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The concepts in t h i s  r epor t  were developed i n  extended i n t e r a c t i o n s  

with Lee Berry, J-irn Callen,  Bob Dory, Martin kng, and Fred Marcus, all 

of OFWL, and w f t h  D ie t e r  Sj-Fpar of MIT. 

figures were performed by Martin Peng and B A  Dory., 

Calculations m s u l t i n g  in t h e  

Ind iv idua l  pvinl.i- 

c a t i o n s  r e f l e c t i n g  t h e  work which I have summarized win.]. be appea:ri.ng 

s hvrt ly . 





J. F, Clerke 

In any magnet ica l ly  confined fusion device, t h e r e  i s  a preiriiiun ot 

opera t ion  a t  t h e  'nighest p o s s i b l e  'ueta because the fus ion  power output  

at, a f i x e d  magnet,ie F i e l d  depends un the square o f  the b e t a .  Since much 

o f  t h e  c a p i t a l  cost o f  8 magnet? c a l l y  confined I'usion reactor i s  associazed 

wi th  t h e  product ion of magnetic f i e l d s ,  high beta opera t ion  i s  a nt.r:essa~;r 

i ng red ien t  i n  the formula l ion  of a l o w  cap i t a l  cos t  system. d i t h  regard 

t o  tokamaks, t h e r e  i s  a wide1.y held conception t h a t  t h e  a t t a i n a b l e  b y t a  

Ts l i m i t e d  by equi l ibr ium c o n s t r a i n t s .  T h i s  has l e d  t o  t h e  design o f  a 

xirunber of low b e t a  tokamak reactor  systpms, and has thercby h p 0 s e d  scxvc'r'c 

constraints om t h e  econoinie v i ab i l i - t y  of' these systems. I-'' 

pupose  of this inern0 t o  show that t h i s  w i d e l y  i ised be t& IirnTt on tokamaks 

is highly dependerit on the metho? of achieving t h e  high beta  equilibrium 

and thal, a class  or sysixms ex is t s  which i s  n o t  sub,jpct t o  any eyui2i l ; -  

r i m  beta limit a t  all. In t h e s e  systems t h e  u l t ima te  l i m i t a t i o n  on beta 

must, be found fron; magneto-hydrodynamics (MIID) s t a b i l i t y  theory, not from 

equi l ibr ium considerations. 

Tt is the 

The o r i g i n  of" t h e  bel ief  in an equTl-fbrfim beta l i m i - t  i n  tokmaks  
5 i s  connected w i t h  the ear ly  work of Shafranov, I n  h i s  considerati .ons,  

Shafranov a r r i v e d  a t  l i m i t i - n g  val!ies of p o l o i d a l  beta determined by t tie 

condSti.on t h a t  a separatrix in the magnetic s t r u c t u r e  cotncided with t h e  

suyf'ace of tbe plasma. This can Fe v i s u a l i z e d  by r e f e r r i n g  t o  E'ig, 1, 

w h i c h  shows . t h t ~ t  the b a s i c  equ-lli?jri.um f i e L d  of a tokcmmB is made up by 

t h e  siiperposn'.-t;iori of a p o l o i d a l  f i e l d  on a v e r t i c a l  f i e ld .  

poloidal .  f i e l d .  and the v e r t i c a l  f i e l d  are in oppos i te  d i r e c t i o n s  on t h e  

interior of t h e  t l x u s ,  Shafranov showed that f o r  t w o  p a r t i c u l a r  cu r ren t  

d i s t r i b u t i o n s ,  a skin currerrt and a uniform cu r ren t  d i s t , r i bu t ion  through- 

out; Lhe plasma, a s o l u t i o n  exis ts  i n  which a scparal;ri.x coricides wi.!;h l,he 

Si.nce .I;ht? 
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k s g .  1. Figure  1 shows the  superposition 0-6 ficlds providing major 
radius equilibrium i n  a low be ta  tokamak. 
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innermost sur face  of t h e  plasma Lorus I Fcf'erring 

imagines t h a t  t h e  plasma p res su re  i s  increased  i n  

t h a t  t h e  p o l o i d a l  f i e l d  surrounding t h e  plasma i s  

system will expand i n  major radius. Major yadius 

maintained by an inc rease  i n  the v e r t i c a l  V i e L d .  

t o  Fig.  I, i f '  one 

t h e  shaded a r m  erld 

not  i.ncreased, t h e  

equilibrium inl i s t  be 

'This w i l l  inevi tabl ,y  

l e a d  t o  the s e p a r a t r i x ,  shown on t h e  r i g h t  of  :ii'ig. I, approaching and 

f i n a l l y  in - t e r sec t ing  the sv.rf"ace of' t h e  plasma. Am a n a l y s i s  of t h i s  

sequence of events  y i e l d s  t h e  r e s u l t  khat .the maximum p i i l o i d a l  b e t a ,  B:, 
corresponds roughly t o  t h e  aspec t  r a t i o  of  t h e  plasma. 

However, i n  beginning his ana lys i s ,  Shafranov notes  that " t h e  

c r i t i c a l  va lue  I3 , depends Q~-I cur ren t  d i s t r i b u t i o n  3.n the configurati-on. I '  

Except i n  c e r t a i n  ideal cases ,  t h e  argument based on a cons idera t ion  of' 

t h e  magnetic f i e l d  i n  Fig.  1 i s  flawed by t h e  fi'act t h a t  it does not, take 

proper  account of t,he changes i n  p o l o i d a l  f i e l d  which ~5.11 Po' l low upon 

the imcrease of beta. If t h e  plasma c u r r e n t s  flowing wit;hi.n t h e  shaded 

mea of  F ig .  I are tbemselves r e spons ib l e  f o r  provid ing  some of t h e  

v e r t i c a l  f ield RL necessary  for. equilibPium, i t  i s  conceivable  t h a t  t h e  

increased  ver t ica l  f t c l d  c o u l d  Fe added i n  an  asymmetric manner (See 

Fig .  2 ) .  

modated wi thout  moving t h e  s e p a r a t r i x  appreciabljr  closer t o  t h e  su r face  

of t h e  plasma, Noting this a t  the conclusion of" h i s  anaLysis, Shaf'rnrroT/ 

remark-s : 

"15, should be borne i n  mind t h a t  t h e  presence 9f a c r i t i c a l  
pc, g e n e r a l l y  speaking, does not mean that ;  the value !2f permissible 1 
psawna p res su re  i n  t h e  tokanak b.as a l i m i t .  Tn f a c t ,  let, a plasma 
eol-win be genera ted  i n s i d e  an i d e a l  casing.  If the plasma i s  
r a p i d l y  heated suf f ie i .en t ly-  so t h a t  t h e  condi t ion  of ' f r e e z i n g ?  
of t h e  rnagne-tic f i e l d  i n  the plasma i s  sat isf ied,  then  t h e  i;opol.ogy 
of  t h e  magnetic eonf igu ra t ion  cannot be d is turbed ,  i.e., even on 
unl . imi ted  h e r e a s e  o f  p r e s s u n ~ ,  t h e  topology of t h e  encl.osed toroidal .  
magnet 5e surfaces w i t  '!I ~ a e  magnetic axis L kieore-t ica3-I-y remains 
unchanged, " 

As an example of this l a t t e r  condi t ion,  Shafranov refers t o  t h e  work ol" 

Callen and Dory. 

c 

I n  t h i s  case t h e  inc rease  of plasma p res su re  could.  be accom- 

6 

1n t h i s  wo;Pk, f:JaI.len and Dory analyzed t h e  condi t ions  for a t t a i n i n g  

hi.gh beta e q x L l Y o r i a  i n  axi.symme1;r.i.c tokamak conf igu ra t ions .  They a l s o  

show t h a t  t he  f l u x  func t ion  desc r ib ing  .the magnekic s u r f a c e s  contaimj.n.g 



t h e  plasma can be obtained from: 

, 
where Y i s  t h e  plasma flux func t ion ,  R i s  t h e  major rad ius ,  p i.s t h e  

d e r i v a t i v e  of' t h e  plasma pressure  w-ith respec t  t o  magnetic flux, and F 

i s  equal. t o  RB They d-emonstrated t h a t  equi l - ibr ia  e x i s t  f o r  p o l o i d a l  

b e t a  i n  excess of the  aspec t  r a t i o  without a s e p a r a t r i x  i n t e r s e c t i n g  t h e  

su r face  of t h e  plasma. 

m. 

IIowever, t h e s e  high b e t a  equi..l.i-bria weye obtained by  e x p l o i t i n g  -the 

f a c t  t h a t  t h e  functi-on F i s  arbi 'crary i n  equil.i.brium theoz-y. Adjusting 

F i n  a manner' which kept t h e  t o t a l  cur-rent; cons tan t  l e d  t o  t h e  examp7.es 

of hlgh b e t a  e rp i1 ibr i .a  shown .;.ti Fig.  3. Since these c a l c u l a t i o n s  were 

done f o r  a system i n  which t h e  aspec t  r a t i o  A i.s equal  -to three, it i s  

c l e a r  t h a t  t h e r e  i.s no l i m i t a t i o n  of B < A  as far as t h e  eyuil.ib-n.ium i.s 

concerned. However, Cal len and Dory noted t h a t  a l though Lhe func t ion  F' 

i s  arbi'crary i n  equi l ibr ium theory,  it i s  r e l a t e d  t o  o'iher c h a r a c t e r i s - t i c s  

of t h e  system such as t h e  val-ue of t h e  " s a f e t y  f a c t o r "  g. 'Thus t h e  eyiii- 

1 ib r i . a  shown i-n. Fig.  2 do not r ep resen t  s t a t e s  of a s i n g l e  system. 

P 

Cailen an? Dory found t h a t  althoiigh they  could attain high S e t a  

equi1ibrri.a by manjpula'cioii of t h e  func t ion  F -to ma.intain cons tan t  cu r ren t ,  

t hey  were simu1.taneoousl.y manipulating the q p r o f i l e  of the eqiiilibriurfl. 

They a l s o  found khat as t h e y  i.i?creased p o l o i d a l  b e t a  by v a r y h g  t h e  'u i lc t ion  

F from low b e t a  t o  high b e t a ,  t h e  q on a x i s  dropped below 1. It was f e l t  

L11%j:~ t h i s  would provide a s t a b i l i - t y  Lirnitati.on on t h e  s t t a i n a b l e  poloidal  

b e t a  unless  t h e  plasma cu r ren t  was dropped. as p o l o i d a l  b e t a  vas increased.  

The above ana1.ysi.s and computation i l l u s t r a t e  t h e  f a c t  t h a t  t h e  

spec i r i ca t i -on  of a I.i.miting 8 OT f3 i n  a tokamak i s  a process  involving 
P 

several. varia'bl.es e The c a l c u l a t i o n s  of Cal.l.en and Dory a l s o  i n d i c a t e  

t h a t  t h e r e  i s  -10 simp]-e r e l a t i o n s h i p  between -tutal. P and fl i.n h igh  b e t a  

equi.1-ibria. This  follows from t h e  f a c t  t h a t  G q ,  ( 2 )  does not apply t o  

hi~gh b e t a  e q u i l i b r i a .  

P 

i- ST 

H R  
P 

q (Low S e t a )  = - .- * 
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Fig .  2. 
major radius equilibrium in a high beta tokamak. 
field within the plasma is produced by plasma currents. In a f lux 
conserving tokamak its distribution is such t ha t  no separatrix appears 
within the plasma as the beta is increased from low to high values, 

Figure 2 shows the superposition of fields necessary for 
The verticle magnetic 
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Fig.  3 .  Figure 3 shows the evolution o f  plasma mag1ieti.c flux 
su r faces  as the poloidal b e t a  i.s r a i s e d  i n  a non-flux conserving manner. 
Since h ighly  conducting plasmas conserve f l u x ,  t h e  sequence of  equilibria 
shown i.n Figure 3 does not represent states o f  a s i n g l e  phys ica l  system. 
However-, s ince  t h e  calciilations were perfarmed f o r  a to rus  wi th  am 
aspec t  r a t i o  of t h ree ,  it. i s  clear that t he  poloidall b e t a  i s  not  l i m i t e d  
by the aspect r a t io .  
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It, is i.mpo&ant t o  recognize t h a t  t h e  safety f a c t o r  q i.s a q u a n t l t g  

cons tan t  on an m t i r e  magnetic sur face .  . I t  i.s on ly  i n .  t h e  3 . . imi t ,  of" 1 . 0 ~  

beta which corresponds t o  e s s e n t i a l l y  concent r ic  magnetic su r faces  -ttia.t 

one can in te rpre t ,  q rin t e r m  of a l o e a l  rnagnet,ic field l i n e  p i t c h  as 5.n 

E q .  ( 2 ) .  I n  t he  general. case of a r b i t r a r y  beta,  q i s  def ined  as t h e  

r a t i o  of toroidal f l u x  t o  p o l o i d a l  f l u x  between two i n f i n i t e s i m a l l y  close 

f l u x  su r faces :  

It i s  easy t o  show the r e l a t i o n s h i p  between q and P, s i n c e  Eq. (3)  can be 

w r i t t e n  as 

-2 
where Ti' Is t h e  specific volume between two f l u x  su r faces  and K 
averaged over a f l u  surface. 

is 

Figure  4 shows t h e  d i f f e r e n c e  between high and low b e t a  e q u i l i b r i a  

w i th  regard  t o  t h e  ac tua l  f i e l d s  found w i t h i n  t h e  plasffia. In low b e t a  

t h e  plasma pres su re  and a slight t o r o i d a l  parmagnet i sm c r e a t e  an outward 

p res su re  which must be  balanced by t h e  p o l o i d a l  f i e l d  generated by the 

plasma curreat. I n  this circumstance t h e  f lux  su r faces  are n e a r l y  con- 

centric, an6 Eq. (2 )  a p p l i e s .  One can then  w r i t e  t h e  i d e n t i t y  

A s  t h e  beta i s  increased, however, t h e  toro ida l .  pasmagnet ism. i.s reversed  

and t h e  plasma becomes diamagnetic i n  t h e  toroidal f i e l d .  Thus t h e  

plasma p res su re  

the po1.oida.l f i e l d  c rea t ed  by the plasma c u r r e n t ,  

c i rc imstanee  there i s  8 r eve~sed  plasma cu r ren t  on t h e  i n t e r i o r  p e r t  of 

the plasma t o r u s  and an inc rease  i n  t h e  plasma cur ren t  i n  the ou te r  

now 'be balanced against b o t h  t h e  tnroidal .  f i e l d  and 

In f a c t ,  i n  t h i s  
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F i g .  4. Figure 4 i s  a schematic r ep resen ta t ion  of  t h e  c h a r a c t e r i s t i c s  
o f  tokamak cq i i i l i b r i a .  Figure 4a i n d i c a t e s  t h a t  a t  Isw beta t h e  plasma 
p res su re  and the  p res su re  duc t o  an inc rease  of Lhe t o r o i d a l  f i e l d  over 
i t s  vacuum value  are supported by t h e  po lo ida l  magnetic p re s su rc  generated 
by t h e  cu r ren t  J . 
r a i s e d  currents h o w  i n  the plasma such t h a t  t h e  t o r o i d a l  f i e l d  is  
reduced below i t s  vacuum value  and much of t h e  plasma p res su re  i.s supported 
by t h i s  t o r o i d a l  rnagnctic f i e l d  w e l l .  
d i s t r i b u t i o n  i n  t h e  plasma, h igh  b e t a  e q u i l i b r i a  can r e q u i r e  a negat ive  
t o r o i d a l  cu r ren t  t o  flow on t h e  i n t e r i o r  of t h e  to rus .  These c h a r a c t c r i s t i c s  
apply t o  a l l  high b e t a  e q u i l i b r i a .  

Figures  4b arid c show t h a t  as t h e  plasma p res su re  i s  

Depending an t h e  p r e c i s e  p re s su re  
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reg ion  of t h e  torus. 'The ratio of b e t a  t o  poloidal beta i n  t h i s  eircim- 

stmice i s  given by: 

because o f  the h ighly  d i s t o r t e d  equi l ibr ium sketched i n  F i g ,  3 ( r ) ,  t h e  

r a t i o  of magnetic f l e l d s  i n  R q .  (6) i s  not  s imply given by l/s 
Lquation ( 5 )  implies tha t  given a t o r o i - d a l  and p o l o i d a l  magnetic fic,Ld, 

an increase i n  pressure would increase t h e  total b e t a  and poloidal.. 'oel,a 

eqml'l.y. However, i n  t h e  h ighly  d i s top ted  high b e t a  equilibria shown i n  

Fig. 3, an ineremental pressure i nc rease  can he  shown t o  inc rease  beta  

m o m  t h a n  it incrmses po lo ida l  beta. This Pefleets the f ac t  that the 

surface averace vaiiie o f  t h e  po lo tda l  magnetic enei-:.;y dens i ty  i s  aP-fecf,ed 

as much by the  large s h i f t s  and d i s t o r t i o n s  experienced by high beta 

equi l i tJr ia .  as 5 j r  t h e  cu r ren t  o r i g i n a l l y  c l r iuen  i n  the plasma. In o t t e r  

words, the  plasma c m  c r e a t e  i t s  m n  equi l tbr ium po lo ida l  f i e l d  by s h i f ' t s  

of t h e  magnetic axis which cause the p o l o i d a l  magnetic field t o  i nc rease  

in t h c  oiuter rcgions o f  the  torus. Since the g a l s o  depends on tiiese 

s i" i f t s ,  as shown kJy Eq. (4), i t  i s  clear t h a t  ine plasma w i l l  sSaultaneousiy 

adjust i t s  s a f r t y  f a y t o r  as t h e  pressure i s  increased, 

2 2  A 

Tn an actlLal experiment;, p ressure  w i l l  be added t o  t h e  system ir! a 

prescr ibed  and e o n t r o l l a b l c  manner.; f o r  example, through Lhc use of 

neiitrai i n j e c t i  on. 'The necitral  iajecti i-m proress negins  by usin:: an  

o imica l ly  heated plasma as a t a r g e t ,  Many experiments have shown that 

t,hese ohmically heated plasmas are i n h e r e n t l y  1 ow b e t a .  ConsequentLy, 

the i n i t t a l  corrdi t ion from which experimental tokamaks will star t  the  
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THE FLUX- C'ONSERVIING EQIJLLiBRIUM 

Tn s i n g l e  f l u i d  MHE theory,  Ohm's l a w  i s  w r i t t e n  a s  

i f '  t h e  temperature  of t h e  plasma i s  s u f f i c i e n t l y  high, t h e  r e s i s t i v i t y  

term on t h e  righ-t-hand s i d e  of Eq. (7 )  can be omit.1;ed; t h e  le f t -hand  

s i d e  then  desc r ibes  the response of t h e  plasma t o  appli.ed e l e c t r i c  fields. 

It i s  easi ly  shown from Mam-ell's equat ions t h a t  Eq. (7 )  guarantees  t h a t  

f1 .u  i s  conserved wi th in  a plasma, 

S i i p l y  s t a t e d ,  f l u x  conserva t ioa  means t h a t  t h e  magnetic f l u x  l i n k i n g  

a plasma pressure  su r face  w i . l l  be  preserved i n  s p i t e  of changes i n  t h e  

shape o r  conf igura t ion  of t h a t  sur face .  Therefore,  the concept of f l i ix 

conservat ion can provide a r u l e  which al lows us t o  s e l e c t  t h e  p r e c i s e  

sequence of  e q u i l i b r i a  thrGUgi1 which a plasma w i l l  pass  during t h e  process  

of being heated - to  high be t a ,  From t h e  b a s i c  def in i t i .on  of q given i n  

Eq. (3), I t  i s  c l e a r  tha'i these f lux-conserving e q u i l i b r i a  w i l l  a l s o  

be q-conserving e q u i l i b r i a .  ' l 'his i s  a fundamental c h a r a c t e r i s t i c  which 

d i s t ingu i shes  t h i s  sequence o f  equi I . ib r ia  from those  computed by Cnllen 

and Dory. 

Before i m e  s t i ga t i ng t he char  a c 1; e,ri s t i c s of t he s e f 1u.x- c on s e w i n g  

equi l ibr ium, i.t must be remarked t h a t  flux conservat ion is not a concept 

which i s  being imposed upon the  plasma from t h e  ou t s ide .  A s  I-ong a s  t h e  

plasima r e s f s t i v i t y  i s  small enough t o  omit i n  E q ,  ( T ) ,  t h e  plasma w i l l  

move in response t o  e x t e r n a l  fo?--ces i n  such a way as t o  preserve  f l u x .  

A simple a n a l y s i s  of  maxwell.'^ equat ions w i l l  i n d i c a t e  t h a t  t h e  - t i m e  s c a l e  

on which one can neglect  p l a s m  r e s i s t i v i ty  wi th  regard t o  flux conser- 

va t ion  i s  



where 'cempesatures are giver? in keV and difriensions i n  cent i tnetem, For hcrt 

p re sen t  day exper'tments, t h i s  t h e  i s  on the order of  seconds, fIoweve-r, 

we  are not i n k r e s t e d  i n  t h e  time necessary t o  t o t a l l y  change thc f l u x  

wi th in  a plasma, ,I more relevant t h e  i s  one i n  which t h e  f l u x  cnnt3.g- 

u r a t i o n  changps snfficl-ent'ly t o  rnodiw t h e  equi l ibr ium disTr ibut ion  of' 

magnetic f i e l d s  w i t h i n  t h e  plasma. This  so-ca l led  conf igu ra t ion  time 

hus  been def ined  as : 

3 

1' = 4.9 TZ e ( n / 7 . 0 0 ) 2  see .  
e 

In cur ren t  experiments,  t h i s  time i s  on t h e  o rde r  of 1-00 msec. However, 

it should be noted t h a t  e x i s t i n g  l o w  beta ohmically heated tckvnaks a ~ r i v e  

a t  their  equi l ibr ium temperature  by Lraversirig a number of tu rbulen t  

r e s i s t i v e  sLages; consequently, f lux  conservat ion does not; play  a 1au.g.c 

p a r t  in t h e  s p e c i f i c c t t o n  of' t h e s e  i n i t i a l  e q u i l i b r l a .  }+'or f u t u r ~  devices ,  

Ep. (8) and (9) p r e d i c t  s k i n  t imes  and magnetic conf'igurati.cn t imes on 

t h e  o rde r  of tiuridruds o f  secorids, Since t h e s e  advanced machines will ar1-27:~ 

a t  t h e i r  high f,erriGerature, high b e t a  conf igu ra t ion  as a r e s u l t  of er;ritrolled 

hea t ing  on R tjme scal-e af nnly a few seconds, s t a r t i n g  wi th  an a l r eady  

hot, ohmically heated plasma, it is hard t o  imagine a. mechanism by which 

f L i ~ x  conserva t ion  could Se v i o l a t e d .  

Tn orde r  t o  c a l c u l a t e  f lux-conserving e q u i l i b r i a ,  Eq. (4)  i s  used 

t o  specifij t h e  func t ion  F, One chooses a q pro f i l e  c o n s i s t e n t  wi th  t,iie 

lrm b e t a  equ i l - ib r i s  from which C,'rre heat ing  process  s tu r t s  and detemines 

t h e  p re s su re  p r o f i l e  p '  Prom 8r i  a n a l y s i s  of t h e  d e t a i l e d  heating process ,  

With these functi.ons defined,  Ey. (I) can be solved to deternline -tile 

xnagnetic conf igu ra t ion  of t h e  plasma. Zn p r a c t i c e  this t x n s  out t o  be 

q u i t e  d i f f i c u l t .  Thus fa r  w e  b v e  been ab le  t o  compute sequences i d  

e q u i l i b r i a  whtch ~ e - ~ y  nea r ly  preserve flux, Figure 5 S~I.~OTAIS a sequeit'x 

of pressw? p r o f i l e s  ~ a b c ~ . e d  by a parameter 6 1; tile magnetic eqiiili_i;ria 

corresponding to t h e s e  Tressure profiles very m a r l y  conserve flux, a s  

ind iea tcd  by the close comparison of t h e  q profiles f o r  2 low snci a hLgh 

p res su re  case (F ig .  6 ) ,  Figures  1 ;hroqh 10 show the flux su r faces  

cnaresporrdin:: to pressura , o m f i l e s  of 8 1  equal  to 0, LO, 40, and ~ C G  

r e spx t ive ly ,  T h i s  sequenrc of" p l o t s  indic::tes t h a t  as t h e  pressure ? 8 

8 

J 

J 
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Fig .  5. Figure 5 shows t h e  evolu t ion  sf the pressure p r o f i l e ,  and 
the  f l u x  distribution as the plasma pressure is r a i s e d  i n  a f l u x  conserving 
tokamak. The paranetes B !  is an indcx labeling the pressure increase in 
the  numerical ca lcu la t ion ;  
corresponds t o  a t o t a l  B of roughly 1 2 % .  Flux conservat ion f d l o w s  from 
the  fact that the c e n t r a l  and edge fluxes are kept cons tan t  during t h e  
p re s su re  increasc. 

In  this p a r t i c u l a r  calculations 8: = 100 



E 

F i g .  6. 
p r o f i l e  i n  the plasma as tliic b e t a  i s  r a i s e d  i n  a f lux  conserving manner 
from 2 . 3 9  to 1296, 
t h e  numerical computations a r e  not  t o t a l l y  successf~il  i n  conserving t h e  
plasma flux. 
p ~ ~ f i l e  unchanged during the beta  inc rease .  

Figure 6 shows t h e  toroidal f i e l d  d i s t r i b u t i o n  and q 

The small variation of the q profile i n d i c a t e s  t h a t  

A t m l y  f lux  conserving tokamak would preserve the q 



r a i s e d  i n  a quasi-f lux-conserving manner, t h e  plasma responds by progres-  

s i v e l y  s h i f t i n g  i t s  magnetic a x i s  toward t h e  oui;sl.de of t h e  t o r u s ,  and 

by progressiveLy assiuning less  c i r c u l a r  shapes.  

F igure  5 shows t h e  distribuJLion of poloid-al  flux and t o r o i d a l  cu r ren t  

corresponding t o  t h e  i n i t i a l -  and fi.?ial. s t a t e s  of t h e  plasma. The c lose  

correspondence between t h e  minimum values  of t h e  p o l o i d a l  f l u x  i n  t h e  low 

and high b e t a  calcul-at ions i s  another  i n d i c a t i o n  tha t  t h e s e  eqiii.l.ibria are 

ve ry  c lose ly  flux-consezving, The t o r o i d a l  cu r ren t  d i s t r i b u t i o n  i n  t h e s e  

f lux-conserving e q u i l i b r i a  peaks toward t h e  ou t s ide  of t h e  t o r u s  as i n  

Fig.  4 ( c ) .  I-Io,%rever, . there  i s  no reversal of t h e  cu r ren t  i n  t h e  low pressure 

i n t e r i o r  region.  'The t o t a l  cu r ren t  i nc reases ,  driver! by t h e  p re s su re  

increase induced by t h e  hea t ing  process  i n  t h e  plasma, Stat;ec-l another  

way, induc t ive ly  driven c u r r e n t s  are necessary t o  preserve  f lux as t h e  

plasma, p re s su re  is iac-i.eased, 

The t o r o i d a l  fh1 .d  wi th in  t h e  plasma i s  shown i n  Fig. 6; t h e  gene ra l  

paramagnetism of t h e  low b e t a  plasma g ives  way t o  a diamagnetic e f f e c t  a t  

h igher  betas. As i n  the  EBT , t h e  heat ing process  bas caused the plasma 

t o  "dig a hoLe" i n  t h e  t o r o i d a l  f i e l d ,  and most of t h e  plasma p res su re  i s  

suppor-Led by t h i s  t o r o i d a l  f i e l d  w e l l ,  

9 

A n  exarnina-Lion of t h e  f lux su r faces  shown i n  F igs .  '7 through 10 l e a d s  

one t o  b e l i e v e  t h a t  t h e  gene ra l  t r e n d s  revealed by t h e  numerical  ana1ysi.s 

should be recoverable  from ai1 a n a l y t i c  model which t reats  c i r c u l a r  f l u x  

su r faces ,  The dev ia t ion  from c i r c u l a p  flux su r faces  does not become 

ext-..-,- Lc~iiie 

oP 1-1 o r  5 .  Thus, it w i l l  be  i n s t r u c t i v e  t o  examine t h e  evolu t ion  of 

equ i - l i b r i a  i n  an approximate model which conserves f l u x  exac t ly .  We w i l . 1  

choose a, cons tan t  y model i n  which t h e  magnetic F lux  su r faces  are assumed 

t o  be a s e t  of nes ted  c i r c l e s  whose cen te r s ,  

dete;mined by t h e  d i s t r i b u t i o n  of p re s su re  wi th in  t h e s e  su r faces  a The 

sS.mplest model f o r  such a s e t  of f lux su r faces  i s :  

u1Lil t,he plasma p res su re  has been r a i s e d  by more than  a factox. 

are s h i f t e d  i n  a manner RY.' 
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Fig. 7 .  Figure 7 shows magnetic f l u x  s u r f a c e s  compatible wi th  t he  
p r e s s u r e  profile i n d i c a t e d  by the parameter (3’ = 0 of  Figure 5. 

j 
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63; = 20 

Fig.  8. Figure 8 shows t h e  magnetic flux surfaces compatible with 
The flux i s  t h e  the  pressure profile ind ica ted  by 8: 

I same as i n  Figure 7 .  
10 i n  Figurc 5. 



Fig. 9, Figure 9 shows t h e  magnetic flw surfaces compatible with 
t h e  pressure p r o f i l e  8: = 40 i n  Figure 5, The f l u x  i s  t h e  same as 
Figures 7 and 8, J 



Fig.  PO. Figure 10 shcws the magnetic flux surfaces consistent. 
w i t h  the pressure profile labeled by 8: :: 300 in Figure 5. 
s l i r faccs have evolved in a f ~ u x  eonsarJing maimer from tl1e low beta f lux 
surfaces shown i n  Figures 7 through 9 and represent an average plasma 
beta of 12%. 

Thesz flux 



where p2 i s  def ined  by 

p 2 = ( R - R J h .  2 

W i t h  t h i s  definition OP f lux ,  t h e  p o l o i d a l  magnetic f i e l d  and i-ts surface 

average are  

2 
where d = 2 Y p Ri/a 

c h a r a c t e r i s t i c  t h a t ,  as t h e  plasma s h i f t  s p e c i f l e d  by R 8  i nc reases  i n  

response t o  heating, tinere w i l l  be an inc rease  of p o l o i d a l  rnegnet,ic f i ~ 7 . d  

at; l a r g e r  major rad i i .  

t h e  s h i f t  R '  and t h e  hea t ing  process ,  we r e q u i r e  a r e l a t i o n s h i p  between 

t h e  magnetic equi l ibr fum s p e c i f i e d  by E q s .  (10) through (12)  and plasma 

f o r c e  balance, This  can be o b t a i m d  in a simple manner b y  using t h e  

method given by Shafranov." The V i r i a l  theorem, which involves  an  

average over t h e  p a r t i c l e  and magnetic pressures contained within %he 

e n t i r e  plasma, i s  

and 6 = a/Ry,. 
0 

The p o l o i d a l  magnetic field def ined  i n  Eq. (12)  possesses t h e  basir. 

Y 

I n  o rde r  t o  e s t a b l i s h  t h e  r e l a t i o n s h i p  between 

'\y 
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'I'he i n t e g r a l  f o m  of t h e  plasma f o r c e  bel-ance equat ion,  appl ied  t o  a 

wedge of .the t o r o i d a l  plasma between a t o r o i d a l  angle  Q and 4 -;- d@, i s  

Using t h e s e  equations and the magnetic f l u x  func t ion  def ined  i n  R q .  (10) 

].earis t o  t h e  fol lowing equat ions  : 

(1.6) 

2 = 8 rr p/S . 
a 0 a a where R 

I n  the  low b e t a  case when Ea i s  on t h e  o rde r  of un i ty ,  Eq. (16) t e l l s  u s  

t h a t  t h e  shift parmeter d must be of o rde r  E; consequently E q s .  (15) and 

(J.6) reduce t o  Shafranovas low bet8 equat ions.  I n  t h e  opposite l i m i t ,  when 

= 2 Y /a Ryro and 

- 
B, i.s assumed. t o  be on t h e  order  of E-.', d must applroach un i ty .  

t o  the pressure e x i s t i n g  i n  t h e  pl.sama, and Eq. (1.5) can be viewed as  

givihg t h e  depth o f  t h e  t o r o i d a l  f i e l d  w e l l  pmcluced by t h e  shifts o r  

dev ia t ions  froiu nonc i r cu la , r i t y  i n  -the plasma, 

One can d e f i n e  -the plasma pol -o ida l  be t a ,  pP, as 

Equation (16) can be viewed as de f in ing  t h e  value of d corresponding 

2 H 
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TJsing t h e  p o l o i d a l  f i e l d  def ined  i n  Eq .  (12), the plasma p o l n i d a l  beta 

be c ome s 

and i n  t h e  high b e t a  l i m i t  

fj "= 
P a  

I 

Figure  II shows t h e  dependence of B and B 
developnent of t h e  t o r o i d a l  w e l l  as a func t ion  of a. A s  i n  the high b e t a  

limit of' Eq. (16), we f i n d  t h a t  t h e  plasma po lo ida l  b e t a  inc reases  as  the 

kwo-thirds power of t h e  pressure herease  measured by 5 
plasma pressure  i s  supported by t h e  t o r o i d a l  w e l l ,  the depth of which car1 

be obtained f r m n  Eq. (15). 

on Pam Figure  12  shows t h e  
P 

Th? remaining a'  

One f u r t h e r  c h a r a c t e r i s t i c  of f lux-conserving tokamaks can be ohtaineci 

by not ing  t h a t  t h e  t o t a l  cu r ren t  f lowing i n  a tokamak can be w r i t t e n  as 

( 2 0 )  

i lsing the c i r c u l a r  fhx sur face  model t o  c a l c u l a t e  t h e  average i n  Eq. ( 2 ( 3 ) ,  

and us ing  t h e  high beta 2 . imi -h  of %q. (16) t o  determine d, we f i n d  that 

t h e  t o t a l  current flowing i n  8 f lux-conserving tokamak must increase  R S  

the one - th i rd  power of thp pres su re :  



2
2
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TOROIDAL WELL DEPTH 

Fig. 1 2 .  Figure 12 shows the evolution of the toroidal wcll as a 
function of a parameter related t o  the displacement of the magnetic 
axis. The transitjon from a paramagnetic t o  a diamagnetic toroidal 
equilibrium is seen Io occur as small values of d. 
in the t o r o i d a l  well depth at large values of the parameter d results 
from the fact that most of the large plasma pressure is contaiiied by the 
toroidal field for Parge d ,  

The large increase 



An e x m i n a t i o n  o f  Eq. (12b), which i s  v a l i d  throughout t h e  bu lk  of 

t h e  plasma, reveals ano-ther b a s i c  c h a r a c t e r i s t i c  of f lux-conserving 

tokamaks, t h e  peaking of t h e  t o r o i d a l  cu r ren t  toward t h e  su r face  of  t h e  

plasma. 

f l u x  su r face  i s  d i r e c t l y  r e l a t e d  t o  t h e  f l u x  su r face  average of t h e  square 

of t h e  po lo ida l  fi.el.d as given i n  Eq. (12b) .  

an  inc reas ing  func t ion  of f lux ,  t h e  increased  cu r ren t  f lowing a t  high 

b e t a  as i n  Eq .  ( 2 1 )  can be seen t o  be d i s t r i b u t e d  toward t h e  su r face  of 

t h e  plasima, 

d i s t r i b u t i o n s  which prevented Ca3.len and Dory from real iz i .ng f lux-consewing  

e q u i l i b r i a  i n  t h e i r  paper,  Here w e  see t h a t  skinned cu r ren t  p r o f i l e s  a r e  

not a r t  i f  i c i a l -  bu t  occur nat,i.iral.ly as f l u x  conservat ion r e q u i r e s  t h e  plm.ma 

cu r ren t  t o  increase .  

From Eq. (20 )  w e  s ee  . that  t h e  cu r ren t  f lowing wi th in  a given 

Since t h e  pe l -meter  d. i s  

It was a d e s i r e  t o  avoid using " a r t i f i c i a l "  skinned current, 

This i nc rease  o f  cur ren t  w i l l  be  dr iven  by t h e  plasma i t s e l f ,  bu t  j . t  

must be balanced by an equal  and opposi te  cu r ren t  f lowing i n  t h e  e x t e r n a l  

winding which c o n t r o l s  t h e  s p a t i a l  p o s i t i o n  of t h e  plasma. The need t o  

provi.de f o r  t h i s  exkm cur ren t  i s  t h e  only a d d i t i o n a l  requirement f o r  t h e  

design of  a f lux-conserving tokamak as opposed t o  a s tandard  tokamak i n  

which tile pla,sr?a curreii'; windings are control. led so  as Lo r e g u l a t e  t h e  

cariaent t o  a cons tan t  va lue .  Since t h e  q p r o f i l e  i s  f rozen  in a flux- 

consezving tokamal.;, t h e r e  i s  no need t o  r e g u l a t e  t h e  t o t a l  plasma cu r ren t .  

Indeed, as seen from Eq. (21), t h e r e  i s  a d e f i n i t e  need t o  program an 

inc rease  i.n t h e  ciirren-t I"lowi.ng ir! t h e  plasma c o n t r o l  windings as t h e  

plasma i s  heated,  I n  add i t ion ,  t h e  asymmetry which i s  bui.1.t i n t o  t h e  

poloidal. f i e l d  i n  Eq. ( 1 2 )  i s  ref l .ected i n  a need t o  rear range  t h e  d i s t r i -  

buti.on of plasma c o n t r o l  winding cu r ren t  as the  plasma p res su re  i s  increased 

Since - the  numerical. r e s u l t s  f o r  t h e  shape of high b e t a  f lux-conserving 

e q u i l i b r i a  show a n a t u r a l  D-shape, wJ'- have analyzed t h e  d i s t r i b u t i o n  o f  

c u r r e n t s  which would be requi red  t o  s u s t a i n  such an equi l ibr ium. F igure  

1.3 shows a t y p i c a l  case.  A set  of c o i l s  loca-ted on t h e  contour L a t  a 

d i s t a n c e  d from t h e  su r face  of -the plasma i s  used t o  provide t h e  eyu i l ib -  

ri-urn 8.s t h e  b e t a  pol-oidal of t h e  plasma i s  increased  by m heat ing  technique.  

!'igure 11.1 shows -the d i s t r i h u t i o n  of curren-ts  on t h e  su r face  L during t h i s  

hest;i.ng process  f o r  two d i f f e r e n t  values  of Lhe sepa ra t ion  d. it i s  c l e a ~  
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Fig. 113, Figure 13 shows a se t  of magnetic f lux surfaces f o r  a D 
shaped plasma maintained i n  equi l ibr ium by a se t  of conductors located a 
distance d from the  plasma surface. 
plasma with E = . 2 5 ,  arr e longat ion  of 1.65, and a beta poloidal of 2.4, 

The computations wexe done f o r  a 
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F i g .  14. Figure 14 shows the current distribution along the contour 
L of  Figure 13 necessary to maintain the plasma i n  equilibrium as the  
poloidal beta is ra ised from " 5  to a value o f  2.4. For two values of 
the separation dis tance ,  t h e  cu r ren t  distribution f o r  t he  higher beta 
plasma s h i f t s  (as expected] froin the interior of the contour to the 
exterior. 
surface, negztive cur~c f i t s  must be generated in the region of the plasma 
t i p .  No drastic modification of t he  current distribution is  required to 
maintain the h igh  beta plasma i n  equilibrium. 

As the equilibrium coils are shifted further from the plasma 



from t h e  e a l c u l a t i o n s  t h a t  it i.s p o s s i b l e  t o  s u s t a i n  these  e q u i l i b r i a  

w i t h  c u r r e n t s  flowing i n  a shel l .  a t  8 reasonable  d i s t ance  from t h e  plasma, 

t h u s  al lowing t h e  i n e l u s i o n  of coil s h i e l d i n g  and s t r u c t u r e .  It i s  also 

appa,rent that t h e  changes i n  t h e  d i s t r i b u t i o n  of t h e  c u r r e n t s  f lowing 

on t h e  contour  I, need n o t  be extreme as t h e  plasma p res su re  i:: r a i s e d ,  

I n  fac t ,  some of t h e  cu r ren t  changes shown i n  t h e  f i g u r e  coulcl be produced 

by  u t i l i z i . n g  low-Lmpedance cons tan t  vo l t age  power supp l i e s  for. t h e  c o i l s  I 

This wcruld a l low t h e  plasma i t se l f  t o  induce t,he necessary  cu r ren t  changes, 

CONCLIJSSION 

Numerical and a n a l y t i c  s. tudfes have shown t h a t  plas,mas sL:hjeet t o  

e x t e r n e l  hea t ing  w i l l  n a t u r a l l y  seek high b e t a  e q u i l i b r i a  whose charac- 

ter5.stl.c~ are determined by f lux  conservat ion.  These t .q i i i l ib r ia  can be 

cha rac t e r i zed  by broad p res su re  p r o f i l e s  and plasma c u r r e n t s  peaked toward 

t h e  pl-asma su r face ,  'They possess  t h e  same q p r o f i l e s  as t h e  :low b e t a  

e q u i l i b r i a  fron? which t h e  hea t ing  commences, and consequently have reason- 

a b l e  s t a b i l i t y  p r o p e r t i e s  a g a i n s t  l o e a l  MND modes. These e q u i l i b r i a  are 

natural1.y nonc i r cu la r  and t end  t o  approximate a D-shape wi th  moderate 

e longat ion  of roughly one and one-half .  

f a r  s u s t a i n i n g  such e q u i l i b r i a  are not  extreme, T h e i r  confinement charae- 

t e r i s t i c s  are such t h a t  one can contemplate a t t a i n i n g  ign i t io r i  condi t ions  

i n  moderate-s ize  plasmas. 

i s  t h e  s t a b i l i t y  of t h e s e  e q u i l i b r i a  t o  MHI) rnod.es. Tn t h i s  regard,  t h e r e  

I s  no reason t o  suspect; d i f f i c u l t y  a t  moderate be ta ,  However, s i n c e  these 

e q u i l i b r i a  have t h e  c a p a b i l i t y  of a t t a i n i n g  a r b i t r a r i l y  high beta as f a r  

as t h e  e q u i l t b r i u n  of the plasma i s  concerned, it i s  important; t o  inves-  

tigate t h e  I imi . ts t ions i.ni-posed aa maximum a t t a i n a b l e  beta by FliiT, stabil5.ty- 

t heo ry  . 

'The t echno log ica l  requirements 

The one remaining f a c t o r  which must; be analyzed 
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