr., Thickness Measurements Us-lng 

21C. V .  Dodd, C.  C .  Cheng, C.  W. Nes tor ,  Jr.,  and R. B. H o f s t r a ,  

22C. V. Dodd, J. H. Smith, and W. A. Simpson, Eddy-Current EuaZuation 
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DERIVATIONS FROM THE VECTOR POTENTIAL 

The v e c t o r  p o t e n t i a l  i n  t h e  c o i l  r eg ion  f o r  a c o i l  above an  a r b i t r a r y  
number of conductors ,  as shown i n  Fig.  1, has  been de r ived  i n  t h e  f o r m :  

The f u n c t i o n s  J(R2,  R1) are def ined  as 

1 
ax 

The t e r m s  V (n,Z) r e p r e s e n t  t r ans fo rma t ion  ma t r ix  e lements  between 
t h e  f i r s t  r eg ion  (lowermost) and t h e  n t h  reg ion .  
given i n  another  paper ,12  and t h e i r  c a l c u l a t i o n  i.s given i n  o t h e r  p a p e r s .  
The p e r t i n e n t  computer program i s  i n  t h i s  paper .  
and p r o p e r t i e s  of t h e  conductors  are conta ined  i n  t h e s e  terms. The coi.1. 
l e n g t h ,  L 3 ,  t h e  c o i l  i nne r  and o u t e r  r a d i i ,  R 1  and R 2 ,  t,he mini-mum l i f t -  
o f f ,  L6,  and t h e  l i f t - o f f  increment ,  . L 2 ,  are shown i n  Fig.  1. The number 
of t u r n s  i.s N ,  and t h e  c u r r e n t  p e r  t u r n  i s  I. Due t o  t h e  a x i a l  symmetry, 
t h e  d i r e c t i o n  of t h e  v e c t o r  po ten t i a l .  w i l l  a l w a y s  be e n t i r e l y  i n  t h e  
9 d i r e c t i o n .  

1 2  Thei r  d e r i v a t i o n  is  

A l l  of t h e  dimensions 
1 2 ~ 1 7  

The vec to r  p o t e n t i a l  f o r  any reg ion ,  n ,  below t h e  c o i l  is  g iven  by: 
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ORNL-DWG 75-4600 

z k - I  

'k -2 

' k - 3  

= 2  

* I  

Fig.. 1. C o i l  Above M u l t i p l e  P lana r  Conductors.  

The P and Z components of t h e  magnet ic  f i e l d  can  be obta ined  from t h e  
v e c t o r  p o t e n t i a l  by t h e  r e l a t i o n s  ( i n  c y l i n d r i c a l  c o o r d i n a t e s ) :  

and 

The express ions  f o r  t h e  magnetic f i e l d  i n  any r eg ion  below t h e  c o i l  
( i n  terms of t h e  v a r i a b l e s  used i n  t h e  computer program) are: 
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All dimensions have been normalized by dividing the lengths by the coil 
mean radius 2, R: ,  and-qultiplying all a ' s  by A'5. 
as a, = ~1 + Jww,GnH and is dimensionless. 

The symbol a is defined n 

The P component is given by: 

The Z component of the field at the center of the coil is: 

The coil impedance' is given as: 
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The t o t a l  power d i s s i p a t e d  by t h e  eddy c u r r e n t s  f lowing i n  t h e  metal 
i s  1' U L Z ,  where I i s  t h e  RMS c u r r e n t  i n  t h e  f o i l .  

The t o t a l  power d i s s i p a t e d  then  becomes 

where 1 9  is  t h e  zero-to-peak c u r r e n t .  

converge (wi th  one excep t ion ) ,  t hey  are a l l  c a l c u l a t e d  i n  a s i n g l e  
i n t e g r a l  program, MAFGLD. The excep t ion  is  t h e  t e r m  

S ince  E q s .  (61,  ( 7 ) ,  (8), and (10) are very  s i m i l a r -  and r a p i d l y  

0 

xh ich  is  equa l  t o  t h e  magnetic f i e l d  of t h e  c o i l  i n  a i r  (with t h e  
c o e f f i c i e n t s  i n  f r o n t  of t h e  i n t e g r a l  f a c t o r e d  o u t ) :  

The expres s ion  i n  ( 1 2 )  i s  used i n  t h e  program i n  p l a c e  of t h e  expres s ion  
i n  (11) .  The program is  g iven  and d i scussed  i n  g r e a t e r  d e t a i l  later i n  
t h i s  r e p o r t .  

The d e n s i t y  of eddy c u r r e n t s  genera ted  i n  t h e  conductors  i s  g iven  by: 
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The eddy c u r r e n t s ,  a11 i n  t h e  8 d i r e c t i o n ,  are 

The power d i s s i p a t e d  per  u n i t  volume due t o  t h e  eddy c u r r e n t s  is: 

where @ is  t h e  phase a n g l e  between t h e  c u r r e n t  i n  t h e  c o i l  and t h e  v e c t o r  
p o t e n t i a l  a t  a p o i n t  i n  a metal-. 
u n i t  volume due t o  eddy c u r r e n t s  i s  

The i n s t a n t a n e o u s  power d i s s i p a t e d  p e r  

I f  a Four ie r  a n a l y s i s  i s  used,  t h e  v e c t o r  p o t e n t i a l  must be  f i r s t  

The eddy c u r r e n t  f o r c e  d e n s i t y  generated i n  any reg ion ,  n, i n  che 
sunmed, t h e n  squared.  

conductors  w i l l  be  

where 3 and B are t h e  magnetic f i e l d  components from a n  e x t e r n a l  
magnetic f i e l d .  The v e c t o r  p o t e n t i a l  m u s t  a g a i n  h e  expressed as n 
f u n c t i o n  of t j - m e ,  and m u l t i p l i e d  i n  t h i s  form. The F o u r i e r  components 
must be  summed t o  o b t a i n  t h e  v e c t o r  p o t e n t i a l  b e f o r e  m u l t i p l i c a t i o n  i n  
E q .  ( 1 7 ) .  The i n s t a n t a n e o u s  f o r c e  d e n s i t y  is  

r z 
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n The va lue  of A ( r , Z )  is  g iven  i n  E q .  ( 3 )  and t h e  tangent  of t h e  
ang le  $1 i s  t h e  r a t i o  of t h e  imaginary p a r t  of An(r ,Z> t o  t h e  real p a r t  
of A ~ ( P , z > ,  o r  

a A n ( r  Z) The v l u e  of - i s  t h e  r a d i a l  componen 
f i e l d ,  B n ( r , Z ) ,  and is  g iven  i n  E q .  ( 7 ) .  

P 

E t h e  magne i C  

The v a l u e  of y arAn(yl’z) a r  is t h e  2 component of t h e  magnetic f i e l d ,  
B n ( r , Z ) ,  and i s  g iven  i n  E q .  ( 6 ) .  2 

Due t o  the  l e n g t h  of t h e  expres s ions ,  they  w i l l  not  be r epea ted  
he re ,  but  all t h e  components f o r  t h e  expres s ions  are a l r e a d y  c a l c u l a t e d  
i n  t h e  computer program MAGFLD. 

c u r r e n t s ,  may be  c a l c u l a t e d  f o r  any wave form using Four ie r  s y n t h e s i s .  The 
c u r r e n t  wave f o r m  may be c a l c u l a t e d  f r o m  a series of s i n e  and c o s i n e  
f u n c t i o n s  as 

The v e c t o r  p o t e n t i a l s  and magnet ic  f i e l d s ,  a l r e a d y  g iven  €or  s i n u s o i d a l  
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( r , Z , m  u,) 

where 

sin (m w1 t f $ ) 

and 

Each c o e f f i c i e n t ,  am OPT b,, of t h i s  c u r r e n t  i s  s u b s t i t u t e d  f o r  T i n  
the e q u a t i o n  f o r  t h e  v e c t o r  p o t e n t i a l  o r  t h e  magnetic f i e l d ,  a t  a frequency 
rii wl. The Eqs.  ( 3 ) ,  ( 6 ) ,  and ( 7 )  can  t h e n  be c a l c u l a t e d  i n  a normal 
manner, for A ~ ( P , z , ~ ) ,  B ; ( P , Z , ~ ) ,  and B ; ( P , Z , ~ ) .  

Then, w e  can e x p r e s s  t h e  fields as 

n I f  w e  r e d e f i n e  A ( r , Z , m  w l )  so t h e  c a l c u l a t i o n  i s  made with  unit 
c u r r e n t  ( t h e  c o n s t a n t s  a and b ase f a c t o r e d  o u t ) ,  w e  have m m 
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sin (m w1 t + 

Thus, t h e  c o e f f i c i e n t s ,  and t h e r e f o r e  t h e  shape of t h e  inpu t  c u r r e n t  pu l se ,  
can be v a r i e d  t o  determine t h e  e f f e c t s  on t h e  vec to r  p o t e n t i a l  wi thout  
having t o  r e c a l c u l a t e  t h e  v a l u e s  of IAn(r,Z,m w l )  I .  
i n  g iven  r eg ions ,  t h e  v e c t o r  p o t e n t i a l s  must f i r s t  be summed over t h e  
f r equenc ie s ,  and then  t h e  power o r  f o r c e  d e n s i t i e s  m u l t i p l i e d  by t h e  
incrementa l  volumes and summed over  t h e  r eg ions .  

I n  o r d e r  t o  de te rmine  t h e  t o t a l  power d i s s i p a t e d  and t h e  t o t a l  f o r c e  

DISCUSSION OF MAGFLD 

The program, MAGFLD, is designed t o  c a l c u l a t e  t h e  magnet ic  f i e l d  
( i n  t e s l a s )  a t  any l o c a t i o n ,  r and 2, e i t h e r  i n  o r  behind t h e  metal from 
t h e  c o i l .  I n  a d d i t i o n ,  t h e  program c a l c u l a t e s  t h e  f i e l d  a t  t h e  c e n t e r  
of t h e  c o i l  and t h e  t o t a l  eddy-current power ( i n  w a t t s )  d i s s i p a t e d  by 
t h e  c o i l .  I n  a d d i t i o n ,  t h e  r a t i o  of t h e  a b s o l u t e  v a l u e  of t h e  f i e l d  
a t  t h e  p o i n t ,  P and 2, t o  t h e  f i e l d  a t  t h e  c e n t e r  i s  g iven .  The f i e l d  
has  both  an r and 2 component, and each of t h e s e  has  real and imaginary 
components. The c a l c u l a t i o n s  are made a t  f i v e  d i f f e r e n t  v a l u e s  of l i f t - o f f  
(coi l - to-conductor  spac ing ) .  The program numer ica l ly  i n t e g r a t e s  t h e  
in t eg rand  s t a r t i n g  wi th  c1 = 0 and i n c r e a s i n g .  
s t o p s  when t h e  r a t i o  of t h e  sum of t h e  changes t o  t h e  sum of t h e  i n t e g r a l s  
i s  less than  one p a r t  per  m i l l i o n .  The va lue  of a lpha ,  t h e  a b s o l u t e  
sum of t h e  i n t e g r a l s ,  t h e  a b s o l u t e  sum of t h e  las t  changes i n  t h e  i n t e g r a l s ,  
and t h e i r  r a t i o  are p r i n t e d  out  t o  show convergence. T h i s  p r i n t o u t  could 
probably be d e l e t e d  a f t e r  exper ience  is gained us ing  t h e  program. 

The inpu t  d a t a  t o  run 
t h e  program are given i n  Table  1. The s t a t emen t s  w i th  l i n e  numbers are 
typed i n t o  t h e  program, as shown i n  t h e  program l i s t i n g .  The DATA state- 
ments are used t o  d e f i n e  t h e  conductlors, and start i n  l i n e  800 wi th  t h e  
lowermost r eg ion ,  1, and i n c r e a s e  t o  t h e  k t h  r eg ion ,  u s u a l l y  an a i r  layer 
immediately below t h e  c o i l .  

The program l i s t i n g  and a sample run  are g iven  f o r  t h e  c o i l  shown i n  
F ig .  2 .  The program l i s t i n g  is " in t e r rup ted"  a t  var ious  p o i n t s  f o r  
exp lana t ions .  The a c t u a l  program s t a t emen t s  a l l  have l i n e  numbers, but  
t h e  exp lana t ions  do n o t .  

The program au tomat i ca l ly  

The program is  w r i t t e n  i n  t h e  BASIC language. 



1 2  

Table  1, Input  Data f o r  MAGPLD 

_____ - .... .....___I .-..- 

Line 
Number 

260 

270 

280 

330 

360 

420 

440 

45 0 

5 10 

520  

7 60 

7 7 0  

800 

8 10 

890 

Var iab le s ,  D e f i n i t i o n s , . i l d  U n i t s  

R 1  

R2 

L3 

L6 

N3 

1 9  

F 

L2 

N9 

N 8  

R 8  

27 

Inner r a d i u s  of c o i l  

Outer r a d i u s  of c o i l  

Length of c o i l  

Minimum spac ing  between 
c o i l  and 1st conductor 

Number of t u r n s  

Curren t  per t u r n  

Operating frequency 

Incrementa1 v a r i a t i o n  
i n  l i f t - o f f  

Number of l a y e r s  below 
c o i l  (number of 
conductors -1- 1 )  

Layer i n  which f i e l d  
i.s t o  be c a l c u l a t e d  

Rad ia l  l o c a t i o n  of 
f i e l d  p o i n t  

D i s t ance  of t h e  f i e l d  
below t h e  top  of t h e  
N8th l a y e r  

Meters 

Meters 

Meters 

Meters 

1 -  

Amperes, ze ro  t o  
peak 

Iler t Z 

Meters 

Meters 

Meters 

Data Statgments .. . 

DATA lElQ l E l O ,  1 
(any b ig  No.), (p; very l a r g e  f o r  a i r ) ,  ( r e l a t i v e  pe rmeab i l i t y )  

DATA ( t h i c k n e s s  of ( r e s i s t i v i t y  of 2nd ( r e l a t i v e  pe rmeab i l i t y  
2nd l a y e r  i n  l a y e r ) ,  o f  2nd Layer 
m e t e r s ) ,  

DATA (unused lElO I 
dumniy d a t a  (p of a i r )  , of a i r )  
p o i n t ) ,  
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O R N L -  OWG 75-4598 

-.xF-- - - *IR 0 .0 im I 
REGION 1 -----0.0508m - 

MINIMUM LIFT-OFF = 0.05 cm 
LIFT-OFF INCREMENT=O.OZS cm 

Fig. 2. Coil and Conductor Configuration f o r  Sample Run. 

A l l  dimensions a r e  normalized in terms of t h e  mean c o i l  r a d i u s ,  
R 5 ,  except t h e  thicknesses of t h e  regi-ons. (These a re  normalized i.11 a 
l a t e r  s u b r o u t i n e . )  

01065 
01070 
01075  
01080 
0108s 
O l Q Y O  
OllOO 
01110 
01115 
01 120 
01 1 2 5  
a1 127 
01130 
01490  

The calculation of BZ a t  t h e  center  of t h e  c o i l  f o r  the coil i n  a i r  
i s  performed next.  The c u r r e n t  density f a c t o r s  a r e  omitted. 
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The sums of t h e  in t eg rands  are set t o  zero  p r i o r  t o  t h e  s tar t  of t h e  
i n t e g r a t i o n .  

The i n t e g r a l  is computed from €31 t o  B2 i n  s t e p s  of S1.  The i n i t i a l  
v a l u e s  of B 1 ,  B2 and S1 are 0, 5 and 0.01, r e s p e c t i v e l y .  The in tegrand  
i s  eva lua ted  a t  t h e  midpoin ts  of t h e  small s t e p s ,  S1. The v a r i a b l e  of 
i n t e g r a t i o n ,  a, i s  des igna ted  2. A l l  c a l c u l a t i o n s  and summing of t h e  
in tegrand  are done i n  t h e  2000 subrou t ine .  When x i s  i n t e g r a t e d  over  
t h e  first range, new boundaries  are set. The i n t e g r a l  i s  checked for 
convergence, and t h e  s t e p  s i z e  S l  is  inc reased  depending OR x. The 
procedure is  repea ted  u n t i l  t h e  i n t e g r a l  converges or  u n t i l  x = 80.  
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J ( R 2 ,  R 1 ) / , x 2 ,  J O ( X  88) and J l ( z  R8)  are c a l c u l a t e d  i n  s u b r o u t i n e  
2700 and d e f i n e d  as J 5 ,  J O  and J1, r e s p e c t i v e l y .  Next t h e  exponent ia l  
f a c t o r s  are c.alculated wi th  approximations f o r  l a r g e  va lues .  

02020 d2=0  
0 2 0 3 0  d 6 = 0  
02080  > !5=0  
02100 I F  A*L2,20Ti-fEN2120 
02110 I J 2 = E X P ( - X * L 2 )  
02120 I F  X * L 6 > 2 0  TWEIV 2200  
0 2 1 3 0 id 6= EX F'( - X *L 6 3 
02200 IF X * L 3 > 1 5  THE\I 2230  
0 22 1 0 d S= t.X P ( - .X*L 31 '2 ) 
02230 d 3 =  1-kJ5*'bd5 

-xL2 

-xL G 

W2 = e , 

W 6 = e  , 

W 3 = 2 - e  9 

F15 = e 

-xL3 

-.xL3/2 

The f a c t o r s  f o r  t h e  real p a r t s  o f  t h e  in tegrand  are c a l c u l a t e d ,  

.-xL6 J ( R 2 ,  R1) Jo (x R8)  ( 1  - e -xL3)d f i~ ,  used in R ( n )  ( r , Z )  . 
2 2 A5 = e 

cr: 

J ( R 2 ,  R l )  .-2~L6 e-~L3/2 
2 A8 = 

X 

-xeL3 - e  I & ,  used f o r  R ( c e n t e r )  . 



J (R2 ,  R l )  .-2xLG (1 - E-sLs,2& 
6 A9 

X 

, i s  c a l c u l a t e d .  For -xL2 (J-2 ) The l i f t - o f f  exponen t i a l ,  L ( J )  = e 
l a r g e  v a l u e s  of z L 2 ( J  - I ) ,  t h e  exponen t i a l  is set  equa l  t o  ze ro .  

02270 L ( l ) = 1  
022k4C.l F311 J = 2  Td 5 
02290 L ( J ) = O  
02300 IF J*X*L2=-20 T.HE.V 2320 
02310 L<J)=vJ2*L(J-1) 
02320 NEAT J 

The complex f a c t o r s  are now calculated i n  s u b r o u t i n e  3200. 

-xL2 ( J - 1 )  QI + j Q 2 = e  

-xL2 ( J - 1  
&3 + j  Q4 = e 

Next, t h e  integrands are summed. The i n t e g r a n d s  are denoted as fo l lows :  
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Q235Q 
02360 
02370 
02380 
0.2390 
02400 
02410 
02450 
02430 

The program r e t u r n s  t o  l i n e  1680 and then  to 1660, where t h e  va lue  
of x i s  increased  by S1 and. the next v a l u e s  of t h e  in t eg rands  of t h e  
v a r i o u s  i n t e g r a l s  are c a l c u l a t e d .  The next  sub rou t ine  ca l l s  f o r  t he  
subrou t ines  t o  c a l c u l a t e  

J(H2’ R1), J i‘x R8)  and J l ( z  K8), des igna ted  J 5 ,  JO and J l  , 
3 0 

2 

r e s p e c t i v e l y .  The f u n c t i o n  

(x)& i s  c a l c u l a t e d  by e v a l u a t i n g  

The c a l l i n g  subrou t ines  are followed d i r e c t l y  by t h e  sub rou t ines  
t h a t  perform t h e  c a l c u l a t i o n s .  
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The next subroutines calculate the complex parts of the various 
integrands, and are probably the most complicated. 
a large number of metals, or equally well if the metals are not present. 
They m u s t  also work over the entire thickness and conductivity range of 
the metals without causing an overflow or underflow in the computer and 
stil.1 remain accurate. Following definitions used i n  ear l ie r  reports, 
we must calculate ( fo r  the terms used in Bn) 

They must work for 

2 3 9 2 4  

Z 

V ( k , l )  
2 2  

v 0  ( k , l )  
2 2  

X 

Since 0th Z n - l  and Z are negative numbers, as shown in F-g. 3 ,  and 
Tn and 27 are both positive, Zn-l .--- 2 = - (Tn - 2 7 ) .  

The right hand size of Eq. (27) then becomes 

V' ( k ,  1 )  
2 2  

23C. C. Cheng, C. V. Dodd, and W. E. Deeds, "General Analysis  of 
Probe Coils Near Stratified Conductors," Int .  J .  IVo-ndestr. Tes t .  3(2) :  
109-30 (September 1971). 

24C. V. Dodd, C. C. Cheng, W. A. Simpson, D. A. Deeds, and J. H .  Smith, 
The AnaZysis of Reflector T g p e  Coi Is f o r  Eddy-Currenb Testing, OWL-TM-4107 
(April 1 9 7 3 ) .  
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QRNt-DWG 75-4599 

c FIELD POINT 
2,-I 

Fig. 3 .  P o i n t  Where F i e l d  i s  Calcula ted  i n  n t h  Region. 

‘ n  For t h e  terms used i n  B w e  have 
2- 

v’ f n , l )  
2 2  

v ( k , l )  
2 2  

I 
For t h e  

The V,& 
r eg ion  n and 

For t h e  

terms used i n  B c e n t e r  and the  c o i l  impedance w e  have: 

v ( k , l )  v-- f k , l i  
2 2  2 2  

(n , l )  are r e f e r r e d  t o  as t h e  t r ans fo rma t ion  matrices between 
r eg ion  1 and are c a l c u l a t e d  i n  t h e  following manner. 
case where we are i n  r eg ion  1 ( t h e  lowermost r eg ion )  w e  have 



22 

(1) We c a l c u l a t e  t h e  numerical  v a l u e  of t h e  first t ransformat ion  m a t r i x  
as 

where 

and i s  dimensionless .  
wi th  index n ,  ( 2 )  then  w e  determine t h e  numerical  v a l u e  f o r  t h e  f o u r  
e lements  of t h e  t ransformat ion  t o  t h e  next  Sayer .  They are 

The p n  i s  t h e  r e l a t i v e  p e r m e a b i l i t y  of t h e  l a y e r  

and ( 3 )  from t h i s  w e  s h a l l  numer ica l ly  c a l c u l a t e :  

Step I i s  performed f o r  t h e  f i - r s t  reg ion .  
f o r  n = 3,  4 . . ., k .  

c a l c u l a t e  t h e  express ions  (28)  and (29)  also. T h i s  i s  how t h e  program 
works, except  f o r  t h e  " s p e c i a l  cases," which can become r a t h e r  com- 
p l i c a t e d .  
program s t e p s .  

S t e p s  2 and 3 are repea ted  

When w e  r e a c h  t h e  r e g i o n  c o n t a i n i n g  t h e  f i e l d  p o i n t ,  w e  must 

We s h a l l  t h e r e f o r e  g i v e  t h e i r  d i s c u s s i o n  a long  w i t h  t h e  
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03200 Q l = X C X  
03210 LI2=dl*:O1 
03220 Q = O  
03233 1 q = N 3  
03240 M l = S ( ? J )  
03250 U l = i l ( N )  
03260 ud Sub S0i)O 

The program has started at the uppermost region and i s  calculating 
Bn = X(N) 4- J’ Y ( N ) .  
conductors to determine the lowermost region of practical interest and 
s e t s  this region as region L (A77 in program). 
Regions lower than N7 have no effect on the answers and can be ngglected. 

The program steps downward through the layers of 

This occurs when ZaiTi  >2U. 

The program calculates the transformation between regions 1 and 2, 
Vit2(2,1), as given in Eq. (32). 
and V;,,(2,2) = V7 + j V 8 .  f3n-I is set equal to Bn in preparation for 
calculating the transformation to the next region. The program checks 
to see if the region containing the magnetic field point (N8) has been 
reached. If it has, it transfers to line 3510 for special handling. 
If it has not reached the field region, it progresses up through the 
conductor until the field region is reached. 
the transformation elements, t i j ( ~ ~ ~ n - 1 )  given in E q .  ( 3 4 ) ,  and subroutine 
5580 calculates V;,~(n,l) given in E q s .  (35) and ( 3 6 )  After each 
calculation, @,-I is set equal to f i n  in preparation for the next 
transformation. 

The program sets V ; , 2 ( 2 , 1 )  = V.3 + iJ4 

Subroutine 5300 calculates 
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Statement 3510 t r a n s f e r s  around i f  N7 ( t h e  lowermost r eg ion  of 
i n t e r e s t )  i s  equal  t o  o r  above t h e  N8 ( f i e l d  p o i n t )  r eg ion .  

03510 I F  A 8 c N 7 + 1  THEN 3 6 0 0  

The program next  c a l c u l a t e s  e -%(Tn = (Q1 - j Q2)/&6 in 
subroi l t ine 5710. The program then  c a l c u l a t e s  

and 

03520 
03530 
03540 
03542 
03544 
03546 
03548 
0 3 5 5 0  
0 3 5 6 0  
0 3 5 6 3  
0 3 5 6 5  

The program checks t o  see i f  t h e  lowermost r eg ion  of i n t e r e s t ,  N7, 
is  one r eg ion  below the  f i e l d  r eg ion ,  N 8 ,  equal  t o  N8, o r  above N 8 .  If 
s o ,  t h e  program t r a n s f e r s  t o  3680,  which con t inues  t h e  t r ans fo rma t ions  
on t o  t h e  c o i l  reg ion .  
t h e  f i e l d  reg ion)  and then  t r a n s f e r s  t o  3680. 

I f  no t ,  N7 i s  set equa l  t o  N8-1 (one r eg ion  below 
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For t h e  s p e c i a l  case where N7 = N 8 ,  t h e  equa t ions  used i n  t h e  
c a l c u l a t i o n  of Bn and 13' become 2 r 

v ( k , l )  
2 2  

v' ( k ,  1 ) 
2 2  

and 

These are c a l c u l a t e d  f o r  t h e  f i rs t  and second r e g i o n s  from l i n e s  3610 
t o  3645 .  
u n t i l  t h e  c o i l  r eg ion  is reached. 

Then t h e  program t r a n s f e r s  t o  3680 t o  con t inue  t h e  c a l c u l a t i o n  

03600 
036  10 
0 3 6 2 0  
03630 
03640 
03642 
03645 
03650 

For t h e  case where N? i s  above N 8 ,  t h e  B, and BZ components are 
set equa l  t o  zero  s i n c e  they  w i l l  have no s i g n i f i c a n t  c o n t r i b u t i o n .  

0 3 6 6 0  V 1 = i / 2 = 0  
0 3 6 6 5  iJ7=tli3=0 

The program con t inues  from t h e  N8 C I l a y e r  u n t i l  t h e  k t h  ( R 9 )  is  

( n , 2 )  i s  en te red  a t  an earlier p o i n t ,  and 2 f3 is m u l t i p l i e d  by t h e  
reached.  The t r ans fo rma t ion  subrou t ine  f o r  t h e  c a l c u l a t i o n  of t h e  

Q, 2 n 
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n n v a l u e  f o r  t h e  BZ and 13,. This  m u l t i p l i e s  Eqs. (37) and (38)  by 

The components are now div ided  by V 2 2 ( k , I ) ,  i n  a manner t o  reduce 
t h e  tendency t o  overflow. 

n 
z K2 i- j N 6  = B component i n  E q .  (27) ,  

n 
K 3  f- j N7 = B component i n  Eq* ( 2 8 ) .  

P 

This subrou t ine  c a l c u l a t e s  6,. I f  t h e  f a c t o r  r2upo i s  less than  
lo-’, t h e  program sets t h e  r e s i s t i v i t y  equa l  t o  i n f i n i t y ,  and makes a 
s i m p l i f i e d  c a l c u l a t i o n .  
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This subroutine calculates the transformation matrices as given in 
E q .  ( 3 4 ) .  The matrices are named in t h e  program as 

T (n,n-l) = 1'1 + j T2, 
1 1  

T (n,n-ll = T 3  + j T4, 
1 2  

T (n,n-I) = 2'5 + j T 6 ,  
21 

T (n,n-l) = T7 + j T 8 .  
2 2  

The next subroutine calculates the transformation matrices given in 
E q s .  (35) and ( 3 6 ) .  In addition, the factors in E q s .  ( 3 7 )  and ( 3 8 )  
[or the appropriate part of the numerators of Eqs.  (39) and ( 4 0 )  if 
N 7  = A781 are multiplied by 2 h. 
112 + j 112 for the I?$ part and U7 C j U8 for the Bg part. 
matrices are named in t h e  program as 

These factors are defined as 
The transformation 



28 

V' ( n , ] )  = V7 f j V 8 .  
2 2  

The next  sub rou t ine  i s  used t o  break a complex exponen t i a l  i n t o  i t s  
real and imaginary p a r t s .  

The next  sub rou t ine  i s  used t o  p r i n t  out  t h e  results  a f t e r  t h e  
i n t e g r a l  has converged. 
i n t e g r a l s  [ E q s .  
i n  f r o n t  of t h e  power i n t e g r a l  [ E q .  
c o n s t a n t ,  &2,  i s  used t o  c a l c u l a t e  I f 3 ~  ( c e n t e r )  I without  t h e  &2 f a c t o r s  
ou t  f r o n t .  
v a l u e s  of t h e  f i e l d s .  

The c o n s t a n t s  i n  f r o n t  of t h e  magnetic f i e l d  
( 6 ) ,  (7),  and (8 ) ]  are c a l c u l a t e d  as & I ,  and t h e  c o n s t a n t s  

(lo)] are c o l l e c t e d  as Q3. The 

This  i s  used in t h e  c a l c u l a t i o n  of t h e  r a t i o  of t he  a b s o l u t e  
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061708 
06010 
06015  
06U21u 
06,030 
4360.33 
06033 
0604Cl 
0 6 0 5 0  
09300 

A sample r u n  of t h e  program now fo l lows .  The f i r s t  t a b l e  i n  t h e  
p r i n t o u t  g i v e s  t h e  parameters  f o r  t h e  v a r i o u s  r e g i o n s ,  s t a r t i n g  w i t h  t h e  
fur thermost  r eg ion  from t h e  c o i l .  Next t h e  c o i l  and d r i v i n g  c u r r e n t  
parameters  and t h e  l o c a t i o n  of t h e  f i e l d  p o i n t  are given.  The next  t a b l e  
shows how t h e  i n t e g r a l s  converge as a f u n c t i o n  of a. A f t e r  convergence, 
t h e  complex v a l u e s  of B,, BZ and B c e n t e r ,  a long  wi th  t h e  r a t i o  of t h e  
magnitude of B p  and BZ t o  B c e n t e r  are p r i n t e d  f o r  each va lue  of c o i l  t o  
conductor  spac ing  ( l i f t - o f f ) .  Also,  t h e  eddy-current  power i s  given.  

The program, as now w r i t t e n ,  i s  extremely v e r s a t i l e ,  bu t  a t  t h e  
expense of running t i m e .  The running t ime may be shortened cons ide rab ly  
by (1) w r i t i n g  a subrou t ine  t o  c a l c u l a t e  t h e  s p e c i f i c  complex f u n c t i o n s  
used i n  t h e  p a r t i c u l a r  problem and (2)  omi t t i ng  t h e  v a r i a t i o n  i n  t h e  lift- 
o f f .  Programs t h a t  have inco rpora t ed  t h e s e  two f e a t u r e s  have running 
t i m e s  about  one-fourth of t h e  t i m e  of t h e  g e n e r a l  program. 

V E R I F I C A T I O N  AND T E S T I N G  OF THE PROGRAM 

The program has  been t e s t e d  and v e r i f i e d  by several d i f f e r e n t  methods. 
These i n c l u d e  comparison t o  some exper imenta l  measurements performed by 
A. P h i l i p p e ,  and some independent c a l c u l a t i o n s  performed by K. Kawashima. 
Add i t iona l  v e r i f i c a t i o n  i s  obta ined  by assuming t h e  conductor i s  a p e r f e c t  
conductor  and making a c a l c u l a t i o n  us ing  two c o i l s .  Also,  t h e  c a l c u l a t i o n s  
can be compared t o  eddy-current  c a l c u l a t i o n s  made f o r  nondes t ruc t ive  tests 
i n  some cases. The comparison between our  r e s u l t s  and those  of A.  P h i l i p p e  
and K. Kawashima i s  shown i n  Table  2. Note that no measurements o r  
comparisons w e r e  made of t h e  B, component. 

5A. P h i l i p p e ,  ControZe Non Destructif Pay Courants De Foueuult, 
EUR 4284 f ,  1969. 
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Table  2 .  Comparison of ORNL R e s u l t s  t o  Experimental  
Measurements by A.  P h i l i p p e  and C a l c u l a t i o n s  

by K. Kawashima 

BZ i n  Teslas a t  0.0175 m below t h e  c o i l  
r ,  

(mm) A .  P h i l i p p e  O W L  
MAGFLD Program K,  Kawashima ( r ead  from graph)  

0 8 . 6 1  x 10‘~ 9.04744 x lo-’ 9.04770 x 

3 8.21  8.73289 8.7332 

9 5.19 6.60743 6.60817 

18 2.71 2.79462 2.79530 

30 0.525 0.65125 0.65141 

The c o i l  and conductor parameters  used by A .  P h i l i p p e  are g iven  below 
i n  MKS u n i t s .  

Radius,  m 
Inner  
Outer 

L i f t - o f f ,  m 
C o i l  l e n g t h ,  m 
Frequency, H z  
Current ,  14 
Turns 
Conductor t h i c k n e s s ,  m 
R e s i s t i v i t y  p%cm 
Relative Permeabi l i ty  

0.009 
0.0095 
0.000 
0.037 
264 
1 
62 
0.0087 
20.833 
1.00 

I n  t h e  c a l c u l a t i o n s  by Kawashima, t h e  c o i l  w a s  assumed t o  have no 
t h i c k n e s s ,  which may account f o r  t h e  s l i g h t  d i f f e r e n c e s  i n  t h e  c a l c u l a t i o n s .  

C a l c u l a t i o n s  w e r e  a l s o  made assuming t h a t  t h e  conductor  w a s  p e r f e c t  
and t h a t  it could b e  r e p l a c e d  by a n  image c o i l .  For t h e  f i e l d  a long  t h e  
a x i s  of a c o i l ,  a d i s t a n c e  L from t h e  coil. f a c e ,  we  have: 
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Evalua t ing  t h e  f i e l d  a t  t h e  c e n t e r  of t h e  c o i l  and s u b t r a c t i n g  t h e  f i e l d  
a t  a p o i n t  L 3  g i v e s  BZ = 0.51224 -- 0.38753 = 0 . 1 2 4 7 1  f o r  3 perEect 
r e I l e c t o r .  
c a l c u l a t i o n s .  

i n  t h e  c a l c u l a t i o n  of t h e  power w e  have 52.906 W c a l c u l a t e d  i n  
t h e  program compared co 52.912 c a l c u l a t e d  by a s e p a r a t e  eddy-current pro- 
gram f o r  c o i l  impedance, which has been expe r imen ta l ly  v e r i f i e d  t o  w i t h i n  
about 0.5Z 

The c a l c u l a t i o n  of 32 ( c e n t e r )  f o r  t h e  c o i l  i n  air, Eq. (11), a g r e e s  
w i t h  t h e  v a l u e  c a l c u l a t e d  by t h e  exac t  formula,  Eq. (121, t o  w i t h i n  a few 
p a r t s  per m i l l i o n .  However, Eq. (11) must b e  numer ica l ly  i n t e g r a t e d  from 
0 t o  34,000 b e f o r e  i t  converges. 

BZ .= 0.15875 f o r  t h e  imperfec t  conductor used i n  t h e  sample 

SUMMARY, CONCLUSIONS,  AND RECOMMENDATIONS 

The program, i n  i t s  p r e s e n t  s ta te ,  i s  a c c u r a t e  and v e r s a t i l e .  While 
some exper imenta l  conf i rma t ions  have been made, w e  need measurements on t h e  
Bp components. The program can be  extended t o  c a l c u l a t e  t h e  eddy-current 
d e n s i t y ,  h e a t i n g  d e n s i t y  and force d e n s i t y  f o r  a l a t t i ce  of p o i n t s .  F u r t h e r  
e x t e n s i o n s  would allow t h e  s y n t h e s i s  of p u l s e s  by F o u r i e r  techniques .  It 
i s  recommended that: t h e  program be s p e c i a l i z e d  t o  fewer conductors and 
converted t o  F o r t r a n  f o r  t h e s e  ex tens ions .  The de r ived  equa t ions  show how 
t h e  v a r i o u s  parameters  c a l c u l a t e d  can be s c a l e d  i n  t e r m s  of s i z e ,  current:, 
t u r n s  and frequency. Thus exper imenta l  r e s u l t s  from small-scale models 
can be  extended t o  f u l l - s i z e  appa ra tus .  
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