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THE THEORY AND NUMERICAL CALCULATION OF THE ACOUSTIC
FIELD EXERTED BY EDDY-~CURRENT FORCES

Katsuhiro Kawashima®

ABSTRACT

The equations for calculating the acoustic field produced
within a nonmagnetic metal by interaction of eddy currents
with a static magnetic field were obtained on the assumptions
(1) an ultrasonic wave is generated by the electromagnetic
force through classical and macroscopic phenomena; (2) the
electric, magnetic, and elastic properties of the metal are
linear, isotropic, and howogeneous throughout the metal, which
occupies semi-infinite space; (3) the whole system is axially
symmetric; and (4) eddy currents and elastic waves show a
steady~-state sinusoidal variation. The acoustic field produced
by a gpecific electromagnetic ultrasonic transducer with axial
symmetry was calculated numerically, and the results showed a
well~defined ultrasonic wave beam, which was narrower than had
been expected from the size of the transducer.

‘on temporary assignment from Nippon Steel Corporation, 2-6~3 Otemachi,
Chiyodaku, Tokyo, Japan.



INTRODUCTION

The method for calculating the acoustic field exerted by the
interaction of eddy currents with a stationary magonetic field within
a nonferromagnetic metal is based on the following assumptions:

1. TUltrasound is generated by the electromagnetic force through
classical and macroscopic phenomena.

2. Electric, magnetic, and elastic properties of the material
are linear, isotropic, and homogeneous throughout the material, which
occupies semi-infinite space.

Several authors®™ have given several methods for treating this
subject, all of which are approximate methods with regard to both
eddy-current and acoustic field calculations. The rigorous method
for calculating the force exerted by eddy currents within a conducting
metal has already been obtained by Dodd and Deeds.® To make the best
use of the eddy-current calculations, a rigorous way of calculating
the acoustic field should also be employed. The simple method of a
piston movement source for calculating the acoustic field is apparently
inadequate for the problem because 1t cannot calculate the acoustic
field from the actual applied force. The rigorous way of calculating
the elastic wave in a solid is given in the theory of elasticity, by
Lamb,® Miller and Pursey,’ Johnson,® and many others. Some modification,

2R. Turner, K. R. Lyall, and J. F. Cochran, "Generation and
Detection of Acoustic Waves in Metals by Means of Electromagnetic
Radiation," Can. J. Phys. 47: 2293 (1969).

3Yu. M. Shkarlet and N. N. Lokshina, "Noncontact Electromagnetic
Transducer for Ultrasonic Thickness Test of Metallic Products," pp. 13—24
in Preprints 6. ICNT Vol. B, 1970, Deutsche Gesellschaft fur
Zerstorungsfreie Prufverfahren e.V., Berlin.

*H. Wistenberg, "Contactless Electrodynamic Ullrasonic Transducers
and Their Application to Ultrasonic Tnspection,'" pp. 3748 in Preprints
6. ICNT Vol. B, 1970, Deutsche Gesellschaft fur Zerstorungsfreie
Prufverfahren e.V., Berlin.

5C. V. Dodd, W. E. Deeds, J. W. Luquire, and W. G. Spoeri, Some
Eddy~Current Problems and Their Integral Solutions, ORNL-4384 (April 1969).

®H. Lamb, "On the Propagation of Tremors Over the Surface of an
Elastic Solid," Phil. Trans. Roy. Soc. London Ser. A 203: 1—42 (1904).

7F. Miller and H. Pursey, "The Field and Radiation Impedance of
Mechanical Radiators on the Free Surface of a Semi-infinite Isotropic
Solid," Proc. Roy. Soc. London Ser. A 223: 52141 (1954).

.. R. Johnson, "Green's Function for Lamb's Problem," Geophys.
J. Roy. Astrown. Soc. 37: 99—131 (1974).



however, must be made for the problem since the force exerted by eddy
currents characteristically has both radial and vertical components in
a cylindrical coordinate system. In this paper, a general method is
described first, and then a numerical evaluation is given, followed by
discussions.

ELECTROMAGNETIC FORCE

The force exerted by eddy currents has been calculated by Dodd and
Deeds,®*? and it agrees very well with measured values. This method is
used in this report to calculate the surface force that generates the
ultrasound. If the eddy-current penetration depth is much less than
the acoustic wavelength, the volume force exerted by the eddy currents
can be considered to be a surface force, which acts only on the surface,
by integrating it with respect to the depth. The approximate values
of the penetration depths and the wavelengths for some metals at a
frequency of 1 MHz are shown in Table 1.

Table 1. Eddy-Current Penetration Depths and
Acoustic Wavelengths for Selected Metals

) c .
Eddy Current Acoustic Wavelength, mn

Material Condggtiy%ty Permeability Penetration )
(2 m ) (H/w) Dep th Longitudinal Transverse
(um)
47 x 1077
Steel 6.25 x 10° 200 14.2 5.9 3.2
Aluminum 2.4 x 107 1 103 6.3 3.1
Copper 5.8 x 107 1 66 4.7 2.3

In the case of nonmagnetic metals, the force exerted by an electro-
magnetic field on a unit volume is given, to a very good approximation,
by the Lorentz formula

e I ¢
F=Jx8
9A +
T WA (1)

%C. V. Dodd and W. E. Deeds, "Electromagnetic Forces in Conductors,"
J. Appl. Phys. 38(13): 504551 (December 1967).
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where 0 =, conductivity and A = vector potential. TIf axial symmetry is
assumed, A has only an azimuthal component, Ag, and the force has only
radial and axial components in a cylindrical coordinate system

— 34 34
"z o az, 37 (2)
94 1
Foo= —= =
e R (3)

where A = A,;. In general, 4 has a2 time-varying part, 4,, and a steady
pari, Ag, SO that

FZ = "0 52 w ) 5%(4w + Ag)
= g £ A £(‘4w + 49) , (4)
Fo= oA+ o) Sl + 4g)]
= oA L@+ AT (5)
Potential

First we consider the case shown in Fig. 1, where 4  is produced by
the time-varying current [, in a coil and Ag is produced by the stationary
current Z¢ in the same coil.

ORNL-DWG 75-6920

fordy TR I Fig. 1. Variables 1in
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The vector potential A, at any point in a semi-infinite conductor
produced by I, is represented by Eq. (6). See ref. 5.)

NI S , , Nz
.= - ST I . ) (e B ey € A
ALO - ALU(P’Z) T (7’12 - 311)(1'2 e T’l) I ? I(ETZ’C(’I) Ul(()[‘) (e ¢ Ul 4 T o (‘6)
Uo z

where m = V2% + JwH101

I(Trs,try) = I1(gry) — I1(gry)

g
INGD) =f€ L pdi(p) dp
0
Jwt

We must take the real part of the product of ¢ and A, (r,z) to know

the real physical value of the vector potential:

= Jwt

Am = Real(Awe ) @)

~

Note: X is used to represent the physical value of a complex quantity X
in the rest of the report.
The steady part, 4do(r,z), of the vector potential is given as follows:

= P AN 3 1 T(lrs . T2 .7 > 9“'C7ﬂ1 O'"-T_]zz --e) Az
Ay = 403 = W Gy f 5 I, Ten) 110 ST A (@)
v Ho
© Lz
3 KT, 1, N O TThay el .
----- = —7 I7(Cr,,ory) J1(Cr) (e 2 ) day
52 A0 T ML G IR G S o) f o7 LEret 1) 1 (gr)( mo (9)
0 Uo
1_3 NIy ! A ~h, pCZ
" = JUOUUUU . — T T - e Pl 5T B Jr .
T m{ 7 T(eea,tm) oo (o) (e ¢ G (10)
Yo

When all lengths are divided by an average radius, ry» = (r1 + r3)/2,
%z is multiplied by »12, and n; is redefined as

Vo2 + Jwpioyry.2

Egqs. (6), (9), and (10) become

NI A P ma
W 1 . . ~Thy  ~Tha, & s (1)
= o = e = (1. N&Y J or e -2 ) R d‘; A
A = Am(z ,2) T M1 (s <) G T rD) f 73 (tra,gry) J1(5r)( T >

] ]
Uo g
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N 1 S . ey (TR ~zhy, _Ze .
3z “0 T M (he = h1)(re — ridre, ) 70 Hera,tm) () e 1 ¢ R B,y @ <2
Ho
D LTS NN 2 T W e o) ooy (¢~ o eZ d 13)
r 3r (hy — M) (ry T’l)hsz 3 T ° © o, g (
Ho
Volume Force Equations
A physical value of the furce is represented as
;. 00
Fz T 9%t 93
3 7 of ~
= — 4 = +
0%t 4w 9z (Aw A°>
. "
) Real(A eJ‘“t> 2 Real(/l e‘“") + Ay
at w 9z w
. B 04 .
= —J Real(4 jwe‘jwt) Real(—g ert> + o
w 9z 9z
. B aA o A
. £ — . Jwit 04
= 0w |:Rea1 (A jelv )]Real(—E e'jwt>:] ow [Real (Aw,je )] S*Q . (1.4)
W i 3z z

The first term of Eq. (14) yields a steady term, on’ and a time harmonic

part, Fg?w, which has an angular frequency of 2w. The second term yields

a time-harmonic part, F,;,, having ao angular frequency of w.

- BAw BAw

7 = DuWlL _wr W

on = zl}m(Aw) Real 2 Real(Am) Im(\az )] , (15)
o UwJ BAw aAw

2 - YW W s s 2wt

Ezzm 2 Real v Im(Aw) + Im 7 Real(Aw) cos 2w

BAw aAw
+ |Real Y Real(Aw) — Im 32 Im(Aw) sin 2wt{ , (16)




~ . . A.?jw’f/) 8_1_4_9_
o ow[?eal(AwJL ] o
i .1 4o
= om[}m(Aw) cos wt + Real(Aw) sin wt FPaE an
In a similar manner
F =7 F 7 .
r 70 r2w rip
where
o= ow 1. 9. R 1 93
F e = 3 [Im(Aw) Real(r i ﬁAw> Redl(Aw) Im<; . PA“D] » (18)
E’ = 2 Real 1.2 rA Im(4 ) + Im 1.9 ra Real(4 ){ cos 2wt
raw 2 r 3r Tw @ r or w W
+ |Real l-—Q-PA Real(d ) — Im l-~§~rA Im(4 )| sin 2wt
r dr W w r or w w i ’ (19)
Fo= —ow [Real 4 G&d ‘*”5)] (i 2 Z’A(>
riw W r or
= ow|Im(4 ) cos wt + Real(d ) sin wt|(= 2 r4
= g m w COos eal w gin [ 7 a]) 0 . (20)

If Ay is much larger than 4,; that is, the steady magnetic field is much
larger than the time harmonic magnetic field, we can assume the following

equations.

Fo~F
= 210
= ”*O(U[Real fi jej‘*’t>] o | (21a)
W - 9z
F ~F
r riw
= ——om[Real(A gev “’t)] (i 2 rACD ) (21b)
o r dr



We know that both lem and F are proportional to the product of NZ,
Iy, and 7,, from Eqs. (11), 12? (13), (17), and (20).

W

Force Calculation for Actual Transducer

Second, we consider the case shown in Fig. 2, where A, is produced
by time varying currents in a coil and 4, is produced by an electromagnet
located near the coil.

ORNL-DWG 7586921

|
7 /l?MEL,ECTROMAGNET

N

—DRIVER COIL

/ [CU
5 7
% I, y/ CONDUCTOR
STATIONARY X EDDY CURRENT

MAGNETIC FLU

Fig. 2. Arrangement of Electromagnet with Eddy-Current Coil.

In this case we simply have to replace 94¢/9z with 5, which is the
horizontal and radial component of the stationary magnetic field:

Foo= ow [Real (A ,je‘j t)]B
z r
:RwléwgwﬁB
W r

= (J/ B 5
W (22a)

where Jy, is the real physical value of the eddy current density within
the conductor. Similarly,

~ 0
F o= 0w LReal(A ,je'j( b)]B
r 2
= Real(] egwt)B
w z

=J B , (22b)
Wz
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where B, is the vertical component of the stationary magnetic field.

We calculate J,, Fy, and Fp using Eqs. (11), (22a), and (22b) by
numerical quadrature. The electromagnet is neglected for the eddy-
current calculation. It is not considered to have a great effect on
the eddy-current distribution within a nonmagnetic conducter, because
most of the turns of the coil are far from the electromagnet but very
near to the conductor., Coil dimensions and the other conditions for
calculation are shown in Table 2 and Fig, 1. Table 3 and Fig. 3 show
By and Bp,. '

Table 2. Coil and Conductor Characteristics

Dimensions, mm

1y 10.2870

i) 14.7955

A1 0.3429

Ny 0.5969
¥, number of turns 7.91667
I,, current, A 1790
Frequency, MHz 1.6
01, conductivity, - im~!  1.351351 x 108
U1, permeability, H/m 4 % 1077

Table 3. Stationary Magnetic Flux at Conductor Surface

Flux, Wh/m?

Position, r

(xam) 83 Br
8.0 0.285 0.480
9.0 0.205 0.390
10.0 0.145 0.360
10.5 0.113 Q0.340
11.0 0.080 0.320
11.5 0.053 0.300
12.0 0.025 0.280
12.5 0.005 0.270
13.0 —0.015 0.260
13.5 ~0.055 0.255
14.0 —~0.095 0.250
14.5 —0.103 0.248
15.0 -0,.110 0.245
15.5 -0.110 0.245
16.0 -0.110 0.245
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6 |— i HORIZONTAL AND RADIAL COMPOMENT
5 p— k 9O o VERTICAL COMPONENT
AY

/8
‘o..c.‘org

|

FIELD (KkG!
B
|

$5mm . Or\"\m
i
\

—--STEEL POLE PIECES
SYMMETRY
AXIS

Fig. 3. Magnetic Flux at the Surface of a Nonmagnetic Sample.

The stationary magnetic flux B, is assumed to have the same values
at the conductor surface and at small depths (e.g., 0.5 mm). The same
assumption is also itaken for B,. These conditions for coils, conductors,
and magnetic flux are taken from experimental work conducted by the
author, 1?

The widths of numerical quadrature for the calculation were for the
various ranges of z: 0—3.5, dz = 0.01; 3.59.0, dg = 0.05; 92.0-80.0,
dr = 0.1; the upper limit of integration was 80. These conditions
for numerical quadruture are enough for accuracy and convergence in
evaluating the integral. The Fortran program for a computer is shown
in Appendix A,

The results of calculations of the eddy-current density at a sample
surface and at a depth of 0.5 mm are shown in Fig. 4. The computer
output is shown in Appendix B. The maximum eddy-current density at the
surface was about 1.15 x 10'°A/m?, which is very large but smaller than
the current density in the driver coil, about 3.6 X lOlOA/mZ. Notice
that the eddy-current density decreases rapidly as the depth increases,
because of the skin effect. The force per unit volume was calculated
(Appendix B), and the results are shown in Fig. 5. The vertical force,
|74|, has its peak near the outer radius of the driver coil and decreases
very rapidly toward the outside and the inside of the driver coil. The
horizontal and radial component of the force, |Fr]’ has zero value and
changes its phase at the point where the vertical component of the
stationary magnetic flux has zero value (see Figs. 3 and 5).

10%. Kawashima, 4n Electromagnetic Ultrasonic Transducer, ORNL~TM-5063,
August 1975,
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Calculation of Surface Forces

The variations of the amplitude and the phases of the forces with
depth change are shown in Fig. 6. We know from them that the depth
dependence of the force is represented approximately by the following
equations:

; - Jki1z koz

& =

ziw <}2109z:06 € s (23)

Fo= (p ) Haz Kz (241
1w riw)z=10

ORNL-DWG 75-6922

R e e

\

‘ |
40} . . : : !
‘ I

.2
L¢)
£ (£ AT r-8mm 5
Z I o
= s i =08 :
w 10 - :
S o PHASE (£,) AT r=8mm |
B [§ i
= ; 504{ . .
s 5 |
< I o -
W |
04 !
2 |
i H
( (a) / 0.8 (5 ]
PTe L - . [ - O, i
o] 0.2 0.4 06 0.8 1.0 0] 0.2 04 0.6 [e):] 10
DEPTH (rmim) DEPTH (inm)

Fig. 6. Dependence of (a) Amplitude and (b) Phase of Volume Force
FZ upon depth.

- To obtain the equivalent surface force, one has to integrate Fz and
FP with respect to depth from zero to infinity:

il
s ]
¢]
8]
[y
0’
IAY
e
®
<
&
S——
Qun
JAY

(25)

[
=
o
n
',-—1
—
/\;\
§2
)
N
£
Q
L
Q
[N}
&
T
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D 0 Jut
Er Real[([;af;lw ck?e ] . (26)

It is very time-consuming work to calculate Eqs. (25) and (26)
numerically. We can calculate the surface forces, Pz and Pp, by a
mixture of analytical and numerical methods without losing much compu-
tational accuracy by making use of Egs. (23) and (24).

P *fjfo F31w dz

jnd _“____l____ jkm kzZ 0
”zm)z=o[jk1 ¥ ke ¢

——O

it

- ]ro ( 31w)z 0 Jklz e da
(
(

Fzm)zﬂ/(jkl * kz) : (27)

We can obtain k; and k2 by calculating two values of Fg,, at two
different depths chosen arbitrarily. Substituting (Fzyl)az=0 and (Fzy)z=z,,
the forces calculated numerically at depths z = 0 and 2z = 31, respectively,
into Eq. (23) gives

(F31w)2=° - (lew)z=0 ’ : (28)

= {F Jkizy_koz
(quu>z=zl (ﬁzlw>z=o'2 e . (29)
From these two equations

( zlm)z =21

Jky, + ko = ~— 1n . (30)
‘ 21w)z=0
Substituting Eq. (30) into Eq. (27) gives
F 1-1
P = (F ) 1 ln( 21m)z~21 . (31)
# Blwjz=0 121 (Félw 8=0
| R
Similarly,
P = (F ) (.Pl»)z =21 1 . (32)
r riw/z=0 G&uu)z 0 |
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The surface forces, P, and P,, which are obtained through integration
of the volume forces with respect to the depth, are shown in Fig. 7 (computer
output in Appendix B). According to Figs. 5 and 7, the distribution of the
surface forces is almost the same as that of the volume forces. The phase
of the vertical surface force, Ph(P;), does not change much in the region
where the amplitude, IPZ , 1s large enough to contribute the main part of
the ultrasonic field.

The phase of the horizontal and radial surface force, Ph(F,), is the
same as Ph(P;), if the signs of the directions of both depth increase and
radius increase are taken as positive. The value of Ph(Pp) changes by u
at the point where B, changes its sign (see Figs. 3 and 7).

Figure 8 and Table 4 give approximations for surface forces that are
used for calculation of the ultrasonic field.

ORNL~DWG 75-577%

(x10%)

(rad)

PHASE (4,), (F)

[Pe]+ 1A |, SURFACE FORCE {N/m2)

DRIVER COIL
PICKUP COl.

I
|
SYMMETRY \
AXIS

Fig. 7. Surface Forces Obtained Through Integration of Volume
Forces of Fig. 5.

STEEL POLE PIECES
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APPROXIMATION

'/'Foa Ph(R)
3~ e -3

APPROXIMATION -
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(x10%)
7 - - 4
APPROXIMATION

[/ FOR Ph(5,) "
v
6 - ; ~ O g
APPROXIMATION : -
5 FOR [ ] - —m I .
1 %
1 L

i
| g
4 i -2 x
' a

3

|

~

#
Y L . SURFACE OF SPECIMEN
z

4 I\

\ swulﬁmv Q\B\\Q\\\\\\\

AXiS

FICKUP COIL

~STEEL POLE PLECES-—

Fig. 8. Approximation of Surface Forces for Ultrasonic Wave
Calculation.
Table 4. Approximations to Surface Forces Used in Ultrasonic
Wave Calculations
Range of r Vertical Horizontal Radial
y . a
(mm) Am?;;;:?f Amp litude Phase
(MN/m?) (rad)
10.3—12 0.5 0.1 —~r
12-13.5 0.63 i) b
13.5-15.5 0.65 0.25 0
%The phase of the vertical component is taken
as zero everywhere.

bThe phase of the horizontal radial component

changes from —11 to zero at about 12.7 mm, the
point at which the magnetic flux is zero.
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Summary of Force Derivation

The forces that give rise to electromagnetically induced ultrasound
depend on the vector potential in the specimen; the pertinent variations
in this potential are given by Egs. (11), (12), and (13) on pages 5 and 6.
The volume force due to the field from a coil is then given by Eq. (21),
p. 7. For the combination of a coil and a particular electromagnet, the
volume force shown in Fig. 5 (p. 11) is calculated, These forces fall
off rapidly with depth, and can be integrated to give surface forces.

The equivalent surface force exerted by an electromagnetic volume

force is
b = Real(é eré> ’
z z
P = Real(P eJ‘”t> ,
r r
where
0
P :ilﬁ F d=z
P | ., 3
0
%f F dz
| ., Blw
0
- —FwoA (r,2) §4£é£4§l
| 2
and
0
P = F  dz
r r
—0
0
i/ﬂ F dz
rim
—0
= ’ —JwWoA(r ”)i-ii-rA (r,z) d
[oo o 95> p 37 0 ’ 3 .

Figure 7 gives the surface forces calculated from the volume forces
in Fig. 5.

ELASTIC WAVE FROM SURFACE FORCE

Elastic waves that propagate in a semi-infinite elastic space were
first investigated by Lamb.!! In his classical paper he investigated
the effect of a vibrating point force on the surface. Miller and Pursey12
replaced the point source with a disk of time-varying uniform pressure.
Bycroft!?® and later Robertson'" replaced the point force with a forced
vertical vibration of a rigid circular disk, which gives rise to a mixed
boundary problem. Johnson!® recently gave a complete and general solution
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to the three~-dimensional Lamb's problem for a point source by the method
of Green's function. 1In Appendix C, the equations that are suitable for
calculation of elastic wave fields produced by eddy-current surface forces
are derived by use of a Green's function. A surface force produced by
an interaction of a magnetic field and eddy currents has two components.
One is a vertical component and the other is a horizontal and radial
component. Both forces distribute symmetrically around the axis. (See
Fig. 7.)

A displacement of a particle at an arbitrary point in a solid due
to the elastic wave from a sinusoidal surface force has four components,
Syns @ vertical component from the vertical surface force Py; Spz, 2 radial
horizontal component from the vertical surface force Py Szp, a vertical
component from the radial horizontal surface force Pp; and 5p,, a radial
horizontal component from the radial horizontal surface force Fp.

Vo2 — i 2
a

fve)
S =8 _+8 =——f (K2”2m2)ex(~/" )
; . 0 P a2 — K 2z
Z 2% T, (2&2—K82)2-40¢2/u?~v< 2 a2~ 2[ 8 ¢
: e 5

+ 202 exp(m ETE z>]JU(r1r)dame7(a)Cta o (o) da

0

+lf"° o
Mo (202 — k 2)2 — 4a2/a? =k 2 VoI —x 2
8 o 8

[Z/uz — K2 Ya2 — i 2 exp(-— VaZ — k.2 z)

+ (KSZ — 20%) exp(—- Ya2 — Ksz z>]<fo(0w)du j’mzsr(a)w I adda . (33)

0

'1H. Lamb, "On the Propagation of Tremors Over the Surface of an
Elastic Solid," Phil. Trans. Roy. Soc. London Ser. A 203: 142 (1904).

'2F, Miller and H. Pursey, "The Field and Radiation Impedance of
Mechanical Radiators on the Free Surface of a Semi~-infinite Isotropic
Solid," Proc. Roy. Soc. London Ser. A 223: 52141 (1954).

138G, N. Bycroft, "Forced Vibrations of Rigid Circular Plate on a
Semi-infinite Elastic Space and on an Elastic Stratum," Phil. Trans.
Roy. Soc. London Ser. A 284: 327-368 (1956).

1%1. A. Robertson, "Forced Vertical Vibration of a Rigid Circular
Disk on a Semi-infinite Elastic Solid," Proc. Cambridge Phil. Soc.
62: 547-553 (1966).

15L. R. Johnson, "Green's Function for Lamb's Problem," Geophys.
J. Roy. Astron. Soc. 37: 99131 (1974).
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[ee] a PR PV
f (k 2 — 202) exp(-» Va2 — « 2 z)
o (202 — KSZ)Z — 4202 — Kk 2 Va2 — KSZ g ¢
(&

9}
i
99}
+
9]
3
T

+ 2vn2 — K2 Va2 — Ksz exp(— /QLT-WE? z) J 1 (ar)do [mP?(a)aa Jo (na)da

0

1 o YaZ T 7

_jh s

Py (202 —« 2)2 — 4a2/ai KT a7 SR
8 e s

-+

202 exp(--* Yaz — KC?- z>

+

(KSZ — 2a2) exp(—— /&717;2— z> J1 (ar)da fooPr(a)oca Ji{aa)da . (34)

o

The average displacement in a circle of radius a is:
= , Jwt
S (av) = Real(S (av) ¢
z 2
vo2 — Kc2 3

where Sz(av) \er
LQ(2(12“0(2)2*[4(12/(12—‘!(2\/(XZWKZ
& e s

i

(k 2 - 2a?) exp<-~ Vo= 2 z)
s c

+
N
Q
N
M
X
=
/_:\
5]
N
|
~
n
&
W
N
g8
e’
&
"US
n
'~
&
g
Qﬂ
g
B

1 » x e e
+—u"f 2)/012-(@2 )/OLZ“KzeXp<—/(;2‘—K2?,>
o (207 =k 2)2 - bovo? — <,z /o =« 2 s ¢

=

-+

aa

(KSZ - 202) exp(-— /dvﬁ? z> 21 l0a) do, mep(a)aa Jy(aa)da . (35)
0

Equations (33) and (34) were derived for a sinusoidal current in the
coil. If the current is not sinusoidal, it can be resolved by a Fourier
analysis into sinusoidal components, and the actual displacements can then
be obtained by summing these equations with appropriate Fourier coefficients.
This analysis is outlined in Appendix C for a current that is a repetition
of harmonic pulses.

Appendix C also treats the case in which a constant surface force is
exerted over a circle of radius a,:

It

Pz(a) = Pr(a)
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Then Egs. (33) and (34) can be resolved into

042 — 2
a 23] o . -
Szw = —j [ ( 2 — 20%) exp(-— Jo2 — w ? Z)
13 Jy (202 — K 2)2 — 4oy /o2 Kﬁg J/a? = 2 8 o
2 exp(* CHEEN ")J Tolar) Ji(e) du (36)

o a © 0

Var T :%_lh ’ 2/07 2yt = 2 eXP(” /a2 —k 2 »

o (207 — K 2) % — datvoz Kcz Yaz — ¢ e s e

+ (k%2 — 20?%) exp(~ Yoz — Kk 2 z)JJO(ouﬂ) Tloay) de (37)
S i3 (6744 h

" _ay ® o O
Pz T (k2 = 202) exp{~ /a2 — ¢ 2 3
(202 —~ K27 — 4oz — K2 Yoz - K 2 ¥ s

+ 2v02 — KCZ Y02 — KSZ exp(—- /&3—:?;5 4)] Jy(ar) T (oay ) do (38)
YaZ — ¢ 2
s

a o0 P
Spr=~d'~f 202 exp{— /a2 — ¢ 2
Sy (o2 — KS2)2 — 402/02 — K 2 /52 — ¢ 2 ¢
e 5

+ (k.2 — 202) exp<~ az — i 2 Z>] J1(ar) “]‘—‘,5‘2‘—?9— da (39)

where

oay
I(oay) =f p J1(p) dp .
0
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NUMERICAL CALCULATION OF ELASTIC WAVES

Method of Numerical Calculation

. We assume Pz(a) and Pp(a) are constant between a = af and a = a;4q;
thnen

(e o}
f P (@oa 7o(0a) da
|

&
g
ﬁ
.
+
—
My
n
\4
+
2
)
+
~1=
-
@
2
o
Q

el a. +a. o .
- +1
=0 ~ 2 g
@© .+ O.U
- 7 7,+1 1
= f( > '""[pel(P)] dp

@, a + a 1
P 2 a 7/+l ( +1) OLCZ 01(0«@ )] (40)

since

oa .
aa . Jy(aa) :f “pdolp) dp .
(3 L
0

Similarly,

*© a. a. + a,
fPr(a)aa INCRIP A S B P\ aa 71 (0a) da
0 =0 Ja

a.
. . 2+
_ 9 9 + vl L ;
= P |- aa J(aa) da
& r 2 a

o

o) ; . od .
- Z P a'b+ %+l [ el (p) dp
= PSR £
5 r oa . o F p

/
o L% T
_ Z Pp(i_—l = I_I(wi-fl) — I(orai):l , (41)
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+

[}

+

+

+

Substituting Eqs. (40) and (41) into Egs.

21

%
I(OLai) =[ pdi(p) dp .
0

a2 —x 2/u
vV 2

o,
o

1 Z » (ai + ai+l>[m
W4 # 2 (202 — ng)z — 4a?2/02 — k2 /o2 — K2

2 —_ Jne T ™ J - )
20 exp( Vo <, ?)] JU(“’)I}G'7Z+1J](M7Z+]) (xaiJl(wi):I do

[

1

= i

2

L
=0

_ <a7, + AN f
r 2 by (202

— i 2)2 = 4020l — ¢ Z Yu? — ¢ 2
s e s

(33) and (34), we have

I:(KSZ — 20?) ew(— /gr:'g:; £>

&

[2/0.2 - <cz Va2 — k2

exp(— n2 — KCZ "> + (;<82 — 20%) exp<“‘ JoZ — KSZ ;,):I o (o) [I(orai+1) - I(rmi)J do

13, <a7,' * A f 1
Hirsp * 2 b (20¢ — an)z — 4o/ ~ K(_Z Va2 — KSZ

3

o — — TR - .
2v/a2 K2 Va2 Ksz exp< n2 Kg 2)] J1 (o) ['mi-f—lJl((’m'i+l)' M'i‘jl(mi):l do.

Vol — K _2/a

[e2]
1 i p (Fi %n f s
vWizo * 2 0 (202 =k 2)2 = bol Va2 — K,? Vo2 — KSZ

(KS2 — 20%) exp<~ va? — k2

P

4

):l J 1 (r) [I(miﬂ) - I((xai)J da .

|:2(12 exp<- Vo2 ~ K(’Z z)

(42)

|:<an — 2a.2) exp('— o z)

(43)



22

After all lengths except 5, and Sy are multiplied by K, and a is
divided by ke, Egs. (42) and (43) become

a. +a. © Yoz < 1/a
P 1 141 }' N
% 2 o (202 k)% — 40? Var — 1 Yaz — k2

[(K2 — 202y exp(- vo? — 1 z)

il
% 1H
G
fing

+ 202 exp(— Va? — k2 Z)J J o{or) C‘a;ﬁLl’jl (ota»{.+1) aaiil(aai.)] Fa
a. ta, . o
+'l—i:P(1 AR f ! l'Z/a2~l/on2~n<2
He iz T 2 o (207 - «®)y? — 4o® Vo7 T Jur T

X exp (-~ /02 — 1 g) + k2 — 20%) exp (— vaZ —«2 z)] fTO(er)[I(aai+l) — I(onan;)] do (44)

5 =5_+5
r rz rr
0 . + a.
1 - a; 141 *® I R T T SO
= L.‘_(._ L Pz( f - ; (k? — 202) exp(— Va1 2)
e 1=0 2 o (20% —x?)? — 40?2 /gTTY Jar — k2

+ 2/02 — 1 /a2 —«2 exp (— Yo —K? z)] J (o) [wi-l—1°71(mi+l) - Cﬁaiﬁ(ﬂfli)] da

. }@: P <ai Y ar f°° voa2 — k2fa [2(12 exp (— VAT =1 z)
Weizp T 2 (202 — k)% — ha? Vai Z1 Jaz =Kz L

+ @2 — 2a%) exp (— Jaf =F% z)] .Jl(or)[f(aaﬁl) — I(aai)] doi (45)
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The first term of Eq. (44) can be resolved into two terms:

S _=5_.+8
35 33% 288
© a. + a. © Va2 — 1[0
1 ; +
e 2 < —t 1)[ (2 = 2% expl~ =T )
"2 =0 2 o (207 = kP2 — 40207 T JaZ = «f
X g (o) uai+1J1(aai+l) ”‘adiJ1(@di) ot
1 2 a, +a., - Jaz -~ 1/ )
+ F’:w Z P? < 202 exp (- Vo — 1 2)
‘o og=0 2 o (207 — k®)? = 4a%/aZ <1 Y TE

X

J o (o) aai+lJ1(aa ) - uaiJl(uai) Ao

i1

a., + a. @ i
. <_7/..__...“1i3:> f b0 0) d +f b, (@) o | . (46)
e i=0 2 0 (i

]
o
7 |-
‘MS
o]

The term 5 is considered to come from d¢d;1/9z, and 5, from
(1/r)8(PW11)/3P. Equation (46) helps us to understand the inseparability
of the displacement vector into longitudinal and transverse wave components.

When z = zero, we can easily see that Spzg and Szzg do not have
finite values. If o is very large, the function to be integrated becomes

a2 — 1/a

(k% — 20%)

¢zzl(a)

2=0 (202 — %)% — 40%/u2 -1 Vo2 — k2

x oo (o) oca,b.+lJ1(aa - aaiJl(ocai) .

i+1)
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Bessel functions decrease approximately proportional to 1/va , and so

, _ 2
liz s Q(a) o a(l — 1/20°) /a (2 — 202)
o i 4ot + k" — b602k? — 4ot (1 — 1/202 — «2/20%)
x 1//a o 1/va
- L (? — 20%)
K — 402k? + 202 + 20%k?
_ k2 — 2a?
202 (1 - «2) + k"
~ - 1/(1 — k%) . (47)

Equation (47) shows that the integral fluctuates. When both 2 and r
are zero, it is easy to see that the integral diverges. TIn a similar manner
pzzs(0) can be shown to have divergent values. However, if we take a sum of
Szzg and Sgze (that is, Szz), then (k% — 20%) and 202 cancel each other,
leaving only k% in Eq. (44), and convergence is assured.

Some equations similar to Eqs. (44) and (45) are seen in seismology,
and they are cousidered exceedingly difficult to evaluate numerically.

The distance between a source of elastic waves and an observation
point is usually very large in the case of seismology; consequently, Bessel
functions and trigonometric functions [which are derived from
exp (— /uz.m.Kcz z) and exp(— va? — Kg? 2) when o is smaller than K, and
Kgl fluctuate very rapidly to make numerical evaluation difficult. Instead
of numerical calculation, the equations are approximately evaluated by the
method of complex contour integrals, which is valid for large values of
distance. If the distance is as small as several centimeters, the
fluctuation is not very rapid and we can evaluate the equations by numer-
ical calculations.

The first term, Szz, of Eq. (44) is considered in detail. All the
other terms of Eqs. (44) and (45) are calculated similarly.
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— k7 — 4a®/a?

o /a2 — 1/a
5 = A Z P < “‘1)[ — [(k? - 20%) exp(— /a? — 1 2)
2z uk_ % (20 T Jar

+ 202 exp(— Va? =2 g )] J g (arr) |'ow Hdl(ora l) aaiffl(:mﬂ.)] o

M-.-._A> [ o
_ 1 - 7 Tl ooJz(ot)
T ouk i £ < j Ay & o

]
A
7 =
ng
/\
ﬁ
+

Only principal values of radicals are used for numerical integration.
This is necessary for the wave traveling from the source toward infinity
and also absolutely necessary for the convergence of integration:

JoZ =1 = JYl — o2 0<asl
Vo2 — 1 1<aq ,

Y Jvk? — a2 o0<a<k

Vo * Vo =% k< g .

The integration has three singular points, ¢ = 1, x, and p. Obviously,
a = 1 and K are the zeroes of va2 — 1 and va? — k2, respectively, and p
is one of the roots of

A = (202 — k)2 — 40202 — <2 Va2 —1 =0 (¢~ 2) . (48)

To ensure the continuity of the integral at the three singular points,
the integral is evaluated on a complex plane (n = o + jR). The contour
of integration avoids the three points, as shown in Fig. 9.

ORNL-DOWG 75-69192
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Fig. 9. Path of Integration in the Complex Plane.
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Then S?? is obtained as the limiting value of the complex contour integral:

g . Lim LS (E SN L
2z P20, pk+0, p 0 UK A z c ’

C’:COI+CI+CIK+CK+CKP+CP+CP®'

a. + a. , 1 -t , "
Then § = -~ i P <m~?m—~«—iﬂ~> gl‘jo o(a) do + é]’fo o(n) dn
S Py B 2 A I Y ey
) 1im K QK do + lim () dn
o1, p.ﬁof b0 o0 [ 0
1+ 0 ¢
p P 1
Fo f Toe@ du ] $(n) dn
Mo p P c
K + DK p
. [ve)
+ 211_30 b(a) dal . (49)
2
p+ pp

While the second aad fourth integrals of Eq. (49) have zero value as
p1 and P, tend to zero, the sixth tewm approaches a finite value as
Pp tends to zero. We assume pp to have a small finite value, and o is
introduced as an upper limit of integration for the numerical calculation.

Therefore,
a. + a. 1 K p — o)
(“"‘“—*——“ ’bﬂ) [ b)) do +/ ¢(a) do +[ p b(a) do
2 A .
%

Sz~ e z P,
> HK =0 A
o(n) dn

(¢4

+ d(a) do . (50)

K
./
C 1

&
P L'pp
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The fourth term of Eq. (50) is represented as

< - h
uzzc’p _[ o(m dn
P

).

P

- )
'fc (—py M (51)

P

x4

1(n)
(n)

dn

o>

Next, H(n) is represented by the Taylor series expansion around the

point n = p:
B0 = p)? o+ o B0 (- )

Hp) + H(p)(n — p) + == X

Hn) =
+ . (52)
Substituting Eq. (52) into Eq. (51) gives
Sscn = | BEoan+| B an+[ Err@yo-p
sz n—rp - ), 21
p
+f -3-1-,— H )Y~ p)? dn + . (53)
c !
p
Replacing n of Eq. (53) with p + ppeJe gives
y(g ‘9 ’
P?K’D 8 Jp /" do +f H” (P)JDZ? de
T
0 0 1 ‘0 .
1 .. 6. Jo B 2 29, 6
+;I~ 57 H (p)ppeJ Jppej dé + 37 7 (P)Dp e Jppe de
m T
(continued)
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0 Q
,ﬁqq[ de+j%ﬁ%ijg9de
T m

0 0
__l__ . 2544, 2J8 L . 3 e 3J6
+ X Jpp H (py7T e o + Y Jpp H (p)[ e Jo 8]

r

sz(p)[@]:T + jppy'(p)[%eje];

+

1 . oge- 1 zje]f’ 1 . ayeen 1 3,7'6]"
= g o = =
21 7Fp (p)[2je SO TICL I 2 Vi I

o . P ]_ 3 P
JTH(p) + ZOpH (p) +§pp H Py +. . .. (54)

i

We chose the value of pp small enough to neglect the third term of
Eq. (54). Then H(p) and # (p) are modified as follows:

HM) = (n—p)o(m)

= (n—p)h(m/am) ; (55)

A(n) is represented by the Taylor series expansion around the point n = p:
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1 .

Ap) + AT (Y (N = p) + AT (= )P+ T @) (= )

1

A(n)

M@ =) T @M= g T @M =) e (56)

i

Substituting Eq. (56) into Eq. (55) gives

E() = (0= p) e -
M@0 =p) +57 @0 =) 5@ =)+
_ h(n)
-~ l -, 1 o, °
AT(p) + 5T Y = p) + 5T () (M —-p)E . (57)
Iherefore,
H(p) = h(p)/A"(p) (58)
Taking the derivative of Eq. (57) gives
o e e - s d e -0t e s [Fare r T ea - v ]
= e+
[0 + F =) + g @O =t .]2
SO

ey L PN @ — ) 207 (p) .
p) = .
[A’(p)]2

Substituting HZ(p) and H (p) into Eq. (54) gives

Szsz ~ — JTH(p) + prH (p)

y B (PIB7(P) — h(p) 20 ()
= — AN =+ 2 -
Jm 57 (D) + pp [é,(p)]z

(60)
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Substituting Eq. (60) into Eq. (50) gives

2. a. +a. 1 JY1 - 'a-i;-/oc PR
S__ = i P |-* i+l (? — 2a?) exp(—jv1l — o =z)
-0 * 2 .

1
2z WK, % (202 — k®)? + 402 /1 — a2 Vit — a?

+ 207 exp(—j/kE =0 2) | Jolar) o Ji(oa, ) = aady(oa) | da

Z+1

K vaz — 1/a ~
" (k% — 20%) exp(- vaZ — 1 z)
L 202 — kD)2~ 4ja/aZ =1 KZ - 6z

+ 20% exp(—j/x2 — oz 2)| Jo(ar) aa,  J1(0a;, ) — eadi(aay)| do

7+1

p—o0 Yo — 1/
+ P T (Kz - 201.2) exp(~ va2 — 1 z)
K (202 — k)2 — 40?8/ =1 /af <2

+ 202 exp(— Va2 — k2 2)| Jo(ar) aa,  J1(0a )y — ual.Jl(aai) do

i+l

. . _ .- 21
o hE >, 20 BT (YA (p) — h(p)A™ " (p)/

(«? ~ 202) exp(— Yoz — 1 z)

o a? — 1/a
+ e mrsm———
j’: fo (202 — 1?2 ~ 4a2/af =1 VaZ T
P

+ 202 exp(— vo2 — k2 z)| Jo(ar) [aa

s (e ) — aa1(0a;) da} . (61)

Equation (60) is negligible when 3 is large, but it increases as 2z
decreases, and it is especially important when z is very small or zero
because most of the imaginary part of Eq. (61) comes from Eq. (60).

Throughout the whole integration range, Bessel functions fluctuate at
the same rates, which are approximately 2W/a; for Ji1(ozs) and 2m/r for
Jo(ar). The exponentials exp(—jvY1l — a2 z) and exp(-7/k2 — a2 3) fluctuate
very rapidly when o is slightly less than 1 and o is slightly less than K,
respectively. Upon evaluating the integrals by numerical quadrature, the
width of quadrature, A, is changed according to the change of the
fluctuation rates of exp(—jY1l — a2 2) and exp(—jvk2 — a? z). Also Ax is
kept small enough to be able to follow the fluctuations of the Bessel
functions and the other terms in the integration.
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Calculation of Elastic Wave Exerted by Uniform Surface Force

Equations (44) and (45) are numerically evaluated for a simple case,
in which the surface force has uniform vertical and radial components in
a circular area of radius g, as illustrated by Fig. 10. 1In such a case,
Eq. (44) is comsidered to be the sum of Eqs. (36) and (37), and Eq. (45)
is considered to be the sum of Egs. (38) and (39). The calculation assumes
a hypothetical metal resembling aluminum, with properties shown in Table 5
along with other quantities used in the numerical integration.

ORNL-DWG 75-6918
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Fig. 10. Uniform Surface Force Over a Circular Area.

Table 5, Numerical Values Used in Calculation

Quantity Value
o, density, kg/m? 2.7 x 103
Lamé constants, kg m~! sec™?
y 2.5947 x 10'°
A 5.1894 x 10'°
Wave velocity m/sec ke
Longitudinal, C, = /(N + 2)/p 6200
Transverse, Cy = Mlo 3100
Surface force, §3 or E}, N/m?
Inside circular coil cos Wt
Outside circular coil 0
Angular frequency w, rad/sec o % 108

Real positive root of Ada) = 0 p = 2.1447125
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The integrals are evaluated for the conditions shown in Table 5 by
numerical quadrature. Trial numerical calculations were carried out
for various values of the upper limit of integration (am) and the width
of numerical quadrature (An) to test the convergence of the integrals
and to obtain necessary accuracy. The range of integration was divided
into several intervals, as shown in Table 6. The width of quadrature at
any value of a was taken as the least of the following:

Aoy = a constant for each interval (values are given in Table 6),
Aap = 2w/50(r + a),

V1 — (217/502)2 — V1 — [2m(I + 1)/502]2 for 0 S a <1
Aoy = €vk2 — (2mN/502)2 — V2 - [20(N + 1)/502]2 for 1 < o < K

not defined for o > K.

In the expressions for Aaz, ¥ is defined as 502/1 — a2/2m for the first
interval and 503vk2 — 02/27 for the second,

Table 6. Conditions for Numerical Quadrature
Value of Acx; or pp
Interval
Case 1 Case 2
0<asx<1l 0.003 0.0006
1<a<K (Kk=2) 0.003 0.0006
K< o< 2.1442 0.001 0.0002
2.144 < o < 2.1445° 0.00001
Op 0.0007125 0.0002125
2.1449250° < g < 2.145425 0.00001
2.145425% < o < 2.289425° 0.001 0.0002
2.289425 < g = o 0.005 0.001
a
P — P for case 1
Y p
p— p_ for case 2.
o p
p+ pp for case 2
dp + p for case 1
e p
2p — K.
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The calculated integrals for two cases of integration intervals and
several upper limits are given in Table 7. Tor convenience in observing
the convergence of the integral the term —jmh(p)/A”(p) was eliminated
from the calculation. From the results shown in Table 7, the widths of
quadrature are chosen to be those of case 1 in Table 6, and the upper
limit of integration, &, is chosen to be 2.5 for 3 2 5 mm, to be 7 for
1<2z<5mm, to be 15 for 2 = 0 and » = 70 mm, and to be 50 for z = 0
and r = 0.

The z component, Sz, of the displacement vector exerted by the
vertical surface force is calculated along the z axis and shown in Fig. 11.
It is compared with

. a 7 __a
sin [Xﬂﬁ(/l + (z/a) (2>} s

which is obtained by the assumption of a piston movement source.

The envelope of many consecutive peaks of 5., coincides with the sine
function fairly well, and the first peak of the former (indicated as P,
in Fig. 11) coincides very well with the second peak of the latter
(indicated as Q) in Fig. 11), which shows there is an elemental coincidence
between them. However, 545 seems to have infinitely many peaks that
cannot be seen in the sine function.
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Tzble 7.

Z, r

() Case
1, 0 1
1
1
5, 0 H
70, 0 1
1
70 cos 5°, 1
70 sin 5° 1
2
70 cos 45°, i
70 sin 45° 1
2
70 cos 85°, 1
70 sin 85° 1
2
/0 cos 89.5°, 1
70 sin 89.5° 1
2
0, 0 ]
L
1
0, 70 1
1
1

Q

~N U -
D DO MO N NWN RN RN R R R LS R

D
Suo

[
D~

VMU L W

g

?h 5
ase (azz)

- aR (rad)

2.152389 x 107" 0.2697456
2.150337 0.2700094
2.150211 0.2700257

3 8.426872 x 107}'° 1.218601

5 8.440092 1.214364
8.439656 1.214502
6.731603 x 1071° 0.8765144
6.731603 0.8765144
5.893158 x 1071% 0.9248500
5.893158 0.9248500
5.593172 0.9248465
3.189158 x 107!'°® —1.270700
3.189158 —1.270700
5.1902ii —1.270525
3.174814 = 107%7 0.9691312
3.174674 0.9691956

5 3.180156 0.9690650
9.633899 x 107'¢ 0.001404492
9.631721 0.001404810
9.631207 0.001404885
9.5630081 0.001380697
1.467929 x 107" 0.4228726
1.456540 0.4232966
1.468335 0.4227479
9.525477 x 1071 —0.0005924255
9.523725 —0.0005925345
9 ~.0005923292

.527025

Results of Trial Integrations

.970109
.970109
-970095
L44551%
L445511
.445498

.833472
.833197
.833453
.703992
.699993
.706124
.700243

.678008
678415
.678458

Phase (brz)

Phas
nase (Szr)

)
Phase (Srr)

15, ] 15,1
(rad) (rad) {rad)

0 1.149228 x 10-'* 0.7056541 0 0

0 1.146518 0.7074461 0 9

0 1.146481% 0.707597% 0 2

0 1.622095 x 10-'* 0.4578723 ¢ ¢

0 1.622405 0.457778% o 0

0 1.622424 0.4577724 b) 0

0 3.469332 x 107'° —1.519320 0 0

0 3.469332 —1.519320 0 )
10715 1.028361 2.192425 x 107t 0.9503430 1.244738 x 19-'* 0.2338918
1.028361 2.192425 0.9503430 1.247738 0.2338918
1.028370 2.191920 0.9503527 1.266473 0.2330313
i0-1e 1.116582 1.573155 x 10718 ~0.6709027 3.833751 x 10718 ~0.5478679
1.116582 1.578155 —0.67099027 3.833751 ~0.5478679
1.116602 1.571987 —0.6756774 3.860736 ~0.5564306
10-'7 —0.3999404 2.096557 % 30-'7 —0.1740580 2.092257 % 107'% -9 5338830
—0.3999614 2.096399 -0.1740712 2.092284 ~0.5338733
—0.3999589 2.069394 —0.1671055 2.113009 ~0.5386272
1077 4.06365836 9.197552 x 10~'* 0.03224713  2.278714 x 107'° 0.4213050
—.06368766 9.193993 0.03225962  2.279217 0.4212061
—0.06364275 9.193823 0.03522602%1  2,279451 0.62118602
—0.06366003 9.211876 0.03i85464  2,291131 0.4215584

0 9.809952 x 10715 0.01372709 0 0

0 9.904608 0.01359590 O 0

0 9.938967 2.01354890 0 0
igie 0.004813686 8.378025 x 107'° 0.044465589  9.538651 x 10~1® —0.1971114
0.004813483  8.879571 0.04464814  9.039475 ~0.1970932
0.004313462 3.879485 0.04444871  9.038686 —0.1971107

we
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The displacement S5, is composed of the z component of the longi-
tudinal wave and the z component of the transverse wave, and we cannot
know each one individually, as explained previously. The fluctuation
of Sz can be explained as an interference between the longitudinal and
transverse waves. Such a fluctuation has never been detected so far in
an ultrasonic technique, because pulse waves are used in the usual ultra-
sonic technigque, making it impossible for the longitudinal wave and
transverse wave to coincide except for the very near field (because of the
velocity differences).

The following averaging effect also conceals the fluctuation phenom~
enon. Average displacements in circular areas of radii 2, 5, and 10 mm
were calculated with Eq. (35}, and the results are also shown in Fig. 11.
In the case of a 10-mm radius (similar to common ultrasonic techmiques),
very little fluctuation can be observed, which may have been uninten-
tionally overlooked in the past. The z component of the displacement,
Szr’ exerted along the symmetry axis by a horizontal surface force, is
shown in Fig. 12.

ORNL~-DWG 75--6944
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&0 70

Fig. 12. The z Component of the Displacement Vector Along the
z Axis Exerted by a Horizontal Surface Force that has only a Radial
Component and is Distributed Uniformly over a Circular Area of 10-mm
Radius Symmetrically Around the z axis.
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The z compoment, Sgzz, and » component, Spz, of the displacement on
a hemisphere of 70-mm radius that are exerted by a vertical surface force
are shown in Fig. 13. The first minimum of S, is at an angle of about
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Fig. 13. The r Component (Spz) and x Component (Szz) of the Displace-
ment Vector on a Hemisphere of 70-mm Radius Exerted by a Vertical Surface
Force Uniformly Distributed over a Circular Area of 10-mm Radius.
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21.5°, which coincides fairly well with the value of 22.2° calculated

from O = sin”1(0.6lkg/a) on the assumption of a piston movement source.
The angle for Spz is 12.5°, which also coincides well with 11.4° calcu-
lated from O = sin'l(O.élkt/a). Displacements exerted by a horizontal
surface force are also shown in Fig. 14. In all four cases, the last

peak appears at an angle of 90°, that is, on the surface. These peaks are
confined to only small depths, which is characteristic of surface waves.

ORNL-DOWG 75-6912
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Fig. 14. The r Component (Sypy) and z Component (Szp) of the Dis-
placement Vector on a Hemisphere of 70-mm Radius Exerted by a Horizontal
Surface Force that has only a Radial Component and is Uniformly and
Symmetrically Distributed in a Circular Area of 10-mm Radius Around the
2 Axis.

It is dimpossible to divide a displacement into longitudinal and
transverse wave components. However, if the surface force is pulsed,
both waves should be resolved individuwally in time at a sufficiently
distant point from the source, because they travel with different
velocities.

The surface forces are assumed to have the following boundary
conditions:

_ Jeos wot N/m®, |t —nr| <71,
3 r o, |t —nT| > T,

The pulse displacement due to a pulsed force ig calculated with Eqs. (C46)
and (C47) from Appendix C. The conditions are
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2m x 0.5 x 10° < w < 27 x 1.5 x 108

3

Ty = 3 x 107°% sec ,
T = 34 x 107% sec ,
At = 0.2 usec ,

wo = 27 x 10°

for calculating pulse displacements for the points (z = 70 om, » = 0),

(¢ = 70 cos 5° mm, » = 70 sin 5° wm), and (2 = 0, # = 70 mm). The pulse
displacement for (z = 25 mm, » = 0) was calculated for the same conditions
except Ty = 1.75 x 107°% sec. Some of the results are shown in Figs. 15
through 21.
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The longitudinal and transverse waves are clearly separated in
time, as they should be in a real physical phenomenon. The wave
velocities calculated from Fig. 15(a) are 6120 m/sec for the longitudinal
wave and 3070 w/sec for the transverse wave. In the case of an infinite
solid, the velocities are calculated from Lamé constants as 6200 and
3100 m/sec, respectively, by the simple formulas V(. + 2u)/p and vi/p .
The difference in the velocities is considered to result from the differ-
ences in the conditions and an inaccurate estimation of the velocity
from Fig. 15(a).

There are some interesting facts in Fig. 17, which may look strange
at first. That is, a disturbance in the z direction travels along the
2z axis not only with the velocity of a longitudinal wave but also with
the velocity of a transverse wave. It seems impossible at first, but it
can be explained in the following qualitative way, with reference to
Fig. 22, The theory of elastic waves assumes that both longitudinal and
transverse waves are generated by any type of applied force. We assume
that two identical vertical forces work simultaneously on points A and B,
and pure longitudinal and pure transverse waves are generated from the
point sources. They are not necessarily spherical waves, but they must
be symmetric around the vertical lines through A and B, respectively.
Two transverse wave fronts travel with the transverse wave velocity to
meet at a point P on the 3 axis. Each displacement vector has the same
amplitude and the same phase, but the directions are symmetric about the
2 axis, as is shown in Fig. 22. While the »r components of displacement
cancel each other, the 2z components are not canceled. Consequently, the
2 direction disturbance travels along the 2 axis approximately with a
velocity of transverse wave. However, such a wave has never been observed
by the usual ultrasonic techniques. Pulse displacements averaged in a
circular area of 5-mm radius, centered at z = 70 and 25 mm, are shown in
Figs. 19 and 20. 1In Fig. 19(a), it is reduced but still remains [Szzz in
Fig. 19(a)]. 1In Fig. 20(a) it almost disappears. The reason for the
disturbance remaining in Fig. 19(a) and disappearing in Fig. 20(a) is the
difference in distances between the source and observation point. When
the distance is small, the procedure of averaging displacements in a
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circular area of a certain radius is more critical than it is in the

case of large distance, where the path difference is very small. This
phenomenon may be used to measure the velocity of transverse waves with

a longitudinal wave transducer without attaching it to a material surface.
A special transducer that consists of two longitudinal wave transducers,
one a large disk having a small hole in it and the other a small coaxial
disk, will be able to detect both longitudinal waves and the z component
of transverse waves (see Fig. 23),

e
00077777

Fig. 23. Composite Transducer.

One problem is the difference in the conditions between the calcu-
lation and the actual ultrasonic testing; a second problem is the very
low efficiency of the small transducer that is used to detect the z com-
ponent of the transverse wave.

Pulse displacements at a point on the surface (z = 0, » = 70 mm)
exerted by a pulsed surface force on a circular area of 1-mm radius are
shown in Fig. 21. It is very interesting to know that the disturbance
travels approximately with a speed of 2905 m/sec, which is quite close
to the supposed surface wave velocity, 2891 m/sec, derived from C¢/p
where p is a particular root of A(a) = O.

Numerical Calculation of the Elastic Wave Exerted by an Electromagnetic
Force Caused by the Interaction Between Eddy Currents
and a Constant Magnetic Field

The displacements Sz (= Sy + 5,,) and S, (= Spy + Spp) s which are
produced in a conductor by an eddy-current force, are calculated by use
of the approximate function of surface forces shown in Fig. 8 and Table 4,
p. 15. The calculated results are listed in Table 8 and shown in Fig. 24
as a polar distribution (at a distance of 58.2676 mm) near the symmetry
axis.
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Numerical Displacement Data Calculated for
z = 58,2676 cosO mm, ¥ = 58.2676 sin® mm

Sz Bl Saz + Nzr r "y
© Amplitude Phase Amp litude Phase
A) (rad) A) (rad)

0° 32.71046 0.5785691 0.000000 0.000000

1 26.17365 0.4572459 20.96264 —~0.2911700
2 17.65618 0.08132202 16.92477 —-0.07969033
3 14.71417 0.005480981 2.843768 1.014537

4 10.41641 0.3872855 2.273667 —0.5674052
5 3.877380 0.6561141 5.176582 1.564696

6 0.7847714 0.01685626 9.386882 ~0.6882312
7 4.047799 ~0.7305414 7.579748 0.3255650
3 8.542795 —0.1426877 3.495181 -0.1187731
10 10.40244 0.3757070 7.253332 —0.01513283
12 7.276527 0.6584039 2.17039%4 —0.1303417
14 1.811628 1.447477 1.615008 0.9760299

oRNL-DWS 75;;:?
Fig. 24. Polar Distri~-

N
§ :

\
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bution (distance is 58.2676 mm)
of Particle Displacements, S,

and Agl/’ .
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The material constants are:

Density p: 7.85 x 10° kg/m?®

Lamé constants U: 5.680339 x 10!° kg m™! sec”?
A: 1.352139 x 10! kg m” ! sec”?

Wave velocities: (g = V(A + 2u) /0 = 5630 m/sec

€y = Yu/o = 2690 m/sec
Frequency: 1.6 MHz
Real positive root of A(a) = 0: p = 2.2678044

As in the calculation for the hypothetical material given previously,
the range of integration was divided into several intervals. The width of
quadrature at any value of o was taken as the least of the following:

Aoty = a constant for each interval,
Aap = 2m/50(r + a) ,

VY1 — (21N/502)2 — ¥1 — [2n(V + 1)/502]2 for 0 < a <1
Aoy =<4 V2 - (2mN/502)2 — V2 — [2m(V + 1)/502]2 for 1 < o < k

not defined for o > K .

In the expressions for Aus, N is defined as 50z/1 — 02/2m for the first
interval and 50zv/k2 — 02/27 for the second. The intervals and Aa; values
were as follows:

Interval Aty
0sasx1l 0.003
l1<as<ck 0.003
K<oc<p—~pp 0.001
p + pp Sa<2p—«x 0.001
2p — Kk <o S oy 0.005

In this example, numerical values are Dy = 0.0008676, « = 2.0929368,

p - op = 2.2669368, p + Pp = 2.2686720, 2p — k = 2.4426720, and a_ = 3.
The Fortran program for carrying out this calculation is given in
Appendix D,
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Accuracy of Numerical Calculation

The accuracy of the numerical calculations of Eqs. (11), (12), and
(13) is comnsidered to be very good for the widths of quadrature used in
integrating these equations. Simpson et al,l® give similar examples.
The accuracy of the numerical calculation of Eqs. (44) and (45) is
considered to be better than 1% for the following reasons:

1. The width of numerical quadrature is chosen to be small enough
to follow the fluctuations of the trigonometric functions and the Bessel

functions. To illustrate,
T
j sinz dx
0

is calculated by both analytical [Eq. (62)] and numerical [Egq. (63)]
methods, and the results are compared in Table 9.

0 m

y/- sinx dx = [-cosm} =2, (62)
0
Ul N

_]; sinxdx=. l%sin'\:%(%+i—-l)]. (63)

16y, A. Simpson, C. V. Dodd, J. W. Luquire, and W. G. Spoeri, Computer
Programs for Some Eddy-Current Problems — 1970, ORNL-TM~-3295 (June 1971).

T
Table 9. Accuracy of Numerical Integration of“/‘ sinx dx
0

N, Number of Value of Error
Quadratures Integral %)
Analytical 2.000000
20 2.008248 0.41
22 2.006814 0.34
24 2.005724 0.29
26 2.004876 0.24
28 2.004202 0.21

30 2.003660 0.18
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™
We know from Table 9 that Jp sint dr can be numerically calculated
with an accuracy better than 0.3%, if the numerical quadrature width is
chosen to be m/24; that is, 1/48 of the fluctuation period, 27. The
product of two trigonometric functions can be represented as the sum of
other trigonometric functions:

f(2) = sin k12 x sin k;z

= 5 [cos(ky + ky)z — cos(k, —'kz)z} . (64)

Equation (64) shows that f(z) fluctuates with a period of approxi-
mately 2m/(k; + k,). We assume the product of two Bessel functions can
be treated similarly.

Equations (44) and (45) have three fluctuating terms. One of them
is the sum of two trigonometric functions, and the other two are Bessel
functions. These two Bessel functions fluctuate with the periods of
approximately 27/a; and 27w/r and so the product of these two Bessel
functions can be considered to fluctuate with the period of approximately
2n/(a; + r). In the pnumerical calculation the width of the numerical
quadrature is chosen to be the least one of the following three values,
0.02X% the fluctuation period of the trigonometric function, 0.02x
2ir/(a; + r) and a certain swall value, as is shown in Table 6. The
computational accuracy of the whole fluctuating factor can be considered
to be about 0.67%, because the computational accuracy of each fluctuating
factor, that is a trigonometric function and two Bessel functions, is
cousidered to be about 0.3%.

2. Several different values of the upper limit of integration were
tried for several conditions to assure the convergence of the integration.
Also numerical quadrature widths one-fifth of the initial values and a
snaller value of py were tried (see Table 6). These wodifications are
compared in Table g, which shows that the calculated values vary no
more than 0.5%.

PROBLEMS AND CONSIDERATIONS

1. The final purpose of this study should be not only the calculation
of the acoustic field produced by an electromagnetic force but should also
be the calculation of the voltage induced in a coil by the interaction of
a steady magnetic field with the acoustic field that is reflected and
returns from the rear surface of the material.

2. In this paper the attenuation of the ultrasound by the material
is not taken into consideration. It should eventually be considered.

3. An actual metal is not strictly linear, isotropic, and homogenous
as is treated in this paper.

4, In the case of large ultrasonic amplitudes, fthe theory of nonlinear
elastic waves is necessary.
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Other problems for consideration are:

Can we treat the problem completely by macroscopic and classical
theory?

Can we consider the eddy-current velocity to be infinite when the
volume force is integrated to get surface force?

Can we neglect the static force terms, F,, and F,,?

Can we neglect the attenuation or amplification of the ultrasonic
field by the steady magnetic field?

We may have to develop new differential equations to rigorously treat
the interaction of the elastic wave field and the electromagnetic field.
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APPENDIX A

Fortran Program for Calculation of Eddy-Current Force






Fortran Program for Calculation of Eddy-Current Force

QTT‘FL PuURGEF 4
< COMMIN A

00100C
00200
00201
o300
00400
00500
00600
G0700
00800
00900
01000
01100
01200
01300
01400
01500
01600
01700
01800
01900
20400
20500
20600
20700
20800
2090C
£1100
21200
£1300
21400
21500
21700
21800
21900
22000
221040
22180
2200
22300
22303
22304
22305
22310
22315
2232¢
22325

B AL
1

NesL1sMUsMUCMULs A
2 J TR JITUKESJVILKES JIRIRE

UIMENSION AFCIS)ILZLF (2 s bKCIBIs BZCIS)» CURNTACTISS 2)

sULURNTHCI 9, 2)s FZ1AC15 20 FLIFCL15, 23 FRIACLIS, 2D
sERIPOIS, 21 PLIACESI L FLZIF OIS PRIACIDI A FRIPOLS)

CuMPLEXR AC15, 2, e TAALLETALSEXFETA »ws CURNTCL5, 22

2 FLICIS22)sFR1C15s2)e JRINZ22dA3KAs FZICLIDISFFICTS)

DATACAR (LYY Td=1,15)/

1
1
1 B
1 21

1 -1

s bE=35F+b~3s10.E-3,10e56~32110E~35115E~3s12.E-3
2e5k~3513ebE-35135b-32140b~3,1405E~35154E-3
SeObE~3s166b~37

DATACZZECI L) 2 Eu=102)/
1 Oeb=3s =06 5E~3/
DATACELZLIUI-LJd=1215)/

l -

Qe 28020209 ~0+145:~0e113s-0+082-0.0%3,~0.0255~0.005

1 300015, 0005520009550 103s0-1150e1150411/
UVATACERCLIYs Ld=1215)/
1 Or 48206 3920636500345 0232,00302042850e2720e2650255

i »
Kil=
kZe=
Hil=
Hees
N=Te
[1=1

Ce255042a8s002455 002455 060245/
10287k~ 3

146 7955E~3

Gs 3429E-3

Ce5965:~3

91667

790,

ReAA=C(RI 1+ K22)7 2.

kl=K
Ke=k
Hi=H
Hi=H
rl=3
SIGM

117 kbAA
22/ KbAR
117 RbAA
22/ KBAA
« 1415926
A1=1.351351E6

MU=de ¥ [*1b~7

MUO=
MUL=
P REG
UMb G

1.

1.

=}es 6EH
AzZe*x P 1 *F KEUW

GMSRI=UMEGARMULIRNMUR ST GMA T * KEAAX % 2

TYFe
TYre
TYFE
TYFE
1YFe
TYPE
TYFE

87
87
31
SP632K11lak22sH11sHZ2
8e
5963aNs11sPHEG, STIGMAL
87
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2e237C uw 1zl 11I=15195

< 50T bd 1111 Jdd=1s2

2600 rh=Ar CI 1)

2e700 LL=LLkCU)

22800 REKRA nEAA

22900 L=LL7 rpfa

2300C ACIL,JId)=C0esr» 0o

23300C L 11 I=1,1200

23400 IrC1-35C) 10s10s20C

23500 20 1rCl=-46G) 3C» 30s 40

23600 1C cETA=a 005+« 01 *xFLLVATCI- 1)
23700 LZETA=.01

23800 ak e 5C

23900 30 ZETA=3.525+.05%rLCATC(L~351)
24000 LEETA=05

2410C ue Tu 56

24200 40 LZETA=9«00t s 1*xFLUAT(I-461)
24300 UCETA=« 1

c44C0 gk T¢ S0

24500 50 ETAAL=UMFLXCZETA*%Z2,0MSK1)
c4600Q ETAI=CSenT (ETARALD

«4700 EXFETA=CEXPCLTALXL)

24800 EAFLELI=LAFCLETA¥L)

24900 W= le/ (MUL/NMUOHETAL/LZETA)
25100 EAFHIZ=EXFC(-LETA*HI) X (~LETAXHEZ)
25200 LZETAB3= e/l TA%XX3

25300 AK=L L TA*®R

25400 CALL BESELICHLD)

25500 J1LTh=r1

25200 A=LE [AXKE

26000 LAkl bESLIu(F3)

26100 JIHTukZ2=F3

2600 x=LbeTAaxxl

26300 CALL beotlDCra

26400 JlIUKl=F4

26500 JIrklre=zJ11luvkZ2-J11uKl

26600 ACTL2JdUI=ACL LI+ TA3XJ I RIR2H*JIZTR¥EXFHIC*EXFETA
26700 1 *wxkDlp 1A

27100 11 CuNnTINUE



27200
27300
27500
27600
2770C
27800
27850
27860
27870
27880
27890
27900
27903
27905
27907
27910
27915
27920
2791
28000
28100
28101
28102
28200
28250
28251
28300
28400
28450
28460
28470
28 480
28490
28500
28505
28510
28515
28600

1111

121

57

K=MULxMUxN* T 1/ COHZ-H1) % (2~ h1)XKBAA)

AK=A* KbAA

ACTI>JJI)=AK*ACTIT»04)
CURNTC(L1E2JJd=-SIGMAL*OMEGAR(0e» 1) *xACT L, JdD
PLICTLLJIdI=CURNICTI LU *R T DD
PRICILLDIdI=CURNTCII>JJ %L1

CURNTACL I, I =CABSCLURNTCIL,Ud))

CURNTFCI I, JJI)=ATANCAIMAGCCURNTCTI T, JI) X/ REALCCURNTCIT»JJd)))
rLYIACIL,JII=CADLLCFZLIC(TTSUd))
FLIFCILsJUI=ATANCAIMAGCFZ 1T T JI) Y/ REALCFZICTILSJJI D)
FRIACLII» S =CABSCERICTIT2Ud 2D
PRIFCITJII=ATANCAIMAGCR KICTI L, Ud) X/ REALCFRICTII»JIXI)
Trre 38

TYPE 5963s kkelZZ

irPe 53

TYFE 5963 CURNTACTI»JdI)» CURNTRPCOELLJIY s BRCTIIDLBZC(LIID
TYPE 84

TYPE 59632 FZ1ACILIsdd)»FZIPCILL U)o FRIACTL,JDI) > FRIPCLIS I
TrPE 5963521115 JJI» FRICITSJY)

CUNTINUL

JKIKE=CLOGCFZ1CII,2)/7021C1151))

JKIKZ=REAL (JKIK2)+(0es 1+ )X (AIMAGCUKIK2) =24 % F 1)
JKIKZ=JKIK2/24F (2D

JK3KA4=CLAGCFRICLETIL2) /7 R1CITS 1))

JK3K 4= REAL (UK 3K 43+ (0e» 1% (AIMAGIJK 3K 4) - 2. %F 1)
JK3K4=JK 3K 4/ LZF (2D

FZICIID=FL1CII» 10 /70K1IK2

PRICIID)=FRICILL1)/7UK3K 4

FLIACTI I =CABSCPZICIL))D
FLIPCLIIYI=ATANCAIMAGCRLICTIID) Y/ REALCPZICITDY))
FPRIACIII=CABS(PRICITY)
FRIFCIID)=ATANCAIMAG(PRICTII) )/ KEALCPKREICTIID D)

TYFE 85

TYFE 9963, FLIACIDI L PZIPCLIID» PRIACIIIAPRIF(LDD

TYFE 86

TYPE 5963PZ1CL1Ys FRICID)

TYFE 87

CONTINUE



28700
28710
28711
28720
28T7z1
28730
258731
28740
28741
28750
28751
28760
28761
28770
28780
28800
91200
92000
92100
92200
92300
92400
22500
22600
92700
92800
92900
93000
23100
93200
23300
93400
93500
93600
23700
93800
23900
9 4000
94100
924200
24300
94400
94500
94600
94700
24800
94900
95000
95100
95200
25300
95400
95500
95600
95700

58

5963 FURMAT (4E)

Bl FunMATC(TZs "INNER KADIUS'T195 'JUTER RADIUS'
1 T36s "LIFT UFF'I53s "Lede+CIIL THICK')
B2 FPORMATCTZ, "TURNS'T195 'DRIVING CURRENT?
1 1365 "FREWUENCY "T535 'CuNUDUCTIVITY ')
83 PRORMATCTZ, "kele AMPLITULE'T19s 'EeCe FHASE'
1 136 'br"T53s "BL ')
B4 FORMATC1I2, 'VUL FZ AMP'T19, 'VOL FZ HHASE'
1 136, 'Vl Pk AMF'TS3, 'vul. FKk FHASE"')
89 FPORMAT(TZ2, 'SURFS FZ AME'T192 'SUKFS FZ PHASE'
1 T36s 'SURFS Fhk AMP'TS3, "SURFS PR PHASE")
86 FUKMATC(TZ, 'REAL FT SF PL'T19s "1MAG PT OF PZ°
1 T36s, 'REAL FT UF FR'TS3s "IMAG PT F FR')
87 FORMATCTZ2Ts "hokkkkkmbikhkkkkhks")
B8 FORMATC(TZ, "K*'T195'2")
END
SUBRO UTINE bESEL1(Z24Z)
CUMMEEN X
Y=X
IFCY=3:) 201,2012202
201 YY=CY/ 3 )¥%2
L2L=Y%€C0+5 ~0e 562499865 AYY+0.21093573 *YY**2
1 ~0« 03954289 ®*YY®%3+0.00443319 *YYk*x 4
1 ~0.00031761 *YY*#%x5+0.00001109 *YY*%6)
GY T 204
202 YY=3./Y
F1=0.797884%55 +0.00000156 *YY+0.0D15659667 %YY7*%72

i +0¢0001710% #YY**%3-0.00249511 hYY*%k4

1 +0.00113653 *Y7Y*%5~0.00020033 *YV*%x§
TETAl=Y~2.35619449

1 +0.12429612 *YY+0.00005650 *YY**%2

1 -~0.00637879 AYY**3+0.00074348 *Y1Y*%4

1 +0.00079824 *YY**5-0.00029166 *YY*%6

2ZZ2=C1ls 7/ SOURTCY)I*F 1% CUSCTETAL)
204 KETURN

END

SUBRJUTINE bBESLIDC(BES)

CUMMUN X

[FC(X-5+) 138,138,139
138 15=INT(2.%X)+3

A5=Cle/ 6 )%k *%]

bBS=AS

Vg 5000 KX=1-51S

AS=~ 0+ 25*ASR Kk Xk (2 % FLOAT(KK~ 1)+ 3+

1 Z7(FLRATKKI = (FLOATIKKI+ 1) % (2 xFLUOAT(KKI*3e))

bS=b5S+AS

5000 CONTINUE

G TY 193

139 QI=0C(=-188.135957/7X+109:1142)/X-23.792333)/X+2.050931)/X
QI=((G1-01730503)/X+0.70348452/X-0,064109E-3
G2=C((~5.817517/X+2 1058742/ X-0.6896196)/ X+0.4252024)7X
Q2=(Q2-0 187344E-2)/X+0.7979095
BS=le ~SQRTIX)*(Q2%CUS(X~PL1/ 4 I ~GI&SIN(X-PI/ 4. ))

193 RETUKN
END
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Numerical Data for Figs. 4, 5, and 7
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Numerical Data for Figs. 4, 5, and 7
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Derivation of Elastic Wave Fields Produced by
Eddy~Current Surface Forces

In this appendix, the equations that are suitable for calculation of
elastic wave fields produced by eddy~-current surface forces are derived
by use of a Green's function. A surface force produced by interaction of
a magnetic field and eddy currents has two components. One is a vertical
component and the other is a horizontal and radial component. Both forces
distribute symmetrically around the axis (see Fig. 7). 1In this sense, the
equations for vertical force derived here are generalizations of the
equations obtained by Miller and Pursey.'! The equations for the horizontal
radial force are also derived by the same method.

Useful references on the theory of elastic waves are by Ewing et al.?
and by Morse and Feshbach. ?

Elastic Wave Equation

The standard form for the elastic wave equations in the absence of
body forces is

-

32

1t

p3F = O+ V@) —w x (7 x D), (e
>
where S = displacement vector,
A, U = Lamé constants, and
P

density.
A displacement vector can be represented as the sum of an irrotational

vector, Sp, and a solenoidal vector, Sg:

> >
S = SZ + St (c2)

VX§2=O

¥, Miller and H. Pursey, "The Field and Radiation Impedance of
Mechanical Radiators on the Free Surface of a Semi-infinite Isotropic
Solid," Proc. Roy. Soc. Londown Ser. A 223: 521—~41 (1954).

’W. M. Ewing, W. S. Jardetzky, and F. Press, Flastic Waves in Layered
Media, McGraw-Hill, New York, 1957.

3P. M. Morse and H. Feshbach, Methods of Theoretical Physics,
McGraw-Hill, New York, 1953.



70

> >
Vectors Sy and 5; can be represented as theg gradient of a scalar
potential ¢ and the curl of a vector potenitial W, rvespectively
>
S = T, (C3a)
g -
Sg = VX WL (C3b)
Substituting Eq. (C2) into Eq. (Cl) gives
3%,y 3%s, N .
oo e e = (b 20V(VAE) — v x (V x §)) (c4)
[2a8 t v

Introducing a separation constant vector X divides Eq. (C4) into two
equations:

3%8
2 . R >
0 mprT = v+ 21)V(Vesp) + X (C5a)
528,
1 . . -> ->
P wrge = - u¥ o x (Vx § ) —X (C5b)
9t2 t
Substituting Eq. (C3a) into Eq. (C5a) gives
92 3
Pz V6 = (L 20)V(V3) + X (C6)
Assuming ¢ is time harmonic, Fg. (C6) becomes
----- owlVo = (A + 2)V(V%) + X (c7)
Assuming ¢ can be represented as the sum of ¢; and ¢, and Vo = wvﬁ/pwz,

Eg. (C7) becomes
P e ,a . -
— oWy — ow?Vha = (A + 2DV(VZh1) + (A + 21)V(V2¢,) + X .
Therefore,

— ow’Vh1 + X = (A + 20TT281) + (A% 20V(— VeX/ow?) + X ,
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or
— Vo = (A + 2WV(V24,)
SO
V[om?‘r.bl + (A + ?-U)V2¢1] =0,
Then
pwidy + (A + )V = ¢ Ve, = 0)
Assuming ¢; can be represented as the sum of ¢y and d12 ($y12 = ¢

Eq. (C8) becomes

ow?d 1+ pwira + (A + 210V3h11 + (A + 2V = ¢,

0

or

ity + ¢, + O+ 20931 + O+ 2077 Jo0®) = o,

Q(x)?'(bll + (A + 21,4‘)V2¢11 =0 .

Summarizing the procedure from Eq. (C5a) to Eq. (CY9), we have

¢ = o1 + ¢ Vs = ~ ;‘z/pu)z
= ¢11 + d12 + 92 P12 = ¢c/pw2

pw?d1r + (A + 20V = 0 .

it

8, = V¢

= V(b1 + ¢12 + ¢2)

fi

Yoy + Voo + Vo

il

Voypy + V(¢c/0w2) —~ X/ pw?

it

Vor1 ~ X/ pw?

(ce)

ow?y

b

(c9)

(€9)

(C10)
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=y
Vector W is analyzed similarly:
> > > > - >
W= W; + Wo = Wy;3 + Wy + W
(V x Wy = X/ow? , Wy, = ﬁc/ouf) ;
> = >
pw’Wi1 — 1V x (V % Wy1) = 0 ; (C11)

S75 =V X ﬁ“ + f/pwz . (C12)

From Egs. (C10) and (Cll) we learn that we cannot know gg and gt individually
because of the unknown vector X. However, we know the sum of two vectors.

§,+ 38
A

20
Il

Vo + V x W

2

]

Vi1 ""SZ/Q{,UZ + V x Wy + i}/pm

~>
Vbi, +V X Wip (C13)

The problem is solved in a cylindrical coordinate system under the
assumption of axial symmetry. The force produced by the eddy currents
has only radial and vertical components, which produce only the same
components of the displacement vector. Consequently, Wi; has only an
azimuthal component, W11, and both 3W;,/930 and 3¢;,/30 are equal to zero.
On the above mentioned assumptions, Eqs. (C9) and (Cll) become

32 18 03" . 2 _
<8r2 et 322> ¢11 + K b1 = 0, (C14)
where
K Z = pw’/ (A + 2u)
...a...._z 109 A 2 \ 2y -
<I‘2+2”BI’ I’2+822/ W11 +KS Wii = 0 , (ClS)
where
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Boundary Conditions

The general boundary conditions are the continuity of the displacement
and the stresses at the boundary., 1If one medium is a vacuum, we need only
the continuity of the normal and tangential stresses. The stress equations
in cylindrical coordinates are

24
g _ =X l'ii-<r 39) +2 + 24
r or

3s
33

22 dr EL

-

[ 2
a2 <r 3¢11> PRCAUISE BN 2u 2% %-§%~(PW11) (C16)

r or or 952 2 oz
BSP 95
= .__.._..+..~..f."..
Tar T M\ ar
2] 3@11 3”11 ] ) 11 1 3
= ~ )y 9 (20 L2y . X
Er < or 9z dr \ 9z r or 1 (€17)
qu = normal stress on a plane of constant z,
Tzr = 1 component of tangential stress on a plane of constant 3.

If an elastic solid occupies an infinite half space, the stresses must
satisfy the following equations:

o, =P, atz=0, (C18)

v, =F atz=0, (c19)

where P, and P are respectively the normal and tangential components of
the surface force. Now, we solve the homogenous equations (Cl4) and (C15)
with the inhomogenous boundary conditions (C18) and (C19).

Green's Function

We solve the problem by the method of Green's function. First of all,
the surface force is assumed to act only on a ring of radius @. Then we
zet a final solution by superimposing Green's functions:
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(C20)

(C21)

where ¢G and WG are Creen's functions of Egs. (Cl4) and {(C15), respectively.

The boundary conditions become

O, = PZG(P -~ q) at z

i
o

Tzr = Pré(r — ) at z =

Setting ¢G(r,z = F(r)Z2(z) in Eq. (C20) gives

19’
3

R or

[Siiss}
cA T
Qi
NS
INNEE

(

+w-..._.

Introducing the sepavation constant o?,

2
%-%Z§\+ cz =at .
Then
Z = Cy exp(*otcz) + 3 exp(occz;) ,
where
a, = /EEN:fKCZ ;

P ~ b . P . e
U2 should be zero for convergence of 7 at infinity. Then

13%°R 1 3R __ .,
R 3r vE ar ¢
~n2 -

L -

This is a Bessel equation of order zero, a solution of which is

R = C;JQ(OI’) -+ C;YO(O(I‘,\I

(c22)

(C23)

(C24)
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Because of the divergence of Yy at the origin, (i has to be zero. Thus,
the general solution of Eq. (C20) is

¢G(r,z) fig" C1{a) exp(macz)CQJg(ar) do

- 0
=JL h exp(—&ﬂE)Ju(Uﬁ) dao

(c25)
The general solution for Fg. (C22) is obtained in a similar manner:
(1 e
Wolr,z) :ik 3 (o) exp(-a_z)d i (or) du (C26)
where S
o = ol - 2 .
g 8

Substituting Eqs. (C25) and (C26) into Egqs., (C16) and (C17) gives

1 3 2 ™ N .
¥ = ool UGN ) { o (...Aﬁi 2 o 70
9, l[; 3 5 ar Jﬁ C1(a) exp( * Yl g (ar) du

+5§'L Cﬂa)ewﬂﬂfhhﬁw}&q

52 -0
+ 2uf j Cr(ct) exp(—a 2)d g (ar) do
0 o4

352
3 1 9 = . 5
+ EP -é};xfo Cy () e?«’p('-ﬂisz)d 1 () arx]
_ 153 . S _l” __E" " 3 7 ~ .
= A_L' () expf )% T §;~au(dﬁ) do

[+5) 32 ) . . 5
+ (A + 2,1;)[0 Eyry Ty (o) exp(macz)_«/o({w) drx
+ 7'ufm ------ C3(a) exp(on z)-l—’ 2 r 1 (or) do
Tk 3 " s”/p dr 1 -
= /Xfm C1() exp(—a 2} (2, (or) do
(i c

+ (A + 2u) J[;m a{czcl(a) e‘zp(%xc;z)Jo (ary do

oy
+ 211[ i Cala) expl—o _z)ulq(or) do
Jo 33 It

i

Im {[()\ + 2;1)(102 — A(mz]cl(a) exp(—anz) — 2po Oy () exp(w(xhz)} Jo (cr) de
20 - a2 L2 3
=[m [1.1(?.(12 KnZ)C'l((x) exp(ﬂcz) = 2uoe C3(a) exp (ﬂsz)]Jo (ar) do

0 . & 3 .

= ujr’w [(2@2 - Kez)(]l (o) exp(*ﬂx(‘z) == 2o Ca(a) @.\p(ﬂs/)] Jo (o) do . c27)



a7

76

= U [i 2 fom Cr(a) exp(n z)do (ar) da

o el r 7
— i j; Oy () exp(-ﬂasz)ul(ar) do

+
!
t
l

5 fom () exp(--ﬂﬂz)Jo(ow) do,

+

r fow C3(a) expl(—a z)d; (ar) doa]

© 3
= u[fo e [Cl((x) eXp("ﬂcZ)] 5% Jo (ar) da

oo 82
~ f 35 Cs(@) expu @)1 (ar) du

© 3 3
fo P C (o) exp(MOch) Y Jo(ar) do

+

fo‘” C5(@) exp o z) QL2 e da]

..+.

dr r dr

u {jom —accl (o) exp ("“OLCZ) [—aJl (om)] dnt

- foo a 2C5(a) exp(—o z)Jd, (o) do
0 S S

+

j;oo -ﬂccl (o) exp (—(xcz)[-affl (om)] do.

“+

jom C3(a) exp(—asz)[-—ochl(om)] doc}

u fo‘” [20@001(00 exp(—acz) - (ocs2 + a?)C5(a) exp(—asz)]Jl (or) dao

]

y fooo [Zadccl(u) exp(—a_z) — (202 — KSZ)Ca(Oc) EXP(“‘OLSZ):IJl (ar) do .

(C28)
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Substituting Egs. (C27) and (C28) into Egs. (C22) and (C23):

i

uﬁ:w [(Zoa2 -k 1) — 20“1303(@)] Jolor) do = P &(r —a) . (c29)

it

ufooo [Zuocccl(oc) — (20% — KSZ)CB(OL)]JI(O(J’) dos PP(S(P - a) . (C30)

Multiplying both sides of Eq. (C29) by
foo r (0 r) dr
0
and then reversing the order of integration, we obtain

0
0

ufom %I:(ZOLZ - KSZ)Cl(u) — ?,twsCa(oL)]f Jo(ar)T o (ar)ar dr do =f0m chS(r' - g)rdg(a’r) de . ((]3]_)

By use of the Fourier-Bessel equation, Eq. (C31) becomes

u 5%7[(2@’2 -« 17 = ZU’aéca(a’)] = P alo(a’a) , (€32)
where 72 =0"% — ¢ ? and a2 =g’ —x ?.
Is] 8 a C

Dropping the primes:
(202 — ng)(]l(oc) — Zococs(,'g(a) = P_aady () /u & (C33)
Similarly, Eq. (C30) becomes

20!&@01(0!.) - (ZOL2 — KSZ)Cg(OL) = Ppanl(aa)/u . (C34)

From Egqs. (C33) and (C34) we can find the unknown coefficients (;(a) and
Cz(a):

2 2 _
(20, Ky )Pzaar]o (oa) fu 20L(x8ProcaJ1 (o) fu

>

C1 (o)
(202 ~ k 2)? — 4620 «
s e 8

200, P_aad o (0a) /u — (2a? — Kﬁz)Ppanl (ca) Ju

i

C3 (o) 2 242 2
(20° — k_")° — 4o o0,

o
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If we let

A= (20% — « )2 — 4020 o
S c 8

i

2
(20% ~ k ?)? — 40?V0? — K 2 Jur T
s e s

then

dJG(I’,Z) =j;;w6‘1(u) exp(~-acz)J0(ar) do

e 20?2 —k 2 P 200, P
= — g Z (o) — - £z oy (oa) | exp(—a z2)do(ar) do
A " ¢ A u 1 e 0 S .

0

11 is obtained by integrating the Green's function:

o) =" g,
®f®on? — KSZ P
j 0 Jo A f aad g (o) exp ('—Oth)Jo(O(I’) do da

o e Zaoas Pp
= —yT T aad) (aa) exp(—a z)Jo(ar) do da .
o Jo sH ¢

Reversing the order of integration gives

=

® 2q? — KSZ
$p11(x,2) =5 : R — exp(woacz)Jo(ar) da PZOlaJo(O!a) da

0

® 200
“*f AS exp(ﬂcz)Jo(w) dOvL[mPTOaJI (aq) da . (C35)
0 o
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One obtains WG and Wi, similarly:

I«/G(r,z) =f03(tx) exp(—_z)Jy (ar) do
0

o o Gado (o) - n

(202 P (o® = *) P
= - —J«- 0l (0a) | expl~a_z)J(ar) da .
1 <
0

Then

oo
W11(r,z) =f W, da
0 .7
ks Zouxc P
nf A T: aaly (aa) exp(-a_z)Ji(ar) do da
o Jo

* R0t~ 2 P
*ff | 5 v oal1(0a) exp(~u_z)d, (ar) du da .
A U ~
0 0

Reversing the order of integration gives

1 % Zaac
Wll(rpg) = ;:J- A EXP(”*XK;Z)JI(GJ’) duf P'Z ((I)OLCZJ[)(CX(.Z) da
0 0

® 202 —k 2 o
“f —— exp(*ﬁs_z)cfl (o) drxf PP(G>CVIJ1(OJ1) da
0
0

Displacement Vector

The displacement is obtained by substituting ¢;; and W;; into

Eq. (C13):

(C36)
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Jen L3y
- dz + y 37 (rsﬂll)

2

s 1 [« o
J — s exp('OéCZ)Jo(Ou") dcxf P_(a)aad o (0a) da
0 0

S %z u
0 20 oo

__j AS exp(—acz)Jo (ar) docj Pp(a)aa,fl(o(a) dn
0 . o

1 3 1 @ Zoconc »
+ =g P j i exp (*'otsz)Jl(om) do j Pz (a)oad o (aa) da
0

0

2 2 .

o 200 — K oo
J - s exp(—ﬁsz)m(ocr) do I Pp(a)ota,]l(o(a) daJ
0 0

r . 2

1 ® 202 - K o
-5 J _ - s o, exp(—acz)Jo(cxr) dotj Pz(a)(yajo(aa) da
0

Jo

0

< 200 ®
_j As a, exp(a,z)Jo(ar) da j P (a)oal, (aa) da]
0

o0

1 @ 200
+ = I Ac exp(fﬁsz)o‘fo(ap) do f Pz(a)oaJo(aa) da
0

0

2 2

20° — K ©
r - s_ exp(--asz)oufg(w) daj Pr(a)o,a,]l(o,a) dajl
0

0

o« 0y R o
= J _Ag [(KSZ — 2a?) exp(~a_2) + 202 exp(«ﬂsz)ng (ar) da JO Pz(a)o‘aJe(OLa) da
0

o

j %[Zasac exp(—0,_z) + (KSZ - 20%) exp(‘-ﬂsz):ld'o(ou’) donf Pr‘(a)otaJ,(oa) da .
0

0
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g =91 BNy

r ar 3z
) 1 20% 2 w
) ma; E L A. oxp ("0-03)070 ({YP) b f Pz ((1)@[1070 (CLO') da
0

* ZOL(IQ 20
ﬂf ._K.L exp(’*(xcz)gro(ap) .«jqf pp(a)mJl(aa) e
0

=)

N
9z

ey

oo 2(1@0 -
j AP (*GLSE)JI (ar) du f P (a)owd g (0a) da
0 , 7

2

- 2(]2 - Kr- )
Uf A —=— exp (“1‘133):71 (ar) do [ Pz’ (2o (aa) da
0 0

oo 7@2 — 2

1 - s ®

0 R exp(‘ﬂpz)[-—m]l(ur)] o P_(@)oad g (oa) da
] g 0 F4

@ 200 w
_f AS eXP(“CLGZ)['ﬂIJI(OCP)] donf P (a)oady (aa) da
i 0

1 o ZOLOLP -
~ f3 "7_\‘:_ [—as exp(ﬂsz)_],h(ar) duf Pz(.a)'-m:/'o(aa) do
k [+]

2

2(12 - KS @
"f A [Mus EXp(ﬂsZ)] J1(or) d“'/; P (2)aady (ua) da

1 o co
= M[ 3 [(KSZ — 202) exp (- z) + a0 exP(“ﬂsz)]Jl(OLr) da/{j P, (@)oaly(aa) da

u

1 ol 4
+ af 73'-3- [2(12 exp(*Oth) + (KSZ _ 2(12) eXp(ﬂxﬂz)]Jl (or) do PI,(U«)WI (o) da .
0 3 L

Therefore:

z "

iy T
S = = (k 2 20,2
— 2o xp(— /2 ~x 2
j; (2% — x 2)? — 40?/aT T NI [ s ) eRE A KR
4 3

{e+]
.2 e —— N
b exp( b Kszz)j,‘”)(a”f’) dﬁx[ P (@)oaaso (o) da
. 7
1 0
+ = a e L
: BaSe— 2/ ~ ¢ 2 2 DK 2 exnle JoE TSR
b fo (2a? =k )%~ 4ot aE T2 m*:.—g?[ o e

-3
e

+ (KSZ = 20%) exp(— /52 — E?z)]»]o (ar) daf P (@)aaly (o) da . (c37n)

0
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S = lj ] (K 2 2(12) exp (._— /0—1—2———_—(..“2._2)
(20 — 32) s e

r 1
! 2 — 4oz — K2 Jaz - K2

2V — <2 Ya2 ~»K32 exp (— va? —-Kszz%]Jl(ur) du‘]. P _(a)oad o (aa) da

0

+

1 (7 var =« [
. f : 202 exp— AT TV 72)
(202 — ¢ )% — 4a¥o? —k 2 JpI =« 2 L ¢
g c S
+ (KSZ — 2a%) exp(— Vo2 — KSZZ)] Ji (or) do Jﬁ Pp(a)anl(ua) da . (C38)
0

The physical value of the displacement is obtained by taking the real
parts:

- Jwt
Sz : Real[?ze ] . (C39)

~ Jwt
Sr = Real[?pe ] . (C40)

Tf the surface forces are constant in a circular area:
<
P (o) =4t as e
0

%m)=l,a<a1’
0

then the first term of Eq. (C37) becomes

w ay
5 =3* Jﬁ "£? [FKsz - 2a?) exp (0 z) + 2a? exP(“asz)] J o (ar) dq.]‘ aad o (aa) da .
0

a)
/ aal o (aa) da
0

le—‘

= f pdo(p) dp
[PJl(p)]
[MlJl (Olal):I .

1
Q i

Q=

]
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Therefore,

o g
- 1 [¢] 2 1
bzz = ﬂ'j; e [(KSZ - 2a%) expﬁﬂch) + 202 exp(—asz)] Jo(ar)aualJl(@ai) ey

#t

foo Va2 — ¢ 2
ay 2
U 0 (2

(K“_‘2 — 20%) expl(~ /&ﬂznwwr::;z)
a? — k)2 = 4a?/a? -2tk 2 |7 N
o

+ 207 exp(~ Jaz —-anz)] Jo(ar) Ty (nay) do .

(C4l)

Similarly, the second term of Eq. (C37) and the first and second Lerms
of Eq. (C38) become
5 = *@—f - & [2/&2 — K 2 /a2 — K 2 exp(~ vo? — Kﬂzz)
AT ML (a? - e D2~ 4a?Vak = K T /az -k 2 ¢ 3 -

+ (Ks2 - 20%) exp(— Jat = Kszz):l J o (or) %g—?—l‘l da . ((),42\)
Sps = A Jﬂ ) = [(K 2 — 20%) exp(— YaZ —x 2z)

a0V gy (o~ K 2) — ba?Vu? — k2 Va2 — KSZ g ¢
+ 2/02 — K 2 Vo2 — i 2 expl(— Yoz — KSZZ)] J1 () (aay) do . (C43)
:L 00 Y2 — 'K'C;Z

s, == e 202 exp(— /a2 — K 2z)
w H _L (202 — 1 ?)? — 4u*V/o? -z val —-KSZ [ €

+ (Kﬁ2 -~ 2a%) exp (— Yoz -—anz)] Jy (ar) £§%Qll do . (CLd)

3 o 1

where

")
I(oay) =.l pd1(p) dp .
0

Equations (C41) and (C43) are the same ones derived by Miller and Pursey.”

*¥. Miller and H. Pursey, '"The Field and Radiation Impedance of
Mechanical Radiators on the Free Surface of a Semi-infinite Isotropic
Solid," Proc. Roy. Soc. London Ser. A 223: 521-41 (1954).
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An average displacement within a circle is obtained by integrating
Eq. (C37) with respect to r:

"Z(JV)

L[

H j (2% - v )2 —an®Var T 7 hE — L 2

&

3

(K32 — 207y exp(— Vo - 604;:):| I (ar)

1

- |:2/f,12 -k 2 Va2 — 2 exp(— Va2 — K 23)
%4 & &

00
ﬁhj' I‘W(a)wu'l((xa) da
9

¢ .’o (2a% - K:‘Z)z

2 ;
4atva? - 2 YU
~

o

7
20?2 exp(— Vo2 — anz)] —23 J' rel g (ar)
= .

o

[(Ksz — 2%2) exp(— v/a’ — KC?'Z)

ko2

©
Adr /iﬂ.j Pz(a)ano(ua) da
0

L[
s ﬁ (20% — « 23 — 4u?/u2 — K2 Jaz — ¢ 2

3

[2/&2 —« 2 /a2 =« 2 exp{~ /a2 — K 2z)

8

o

a
(KSZ — 26%) exp(~ Va2 —?;i'z)] a%[ rdoar) dr daf P (a)oa]1(ea) da
0

57 — Kk 2
c

0

L
" ﬁ (20% — I<32)2 — 4oV < K 2 Yaz — KSZ

202 exp(— vaZ' — Kszz)] ﬁ—;fﬁl daf P (@)oal, (0a) da
0

s}

{ee]
1]
Yl (202 — k)% — 4a?Val Zx 2 Jgi — g 2
s o s

[2/&2 — K 2 /a2 —« 2 exp(~ Va2 — K _22)
e S [«

(K32 - 20%) exp(— /2 — KSZZ):I %%;Egﬁ da[ P (a)aadi(oa) da .
Q

(C45)
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Nonsinusoidal Suxrface Force

Equations (C37) and (C38) represent displacements exerted by time-
harmonic surface forces. If a nonsinusoidal current flows in a coil,
we may represent it as a Fourier series of pure sinusoidal currents:

oC
I) = %§-+ 2{: (am cos mwit + bm sin mwyt)

m=1.
“ T/2
where a = —;r‘—f I(t) cos mwit dt  (m = 0,1,2...) ,
~T/2
" T/2
bm = —%Lf I(t) sin mwit dt  (m = 1,2,3...) ,
~T/2
2 . .
w1 = 7, and T = the period of repetition.

Assuming I(#) is the repetition of single harmonic train:

cos wot |t —nT| < Tq
I(t) = >
0 |t —nr| > To
we have
apg = 0
ah = (W)
= C(nwy)

f

Cﬁ;ffa [sin(wg_f mwi) Ty + sin{wg -mw1)1h]

ki (we + mw1)Ty (wo ~— mw1)Tq

b =0.
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Therefore,

[o0]

j{: C(w) cos wt
=1

Q0

¥
Zid C(nwy) cos mwit

m=1

CO
§ : wy1To | sin(wy + mwy) Ty + sin{wg — mwy) Ty
i (wg + mw1)To (wo — mwy)To *

It

I{)

Hl

il

m=1

Substituting I(t) for i, of Eq. (11) and following through the subsequent
operations, we have

o0

~ _ Jmwyt .
Sz (by pulse current) = Real g;l C(mwl)Sz(mwl)e ; (C46)
~, _ @ o\ _Jmwit .
br (by pulse current) = Real gil C(mwl)Sr(mwl)e ; (C47)

~

S? (average displacement by pulse current)

[o2]

= Real ZE: C(mwl)Sé(av)(mwl)emelt . (€48)
m=1
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Fortran Program for Calculation of Elastic Wave
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Fortran Program for Calculation of Elastic Wave

s TYPE EL.STWV.F 4

00100 COMMON X

01000 CéMbLEX DISHFIZsDLISPLRAWISPRZ» VISPKREs DISPLS DI SEFR
VY050 1 s LISHFZM, ULSPRM

01100 1 sl BPy DELTA, EXPBls EXAPbFs CRIZICRZKs CREZs CRER
01200 1 s LOEEH COERS EXPUMG

01550 i s LPLELI DFERI DPRL» DFREK

glesn 1 s URELZL S CRLLGES CRLRL s URZRSs CRRLL 2 CRRZ Ss CRERL s CRIKE
01655 1 s VZLL s VLLSs VERLA VI RS VRZLa VRLS» VRKL» VRRS

01660 1 s AVLLLS, AVLLSs AVZRL AVERS) AVRLL 2 AVRL S, AVRRL 2 AVERS
02000 KEAL JOALFR: J1ALFR, JTALAZ, J1ALALLJIIDAZ, J1IDAL, JDAKE
02100 1 2JIAKKRsJIAKARZ» JIDAK 2, J1AKA L, JIDAK

02200 1 2 JOAKRD, J1AK KD, JTAZD,J1ATIDs J1AK 12, J1A12D
02250 i s JJOOBKATLY JOAKAZ

20000 COMPLER A2 ETAALYETAL EXFPETAS W JKI1K2s IK3K 4
20050 1 s PZICIDYPRICED)

201040 DIMENSION ZZ2ZF (27, A0DLC2Ys AODKC2)

20110 1 s AR C1BI» AZCS50 BN 49)

016G CoMbFLEK TSTZZLS

20310 DATACARCTIN)»IT1=118)/

20311 1 106 3032 126 E=35s 1356 ~32 1555 ~-3, 1 4% e E~3/

20340 DATACPLICILII»IT=1215)/

20341 1 (=062 0e)s (~0263E620e25(~0:865F 6500 3212%{1es (0ads
«0345 LDATACFREICTII N 11 11,155/

20346 1 COe 165023 C(060s00)s(~0225E65Ced212%(1os0ed)s
203590 DATACAZCITI Y » 111215500/ 4

20351 1 10%1es 26092936852 2669368: 2268672022« 44267520
20352 1 2 Te 4426T20227» 44267202 107+ 44267205 33% 16/

20360 DATACANSIIII» 111215490/

20361 1 10%1.

20362 i 217405302 1745 10006 400005 16000+ 33%1./

22175 FI=3.1415926

22180 FREG=1:6E6

22200 UMEGAZ 2k FIXEKEQ

29200 J135%79=1

29300 JIT7531=91

29302 AYZZL=2C0n2 06

2R304 AVLLS=C(Des Do)

29306 AVIKL=(0er D)

29308 AVZES=(0es Os)

29320 AVRZL=C0s2 0

29330 AVRIS={0esr Oe)

29340 AVKRL=(0es 0s)

29350 AVERS=(0es 0. )

29360 TYFE 66492,.J97531

<3370 66492 FURMATCL?
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29375 péd 11t IIl=1,3

40000 LL15=0eE~3

40100 RRDIS=5H.267T6E~3

40200 AKYN= 24 2678044

40300 AZ=AFCITII+ 1)

40400 Al=AFCLLID

40500 SMALLUTAKUN =2« 2669368
40510 VZZL=C0es 00

40520 VL 5=€0ea Qo)

40530 VEKL=C0e20e)

40540 VZRS={(0ss 0e)

40600 VRZL=C0es 0o

40700 VRZS=(0es 06

40800 Vikhki.= (06 » 04+ 2

40900 VERKS=(0e504)

41000 RU=T+B5%(C100«%%3)/1000.)
41160 L5=2690.

41200 CL=5630,

41300 RMU=RB*CS**Z

41400 FSESMELAZ LS

41500 PC=uMEGALCC

41600 F=to/ U

41700 LLIS=LDIS*FC

41800 K1 S=kKDI>*FC

41900 AZ=A2* L

42000 Al=Al1x+C

42002 COEL=PL1CIILY/ CRMUKFC)
42004 COER=~FRICIII)Z CRMUXPC)
42055 33447 CUNTINUE

42059 UAAbEe=2e % 1/ ((KDIS+A2)%50.)
42063 IF CLAABB-0.003) 88298,88298,3010%

42067 30108 LDAARBB=0.003
42071 BB29Y CuNTINUE

42074 DY 14102 NPL=11s16

42075 LICM=C(AZINP L+ 1) =AZINPS))I/ANINFS)
42076 IFrCDICM~DAAEDB)Y 56473556473, 11144
420717 56473 ANINFS)I=ANINFS)

42078 Ld Ty 14l02

42090 11144 NNFPOSOSINTCOCAZINPLH 1Y =AZINFS))I/UAADBE)
42095 ANINFSI=FLJATINNFESS)

42100 14102 CoNTINUE



42125
42130
42150
42175
42200
42210
42212
42214
42216
42218
42220
42222
42225
42215
42300
42325
42350
42375
42400
42425
42450
42475
42500
42525
42550
42575
42600
42625
42650
42675
42700
42725
42750
42715
42800
42825
42850
42860
42875
42900

67537
39582
3927
98
8875

1398

37176

3876

79

s72

986

91

WDAABDL=1.

FLAABE=1.

DAALI=WUAAEB* UAABE
DAAZ=DAAL/ 2.

Dobl=PDAALB* DAAER
LpbB2=DbEbl1/ 2.

JFK=1

ITJK=1

JKL =1

IFL=1

LUGE=«

IHI=11

D 10011 I11=1,1000000C0

G T (39582,93582),1FL

GE TY (3927,3928)sJFK

GO Tu (98,792 »JdKL

IFCZDIS) 1398,8875,1398

AL FHA=1.+DAAZ

G Ty 79
ALFPZ=SORTC1e= (2% FI/ZUISI*CFLEATC(INL=1)/50))%%2)
ALPI=SQRTCls «C(C2exPI/ZDISI*CFLYATCILY ) /7 50.))%%2)
baLPrzi=ALF2-ALFI
I1F{LALP21-DAAL)Y 377623776s3876
ALPHA= (ALF2+ALP1) /2.

DAL PHA=DALFZ21

wd T 3412

ALPHA=ALF2-DAAZ

DAL FHA=DAAL

JKL=2

G4 T@ 3412
ALFHA=ALFHA~DAA]L

JRL=2

IFCALFHA-DAA2) 98659865572
DAL FHA=DAAL

G T@ 3412

ALFHA= (ALFPHA+DAAZY/ 2.
DALFHA=2+*ALPHA

JFK=2

M=111+2

G Tw 3412
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@222y 3928 Wo 1w (9382,33444):1UK

42950 238z [rCZDIS) 32895969, 3289

42275 622 AlFHA=prLbER

43000 ukb T 33444

43025 3289 ALFesSURT(FE%2-( (2% FI/Z2VIS)*(FLUATCIII-M+1)/50))%%2)
43050 ALPI=50RTOrsx2-( (2 %1 /ZDISHIARCFLOAATIILILI-M42)/506))%%2)
43075 LALr2l=ALPr2-AL§)

43100 IFCCALY21-Lbol) 26593526593, 39562

43125 26593 ALPHA=(ALF2+ALF1)/2.

43150 LaLrHa=0aLF21

43175 wo T 87484

43200 39562 ALPHA=AL +2~DLEBE2

43225 DALFHA=DED ]

43250 [JrK=2

43275 GY TW B8T4a84

43230C 33444 ML FHA=ALPHA-DBBI

43325 Iax=2

43350 IFCALPHA- 1. ~DEB2) 7974579745418

43375 418 DALFHA=LERE]

43400 GY 1¢ 87484

43425 1974 ALPHA=C(ALFHAYDbbhEt 1e )/ 2

423450 DALFHA=Ze x (AL FHA~ 1:)

43475 IFL=2

43450 MMNN =111+2

43500 wu T 37484

43550 93582 CuNTINUE

423555 DAL FHA=ZCAZCIHI+ 1) ~AZCIHIII/ZANCIHD)

43560 ALPHA=AZCIHI) + DAL PHAX GGU+ LAL FHAXFLIATCI 1 1-MMNN+ 12
43576 IFCALPHA-164) 31059,310595, 3810

43590 31059 IF(ALFHA-AZCIHI*1)) 32154,93933,93933
43600 93933 IHI=1HI+1

43550 MMNN=I11142

43700 Go 1w 10011

43750 32154 IFCALFHA-CAKUN-SMALLL)Y) 12345, 553335 55333
43500 55333 IF (ALFHA-CAKON+SMALLDY) 1C011, 10011, 12345



=
Ay

44100 3412 BlIsLuRTOLl- ~ALFHARED)
44150 BlalelPL A 00s 21 12
44200 b P TP A%~ AL PHAER2 D
44250 B OMFLACG s BFPD
44300 G T Ha321

44400 87484 LIlsobbT(ALPHAREZ~ 1)
44500 Bi=iMrLAC(bit-0602
446600 Wbz Sunl (ks g~ PBLEFHOARED
44700 LML A Qs p np o d
44200 e T DAkl

44300 12345 bBlI=SRTALFHAR*E~ 1)
45000 EistMpLA(bl 1,060
45100 plPFs SORT (AL FHAa¥E - PR 2
45200 bBEsOMPLR(EPPs O
45300 G TY 5438210

45400 54321 DizZ-xALPHARF Do Paxl
45500 DELTAzDI %% 2> 4 % AL PHA®E Do b ]
45600 EAPLlI=UEAP(~uixILLS?
42700 EARPER=CEAR{-P*l D15
45800 AL PHAZ=AL PHA®R® 2

45810 CRLZ S=2- x AL PHAZSEX PP
45820 CRLZL=-DI*EXPEIL

45530 CREFSG==DIREXFBE

45840 CRERL=Z2.#BlebP*E PR
453900 CHRRES=Z: *bikrbPREXPL
46000 CRRIL=~DI%EXFE])

46100 CHERS=-DI%EXPBE/ALPHA
46200 CRRRL=Z2. * ALPHA*EXFE]
46300 X=ALPHA*KDILS

46400 CALL BESELOCPILD)
46500 JOALFR=F11

46600 Cabl BESELIIPFIZ)
46700 JIALPR=PI2

465300 X=ALPHAxARZ

45900 CaLl BESELIIF13?
47000 JIALAZ=F1D

47100 LALL BESLIDOFI A
47200 JITDRZ2=F1 4

47300 Az=AL PHA%®AL

47400 CALL BESELI(PIS)
47500 JIALAI=F1D

47600 CaLL BESLIDIF16D

47700 J1{DAL=P1I6



47710
47718
47720
47722
47730
47740
47750
47760
47770
47780
47800
47900
48000
48100
48200
48300
48400
48500
48553
48600
48625
43650
48700
48800
48900
49000
49100
42200
49300
49400
49500
49600
49700
49720
49740
49760
49780
49800
49900
50000
50100
50200
50300
50400
S0500
50600
50700
50800
50900
51000
51100
21200
51300
51400
21500
51600

48392

1

1

i

1

1

1

1

1

10011

3810

1

— e e e
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CUNTINUE
TSTZZ 8=

Bl1®«CRZZS*JOALPR*(A2%xJ1ALA2-ALI*JIALALY*DALPHA/DEL. TA
VZLS=VLLS+YTSETZLS
VERS=VLRSY

le kCRARDSFJIOAL PR CILILAZ-JITILAVIRDALPHAZ DELTA
VRES=VYREZ 5¢

ALPHAXCRRZS*J1ALPR*(A2XJ 1AL AS-AL1xJ1ALA1 ) * DAL PHA/DEL TA
VARS=VRESt

bHF)CKRKS*J1ALPR:CILIIDAZ-J1IDAYY®DALPHAY DELTA
ViLZL=VLLL+

BlkCRZZL*JOALPRx(ACXJ 1ABLAC-AI*JIALAD *DALFPHA/DELTA
VLRL=VZRL+

1o %CRZKL*JOALPR*(JI1IDAZ-J1IDALYXDAL PHAZ/ DELTA
VRZL=VRZL+

AL PHAXCKRZL*J1ALPR* CA2XJ1ALAZ-AL*J1ALALY*DALPHA/DEL TA
VRKL = VKERL+

B+« CRRRL*JITALPR*(J1IDA2-JLIIDA1Y*DALPHAY/DELTA

CONTINUE

CONTINUE
AG=2¢ x AKONX* 2~ FPXR%2
BEG=SAQRTCAKUNF .2~ 14
CU=SORTCAKUN* %2~ %% 2)
AQRDSH= 4. *AKEN
BUDSH=AKKYN/ bl
CUDSH=AKBN/CG
AGLDSH= 4.
bQUDSH=(bU~EQUSH*AKIN)/ bQ**x 2
CuUDSH=CLU~CODLSHAAKYNI/CQ*x%x2
EXPbU=EAF(-bE*LDI S)
EXPCQ=EXP(~-CR*ZDIS)
EQS=2«. %AKON®*2¥EXPCQ
EGL=-AG*EXPEY
FOS=-AQ¥EXFCE
FGL=2.%EQ*CUkEXPEG
CES=2:, %buUkCu*xEXPCQ
QEl.=~AGFEXPbG
HES=-AQ*EXPL G/ AKON
HOL=2.  AKUN*EXFBGQ
EQLD=(-AGDSH+AQ*BQLSH*ZDI SY*EXPHE
EQSD=C4: *AKUN -2+ ¥ AKON* % 2% CQDSH:ZDI SY*EXFCE
FOLD=C2e*%bGDSH*CQ+ 2. *¥bQ*COLUSH=-2. ¥ BGxCu*BRQDSHxZDISI*EXPBR
FPSDLD=C(~AGDSH+AGKCGDSH*ZDI S)*EXPCH
LWL D=C(-AQDSH+ AR BEGDSH*ZDI SY*EXPEQ
GOSD=(2s b GUSHACH+ 2 4 b Uk CADSH- 2 xBR*LQ*CGDSH*ZDI SI*EXPCQ
HELD=(2e ~2e FAKONX B GDSHXZDI S)*EXPLQ
HUSD=(-~AQDSH+ AW COUDSH*ZDI S+ALG/ AKON) X (EXPLQ/ AKEN)
DLTD=2e % A0%AUDSH" 4 « AKON) % 2% ( bUDSH*CQ+ Q¥ CRDSH)

“Be *AKYN*BE*xCQ
ULTDD=2 xAGDSH* %2+ 2. * AQKAGDDSH

~ 16« X AKUN¥ (LGDSHRCQ+ BO*xCUDSH)

L4 ¥FAXKYUN x2¥ (BRDDSH*CG+BOxCUDDSH?

~Be kAN R 2k BQUSH*CLDSH

~BekpER{E



53816
53818
53820
53822
53824
S382é6
53828
53830
53832
53834
53836
53838
53840
53842
53844
53846
53848
53850
53852
53854
53856
53858
53860
53862
53864
53866
54100
54200
54300
54301
54302
54400
54401
54402
54500
54600
54601
54602
54700
54701
54702
54703
54800
54848
54850
54852
54854

1
1
1

]
1

1
1
1

1
1
1

1
1
1

1
1

1
1
1

1
1
1
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SGIDL=BODSH*EGL*JOAKR* (A% J1AKAZ-A1*J 1AKAL)
+BUREQLD*JOAKE* (A2*J 1 AKAZ-Al*J 1AKAL)
+BU*EQGL*JJOAKKD* (AZ¥J1AKAZ-AL*J L AKAL)
+BUREQLEJOAK R (A2%J 1AZD-Al*J1ALID)

SUeDL=F UL D*JOAKR*JIAK 12
+FAL*JOAKRD*J1AK L &
+FOL*JOAXK*J 1ALZD

S5G3D0L=1s *GabL*J1AKR* (A2XJ1AKAZ-A1*xJ 1AKAL)
+AKUN*GUL D*JTAKK* (A2x J1AKAZ~-AL*J 1AKAL)
+AKON*GRL*J IAKKD* (A2%xJ 1AKAZ~ALxJ 1 AKAL)
+AKIN*GOL*J1AK K (A2*J1ACD-A1*J1AID)

SUADL=CUDSH*HOL*J1AKK*J1AK 12
+OUxHGULD*J 1AKKxJ 1AK 12
+CUxHGOL*JIAKRD*J1AK 1 2
+CQ*xHUL*J TAKR*J 1A120

SGIDS=bUbDSH*EQS*JOAK KK {AZXJ 1AKAZ-A1*J 1AKAL)
+BOkEUSD*JOAKR* (AZRJ1AKAZ-AL*J1AKALD
+BU*EUSkJOAKRD* (AZ2%xJ 1 AKAZ-ATXxJ 1 AKAL)D
+BUREQS*JOAKR* (AZXJ 1AZD-AL*:JIAL1D)

SG2DS=F QASD*JOAKK*J1AK 12

+FUS*JOAKRD*J1AK 12
+FQS*JOAKR*JLALZD

5G3D5=1+ *GUS*J1AKR* (A2XxJ 1AKAZ2-AlxJ1AKAL)
+AKON*COSD*JIAKR* (A2*J1AKAZ-AT*J 1AKAL)
+AKON*GOS*J 1AKRD* (A2* J1AKAZ-A1%J 1 AKAL)
+AKON*GUS*JTAKR* (AZXJ1AZD-AT*xJ]1ALD)

SG4DS5=CUDSH*HUS*J IAKR*J 1AK 12
+CU*xHGSD*JIAKR*J1AK 12
+CEU*HAS*J1AKRD*J 1K 12
+CO¥HES*J ITAKKk*J 1AL ED

GIDL=C(50IDL*DLTD~SGIL*DL TDD/ 2 )/ DL TD*%2

GEDL=CS02DL*DLTD-5G2L*DLTDD/ 2. )/ DL TD*%2

G3DL=C5G3DL*DLTU~SG3L*ULTUD/ 2 )/ DL TD*%2

LADL=C(SG4UL*DLTD-SG4L DL TDD/ 2. )/ DL TD%*2

GIDS=C5GIDO>*DLTD-SGLIS*DLTDD/ 20 )/ DL TD% %2

G2D3=(SG2US* DL TD~SGL58*DLTLUD/ 2 )/ DL TD* %2

G3DS=(SEIDS*PL TU-SGISHDL TDL/ 2 )/ DLTD*%2

G4DS=(SG4DS* DL TD-SG4S*xDLTOL/ 20 )/ DL TD*%2

VZZL=VZZIL+2. * SMALLD*G1DL

VLZS=VZZS+ 2% SMALLD*G1DS

VZRL=VIRL+2e xSMALLD*G20L

VERS*VIRS+ 20 xSMALLD*G2DS

VRIL=VRIL+ 2. x SMALLD*G 3L

VRZS=VRL S+ 2. SMALLD*G3DS

VRRL=VRRL + 2+ % SMALL D*54DL

VRRS=VRRKS+ 2. * SMALLD*G4DS
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51700 X=ABKON+E=DI S

51800 CALL beESELOCPITLDD

51200 JOAK k=PI L1

52000 CALL. bBESELICFLII2)

52100 J1IAKR=p112

52200 X=AKUN*= AR

S2300 CAlLLL BESEL1CPTIZD

52400 J1aKAaz=+113

52500 Call eESLIDOFIL4)

52600 JIuAKE=1114

524650 CALL bESELOCFITT)

52651 JOAKAZ2=pP 117

52700 K=AKEN%A]

52800 Caly, BESEL1CPIIS

52200 J1aKAal=+115

53000 CALL LESLIDIFILI6)D

53100 JIDAKI=F1158

53150 CALL bESEFLOCFINE)

53151 JO0AKAL=F118

53200 JOAK RD=- DI S*x.J18KR

53300 J1IAK RD=~J 18K R/ AKUN+RDI S* S 00K K

53400 JIACL=~J 1 OKAZA AKEN+ AR JOOK AR

53500 J1A1D=-J1AKAL/ KON+ 21X J0AKA L

53510 #34 CONTINUE

53600 Ji1aKi12=d1IDAKz-JIDhAaK !

53700 J1AI2D=AKUNF (AR5 2%, ] |AKAR-A 12k 2% J1AKA Y1)
53705 ud T¥ 29384

53710 JOAK R=2. k18K R/ (AKIONF RIS

53720 JOAKKD=2 ¥ AKUNK (-2 % J 1AM KR/ (AKINRKDIS) %% 2
53721 1 +JOAK R/ CAKENX KDL S)Y)

53750 29384 CUNTINUE

53800 SOIL=zbBA*FGL*J0AKRE {A2%J 1 AKAS-ALIXJ1AKAL)
53502 SGaL=r . % JOALRRJ 1AK 12

53304 SO3L=OKUN*GGLAJ IO RE(APEJ I1AKAZ-AL*xJ18KAL)
53506 SGaL =L Ok HGLAJ 1 AKREJINAK L2

53848 SG1S5=buw*xbEuS*JOAKRR{AZK I 1OKAZ-A1%,J10KAT1)
53810 sSueszhk S+« 0AKRRJIAK L2

53812 SG3S8=AKUN*GUSKJ TAKRE(ACHJIOKA2-NA 144 1AKAL)D

23814 SLAS=CurHuSHJ1AKR® I 1AL 2



54856
S4dss
2486C
54868
Hash4
54866
54868
54900
55150
551175
595200
55300
55400
55500
55600
55650
55700
55800
55900
35902
55904
55906
55908
55910
55912
55914
55916
55920
55940
55960
55980
55982
55984
55986
55988
56000

29
29129

VZLL=VZIL=PLlx(Cos
VELS=NVZLS~PI*¥ (0.
VEr=NIikL-PI* (0
VLKS=VIRE~FPI4(Cus
VRZL=VRLL-FI€{0er
VRLLHEYRLS-FI*( Q0>
VERL=VRRL-PI«{0.s
VERO=VRKS-PI*(0.>
CeNTINUE
CUNTINUE
VEZELL=COEL*VEZL
VEZLS=CubLi®ViLs
VERL=LEER*VIRL
VIRES=CUER*VEKS
VRIL=COEZ*VRLL
VRELS=COELI*VYRES

VRRL=COER:VRAL
VHRS=COER* VKRS
AVLZL=AVZIL+VZZL
AVILS=AVZIZ S+VIZS
AVZKL=AVZRL+VZIRL
AVIES=AVIKS+ VLIRS
AVRZL=AVRIL+*VRLL
AVRLS=AVKL S+ VRES
AVRRL =AVKRL + VRRL
AVRRES=AVRRS+ VKRS
CONTINUE
DPZZ=AVILLYAVLZLS
DPLR=AVIRL+AVLIRS
DPRL=AVKIL+AVRLS
DFRR=AVRKL+*AVRRS
DISPZ=DPLI+DPIR
DISPR=DPRI+DPRR
DISPLM=~DPLL+DFLER
DISFRM==-DPRL+UPRK

97

1e DX CSGIL/DLTYL)
1. 3%(SG1S LLTDD
1o 3% (SGELADLTD)
1e )R {SGESADLTLD
1 )R {SG3L/LLTLD
e )% (5G3S/DLTDD
1 )% SGAL/7DLTDD
1o ¥ {S6G45 DL TD)
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56010 149 AVZZLA=CApSCAVZIL)

56012 IFCAVZZLAY 15051512150

56014 150 AVLZL P=RAIMAGCAVZLZL)Y / KEAL CAVZZL)
56016 AVZZLF=ATANCAVZZIL )

56018 151 AVZZSA=CABSC(AVZZS)

56020 IFCAVZLSAY 152,1535 152

56022 152 AVZLSP=AIMAGCAVZZS)/ REAL(AVIZS)
56024 AVZZSPF=ATANCAVZZSP)

56026 153 AVZKLA=CABS(AVZIRL)

56028 IFCAVZRLA)Y 15421555154

56030 154 AVZRLF=AIMAGCAVIRL Y/ REAL (AVZIRL)
56032 AVZRLP=ATAN(AVZRLF)

56034 155 AVEEKSA=CAESC(AVIRS?

56036 IFCAVZRSA) 15651575156

56038 156 AVZKSP=AIMAGCAVLIRS)/REAL(AVZRS)
56040 AVZRSP=ATAN(AVLKSE)

56042 157 AVRZLA=CABS(AVRIL)

56044 IFCAVRZLAY 158,159,158

56046 158 AVRLZLP=AIMAGCAVRZL))/REAL CAVRIL)
56048 AVRIZLP=ATAN(AVKRZILP)

56050 159 AVKLSA=CABS(AVRLS)

56052 IFCAVRLSA) 16051615160

56054 160 AVRZSP=AIMAG(AVKZ S)/ REAL CAVKRZS)
56056 AVRZSP=ATANCAVRLSP)

56058 161 AVKRLA=CAES(AVRERL)

56060 IFCAVRRLA) 16251635162

56062 162 AVRELFP=AIMAG(AVRKL )/ REAL CAVKRRL)
56064 AVRERLF=ATANC(AVRRLE)

56066 163 AVRRSA=CABSCAVRRS)

56068 IFCAVRRSA) 16421655164

56070 164 AVRRSP=AIMAGC(AVRRS)/ REAL (AVRKRS)
56072 AVRRSF=ATAN(AVKKSP)

56134 165 DSFIMA=CABSC(DISPZIM)

56136 IF(DSPLMA) 16651675166

56138 166 DSPLMF=AIMAGCDISPLMY/ REAL(LISPZM)
56140 LSPFZMP=ATANC(DSPZMEF)

56142 167 LSPRMA=CABLS(DI SPRM)

56144 IFCLOSPFRMAY 16851695168



56146
56148
56150
56152
56154
56156
56158
56160
56162
56164
56166
S6168
56170
56172
56174
56176
56178
56180
56200
56251
56252
56253
56254
56255
56260
56262
56268
56270
56280
56300
56301
56302
56303
56304
56305
57675
57680
57700
58075
58100
58946

168

169

170

171

172

173

174

175

176

177

178

179

781

782

791

97531
13579
87111

5963
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DSPRMP=AIMAG(DI SPRMY/ REAL (DI SPKM)
DSFRMP=ATAN CUSFRMP)
DPZZA=CABS(DPZZ)

IF(DPZZAY 17021715170
DFZZF=AIMAGCDPZZI/REALCDPZZ)
DFZZP=ATANCDPZZP)
DPZRA=CABSC(DPZR)

IFCDPZRAY 17221735172
DPZRP=AIMAGC(DFZRY/ REAL(DPZR)
DFZRP=ATANCDPZKP)
DPFRZA=CAESC(DPRZ)

1FC(DPRZA) 17451755174
DPRZP=AIMAGCDPRZ )Y/ REAL(DPRZ)
DPRZFP=ATANCDPRZP)
DPRRA=CABSC(DPRR)

IF (DPRRA)Y 176s177,1176
DPRRP=AIMAG(DPRK)/ REAL (DPRRK)
DPREP=ATAN(DPRRP)
DISPZA=CABS(DISPZ)

IFCDISPZAY 178,179,178
DISPZP=AIMAG(DISPZ)/REAL(DI SFE)
DISPZP=ATANCDI SPZP)
DISPRA=CABS{DI SFR)

IF(DISPRA) 781:,782,781
DISPRP=AIMAG(DI SPR)/REAL (LI SFR)
DISPRP=ATAN (DI SPRP)

CONTINUE

TYPE
TYPE
TYPE
TYPE
TYFE
TYPE
TYPE
TYPE

5963, AVEZIL A AVZZLP» AVZZSAS AVZESP
5963, AVZRLAs AVIRL P> AVZRSA» AVZRSP
5963, AVRZL AL AVRZL P» AVRZ SAs AVRZSP
5963+ AVKRLA> AVRRLFP» AVRRSA, AVRRSF
5963, DPZZA, DPLZFPs» DPZRA» DFZRP

59635 DPRZA, DPRZP»s» DPRRAS DPREF

5963s DISPZA, DISPZPs DI SFRA, DI SPRP
5963+ DSPZMAL DSPZMPs, DSPRMAs DSPRMP

CONTINUE
CONTINUL
CONTINUE
FORMATC(4E)

END



90000
20100
20200
202300
90400
20500
20600
90700
20800
20900
91000
21100
21200
91300
21400
21500
21600
21700
91800
21900
92000
22100
22200
92300
9z400
92500
92600
22700
92800
22900
23000
93100
23200
93300
Q3400
23500
23600
93700
23800
93200
24000
94100
24200
24300
94400
24500
2 4600
24700
94800
24500
25000
25100
95200
95300
25400
25500
25600
95700

101

102

103

201

202

204

138

5000

139

193

10Q

SUBROUTINE besel 0CZZ42)
CoMMBN X
IFCX-3¢) 101,101,102

XX=(X/ 3e)RED

Z2Z2Z51. ~2.2499997 #XX+1.2656208 kXX%x&2

1 -0.3163866 *XX%x%3+0.0444479 xXXAE4

1 ~0.0039 444 AXX%x:5+0. 00021 BAXERD

G TY 103

XX=3e/ X

FO=0.79788456 ~0.00000077 ¥ XX~0.00552740 . XX*x*2

1 000009512 #AX%%320.00137237 4#XX¥%4
1 =0« 00072805 *XX+xkx5+0.00014476 *kXX%&%x6
TETAQ=X-0. 78539816

1 =0.04166397 *XX ~0.00003954 *¥XX%x%2

1 +0.00262573 AXX*¥%3~-0.00054125 *XX%t%4

1 -0 00029333 *XA%x%5+0.00013558 kXX%%§

LZZZ=Cle / SGRT(X)I®FQO* CaSCTETAQ)

RETURN

END

SUEBRGUTINE BESEL1CZZZ)

CUMMON X

Y=X

IFCY-3¢) 201»201,202

YY=(Y/3e ) %2

LEL=Y%C0eS5 ~0+56249985 %YY+0.21093573 #YY*%2

1 ~0v03954289 xYY+%x3+0.00443319 &YY4%k4

1 ~-0«00031761 xYY¥%5+ 0. 00001109 *YY*%5)
G@ TV 204

YY=z3e/Y

F1=0s72788456 +05.00000156 #YY+0.01659667 *+YY®%2

1 +0.00017105 #YY**%¥3-0.00249511 *YYk%4
1 +0.00113653 *YY%%5-0.00020033 *YY*%5
TETAL=Y~2.35612 449

1 +0e12499612 %YY+0.00005650 *YY*%x2

1 ~0.00637879 #YY%*%3+0.00074348 *YY*x%4

1 +0. 00079824 *YV*%5-0.00029166 =YY*%§

ZZZ=C1e / SQRTCYII*®F1¥ COSCTETAD)

RETURN

END

SUBROUTINE BESLIDC(ES)

CuMMIN X

IF{(X-5«) 138,138,139

IS=INTC(R2.4X)+3

AS=(le/b6o) b XE%]3

bS=AS

D¢ S000 KK=1,18

AS=- Qe 29%OSH AR AF (2 xFLOAT(KK 1)+ 34

1 /CFLOAT(KKI®(FLOAT(KKI+ 1) 4 {2.5FLDAT(KKI+3.))
BS=bS+AS

CONTINUE

G2 Td 193

G1=CC(~ 188, 1357/X+109 11423/ X-23.79333)/X+2,050931)2/X
G12€C@1-0e 17305032/ X+0.7034845)/X~0:064109E~3
G2=C(C(~5e817517/X+2: 10587 4)/X-0.68926196)/X+0+ 495202427 X
G2=(G2-~ 0 1B8T344E-2)/X+0.7972095

HS=1le ~SWRT{XI*(Q2%CDSCX-PI/ 4s I=GIXSINCX-PL/ 4. )
RETURN

END
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