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A DIMENSIONAL ANATLYSTS OF SOLIDS TRANSPORT
AND DISPERSTION IN A ROTARY KILN

M. E. Whatley

SUMMARY

To organize data being obtained in an existing experimental program
on the dispersion coefficient for material in a rotating kiln, a dimen-
sional analysis was performed using all of the variables now thought to be
relevant, Rotary kilns are being considered for use in the voloxidation
process for the recovery of tritium from spent nuclear power reactor
fuels. Design for the efficient recovery of tritium stipulates a residence
time distribution for material within the kiln; therefore, a consideration
of material dispersion is important.
The study revealed that the system is fairly tightly constrained.
Of all possible dimensionless groups formed from the process variables,
only three remained after those groups consisting of ratios of length
were extracted and allowance was made for implicit relations among variables.
The set that describes the system includes the velocity number, the
Watt number, and the fraction of the kiln filled with solids. Since the
velocity number divided by the operating slope of the kiln behaves as a
constant (at least for first-order effects), the program should correlate the
Watt number with fraction full and the dimensionless numbers that relate
the geometry of the system, including size of the feed material and

flight dimensions.
COMMENTS ON THE TECHNTQUE

Dimensional analysis has been used by chemical engineers for many
decades and has been valuable in several areas. Through the identifi-
cation of important dimensionless groups, this technique permits a
generalized presentation of data. Of equal importance, however, are the
implications generated from the analysis regarding the degrees of freedom
in an experimental system. When all of the dependent and independent

variables necessary to describe the system and the consequent number of
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dimensions are identified, a set of dimensionless groups, Pi terms, can
be developed through a formal procedure known as the Buckingham Pi
method. These groups form a sufficient set to express all functional
relationships. No more terms than those derived from the analysis are
required. If the set is inadequate to correlate effects, important
variables exist beyond those included. The use of more terms than those
prescribed for the same set of variables results in confusing redundancy.

The method does not necessarily yield a unique set of Pi terms, since
products and quotients of members of any set can be used to generate
new equivalent sets. Some sets are more useful than others because they
include the more accessible variables in a handier form or are more
amenable to physical interpretation.

A few rules for the application of dimensional analysis will yield
simpler and more meaningful results. Variables with identical dimensional
structure, such as length and width, will generate Pi terms that are simple
ratios. In this case, the implicit Pi term can be omitted along with one
of the variables that form the ratio. Where implicit equations relate
subsets of variables, Pi terms that state these equations will be generated,
If rim velocity, rotational rate, and the radius of a wheel were included
in an analysis, a Pi term would consist of the ratio of the rim velocity
to the product of the rotational rate and the radius. The confusion of
generating such constant, -and therefore trivial, Pi terms can be avoided
by eliminating one of the variables from the analysis,

Dimensional analysis does not relate Pi terms functionally, Tt seems,
however, to be a common misconception among engineers that there is some

fundamental basis for writing

. .a _.b ¢
Pll = P12 P13 Pl)-l- vee o (l)

Those familiar with computers might feed large blocks of data into regres-
sion routines to calculate values of a, b, ¢, etc., along with correlation
coefficients and confidence limits. However, the use of sophisticated
computational devices cannot improve the inherently empirical nature of
the expression. The application of dimensional analysis that gave us the
Reynolds number and Fanning friction factor from fluid dynamics illustrates

the inadequacy of this approach,




ATTACK ON THE PROBLEM

Solids transport in a rotary kiln was analyzed by the Buckingham
Pi method using a computer program developed by the author in collabora-
tion with Susan K. Whatley. This program accepts as input the names and
dimensions of included variables and generates the Pi terms (dimensionless
groups) by which the system can be described. The program actually permutes
the variables to produce several sets of Pi terms, any one set of which
is sufficient and capable of producing any other set by multiples or
gquotients of its members. This multiplicity eases the task of finding
the most convenient set to use.

The analysis was conducted in two steps to reach a minimum number
of Pi terms and to call attention to the assumptions and limitations of
the process, First, all of the variables thought to be significant were
included without regard to redundancy. The slope of the kiln, although
used in data correlation, was excluded from the dimensional analysis
because it is already a dimensionless number — a Pi term.

The dimensions included were mass (M), length (L), and time (T).

The variables are discussed below:

*Diameter refers to the inside diameter of the kiln and was used as the

reference length variable where possible,
- Length refers to the length of the kiln in which solids are found.

«Flight size is twice the protrusion of a flight inside the kiln (to
properly relate to kiln diameter). Flights are assumed as parallel with
the axis of the kiln and simple in structure. The number of flights is
a dimensionless number that could be considered a Pi term, but was not

included in this analysis.

.Teed size is a characteristic dimension of the feed particles, The feed
actually has a size distribution that could be important. For this

analysis, however, only a single number is used.

*Feed rate is the mass rate of feed to the kiln, which is the rate of mass

progression through the kiln at steady state.

+Rotation can refer to the revolutions per minute of the kiln or its angular

velocity. Conversion factors are not relevant to the analysis.




*Velocity is the linear rate of progression of material through the kiln,

*Bulk Density is the mass per unit volume of settled solids in the kiln.

Holdup in the first step of the analysis is the total mass of material
in the kiln. In subsequent steps, the holdup is a function of length

and becomes the mass of solids per unit of length of kiln,

+Dispersion refers to the dispersion coefficient used to characterize

axial mixing.

Since this is a steady-state analysis, time is not a variable.

Although additional variables could be identified, and the ones listed
could be more precisely defined, this 1list, which includes all first-order
effects, is practical for an experimental program, The variables and

dimensions are summarized in Table 1.

THE COMPUTER OUTPUT

Discussion of the analysis is best approached by anticipating the
results and by identifying several groups that will be found. These groups
will sometimes appear in reciprocal form or be raised to powers other than
unity.

Dispersion number - LiSpersion coefficient
P ~ (Kiln length)(Velocity) (2)

Dispersion coefficient
(Rotation rate) (Diameter?) (3)

Watt number =

Velocity (1)

Velocity number = (Rotation rate) (Diameter)

Table 2 shows a typical set of Pi terms generated by the analysis.
This set, selected from a group of 13 on the basis of its usefulness,
shows that ten variables and three dimensions produce seven Pi terms.
Therefore, a complete description of the system requires the consideration
of seven groups. A close look, however, quickly reveals a simplification.
Since diameter, length, flight size, and feed size have the dimension
length, three of the seven Pi terms consist of ratios of pairs of these.
If all dimensions increase by the same factor, a single number quantifies
the effect, and variation of the dimension of any structural feature requires

its own Pi term,




TABLE 1. Dimensions of variables from the general case

Variable Mass Length Time
Diameter 0 1 0
Length 0 1 0
Holdup 1 0 0
Feed Rate 1 0 -1
Rotation 0 0 -1
Feed Size 0 1 0
Dispersion 0 2 -1
Velocity 0 1 -1
Bulk Density 1 -3 0
Flight Size 0 1 0

TABLE 2, Pi terms from the general case

Variable 1 2 3 i 5 6 7

Length 1.0

Feed Size 1.0
Velocity 1.0
Feed Rate 1.0

Flight Size 1.0
Rotation 1.0
Bulk Density

Diameter -1.0 -1,0 1.
Dispersion -1
Holdup -

o O

-1.0

Foow
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Pi(3) is recognized as the Watt number and Pi(5) is the velocity
number. Pi(h), which includes the holdup, seems to have little utility.
The diameter cubed'could, however, be replaced by the diameter squared
times the length, which with appropriate constants becomes the volume
of the kiln. TIn this form, Pi(4) is the fraction of the kiln volume occu-
pied by solids and is a useful group. The remaining group, Pi(7), can
be similarly interpreted. If diameter cubed is taken as volume, this
group becomes a dimensionless feed rate and conveniently contains only
independent variables.

This set of Pi terms could be used as the basis for an experimental
program but is more complicated than necessary because the inherent
relationship between feed rate, holdup, and progression velocity is not
utilized. Additionally, this set does not contain groups useful for some
analyses.

Table 3 shows another set of Pi terms produced by the same calculation.
Because of the reordering of the variables, kiln length instead of diameter
appears in more of the terms. Three of the seven terms are again devoted
to ratios of length. The reciprocal dispersion number is Pi(2), and the
reciprocal Watt number is Pi(6); kiln length instead of diameter is used.
Pi(7) is reciprocal fraction full if length cubed is properly interpreted.

Pi(L4) presents a problem in interpretation. It might be factored into:

pi(h) = |{¥elocity) (Kiln length) (Feed rate) (Kiln length) (5)
~ | (Dispersion coefficient) (Holdup) (Velocity) .

The first factor is the same as Pi(2). The second, with some reflection,
states a defining relationship for velocity; the holdup times the velocity
over the kiln length must equal the feed rate. With this realization,
Pi(L) in this set becomes redundant.

Examination of the remaining eleven sets of Pi terms revealed many
interesting combinations of the above groups, and each of the variables
with the dimension of length was used as a basis for the dispersion number,
fraction full, velocity number, and Watt number, but no new groups were
found.,

The second step in the development of the analysis attempted to remove

redundancy by eliminating all but one of each variable with identical




TABLE 3. Pi terms from the general case
with variables reordered

Variable

Teed Size 1.0

Flight Size 1.0
Rotation 1.0
Bulk Density 1.0

Diameter 1.0
Dispersion 1.0
Holdup

Length -1.0 -1.0 1.0
Velocity -1.0
Teed Rate -

P
O O O
1
'_l
(@)
FrEP
OO OO

dimensions and by invoking all relationships derivable from external con-
siderations. Thus, kiln length, feed size, and flight size were eliminated
in favor of kiln diameter; holdup was given dimensions of mass per unit
length. Velocity now equals the feed rate divided by holdup, and one of
these variables can be eliminated, Tables L4 through 7 show two interesting
cases in which the six remaining variables and three dimensions yield

sets of three Pi terms.

In Tables 4 and 5, velocity was deleted in favor of holdup and feed
rate., Two sets of Pi terms are shown. In the first set, Pi(1) is the
reciprocal Watt number and Pi(2) is the fraction full divided by the Watt num-
ber, and Pi(3) is the fraction full divided by the dispersion number, divided
by the root of the Watt number. In the second set, Pi(1l) is the reciprocal
velocity number, Pi(2) is the reciprocal fraction full, and Pi(3) is the
dispersion number.

In Tables 6 and 7, feed rate has been deleted in favor of velocity and
holdup. For the first set, Pi(l) is the dispersion number divided by the
velocity number, Pi(2) is the square of the dispersion number divided by
the fraction full, and Pi(3) is the reciprocal of the dispersion number.
For the second set, Pi(1l) is the fraction full, Pi(2) is the Watt number,
and Pi(3) is the velocity number.

In summary, only three Pi terms are sufficient to describe this abbre-

viated system, For instance, the dispersion number should be a function




TABLE 4. Dimensions of variables from the abbreviated case

Variable Mass Length Time
Rotation 0 0 -1
Bulk Density 1 -3 0
Dispersion 0 2 -1
Diameter 0 1 0
Holdup 1 -1 0
Feed Rate 1 0 -1

TABLE 5. Pi terms from the abbreviated case

Pi (Set 1) Pi (Set 2)
Variable 1 2 3 1 2 3

Diameter 1.0 1.0 2.0 -1,0
Holdup 1.0 1.0 -1.0 1.0
Feed Rate 1.0 -1.0 -1.0
Rotation 0.5 1.0 0.5 1.0

Bulk Density -1,0 -1.0 1.0
Dispersion -0.5 -1.0 -1.5 1.0

TABLE 6, Dimensions of variables from the abbreviated
case with variables reordered

Variable Mass Length Time
Holdup 1 -1 0
Dispersion 0 2 -1
Velocity 0] 1 -1
Rotation 0 0 -1
Bulk Density 1 -3 0
Diameter 0 1 0




TABLE 7. Pi terms from the abbreviated case with
variables ordered

Pi (Set 1) Pi (Set 2)
Variable 1 2 3 1 2 3

Rotation 1.0 -1.0 -1.0
Bulk Density 1.0 -1.0

Diameter 1.0 -2,0 -2,0 -1.0
Holdup -1.0 1.0

Dispersion 1.0 2.0 -1.0 1.0
Velocity -2.0 -2.0 1.0 1.0

of the fraction full and the velocity number, Since the Watt number in
this abbreviated system is the dispersion number times the velocity number,
some trivial combinations are possible., Normally, the dispersion number
uses the length of the kiln and the Watt number uses the diameter.

Note that the Pi terms that are the ratios of lengths have not been
included in this abbreviated case, but must be used in the correlation of

experimental data.

SIGNIFICANCE OF RESULTS

The incentive for this study is to provide insight into the performance
of rotary kilns as applied to the voloxidation process. In the analysis of
the system as a chemical reactor and in the analysis of heat transfer to
solids, the dispersion coefficient is an important term. This coefficient
is a steady-state property of the system — a function of system design and
operating variables — and although it is probably not a function of posi-
tion, it is also defined at any point along the length of the kiln. It is
appropriate, then, that length and hence axial position be eliminated from
the variables, reducing the remainder to system means,

The dispersion coefficient can be included in a modified dispersion
number or a Watt number, either of which is a function of the fraction full,
the velocity number, and the set of Pi terms that represent the geometrical
configuration of the system. This limitation in the degrees of freedom

of the system is probably the most important conclusion of this study.
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Experimental program observations should now be considered. The
velocity number, when divided by the operating slope of the kiln, becomes
a dimensionless number (UNUM), which has been used to correlate data. The
dimensionless number UNUM is essentially constant over a wide range of operat-
ing conditions; if it is a function of the fraction full, it is a weak effect,
This dimensionless number does not seem to be a strong function of the feed
size but probably depends upon the geometrical design of the kiln
internals,

To the extent that UNUM is constant, the group that contains the
dispersion coefficient is a function of only the fraction full and the
geometrically derived Pi terms, which naturally include the term relating
the feed size. Further, for the systems studied, the fraction full seems
to have little effect over a reasonable range,

Since the Watt number or the modified dispersion number could be used
to express the dispersion coefficient, a choice should be made. Because
the Watt number shows less variation with experimental conditions and
includes (in addition to the dispersion coefficient) only the rotational
rate and the diameter, it is recommended over the modified dispersion

number,that includes velocity, a variable not directly measurable.

A DIFFERENT PROBLEM

The task of explaining or even correlating the dispersion coefficient
as a steady-state system property is not to be confused with the task of
measuring it. The most convenient method for measuring the dispersion
coefficient is a transient method that takes concentration data on the
effluent stream from an operating kiln subjected to an input change. The
results are interpreted by comparison with predictions from a mathematical
model that consists of a fundamental partial differential equation and one
of several sets of boundary conditions. The dimensionless groups required
for this study come directly from the differential equation. Where possible,
this is a better method for establishing relevent Pi terms than the Buck-
ingham Pi method. 1In this case, the Pi terms included a dimensionless time,
a dimensionless concentration, and a dispersion number based on kiln length.

These Pi terms could have been obtained by the Buckingham Pi method.
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Replacing rotation with time, holdup with concentration (using M/L for
dimensions), and diameter with length in Table L4 yields a different set of
terms (Table 5). However, this problem is not the same as the problem
addressed in the text of this paper. Different sets of Pi terms are

necessary to accommodate different purposes.
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