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THE THEORY Aim N W R I C A I ,  CALCULATION OF THE ACOUSTIC 
FIELD EXERTED BY EDDY-CURRENT FORCES 

- 

Katsuhi ro  Kawwashimal 

The equa t ions  f o r  c a l c u l a t i n g  t h e  a c o u s t i c  f i e l d  produced 
within a nomagnetic m e t a l  by i n t e r a c t i o n  of eddy c u r r e n t s  
w i t h  a s t a t i c  magnet ic  f i e l d  were ob ta ined  on t h e  a.;sunipt:lons 
(2 )  an u l t r a s o n i c  wave i s  gmerated by t h e  e l e c t r o m a g n e t i c  
f o r c e  tbrough classicaL and macroscopic phenomena; ( 2 )  the 
electric, magnet ic ,  ancl e l a s t i c  p r o p e r t i e s  of t h e  me ta l  are  
Sincar isotropic, ancl homogeneous throughout  t h e  metal ~ which 
occupies s e m i - i n f i n i t e  space ;  ( 3 )  t h e  whole s y s t e m  is  a x i a l l y  
symmetric; and (41  eddy c u r r e n t s  and e las t ic  waves show a 
s t e a d y - s t a t e  s i n u s o i d a l  v a r i a t i o n .  
by a s p e c i f i c  electromagnetic u l t r a s o n i c  t r a n s d u c e r  w i t h  a x i a l  
symmetry was c a l c u l a t e d  numerically and t h e  resulcs shoxwcl a 
w ~ l  1 -def ined  u l t r a s o n i c  wavc beam, which w a s  narrower than had 
been expec ted  from the  s i z e  of the t r a n s d u c e r .  

The a c o u s t i c  f Feld produced 

'On temporary assignment from Nippon S t e e l  Corporation, 2-6-3 Otemachi, 
Chiyodaku Tokyo li Japan. 
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INTRODUC'1'X ON 

The method f o r  c a l c u l a t i n g  t h e  a c o u s t i c  f i e l d  e x e r t e d  by the 
i n t e r a c t i o n  of eddy c u r r e n t s  w i t h  a s t a t i o n a r y  magnet ic  f i e l d  w i t h i n  
a n o n f e r r o m g n e t i c  metal i s  based on i:he fo l lowing  assumptions : 

c lass ica l  and macroscopic  phenomena. 

are  l i n e a r ,  i s o t r o p i c ,  and homogeneous throughout  the material., which 
occupies  s e m i - i n f i n i t e  space. 

s u b j e c t ,  a l l  of which are approximat:e methods w i t h  r ega rd  t o  bo th  
eddy-current  and a c o u s t i c  f i e l d  c a l c u l a t i o n s  I "he r i g o r o u s  method 
f o r  c a l c u l a t h g  t h e  f o r c e  e x e r t e d  by eddy c u r r e n t s  w i t h i n  a conduct ing  
m e t a l  ha s  a l r e a d y  been ob ta ined  by Dodd and Deeds. To make t h e  b e s t  
use of  t h e  eddy-current  c a l c u l a t i o n s ,  a r i g o r o u s  way of c a l c u l a t i n g  
t h e  a c o u s t i c  f i e l d  should  a l s o  b e  employed. The s imple  method of a 
p i s t o n  movement sou rce  f o r  c a l c u l a t i n g  the a c o u s t i c  f h l d  i s  a p p a r e n t l y  
inadequa te  f o r  t h e  probl.ern because  i t  cannot  cal-ci i la te  t h e  a c o u s t i c  
f i e l d  from t h e  a c t u a l  a p p l i e d  f o r c e .  
t h e  el-astic wave i n  a s o l i d  i s  g iven  i n  t h e  theo ry  of e l a s t i c i t y ,  by 
Lamb, Miller and Pursey , Johnson, and many o t h e r s .  Some imlodification, 

1. Ul t rasound i s  genera ted  by t h e  e l ec t romagne t i c  f o r c e  through 

2 .  E l e c t r i c ,  magnet ic ,  and e l a s t i c  p rope r t i . e s  of t h e  material  

Several  author^^"--^ have g iven  several methods f o r  t r e a t i n g  t h i s  

The r i g o r o u s  way of  tal-culating 

- 
2R. Turner ,  K .  R.  L y a l l ,  and .J. F. Cochran, "Generat ion and 

D e t e c t i o n  of Acous t ic  Waves i n  Metals by Means of El.eetromagnetic 
Radia t ion ,"  Can. J .  Phys. 47: 2293 (1969). 

Transducer  f o r  U l t r a s o n i c  Thickness  T e s t  o f  Metallic Products  , I 1  pp. 13-24 
i n  Preprints 6. IC'NT Vol .  B, 1970, Deutsche G e s e l l s c h a f t  f u r  
Z e r s t o r u n g s f r e i e  P ru fve r fah ren  e . V . ,  B e r l i n .  

3Yu. M. S l ikar le t  and N.  N .  Lokshina,  "Noncontact Elec t romagnet ic  

4H. Wbtenbe rg ,  "Con tac t l e s s  El.ectrodynamic ULLrasonic Transducers  
and T h e i r  App l i ca t ion  t o  U l t r a s o n i c  l:napect.ion," pp.  37-48 i n  Prepriwts 
6 .  ICNT Vol. 8, 1970, Deutsche Gese l l - schaf t  fGr Zers t6rungsf re i .e  
P ru fve r fah ren  e.V., Herl-in. 

Eddy-Current Problems arid Their  IntegmaZ Solutions,  ORNL-4384 ( A p r i l  1969) . 
Elast ic  S o l i d , "  P h i l .  Trans, Roy. Soc, LondDn. S e r .  4 203:  1-42 (1.904). 

5C.  V.  Dodd, W. E.  Deeds, J.  W. Luqui re ,  and IJ. G .  S p o e r i ,  Some 

%. Lamb, "On t h e  Propagat ion  of Tremors Over t h e  Sur face  of an  

7F. Mill-er and H. Pursey ,  "The F i e l d  and Rad ia t ion  Impedance of 
Mechanical Rad ia to r s  on the Free  Sur face  of a Semi - in f in i t e  I s o t r o p i c  
So l id , "  P.roc. Roy. Soc. London Ser. A 2 2 3 :  52141 ( 1 9 5 4 ) .  

J .  Roy. Astron. Soc. 3 7 :  99-131 (1974). 
'I... R. Johnson, "Green's Funct ion  f o r  Lamb's Problem," Geophys. 
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however, must b e  made € o r  t h e  problem s i n c e  t h e  f o r c e  e x e r t e d  by eddy 
c u r r e n t s  c h a r a c t e r i s t i c a l l y  has  b o t h  r a d i a l  and v e r t i c a l  components i n  
a c y l i n d r i c a l  c o o r d i n a t e  system. I n  t h i s  paper ,  a g e n e r a l  method i s  
desc r ibed  f i r s t ,  and t h e n  a numer ica l  e v a l u a t i o n  i s  g i v e n ,  fo l lowed by 
d i  sc.ussions. 

ELECTROMAGNETIC FORCE 

The force e x e r t e d  by eddy c u r r e n t s  has  been c a l c u l a t e d  by Dndd and 
T h i s  merhod i s  Deeds, ' 9  and i t  a g r e e s  very  w e l l  w i t h  measured v a l u e s .  

used i n  t h i s  r e p o r t  t o  c a l c u l a t e  t h e  s u r f a c e  f o r c e  t h a t  g e n e r a t e s  t h e  
u l t r a s o u n d .  I f  t h e  eddy-current p e n e t r a t i o n  dep th  i s  much less than 
t h e  a c o u s t i c  wavelength,  t h e  volume f o r c e  e x e r t e d  by t h e  eddy c u r r e n t s  
can b e  cons ide red  t o  b e  a s u r f a c e  f o r c e ,  which acts  on ly  on t h e  s u r f a c e ,  
by  i n t e g r a t i n g  i t  w i t h  r e s p e c t  t o  t h e  dep th .  The approximate v a l u e s  
of t h e  p e n e t r a t i o n  depths  and t h e  wavelengths f o r  some metals a t  a 
f requency  of 1 irl[Hz are shown i n  Table  1. 

Table  1. Eddy-Current P e n e t r a t i o n  Depths and 
Acous t i c  Wavelengths f o r  S e l e c t e d  Ivktals 

................. ~ ............................. __ .................... __ _._I-. ___- 

Acoustic Wavelength,  mi? 
Eddy C u r r e n t  

_*__ Couduc t i v i t y  Permeab i li t y  P e n e t r a t i o n  
(Q-1 m-1) ( H / m )  Depth Lo iig i t ud ina 1 T rd iis vel: 6 c 

Mater-ial 

(w) 
4n 1.0-' 

S t e e l  6 .25  x 1.06 200 14 .2  5.9 3 . 2  

A 1  urni n i i m  2.4 x l o 7  1 10 3 6 . 3  3 . 1  

Copper 5.8 x l o 7  1 66 4.7 2 . 3  

I n  t h e  case of nonmagnetic metals, t h e  f o r c e  e x e r t e d  by a n  e l e c t r o -  
magnet ic  f i e l d  on a u n i t  volume i s  g i v e n ,  t o  a ve ry  good approxtmat ion ,  
by t h e  Lorentz  formula 

'C. V. Dodd and W. E. Deeds, "Elec t romagnet ic  Forces  i n  Conductors," 
J ,  A p p l .  Phys .  3 8 ( 1 3 ) :  5045-51 (December 1967) .  
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I 

where 0 =,conduciiviry and A v e c t o r  p o t e n t i a l .  I f  axial synunet-ry i s  
as:iumcd, 4 has o n l y  an azimuthal component, A $ ,  and t h e  fo rce  h a s  only  
r a d i a l  and axial components i n  a cyliudL i r a l  coordinate s y s t m  

-= --o - a A -(A a + ‘4,) , a t  az ( 4 )  

P o t  en’. ial 

F i r s t  w e  c o n s i d e r  t h e  case shown i n  F i g .  1, where A, is produced by 
t h e  t h e - v a r y i n g  currenl: Tu i n  a coil. and A 0  i s  produced by t h e  s t a t i o n a r y  
c u r r e n t  lo i n  t h e  same c o i l .  

ORNL- DWG 75- 63?0 

’r -- 
-- F i g .  1. V a r i a b l e s  i n  2 .a , ,~ , ;  - T H  1 T n t c r a c t i o n  O F  C o t 1  with Speciillen. 

7- h 2  
h, I 
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The v e c t o r  p o t e n t i a l  A ,  a t  any p o i n t  i n  a s e m i - i n f i n i t e  conductor  
produced by Icij i s  r e p r e s e n t e d  by Eq.  ( 6 ) .  (See re f .  5 . )  

0 

j t l ,  I: We m u s t  t a k e  the  real p a r t  of the product  o f  r 
t h e  r e a l  p h y s i c a l  v a l u e  o f  t h e  vector p o t e n t i a l :  

and “l,(p,z) t o  know 

- 
Note :  
i n  t h e  restr. of t h e  r e p o r t .  
‘I’he s t e a d y  p a r t ,  A o ( i n , z ) ,  of t he  v e c t o r  p o t e n t i a l  i s  given a s  follows: 

X i:; used t o  r e p r e s e n t  the p h y s i c a l  v a l u e  of a complex q u a n t i t y  X 

When a l l  l e n g t h s  are d i v i d e d  by an  average r a d i u s ,  ~ 1 . 2  = (TI 3- r 2 ) / 2 ,  

< i s  m u l t i p l i e d  by ~ 1 2 ,  and q l  is r e d e f i n e d  as 

E q s .  ( 6 ) ,  ( 9 ) ,  and (10) become 



Volume Force  Equat ions 

A p h y s i c a l  value of t h e  fo rce  i s  r e p r e s e n t e d  as 

a -  -=-.-A + A o )  a t  w a2 

- 
The f i z s t  t e r m  of Eq. ( 1 4 )  y i e l d s  a s t e a d y  term, E Z o ,  and a t i m e  harmonic 
P a r t ,  Fz2i*I, which h a s  g angu la r  f requency o f  2ta. The S ~ C O L I ~  tern y i e l d s  
a ti.m-harmonic p a r t ,  F Z I W ,  having ao angular  frequency of w. 



7 

I n  a s imilar  manner 

where 

(1.9) 

If A0 i s  much l a r g e r  t h a n  Aw;  t h a t  i s ,  t h e  s t e a d y  magnet ic  f i e l d  is  much 
l a r g e r  t han  t h e  t ime  harmonic magnet ic  f i e l d ,  w e  can assume t h e  fo l lowing  
equa t ions .  
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- - 
IJe know t h a t  b o t h  FzlW and F,, 
1 0 ,  and T,, From E q s .  (11) ’  (12y, (13), ( 1 7 ) ’  a d  (20). 

are p r o p o r t i o n a l  t o  t h e  p r o d u c t  o f  i Y 2 ,  

Force C a l c u l a t i o n  f o r  A c t u a l  Transducer  

Second, w e  cons ide r  the case shobm i n  F i g .  2 ,  where A, i s  pr:odnccd 
by t i m e  vary ing  c u r r e n t s  i n  a coil .  and  A .  i s  produced by an e lec t romagnet  
l o c a t e d  nea r  the c o i l  - 

ORNL- D W G  ‘75 - 6 5 2 i  

ELECTROMAGNET 

--DDiVVEH C O i L  

UCTOR 

) 1 ‘EDDY CURBEN-I’ STAT ION A R Y  
MAGNETiC FLUX 

F i g  2 .  Arrangement o f  Electromagnet  w i th  Eddy-Ciirrent C o i l .  

I n  t h i s  case we simply have 110 replace aAo/az w i t h  n,, which i s  the  
h o r i z o n t a l  and r a d i a l  component o f  t h e  s t a t i o n a r y  maznet ic  f i e l d :  

= Real (joeiwt)B r 

- 
where Jm i s  the rea l  physical va lue  of t h e  eddy c u r r e n t  d e n s i t y  w i - t h i n  
the conductor .  S i m i l a r l y ,  



where. B, -is the ver t i . ca1  component of t h e  s t a t i o n a r y  magaetic. fie1.d. 

W e  c a l c u l a t e  J,, Fz, and us ing  E q s .  (11) , (22a) ~ and (22b) by 
numerical  q u a d r a t u r e .  
current calculation, It i s  no t  cons ide red  t o  have a great. e f f e c t  on 
the eddy-current d i s t r i b u t i o n  w i t h i n  a nonmagnetic conductor because 
m o s t  o f  t h e  t u r n s  o f  t h e  coil .  are far  from the  e l ec t romagne t  b u t  very 
near t o  the conductor .  C o i l  diinensions and the  other c o n d i ~ i o n s  f o r  
calcul.ation are shown i n  Table 2 and F i g .  1. Table  3 and. P i g .  3 show 

T h e  elect.romagnet i s  n e g l e c t e d  for t h e  eddy- 

R, and R,,, 

Table 2 Coil arid Conductor Characteristics 

Dimens iotw mm 

Y l  
7 2  
h1 
h2 

LV, number of t u r n s  
I,, c u r r e n t ,  A 
Frequency, MIJz 
01 c o n d u c t i v i t y ,  Q-lrn-' 

p e r m e a b i l i t y  , H/m 

10 e 2670 
14.7955 
0 I) 3429 
0 5969 
7.91667 
1790 
1 . 6  
1 . 3 5 1 3 5 1  x 1.06 
4Tr x 1 w 7  

Table 3. S t a t i o n a r y  Magnetic Flux a t  Conductor S u r f a c e  

8 .a 
9.0 
10 "I) 
10.5 
11 .0 
11.5 
12.0 
12 .5  
13 .0 
13.5 
14 .O 
1.4 .s 
15 .o 
15.5 
16 .0 

0.285 
0 205 
0.145 
0.113 
0 * 080 
0.053 
0.025 
0.005 

-0,045 
-0.055 
-0.095 
-0 * PO3 
-4 * 110 
-0 .I10 
--o ,110 

0.480 
0 ,390 
0.360 
0 a 340 
0.320 
0.300 
0.280 
0.270 
(3.260 
0.255 
0.250 
0.248 
0 * 245 
0.245 
0 245 
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-..--...A, 

6 ( H O R I Z O N T A L  A N D  R A D I A L  COMPONENT 

Fig .  3. Magnet ic  Flux at l : h ~  Su r face  o f  a Nonmagnetic S a m p l e .  

The s t a t i o n a r y  magnet ic  f l u x  B, i s  assumed t o  have t h e  same v a l u e s  
a t  t h e  conductor  s u r f a c e  and a t  s m a l l  dep ths  ( e . g . ,  0 .5  mm). The same 
assumption i s  a l s o  1:aken f o r  B,. 
and magnet ic  f l u x  are taken  from expe r imen ta l  work conducted by t h e  
au tho r .  

v a r i o u s  ranges  of 5 :  0-3.5, d5 = 0.01.; 3.5-3.0,  dy = 0.05; 9.0-80.0, 
d< = 0.1; t h e  upper I - imit  of i n t e g r a t i o n  was 80. These c o n d i t i o n s  
f o r  numer ica l  quadru tu re  are enough f o r  accuracy  and convergence i n  
e v a l u a t i n g  t h e  in tegra l . .  The F o r t r a n  program f o r  a computer i s  shown 
i.n Appendix A.  

s u r f a c e  and a t  a depth  of 0.5 mm a r e  shown i n  Fig., 4 .  The computer 
ou tpu t  i s  shown i n  Appendi-x B .  The maximum eddy-current  d e n s i t y  a t  t h e  
. sur face  w a s  about  1 - 1 5  x l Q 1 0 A / m 2 ,  which i s  ve ry  l a r g e  b u t  small-er t han  
t h e  ci.trrent d e n s i t y  i n  t h e  d r i v e r  c o i l ,  about  3.6 x 1010A/m2.  Not ice  
t h a t  t h e  eddy-current  d e n s i t y  dec reases  r a p i d l y  as t h e  depth  iiicreases, 
because of t h e  s k i n  e f f e c t .  The f o r c e  per u1i.i.t volume wa.s c a l c u l a t e d  
(Appendix B ) ,  and t h e  r e s u l t s  are  shown i n  Fig.  5. The v e r t i c a l  f o r c e ,  
IF,/, h a s  i t s  peak n e a r  t h e  o u t e r  r a d i u s  of t h e  d r i v e r  c o i l  and dec reases  
v e r y  r a p i d l y  toward t h e  o u t s i d e  and t h e  i n s i d e  of the d r i v e r  c o i l .  The 
h o r i z o n t a l  and r ad ia l -  component of  the f o r c e ,  IFr/, has  zero  v a l u e  and 
changes i t s  phase a t  the p o i n t  where the v e r t i c a l  component o f  t h e  
s t a t i o n a r y  magnet ic  f l u x  h a s  z e r o  v a l u e  ( s e e  F i g s .  3 and 5 ) .  

These c o n d i t i o n s  f o r  coi.l.s, conductors  

The wid ths  of numer ica l  quadra tu re  f o r  t h e  ca l . cu la t ion  w e r e  f o r  t h e  

The r e s u l t s  of c a l c u l a t i o n s  of t h e  eddy-current  d e n s i t y  a t  a samp1.e 

-_ 
OK. Kawashima ~ An Electromagnetic Ultmsonie  Transducer, OWL-TM-5063, 

August 1975. 
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F i g .  4 .  Eddy-Current 
Dens i ty  i n  a Conductor. 
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F i g .  5 .  El.ectrornag- 
netic Force p e r  Unit  Volume 
Produced by the Electromag- 
n e t i c  Transducer .  
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Calculat- ion of Sur face  Forces  

The v a r i a t i o n s  of t h e  a l l lp l i tudr  and t h e  phases cf t h e  forces  w i t h  
dcpch change arc shown i n  F i g .  6 .  
dependence o f  t h e  f o r c e  i s  r ep resen ted  approximately by t h e  f o l l o w i n g  
equa t ions  : 

W e  know f r o m  them t h a t  t h e  d e p t h  

O A N L - D W G  7 5 - 6 9 2 2  

Fig. 6 .  Dependence of (a)  Amplitude and (b) Phase of V o l u m e  Force 
F upon d e p t h .  
2 

- - 
F wi th  respect t o  depth  from z e r o  t o  i r i f i n i t y :  

To o b t a i n  t h e  equ iva len t  s u r f a c e  f o r c e ,  one has  t o  i n t e g r a t e  F 2 and 

r 
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It i s  ve ry  time-consuming work  t o  c a l c u l a t e  Eqs .  (25)_and (26) 
numer ica l ly .  
mix tu re  of a n a l y t i c a l  and numer ica l  methods wi thou t  l o s i n g  much compu- 
t a t i o n a l  accuracy  by making use of E q s .  ( 2 3 )  and ( 2 4 ) .  

We can c a l c u l a t e  t h e  s u r f a c e  f o r c e s ,  P,- and Pr ,  by a 

W e  can o b t a i n  k l  and k2 by c a l c u l a t i n g  two v a l u e s  of F,,, a t  two 
d i f f e r e n t  dep ths  chosen a r b i t r a r i l y .  S u b s t i t u t i n g  ( F , ~ w ) z = o  and (P,,w)z=zl , 
t h e  forces c a l c u l a t e d  numer i ca l ly  at: dep ths  z = 0 and z = 21,  respective].^, 
i n t o  Eq. (23) g i v e s  

From t h e s e  two e q u a t t o n s  

S u b s t i t u t i n g  Eq.  (30) i n t o  E q .  ( 2 7 )  g i v e s  

S i m i l a r l y ,  
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The s u r f a c e  f o r c e s ,  P, and P,, which are ob ta ined  through i n t e g r a t i o n  
of t h e  volume f o r c e s  w i t h  r e s p e c t  t o  t h e  dep th ,  are  shown i n  F ig .  7 (computer 
ou tpu t  i n  Appendix E ) .  According t o  F i g s .  5 and 7 ,  t h e  d i . s t r i b u t i o n  of t h e  
s u r f a c e  f o r c e s  i s  almost  t h e  same as t h a t  of t h e  volume f o r c e s .  The phase 
of t h e  ve r t i ca l  s u r f a c e  f o r c e ,  Ph(P,) , does n o t  change rriuch i n  t h e  region 
where t h e  ampl i tude ,  I.”;: I ,  i s  l a r g e  enough t o  c o n t r i b u t e  t i i t :  main p a r t  of 
t h e  1.11-t r a s o n i c  fie1.d. 

The phase of t h e  hor izonta l .  and r a d i a l  s u r f a c e  f o r c e ,  Ph(E’,) ~ i.s t h e  
s a n e  as Ph(P,), i f  t h e  s i g n s  of t h e  d i r e c t i o i i s  of bo th  depth  i n c r e a s e  and  
r a d i u s  i n c r e a s e  are taken  as p o s i t i v e .  The v a l u e  of Ph(Pr) changes by TT 
a t  t h e  po in t  where t3, changes i t s  s i g n  ( see  F i g s .  3 and 7 ) .  

used f o r  ca l cu la t i . on  o f  t h e  u l t r a s o n i c  f i e l d .  
F igu re  8 and Table  4 g i v e  approximations f o r  s u r f a c e  f o r c e s  t h a t  are 

ORNL-DWC 75-5779 

- c 
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I 
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PICKUP COll. 

STEEL POLE PIECES 

Fig .  7 .  Su r face  Forces  Obtained Through I n t e g r a t i o n  of Volume 
Forces  of  F ig .  5. 
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Fig.  8. 
C a l c u l a t i o n .  

APPROXIMATION 

4PPHOXIMATIO 

APOROXIMATION 

APPROXIMATION 
FOR Ph(p , )  

OR NL-- GWG 75 - 5 ?80 

Approximation of  Sur face  Forces  f o r  Ultrasonic .  Wave 

Table 4 .  Approximations to Sur face  Forces Used i n  U l t r a s o n i c  
Wave C a l c u l a t i o n s  

Hor i zon ta l  R a d i a l  Vertical 
Amp li rudea Range of P 

Amplitude Phase 
(PlrN/m2) ( r a d  1 (Mxlrn 2, (m) 

-I 

-Jr 10-3-12 0.5 0.1 

12-13.5 0 . 6 3  

13 .5-15 -5 0.65 0.25 

0 b 

0 
_ll___l_-_ 

a The phase of t h e  v e r t i c a l  component i s  t aken  

bThe phase of  t h e  h o r i z o n t a l  r a d i a l  component 

as z e r o  everywhere,  

changes from - -7~ t o  ze ro  a t  abou t  12 .7  mm, t h e  
p o i n t  a t  which the magnetic Elm is ze ro .  
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Summary of Force Der iva t ion  

The f o r c e s  t h a t  g i v e  r i s e  t o  e l e c t r o m a g n e t i c a l l y  induced u l t r a sound  
depend on t h e  v e c t o r  p o t e n t i a l  i n  t h e  specimen; t h e  p e r t i n e n t  v a r i a t i o n s  
i n  t h i s  p o t e n t i a l  are g iven  by Eqs. (ll), ( 1 2 ) ,  and (13) on pages 5 and 6 .  
The volume f o r c e  due t o  t h e  f i e l d  from a c o i l  i s  then  g iven  by Eq. ( 2 1 ) ,  
p.  7 .  For t h e  combinat ion of a c o i l  and a p a r t i c u l a r  e l ec t romagne t ,  t h e  
voluiue f o r c e  shown i n  F i g ,  5 (p.  11) i s  c a l c u l a t e d .  These f o r c e s  f a l l  
o f f  r a p i d l y  w i t h  dep th ,  and can  b e  i n t e g r a t e d  t o  g i v e  s u r f a c e  f o r c e s .  

The e q u i v a l e n t  s u r f a c e  f o r c e  e x e r t e d  by an e l ec t romagne t i c  volume 
f o r c e  i s  

where 

and 

F i g u r e  7 g i v e s  t h e  s u r f a c e  f o r c e s  c a l c u l a t e d  from t h e  volume forces  
i n  Fi.g. 5 .  

ELASTIC WAVE FKOM SURFACE FORCE 

E l a s t i c  waves t h a t  propagate  i n  a s e m i - i n f i n i t e  e l a s t i c  space  were 
f i r s t  i n v e s t i g a t e d  by Lamb. I n  h i s  c l a s s i c a l  paper  he  i n v e s t i g a t e d  
t h e  e f f e c t  of a v i b r a t i n g  p o i n t  f o r c e  on t h e  s u r f a c e .  
r ep laced  t h e  p o i n t  sou rce  w i t h  a d i s k  of t ime-varying uniform p r e s s u r e .  
Rycrof t13  and l a t e r  Robertson14 r ep laced  t h e  p o i n t  f o r c e  w i t h  a f o r c e d  
v e r t i c a l  v i b r a t i o n  of a r i g i d  c i r c u l a r  d i s k ,  which g i v e s  r i s e  t o  3 mixed 
boundary problem. 

M i l l e r  a id Pursey12 

Johnson15 r e c e n t l y  gave a complete and g e n e r a l  s o l u t i o n  
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t o  t h e  three-d imens iona l  Lamb's problem f o r  a p o i n t  sou rce  by t h e  method 
of Green's f u n c t i o n .  I n  Appendix C ,  t h e  e q u a t i o n s  t h a t  are s u i t a b l e  f o r  
c a l c u l a t i o n  of  e l a s t i c  wave f i e l d s  produced by eddy-current s u r f a c e  f o r c e s  
are d e r i v e d  by u s e  of a Green ' s  f u n c t i o n .  
an i n t e r a c t i o n  of a magnetic f i e l d  and eddy c u r r e n t s  has t w o  components. 
One is  a v e r t i c a l  component and t h e  o t h e r  is  a h o r i z o n t a l  and r a d i a l  
component. Both f o r c e s  d i s t r i b u t e  symmetr ica l ly  around t h e  a x i s .  (See 
Fig.  7 . )  

A disp lacement  of a par t ic le  a t  a n  a r b i t r a r y  p o i n t  i n  a solid due 
t o  t h e  e l a s t i c  wave from a s i n u s o i d a l  s u r f a c e  f o r c e  has  f o u r  components, 
Szz ,  a v e r t i c a l  component from t h e  v e r t i c a l  s u r f a c e  f o r c e  Pz; Srz ,  a r a d i a l  
h o r i z o n t a l  component from t h e  v e r t i c a l  s u r f a c e  f o r c e  P z ;  Szy2, a v e r t i c a l  
component from t h e  r a d i a l  h o r i z o n t a l  s u r f a c e  f o r c e  F r ;  and S p r ,  a r a d i a l  
h o r i z o n t a l  component from the r a d i a l  h o r i z o n t a l  s u r f a c e  f o r c e  Pp.  

A s u r f a c e  f o r c e  produced by 

llHq Lamb, "On t h e  P ropaga t ion  of Tremors Over the Sur face  of an 
E l a s t i c  S o l i d , "  PhiZ. Trans. Roy. Soe. London Ser.  A 203: 1 - 4 2  ( 1 9 0 4 ) .  

"F. M i l l e r  and H. Pu r sey ,  "The F i e l d  and R a d i a t i o n  Impedance of 
Mechanical Rad ia to r s  on t h e  F ree  S u r f a c e  of a Semi - in f in i t e  I s o t r o p i c  
S o l i d , "  Proc. Roy. Soe. London Ser. A 2 2 3 :  521-41 ( 1 9 5 4 ) .  

I 3 G .  N .  B y c r o f t ,  "Forced V i b r a t i o n s  of Rig id  C i r c u l a r  P l a t e  on a 
S e m i - i n f i n i t e  Elast ic  Space and on an Elast ic  St ra tum,"  PhiZ. Trans. 
Roy. Soe. London Ser. A 284:  327-368 ( 1 9 5 6 ) .  

Disk on a S e m i - i n f i n i t e  E las t ic  S o l i d , "  Proe. Cambridge P h i l .  Soe. 
6 2 :  547--553 ( 1 9 6 6 ) .  

J .  Roy. Astron. Soe. 3 7 :  9!?-131 ( 1 9 7 4 ) .  

41. A. Robertson, "Forced Vertical V i b r a t i o n  of a Rig id  C i r c u l a r  

lSL. R. Johnson, "Green's Funct ion  f o r  Lamb's ProbI.em," Geophys. 
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The average displacement  i n  a c i r c l e  o f  r a d i u s  n i s :  

Equat ions  ( 3 3 )  and ( 3 4 )  w e r e  de r ived  f o r  a s ini isoidal  c u r r e n t  i n  t h e  
c o i l .  L f  t lic c u r r e n t  i s  n o t  s i n u s o i d a l ,  i t  can be  r e s o l v e d  by a Fourier  
a n a l y s i s  i n t o  s i n u s o i d a l  components, and t h e  a c t u a l  d i sp lacements  can t h e n  
be  ob ta ined  by summing t h e s e  equal ions wi th  a p p r o p r i a t e  F o u r i e r  c o e f f i c i e n t s .  
T h i s  a n a l y s i s  i s  ou t l ined  i n  Appendix C f o r  a c u r r e n t  that is  a r e p e t i t i o n  
of harmonic pul  ses .  

e x e r t e d  over  a c i r c l e  o f  r a d i u s  a1:  

Appendix C a l s o  t reats  t h e  case i n  which a C Q n S L a I I t  s u r f a c r  f o r c e  i s  
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Then E q s .  ( 3 3 )  and ( 3 4 )  can be resolved into 

where 
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NUMERICAL CALCULATION OF ELASTIC WAVES 

Method of Numerical C a l c u l a t i o n  

W e  assume P,(a) and P,(a) are cons t an t  between a = ai and n = ai+l;  
t h e n  

s i n c  e 

S i m i l a r l y ,  
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where 

S u b s t i t u t i n g  E q s .  ( 4 0 )  and ( 4 1 )  i n t o  E q s .  ( 3 3 )  and ( 3 4 ) ,  w e  have 
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A f t e r  a l l  l e n g t h s  except S, and Sp are m u l t i p J i e d  by K~ and CY, is 
d i v i d e d  by KC, E q s .  (42) and ( 4 3 )  become 
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The f i r s t  t e r m  of E q .  ( 4 4 )  can be resolved i n t o  two terms: 

The term S,,$ is  cons ide red  t o  come from %$,,/az, and from 
(l/r) 2 ( r b J 1 1 )  / a r .  
of the disp lacement  v e c t o r  i n t o  l o n g i t u d i n a l  and t r a n s v e r s e  wave components. 

f i n i t e  values. 

Equat ion  ( 4 6 )  h e l p s  u s  t o  unders tand  t h e  i n s e p a r a b i l i t y  

When z = ze ro ,  w e  can easily see t h a t  S z z y d  and Szzs do n o t  have 
If 01 is  very l a r g e ,  t h e  func t ion  t o  be i n t e g r a t e d  becomes 
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Bessel func t ions  dec rease  approximately p r o p o r t i o n a l  t o  l/&, and so 

K 2  - 20.’ 
2a2(1.  -- K 2 )  f K 4 

( 4 7 )  1/(1 - K 2 )  . 

Equat ion ( 4 7 )  shows t h a t  t h e  j - n t e g r a l  f l u c t u a t e s .  I h e n  bo th  z and r 
a r e  ze ro ,  i t  i s  easy  t o  see t h a t  t h e  i n t e g r a l  d i v e r g e s .  Tn a s i m i l a r  manner 
@ z z s ( n )  car1 b e  shown t o  have d ive rgen t  v a l u e s .  However, i f  w e  t:ake a sum of  
S z z ~  and S Z Z S  ( t h a t  i s ,  Szz), t hen  (K2 - 2a2) and 2a2 c a n c e l  each o t h e r ,  
l eav ing  onl.y K 2  i-n Eq. ( 4 4 ) ,  and convergence i s  a s su red .  

Some equa t ions  s imilar  t o  E q s .  ( 4 4 )  and ( 4 5 )  are  seen  i n  seismology,  
and they  are cons idered  exceeding1.y d i f f i c u l t  t o  e v a l u a t e  numer ica l ly .  

The d i s t a n c e  between a source  of e l a s t i c  waves and a n  o b s e r v a t i o n  
p o i n t  i s  u s u a l l y  v e r y  1-arge i n  t h e  c a s e  of seismology;  consequent ly ,  Bessel 
f u n c t i o n s  and t r igonomet r i c  func t i -ons  [which are de r ived  from 
exp(---- i u 2  
K S ]  f l u c t u a t e  v e r y  r a p i d l y  t o  make numer ica l  e v a l u a t i o n  d i f f i cu1 . t .  I n s t e a d  
o f  numer ica l  calculat : i .on,  t h e  equa t ions  are  approximate ly  eva lua ted  by t h e  
method of complex contour  i n t e g r a l s ,  which i s  v a l i d  f o r  l a r g e  v a l u e s  of 
d i s t a n c e .  I f  t h e  di.st:arice i.s as s m a l l  as s e v e r a l  c e n t i m e t e r s ,  t h e  
f luctuat : i .on i s  n o t  ve ry  r a p i d  and w e  can e v a l u a t e  t h e  equa t ions  by numer- 
i c a l  c a l c u l a t i o n s .  

o t h e r  terms of E q s .  ( 4 4 )  and ( 4 5 )  are c a l c u l a t e d  s i r n i l a r l y .  

K~~ z )  and exp(--- j a 2  - K~~ z )  when a i.s smaller than  KC and 

T h e  f i r s t  term, S z z ,  of  E q .  ( 4 [ + )  i s  consi.dered i n  d e t a i l .  A l l  the  
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1 r 

Only p r i n c i p a l  v a l u e s  of r a d i c a l s  are used f o r  numer ica l  i n t e g r a t i o n .  
Th i s  is  n e c e s s a r y  f o r  t h e  wave t r a v e l i n g  from t h e  sou rce  toward i n f i n i t y  
and a l s o  a b s o l u t e l y  necessa ry  f o r  t h e  convergence of i n t e g r a t i o n :  

The i n t e g r a t i o n  has  t h r e e  s i n g u l a r  o i n t s ,  ci = 1, K, and p .  Obviously,  
a = 1 and K are t h e  z e r o e s  of d and /a2 - ~ 2 ,  r e s p e c t i v e l y ,  and p 
is one of t h e  r o o t s  of 

To e n s u r e  t h e  c o n t i n u i t y  o f  t h e  i n t e g r a l  a t  t h e  t h r e e  s i n g u l a r  p o i n t s ,  
t h e  i n t e g r a l  i s  e v a l u a t e d  on a complex p l a n e  (n = ci + i s ) .  The contour  
of i n t e g r a t i o n  avo ids  t h e  t h r e e  p o i n t s ,  as shown i n  F ig .  9 .  

ORNL-DWG 75-6919 

a = O  a = !  CY=K a = p  

Fig .  9 .  Pa th  of I n t e g r a t i o n  i n  t h e  Complex P lane .  
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Then S Y y  i s  ob ta ined  as the l i m i t i n g  value of t h e  complex contour  i n t e g r a l :  
. I  

$(a> da . i p -to 
P + P, lim F r f ( 4 9 )  

While t h e  second and f o u r t h  i n t e g r a l s  o f  E q .  ( 4 9 )  have z e r o  v a l u e  as 
p1 and pK t end  t o  ze ro ,  t h e  s i x t h  term approaches a f i n i t e  v a l u e  as 
pp t ends  t u  zero .  
i n t roduced  as a n  upper l j m j t  of i n t e g r a t i o n  f o r  t h o  numer ica l  c a l c i i l a l i o n .  
The re fo re ,  

We assume "p t o  have a s m a l l  f i n i t t s  Val-uc, and 01, i s  
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The f o u r t h  term of Eq .  (50) i s  r ep resen ted  as 

Next,  H(r1) is rep resen ted  by  the Taylor  series expansion around the 
p o i n t  q = p:  

f-i(q) = H(p) + H ' Q )  (rl - p> + 1 H'> (p> (r) - p >  7_ + -$- 2"" ( p >  (11 - p> 

(52) + .  . . . 

Substituting E q .  (52) i n t o  Eg. (51) g i v e s  

+ .  . . (continued) 
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I-. . . 

+ .  . . 

W e  chose t h e  va lue  of pp s m a l l  enough t o  n e g l e c t  t h e  t h i r d  term of 
E q .  ( 5 4 ) .  Then H ( p )  and H’(p) are  modi f ied  as f o l l o w s :  

H ( n )  = (n - p > @ ( d  

= (n - p)h ( r i )  l A ( r 1 1  ; (55) 

A(n)  i s  r ep resen ted  by t h e  Tay lo r  series expansion around t h e  p o i n t  Q = p: 
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4”. . . 

S u b s t i t u t i n g  Eq .  (56) i n t o  Eq .  (55) g i v e s  

Taking t h e  d e r i v a t i v e  of E q .  ( 5 7 )  g i v e s  

SO 

(59)  

S u b s t i t u t i n g  I ! (p)  and H’(p) i n t o  Eq .  ( 5 4 )  gives  
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S u b s t i t u t i n g  E q .  (60) i n t o  E q .  (50) g i v e s  

Equat ion (SO) i s  n e g l i g i b l e  when z i s  l a r g e ,  b u t  i t  i n c r e a s e s  as z 
d e c r e a s e s ,  and i t  i s  e s p e c i a l l y  i.niportant when z is v e r y  s m a l l  o r  ze ro  
because most o f  t h e  imaginary p a r t  o f  E q .  (61)  comes from E q .  ( 6 0 ) .  

Throughout t h e  whole i n t e g r a t i o n  range ,  Bessel f u n c t i o n s  f l u c t u a t e  a t  
the  : s a n e  rates, whi-ch are 2Tr/ui f o r  Ji (aa;)  and 2n/r f o r  
J~(ar). The exponen t i a l s  Z )  and exp(-i-F z) f l u c t u a t e  
ve ry  r a p i d l y  when a i s  s l i g h t l y  less t h a n  1 and a i s  s l i g h t l y  less t h a n  K ,  
r e s p e c t i v e l y .  IJpon e v a l u a t i n g  t h e  i n t e g r a l s  by niunericnl. quadra tu re  .) t h e  
w i . d t h  of quadra.ti.ire, AD,, i s  accord ing  t o  ___I_. t h e  change . . . .. of t h e  
f l u c t u a t i o n  rates of exp(+ z )  and exp(-j/K2 - a2 z) * A l s o  ha i.s 
k e p t  small enough t o  be  a b l e  t o  f o l l o w  t h e  f l .uc. tuat ions of t h e  Bessel 
f u n c t i o n s  and t h e  o t h e r  terms i n  the in tegra i i ion .  
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C a l c u l a t i o n  of E l a s t i c  Wave Exer ted  by Uniform Sur face  Force 

Equat ions  ( 4 4 )  and ( 4 5 )  are numer i ca l ly  e v a l u a t e d  f o r  a s i m p l e  case, 
i n  which t h e  s u r f a c e  f o r c e  has  uniform v e r t i c a l  and r a d i a l  components i n  
a c i r c u l a r  area of r a d i u s  a, as i l l u s t r a t e d  b y  Fig.  10. I n  such a c a s e ,  
Eq .  ( 4 4 )  i s  cons ide red  t o  be  t h e  sum of  E q s .  (36) and ( 3 7 ) ,  and Eq .  ( 4 5 )  
i s  cons idered  t o  be  t h e  s u m  of Eqs. (38) and (39) .  The c a l c u l a t i o n  assumes 
a h y p o t h e t i c a l  metal  resembl ing  aluminum, w i t h  p r o p e r t i e s  shown i n  Table  5 
a long  w i t h  o t h e r  q u a n t i t i e s  used i n  the  numer ica l  i n t e g r a t i o n .  

O R N L - O W G  75-6918 

I 

P i g .  10. Uniform Surface Force Over  a C i r c u l a r  Area. 

Table  5. Numerical Values Used i n  C a l c u l a t i o n  

1' 
A 

2.5947 x IO1* 

5.1894 x 1 0 1 0  

Wave veloci ty  m/sec 8 

3100 - 
Surface force,  P or .i ~ / m 2  

:: I' ' 
Tnside c i r c u l a r  c o i l  cos u t  
Outside c i rcu lar  c o i l  0 

Angular- f requency  U, rad/sec 2-rr x 106 

R e a l  p o s i t i v e  r o o t  of A(a> = 0 p = 2.14471125 
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The i n t e g r a l s  are eva lua ted  f o r  t h e  c o n d i t i o n s  shown i n  Table  5 by 
numerical  quadra tu re .  T r i a l  numerical  c a l c u l a t i o n s  were c a r r i e d  o u t  
f o r  v a r i o u s  v a l u e s  of t h e  upper  l i m i t  of i n t e g r a t i o n  (a,) and t h e  wid th  
of numerical  quadra tu re  (Aa) t o  t es t  t h e  convergence of t h e  i n t e g r a l s  
and t o  o b t a i n  necessa ry  accuracy .  The range o f  inLegra t ion  was d iv ided  
i n t o  several i n t e r v a l s ,  as shown i n  Table  6 .  The wid th  of quddra ture  a t  
any value of a w a s  taken as t h e  l e a s t  of t h e  fo l lowing:  

Aal = a c o n s t a n t  f o r  each i n t e r v a l  (va lues  a re  g iven  i n  Table  6 ) ,  

_-__ 
I n  t h e  expres s ions  f o r n a , ,  N i s  de f ined  as 5 O z h  - a 2 / 2 n  f o r  t h e  f i r s t  
i n t e r v a l  and 5 0 z c a 2 / 2 ~ ~  f o r  t h e  second,  

Table  6 .  Condi t ions  f o r  Numerical Quadra tu re  

Value of La, o r  pp 

Case 1 Case 2 
I n t e r v a  1 . . . ... ..- 

0.003 0.0006 

0.003 0.0006 

0 -001 0.0002 

0.0000l  

0.0007125 0.0002125 

0.00001 

0.001 0.0002 

0 -005 0.001 

a 

5 
p - P f o r  c a s e  1. 

p - 0 f o r  case 2.  

p + p f o r  case 2.  

d p  + 0- f o r  case I. 

P 

P 
P 

c 

P e 
2 p  - K. 
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The c a l c u l a t e d  i n t e g r a l s  f o r  two c a s e s  of i n t e g r a t i o n  i n t e r v a l s  and 
s e v e r a l  upper l i m i t s  are g i v e n  i n  Table  7 .  For convenience i n  obse rv ing  
t h e  convergence o f  t h e  i n t e g r a l  t h e  term -jnh(p)/A’(p) w a s  e l imina ted  
from t h e  c a l c u l a t i o n .  From t h e  r e s u l t s  shown i n  Table  7 ,  t h e  wid ths  of 
q u a d r a t u r e  are chosen t o  be  t h o s e  of c a s e  1 i n  Table  6 ,  and t h e  upper 
l i m i t  o f  i n t e g r a t i o n ,  a,, is  chosen t o  be 2 . 5  f o r  x 2- 5 m, t o  b e  7 f o r  
1 S z G 5 mm, t o  be  15 f o r  z = 0 and P = 70 mm, and t o  b e  50 f o r  z = 0 
and r = 0. 

v e r t i c a l  s u r f a c e  f o r c e  i s  c a l c u l a t e d  a long  t h e  z a x i s  and shown i n  F i g .  11, 
It i s  compared w i t h  

The 2 component, Szz,  o f  t h e  d isp lacement  v e c t o r  e x e r t e d  by t h e  

which i s  ob ta ined  by t h e  assumption of a p i s t o n  movement sou rce .  

f u n c t i o n  f a i r l y  w e l l ,  and t h e  f i r s t  peak of t h e  former ( i n d i c a t e d  as P I  
i n  F i g .  11)  c o i n c i d e s  v e r y  well w i t h  t h e  second peak of t h e  l a t t e r  
( i n d i c a t e d  as Q l  i n  Fig.  ll), which shows t h e r e  is  an e l emen ta l  co inc idence  
between them. However, S,, seems t o  have i n f i n i t e l y  many peaks t h a t  
cannot be seen  i n  t h e  s i n e  f u n c t i o n .  

The envelope  of many consecu t ive  peaks of  ,Tz2 c o i n c i d e s  w i t h  t h e  s ine 

....... ~- ............. 

DiSPLACFhiENl A.I.ONG I AX15 
a AVERAGE DIbPLACEMENT ll* A 

0 RACIUS 5 m m  
C1RCUI.A.R AREA OF RADIUS 2 mm 

ORNl-OWG 75-691 .................... .- 

.................. 

................... 

................... 

F i g .  11. The z Component 
of t h e  Displacement Vector 
Along t h e  z Axis Exer ted  by a 
V e r t i c a l  Su r face  Force  t h a t  i s  
Uniformly D i s t r i b u t e d  Over a 
C i r c u l a r  Area of 10-mm Radius.  
The S,, curve  i s  compared w i t h  
t h e  s i n e  f u n c t i o n  c a l c u l a t e d  
f o r  a p i s t o n  movement sou rce  
and w i t h  curves f o r  average  S a z  
v a l u e s  over c i r c u l a r  areas 
about the i: a x i s .  
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T a b l e  7 .  Results or' Trial I n t e g r a t i o n s  
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Y. 679485 
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0.7974461 
0.7375976 

0.4573723 
2.4577783 
3.4577724 

-1.519320 
-1.519320 

0.9503430 
3.9503430 
0 .Y503527 

11.6709027 
-0.6709327 
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-il.1740712 
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0.03224713 
0.03225952 
0.03226021 
0 . 0 3 m 4 6 4  

0.01372709 
3.01359593 
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o . 0 4 4 v k a i 4  
0.34444671 

0 
0 
0 

0 
0 
0 

0 
0 

1.244738 x IO-" 
1.247738 
1.246473 

3.833751 x 
3.833751 
3.860736 

2.392257 X 

2.092284 
2.113009 

2.278714 x 
2.279217 
2.279451 
2.291131 

0 
3 
3 

9.338651 x 
9.939475 
9.338 666 

0 
3 
0 

0 
0 
0 

0.2338918 
0.2338918 
0.2330313 

4 . 5 4 7 8 6 7 9  
-0.5478679 
-0.5564306 

- - 3 . 5 m a ~ o  
-0.5336733 
-0.5 3 6  27 2 

3.4213050 
3.4212061 
0.4215584 0.4211602 

0 
0 
0 

-0.1971114 
-0.1970932 
4 .I971107 
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T h e  d isp lacement  S,, i s  composed of  t h e  z component of t h e  long i -  
tudinal .  wave and t h e  2 component of t h e  t r a n s v e r s e  wave, and w e  cannot 
know each one i n d i v i d u a l l y ,  as exp la ined  p rev ious ly .  The f l u c t u a t i o n  
of S,, can be exp la ined  as an i n t e r f e r e n c e  between t h e  l o n g i t u d i n a l  and 
t r a n s v e r s e  waves. Such a f l u c t u a t i o n  has never been d e t e c t e d  so  f a r  i n  
an u l t r a s o n i c  t echn ique ,  because  p u l s e  waves are used i n  t h e  u s u a l  u l t r a -  
s o n i c  t echn ique ,  making i t  imposs ib l e  f o r  t h e  l o n g i t u d i n a l  wave and 
t r a n s v e r s e  wave t o  c o i n c i d e  except  f o r  t h e  ve ry  n e a r  f i e l d  (because of t h e  
v e l o c i t y  d i f f e r e n c e s ) .  

The fo l lowing  ave rag ing  e f f e c t  a l s o  concea l s  t h e  f l u c t u a t i o n  phenom- 
enon. Average d isp lacements  i n  c i r c u l a r  areas of  r a d i i  2 ,  5 ,  and 10  mm 
w e r e  c a l c u l a t e d  w i t h  E q .  (351, and t h e  r e s u l t s  are  a l s o  shown i n  F ig .  11. 
I n  t h e  c a s e  of a 10-mm r a d i u s  ( s i m i l a r  t o  common u l t r a s o n i c  t e c h n i q u e s ) ,  
very l i t t l e  f l u c t u a t i o n  can b e  observed ,  which may have been unfn ten-  
t i o n a l l y  overlooked i n  t h e  p a s t .  The z component of t h e  d i sp lacemen t ,  
& S z T ,  e x e r t e d  a long  t h e  symmetry a x i s  by a h o r i z o n t a l  s u r f a c e  f o r c e ,  i s  
shown i n  F i g .  1 2 .  

ORNL-DWG 75-691 4 

------I 
I ‘ I  

I !  
1 I 1  

0 40 20 3G 40 50 60 70  
I ( m m l  

Fig.  1 2 .  The  z Component of t h e  Displacement Vector  Along t h e  
z Axis Exer t ed  by a H o r i z o n t a l  Su r face  Force  t h a t  has  only  a Rad ia l  
Component and i s  D i s t r i b u t e d  Uniformly over  a C i r c u l a r  A r e a  of 10-mm 
Radius Symmetrically Around t h e  z axis. 



36 

The z component, S z z ,  and r component, S r z ,  of t h e  displacernrnt on 

The first minimum of S,, i s  a t  a n  a n g l e  o f  about 
a hemisphere o f  70-mm r a d i u s  t h a t  are e x e r t e d  by a ve r t i ca l  s u r f a c e  f o r c e  
are shown i n  F ig .  13. 

30' 209 1 O0 00 400 20" 30" 

ORNC -DWG 75 -6915 

0 7  

0 
0 40 20 30 40 50 60 70 80 90 

DIRECTION FROM NORMAL (deg) 

Fig .  13. The r Component (Srz) and 2 Component (&?,,) o f  t h e  D i s p l a c e -  
ment Vector on  a Hemisphere of 70-mm Radius Exerted by a Ver t i ca l  Surface  
Force Uniformly U i s t r i b u t e d  over  a C i r c u l a r  Area of  l o - m  Radius. 
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21.5', which c o i n c i d e s  f a i r l y  w e l l  w i t h  t h e  v a l u e  of 2 2 . 2 "  c a l c u l a t e d  
from 0 = ~ i n " ~ ( 0 . 6 l h ~ / a )  on t h e  assumption of a p i s t o n  movement s o u r c e .  
The a n g l e  f o r  S,, is  12.5", which a l s o  c o i n c i d e s  w e l l  w i t h  1 1 . 4 "  ca l cu -  
l a t e d  from 0 = sin-l(O.GIXt/a).  
s u r f a c e  f o r c e  are a l s o  shown i n  F ig .  1 4 .  I n  a l l  f o u r  c a s e s ,  t h e  l a s t  
peak a p p e a r s  a t  an a n g l e  of go",  t h a t  i s ,  on t h e  s u r f a c e .  These peaks are 
conf ined  t o  on ly  s m a l l  d e p t h s ,  which i s  c h a r a c t e r i s t i c  of s u r f a c e  waves. 

Displacements e x e r t e d  by a h o r i z o n t a l  

..... G R M - D W  75-6912 

0 2  

F i g .  14 .  The r Component (Spy) and z Component ( S z p )  of t h e  D i s -  
placement Vector  on a Hemisphere of 70-mm Radius Exer ted  by a H o r i z o n t a l  
S u r f a c e  Force  t h a t  has  o n l y  a R a d i a l  Component and is  Uniformly and 
Symmetrically D i s t r i b u t e d  i n  a C i r c u l a r  A r e a  of  10-mm Radius Around t h e  
2 Axis. 

It is  imposs ib l e  t o  d i v i d e  a d isp lacement  i n t o  l o n g i t u d i n a l  and 
t r a n s v e r s e  wave components. However, i f  t h e  s u r f a c e  f o r c e  i s  pu l sed ,  
bo th  waves shou ld  b e  r e s o l v e d  i n d i v i d u a l l y  i n  t i m e  a t  a s u f f i c i e n t l y  
d i s t a n t  p o i n t  from the s o u r c e ,  because  they  travel w i t h  d i f f e r e n t  
v e l o c i t i e s .  

c o n d i t i o n s  : 
The s u r f a c e  f o r c e s  are assumed t o  have t h e  fo l lowing  boundary 

The p u l s e  d isp lacement  due t o  a pu l sed  f o r c e  is c a l c u l a t e d  w i t h  E q s .  (C46) 
and ( C 4 7 )  from Appendix C. The c o n d i t i o n s  are 
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2'0 = 3 x lo -6  s e c  , 

A t  = 0 . 2  p sec  , 

f o r  c a l c u l a t i n g  p u l s e  d i sp l acemsn t s  f o r  the  p o i n t s  (2 -- 70 mm, r = 0 ) ,  
(a = 70 cos 5" trim, r = 70 s i n  5" iiim) , and ( Z  = 0 ,  19 = 70 mm).  The p u l s e  
displacement  f o r  ( z  = 25 min ,  r = 0) was c a l c u l a t e d  f o r  Lhe same c o n d i t i o n s  
except To = 1.75 x ser. Some o f  t h e  r e s u l t s  are s h o k j  i n  F i g s .  15 
through 21. 

t o !  

-05 } 

35 

F i g .  15.  Components of t h e  P u l s e  Displ-acement Vector  ail a P o i n t  
( z  = 70  cos 5" mi, r = 70 s i n  5" mn) Exerted by  a Pulsed Sur face  Force 
Uniformly D i s t r i b u t e d  ove r  a C i r c u l a r  Aren of r a d i u s  10  im. 
ponent (SZz)  and (b) r component ( S r s )  from vertical s u r f a c e  f o r c e .  

( a )  z com- 
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Fig .  16. Components of t h e  P u l s e  Displacement Vector  a t  a P o i n t  
(z = 70 cos 5" mm, r = 70 s i n  5' mm) Exerted by a Pulsed  Sur face  Force 
Uniformly D i s t r i b u t e d  over  a C i r c u l a r  Area of Radius 1.0 mm. 
ponent ( S z r )  and (b)  P component (S,,) from hor izonta l .  force wi th  only  
r a d i a l  component and symmetrical about  z axis. 

(a) z com- 
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F i g .  1 7 .  Components o f  the  Pulse. Displacement Vector  a t  a Po in t  
( z  = 70 mm, r = 0 )  Exer ted  by a Pulsed Sur face  Force  Uniformly D i s t r i b u t e d  
over a C i r c u l a r  Area of Radius 10 mm. (a) z component (SZZ) from ver t ica l  
s u r f a c e  f o r c e .  (b)  z component (SZx2)  from h o r i z o n t a l  f o r c e  w i t h  only  
r a d i a l  component and symmetrical about  z axis,  
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Fig .  18. Components of t h e  P u l s e  Displacement Vector  a t  a P o i n t  
( z  = 25 mm, LT = 0) Exer ted  by a P u l s e d  Sur face  Force Uniformly D i s t r i b u t e d  
o v e r  a C i r c u l a r  Area of Radius 10 mm. ( a )  z component (Szz)  from ver t ica l  
s u r f a c e  f o r c e .  (b) z component (Szr,) from h o r i z o n t a l  f o r c e  w i t h  on ly  
rad ia l  component and syrmnetrical  about  z a x i s .  
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. .  . . . .  . . . . .  

Fig .  19 .  Comporieiits of t h e  P u l s e  Displacement Vector  Averaged i n  a 
C i r c u l a r  A r e a  of Radius 5 itnii Centered a t  (z = 70 mm, r = 0)  Kxei-ted by a 
Pulsed. Su r face  Force Uniformly D i s t r i b u t e d  ove r  a C i r c u l a r  Area of Radius 
10 mm. ( a )  z component [S,, ( ave rage ) ]  from ve r t i ca l  s u r f a c e  force .  
(b) z component [S,, ( ave rage ) ]  from h o r i z o n t a l  f o r c e  with on ly  r a d i a l  
component symmetr ical  about  z axis.  
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Fig .  20. Components of the P u l s e  Displacement Vector Averaged Over 
a C i r c u l a r  A r e a  of Radius 5 rmn Centered a t  ( z  = 25 mm, P = 0 )  Exerted by 
a Pulsed  Surface  Force Uniformly D i s t r i b u t e d  over a C i r c u l a r  Area of 
Radius  10  m. (a) z component ISZ, ( ave rage ) ]  from v e r t i c a l  s u r f a c e  f o r c e .  
(b)  z component [S,, ( ave rage ) ]  from h o r i z o n t a l  f o r c e  w i t h  only  r a d i a l  
component symmetrical  about z a x i s .  
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The l o n g i t u d i n a l  and t r a n s v e r s e  waves are c l e a r l y  s e p a r a t e d  i n  
t i m e ,  as they  should  be i n  a real p h y s i c a l  phenomenon. The wave 
v e l o c i t i e s  c a l c u l a t e d  from F i g .  15 (a )  are  6120 m/sec f o r  t h e  l o n g i t u d i n a l  
wave and 3070 rn/sec f o r  t h e  t r a n s v e r s e  wave. I n  t h e  case of an i n f i n i t e  
s o l i d ,  t h e  v e l o c i t i e s  are  c a l c u l a t e d  from Lam; c o n s t a n t s  as 6200 and 
3100 m/sec, r e s p e c t i v e l y ,  by t h e  s imple  formulas  J(X + 2 ~ 1 ) / p  and a . 
The d i f f e r e n c e  i n  t h e  v e l o c i t i e s  is  cons idered  t o  r e s u l t  from t h e  d i f f e r -  
ences  i n  t h e  c o n d i t i o n s  and a n  i n a c c u r a t e  e s t i m a t i o n  of t h e  v e l o c i t y  
from F ig .  1 5 ( a ) .  

a t  f irst .  That i s ,  a d i s t u r b a n c e  i n  t h e  z d i r e c t i o n  travels a long  t h e  
z axis n o t  only w i t h  t h e  v e l o c i t y  of a l o n g i t u d i n a l  wave b u t  a l s o  w i t h  
t h e  v e l o c i t y  o f  a t r a n s v e r s e  wave. 
can b e  exp la ined  i n  t h e  fo l lowing  q u a l i t a t i v e  way, w i t h  r e f e r e n c e  t o  
F ig .  22, 
t r a n s v e r s e  waves are gene ra t ed  by any t y p e  o f  a p p l i e d  Eorce. W e  assume 
t h a t  two i d e n t i c a l  ver t ica l  f o r c e s  work s imul t aneous ly  on p o i n t s  A and B ,  
and pu re  l o n g i t u d i n a l  and pu re  t r a n s v e r s e  waves are gene ra t ed  from t h e  
p o i n t  sou rces .  They are n o t  n e c e s s a r i l y  s p h e r i c a l  waves, b u t  t hey  must 
b e  symmetric around t h e  ve r t i ca l  l i n e s  through A and B y  r e s p e c t i v e l y .  
Two t r a n s v e r s e  wave f r o n t s  t ravel  wi th  t h e  transverse w a v e  v e l o c i t y  t o  
m e e t  a t  a p o i n t  P on t h e  z axis.  Each d isp lacement  v e c t o r  h a s  the same 
ampl i tude  and t h e  same phase ,  b u t  t h e  d i r e c t i o n s  are symmetric about  t h e  
z axis, as is  shown i n  F ig .  22. Whlle t h e  r components of displacement  
cance l  each o t h e r ,  t h e  x components are n o t  cance led .  Consequent ly ,  t h e  
z d i r e c t i o n  d i s t u r b a n c e  travels a long  t h e  z axis approximate ly  w i t h  a 
v e l o c i t y  of t r a n s v e r s e  wave. However, such  n wave has neve r  been observed 
by the u s u a l  u l t r a s o n i c  t echn iques .  
c i r c u l a r  area of  5-mm r a d i u s ,  c e n t e r e d  a t  z = 70 and 25 mm, are shown i n  
F i g s .  1.9 and 20. I n  Fig.  1 9 ( a ) ,  i t  is  reduced but  s t i l l  remains [SZz t  i n  
F ig .  1 9 ( a ) ] .  I n  F i g .  20(a)  i t  a lmost  d i sappea r s .  The r eason  f o r  t h e  
d i s t u r b a n c e  remaining i n  F i g ,  19(a)  and d i sappea r ing  i n  F ig .  20(a) i s  t h e  
d i f f e r e n c e  i n  d i s t a n c e s  between t h e  sou rce  and o b s e r v a t i o n  p o i n t .  When 
t h e  d i s t a n c e  i s  small ,  t h e  procedure  of ave rag ing  d isp lacements  i n  a 

There are some i n t e r e s t i n g  f a c t s  i n  F ig .  1 7 ,  which may look s t r a n g e  

It seems imposs ib le  at f i rs t ,  b u t  i t  

The theo ry  of e l a s t i c  waves assumes t h a t  bo th  l o n g i t u d i n a l  and 

P u l s e  d isp lacements  averaged i n  a 

ORNL-DWG 75-69q6 

SURFACE 

i I Fig.  22.  P roduc t ion  of Longi- 
t u d i n a l  Displacements  by I n t e r a c t i o n  
of T ransve r se  Waves from a n  Extended 
Source . 
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c i r c u l a r  area o f  a c e r t a i n  r a d i u s  i s  more c r i t i c a l  than  i t  i s  i n  t h e  
case of l a r g e  d i s t a n c e ,  where t h e  p a t h  d i f fe ren ice  i s  v e r y  small. 
phenomenon may be  used t o  measure t h e  v e l o c i t y  of transverse waves w i t h  
a l o n g i t u d i n a l  wave t r ansduce r  wi thout  a t t a c h i n g  i t  t o  a material s u r f a c e .  
A spec ia l .  t r a n s d u c e r  t h a t  c o n s i s t s  of two l o n g i t u d i n a l  w a v e  t r a n s d u c e r s ,  
one a l a r g e  d i s k  having a s m a l l  h o l e  i n  i t  and t h e  o t h e r  a sma1.l c o a x i a l  
d i s k ,   rill b e  a b l e  t o  d e t e c t  bo th  h n g i t u d i n a l  waves and t h e  z component 
of t r a n s v e r s e  waves ( s e e  F ig .  23 ) ,  

This  

ORNL--DING 75-6947 

Fig .  23.  Composite 'Transducer.  

One problem i s  t h e  d i f f e r e n c e  i n  t h e  c o n d i t i o n s  between t h e  ca lcu-  
l a t i o n  and t h e  actual-  u l t r a s o n i c  . t e s t i n g ;  a second problem i s  t h e  ve ry  
low e f f i c i e n c y  of the s m a l l  t r a n s d u c e r  t h a t  i s  used t o  detect:  t h e  z com- 
ponent of t h e  t r a n s v e r s e  wave, 

e x e r t e d  by a pu l sed  surEace f o r c e  on a c i r c u l a r  area o f  1-mm r a d i u s  are 
shown i n  F ig .  21. It  is  v e r y  i n t e r e s t i n g  t o  know t h a t  t h e  d i s t u r b a n c e  
t ravels  approximately w i t h  a s?eed of  2905 in/sec,  which i s  q u i t e  c l o s e  
t o  t h e  supposed s u r f a c e  wave v e l o c i t y ,  2891 m / s e c ,  de r ived  from C g / p  
where p is  a p a r t i c u l a r  r o o t  of A(a) = 0 .  

P u l s e  d isp lacements  a t  a p o i n t  on t h e  s u r f a c e  ( a  = 0 ,  r = 70 m) 

Numerical C a l c u l a t i o n  of r h e  Elas t ic  Wave Exer ted  by a n  Elec t romagnet ic  
Force  Caused by t h e  I n t e r a c t i o n  Between Eddy Cur ren t s  

and a Constant  Magnetic F i e l d  

The d isp lacements  Sz (= S,, + S z y )  and S, (= S,, + Spy), which are 
produced i n  a conductor  by a n  eddy-current  f o r c e ,  are c a l c u l a t e d  by u s e  
o f  t h e  approximate f u n c t i o n  of s u r f a c e  f o r c e s  shown i n  F i g .  8 and Table  4 ,  
p. 15.  The c a l c u l a t e d  r e s u l t s  are l i s t e d  i n  Table  8 and shown i n  F i g .  2 4  
as a p o l a r  d i s t r i b u t i o n  ( a t  a d i s t a n c e  of 58.2676 mm) nea r  t h e  synunetry 
a x i s .  
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Table 8 a Numerical Displacement Data Calculated f o r  
z = 58.2676 cos0 mm, r = 58.2676 s i n 0  mm 

0" 32.71046 

1 26.17365 

2 17 -65618 

3 14.7 1.417 

4 10.41641 

5 3.87 7 380 
6 0.7847714 

7 4.047799 

8 8,542795 

10 10.40244 

12  7.276527 

14 1.811628 

0.5785691 

0.4572459 

0.08132202 

0.005480981 

0.38728% 

0.6561141 

0.01685626 

-0 I/ 7 305414 

3 . 1 4 2 6 8 7 7  

0.3757070 

0.6584039 

1. 4474 7 7 

0.000000 

20.9 6264 

16.92477 

2.843768 

2.273667 

5.176582 

9.38 6882 

7.579748 

3.495181 

7.253332 
2.170394 

1 e 615008 

0.000000 

-0.2911700 

-0 e 07 9 69 03 3 

1.014537 

-0,5674052 

1.564694 

-0.68823l.2 

0.3255450 

--0.118 7 7 3 1  

-0.01513283 

-0.1303427 

0.97602963 

OHDIL-DWC 75-5781 

I Fig. 24 .  Po lar  Distri- 
bution ( d i s t a n c e  is 58.2676 mm) 
of  P a r t j c - l e  Displacements, S, 
and 



4 8  

The material  c o n s t a n t s  are: 

Dens i ty  p:  

TAam6 c o n s t a n t s  1-1: 
A: 

7 . 8 5  x l o 3  kg/m3 

5 .680333  x l o l o  kg m-' secw2 
1 . 3 5 2 1 3 9  >: l o 1 '  kg m-' s e c  

CR = -21_1)/p = 5630  m/sec 

Ct = = 2690 m/sec 

- 2  

Wave v e l o c i t i e s :  

Frequency: 1 .6  MWz 

Real p o s i t i v e  r o o t  of A(a) = 0:  p = 2 .2678044  

As i n  t h e  c a l c u l a t i o n  f o r  t h e  h y p o t h e t i c a l  material  g iven  p r e v i o u s l y ,  
t h e  range  of i n t e g r a t i o n  w a s  d i v i d e d  i n t o  s e v e r a l  i n t e r v a l s .  The wid th  o f  
quadra tu re  a t  any v a l u e  o f  cy. w a s  t aken  as t h e  l eas t  o f  t h e  fo l lowing:  

Aa, = a cons tan t  f o r  each i n t e r v a l ,  

Aan = 2 ~ / 5 0 ( ~  -I- a) , 

41 - (2~rPJ /50z)~-  -- 41 - [2,rr(N -1- 1 . ) / 5 0 ~ ] 2  f o r  0 f a f 1 

J K ~  -- ( Z + P J / ~ O Z ) ~  - V'K~ - [2n(N -I- 1 ) / 5 0 ~ ] 2  f o r  1 < a < K 
( n o t  d e f i n e d  f o r  a > K . 

I n  t h e  expres s ions  f o r  Aa3, ZL' i s  d e f i n e d  a s  50zJ1 - u2/2.ir €o r  t h e  f i r s t  
i n t e r v a l  and 50%~'~~ - a 2 / 2 n  f o r  t h e  second. 
were as follows: 

The i n t e r v a l s  and Aal v a l u e s  

I n  t erv a1 

O < a < l  

acl, 
0.003 

l < a G K  0.003 

In  t h i s  example, numerical  v a l u e s  are  pp = 0 . 0 0 0 8 6 7 6 ,  K = 2 . 0 9 2 9 3 6 8 ,  
p --- pp = 2 . 2 6 6 9 3 6 8 ,  p + pp = 2 . 2 6 8 6 7 2 0 ,  217 - K = 2 . 4 4 2 6 7 2 0 ,  and a, = 3 .  
The F o r t r a n  program f o r  c a r r y i n g  o u t  t h i s  c a l c u l a t i o n  i s  g iven  i n  
Appendix D .  
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Accuracy of Numerical C a l c u l a t i o n  

The accuracy  of t h e  numer ica l  c a l c u l a t i o n s  o f  E q s ,  ( l l) ,  ( 1 2 ) ,  and 
(13) i s  cons idered  t o  b e  ve ry  good f o r  t h e  wid ths  of quadra tu re  used i n  
i n t e g r a t i n g  these equa t ions .  Simpson e t  a l .  g i v e  s i m i l a r  examples. 
The accuracy  o f  t h e  numer ica l  c a l c u l a t i o n  of E q s .  (44) and (45) is  
cons ide red  t o  be  b e t t e r  t han  1% f o r  t h e  fo l lowing  r easons :  

t o  fo l low t h e  f l u c t u a t i o n s  of t h e  t r i g o n o m e t r i c  f u n c t i o n s  and t h e  Ressel 
f u n c t i o n s .  To i l l u s t r a t e ,  

1. The wid th  of numer ica l  quadra tu re  i s  chosen t o  be s m a l l  enough 

i s  c a l c u l a t e d  by b o t h  a n a l y t i c a l  [ E q .  (6211 and numer ica l  [ E q .  (6313 
methods, and t h e  r e s u l t s  are compared i n  Table  9 .  

sinx d;C = - cosx  = 2 , r [ I: 

16We A .  Simpson, C.  V. Dodd, J .  W .  Luqui re ,  and W. G. S p o e r i ,  Cornputel- 
Programs f o r  Some Eddy-Cmre-nt PjobTems - 2970, ORNL-TM-3295 (June 1971).  

Table 9. Accuracy of Numerical I n t e g r a t i o n  of sinx dx lu" 
N ,  Number of Value of Error 
Quadra tu res  I n t e g r a l  (%> 

A n a l y t i c a l  2.000000 
20 2.008248 0.41 
22 2.006814 0 . 3 4  
24 2.005724 0.29 
26 2 -004876 0 .24  
28 2.004202 0 .21  
30 2.003660 0.18 
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We know from Table  9 t h a t  JTi 0  sin^ dx can b e  numer ica l ly  c a l r u l a t e d  
t 7 i t X  an accuracy b e t t e r  t han  0.3% ~ i f  t h e  n m e r i c n l  quadra tu re  wid th  i s  
chosen t o  h e  r r / 2 4 ;  t h a t  i s ,  1 /48  o f  t h e  f l u c t u a t i o n  p e r i o d ,  27i. The 
product  of  two  trigonomr-t r i c  r m c t i o n e  car* b e  r ep resen ted  as t h e  sum of 
o t h e r  t r i g o n o m e t r i c  f u n c t i o n s :  

Equat ion  ( 6 4 )  shows t h a t  f ( z )  f l u c t u a t e s  wi th  a pe r iod  of approxi-  
mate ly  2 ~ / ( k l  + k 2 ) .  We a s s u m e  the  product  of two i iesse l  f u n c t i o n s  can 
b e  t r e a t e d  s imL1.ar ly .  

Equat ions ( 4 4 )  and ( 4 5 )  have three f l i i c t u a t i n g  te-ms. One of them 
i s  t h e  sui of two t r i g o n o m e t r i c  func%i.ons,  and t h e  o t h e r  two are Bessel 
f u n c t i o n s .  These two Bessel f u n c t i o n s  f l u c t u a t e  wi th  t h e  pe r iods  of 
approximate ly  2,ri/ai and 2v/r and s o  t h e  pr0duc.t of  t h e s e  two Bessel 
f u n c t i o n s  can b e  consj.dercd t o  f l u c t u a t e  w i t h  t h e  pe r iod  of approximately 
27i/(a, + r ) .  
quadra tu re  i s  chosen t o  b e  the least one of t h e  fo l lowing  t h r e e  v d ~ i e s ,  
0.02x the f I-inctuation per iod  of t h e  t r i g o n o m e t r i c  f i i i ic t ion 0.02x 
2 i i / ( a i  + r)  and a c e r t a i n  sma.l.1. v a l u e ,  as i s  shown i n  Table  6.  The 
computat ional  accuracy of r.he who1 e f l u c t u a t i n g  f a c t o r  can b e  cons idered  
t o  be  about 0 .6%, because t h e  computa t iona l  accuracy  of each f l u c t u a t i n g  
f a c t o r ,  t h a t  i s  a t r igonorne t r ic  f u n c t i o n  and t w o  Bessel f u n c t i o n s ,  i s  
cons idered  to b e  about  0 .3%. 

t r i e d  f o r  several c o n d i t i o n s  t o  a s s u r e  the corwergence of t h e  i n t e g r a t i o n .  
A l s o  numerical  q u a d r a t u r e  widths  o n e - f i f t h  of t h e  i n i t i a l  va lues  and a 
smaller v a l u e  of  p were t r i e d  ( s e e  Table  6 ) .  These mcxlifications are 

more than  0.5%. 

I:n t h e  nurneri-cal c a l c u l a t i o n  t h e  wid th  of t h e  numerical. 

2. Severa l  d i f f e r e n t  va lues  of  t h e  upper  l i m i t  of  i n t e g r a t i o n  w e r e  

compared i n  Table  P , which shows t h a t  t:he c a l c u l a t e d  v a l u e s  v a r y  no 

PROBLKMS AND CONSIDERATIONS 

1. The f i n a l  purpose o f  t h i s  s tudy  should be  not: o n l y  t h e  c a l c u l a t i o n  
o f  t h e  a c o u s t i c  f i e l d  produced by an e l ec t romagne t i c  f o r c e  b u t  shou1.d a l s o  
be the ca l cu la t i -on  of t h e  v o l t a g e  induced i n  a coil .  by t h e  i n t e r a c t i o n  o f  
a s t e a d y  magnet ic  f i e l d  wi th  the a c o u s t i c  f i e l d  t h a t  i s  r e f l e c t e d  and 
r e t u r n s  firom the  rear s u r f a c e  o f  t h e  material . .  

i s  not  taken i ~ n t o  c o n s i d e r a t i o n .  It should nvcntua1.1.y b e  cons ide red .  

a s  i s  t r e a t e d  i n  t h i s  paper .  

e l a s t i c  waves i s  necessa ry .  

2. In t h i s  paper  t he  at : tenuat ion of t h e  u l t r a sound  by the mater ia l  

3.  An actual.  m e t a l  i s  not  s t r i c t l y  l i n e a r ,  i s o t r o p i c ,  and homogenous 

4 .  I n  the case of l a r g e  u l t r a s o n i c  ampl i tudes ,  the? theory  of non l inea r  
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Other  problems f o r  c o n s i d e r a t i o n  a r i b :  

Can we t rea t  t h e  problem comple te ly  by macroscopic  and classical  

Can we  cons ide r  t h e  eddy-current  v e l o c i t y  t o  b e  i n f i n i t e  when t h e  

Can we n e g l e c t  t h e  s t a t i c  f o r c e  t e r m s ,  E',, and F F o ?  
Can w e  n e g l e c t  t h e  a t t e n u a t i o n  o r  a m p l i f i c a t i o n  i f  t h e  u l t r a s o n i c  

f i e l d  by the s t e a d y  magnet ic  f i e l d ?  
W e  may have t o  develop new d i f f e r e n t i a l  equa t ions  t o  r i g o r o u s l y  t rea t  

the i n t c r a e t i o n  of t h e  e l a s t i c  wave f j e l d  and t h e  e l ec t romagne t i c  f i e l d .  

t heo ry  ? 

volume f o r c e  i s  i n t e g r a t e d  t o  g e t  s u r f a c e  f o r c e ?  
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APPENDIX A 

For t r an  Program f o r  Calculation of  Eddy-Current Force 





r f r &  
00100 
00290 
0020 1 
0030Q 
00400 
O O 5 0 0  
00600  
G O 7 0 0  
O O d Q O  
013900 
01 000 
01 106 
01200 
0 1300 
0 1400 
01 300  
01600 
01700 
01i500 
019ou 
20400 
k?O!3OQ 
20( i00  
20 7 00 
20606 
209OC 
21100 
2 I200 
2 1300 
2 1400 

2 1700  
2 1800 
21900  
22000 
22 100 
22 180 
22kL'G 
22300 
22303 
22304 
2 2 3 0 5  
22.3 1 Ij 
223  1 5  
22320 
2 2 3 2 5  

2 1 5 ~ 0  

.5 5 

For t r an  Program f o r  Calcu la t ion  of Eddy-Current Force 



56 

2 2 3 7 G 
'c250C 
226C;Cl 
22.700 
2.25 O C  
2 2 9 0 0  
2 3 0 O C  
2330C 
2.34CG 
2 3 S O c ;  
2 3 6 0 0  
2 3 7 0 G  
236LCi 
23900 
24000 
%4100  
2 4 2 0 0  
2 4 3 0 0  
244C'o 
2450G 
24600 
2 4 7 0 0  
2 4 8 0 0  
2 49 00 
25 1 G O  
ZS2;FoO 
25,300 
25400 
2 5 5 G O  
2 5 9 0 0  
2 6 0 0 0  
26 100 
262CI0 
26300 
26400 
2 6 5 0 0  
2 6 6 0 C  
2 6 7 0 0  
2 7  100 



57 

2 7200 
2 7 3 0 0  
I' I 5 0 0  
2 7 6 0 0  
27 7 0 C  
2 7 8 0 0  
2 7 8 b G  
2 i b b G  
2 7 8 7 0  
2 I880 
271390 
2 7 9 0 0  
2 7 9 0 3  
2 i lYGkl 
27907 
279 10 
27915 
2 7 9 2 0  
2.792 1 
2 8 0 0 0  
28 100 
28101 
28 10'2 
28200 
28ZbCi 
2 8 2 5  1 
28 300 
28400 
28 450 
28 46 0 
28 47 0 
28480 

26 500 
28505 
2 8 5  10 
,2851 5 
26600 

28490 
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26 700 
k n 7  10 
267 1 1  
28 720 
2 3 7 2  1 
28730 
2 H 7 3  1 
287 40 
28741 
287 50 
2 8 1 5 1  
28760 
28761 
28770 
23780 
28800 
9 1900 
Y 20QO 
92100 
9 2200 
92300  
92400 
92500 
92600 
9 2 7 0 0  
92t300 
9 2 Y  00 
Y 3000 
93100 
9 3200 
93300 
9 3400 
93500 
93400 
'33700 
9380Q 
93900 
9 4000 
94100 
9 4200 
9 4306 
9 4400 
9 4500 
9 4600 
9 47 00 
9 4800 
9 4900 
9 5000 
95100 
9 5,200 
95300 
9 54QO 
Y 5500 
9 5 6 0 0  
9 5 1 0 0  



APPENDIX A 

N u m e r i c a l  Data €or  Figs .  4 ,  5 ,  and 7 
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Numerical Data f o r  F i g s .  4 ,  5,  and 7 

***************** 
***************I* 

I tVNEk k A D I  u s  L3UIL t i  kAUI US L I b ’ I  @ r F  L . O . + C d I L  THICK 
0*102?8706K,-Oi 0 -  1479550E-01 0.342YGOOE-03 0 -  5Yh9COOE-03 

I U h X S  bkIVIcUG I;UhElE.V1 r NEGUS2JLY C B N G U C T I V I  TY 
0*7916670E+01 0~17Y0000k .+04  0.  l000000t+@7 0.1351351E+07 

************&**** 

H 2 

E.L. AMPLilUUt C.C.  P H A L L  ut3 bc!. 

VOL FL AMP V5L FL i - H A S t  ‘JUL F k  AMf- W L  F R  PHASE 

0. ~000000L- 02 0.0000000E+ 00 

U*9408181k.+GY 0*713G697E+00 0 * 4 Y O O O O O E + 0 0  - 0 * 2 8 5 G O G O E + 0 0  

0.4515927L+09 0.7130697t+OO 0*2681332i+09 0*7130697E+00 
-0*3415654E+09 -0*%9541332+09 0*2028045E+09 0. 1754016E+09 

P C =  3033 c -  
A P  K ~ A P ~ .  F L U A T I N G  UNDE.hFLb3r;l 

R 2 

E. c. AMPL I I UDE E. G. P H A S E  bR bZ 

VBL F L  AMP V O L  I.L PPfASf... V V L  Ft- .  A M P  VBL F h ‘  P H f i S E  

0 .k500OOOOC-02  -00 ~ 0 0 0 0 0 0 ~ - 0 3  

0.21 42327(3~+09 -0.7387 1 9 2 ~ + 0 0  0. ~ ~ O Q O O O E + O O  - o . 2 ~ 5 0 0 0 0 ~ + 0 0  

0.1028290L+09 -0 .733719%L+OO 0 * 6 1 0 5 4 7 0 L + O H  -0*7337192E+00 
-0*7602470E+O8 0.6923902L+OH 0 * 4 5 1 3 9 6 7 t + 0 8  -0 .41  11067E+CB 
SIJhFS P L  A M P  SUkFS PL PHALE- SUkFS Pk AMI- YtikFS Pk P H A S E  

h&L t.T dI. P L  I K A b  P7 1DF PZ K k A L  t - l  GI. PR I M A G  PT P)F Fk 
O B  1089236E+06 -0.62k503QOL-01 0*646733dC+05 -0.62803GlE-01 - IT 

-0- l O Y 7 0 8 6 t + 0 6  006836233E+04 C*645458dE+05 -0*4059014E+04 

R z 
kmC. A M P L I T L U L  k * L *  Y H A 5 k  Eh  bZ. 

V0L F L  AWP V C L  F L  r t iAbE VlDL Fk AMP 

***************** 
0*9000000E-02 O * O G O O O G O C + O U  

0.679 l ’ I I O E + O Y  0.4002471L+00 Oo3YGOOOOt+OO -0~%05000@E+O0 
VdL r’n PHASE 

0 * 2 6 4 8 7 6 7 t + 0 9  Ge4002471E+00 0*139230CE+09 0.400%471E+00 
- 0 * 2 4 3 9 4 2 1 t + 0 9  - 0 . 1 0 3 2 0 8 l t + O Y  G.l282260L+O9 0*5425042E+08 
R 2 

L . C .  UMPLITLJUE L.C* P H A S E  t5k bZ 

VBL F L  AMP VOL b L  Pl iAbL V,OL $ &  AMP V G L  F R  P H A S E -  

0 ~9 O U G O b G t - 0 2  - 0 -  5 C O O O O G k - G 3  

0*1620044E+09 -O.I126776,t+01 0 ~ 3 9 0 0 0 0 0 E + 0 0  - 0 ~ 3 0 5 0 0 0 0 ~ . + 0 0  

0.631817Ok+Ok5 - 0 .  1126776L+01 0.3321Uk5Yt+06 - 0 * 1 1 2 6 7 7 6 E + O I  
-0 .27141 19k+08 0. 5705509E+08 0*1426652L+08 -0.3Y99049E+Od 
S U K F S  PL ANY 5 b h F S  PL PriALk StJkf.5 PK A k r  S l i k F 5  r k  PHASE 

K ~ A L  PI & F  r L  I M A G  PT @ b  PL dEAL rl dF Ptl I M A G  P T  ‘OF PK 
@.6323816E+OS -0*4168177L+00 0.3324057E+05 -01 4 1 6 8 1 7 7 L + O O - ~  

-0*5782333k+05  0.2560214E+05 0 * 3 G 3 9 4 5 8 E + O 5  - 0 * 1 3 4 5 7 5 3 k + 0 5  **************+** 
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***************** 
R z 

E.C .  P%F’LITlIDF, L.C.  P t i A 5 k  u K t?L 

VrdL F L  AMP bL3L r L  PHASE V l d L  F h  AMP V A L  F E  F r ( A 5 F  

0*1300000t -G 1 0*0000000L+ 00 

0.  1C57665E+ 1 1  0.8390859t+00 0.2600OOCL+OO 0*150COOOF-C1 

0*~750450E+lG 0*3390859L+00 0 .  1586798L+OY 0=8390859t+00 
-0e1837694E+10 - 0 * 2 0 4 6 4 2 5 t +  10 - C .  1660208t+OY - G *  118Gh3GF+O? 
R Z 

E.C. AMPLIIUDL E . C .  PHASE b h bz. 

VdL F L  AMP V O L  b L  Fi lASE W @ L .  Fk AMP W L  ~k PHASE 

0. ~ ~ O Q C I O O L - ~ ~  - o . 5 0 ~ o o o o t - o 3  

0*2453787E-+ 10 -0*6179266E+00 0 .240GG00E+00  0. 1500000L-QI 

0*63/3846t+09 -0.617Y268L+00 0 * 3 6 8 0 6 8 0 t + 0 8  -C*6179%6SE+00 
- 0 .  5200093Em+09 0.36961 4 % L + 0 9  - 0 * 3 0 0 0 0 5 4 E + O R  0*2132389E+G8 
SURFS P L  APdF 5 U k F S  b L  P A A L L  SUkF-S Ph AMP SIJFF:, kAkJ  P’~(A,C.F 
0=6664545E+06 0.5513462E-01 0.3844330L+05 0 . 5 5 1 Z A 6 2 E - 0 1  

FiEfU. t-T @ F  PL I M A G  t-T B F  PL K t A L  PT @ b  r‘n IlrAu i - 1  U F  PP, 
-0*6654422E+06 - 0 . 3 6 7  19 45L+ 0 5  -0 .383909  OE+O?I e 0.2 1 1 d430k+ 0 4  

R 2 

E.C. A M P L I T U D E  E.C. PHAbL bk i3z 

VlaL F L  AMP V0L F L  PHASk LWL F h  AMP V ~ L  Fk P-HASL 

***************** 
0.1350000k.-01 0*000000CE+ 00 

0.11 14641E+ 1 1  0*8464962E+00 0.25500OOL+OO 0.5500000E-01 

0*284%334E+10 0*6464962E+00 0.6130525E+OY 0*8464962E+00 
-0*1883363L+lO -0*21268G4E+10 -0*4Gh2156E+OY -0*4591539L+09 
R z 
E.C. AMPLITCIUL E.L. PktAbL I: K bZ 

VBL FZ AMP VUL CL P H A S E  VdL k l ?  AMP V O L  FK P A A S E  
0*6583696E+ 09 -00 6 07 5050E+ 0 0  0.14200 1 3 L +  09 - 0 -  607 5050L+OO 

- 0 -  5405706E+ 09 0.37  581 1 OL+ 09 -0.1 165937k.+ 09 0.8 105727F+ OS 
SUEFS P L  AMP SUkPS PL P H A S t  S U W S  FF( AVF‘ bLlhP> t‘k PAALL 

0. i350000~- a 1 - 0. ~ O O O O O O E -  03 
0*2581842E+10 -0*6075050C+OO 0 . 2 5 b O O C O E + O O  0*5500000F-01 

0.6890950~+06 o.6405126~-01 0. 1486283~+06 n. 6 4 0 5 1 ~ 5 ~ - ~ 1  
kEAL P’l # P  P.L I M A G  F.1 OF  PL ttEAL PT BF. t - h  1D.IE.G r I idr I’r 
-0.687 68 19E+ 06 -0.44 10722E+ 05 - 0 .  1 483236E+06 -0.9 5 1332%E+ OS 

R z 

t - C e  AMPLI  IUDE. E.C. P H A b E  t3k bL 

VBL F L  AMP VUL F L  F H A s E  VldL F h  AMP” V W L  F h  FHASL 

********+******** 
00 1400000E-0 1 0. OOOOOOOE+ OG 

0. i145~71~+11 oO86is6i6c+oo 0.2500000~+0~ O . ~ ~ Q C I G C I O E - ~ I  

0-2864678t+10 0-8615616E+00 0 -  1088578E+ 10 0*8615616L+OQ 
-0*1865631E+10 -0*2173891L+10 -0*7089398E*09 -0*8260784E+09 
A 2 

E.C. AMPLITUUE E.C. P H A 5 E  B k  EZ 

V O L  F L  AMP V O L  F L  PHASE V0L F h  AMP V0L FR P H A S E  

0 -  1400000E~01 - 0 -  5000000k.-@3 

0.26269 1 9 L +  10 -0=5849336E+00 0.250000Ck+00 0-9SOOOOOE-01 

0*656-/297L+ 09 -0.58 49336E+OQ 0.249 5573E-+ 09 -0 .58  47336D00 
- 0 -  5475476L+09 0*3626094E+09 -0.208068 lt+09 0. 13779 16E +09 
SURFS PZ RMF b,ClkFS P L  PHALE SIJRFS Pk W P  >bI:FL Pi. PHASE 

0 -  69 36 1 62E+ O b  0.8 522099 C - 0  1 0.263650 1 t* 06 0 .  ts 522’GY 9 E -  O 1 
REAL v i  l d ~  rz. I M A G  PT @F’ FL H E A L  l-1 i j b  Pt.c I l y A G  PI L?r P h  
-0.69 12982kC06 -0*59056lSE+05 -0 *2626933E+06  -0*2244!34L+05 
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D e r i v a t i o n  of E l a s t i c  Wave F i e l d s  Produced by 
Eddy-Current S u r f a c e  Forces  

I n  t h i s  appendix,  t h e  e q u a t i o n s  t h a t  are s u i t a b l e  f o r  c a l c u l a t i o n  of 
e l a s t i c  wave f i e l d s  produced by eddy-current  s u r f a c e  f o r c e s  are d e r i v e d  
by u s e  o f  a Green’s € u n c t i o n .  A s u r f a c e  f o r c e  produced by i n t e r a c t i o n  of 
a magnet ic  f i e l d  and eddy c u r r e n t s  has two components. One i s  a ver t ica l  
component and t h e  o t h e r  i s  a h o r i z o n t a l  and r a d i a l  component. Both f o r c e s  
d i s t r i b u t e  symmetr ica l ly  around t h e  axis ( s e e  F ig .  7 ) .  I n  t h i s  s e n s e ,  t h e  
e q u a t i o n s  f o r  ver t ica l  f o r c e  d e r i v e d  h e r e  are g e n e r a l i z a t i o n s  of t h e  
e q u a t i o n s  o b t a i n e d  by Miller and Pursey.  
r a d i a l  fo rce  . a re  a l s o  d e r i v e d  by t h e  same method. 

and by Morse and Feshbach. 

The e q u a t i o n s  f o r  the h o r i z o n t a l  

2 U s e f u l  r e f e r e n c e s  on t h e  t h e o r y  of e l a s t i c  waves are  by Ewing e t  a l .  

E l a s t i c  Wave Equat ion  

The s t a n d a r d  form f o r  t h e  e l a s t i c  wave e q u a t i o n s  i n  t h e  absence  of 
body f o r c e s  is 

3 
where S = disp lacement  v e c t o r ,  

A, p = Lam6 c o n s t a n t s ,  arid 
p = d e n s i t y .  

A djpplacement  v e c t o r  can  b e  r e p s e s e n t e d  as t h e  sum of  an i r r o t a t i . o n a 1  
v e c t o r ,  S R ,  and a s o l e n o i d a l  v e c t o r ,  St: 

3 +  -f s = s  + S  R t  

j. 
v e s t  = 0 

’F. Mi l l e r  and H. P u r s e y ,  “The F i e l d  and R a d i a t i o n  Impedance of 
Mechanical R a d i a t o r s  on t h e  F r e e  S u r f a c e  of a S e m i - i n f i n i t e  I s o t r o p i c  
S o l i d , ”  Proc. Koy. Soe. London Ser. A 2 2 3 :  521-41 ( 1 9 5 4 ) .  

Media, M c G r a w - H i l l ,  New York, 1957.  

M c C r a w - H i l l ,  New York, 1953. 

2127. M. Ewing, W .  S.  J a r d e t z k y ,  and F. P r e s s ,  EZastic WaVqs in Layered 

3 P .  M. Morse and H .  Feshbach, Methods of Theoretical Physics, 
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S u b s t i t u t i n g  E q .  (C2) i n r o  Eq. ( C 1 )  g i v e s  

I 

InLLodiicing a s c p a f a i i o n  c o n s i a n t  v e c t o r  X d i v i d e s  E q .  ( C 4 )  i n t o  two 
e q w t  i 011 s 1 

S u b s t i t i i t i n g  Eq.  (C3a)  i n t o  E q .  (C5a) g i v e s  

a 2  I 

p V@ - (A -f- 211)V(V2@) t x 

Assuming @ i s  t i m e  harmonic,  Eq .  ( C € )  becomes 

-!- 2 
h s i m i n g  @ can be r e p r e s e n t e d  as t h e  sum of  $1 and $ 2 ,  and V@2 - - - X / p w  , 
E q .  ( C 7 )  becomes 

Therefore, 
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o r  

SO 

Th ea1 

or 

so 

Summarizing the p r o c e d u r e  from E q .  (CSa) to E q .  (C9)  ~ we have 

(C9)  
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-+ 
Vector  W i s  ana lyzed  s imi l a r ly :  

(C1.2) 

-f- -f 
From E q s .  
because  of t h e  unknown v e c t o r  X. Iiowever, w e  know t h e  sum of two v e c t o r s .  

(ClO) and ( C l l )  w e  lzarn t h a t  w e  cannot  know Sg and S t  i n d i v i d u a l l y  

-f -f- -+ s = s  f S  k t  

(Cl .3)  

The problem is  s o l v e d  i n  a c y l i n d r i c a l  c o o r d i n a t e  system under  the  
assumption of axial  symmetry. The f o r c e  produced by t h e  eddy c u r r e n t s  
h a s  only  r a d i a l  and ve r t i ca l  components, which produceAonly t h e  s a m e  
components of t h e  displacement  v e c t o r .  Consequent ly ,  W11 h a s  only  an 
az imutha l  component, W1 1 ,  and b o t h  aw,  , / a 0  and a $ l  , / a 0  are e q u a l  t o  z e r o  
On t h e  above ment-ioried assumpt ions ,  E q s .  ( C 9 )  and (‘211) become 

where 

where 
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Boundary Conditions 

The genera l  boundary condi t ions  are t h e  c o n t i n u i t y  of  t h e  dikplacement 
and the stresses a t  t h e  boundary. I f  one medium is  a vacuum, w e  need only 
t h e  con t inu i ty  of t h e  normal and t a n g e n t i a l  stresses. The s t r e s s  equat ions 
i n  c y l i n d r i c a l  coord ina tes  a r e  

= l J  

IT = normal stress zz 

a + 2L1 - az 

on a p lane  of cons tan t  x ,  

(c17) 

T = 13 component o f  t angent ia l .  s t r e s s  on a plane  of cons tan t  z .  
Z T  

I f  an e l a s t i c  s o l i d  occupies  an i h f i n i t e  h a l f  space ,  t h e  stresses must 
s a t i s f y  t h e  fol lowing equat ions :  

where P, and P 
the s u r f a c e  fo rce .  Now, w e  so lve  t h e  homogenous equat ions (C14) and ( C 1 5 )  
wi th  t h e  inhomogenous boundary cond i t ions  ( C 1 8 )  and (C19). 

are r e s p e c t i v e l y  t h e  normal and t a n g e n t i a l  components of r 

Green's Function 

W e  so lve  t h e  problem by t h e  method of Green's func t ion .  F i r s t  of a l l ,  
t h e  s u r f a c e  f o r c e  i s  assumed t o  a c t  on ly  on a r i n g  of r a d i u s  a.  Then we 
g e t  a f i n a l  s o l u t i o n  by superimposing Green's func t ions :  
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S e t t i n g  ~ ~ ( r , z )  = i ? ( r ) Z ( z )  i n  i’q. (C2O) g i v e s  
Lr 

‘Then 

where 

z = c; exp(--cl z >  + c; exp(c1 z >  , e C 

C; s h o u l d  h e  zero  ior convpigence o f  A a t  i n f i n i t y .  i’hra 

‘ f h i s  i s  a I ~ P S S ~ A ~  cq1iatioIi of order z e r o ,  a s o l u t i o n  of which  i s  

( c 2 4 )  
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( c 2 '7 j 
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S u b s t i t u t i n g  Eqs.  ( C 2 7 )  and (C28) i n t o  Eqs .  (C22) and ( C 2 3 ) :  

M u l t i p l y i n g  b o t h  s i d e s  of %:q. (C29) by 

and t h e n  reversing t h e  o r d e r  of  i n t e g r a t i o n ,  we o b t a i n  

By u s e  of t h e  Four ie r -Besse l  e q u a t i o n ,  Eq .  ( C 3 1 )  becomes 

From Eqs. ( (233)  and ( C 3 4 )  w e  can  f i n d  t h e  unknown c o e f f i c i e n t s  C l ( a )  and 
c3 (a) : 
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A = (2a2 -- K 2)2 - 4a2acas 
S 

$ 1 1  i s  o b t a i n e d  by i n t e g r a t i n g  t h e  Green ' s  € u n c t i o n :  

Reversing t h e  o r d e r  o f  i n t e g r a t i o n  g i v e s  

( C 3 5 )  
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One o b t a i n s  W and W11 s i m i l a r l y :  G 

Reversing t h e  o r d e r  of  i n t e g r a t i o n  gives  

Displacement Vector  

The d isp lacement  i s  o b t a i n e d  by s u b s t i t u t i n g  $ 1 1  and W 1 l  i n t o  
Eq.  (C1 .3 ) :  
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3 
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Therefore: 

(C37) 
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The phys ica l  value of t he  displacement  i s  obtained by tak ing  t h e  real  
p a r t s  : 

(C38) 

I:f t h e  su r face  forces are cons tan t  i n  a c i r c u l a r  area: 

1 ,  a < a l  

O , a > a l  
1 P (a) = 

2 

1 , a G a l  

O , a > z l  
, P (a) = r 

thm the first. term of Eq.  (C37) becomes 
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'Theref o r e ,  

S i m i l a r l y ,  t h e  second t e r m  of B q .  (C37) and the f i r s t  and secoiid tiems 
of E q .  (C38)  become 

(c4ej  

(c44 j 

w h e r e  

It Equati-oris ( C 4 1 )  and ( C 4 3 )  are  the same o n e s  d e r i v e d  by M i l l ~ r .  and @'ur~ ,ey .  

I- --- 
4F. Miller and k1- P u r s e y ,  "The F i e l d  and R a d i a t i o n  Impeda-nc~ cf 

Mechanical l i a d i a t o r s  on the F r e e  Surface of a S e m i - i n f i n i t e  Isoi:ri,pic 
S o l i d , "  PPOC~ Roy. Sot. London Sap. A 223: 5 2 1 4 1  (19.54). 
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An average displacement within a c i r c l e  i s  obtained by in t eg ra t ing  
E q .  ( C 3 7 )  with respect t o  r: 



Nonsinusoidal Surface Force 

Equations (C37) and ( C 3 8 )  r ep resen t  displacements exer ted  by t i m e -  
harmonic s u r f a c e  fo rces .  I f  a nonsinusoidal  c u r r e n t  f lows i n  a c o i l ,  
w e  may represent i t  as a Fourfer  series of pure s inuso ida l  c u r r e n t s :  

where 
T l 2  

a -  -wI  I(%) cos m w 1 t  dt (771 = 0,1,2 ... ) , 
m n J,,, 

I(&) s i n  mwlt dt (m = 1 , 2 , 3 . * . )  , 

w 1  = - , and T = t h e  period of r e p e t i t i o n .  
T 

Assuming I(*) i s  t h e  r e p e t i t i o n  of s i n g l e  harmonic t r a i n :  

we  have 
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T h e r e f o r e ,  
a, 

I ( t )  = C(w) cos wt. 
m= 1 

Substituting I ( t )  for I,, of Eq.  
operat tons, w e  have 

(11) and following through the  subsequent 

- 
S (average displacement by pulse curren t )  a 

(C48)  



APPENDIX I) 

Fo r t r an  Program f o r  Calculation of  Elastic Wave 





For t r an  Program f o r  Calculation of  Elastic Wave 
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2937 5 
40000 
40100 
Y O 2 0 0  
40300 
40400 
40590 
40510 
4 0 5 2 0  
40530 
48540 
4U600 
4 0 7  00 
40800 
40900 
41000 
4 1  1 G 0  
41 2 0 0  
4 13ou 
4 14OO 
41 50Q 
41600 
4 1 7 0 0  
4 1800 
4 1 9 0 0  
42000 
42002 
4‘1004 
42055 
42059 
4 2 0 6 3  
4 2 0 6 7  
4 2 0 7  1 
4 2 0 7  4 
4 ~ 0 1 5  
42076 
420 7 7 
4207 a 
42030 
4209 5 
42 100 



9 1  

42 125 
42 130 
4dt50 
42175 
42200 
42210 
422 12 
4221 4 
422 16 
4221% 
42220 
4222rC: 
42225 
4227 5 
42300 
42325 
42350 
4237 5 
42400 
42425 
42450 
42475 
42500 
42 SZ 5 
42550 
4257 5 
42600 
42625 
42650 
4267 5 
42700 
42725 
427 SO 
4277 5 

42825 
42850 
42860 
4287 5 
42900 

42~30~1 



9 2  

3 





9 4  

4 7 7 1 0  

4 7 7 2 0  
4 7 7 2 2  
4 7 7 3 0  
4 7 7  4Q 
4 7 7 5 0  
47760 
47770 
4 7 7 8 0  
47800 
4 7 9 0 0  
4 8  000 
48 100 
48200 
4 8 3 0 0  
49400 
4 8 5 0 0  
48 5 5 3  
48606) 
48625 
48650 
4 8 7 0 0  
48600 

49 000 
4 9 1 0 0  
4 9 2 0 0  
4 9 3 0 0  
49 400 
4 3 5 0 0  

49700 
49720 
4 3  7 40 
4 9 7 6 0  
4 9 7 8 0  
49800 
4 9 9 0 0  
50000 
5 0  100 
50200 
b0300 
5 0 4 0 0  
50bOO 
5 0 6 0 0  
5 0 7 0 0  
50800 
50900  
5 1000 
51 1 0 0  
5 1200 
5 1300 
5 1 4 0 0  
3 1 5 0 0  

4 7 7  18 

48900 

4 9 6 0 0  

5 1600 

48392 CdNTLNCllr. 
’I S T L L  3= 

V L L b = U L L  S + T 5 , 7 L L S  
ULk5,-VLhS+ 

v kL >= V K Z  s+ 

b hhS= Vkkb+ 

VLLL=bLLL+ 

V L K L = L I L ~ L +  

Ir h L L = b  K L L +  

\/KkL= UHhL+ 

1 t: 1 * CkL& S* J OAL Pk* ( A244 1 ALA2-A  1 * J 1 ALA 1 1 *L)AL FHA4 DEL T A  

1 

1 

1 

1 

1 * C k L  K S *  J OALPk*  4 J 1 I U A 2 - J  1 I u A  1 1 * b ALPHA/ U t L  T A  

ALPHA* C HkL S*.J 1. AL Ph+ C A 2* J 1 AL A2- A 1 * J 1 ALA 1 1 * UAL PHA/ DEL T A  

b P * L h K k S * J  ~ A L P K * ( . J  1 I D A 2 - J  1 I U A I  )*DALPHA/DE!.LTA 

E I * C K L L L * J O A L  FF<* C A2*J 1 A L A 2 -  A 1 *J 1 A L A  1 ) *UALPHAJ DLL T A  

1 1 *CkZI - tL*J  OALPk* 4 J 1 I U A 2 - J  1 I D A  1 1 *CIALPHA/ DELTA 

1 AL. PH A* C h HL L *d 1 Ab, P R* C A 2 * J  1 AL A2-  A 1 * J 1 AL A 1 ) * DAL PH A /  DEL T A 

1 bP* I; k kRL* J 1 AL Pk* C J 1 I D A 2 - J  1 I DA 1 1 * DAL PWA! DEL TA 

1001 1 CldNTINUL 
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538 16 
538 18 
53820 
53822 
53824 
53826 
53828 
53830 
53832 
53834 
53836 
5 38 38 
53840 
53842 
53844 
53846 
538 421 
531350 
53852 
53854 
5 38 56 
53858 
53860 
53862 
53864 
53066  
54100 
54200 
54300 
54301 
54302 

54401 
5 4402 
54500 
54600 
5460 1 
54602 
54700 
54701 
54702 
54703 
54800 
5 48 48 
54850 
54852 

54400 

5-4854 

SG 1 OL = b O D S H 4  EGL* J OAd K* C A2*  J 1 AK A 2 -  A 1 * J 1 AK A 1 ) 
1 +bU*EBLU*JOfWh*CA2*J  l A r ( A 2 - A l * J  I A K ( A 1 )  
1 + b cJ* EtrL * J OAK k U *  ( A 2 *  J 1 AK A 2 -  A 1 * J 1 AK A 1 1 
1 + BCJ*LOL*J OAK H* ( A2* J 1 A 2 D - A  1 *  J 1 A 1 D )  

SGjZDL=F OLL.)*JOAKF.*J 1AK 12 
1 + F  d L * J O A K h U * J  1 A d  12 
I + F UL*J 0A& K* J 1 A 1 20, 

1 +Ar(rdN* t i(JLU*J 1 AX h* C A 2 * J  1 A A A 2 - A  1 *J 1 AK A 1  1 
1 +A&UN*bkdL*J l A K K D * C A 2 * J  1 A r ( A 2 - A 1 * J  I A K A I )  
1 +AKaN*GbL*J l A i ( h * ( A 2 * J  l A 2 D - A l * J  1 A l D )  

SLi3DL= 1 0  *GwL*J 1 A & ~ * ( A Z * J I A r ( A 2 - A I * J l A ~ A l )  

S ~ ~ ~ A . = C W ~ J ~ H * H W L * J  IAkh*J 1 A k  12 
1 + C W H w L D * J  1AKk*J 1AK 1% 
1 +CO*HOL*J  1AKkD*J  1AA 1 %  
1 +CO*H(JL*J  I A K f l * J  I A l Z L )  

1 + 6 Q * L O S U * J O A ~ R * < A ~ * J l A K A 2 - A ~ * J l ~ ~ A ~  3 
1 + b 61+ L W S* J OAX kD* ( A2* J 1 AK A2- A 1 * J 1 AK A 1 ) 
1 + bkd*EOS*J OAK R* C A2*d 1 A2U-A  l*J  1 A 1  iJ 1 

SG2DS=FdSD*JOAKH*J  I A K  12 
1 + E U S * J O A K K D * J l A K 1 2  
1 

1 
1 
1 

1 + C G * H U S D * J i A K & * J  I A K  12 
1 + C O * H O S * J 1 A K k W J  1Ak12 
1 + C Q * H Q S * J  i A K h * J  1 A l 2 D  

Sti 1 O S =  bULJSH*EOS*J OAA h* ( A 2 * J  1 AI(A2-A 1 *J 1 A K A  1 1 

+ F  WS*J OAd k*J 1 A  120 

+ At(ON*GOSD* J 1 AK h* C A2*  J 1 AX A 2 -  A 1 * J 1 AKA 1 > 
+ A A O  N * G BS* J 1 AK KD* ( A 2 *  J 1 AKA2-  A 1 * J 1 AK A 1 ) 
+ AK 0 N* G 0 543 1 AK H* C A2*  J 1 A2D-  A 1 * J 1 A 1 I) 1 

Sc i3DL= 1. *GGS*J 1 A K h * C A 2 * J  l A ~ A 2 - A l * J l A Y A l )  

S G 4 D S = C G D S H * H O S * J  lAK.R*J  1AK 12 

t ilL = ( SG 1 DL*  UL 'i U- 5G 1 L * UL TDD/ 2 1 L)L TD* * 2 
b2DL = C SG 2DL* DL TD- Sb2L * UL 'I UU/ 2 - 1 1  UL TD** 2 
G 31iL = C SG 3DL* UL TU- S b 3 L  * LL TUO/  2 * 1 / DL TD* * 2 
G 4UL= ( Sc3 4UL* DL T U - S 6 4 L *  DL TUD/ 2. ) / DL TD**2 
G 1 US= C bti 1 U S* UL TD- S G 1 S* IJL TDD/ 2 ) / DL TD* * 2 
ti 2D S= < SG 2 U  5* LJL T U - 5 G 2 S* L)L T U i)/ 2 ) 1 DL TD** 2 

G 40 S= C SG 4D S* L)L T D- SG 4S* DL T U U/ 2 > / DL TD* * 2 
V L L L =  VLLL+2. * SI*IALLU*ti 1 UL 
V L L S= b L 2 S+ 2 * SMALL i)* G 1 US 
VL fcL = VL BL + 2. * SMALL O* G 2UL 
VL RS= V L  kS+ 2. * SMALL U* b 2DS 
VKLL=VRLL+ 2- * SWALLD*G3UL 
V k L  S= VkL S +  2. * LMALLU* ti3DS 
L'hhL= U A & +  20 *SMALL D*G4DL 
V H K S = V K k S +  2. * SMALLU*G4DS 

G3DS=< S G 3 D S * U L  TU-SG3S*[X-TDU/2. 1/ ULTD**2 
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S 1 7 0 0  
5 1 EOC! 
5 19011 
s'/ooo 
5? 100 
",2200 
S P 3 i ) O  
52.(!00 
5 2 5 0 0  
52608 
52650 
5255: 
527 00 
5 2 8 0 0  
SPi'OO 

5 3  100 
S3150 
53151 
53200 
53300 
53401) 
53500 
33510 
53600 
5 3 7  no 
53 I U S  
537 10 
5.3720 
5372 1 
5 3  I50 
53800  
5 2 . ~ 0 2  

S 3 i j O 6  
53k5tlEPR 
53d IO 
538 i 2 
5 3 5  1 4  

53000 

53da4 
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54856  
S46,Sb 
54860 
54862  
5 4 8 6 4  
54866 
5 4868 
5 4 Y l I O  
5b15c.j 
551'?5 
kJ 5200 
5 5 3 0 0  
554110 
5 5 5 0 0  
5S600 
5 5 6 5 0  
55700 
55800  
559OQ 
5 5 9 0 2  
s5904 
5 53 06 
5 5 9 0 8  
55910 
5 5 9  12 
5 5 9  II 4 
55v 1 6  
55920 
55940 
55960 
55980 
55982 
55984 
55985 
5591313 
56000 



9 8  

S6010 
560 12 
5601 4 
5601  6 

56020 
56022 
56024 
36026 
56028 
56030 

56034 
56036 
56038 
56040 
56042 
56044 
56046 
56Q48 
56050 
56052 
56054 
5 6 0 5 6  
5 6 0 5 8  
56060 
56062 
56064 
56066 
56068 
56070 
56072 
56134 
56136 
5 6  138 
56 140 
56 142 
56144 

560 1 

56032 
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56  146 
56 148 
5 6  150 
56152 
56 1 5 4  
56 156 
S6 158 
56160 
56162 
5 6 1 6 4  
56166 
56168 
56170  
56172 
5 6 1 7 4  
56176 
56178 
56180 
56200 
56251. 
56252 
56253 
56254 
56255 
56260 
56262 
56268 
56270  
56280 
56300 
5630 1 
56302  
56303  
56304 
56305  
57675 
57680 
57700 
5807 5 
58100 
S8946 

1 68 USYKM P= A I  MAG C DI SPKM 1 / & L A L  C DI Sr KM ) 
US€'kMP=ATAN C USPkMP) 

169 D P L Z A = C A b S (  I J P Z L )  
IF(DPLZA1 170, 1-71., 1 7 0  

1 7 0 U t - L L  P= A I  MAG C IlPL L 1 / HEAL < 1) P L  L 3 
U P L L P = A T A N C D P L L P )  

17 1 D P L R A = C A b S ( U P Z k )  

1 7 2 l j P L  kP= A I  MAG ( DPZ K >  / kt AL C OPL k) 
DPZ K P =  ATAN C DPL hP) 

173  D P K Z A = C A b S C  D P K L  1 

174 D P H L ~ = A I M A G < D P h & ) / H E A L ( D P R Z )  
DPHLP=ATAN<UPRLP) 

17 5 DPKHA=CAbSC DPRH) 
IF CDPhkA) 1769 1770 176 

176 D P H H P = A I M A G ~ D P R h ) / R E A L ( D P R R )  
DPKRP=ATANC DPkKPI 

177 01 S P Z A = C A b S C  DI S P L  ) 

1 7 8  D I S P L P = A X M A G C D L S P Z ) / ~ ~ A ~ < D I S ~ ~ ~  
DI SPZP=ATANCDI SPZP) 

179 01 S P K A = C A b S (  UI SPR) 
I F < D1 SPKA 1 

78 1 DI S P K P = A I M A G <  D I  SPN)/KEAL(UI SPk) 
01 S P K Y = A T A N  C DI SPHP) 

7 8 2  C U N T I N U E  
T Y P E  
TYPE 
TYPE 
TYPE 

TYPE 
TYPE 
TYPE. 

I F < U P " L R A )  1 . 7 % ~  1 7 3 r  172 

IF CDPKLA) 174 ,175~  174 

I F C U I S P Z A )  178r 1790 178 

78  1 r 7828 78  1 

5963s A V Z Z L A r  A V Z L L P ,  A V Z L S A I  A V Z Z S P  
5963, A V Z R L A r  AVZ RLPJ A V Z H S A I  A V L H S P  
5963r AVHLLAD A V K L L P r  AUKLSAD A V R L S P  
5 9 6 3 ~  A V ~ K L A I  A V R K L P D  A V R K S A r  A V R H S P  

79 f TYPE 5963r D P L Z A r  D P Z Z P t  DPZHAD DPZHP 
5963r DPHLAr DPHZPr  DYRFEAr DPkKP 
59631 UI SPtAr  DI S P Z P D  DI SPKAr D I  SPRP 
5963r U S P L M A I  DSPLWPD U S P ~ M A D  DSPHMP 

9 7 5 3 1  CrdNTINUE 
13579 C B N T I N U E  
87  1 1  1 CBNTINUE 
5963 FLZIRMAT(4E) 

END 



100 

9 0000  
9 0 1 0 0  
'3 0200 
90300  
Y 0400 
? 05 f i i i  
a 0 6 0 0  
90700  
90800 
9 09 00 
9 1 0 0 0  
3 1 1 0 0  
3 1200 
3 1300 
5 1400 
9 1500 
9 1600 
9 1 7 0 0  
9 1800 
9 1900 
9 2000  
92  100 
3 2 2 0 0  
92300  
924cI0 
9 2 5 0 0  
92600  
9 2 7 0 0  
9 2800 
92900  
'33hIl)o 
93100  
9 3 2 0 0  
9.3300 
934ocI 
9 3500 
3 3 5 0 0  
93500  
9 3 8 0 0  
9 3 9 0 0  
9 so00 
94100  
3 4200 
9 43130 
9 4400 
3 4%00 
9 4600 
9 L1-I O D  
9 4800 
3 4930 
9 >000 
95100 
9 5200 
9 5.3iiij 
9 5400 
a 5 5 0 0  
9 5 6 0 0  
9 5 7 0 0  
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