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ABSTRACT 

A t h e o r e t i c a l  and experimental  s tudy of r a d i a t i v e  h e a t  t r a n s f e r  i n  

a r r ays  of p a r a l l e l  cy l inde r s  i s  presented .  At ten t ion  i s  p r imar i ly  

d i r e c t e d  toward two geometries common i n  t he  nuclear  indus t ry :  square 

a r r a y s  of  cy l inde r s  on a square p i t c h  and hexagonal a r r a y s  of cy l inde r s  

on an e q u i l a t e r a l  t r i a n g u l a r  p i t c h .  

Configurat ion f a c t o r s  f o r  cy l inde r s  on square and e q u i l a t e r a l  t r i a n -  

g u l a r  p i t c h e s  a r e  der ived  using H o t t e l ' s  c rossed-s t r ing  method. Theoret i -  

c a l  equat ions a r e  presented  f o r  conf igura t ion  f a c t o r s  between rods up t o  

four  rows a p a r t  €or  cy l inde r s  on t r i a n g u l a r  spacings and between rods up 

t o  th ree  rows a p a r t  f o r  cy l inde r s  on square spacings.  

The usefu lness  of a formulat ion of t h e  r a d i a n t  energy exchange equa- 

t i o n s  i n  terms of dimensionless v a r i a b l e s  i s  demonstrated f o r  t he  case i n  

which t h e  h e a t  genera t ion  r a t e s  of t he  cy l inde r s  a r e  known and t h e  tempera- 

t u r e s  are sought.  Each of t he  major t h e o r i e s  f o r  t r e a t i n g  r a d i a t i o n  

exchange wi th in  a diffuse-gray enclosure--net r a d i a t i o n ,  Gebhar t ' s ,  and 

H o t t e l l s  methods--is examined and compared f o r  u t i l i t y  i n  handling the  

s t eady- s t a t e  and t r a n s i e n t  s o l u t i o n s  f o r  t h i s  case.  I t  is  shown t h a t  t he  

n e t  r a d i a t i o n  method i s  most convenient €or  t he  s t eady- s t a t e  problem, 

while  e i t h e r  Gebhart ' s  o r  H o t t e l ' s  equat ions a r e  supe r io r  f o r  t he  t r an -  

s i e n t  problem. 

Computer programs a r e  presented  and descr ibed  €or obta in ing  both 

s t eady- s t a t e  and uns teady-s ta te  s o l u t i o n s  f o r  t h e  temperatures of cy l in -  

d e r s  i n  hexagonal a r r a y s  of cy l inde r s  on an e q u i l a t e r a l  tr iangu1a.r  p i t c h  

and f o r  square arrays of cy l inde r s  on a square  p i t c h .  I n  t he  p a r t i c u l a r  

i n s t ance  of uniform su r face  e m i s s i v i t i e s  and uniform hea t  genera t ion  
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r a t e s  i n  each of t h e  cyI.i.nders, s t eady- s t a t e  center-rod temperatures  a r e  

given i n  term:; of dimensionless p l o t s  which obv ia t e  t h e  necess i ty  of using 

the  computer a lgori thms.  

Expe r i me xi t a 1 m e  as ur erne nt.s w e  re made o f the s t e ady - s t a t e  temper a tur e s 

i n  two 217-tube hexagonal a r r ays  having pi tch- to-diameter  ra t i ios  of 1 . 2 4 0  

and 1.367 a t  hea t  generatioin rates correspnndiny t o  c e n t e r  tube tempera- 

t u r e s  of 800 and 1000°F. The tes ts  were c a r r i e d  o u t  wi th  the  tube bund1.e 

i n  a vacuum t o  minimize the  e f f e c t s  of gaseous conduction and n a t u r a l  

convect ive h e a t  t r a n s f e r  between t-ubes. 

Theore t ica l  c a l c u l a t i o n s  based on t he  assumption o f  uniform r a d i o s i t y  

around t h e  per iphery  of each tube yieLded tube temperatures which were i n  

poor agreement with the  experimental  observa t ions .  Replacing the  assump- 

t i o n  of uniform r a d i o s i t y  over  the  e n t i r e  tube w i t h  t h e  assumption of 

uniform r a d i o s i t y  over  30' segments y ie lded  t h e o r e t i c a l  temperature pro- 

f i l e s  across  t h e  a r r a y s  which d i f f e r e d  no more than  7 9  from the exper i -  

mental  p r o f i l e s .  
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ra te  of h e a t  gene ra t ion  o r  ra te  o f  energy t r a n s f e r ,  Btu/hw 

r a d i u s  of a c y l i n d e r ,  ft 

2 

2 
c ross - sec t iona l  area, f t  

t i m e ,  h r  

abso lu t e  temperature,  OR 

volume, f t  

dimensionless shroud temperature parameter 

dimensionless h e a t  f l u x  

dimensionless temperature func t ion  

dimensionless temperature func t ion  

H o t t e l ' s  g ray  body view f a c t o r ,  dimensionless 

a b s o r p t i v i t y ,  dimensionless 

r e f l e c t i v i t y ,  dimensionless 

Kronecker d e l t a  f u n c t i o n  

e m i s s i v i t y ,  dimensionless 

dimensionless t i m e  

3 

3 
d e n s i t y ,  l b m / f t  

Stefan-Boltzmann c o n s t a n t ,  0.171 2 x 1.0 -8 
Btu/ (h.r-ft2-OR4) 





CHAPTER 1 

INT RODUCT I O N  

Radia t ive  h e a t  t r a n s f e r  among tubes o r  rods i n  a r r a y s  i s  important  

i n  marry a p p l i c a t i o n s  such as gas - f i r ed  m u l t i t u b e  s t i l l s  f o r  hea t ing  petro-  

leum and i n  t h e  b o i l e r s  of steam p l a n t s .  The motivatinri  f o r  t h e  work 

repor ted  he re  a rose  from t h e  need t o  e s t ima te  temperatures  i n  spent  

nuc lea r  f u e l  assemblies .  These f u e l  assemblies  are cons t ruc ted  e i t h e r  

of a square  a r r a y  of f u e l  rods on a square p i t c h  or of a hexagonal a r r a y  

of rods on an e q u i l a t e r a l  t r i a n g u l a r  p i t c h .  Af te r  withdrawal from a 

nuc lear  r e a c t o r ,  t h e  rods cont inue t o  genera te  f i s s i o n  product  decay 

h e a t  which m u s t  be d i s s i p a t e d  t o  prevent  the assembly from reaching exccs- 

s i v e  temperatures .  The g r e a t e s t  concern occurs  when the assembly i s  l:ian-- 

d l ed  i n  a s t agnan t  gas atmosphere s i n c e  h e a t  t r a n s f e r  b y  gaseous conduc- 

t i o n  and convect ion i s  r e l a t i v e l y  poor.  Under such cond i t ions ,  r a d i a t i o n  

is o f t e n  t h e  dominant mode of h e a t  t r ans feE ,  and ar, e s t i m a t e  o f  t h e  t e m -  

p e r a t u r e s  can be obta ined  from an a n a l y s i s  of t h e  r a d i a t i v e  hea t  t r a n s f e u .  

Only a f e w  ana lyses  have appeared i n  t h e  l i t e r a t u r e  €or  radiative 

h e a t  t r a n s p o r t  i n  rod c l u s t e r s ,  and most of t h e s e  were made us ing  s p e c i f i ,  

a r r ays  of s m a l l  s i z e .  Therefore ,  they  are no% adequate f o r  t r e a t i n g  

l a r g e r  a r r a y s  i n  a general. manner. The work repor ted  he re  w a s  undertaken 

i n  o rde r  t o  t r e a t  t h e  problem of r a d i a t i v e  heat t r a n s f e r  i n  p a r a l l e l  rod 

a r r a y s  i n  a more d e f i n i t e  manner and, i n  p a r t i c u l a r ,  to study two geome- 

t r i e s  of s p e c i a l  i n t e r e s t  i n  t h e  nucl.ear j ndustry.  The fol lowing r e s u l t 5  

are presented :  

1 



2 

1. The view f a c t o r s  f o r  r a d i a t i v e  h e a t  t r a n s f e r  between i n f i -  

n i t e l y  long p a r a l l e l  c y l i n d e r s  i n  both t r i a n g u l a r  p i t c h  

and square p i t c h  a r r a y s  a r e  der ived .  Tabulated r e s u l t s  

cover tht? range of spac ings  of most importance i n  a p p l i -  

c a t i o n s  such as hea t  exchangers and nuc lea r  f u e l  rod 

assemblies.  

2 .  The problems under cons ide ra t ion  are t r e a t e d  us ing  the 

theory of r a d i a n t  exchange among d i f fuse-gray  s u r f a c e s .  

The r e s u l t s  a r e  p re sen ted  i n  t e r m s  of dimensionless var- 

i a b l e s  s o  they w i l l  be i n  a form as gene ra l  and use fu l  

a s  p o s s i b l e .  

3 .  An a lgor i thm i s  developed f o r  so lv ing  t h e  problem of 

r a d i a n t  heat exchange wi th in  hexagonal a r r a y s  of c y l i n -  

d e r s  on an e q u i l a t e r a l  t r i a n g u l a r  p i t c h  - a complex 

geometry of p a r t i c u l a r  i f i t e r e s t  i n  t h e  nuc lear  i ndus t ry .  

The a lgor i thm i s  capabSe of handling an array of any 

s i z e .  Computer programs a r e  presented  f o r  bo th  the  

s t eady- s t a t e  and uns tieady-s t a te  s o l u t i o n s .  

4 .  A c a l c u l a t i o n a l  scheme i s  evolved €or t r e a t i n g  r a d i a t i v e  

h e a t  t r a n s f e r  i n  squa.re a r r a y s  of cy l inde r s  on a square  

p i t c h  f o r  an a r ray  of any s i z e .  Again, computer so lu -  

t i o n s  f o r  bo th  s t eady- s t a t e  and t r a n s i e n t  ca ses  are 

g iven  - 
S .  A comparison i s  made of t h e o r e t i c a l l y  p r e d i c t e d  and 

experimentally measured temperature d i s t r i b u t i o n s  as 

a t e s t  of the t h e o r e t i c a l  model. 



CHAPTER 2 

THEORY O F  - W L A ' T I O N  EXCHANGE AMONG DIFFUSE-GRAY SIJRFACES 

The r a d i a n t  h e a t  exchange wi th in  an enc losure  composed of di.EEusely 

emi t t i ng  and d i f f u s e l y  r e f l e c t i n g  gray su r faces  may be determined hy  

s tandard  c a l c u l a t i o n a l  methods. Poss ib le  formulat ions inc lude  the net:. 

r a d i a t i o n  method, Hottel's method, and Cfibhar-t: s method.. These d i . f f e r e n t  

approaches are I however, based on an i d e n t i c a l  s e t  of hasi.c:: ~ s s u K ~ ~ ~ G K : ~ ~  

and y i e l d  i d e n t i  cal. numer.ical rasiilts . Convenience of applicati-on t c l  ii 

p a r t i c u l a r  problem is the determinant of choice of approach. One of t.be 

g o a l s  of this s tudy was to dc?termine tine ca.lc:ulational methods best: 

s u i t e d  to t h e  classc:~ of pvohlftms covered b y  t:hiti xrpisrt.. 

I. B A S I C  ASSlJiWTIONS AND DEE'INITIONS 

Five b a s i c  pcstulates under l i e  t he  s tandard ca lcu la t iona l .  methods 

( 3 0 ,  3 1 ) .  F i r s t ,  each of the surfaces CQnsiderd.  i s  i so thermal .  T h i s  

does not mean t h a t  all the  surfac:er; are n e c e s s a r i l y  at the  scme tempera- 

t:iire, b u t  only that each o m  has a uniform temyeratuxe over its area. 

1x1 p r a c t i c e  I - t h i s  cond.ithon may be approached by subdividing a.ny ncni5;o- 

thermal su r face  i n t o  smal le r  sect ions,  each of which is approximately 

.i.sothermal. 

Second, t he  su r faces  are gray;  t h a t  is ,  t h e  emis s iv i ty  F: and absorp- 

t i v i t y  c1 of each of the surfaces are independent of wavelength. %us, 

t h e  su r faces  have n.o s p e c i a l  p reference  with regawd to t h e i r  a b i l i t i e s  

to absorb o r  e m i t  enerqy at a pa - r t i cu la r  wavelength. N o  real. m a t e r i a l s  

are gray over  t h e  e n t i r e  range of wavelengths. However, €or p r a c t i c a l  

3 
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c a l c u l a t i o n s ,  many ma te r i a l s  can be considered gray because the  energy 

t h a t  i s  being exchanged i s  concentrated i n  a wavelength band f o r  which 

the  emis s iv i ty  and a b s o r p t i v i t y  a r e  nea r ly  independent of wavelengtA. 

The t h i r d  p o s t u l a t e  i s  t h a t  r a d i a t i o n  r e f l e c t e d  Erom any su r face  i s  

d i f f u s e l y  d i s t r i b u t e d  i n  accordance with Lambert 's  cos ine  law ( 2 8 ,  p .  

1 7 ) .  N o  mat te r  from what d i r e c t i o n  an i n c i d e n t  ray s t r i k e s  the  su r face ,  

the r e f l n c t e d  energy i n  any d i r e c t i o n  p e r  u n i t  o f  p ro jec t ed  area normal 

t o  t h a t  d i r e c t i o n ,  and p e r  u n i t  t i m e  and s o l i d  angle ,  i s  uniform f o r  a l l  

angular  d i r e c t i o n s .  Thus, t he re  i s  no need t o  keep account of s p e c i f i c  

r a y s  as they i n t e r r e f l e c t  between su r faces  s i n c e  the  prev ious  h i s t o r y  of 

t h e  r a d i a t i o n  i s  completely o b l i t e r a t e d  when it s t r i k e s  and i s  r e f l e c t e d .  

This i s  i n  c o n t r a s t  t o  specu la r  r e f l e c t i o n  where the angle  of r e f l e c t i o n  

equals  t he  angle  of incidence e 

Fourth,  i t  i s  assumed. t h a t  t he  energy emi t ted  by any su r face  i s  

d i f f u s e l y  d i s t r i b u t e d ,  Together,  t h i s  p o s t u l a t e  and p o s t u l a t e  two de f ine  

a d i f fuse-gray  su r face ,  a su r face  f o r  which emiss iv i ty  i s  independent of 

both wavelength and d i r e c t i o n  of emi t ted  r a d i a t i o n  Applicat.ion of 

Ki - rchoff ' s  l a w  ( 2 8 )  then g ives  

where E ,  a, and y (y = r e f l e c t i v i t y )  are  func t ions  only of t h e  temperaturs. 

o f  t h e  su r face .  

A s  both t h e  emi t ted  and r e f l e c t e d  r a d i a t i o n  are d i f f u s e l y  d j s t r i b u t e d .  

t h e r e  i s  no need t o  make a distinction between these  energy f l u x e s  as they 

leave a su r face .  In s t ead ,  it i s  convenient t o  d e a l  wi.t:h t h e i r  sum, which 

r ep resen t s  the  t o t a l  r a d i a n t  f l u x  leaving  a su r face .  This sum i s  c a l l e d  
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t h e  r a d i o s i t y  and w i l l  be denoted by t h e  symbol B wi th  u n i t s  of energy p e r  

u n i t  time p e r  u n i t  of su r face  a rea .  

The f i f t h  assumption is  t h a t  of uniform r a d i o s i t y  over each ind iv id -  

u a l  a r e a .  This requirement permi ts  t he  use of view f a c t o r s  i n  the  calcu-  

l a t i o n a l  methods. I n  the  d e r i v a t i o n  of view f a c t o r s  between f i n i t e  sur- 

f a c e s ,  t he  assumption i s  made t h a t  t h e  energy leaving  a su r face  - t he  

r a d i o s i t y  - i s  cons tan t  over t h e  sur face .  I t  w i l l  be shown l a t e r  t h a t  

t h i s  assumption i s  equiva len t  t o  assuming t h a t  t he  r e f l e c t e d  energy f l u x  

i s  t h e  same a t  every p o i n t  on the  su r face .  

A concept necessary i n  the  following d e r i v a t i o n s  is t h a t  of t he  view 

f a c t o r  ( a l t e r n a t i v e l y  designated the  conf igura t ion  f a c t o r ,  angle  f a c t o r ,  

shape f a c t o r ,  or  geometr ical  f a c t o r ) .  The  view f a c t o r  F i s  def ined a s  

t h e  f r a c t i o n  of t he  r a d i a t i o n  leaving  a su r face  i that: i s  i n t e r c e p t e d  by 

su r face  j .  The c h a r a c t e r i s t i c s  of view f a c t o r s  and t h e i r  eva lua t ion  w i l l  

be t r e a t e d  more comprehensively i n  Chapter 4 .  A t  t h i s  p o i n t ,  it i s  suf -  

f i c i e n t  t o  state c e r t a i n  fundamental p r o p e r t i e s  t h a t  a r e  needed i n  subse- 

quent d e r i v a t i o n s .  The f i r s t  p roper ty  is the  r e c i p r o c i t y  r u l e ,  which 

r e l a t e s  t he  conf igura t ion  f a c t o r  f o r  r a d i a n t  energy t r a v e l i n g  from su r face  

i t o  su r face  j to  the  conf igura t ion  f a c t o r  f o r  r a d i a n t  energy t r a v e l i n g  

from su r face  j t o  s u r f a c e  i. The mathematical s ta tement  of t he  reciproc-  

i t y  r u l e  i s  

ij 

Ai F i j  - - A j  Fji  

where Ai and A denote t h e  a reas  of su r faces  i and j ,  r e s p e c t i v e l y .  
j 

Another u s e f u l  p rope r ty  of view f a c t o r s  fol lows from the  conservat ion 

of energy. Any su r face  can be considered t o  be completely surrounded by 



an envelope of  o t h e r  s o l i d  su r faces  or  open a reas .  This envelope, tarmed 

an enc losure  accounts f o r  all d i r e c t i o n s  surrounding the  su r face .  The 

r a d i a n t  energy l eav ing  any s u r f a c e l  i ,  i n  an enc losure  must impinge o n  

the  vnrious su r faces  making up the  enclosure.  It fol lows t h a t  

where n i s  the  number of su r faces  i n  t h e  enc losure .  Note t h a t  the summa- 

tion inc ludes  the term F.. , which r ep resen t s  t h e  f r a c t i o n  of the r a d i a t i o n  

leaving  su r face  i that: i s  in t e rcep ted  by su r face  i i t s e l E .  This term i s  

not  zero  when su r face  i is  concave. 

I 3.. 

11, NET RADIATION METHOD 

The n e t  r a d i a t i o n  o r  r a d i o s i t y  method f i r s t .  devised by Pol jak  w i l l  

now he presented  ( 2 8 ,  3 ,  1 7 ) .  Equations w i l l  be developed f o r  both the  

s t eady- s t a t e  and unsteady-s Late cases .  

The outgoing energy f l u x  B .  from surface i i s  composed of d i r e c t l y  

emi t ted  energy p l u s  the r e f l e c t e d  p o r t i o n  of t h e  i n c i d e n t  energy f l u x  H 

Thus 

1- 

i' 

4 
B = E .  CT T + yi Hi = E . -  CT T + (1 - E ~ )  Hi ( 2 )  i 1 i 1 i 

where 'T.  i s  t h e  abso lu te  temperature of t h e  su r face  and CT is  the  S te fan -  

Boltzmann cons t an t ,  0.1.712 x 10 

wa.t.t/ ( c m  --OK ) . The .Cl.ux i n c i d e n t  upon su r face  i is  made up of c o n t r i -  

bu t ions  from a l l  the su r faces  wi th in  t h e  encl.osure t h a t  can see  i, 

inc luding  s u r f a c e  i i t s e l f  i f  it i s  concave. The energy i n c i d e n t  on sur -  

face  i. f o r  an enc losure  conta in ing  11 su r faces  i s  then 

1 

-8 4 -12 Htu/(hr-ft2-OR ) o r  5.663 x 1-13 

2 4  
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n n n 

Ai Hi = A .  P B = Ai Fij  B = Ai Fij B j, ( 3 )  
j =1 7 ji i j=l i j=1 

n 

= Fij B j ,  Hi 
j=1  

where t h e  r e c i p r o c i t y  r e l a t i o n ,  Equation (I), has been employed i n  t h e  

s i m p l i f i c a t i o n  of Equation ( 3 ) .  Use o f  Equation ( 4 )  e l i m i n a t e s  t h e  t e r m  

H. i n  Equation ( 2 )  t o  y i e l d  
1 

n 

The n e t  h e a t  Q transferred p e r  u n i t  t i m e  from a s u r f a c e  is the d i f -  
i 

fe rence  between the emi t ted  r ad ia t ion  and t h e  absorbed p o r t i o n  of t h e  

i n c i d e n t  r a d i a t i o n :  

( 6 )  
4 4 - Ai ai Hi = ( E ~  0 Ti Q, = A .  E .  u Ti - E R i )  Ai. 

1 1  i 

Solving f o r  H g i v e s  
i 

and s u b s t i t u t i o n  o f  t h i s  r e s u l t  i n t o  Equation ( 2 )  y i e l d s  

El iminat ion of B f r o m  Equation (5) by us ing  Equation (7)  g i v e s  
i 
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After  combining terms and allowing t h e  i-ndex i t o  t a k e  on va lues  from I 

t o  n ,  t h e  followj.ng s e t  of equat ions i s  obtained:  

where 6 . .  i s  t h e  Kronecker d e l t a  func t ion  def ined  as 
1 7  

l i f i = j  
o i f i f j .  

Eq1Aatioils ( 9 )  are t h e  g e n e r a l  s t e a d y - s t a t e  equat ions  f o r  determining 

r a d i a t i o n  exchange i n  a g ray ,  d i f f u s e  enclosure of n s u r f a c e s  by t h e  n e t  

r a d i a t i o n  method. The only assumptions are the  f i v e  p o s t u l a t e s  s t a t e d  

previous ly .  Equations ( 9 )  are a s e t  of n J-inear ( l i n e a r  i n  T ) a l g e b r a i c  

equa.t.ions contaj-riing n s u r f a c e  temperatures  and n h e a t  f l u x e s .  Once any 

combination o f  n temperatures  and f l u x e s  has  been s p e c i f i e d ,  t h e  remaining 

n unknown q u a n t i t i e s  may be obta ined  by simultaneous s o l u t i o n  of t h e  

r e s u l t i n g  equat ions .  

4 

For t r a n s i e n t  problems, t h e  s t e a d y - s t a t e  energy balance (Equation 

( 6 ) )  must be rep laced  by t h e  unsteady-state  energy balance:  

Rate of energy accumul.at:ion = R a t e  o f  h e a t  genera t ion  3. R a t e  
o f  absorp t ion  of i n c i d e n t  energy - R a t e  of energy emission. 

I f  t h e  thermal conduct iv i ty  of t h e  material i s  g r e a t  enough t h a t  t h e  

volume-averaged temperature and t h e  surface temperature do n o t  d i f f e r  

s i g n i f i c a n t l y ,  t h e  energy balance €or body i can be w r i t t e n :  
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4 
d T  

i 
pi vi c .  dt = Qi i- ai H .  Ai - E 

0 Ti Ai 1 1 i 

where p = d e n s i t y ,  

V = volume, 

c = s p e c i f i c  h e a t  capac i ty ,  

t = t i m e ,  

and Q can be i n t e r p r e t e d  a s  t he  r a t e  of h e a t  genera t ion  o r  the  rate a t  

which energy i s  suppl ied  t o  the body by  o t h e r  means. Rearranging Equation 

(10) t o  t h e  form of Equation ( 6 ) ,  one ob ta ins  

The remainder of t h e  development i s  analogous t o  t h a t  for t h e  s t e a d y - s t a t e  

case .  The r e s u l t i n g  s e t  of equat ions f o r  t he  unsteady-state  problem, using 

the  n e t  r a d i a t i o n  method, i s  

i = 1, ..., n. (12 1 

d Ti 
Ta i n t e g r a t e  these  equat ions ,  n of t h e  3n v a r i a b l e s  - , Tip a n d  Q 

be known f o r  a l l  t i m e .  A n  a d d i t i o n a l  n v a r i a b l e s  must be known a t  time 

must 
d t  i 

zero t o  f i x  t h e  i n i t i a l  coriditioris. 
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111. GEBHART'S METHOD 

A second method of analyzing r a d i a t i v e  exchange wi th in  a d i f f u s e -  

gray enc losure  i s  t h a t  origi.na-Led by Gebhart: (7-10)  . Gebhart introduced 

t h e  concept of t he  absorpt ion f a c t o r  G , ;  which i s  the  f r a c t i o n  of t h e  

emission 

inc ludes  

from A i' 

pa ths  by 

the  view 

ah s o rbe d 

LJ 

from su r face  i t h a t  reaches su r face  j and i s  absorbed. This 

a l l  t h e  pa ths  by which r a d i a t i o n  may reach A a f t e r  emission 

t h a t  i s ,  t h e  d i r n c t  pa th ,  pa ths  by means of one r e f l e c t i o n ,  and 

j 

mu l t ip l e  r e f l e c t i o n s .  The absorp t ion  f a c t o r  G is  s i m i l a r  t o  

f a c t o r  F . .  except  t h a t  it represent.s  the  f r a c t i o n  of t h e  energy 

i j  

J-7 

by A j  from t h e  emission of A r a t h e r  than the  f r a c t i o n  of t he  
i' 

energy i n c i d e n t  on A from A For a l l  black s u r f a c e s ,  t h e  two quant i -  

t i e s  are the  same. 

j i -  

The s t eady- s t a t e  energy balance for a t y p i c a l  su r f ace  i s  

Q. = A .  E u T .  ' - ~ A . F  o T 4 G  
1 i i  I. j = l  J j j j i  (1.31 

where Q i s  t h e  n e t  energy loss from su r face  i. The f i r s t  t e r m  on t h e  

r ight-hand s i d e  of Equation (13) i s  the  energy emit ted by A while  t h e  

i 

i f  

second term sums the  energy absorbed by su r face  i from a l l  sources .  

There remains the  problem of  f i n d i n g  the  absorp t ion  f a c t o r s .  

4 The t o t a l  emi t ted  energy from A i s  A . E  UT . The p o r t i o n  absorbed 
j 1 1  j 

4 
as a consequence of d i r e c t  r a d i a t i o n  t o  A i s  A E a T j  F j i  ai o r  

A. E .  UT 4F E s i n c e  f o r  gray su r faces  E = c1 A l l  o t h e r  r a d i a t i o n  

from A absorbed by A w i l l  have f i r s t  undergone a t  l e a s t  one r e f l e c t i o n .  

The emission f r o m  A 

r e f l e c t e d  i s  A E GT 4F 

i j j  

J J j j i  i '  i i '  

j i 

t h a t  a r r i v e s  a t  a t y p i c a l  su r f ace  .\ and i s  then  
j 

( l - ~ ~ ) ,  where t h e  r e f l e c t i v i t y  y has been  
j j  j j k  k 



11 

rep laced  by (1-E 1.  I f  t h e  i n c i d e n t  energy i s  uniformly d i s t r i b u t e d  and 

d i f f u s e l y  r e f l e c t e d ,  t h e  f r a c t i o n  05 t h e  r a d i a t i o n  r e f l e c t e d  from su r face  

k t h a t  i s  absorbed at A is the same as the  f r a c t i o n  of  emi t ted  energy 

from 4, t h a t  i s  absorbed a t  A O f  t h e  energy o r i g i n a t i n g  b y  emission 

from A t h e  p o r t i o n  u l t i m a t e l y  absorbed a t  A i s  

k 

i 

i"  

j '  i 

n 

Dividing t h i s  energy by t h e  emission from A., y i e l d s  t h e  f r a c t i o n :  
J 

n 
-7- 

Upon r ea r r ang ing  t h e  above equat ion and l e t t i n g  j take on a l l  va lues  from 

1 to n,  t h e  fo l lowing  s e t  of equat ions  i s  obtained:  

n 

Gki = -F.  E j := 1, . . - #  n . 
j k  1 j i  i '  

k= 1 

Simultaneous s o l u t i o n  of  Equations (15) €o r  G k = 1, ..., n ,  provides  
k i  

the values  of  the  absorp t ion  f a c t o r s  r equ i r ed  i n  Equation ( 1 3 ) .  Since 

su r face  i. may be chosen as any  one of t h e  n su r f aces  of t he  enc losure ,  

the s e t  of n equat ions  represented  by Equations (15) m u s t  be solved 

success ive ly  f o r  i = 1, ..., n t o  provide t h e  r equ i r ed  absorp t ion  fac-  

2 
t o r s .  Thus, t h e r e  are a t o t a l  o E  n va lues  of G . . ,  t h e  same as t h e  num- 

b e r  o f  view f a c t o r s  F 

1 1  

ij' 

If Q .  i s  def ined  as t h e  rate a t  which energy i s  r a d i a t e d  from su r -  
i + j  

f ace  i t o  s u r f a c e  j ,  
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4 Qi+j - - Ai E OTi G i j  
i 

and 

4 
Q . . = A . E . c J T  G . . .  

3 + l  I I j 11. 

Since t h e r e  i s  no n e t  h e a t  t r a n s f e r  between i and j when T = T , it 

fol lows t h a t  Qiis I- Qj,,, which can only be s a t i s f i e d  i f  

i j 

A second r e l a t i o n s h i p  among t h e  G i s  fourid by not ing  t h a t  a l l  t h e  energy 
i j  

emit txd by s u r f a c e  i must u l t i m a t e l y  be absorbed with in  t h e  enc losure .  

Thus 

n 

j = b  

S u b s t i t u t i o n  of t he  r e c i p r o c i t y  r e l a t i o n ,  Equation (16), i n t o  t h e  

energy balance y i e l d s  

Equation ( 1 7 )  can be used t o  rewr i te  Equation (18) i n  a f o m  which w i l l  be 

found u s e f u l  l a t e r :  

Rearrangirlg Equation (18) and al lowing the  i.ndex i t o  t a k e  on va lues  f r o m  

1 t o  n y i e l d s  t h e  set of equat ions:  
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, i = 1, ..., n 
Qi 

E . ) G T . ~  I= - - 
n 

(ci G i j  - 6 i j  I J A .  
j = 1  1 

f o r  t h e  s t e a d y - s t a t e  problem. 

The uns t eady- s t a t e  energy balance f o r  body i i s  

”, 4 4 
G j i  - Ai Ei UTi 

d Ti 
p .  v.  c .  __ - - Qi + L A j  Ej ( T T j  

i i i d t  j=l 

( 2 0 )  

if it i s  assumed t h a t  t h e  s u r f a c e  temperature does no t  d i f f e r  m a t e r i a l l y  

from t h e  average temperature of t h e  body. Rearranging Equation ( 2 1 )  w i t h  

t h e  a i d  of Equation (16) and l e t t i n g  t h e  va lue  of i range from 1 t o  n 

g i v e s  

I V .  IiOTTEL’ S METHOD 

The a n a l y s i s  of r a d i a t i v e  exchange wi th in  a d i f fuse-yray  enc losure  

may a l s o  be  c a r r i e d  o u t  u s i n g  a method developed by I-Iottel ( 1 4 ,  1 5 ) .  

The n e t  ra te  o f  energy outflow from s u r f a c e  i t o  s u r f a c e  j ,  Q i j r  i s  

def ined  i n  terms of an exchange q u a n t i t y  7f. as 
l j  

( 2 3 )  
4 Qij I - Ai rfij n ( T i 4  - T ) .  

j 

The q u a n t i t y  3. may be regarded as a composite view f a c t o r  which inc ludes  
11 

the e f f e c t s  o f  mu l t ip l e  r e f l e c t i o n s .  The n e t  loss Q from su r face  i may i 

b2 found by summing Q over t h e  s u r f a c e s  of t h e  enc losu re .  Thus ij 
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Obviously, the values  of t h e  giray-body view f a c t o r s  T, must be known i n  

o r d e r  f o r  Equation (24) t o  have u t i l i t y .  

11 

I t  i s  s imples t  t o  determine the 73. by relat.i.xig them t o  the absorp- 
i j  

t i o n  f a c t o r s  a l r eady  presented  i n  Gebhart’ s method. Comparison of 

Equation ( 2 4 )  and Equation (19)  i n d i c a t e s  t h a t  

E G i j  = Tij. ( 2 5 )  

Furthermore, from Equation (16 )  it i s  c l e a r  t h a t  t h e  r e c i p r o c i t y  r e l a t i o n  

fo r  7 . .  becomes 
1 7  

and  from Equation ( 1 . 7 )  t h a t  

n 

j=1 
7 . .  = E . .  

1 3  1 

The mat r ix  of T, 

G , = 3 . / E ~  i n t o  Equation (15) to y i e l d  t h e  result.: 

values  indy now be computed by s u b s t i t u t i n g  t h e  r e l a t i o n  
11 

k i  k i  

3 = -F.. E .  j = 1, ..., 1 1 ;  i = 1, ..., n.  ( 2 8 )  
k i  3 1  1, 

k = l  

Combining of Eqiia’t:.i.on ( 2 7 )  and Equation ( 2 4 )  and letting i range from 

1 t o  n y i e l d s  t h e  fol. lowing s e t  of s t eady- s t a t e  equat ions :  



1 5  

Equations ( 2 9 )  could a l s o  have been der ived  by d i r e c t  s u b s t i t u t i o n  of 

Equation ( 2 5 )  i n t o  Equations ( 2 0 ) .  Following t h i s  procedure f o r  t h e  

t r a n s i e n t  problem by i n s e r t i n g  Equation (25 )  i n t o  Equations ( 2 2 )  g ives  

, i. = 1, . . ., 11. (30)  

11 
d -- Ti A i rQi  - 

ij 

V. COMPARISON OF THE METHODS 

A s  noted p rev ious ly ,  t h e  n e t  r a d i a t i o n  approach, Gebhar t ' s  method, 

and Xottel. 's formula t ion  y i e l d  i d e n t i c a l  numerical r e s u l t s  s i n c e  they axe 

based on ident ica l .  assumptions. However, t h e  d i f f e r e n c e s  i n  computational 

d e t a i l  may cause one of t h e s e  t o  have g r e a t e r  a p p l i c a t i o n  t o  a p a r t i c u l a r  

problem. Frequent ly ,  s t e a d y - s t a t e  problems a r e  most convenient ly  analyzed 

us ing  t h e  n e t  r a d i a t i o n  method because it does n o t  r e q u i r e  c a l c u l a t i o n  of 

the G o r  ? f m a t s i x .  

i s  g e n e r a l l y  more u s e f u l  f o r  uns teady-s ta te  problems because t h e  de r iva -  

On t h e  o t h e r  hand, e i t h e r  Gebhart's o r  H o t t e l ' s  method 

t i v e s  appear e x p l i c i t l y .  Once t h e  o r  3. mat r ix  has been determined, 
Ij 

Equations ( 2 2 )  or Equations (30)  may be numerically i n t e g r a t e d  s i m p l y  by 

s t epp ing  i n  t i m e .  On t h e  o t h e r  hand, i n t e g r a t i o n  of Equations ( 2 2 )  

r e q u i r e s  simultaneous s o l u t i o n  for the d e r i v a t i v e s  a t  each t i m e  s t e p  

because of t h e  i m p l i c i t  occurrence of t h e  d e r i v a t i v e s .  



CHAPTER 3 

APPLI.CATiON OF THEORY 

In  t h i s  chapter  t he  gene ra l  equat ions  t h a t  were developed for sad ia -  

t i o n  exchange wi th in  a dif:Euse-g:cay enc losure  ( see  Chapter 2 )  w i l l  be 

s p e c i a l i z e d  to  the  c l a s s  of r a d i a t i o n  problems of i n t e r e s t  i n  which a 

su r face  n of known teiiiperature surrounds m = n -- 1 su r faces  of known hea t  

l o s s .  Formulations w i l l  be developed i n  terms of dimensionless v a r i a b l e s  

which w i l l  reduce t h e  nuinher of independent v a r i a b l e s  considered.  

1. STEADY STATE 

Temperat:ure l e v e l s  i n  a f u e l  rod a r r a y  a f t e r  withdrawal from a nuclr.j-.r 

r e a c t o r  core  a r e  o f t e n  con t ro l l ed  by rad ia t - ive  h e a t  t r a n s f e r  between rods 

A t  s teady  s t a . t e  t h e  net. h e a t  loss from each of t h e  rods must equal  t h e  

h e a t  generated wi th in  the  rod by r ad ioac t ive  decay of f i s s i o n  products .  

The temperature of t he  .shroud T can be found by an energy balance equati~ilg 

t he  t o t a l  he.at: generated wi th in  the  a r r a y  of fuel. rods t o  t h a t  d i s s i p a t e d  

by the  shroud t o  the  surroundings.  

n 

Net Radiat ion Method ........ I 

The quan t i ty  

may be sub t r ac t ed  frai l  the  le f t -hand  sides of Equations ( 9 )  t t ~  g ive  

16 
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( 3 1 )  

Equations ( 3 1 )  are made dimensionless by d i v i d i n g  through by the hea t  

f l u x  of one of t h e  s u r f a c e s .  Choosing the s u r f a c e  des igna ted  k (0 $' 0 )  
.-k 

as the r e fe rence ,  

X i. = 1, ...' 11. 
j '  

(321 

The dixensionless v a r i a b l e s  X and Y are def ined  as 
j j 

and 

Obviously, Y = 0 so  t h e  summation on t h e  le f t -hand  s i d e s  of Equationc; 

( 3 2 )  may be reduced t o  j = 1 t o  m, where m = n - 1, k'rorn t t ~ e  c:';r15t;'~va- 

n 

t i o n  of eneryy, 

n 
z Qi = 0; 

i= 1 

hence I 

m 

For a nuc lea r  f u e l  assembly, t h i s  equat ion  i s  a statement t h a t  t h e  energy 

absorbed by t h e  shroud from t h e  rods  wi th in  the a r r a y  i s  equa l  t o  t h e  s im 
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of the heat- losses from t h e s e  rods. A relation for X i n  i:t?xms of X 

j - 1 , . . . I m, can now bc developed as fo31 ows: 

n j '  

h,i x given by Equation ( 3 3 ) ,  t h e  number of unknowns i.n Equations ( 3 2 )  

i s  reduced by  one. The f ina l .  set: of equat ions (also reduce2 by one) i s  

n 

7 -  ;.s s u b t r a c t e d  from the l e f t -ha r ld  sides of Eyuat.ions ( 2 0 )  and both s ides  

 re ciivi &:I by ok/%. 

V a l - i d b l e s  a r e  

Thc r e s u l ~ l n c j  equa-tions i.n terms o f  dimensionless 

The  ~ a l u 2  of X i s  dctermined independent1.y f r o m  Ecjuaticlri ( 3 3 ) .  
n 

(35 

I-latiel 's Method ___ ..... ~ ..,.... ̂  r._.l_^ 

TI 

~n a simi.l.ax manner tile s d t r a c t i o n  of j=l(Tij 1 - 6 .  F : ~ ) o T  ' f.rorn the 
I j  n 

1 eft-hand s ides of Equations (29) and formulation i n  terms of dimensionless  



39 

\.i iz1: i ab Le s gi  ve s 

Q . . 
n 
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Reformulation of t h e  N e t  Radiat ion Method 

I t  w i l l  now be shown t h a t  t h e  n e t  r a d i a t i o n  equat ions  can be reformu- 

l a t e d  t o  remove the  dependence of t h e  dependent v a r i a b l e s  upon t h e  emissiv- 

i t i e s  of t h e  s u r f a c e s .  Equations (32) can be rearranged t o  t h e  form: 

n 

j =1 
The q u a n t i t y  (" inEn) Xn (Fij - 6 .  . )  = 0 cart be added t o  t h e  l e f t -  

1 7  

hand s i d e  of t h i s  equa.tion without  a f f e c t i n g  t h e  e q u a l i t y :  

The summation can be reduced t o  j = 1 t o  m s i n c e  t h e  t e r m  i n  b r a c k e t s  i s  

ze ro  f o r  j = n.  Fur the r ,  X can be e l imina ted  as an unknown by Equation 

( 3 3 ) ,  t hus  reducing t h e  number of  unknowns and t h e  number of independent 

equat ions from n t o  m .  The f i n a l  s e t  o f  equat ions  i s  

n 

m 

j =1 
( F ~ ~  - 5 .  .)z = -x. i = 1, ..., m 

11 j 1, (37) 

where 

1 - E  m A  

(37a) 

Because the c o e f f i c i e n t s  of t h e  Z .  on t h e  le f t -hand  s i d e s  o f  Equations 

(37)  arc! func t ions  only of  geometry ( s i n c e  t h e  F are  €unct ions  only o f  

geometry) and t h e  right-hand s i d e s  are func t ions  only  o f  t h e  s u r f a c e  h e a t  

f l u x e s ,  t h e  values of t h e  Z determined by s o l u t i o n  of Equations (37) are 

independent of t h e  e m i s s i v i t i e s  o f  t h e  v a r i o u s  su r faces .  For a f i x e d  

3 

i j  

j 
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geometry and a 

need be so lved  

f i x e d  se t  of  dimensionless  hea t  f l u x e s ,  Equations (37) 

only once f o r  t h e  Z . The a c t u a l  temperature va lues  f o r  
j 

a p a r t i c u l a r  combination of s u r f a c e  e m i s s i v i t i e s  a r e  found from Equation 

( 3 7 a ) ,  which in t roduces  the  e m i s s i v i t y  dependence. This i s  i n  c o n t r a s t  

t o  the  formulat ion represented  by Equations (341, which m u s t  be resolved 

each t i m e  t h e  e m i s s i v i t i e s  are a l t e r e d .  

There i s  no apparent  way t o  res ta te  e i t h e r  Gebhar t ' s  o r  H o t t e l ' s  

equa t ions  i n  t e r m s  o f  t h e  v a r i a b l e s  Z . Thus, t h e  merits of t h e  n e t  rad ia-  

t i o n  method f o r  so lv ing  t h e  class of s t e a d y - s t a t e  problems under d i scuss ion  

are even g r e a t e r  than previous ly  shown. 

j 

11. UNSTEADY STATE 

Only Gebhart ' s  and H o t t e l ' s  methods w i l l  be employed i n  t h e  ,analysis  

of t h e  t r a n s i e n t  problem. The temperature-time d e r i v a t i v e s  appear implic- 

i t l y  i n  t h e  n e t  r a d i a t i o n  method, which makes it unwieldy for  t r a n s i e n t  

problems. The a n a l y s i s  w i l l  be l i m i t e d  t o  t h e  case i n  which a shroud 

(body n) of known cons tan t  temperature  surrounds m = n - 1 bodies  of 

known h e a t  gene ra t ion  o r  h e a t  i n p u t  by e x t e r n a l  means. 

I n  gene ra l ,  it i s  un l ike ly  t h a t  p r a c t i c a l  problems involv ing  t h e  

uns teady-s ta te  h e a t i n g  of  a nuc lea r  f u e l  assembly would m e e t  t h e  condi t ion  

of a cons t an t  shroud temperature .  In s t ead ,  t h e  shroud temperature proba- 

b ly  a l s o  would be vary ing  wi th  t ime. I n  such cases, t h e  fol lowing ana l -  

y s i s  i n  t e r m s  o f  dimensionless  v a r i a b l e s  s t r i c t l y  would no t  be app l i cab le .  

A r igorous  s o l u t i o n  would r e q u i r e  t h e  i n t e g r a t i o n  of Equations ( 2 2 )  o r  ( 3 0 ) ,  

with  t h e  changing temperature  of t h e  shroud being taken i n t o  account .  

Because of t h e  d i v e r s i t y  of p o s s i b l e  boundary condi t ions  f o r  t h e  energy 
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exchange between shroud and environment, i t  i s  no t  possib1.e t:o frame Lhe 

equat ions  in a gcirreral manner ; each problem m u s  i: be solved s e p a r a t e l y .  

ilowever I cveli f o r  some of th.ese problems I es t imated  resu l  ts obtained wi th  

a. consta.nt. shroud temperature can be u s e f u l .  Furthermore, s i n c e  r e s u l t s  

L U X  a cons t an t  shroud temperature can be  couched in terms of dimensionless 

v a r i a b l e s  with a cor i sec j i i cn t  decrease i n  t h e  number of v a r i a b l e s  I t h e  esti.-- 

,=- 

1. be pre:iei:ted 3,s a s m a l l  niiiatier of di.mer;sionless p l o t s  rat:iier than  

r e q u i r i n g  soJ .u t ion  of a new ,set of d i f f e r e n t i a l  zyuations f o r  each pi-ohlem. 

I f  ‘Yl1 is at a known fixed tcinperature, t he re  remain m unknown t9mpera- 

L c u r e s  whj.ch vary wj.t l i  -Lime, and Equations ( 3 0 )  reduce t o  the s e t :  

4 

. The above equat ions may has been rcpbtced by  ~ ---- 
d Ti 

d t  3 d t  
7. a TI cvhere _.l.l....l 

4 T. 
also be  w r i t t e n  a s  

2 

for i = I., . . . I rn since 



2 3  

A f t e r  success ive  division by the re ference  h e a t  f l u x  / P  and by the k k  

, one ob ta ins  t he  dimet!:,ion1.2ss eqmdt.ioris (i = 1, . . . , 
mi I 

>Pi v.  e .  

Ai 

1 1  
F i n a l l y ,  if -- i s  cons tan t  €or  i = 1 to m, these equations become 

w i t h  i n i t i a l  condi t iorls : 

O ( T i o 4  - T 4 ) 
n 

I I , i = 1, ..., m a t  0 = 0. 
Qk’% 

yio 

The var iab1 .e~  X 

w h i l e  

and Y i i are def ined  as for the  steady-stat .e problem, 

and. 
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The requi red  i n i t i a l  condi t ions  a r e  given by s p e c i f i c a t i o n  o f  T . ,  
1 

i = I, . . . , n a t  time zero.  Equations (38) are a s e t  of f i r s t - o r d e r  

d iEfe ren t i - a l  equa t ions  which can be i n t e g r a t e d  numerically t o  y i e l d  t h e  

Y. as func t ions  of 0 and,  thereby-, t h e  temperatures T .  as func t ions  of 

time. I n  c o n t r a s t  t o  the  s t eady- s t a t e  problem, the  Y. values  for  the 

t r a n s i e n t  case are funct:ions o f  T through the  parameter W .  Thus, both 

t i m e  and shroud temperature are introduced as a d d i t i o n a l  v a r i a b l e s  for 

t h e  t r a n s i e n t  problem. 

t o  g r e a t l y  mul t ip ly  t h e  number o f  dimt2nsionless p l o t s  requi red  t o  d i s -  

play the  v a r i a b l e s .  Consequently, the r e s u l t s  f o r  t he  t r a n s i e n t  case  

cannot be presented  i.n as compact a manner as can results for the  s teady-  

s t a t e  case.  

I 1 

1 

n 

‘l’he e f f e c t  o f  t h i s  i nc rease  i n  dimensional i ty  i s  



CHAPTER 4 

VIEW FACTORS 

The a n a l y s i s  of r a d i a n t  in te rchange  among d i f f u s e l y  emi t t i ny  and 

d i f f u s e l y  r e f l e c t i n g  s u r f a c e s  r e q u i r e s  a knowledge of t h e  view f a c t o r s  

between the  va r ious  s u r f a c e s .  I n  t h i s  chapter  t h e  b a s i c  de f in ing  equa- 

t i o n s  f o r  view f a c t o r s  w i l l  be presented .  A shorthand method w i l l  then  

be developed f o r  t r e a t i n g  s u r f a c e s  t h a t  a r e  g r e a t l y  e longated i n  one 

dimension. Using t h i s  technique ,  t he  view f a c t o r s  between i n f i n i t e l y  

long p a r a l l e l  cy l inde r s  i n  a r r a y s  w i l l  be der ived  f o r  cy l inde r s  on square 

and e q u i l a t e r a l  t r i a n g u l a r  p i t c h e s .  

I. DEFINING EQUATIONS 

The development of  t h e  b a s i c  d e f i n i n g  equat ions  f o r  view f a c t o r s  pre-  

sen ted  i n  t h i s  s ec t ion  i s  based on information given i n  r e fe rences  ( 2 8 ) ,  

(31), and ( 3 2 ) .  Consider an elemental  su r f ace  area dA as shown i n  Figure 

1. Direc t ion  i s  measured by t h e  angles  E) and Cp, where t h e  angle  0 i s  

measured from t h e  normal t o  dA. The i n t e n s i t y  i of  r a d i a t i o n  leaving  a 

su r face  i n  the  d i r e c t i o n  ( E l , + )  i s  de f ined  as t h e  r a d i a n t  energy l eav ing  

t h e  s u r f a c e  p e r  u n i t  t i m e  p e r  u n i t  e lemental  p ro j ec t ed  s u r f a c e  a r e a  normal 

t o  t h e  (O,+) d i r e c t i o n  p e r  u n i t  e lemental  s o l i d  angle  centered  around t h e  

d i r e c t i o n  (@,$) .  The r a d i o s i t y  B i s  t h e  r a d i a n t  energy l eav ing  a su r face  

p e r  u n i t  t i m e  p e r  u n i t  surface area. N o t e  t h a t  i n t e n s i t y  i s  def ined  on 

the  basis of p r o j e c t e d  area, whi le  r a d i o s i t y  i s  based on a c t u a l  s u r f a c e  

area. The r e l a t i o n  between p ro jec t ed  area A and su r face  area A i s  
P 

25  



26  

are 
by d w  

Figure 1. I n t e g r a t i o n  of I n t e n s i t y  Over Solid Angle. 
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The rate  a t  which energy leaves the  d i f f e r e n t i a l  area dA i n  all 

d i r e c t i o n s  is 

where t h e  i n t e g r a t i o n  with r e s p e c t  t o  t h e  s o l i d  angle I / )  i s  over- l:he e n t i r e  

'nsmisphere As i l l i i s t ra t .e t l  i.n F iqure  L I the d i f f e r e n t i a l  s o l i d  anqle do 

[nay be expressed in terms of the  angles  3 and $ of a s p h e r i c a l  coordi- 

n a t e  system centered  on dA. S i r i ce ,  by  d e f i n i t i o n ,  a s o l i d  angle  any- 

where above dA is  equal to t h e  i n t e r c e p t e d  area on t h e  hemisphere d iv ided  

hy the square of the  hemisphere r a d i u s ,  i t  fol lows that du = siii 0 dG, d+. 

Consequently, i n t e g r a t i o n  o v e r  t h e  e n t i r e  hemisphere y i e l d s  

0 0  

If t h e  i n t e n s i t y  i s  independent of d i r e c t i o n  as i t  i s  when a s u r f a c e  e m i t s  

and r e f l e c t s  d i f f u s e l y ,  i may be moved outside t h e  i n t e g r a l  siq?s and 

Equatiion (39) , upon i n t e g r a t i o n ,  reduces to 

At ten t ion  i s  now d i r e c t e d  toward the r a d i a n t  in te rchange  between 

pair of i n f i n i t c s i m a l  .siirfaces, CIA and d A .  i l l u s t r a t e d  i n  Figure 2 .  The 

angles  B .  and f3 are formed by t h e  respective normals and t h e  connect ing 

i 7 '  

I j 
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Figure 2 .  Geometry f o r  Radiant Interchange Between Two Surfaces .  
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l i n e  of l eng th  r between t h e  e l e m e n t s .  The r a d i a n t  energy which leaves  

dA. and is  i n t e r c e p t e d  by dA i s  
1 j 

i .  1 (cos Bi dAi)dw, (41) 

i n  which d w  i s  the  s o l i d  angle  subtended by dA. when viewed from dA 7 i '  
2 

From t h e  geometry, dw = cos 6 dA./r  . In t roducing  t h i s  r e s u l t  i n t o  

express ion  (41) and e l imina t ing  i us ing  Equation (40) ,  one ob ta ins  i 

j 3  

B .  cos pi cos B .  dA. dA. 

n r  

1 1 

2 

as t h e  energy i n c i d e n t  on dA from dAi. 
j 

The energy i n c i d e n t  on t h e  f i n i t e  area A from dA. may be found by 
j 1 

i n t e g r a t i n g  t h e  foregoing express ion  over  a l l  t h e  d i f f e r e n t i a l  su r f ace  

elements comprising A t o  g ive  
j 

B .  cos Bi cos B dAi dA. 
j 

2 
r r  

A 
j 

(43 1 

The r a d i a n t  energy i n t e r c e p t e d  by A from A.  is  determined by i n t e g r a t i n g  

express ion  (43) over t h e  area A t o  y i e l d  

j 1 

i 

(44)  
B cos Bi cos 6 .  dA. dA. 

2 
1 / /  Ai A  IT^ 

i n  a l l  d i r e c t i o n s  i s  B 
i i 

j 

The energy l eav ing  dA dAi, so  t h a t  t h e  energy 

leaving  A .  i n  all. d i r e c t i o n s  is the  i n t e g r a l :  
1 
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The r a t i o  of  express ion  ( 4 4 )  t o  express ion  ( 4 5 )  r e p r e s e n t s  t hc  fraction 

OF the r a d i a t i o n  outgoing frvm A that. is i n c i d e n t  on A,. Since +:hi.s is 

p r e c i s e l y  the d e f i n i t i o n  o f  ths view factor F .  , I  it fol~.ows that. 

i 7 

1.3 

2 
r 

__ 

As it stznds, the foregoing angle  fact-or  depends oil t he  macjiij.tlide and :-he 

s1.Ir-face d i s t r ibu t io r l  of ?.he rad ios i - ty  E. . 
1 

It i s  customary i n  t h e  def i i i i t io i i  o f  t h e  v i e w  f a c t o r  t o  a s s u m :  Llit:t 

t he  r a d i o s i t y  i s  constzmt over each s u r f a c e -  A s  shown i.r-1 Equation (2?, 

the r a d i o s i t y  c o n s i s t s  of both wni t ted  and vef lcc te t l  rad ia t - ion .  k o r  an 

i so thcmia l  surface of const-;nt  emis s iv i ty  (and. hex-:cs uni.form emission) , 

the ass::mptioiI of i i i i . i . E ~ r m  r z d i o s i t y  over the su r f  is eql i iva len t  t o  the 

assuriipt,.i.ori t h a t  t h e  ref lected r a d i a t i o n  i s  the s a w  aiz each p o i n t  on t i l e  

su r face .  In t u r n p  f o r  the  r e f l e c t e d  r a d i a t i o n  t o  be uni.form over t-he 

surfac:ttt I i t  i s  necessary that the inti-dent radi-atioi? lx Lcjnstfint a l o i i y  

~ . , > f  s u r f a c s .  Tt is un1.ikely that- this condi~liion will be comple?xly real:. &I_ 

ized for f i r i i t e  surfaces f o r  any but t h e  simplest gec:netri.es, s u c h  as 

r a d i a t i o n  exchange between infinitely lai-gc para.lle1 plates. 
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'The view f a c t o r  as def ined  by Equation ( 4 7 )  depends only on geometr ica l  

parameter.:;. A corresponding d e r i v a t i o n  fox khe f r a c t i o n  of t he  r a d i a n t  

energy leaving s u r f a c e  :j t h a t  i s  i n t e r c e p t e d  b y  A .  l eads  t o  an equat ion 

i d e n t i c a l  to Equat i t sn  ( 4 7 )  except. t h a t  t h e  s u b s c r i . p t s  i. and j are i n t e r -  

changed" The res1.1l.t i s  a:: E O ~ ~ C W S  : 

I 

From a comparison of Equations (47 )  arsd (48) I it can be seen  that 

II a HOTTEL'S GRCGSED-STRING METHOD 

In  c e r t a i n  ciisei; , mathematical techniques e x i s t  for t h e  determinat ion 

of c o n f f y u r a t l o n  f a c t o r s  which avoid the need t.o perforin the deuble-area 

in t eg ra t ion  requiretl i n  t h e  direct ;  eva lua t ion  of Equa t ion  ( 4 7 )  . O n e  

such technique i.3 R o t t e l ' s  cr-ossed-striiiq met:hr.xi ( 2 4 ,  I S ,  3 8 )  , w h i c h  i s  

applicable t o  t he  c a l c u l a t i o n  of v i e w  factors between s u r f a c e s  t h a t  may 

be assumed t.o extend i n f i n i t e l y  far alonq one cacrrdinate .I Surf aces of  
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3 1 2 p =---I- 
A + A  - A  

1 12 2 

Now examine t h e  conf igura t ion  shown i n  c ros s  s e c t i o n  i n  Figure 4 ,  

where some blockage of t h e  r a d i a n t  t r a n s f e r  between A and A occurs  

because of t h e  presence of the  s u r f a c e s  A and A The dashed l i n e s  

abcd, efgh,  ae, and dh can be considered t o  r ep resen t  the l o c a t i o n s  of 

1 2 

3 4 '  

s t r . i .nys  s t r e t c h e d  t i g h t l y  between t h e  o u t e r  edges of A and A Line 

segments ab and cd are tangent  t o  A a t  p o i n t s  b and c ,  r e s p e c t i v e l y ,  

while movement from b t o  c i s  along t h e  su r face  of A S i m i l a r l y ,  ef 

arid gh a r e  tangent  t o  A a t  f and g ,  while  t h e  l i n e  segment f g  i s  along 

the su r face  of A and A2, t he  su r faces  abcd and efgh 

1 2' 

3 

3' 

4 

Together with A 4 '  1 

form an encl-osure.  Then, s i n c e  F = 0 ,  
11 

F l-abcd + F12 + F1-efgh = 1  

which, a f t e r  mul t ip ly ing  through by A may be w r i t t e n  as 
1' 

A1 F1-abcd i- A1 F12 + A1 F1-efgh = A1. ( 5 2 )  

Applying Equation (51 )  t o  t h e  three-s ided  enc losures  abctlh and aefgh,  t h e  

are and A1 F1-efgh 
values  of A F I l-EFbCd 

A1 ' Aabcd - Adh - -  - 
A1 F1-abcd 2 

and 

- 
- - A1 + Aefgh 

A1 Fl-efgh 2 
Aae 
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Figure  4.. H o t t e l  ' s  Crossed-String Method. 
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S u b s t i t u t i n g  t h e s e  values  i n t o  Equation (52) y i e l d s  

Since Equation (53) i s  f o r  i n f i n i t e l y  long p lane  a r e a s ,  t h e  areas a r e  pro- 

p o r t i o n a l  t o  t h e  lengths  shown i n  t h e  two-dimensional r e p r e s e n t a t i o n ,  

Figure 4. Exchanging areas f o r  lengths  i n  Equation (53) g ives  

(ae + dh) - (abcd + e f y h )  F = I- 

12 2 a h  (54) 

Reverting t o  t h e  i n t e r p r e t a t i o n  o f  t h e  dashed l i n e s  i n  Figure 4 as lengths  

of s t r i n g  s t r e t c h e d  between t h e  edges o f  A and A Equation (54) may be 

expressed as follows: 

1 2' 

(sum o f  crossed s&rj:~gs) - (sum--cf uncrossed s t r i n q s )  . (55) - 
2 x length  of A 

I. 
F12 - 

III. VIEW FACTORS FOR CYLINDERS ON AN 

EQUILATERAL TRIANGULAR PT TCH 

H o t t e l ' s  c rossed-s t r ing  method w i l l  be used to  d e r i v e  t h e  view fac -  

t o r s  between i n f i n j - t e l y  long p a r a l l e l  c y l i n d e r s  i n  a r r a y s  on an e q u i l a t -  

e r a l  t r i a n y u l a r  p i t c h .  These conf igura t ion  f a c t o r s  w i l l  subsequently be 

used i n  t h e  c a l c u l a t i o n  of r a d i a n t  interchange between rods i n  hexagonal 

nuc lear  f u e l  rod assemblies. 

The numbering system used i n  t h e  fol lowing d e r i v a t i o n s  i s  i l l u s t r a t e d  

i n  Figure 5 ,  which represents  an a r r a y  of c y l i n d e r s  on an e q u i l a t e r a l  t r i-  

angular  spacing.  The n o t a t i o n  F I J  w i l l  be used t o  denote t h e  v i e w  f a c t o r  
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Figure 5.  Pa ra l l e l  Cylinders on an E q u i l a t e r a l  Triangular P i t c h .  
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between a p a r t i c u l a r  rod des igna ted  i and a p a r t i c u l a r  rod des igna ted  j 

as opposed t o  t h e  n o t a t i o n  F which denotes t h e  view f a c t o r  between t h e  

t o t a l i t y  of t h e  s u r f a c e s  des igna ted  i and the  t o t a l i t y  of t h e  s u r f a c e s  

des igna ted  j. For example, r e f e r r i n g  t o  Figure 5 ,  F12 i n d i c a t e s  t h e  view 

f a c t o r  between s u r f a c e  1 and any one of t h e  c y l i n d e r s  numbered 2 ,  while 

F i s  t h e  view f a c t o r  between 1 and a l l  s i x  o f  t h e  c y l i n d e r s  numbered 2 .  

The r e l a t i o n s h i p  between F and P12 i s  obviously F = 6 F12. 

i j  

1 2  

1 2  1 2  

For t h e  spac ings  (pitch-to-diameter r a t i o s )  t h a t  w i l l  be of i n t e r e s t  

h e r e ,  view f a c t o r  va lues  are r equ i r ed  f o r  r a d i a t i o n  exchange between rods  

up t.o four  rows a p a r t .  This i s  equivalent: t o  a knowledye of t h e  view 

f a c t o r s  F 1 2 ,  F13, F15, and F18. The view f a c t o r s  F11, F14, F16, F17, 

and F19 a r e  zero  s i n c e  s u r f a c e  1 cannot s ee  i t s e l f  o r  any o f  t h e  su r faces  

des igna ted  4 ,  6 ,  7 ,  and 9 .  The view f a c t o r  r e l a t i o n s  t h a t  w i l l  be der ived  

are s t r i c t l y  v a l i d  only  f o r  i n f i n i t e l y  long c y l i n d e r s .  However, because 

of t h e  l a r g e  length- to-p i tch  r a t i o s  of rods  i n  most nuc lea r  f u e l  assem- 

b l i e s ,  these  c a l c u l a t e d  view f a c t o r s  are very good approximations o f  t h e  

a c t u a l  va lues .  

Der iva t ion  o f  Equatcons f o r  F12 

P a r t i a l  shadowing. I f  t h e  pitch-to-diameter r a t i o  (PDR) i s  l e s s  than 

2 6 / 3 ,  a p o r t i o n  of t he  r a d i a t i o n  l eav ing  c y l i n d e r  1 i n  t h e  d i r e c t i o n  o f  

cy l inde r  2 i s  blocked by o t h e r  rods ,  as shown i n  Figure 6. The l eng ths  of 

t h e  varj-ous l i n e  segments i n  Figure 6 a r e  

ad = ae = P D R - R ;  ac 7: rs = R 

cd = es = (ad2 - ac ) 2 1/ 2 = R ( P D R  - 1) 

'rr - 1 ~ - ~ -  __ -1 2 
t a n  (PDR - l)1'2; bc = Rw w =  t a n  

6 ac  6 
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Figure 6.  Determination of F12 wi th  Par t ia l  Shadowing. 
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i n  which R i s  the  r a d i u s  of a cylinder. App1.i.cation of Equat j .o r i  (55)  

g ives  

N o  shadowing. If t h e  PDR i s  y r e a t c x  than  2 6 / 3 ,  no shadowing occurs  
-I- 

and the. l engths  o f  t h e  uncrossed s t r i n g s  are each PDR’2R (see Fi-yure 7 ) .  

Then 

Derivat ion of Equations f o r  F13 ____ 

Radiat ion t o  two rows only-. For PDR < 2 6 / 3 ,  cy l inde r s  more than - 

two rows away from cy l inde r  1 rece ive  no i r r a d i a t i o n ;  thus  

6 F12 + 6 F13 = 1 

and 

1 
F13 = ... - F12.  

6 

Since F 1 2  i s  known from Equation (56) it follows t h a t  



41 

QRNL DWG 75-8465 

Figure 7. Determinati-on of F12 with N o  Shadowing. 
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P a r t i a l  shadowing. Rod 3 cont inues t o  be p a r t i a l l y  shadowed by rods 

between 1 and 3 under the condi t ions  2 6 / 3  < PDR < 2 .  The upper l i m i t  o f  

2 f o r  t h e  range of PDR i s  found by r e f e r r i n g  t o  Figure 8 and not ing  t h a t  

t h e  o b s t r u c t i n g  c y l i n d e r s  must  be separated by a center-to-center d i s -  

tance of 2D (D i s  t h e  diameter o f  a c y l i n d e r )  i f  they are n o t  t o  block 

r a d i a t i o n  interchange between 1 and 3. From Figure 8, 

ah = PDR-2R; ad = f h  = PDReR; fr  = PDR’3R 

cd = (ad 2 - ac = R ( P D R ~  - 1)1/2; af = (ah2 - fh2)1’2 = 6 P D R . R  

-1 6 71 t a n  - = t a n  6- t a n  - -  - 
af  3 6  

+ = t a n  - -  - -1 f r  -1 f h  -1 
a f  

w = - -  -1 cd w t a n  -1 ( P D R ~  - l)’I2; bc = RW 
- 1 -  

7T + - t a n  - -  
ac 3 

a r  = ( a f 2  + f r  1 1 2  = 2 6  PDR. R; er = 6 P D R - R  

2 = R(3 PDR 2 - 1) 1 / 2  es  = (er - rs ) 

so  t h a t  

4 ( e s  + s t )  - 8(bc + cd) - es + s t  - 2(bc  + cd) 
2 . 2 w R  ITR 

F13 = - 
I 

PDR2 - 1)lI2 - tan-’ ( 3  PDR2 - - 2(PDR2 - 1)1’2 + 
TT 

N o  shadowing. The equat ion for F13 when t h e r e  i s  no shadowing can 

be found from Equat ion ( 5 7 )  i f  6 P D R  i s  s u b s t i t u t e d  for  PDR, where 6 P D R  
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Figure 8. Determination of Fl.3 with Par t ia l  Shadowing. 
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i s  t h e  pi tch- to-diameter  r a t i o  of c y l i n d e r  1 wi th  r e s p e c t  to  c y l i n d e r  3.  

Then 

PDR > 2 .  
I 

(60) 

Derivat ion of Equations for F15 

N o  in te rchange ,  If t h e  PDR -. < 2 6 / 3 ,  rod 1 cannot see rod 5. Hence 

... OhsLruction ___. of one crossed s t r i n g .  For 2&/3 - < PDR -__ < 2 ( t h e  d e t e r -  

mination of t h e  upper l i m i t  o f  2 f o r  t h e  range of PDR w i l l  he demonstrated 

stlbsequexit ly) I one of t h e  crossed s t r i n g s  i s  obs t ruc ted  by o t h e r  rods as 

shown i n  Figure 9 .  The lengths  of  t h e  var ious  l i n e  segments are 

ah = 2fiPDR-R; ad = 6 PDR'R; f h  = P B R - 3 R ;  f r  = PDR-5R 

-1 
= t a n  

-1 6 
t a n  I$ = t a n  - - t a n  - - - t an  - .F 

-1 f r  -1 fn -1 A- 
3 af a€ 2 

o = - - I $ - t a n  'ir -1 cd ... T 
tan -1 v 5  I t a n  -1 ( 3  PDR2 - 

2 ac 2 9 
1)"2; h c  = Rw 

-I kr 
hk 

tal? -1 mn - = tan -1 - 5J7  - tan -1 (PDp. 2 - 1)'12; j m  = ~ c i  
hm 3 

a = tall - - 
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Figure 9 .  Determination of F15 w i t h  Partial. Shadowiny and O k l s t r u c t i o n  
of One Crossed String. 
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-1 hk t a n  -1 - h l  = t a n  -1 - fi - -ir f t a n  -1 (PDR 2 - 1) 1 / 2  
f3 = t a n  - - 2 2  ek e l  

2 1 / 2  = R(7 PDR - 1) 
2 

er = J? PDR-R;  es = (er - rs 

-1 
t a n  ( 7  P D R ~  - 1 1 ” ~ ;  st = R6. 

-1 rs TI 

es 2 
6 = t a n  - - - -  - 

Since a w i l l  become equal  to f3 a t  t h e  PDR for which o b s t r u c t i o n  of 

t h e  crossed s t r i n g  ceases, t h i s  PDR may be found by s e t t i n g  a - f3 = 0 i n  

Equation ( 6 2 )  g iv ing  PDR = 2 .  The view f a c t o r  F l 5  is found from t h e  

a p p l i c a t i o n  of Equation (55) t o  y i e l d  

[ 2 ( s t  f es + j m  + l m )  + 6 mnl - 2[2(bc + cd + j rn  f mnll 
F15 = 

2 - 2 n R  
I 

s t  -+ es + l m  + mn - j m  - 2 ( b c  -+ cd) 

2nR 
F15 = I 

F15 = [(7 PDR 2 - 1)li2 - t a n  -1 (7 PDR 2 - 1)1’2 - 2 ( 3  PDR 2 - 1) 1/2  
21T 

+ 2 tan-’ ( 3  P D R ~  - 1)1/2 f (PDR 2 - 1) - t a n  -1 (pDR2 - 1) 1/ 2 

P a r t i a l  shadowing with no o b s t r u c t i o n  of crossed s t r i n g s .  The upper 

l i m i t  of PDR f o r  t h i s  case i s  the PDR which produces no shadowing of rod 

5, t h a t  i s ,  when hk = 2R (see Figure 9 ) .  B u t ,  f r o m  t h e  prev ious  case, 

hk = fi PDR-R/7. Solving for PDR g ives  2&/3 as the upper l i m i t .  
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Refe r r ing  t o  F igure  10  and us ing  many of t h e  r e su l t s  f o r  t h e  pre- 

ceding case, 

(7  PDR2 - 1)ll2 - tan-' (7 PDR2 - - ( 3  PDR2 - 1) 1/2 + 

No shadowing. The equat ion  f o r  F15 wi th  no shadowing i s  obta ined  by 

us ing  t h e  r e s u l t  f o r  F12 wi th  no shadowing and s u b s t i t u t i n g  6 P D R  f o r  PDR, 

where fi PDR i s  t h e  p i tch- to-d iameter  r a t i o  of c y l i n d e r  1 wi th  r e s p e c t  t o  

c y l i n d e r  5 .  Then 

PDR > 2 f i / 3 .  - 

Deriva t ion  of Equations f o r  F18 

N o  in te rchange .  If t h e  PDR < 2 6 , 3 ,  cy l inde r  1 cannot s e e  c y l i n d e r  - 
5 : hence 

(66) F18 = 0,  1 < PDR < 2&/3. 
I - 

Obs t ruc t ion  of one c rossed  s t r i n g .  For 2 6 / 3  < PDR < 2 f i / 3 ,  one o f  

t h e  c ros sed  s t r i n g s  i s  o b s t r u c t e d  by o t h e r  rods  as shown i n  F igure  11. The 
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lengths  of t h e  l i n e  seqments are 

ah = 2 6  P U R - R ;  a d  = fi P D R - R ;  f h  = P D R - 5 R ;  f r  = P D R - 7 R  

cd = (ad 2 - a c 2 ) l I 2  = K ( 7  PDR 2 - 1)'j2; a f  = 6 P D K . R  

-1 f r  -1 f h  -1 7 -1 5 -1 45- 
$ = t a n  - -  t a n  z -  - t a n  - - t a n  - = t a n  - 19 6 45- a f  

h r  = P D K - 2 R ;  hn = PDR'R;  m n  = (hn 2 - hm2)li2 = R ( P D R  2 - 1) 1/ 2 

ak = ah cos $ = 19fi P D R - R / 1 3 ;  a r  = (af2 + f r  ) 1/2 = 2 h 3 -  P D R - R  

c1 = tal -1 - kr hk - t a n  -1 mn - = t a n  -1 - 7 6  - tan-' (PDR 2 - 11''~; j m  = Ra 
3 hm 

eh = A P D R - R ;  e l  = (eh 2 - hl2I1l2 = R ( 3  PDR2 - I) 1/ 2 

ek = (eh2 - h k 2 ) l I 2  = 6 f i  P D R - R / 1 3  

-1 6 TF -1 1/2 t a n  -- = t a n  - - - -+ t a n  ( 3  P D R ~  - 1) -I hk -1 h l  B = t a n  - - 
e k e l  6 2  

'The upper l i m i t  o f  2 6 / 3  f o r  t h e  range o f  PDR i s  found by equat ing 

0: and 

of e i t h e r  crossed s t r i n g .  

s i n c e  a = B a t  t h e  minimurn PDR €or which t h e r e  i s  no o b s t r u c t i o n  

The conf igura t ion  f a c t o r  F18 i s  given by 
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[ 2 ( s t  + es + j m  + lm + el) + 4 m n ]  - 2 [ 2 ( b c  + cd + j m  + mn)] F18 = 
2 - 2 n R  

I 

s t  + es + lm + el - jm - 2(bc + cd)  
2 V R  

F18 = I 

P a r t i a l  shadowing with no o b s t r u c t i o n  of c rossed  s t r i n g s .  The upper 

l i m i t  of PDR €or  t h i s  case occurs  when t h e r e  is no shadowing of rod 8 ,  

t h a t  i s ,  when hk = 2 K  (Figure 11). 

2&>/3. .  

But, hk = fi PDR-R/13 so t h a t  PDK = 

This case d i f f e r s  from t h e  previous  one o n l y  i n  t h a t  both 

c rossed  s t r i n g s  are obs t ruc t ed .  The equat ion  f o r  F18 becomes 

4 ( s t  3. es)  -S(bc + cd .+_Im + mn) st + es - be - cd - J m. ~- !nn F18 = = -  
2 2TR T R  

I 

N o  shadowing. The equat ion  for  F18 w i t h  no shadowing i s  obta ined  by 

usiny- the  result for F12 wi th  no shadowing and s u b s t i t u t i n g  6 PDR for  

PDR, where 6 PDR is the pi tch- to-diameter  r a t i o  o€ rod 1 with  r e s p e c t  



t o  rod 8. Then 

F18 = [(I3 P D R ~  - l]'I2 - t a n  -1 (13 PDR 2 - 1) 1/ 2 - J13 PDII + 51 , 
71 

w r o x i m a t i o n  f o r  c lose  Spacings 

Calcu la ted  r e s u l t s  f o r  F12,  F13, F15, and F1.8 f o r  s e l e c t e d  va lues  o f  

PDR are shown i n  Table I .  The q u a n t i t y  ERROR = 1--6(F12+F13)-12(F15+F18) i n  

the  t a b l e  r ep resen t s  the  f r a c t i o n  of t h e  r a d i a t i o n  leaving  a rod t h a t  i s  

no t  i n t e r c e p t e d  by rods i n  the  f i r s t  four  surrounding rows. Obviously, 

ER,POK inc reases  with PDR. For t h e  spacings encountered i n  t h e  designs of 

hexagonal nuc lear  f u e l  assemblies  (PDR < 1 . 4 ;  commonly, 1 . 2  t o  1.31, it 

can be seen t h a t  t o  a very good approximation a l l  t.he r a d i a t i o n  outgoing 

from a cyl. inder may he assumed t o  be in t e rcep ted  i n  t h e  ad jacen t  four  

rows of rods.  I n  such cases ,  a l l  t h e  r a d i a t i o n  f a l l i n g  on rods i n  rows 

beyond t h e  f o u r t h  may he assumed, i n s t e a d ,  t o  f a l l  on rods i n  the  f o u r t h  

row for. the purpose of r a d i a n t  in te rchange  ca.lcu.lations . This assumption 

has t h e  advantage of  in t roducing  n e g l i g i b l e  e r r o r  €or c lose  spacings 

while obv ia t ing  t h e  need t o  consider  an excess ive ly  l a r g e  number of s u r -  

f a c e s  i n  o rde r  t o  account f o r  a l l  t h e  r a d i a t i o n  leaving  a given su r face .  

I n  p l a c e  of F18, t he  pseudo view f a c t o r  F18* i s  def ined  f o r  such cases  as 

1 - G(F12 + F13) - 1 2  F15 
1 2  

F1.8" = 

Values of F18* are a l s o  given i n  Table I. 

I V .  VIEW FACTORS FOR CYLINDERS ON A SQUARE P I T C H  

The crossed-s t r ing  method wil.1 now be used t o  d e r i v e  the  view f a c t o r s  

between i n f i n i t e l y  long p a r a l l e l  cy l inde r s  i n  a r r a y s  on a square p i t c h .  

The cy l inde r s  are des igna ted  as shown i n  Figure 12.  For t h e  spacings 
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TABLE I 

View Factors for  Paxa l l e l  Cyl inders  on 
an E q u i l a t e r a l  Tr iangular  P i t c h  

l___-l_ i 
I 

r _ _  

PDR F12 F13 F15 F18 ERROR F18* 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.40 

1.45 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.95 

2.00 

0.16667 

0.16338 

0.15758 

0.15030 

0.14274 

0.13601 

0.12997 

0.12449 

0.11949 

0.11491 

0.11070 

0.10679 

0.10317 

0.09980 

0.09665 

0.09371 

0.09094 

0.08834 

0.08588 

0.08357 

0.08138 

0.0 

0.00328 

0.00909 

0.01637 

0.02367 

0.02961 

0.03444 

0.03838 

0.04156 

0.04408 

0.04606 

0.04754 

0.04860 

0.04928 

0.04962 

0.04966 

0.04943 

0.04896 

0.04826 

0.04736 

0.04627 

0.0 

0.0 

0.0 

0.0 

0.00010 

0.00041 

0.00088 

0.00146 

0.00215 

0.00291 

0.00375 

0.00464 

0.00558 

0.00656 

0.00758 

0.00863 

0.00971 

0.01081 

0.01194 

0.01308 

0.01425 

0.0 

0.0 

0.0 

0.0 

0.00002 

0.00006 

0.00014 

0.00025 

0.00037 

0.00052 

0.00068 

0.00085 

0.00104 

0.00124 

0.00146 

0.00168 

0.00191 

0.00215 

0.00239 

0.0026S 

0.00290 

0.00000 

0.00000 

0.00000 

0.00000 

0.00014 

0.00059 

0.00132 

0.00228 

0.00347 

0.00484 

0.00638 

0.00808 

0.00992 

0.01188 

0.01395 

0.01613 

0.01840 

0.02076 

0.02320 

0.02572 

0.02830 

0.00000 

0.00000 

0.00000 

0.00000 

0.00003 

0.00011 

0.00025 

0.00044 

O.OO066 

0.00092 

0.00121 

0.00153 

0.00187 

0.00223 

0.00262 

0,00302 

0.00344 

0.00388 

0.00433 

0.00479 

9.00526 



Figure  1 2 .  P a r a l l e l  Cylinders on a Square P i t c h .  
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t h a t  w i l l  be considered he re ,  a l l  bu t  a very s m a l l  f r a c t i o n  of t h e  rad ia-  

t i o n  l eav ing  cy l inde r  l i s  i n t e r c e p t e d  by cy l inde r s  2 ,  3 ,  5 ,  and 8. 

Again, t h e  n o t a t i o n  F1J denotes  the  f r a c t i o n  of t h e  r a d i a n t  energy out -  

going from c y l i n d e r  1. t h a t  i s  i n t e r c e p t e d  by a s i n g l e  cy l inde r  numbered 

J, n o t  t h a t  i n t e r c e p t e d  by a l l  cy l inde r s  J. Obviously, F11, F14, F16, 

F17, and F1-10 are zero  s ince s u r f a c e  1 cannot see i t s e l f  or any of t h e  

s u r f a c e s  numbered 4 ,  6 ,  7 ,  and 10.  

Derivat ion of Equation f o r  F12 

The equat ion  for F12 f o r  c y l i n d e r s  on a square p i t c h  i s  der ived  i n  

the  same manner as t h e  equat ion  for  F12 f o r  cy l inde r s  on an e q u i l a t e r a l  

t r i a n g u l a r  p i t c h  with no shadowing. Thus 

The above formula,  as noted,  a p p l i e s  €or  all P D R s  s i n c e  t h e r e  i s  no shad- 

owing of  rod 2 by o t h e r  rods,  even f o r  PDR = 1 . 0 ,  f o r  cy l inde r s  on a 

square p i t c h .  

Derivat ion of Equations €or  F13 

P a r t i a l  shadowing. I f  t h e  PDR i s  less than  fi, rod 3 i s  shadowed 

by o t h e r  rods as i l l u s t r a t e d  by Figure  13. Lengths of t h e  l i n e  segments 

are 

ad = P D R - R ;  cd = (ad 2 - ac 'I2 = R(PDR2 - 1) 1 / 2  

-1 = tan 1 = !L 
ah 4 

-1 h r  ah = h r  = PDR-2R;  $ = t a n  - 

( P D R ~  - 1)'I2; bc = 
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Figure 13. Derivat ion c f  F13 with P a r t i a l  Shadowing. 



ar = (ah2 + h r 2 ) l l 2  = 2 6  PDR-R; er = fi PDR-R 

2 1 / 2  = R ( 2  PDR - 1) 2 
es = ( e r  - rs ) 

6 = - TT - tan-l es - - 1L - tan-’ ( 2  P P R ~  - 11”~ ;  s t  = RS.  
2 rs 2 

The upper l i m i t  of fi for  t h e  range of PDR i s  found by n o t i n g  t h a t  t h e r e  

w i l l  be no shadowing when gh becomes equal  t o  2R.  

it follows t h a t  PDR = 6. 

r e s u l t :  

S ince  gh = fi PDRsR, 

Ho t t e l ‘ s  c rossed-s t r ing  method leads t o  t h e  

4 ( s t  + es)  - 8 ( b c  + cd) I st + es - 2(bc  + cd)  
2 - 2 ~ r R  ITR 

F13 = - I 

N o  shadowing, The equat ion  f o r  F13 wi th  no shadowing can be derived 

by s u b s t i t u t i n g  5 PDR for PDR i n  Equation ( 7 1 )  s i n c e  6 PDR i s  t h e  p i t c h -  

to-diameter r a t i o  o f  c y l i n d e r  3 re lat ive to  c y l i n d e r  1. Then 
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Derivat ion of Equations f o r  F15 

Obstruct ion of one crossed s t r i n g .  For 1 < PDR < 6, one of t h e  

c rossed  s t r i n g s  is  obs t ruc t ed .  Referr ing t o  Figure 1 4 ,  t h e  l eng ths  of 

t h e  l i n e  segments a r e  

ah = (af2 + rn ) 'I2 = 2 f i  PDR-R;  ad = 5 PDR'R 

'I2 = R ( 2  PDR 2 - 1) 1/2  ac = R; cd = (ad2 - ac ) 

-1 fr tan -1 I_ f h  -1 -1 -1 - t an  2 - t a n  1 = E - t a n  3 
2 

@ = t a n  - - 
a€ a f  

- tan-' = tan-' 3 - tan-' ( 2  PDR2 - 1)'12; bc = Ro 
ac 

hn = el? = PDR-R;  mn = e l  = (hn 2 - hm2) l l2  = R ( P D R  2 - 1) 1/ 2 

B = tan -1 - f r  - t a n  -1 - h l  = tan-' 2 - - lT + t a n  -1 (PDR 2 - 1) 1/2 
a f  e l  2 

- 6 = - IT - 2 t a n  -1 ( P D R  2 - l)1'2; lm = R ( a  - 8 )  
2 

-1 
t an  ( 5  P D R ~  - 1)'I2; s t  = ~ 6 .  

-1 es ~r 

2 rs 2 
_ - -  Tr tan - - 6 = - -  

The PDR a t  which the crossed  s t r i n g  i s  no longer  obs t ruc t ed  may be 

found by s e t t i n g  c1 - 6 = 0 t o  y i e l d  PDR = 6. The va lue  of F15 i s  

[ 2 ( s t  + es)  + 2 ( j m  + lm) + 6 mn] - 2 [ 2 ( b c  + cd + jm + m n ]  F15 = 
2 - 27rK I 
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ORNL D W  75-8471 

Figure 1 4 .  Derivat ion of F15 w i t h  P a r t i a l  Shadowing and Obs t ruc t ion  
of One Crossed S t r i n g .  



6 0  

s t  + es + lm + mn - jm - 2(bc + cd) 
2-rrR 

~ 1 5  = -- __- 

2 t a n  -1 (2  PDR 2 - 1)lI2 + (PDR2 - 1 l 1 l 2  - tan-l(PD,P 2 - 1 I 1 l 2  - tan-1(1/2)!, 

Pa r t i a l  shadowing with no obs t ruc t ion  of c rossed  s t r i n g s .  The upper 

l i m i t  f o r  t h i s  case occurs  when t h e r e  i s  no longer  any shadowing. The 

PDR a t  which t h i s  happens may be determined by s e t t i n g  e i t h e r  w or a equal  

t o  zero, which g ives  a va lue  of PDR of 6. Since t h i s  case d i f f e r s  from 

the  previous one o n l y  i n  t h a t  both c rossed  s t r i n g s  a r e  unobstructed,  one 

ob ta ins  (see Figure 15)  

s t  + e s  - bc - cd - jm - mn 
F1S = 

7TR r 

N o  shadowing. The equat ion  €or F15 wi th  no shadowing can be der ived  

by using t h e  equat ion f o r  F12 and s u b s t i t u t i n g  16 DDR for  PDR, where 6 

PDR r ep resen t s  t h e  e f f e c t i v e  pi tch- to-diameter  r a t i o  of rod 1 with  r e s p e c t  

t o  rod 5. Then 
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Figure  15. 
of Crossed S t r i n g s .  

Der iva t ion  of F15 wi th  P a r t i a l  Shadowing and N o  Obs t ruc t ion  
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Derivat ion of 111 Equations for F18 

Obstruct ion of one crossed s t r i n g .  Figure 16 shows r a d i a t i o n  i n t e r -  
---__1_1 

change between rods 1 and 8 when one of t h e  crossed s t r i n g s  i s  o b s t r u c t e d .  

The lengths  of t h e  l i n e  segments are 

ah = (af2 .t fh2) l i2  = 2 ~ 6 - P D R e R ;  ad = 6 P D R . R  

2 
= R ( 5  PDR2 - 1) 1/2 ac = R;  cd = (ad - ac ) 

1. '7 - -1 fr -1 €11 -1 -1 Tr 

af 2 
$ = t a n  -- - af t a n  - = t an  3 - t a n  2 = - - t a n  

hn = P D R - R ;  mn = (hn2 - hm 1 = R ( P D K  2 - 1.) 1 / 2  

eh = 6 P D R - R ;  e l  = (eh 2 - h12)1/2 = R ( 2  P D K  2 - 1) 1 / 2  

ct = - IT + t a n  -1 2 - t a n  - l r m  - - w - t m  -1 - cd = tan-' 3 - t an  -1 (PDR 2 - 1) 1/2. , 
2 h m  ac 

jm = Ra 

- t a n  -1 3 - -. 3TT + t a n  -1 ( 2  PDR 2 - 1) 1/ 2 -1 hl. IT t a n  - - - -  
el 4 4 

-1 fr I = t an  
af 

a - B = - -  3iT t a n  -1 (PDR 2 - 1 l1 i2  - t a n  -1 ( 2  P ~ R  2 - 11"~; Irn = R ( a  - 8 )  

ar = (a f2  + f r  

4 

= 2 ~ 1 0  P D R - R ;  er = fi P D R - R  



ORNL DWG 75-8473 

Figure 16. Derivat ion of F18 with  P a r t i a l  Shadowing and Obstruct ion 
of One Crossed S t r i n g  
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6 = - - t a n  li -1 es T -1 2 
t a n  (10 PDR - 1)'12; st = R 6 .  - 

2 rs 2 

- 
S e t t i n g  a - = 0 and s o l v i n g  for PDR g ives  45 as t h e  p i t ch - to -  

diameter r a t i o  a t  which t h e  c rossed  s t r i n g  i s  no longer  obs t ruc t ed .  The 

value  of F18 i s  

[ 2 ( s t  + es) f 2 ( J m  C 1.m $- e l )  + 4 m n l  - 2[2 (bc  f cd +- j m  + m n ) ]  F18 = 
2 * 2TrR I 

st f es + l m  f e l  - j m  - 2(bc  -t- cd)  F18 = 
2 'ir K I 

Par t ia l .  shadowing wi . tk i  no obstrruc=m of c rossed  s t r i n g s .  -- -i_l 

( ' 7 7 )  

S e t t i n g  

c1 equal t o  zero g ives  PDR as the upper l i m i t  f o r  t h i s  case.  Using 

results from t h e  previous  case  b u t  w i th  both crossed s t r i n g s  unobs t ruc ted ,  

one o b t a i n s  

s t  f e s  - bc - cd - j m  - mn .-- F15 =. 
TR I 
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No shadowing. The PDR of rod 1 r e l a t i v e  t o  rod 8 i s  fi, so t.hat 

Close Spacings 

V a l u e s  f o r  F12, F13, F l5 ,  and F18 a r e  given in Table 11 f o r  selected 

va lues  of PDR. T h e  q u a n t i t y  E m O K  = 1-4(F12 f F13)-8(F15 -t- F i 8 )  i n  

t h e  table  is  the  f r a c t i o n  of t he  r a d i a t i o n  leavinq  cylinder L +kit i s  

no t  i n t e r c e p t e d  by rods  2 ,  3 ,  5, and 8 In the ad jacen t  t h r e e  rows. E a r  

close spac ings ,  there is  obviously little error i n  assuming that all t'ilc' 

r a d i a t i o n  fallinq on o t h e r  rods 1s i n t e rcep ted  ins tead  by rods i r i  posi-  

t i o n  8. A s  noted p rev ious ly ,  t h i s  assumption g e r m i c s  a l l  the r a d x a r i u n  

leav ing  d sur€ace t o  be accounted for ,  while  producing onLy d s l i g h t  

r c d i s t r i b u t i o n  of t h e  r a d i a n t  eneryy  for rods of c l o s e  spac ings .  Thi.? 

r e d i s t r i b u t i o n  o f  energy in t roduces  a much smaller e r r o r  i n  thc tempera- 

t u r e  c a l c u l a t i o n s  than i s  i nd icd ted  by t h e  vaLue of ERROR b > c a u s e  of the 

one-fourth power va r i a t io r !  of temperature wi th  chdnges i n  the VI PW ~ ~ d i * -  

t o r s ,  as shown i n  Equations (34)  f o r  example. Tins pseudo view f a c t ~ r  

i s  def ined  €or rods  on a square pitch d:: F18* (also given i n  Table I1 

F18* = ( 8 0 )  
1-4(F12 + F13)-8F15 

8 
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TABLE I1 

V i e w  Factors for  P a r a l l e l  Cylinders 
on a Square Pitch 

____-- ______._. ~. . ...____ . _. .. .. .______ __.- ... 

P DR F12 F13 F15 F18 ERROR F18* 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1,30 

1.35 

1.40 

1.45 

1.50 

1.55 

1 .60  

1.65 

1.70 

1.7.5 

1. so 

1.85 

1.90 

1.95 

2.00 

0.18169 

0.16906 

0.15895 

0.15031 

0.14274 

0.13601 

0 I 12997 

0.12449 

0.11949 

0.11491 

0.11070 

0.10679 

0.10317 

0.09980 

0.03665 

0.03371 
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v. PREVIOUS WORK 

The l i t e r a t u r e  conta ins  formulas,  graphs,  and t a b u l a t i o n s  of confiqu- 

r a t i o n  f a c t o r s  f o r  a l a r g e  number of geometries which have rece ived  a t t e n -  

t i o n  s i n c e  t h e  in t roduc t ion  of t h e  view f a c t o r  concept i n  about 1928 

[ see  ( 2 8 )  f o r  h i s t o r i c a l  n o t e s ] .  Among the  more complete compilat ions 

of view f a c t o r s  are t h e  works of Hamilton and Morgan ( 1 2 1 ,  Leuenberger 

and Pearson ( Z O ) ,  and Siege1 and Howell ( 2 8 ) .  The l a s t  t a b u l a t e  r e fe rences  

t o  over  170  geometr ica l  conf igu ra t ions  €or which angle  f a c t c r s  have b e e n  

determined. 

The view f a c t o r s  between p a r a l l e l  cy l inde r s  i n  a r r a y s ,  however, 

appear t o  have rece ived  l i t t l e  a t t e n t i o n .  Except €or t h e  d e r i v a t i o n  of t h e  

conf igu ra t ion  f a c t o r  between t w o  i n f i n i t e l y  lonq p a r a l l e l  cy l inde r s  with 

an unobstructed view of each o t h e r ,  no o t h e r  a n a l y t i c a l  r e s u l t s  are a v a i l -  

& le .  The usefu lness  of t h e  c ros sed - s t r inq  method i n  de r iv ing  a n a l y t i c a l  

r e l a t i o n s  for  t h e  vi-ew f a c t o r s  between p a r a l l e l  cy l inde r s  i n  a r r a y s  does 

no t  seem to  have been recognized. lnve t iga t -ors  concerned wi th  h e a t  t r a n s -  

fer  i n  rod a r r a y s  have c a l c u l a t e d  the view f a c t o r s  t h a t  they  needed u s i n g  

i n t e g r a t i o n  of t h e  equat ion:  

where F i s  t h e  conf igu ra t ion  f a c t o r  between the d i f f e r e n t i a l  area 
dAi - A 

j 
c3A and t h e  f i n i t e  area A Euyation (81) i s  merely a s ta tement  of  t h e  
1 1 -  

f a c t  t h a t  t h e  view factor fo r  A .  wi th  r e s p e c t  t o  A .  i s  t h e  area-weighted 

average o f  t h e  view f a c t o r s  from the  d i f f e r e n t i a l  a r e a s  comprising A , .  

1 3 

1 

A s  shown by Jakob ( 1 7 ,  p .  19)  t he  view f a c t o r  between a d i f f e r e n t i a l  
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su r face  dA and a f i n i t e  su r face  A whose g e n e r a t r i x  i s  p a r a l l e l  t o  t he  

d i f f e r e n t i a l  su r f ace .  is 

i j '  

s i n  +'  - s i r 1 X  -- - ... ........ - 
2 

F 
dA , -"A 

1 1  

i f  t he  su r faces  a r e  i n f i n i t e l y  long (Figure 1 7 ) .  The symbols 4'' and 4 '  

r ep resen t  t he  angles  measured clockwise from the  normal to dA a t  which 

the  su r face  A .  i tappearst '  and subsequently "disappears"  from the  view of 

d A  I f  A .  i s  divided i n t o  ii equal-s ized incremental  a r e a s ,  t he  fini-Le 

d i f f e rence  approximation f o r  F hecomes 

i 

3 

i' 1 

i j  

Watson ( 3 7 )  determined F12 and F13 f o r  rods on a square p i t c h  using 

Equation ( 8 2 ) .  A comparison of h i s  t abu la t ed  r e s u l t s  covering a range 

o:E PCRs from 1.0 t o  6 - Q  with the  exac t  val.iies ca l cu la t ed  using the  r e l a -  

tions derived. i n  t h i s  d i s s e r t a t i o n  shows a maximum dev ia t ion  of 0 . 4 % .  

Kl-pper (19 )  has ca l cu la t ed  val.ues of F12 and F13 f o r  cy l inde r s  on a t r i-  

angular  pitch and values  of F12, F13, and F15 f o r  rods on a square p i t c h  

a.t PDRs  of 1.1, 1 . 2 ,  1 . 3 ,  1 . 4 ,  and 1 . 5 .  Rods spaced on a t r i a n g u l a r  p i t c h  

were divi-ded i n t o  tiwelve 30" segments, while rods on a square pi.tc;h were 

divided i n t o  e i g h t  45" segment-s. A s  a r e s u l t  of inaccurac ies  caused by 

this coarse di.vi.sioi? and by g raph ica l  eva lua t ion  of t he  angles  4' and 

$ '> ,  Klepper 's  angle  Eactors d i f f e r  as  ruth a s  5% from the  exac t  va lues .  

Singer (29) has developed a computer program t o  perform an evalua t ion  of 

Equation ( 8 2 )  for the  genera l  ca.se of r a d i a t i o n  between two cy l inde r s  with 
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Figure 17 .  Geometrical Relationship B e t w e e n  dAi and A . 
j 
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i n t e rven ing  upper and lower shadowing p i n s  which i s  the  conf igu ra t ion  

encountered for r a d i a t i o n  between rods i n  a r r a y s  (see Figure 16,  p .  63, 

f o r  example). Except f o r  two sample problems involv ing  computation of 

F12,  F13, and F15 €or cy l inde r s  on square p i t c h e s  of 1.0625 and 1.3341, 

Singer  does n o t  t a b u l a t e  any view f a c t o r s  f o r  p a r a l l e l  rod a r r a y s .  

Resul t s  o f  h i s  sample c d l c u l a t i o n s  usiizg 100 increments d i f f e r  no more 

than 0 .04% from t h e  exac t  va lues .  A g e n e r a l  computer program f o r  t h e  

de te rmina t ion  of view f a c t o r s  developed by Toups (35,  36) has been u t i -  

l i z e d  by Evans (5)  to c a l c u l a t e  view f a c t o r s  between rods i n  square 

a r r a y s .  

I t  i s  obviously much s impler  and more accu ra t e  t o  use t h e  t h e o r e t i c a l  

r e l a t i o n s  de r ived  i n  Sec t ions  111 arid IV than  t o  compute t h e  view f a c t o r s  

between p a r a l l e l  cy l inde r s  by eva lua t ion  o f  Equat:.i.on ( 8 2 ) ,  even i f  on2 

uses  t h e  programs a l r eady  developed by S inger  or  Toups. The crossed- 

s t r i n g  method could ,  o f  course ,  be used t o  de r ive  equat ions  for  t h e  view 

f a c t o r s  between c y l i n d e r s  f a r t h e r  apart  i n  t h e  a r r a y  as would be needed 

i n  t h e  case of cy l inde r s  on wide spac ings .  



CHAPTER 5 

CONSTRUCTION OF VIEW FACTOR MATRICES 

It is  clear from an examination of t h e  equat ions  f o r  r a d i a n t  exchange 

wi th in  an enc losure  (Chapters 2 and 3)  t h a t  it i s  e s s e n t i a l  t o  know the  

view f a c t o r s  F .  f o r  each s u r f a c e  wi th  r e s p e c t  t o  every o t h e r  su r face  

wi th in  t h e  enc losure  i n  o r d e r  t o  e f f e c t  a s o l u t i o n .  The previous  chap- 

t e r  w a s  d i r e c t e d  toward a determinat ion of t h e  i n d i v i d u a l  view f a c t o r s  

between rods i n  arrays f o r  t h e  two cases of cy l inde r s  on a square p i t c h  

and on a n  e q u i l a t e r a l  t r i a n g u l a r  p i t c h .  In  t h e  p r e s e n t  c h a p t e r ,  a t t e n -  

t i o n  w i l l  be  centered  on t h e  genera t ion  of t h e  e n t i r e  mat r ix  of configu- 

r a t i o n  f a c t o r s .  One of t he  major d i f f i c u l t i e s  i n  evolving an a lgor i thm 

t o  t r ea t  r a d i a n t  exchange i n  a square o r  hexagonal rod a r r a y  of any 

s i z e  i s  t h e  development of a method f o r  gene ra t ing  t h e  F mat r ix  f o r  an 

a r r a y  of a r b i t r a r y  s i z e .  Obviously, however, t h i s  i s  necessary i n  o rde r  

t o  produce a program of gene ra l  u t i l i t y  and t o  avoid t h e  n e c e s s i t y  € o r  

so lv ing  t h e  problem anew each t i m e  another  s i z e  a r ray  i s  encountered. 

I-j 

I .  HEXAGONAL ARRAYS 

Two p o s s i b i l i t i e s  are considered.  me f i r s t  i s  t h e  gene ra l  ca se ,  

which al lows f o r  an a r b i t r a r y  v a r i a t i o n  of t h e  su r face  h e a t  f l u x  from 

rod  t o  rod. The second i s  t h e  s p e c i a l  case i n  which the d i s t r i b u t i o n  of 

h e a t  f l u x e s  i s  symmetrical .  A p a r t i c u l a r  example would be t h a t  of equal  

h e a t  genera t ion  ra te  i n  each of t h e  cy l inde r s .  

71 



72 

Arbitrary-Hz:?L Flux D i 2 L . i  bu t ion  

The manner i n  which tiis rods a r e  numbered €o r  an a r b i t r a r y  h e a t  f l u x  

d i s t r i b u t i o n  i s  i l l u s t r a t e d  i n  Figure 18 f o r  a 217-rod a r r a y .  The num- 

b e r i n g  of t h e  c y l i n d e r s  f o r  l a r g e r  o r  smaller a r r a y s  conforms t o  t h e  

p a t t e r n  g i v e n  i n  Figure 18. I n  general., each rod will. be a t  a d i f f e r e n t  

t-emperature. The spacing between cy l inde r s  i s  assumed t o  be such t h a t  

r a d i a n t  exchange between rods  more -than f o u r  rows a p a r t  i s  n e g l i g i b l e .  

Then, knowledge of t h e  va lues  of Fl2, F13, F15, and F18 (def ined  i n  

Chapter 4)  w i l l  al low one t o  determine a l l  t h e  view f a c t o r s  between rods  

- - 
F29-53 

= F13, 
1.4 - 3 1 i n  t he  a r r a y .  Thus, f o r  example, E’ = F12, .I -7  

F15, and F = F18. Elements of the F ma t r ix  f o r  a 37-rod, o r  four- 1-8-86 

.row, a r r a y  a r e  shown i n  Figure 19.  Examination of t h e  elements of F 

mat r ices  f o r  rod a r r a y s  of var ious  numbers o f  c y l i n d e r s  (1, 7 ,  1 9 ,  37, 

61, 91, 1 2 7 ,  169, 2 1 7 ,  e t c . )  shows t h a t  a p a t t e r n  e x i s t s  f o r  t h e  l o c a t i o n  

and magni-tude of t h e  nonzero elements.  ( A  much laryex- a r r a y  than t h a t  of 

Figure 19 i s  r equ i r ed  t o  allow d e t e c t i o n  and d e f i n i t i o n  of t h i s  p a t t e r n . )  

The observed p a t t e r n  w a s  programmed i n t o  t h e  computer subrout ine  IIEX, 

which can c o n s t r u c t  t h e  P mat r ix  f o r  a hexagonal rod a r r a y  of a r b i t r a r y  

s i z e .  The subrout ine  c o n s i s t s  e s s e n t i a l l y  of a l a r g e  number of Do loops l  

each of which gene ra t e s  a p o r t i o n  of t h e  mat r ix .  For example, elements 

of t h e  mat r ix  i n  Figure 19 t h a t  have a le f t -hand  s u p e r s c r i p t  of 3 can be 

generated by the  FORTRAN s ta tements :  

NROWS = 3 

M ( 1 )  = 1 

Do 1 I = 2 ,  NROWS 

1 M ( T )  = M ( I  - 1) -t 6 * (I - 1) 
DO 3 K = 2 ,  NROWS 
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Figure 18. Numbering of Cyl inders  for a Hexagonal Array w i t h  
A r b i t r a r y  Tenperature D i s t r i b u t i o n  
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Figure 19.  Matrix of F i ,  Values €or  a 37-Rod Hexagofial Array with 
a Nonsymmetrical Temperature Di s t r ibu t ion .  

2 3 4 5 6 7 8 9 io 11 L2 ;3 14 1 5  16  17  18 19 ?o 21 22 2 j  24 25 25 27 28 29 30 31 32 33 34 35 36 37 

Fl2 Fl2 F U  F U  Fl2 F U  F l3  F i 3  Fi3 F13 ~ 1 3  ~ 1 3  F15 F15 115 F15 F15 F15 I715 F15 F15 F15 F15 F15 

3FU Fl3 F13 F U  F12 Fi2 Fi2 F13 F15 F15 F1S F15 F13 F13 F13 F15 F1S F18 FIB F18 FIB ~ i 5  ~ 1 5  

3B12 F l3  Fl3 F13 Fl2 Fl2 Fl2 F13 F15 Fl5 F15 F15 F15 F15 F13 F13 Fi5 F15 F l8  FIB .an F ~ R  

3F12 Fl3 F15 F15 ~ 1 3  FU FK FK ~ 1 3  F15 F15 F l 8  F18 F15 F15 F13 F13 F15 F15 F1B F18 

3F12 F13 F15 F15 F15 ~ 1 3  FU FU FU ~ 1 3  F15 F1B FIB FIB F15 F15 F13 Fl3 ~ 1 5  s i 5  F I B  

3F12 F15 F15 ~ 1 5  ~ 1 5  ~ i j  FU FIZ FU ~ i j  ~ 1 5  F18 F1B F l8  Y 1 8  315 ~ 1 5  F13 F13 F15 

Y 
10 

ll 

12  

13 
14 

1 5  

16 

17 

18 

l Y  
20 

21 

22 

23 

24 

25 

26 

3 1 2  F15 F18 718 F15 FI? FU FU FU ~ 1 3  ~ 1 5  F18 F18 ?15 

3F12 F13 F15 F18 F18 F15 F15 F l3  F U  F12 F l3  F15 F18 k 18 

3 y z  ~ 1 5  s i b  E18 E18 F15 F13 Fl2 F12 Fl2 F l j  F15 FIB 

3FU F13 ?15 F18 F18 F18 F15 F l3  F12 F i2  F13 F15 F l8  

3Fl2 F15 F18 F18 F15 F13 Fi2 F12 F l2  F13 F15 FIB 

3FU F13 F15 FIB F18 F15 F13 712 712 F l i  F15 FIR 
3?U F15 F18 ~ 1 5  ~ 1 3  FU FU FU ~ 1 3  ~ 1 5  F18 

3F12 F13 F15 F18 F18 715 F13 F12 112 Flj F15 

F15 Flj F12 F U  F U  Fl3 F15 

F13 F12 F U  Fl? 

F15 F13 F U  F12 

3 ~ 1 2  F15 F13 F15 F13 bU 

3F12 P13 F15 F18 F15 

j 3312 F18 F18 

3 F U  F15 718 FIB F15 

F l2  F13 F15 F18 FIB 

3F12 FIB I l a  
3F12 F15 F18 

3FU Fl3 F15 FIB 

only upper hllf of yltrin is 3312 F18 

s h m  since Fij  = Fji, which 3FU Fl5 

29 

30 

31 
32 

33 

34 
35 

36 

t he  f.et t h a t  Ai = AJ for 3F12 F15 

t h e  equ&l-di.meter m a .  3FlZ F13 F15 F18 

3F12 f18 

3812 F15 

3F12 F13 F15 F18 

3 ~ 1 2  

3F12 

3FU 
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I1 = M(K - 1) + 1 
I2 = M ( K )  - 1 

DO 3 I = 11, I2 

J = I + 1  

3 F ( 1 , J )  = F12 

Other elements of t h e  ma t r ix  are genera ted  i n  a s i m i l a r ,  al though u s u a l l y  

more complex, manner. 

Once t h e  m x m element ma t r ix  f o r  t h e  view f a c t o r s  between rods has 

been produced, t h e  complete n x n ma t r ix ,  which inc ludes  t h e  i n t e r a c t i o n s  

between t h e  rods and shroud, is  found by making use of t h e  r e l a t i o n s  (n 

denotes  shroud) : 

m 

Symmetrical H e a t  Flux D i s t r i b u t i o n  

If t h e  d i s t r i b u t i o n  o f  t h e  h e a t  f l u x e s  is symmetrical such t h a t  rods  

a t  corresponding p o s i t i o n s  i n  t h e  a r r a y  have equal  h e a t  f l u x e s ,  the temper- 

a t u r e  d i s t r i b u t i o n  i s  a l s o  symmetrical. The s u r f a c e s  may then  be numbered 

as shown i n  F igure  20, where rods wi th  t h e  same number are cons idered  as 

one su r face  of uniform temperature.  The numbering of t h e  c y l i n d e r s  f o r  

l a r g e r  a r r a y s  fo l lows  t h e  p a t t e r n  s e t  forth on Figure  2 0 .  

The motiva t ion  f o r  regard ing  t h e  cond i t ion  of a symmetrical h e a t  f l u x  

d i s t r i b u t i o n  as a special  case i s  t h e  l a r g e  r educ t ion  i n  the number of 
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F i g u r e  2 0 .  D e s i g n a t i o n  of C y l i n d e r s  €or a Hexagonal Array with 
Symmetrical Temperature Distribution. 
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equat ions  r e l a t i v e  t o  t h e  g e n e r a l  case of an a r b i t r a r y  d i s t r i b u t i o n  of 

h e a t  f l u x e s .  I n  t h e  case  of a 217-rod a r r a y  t h e r e  would be a reduct ion  

from 217 equa t ions  to  only  25 eyua t ions ,  one equat ion  for each s i . ~ E a c e  i n  

each i n s t a n c e .  The sav ings  i n  computing time is  p a r t i c u l a r l y  s igni . f i ix .n t .  

i n  t h e  s o l u t i o n s  of uns teady-s ta te  problems where t h e  i n t e g r a t i o n  of a 

l a r g e  number of d i f f e r e n t i a l  equat ions  i s  involved, Since heat yenera-  

t i o n  ra tes  i n  nuc lea r  f u e l  assemblies are u s u a l l y  n e a r l y  uniform acmsss 

an assembly, symmetry does indeed e x i s t .  

I f  t h e  r a d i a t i o n  in te rchange  between rods more than f o u r  rows apa.rt. 

i s  i n s i g n i f i c a n t ,  knowledye of F12,  F13, F15, and F18 i s  s u f f i c i m t  to 

c a l c u l a t e  a l l  t h e  view f a c t o r s .  For exa.mplel F = 2 E’12 -t 2 F13 since 

each of t h e  rods des igna ted  as 4 ,  which t o g e t h e r  compose s u r f a c e  4 ,  has 

t h e  same f r a c t i o n  ( 2  F12 + 2 F13) of t h e  r a d i a t i o n  l eav ing  it i n t e r c e p t e d  

by  rods i n  t h e  grouping t h a t  comprises s u r f a c e  5.  The F mat r ix  f o r  a 91- 

rod a r r a y  i s  shown i n  Figure 21 .  A s  be fo re ,  a computer subrout ine  

(HXSYM) w a s  w r i t t e n  t o  c o n s t r u c t  t h e  F mat r ix  €or an a r b i t r a r y - s i z e  a r r a y  

from an i n s p e c t i o n  o f  t h e  p a t t e r n  of nonzero elements i n  t h e  matrices for 

var ious-s ized  a r r a y s .  

4-5 

11. SQUARE ARRAYS 

A r b i t r a r y  H e a t  Flux D i s t r i b u t i o n  

For square a r r a y s  wi th  a nonsymmetrical temperature d i s t r ibu t i i on  I t he  

use of a double-index n o t a t i o n  as i l l u s t r a t e d  by Figure  2 2  g r e a t l y  s i m -  

p l i f i e s  w r i t i n g  an a lgor i thm t o  c o n s t r u c t  t h e  matrix of view fac to r s .  

ThusI one can w r i t e  for rod (i,]) t h a t  F = F12, 

F = F13, and so f o r t h .  Radiation exchange between rods 

( i , j ) - ( i - l ,  j )  

(i,j)-(i-l, j+ l )  



A 1  2 4 5 I; 7 k i 10 11 li 

1 6F12 6F13 12F15 Utl15 

2 2(Fl2+F13) Z(F12+Fl5) Fl2+2(F13+F15) 2[F13+Fl'IIF18) P(F15+Fl&) 2(Fl>+F18) 2F15 2Flfl 

3 2 ~ 1 3  Fl? a(  F LZ*FlHl 2Fi5 2 (F12+Fl5+Fl8)  2 (FU+F15*FlY) 2F1? 

41 2\F12*Flj+FL6) FL2+2Fl> P ( i'i>+ "151 ~18) 

F k  + F15 F12IFIStF18 F l ? + F l j  5 i  F12*F13A2Fl> P 2 + t , l O  

2F13 2 [ Fl2+ F l i  ) ~ m 2 ~ 1 8  

2 (F l2+Fl>  ) 
O n l y  upper h a l f  of  matrix 1s shorn slnce 

Fij  = 2 ' FJi. 
~ 1 : + 2 ~ 1 8  F12 

PPlC 

i . 1 c  

2(  t i i + F i a )  

2 F l i i i l 8  F1; 

2il' 

2Fl: 2F15 

F12+Fll  F 1 I i t  !'1 

2( FL2-PlB) ?12 

t l i  I I' 

Figure  2 1 .  Ma t r ix  of Fi Values for a 91-Rod Hexayonal Array w i t h  
a Symmetrical  Temperature D i s L i b u t i o n .  
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Figure 22.  Numbering of Cylinders  for a Square Array with A r b i t r a r y  
Temperature D i s t r i b u t i o n .  
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more than  t h r e e  rows a p a r t  i s  assumed t o  be n e g l i g i b l e  (see Tab1.e 11, p .  

66, f o r  the  range of PDRs f o r  which t h i s  assumpt:.i.c:m is v a l i d ) .  A f t e r  t h e  

P' matr ix  has  been geinerat;ed us ing  a double-index not.ati.on f o r  rod p o s i -  

t i o n  (quadruple indexes f o r  t h e  view f a c t o r s )  , a conversion i s  accom- 

p l i s h e d  t o  achieve a single- index n o t a t i o n  (shown o u t s i d e  t h e  c i r c l e s  i.11 

Figin-? 2 2 )  €or p o s i t i o n  and a dotlhle-index n o t a t i o n  €or t h e  view f a c t o r .  

For i n s t ance f  %' becomes F i n  the case of t h e  a r r a y  shown, 

This coriv-ecsion i s  c a r r i e d  o u t  t u  avoid the awkwardness t h a t  would a r i s e  

i n  us ing  double-index nota t ion  i n  t h e  i d e n t i  ES.cation of the t e r m s  i n  the 

energy balance equat ions .  For l a r g e r  o r  small.er a r r a y s  , til:? s ingle- index 

ind ica t io i i  of rod p o s i t i o n  i s  sirniI.ar to  t h a t  shown i n  Figi-irp. 22 with 

c y l i n d e r s  ni~,mbered seque t l t i a l ly  i n  column order. Construe t i o n  of t h e  F 

mat r ix  f o r  nonsymmetrical square a r r a y s  i s  performed by the computer 

a lgori thm SQUARE. 

( 7  , 4 ) -. ( 7 -  5 ) 37-47 

S y m i e t . g i ~ a l  Be  at...FS!,!x D i s t r i b u t i o n  

Il .3.ustrations of t h e  numberinq sequences for rods i n  a r r a y s  wi th  a 

symmetrical h e a t  f l u x  d i s t r i b u t i o n  are shown i n  F?gur'es 2 3  and 24. Dif- 

f e r e n t  r imbering sys-tems a r e  r e q u i r e d  f o r  a r r a y s  with an evein nimber of 

rows and those with am odd number of rows because of t h e  d i f f e r e n t  symmetry 

f o r  such a r r a y s .  Construct ion of t h e  F a r r a y  i s  accomplished by subrout ine  

S Q S Y M ,  which incorpora tes  t h e  p a t t e r n  observed from an examination of t h e  

m a t r i c e s  f o r  a number of a r r a y  sizes. Subroutine SQSYM is v a l i d  €or  b o t h  

even- and odd-rowed a r r a y s  wl-L;i.ch 11ao-e rod spaci-nys such that r a d i a t i o n  

betweein rods m o r e  than  t h r e e  Z-OWS a p a r t  i s  negli.g.i.ble. 



Figure 2 3 .  Designat ion of C y l i n d e r s  for a Square Array w i t h  
Symmetxical Temperature D i s t r . i . b u t i o r i  arid ixti E v e n  N i x n h e r  of &JWS 
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Figure 24. D e s i g n a t i o n  of Cylinders for  a Square Array w i t h  
Symmetrical Temperature Distribution and an Odd Number of Rows.  



CHAPTER 6 

THEORETICAL RESTJLTS 

1. STEADY STA'TE 

Equations (37) o f  Chapter 3: 

m 
n: ( F . .  - 6 .  .)Z. = -x i = 1, rn (37) j=1 1 3  1 3  3 1' 

which are t h e  dimensionless s t e a d y - s t a t e  equat ions  for  a rod a r r a y  with 

a constant shroud temperature  can ?>e w r i t t e n  i n  the form: 

where 

a n d  

c .  = -x.. 
1 1. 

Now B .  = -I for  i = 1, . . . m s i n c e  F = 0 as t h e  rods are convex and 

cannot see themselves. Further, 

ii ii 

3: t follows that  

8 3  
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which i s  a s u f f i c i e n t  condi t ion  f o r  convergence t o  a s o l u t i o n  of Equa- 

t i o n s  (83) us ing  Gauss-Seidel i t e r a t i o n .  A cornpI.ete d e s c r i p t i o n  of t he  

Gauss-Seidel method and. i t s  compintec implementation may be found i n  

reference:; ( 2 1 )  and ( 2 2 )  . 
The computer a lgori thm STEADY was w r i t t e n  t o  so lve  the  s t eady- s t a t e  

problem. The program proceeds by f i r s t  determining the  view f a c t o r s  E'12, 

F13, FIS, and t h e  pseudo view f a c t o r  F18* us ing  subrout ine  EQVIEW for- 

rods on an e q u i l a t e r a l  t r i a n g u l a r  p i t c h  o r  subrout ine  SQVIEW :for rods 

on a square p i t c h .  The coniplete a r r a y  of view f a c t o r s  F i s  then con- 

s t r u c t x d  using H E X ,  HXSYM, SQUARE, o r  SQSYM, depending on whether the  

a r r a y  con figiuration i s  hexagonal o r  square and whether t-he d i s t r i b u t i o n  

of rod Ilea-t f l uxes  i.s symmetrical o r  nonsymmetrical. The pseudo view 

fact-or F18" i s  ussd i n  cons t ruc t ing  the F a r r a y  r a t h e r  than  the  t r u e  view 

f a c t o r  Fl.8 i n  order to t ake  i n t o  account a l l  t h e  r a d i a t i o n  leaving  a rod 

as expLained i n  Chapter 4 .  F i n a l l y ,  subroutii le SIMEQ employs Gauss-  

Se ide l  i t e r a t i o n  t o  solve Equations ( 3 7 )  t o  obt:.a.i.n the dimensionless  

v a r i a b l e s  Z .  from which t h e  temperature values  T a r e  determined. An 

annotated l i s t i n g  of the computer program STEADY inc luding  a d e s c r i p t i o n  

of t he  necessary input. data  i s  gi.ven i n  Appendix D. 

7 j 

I t  i s  now of i n t e r e s t  t o  cons ider  the  case i n  which t h e  h e a t  f l u x  

i s  t h e  same f o r  all t he  rods (X I- 1 f o r  i. .:= 1, . . . , n-) and all .  su r f aces  
i 

have t he  s a m e  emis s iv i ty .  I n  such a case ,  Equations ( 3 7 )  become 

where 
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1 m A ” \  

An examination of Equations (84 )  shows t h a t  t he  va lues  of t h e  Z .  a r e  

func t ions  only of the  geometry. The use of t h e  dimensionless  v a r i a b l e s  

3 

Z .  then permi ts  a highly  compact p re sen ta t ion  of  t h e  v a r i a t i o n  of tem-per- 

a t u r e  with a r r ay  conf igura t ion ,  a r r a y  s i z e ,  PDR, h e a t  genera t ion  r a t e ,  

3 

and emiss iv i ty .  Figures  25 through 27 show the  dependence: of Z ( f r o m  

which t h e  center-rod temperature T can be found) on PDR f o r  var ious  

1 

1 

s i z e s  of hexagonal a r r ays  of cy l inde r s  on an e q u i l a t e r a l  t r i a n g u l a r  p i t c h .  

S imi l a r  r e s u l t s  are presented  i n  Figures  2 8  through 30 €or  square a r r a y s  

of rods on a square p i t c h .  The ranges of PDR va lues  considered i n  

Figures  25 through 30 correspond t o  those  f o r  which it i s  reasonable  t o  

assume t h a t  r a d i a n t  exchange between rods more than t h r e e  rows (square 

p i t c h ) ,  o r  four  rows ( t r i a n g u l a r  p i t c h ) ,  a p a r t  i s  n e g l i g i b l e .  

For spent  nuc lear  f u e l  assemblies  t h e  h e a t  f l u x  Q /A i s  dependent 1 1  

on the r ad ioac t ive  decay h e a t  r e l e a s e  r a t e  which i s  determined from a 

knowledge of t h e  f u e l  composition, condi t ions  and per iod  of i r r a d i a t i o n  

i n  t h e  r e a c t o r ,  and time e lapsed  s i n c e  removal from the  r e a c t o r .  ‘The 

temperature o f  t h e  shroud T can be ca l cu la t ed  from an independent energy 

balance which equates  t h e  hea t  generated wi th in  t h e  rod a r r ay  to tihat 

n 

d i s s i p a t e d  by t h e  shroud t o  t h e  surroundings.  Emiss iv i t i e s  o f  t h e  s u r -  

f aces  must e i t h e r  be measured experimental ly  o r  es t imated from l i t e r a t u r e  

va lues .  The number of rods i n  t h e  a r r a y ,  m, and t h e  r a t i o  of t h e  su r face  

a r e a  of a s i n g l e  rod t o  t h a t  of t he  shea th ,  A /A are, of course ,  geomet- 

r i c a l  parameters .  I f  t he  shroud is loca ted  a t  a d i s t ance  P - D (P = pitch 

Of the  rods)  from the  l a s t  row o f  rods ,  

1 n‘ 
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14 

18 

p/d 
+ E  

I I 1 1 I 1 I 1 7- 

I 1 I I I I I 1 I 
1 1 . 1  1.2 1.3 1.4 1.5 1.6 I7 1.8 1.9 2.6 

R 
Figure  2 5 .  C e n t e r - R o d  Temperatures for :€exagonal Arrays of 1, 7, 

19, and 3 7  Cylinders. 
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Figure 2 6 .  Center-Rod Temperatures €or Hexagonal Arrays of 61, 
1 2 7 ,  169, 217,  and 2 7 1  Cyl inders .  
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1.0 1 . 1  1.2 1.3 1.4 1.5 1.6 1.7 1.8 19 2.0 
PDR 

Figure  2 5 .  Center-Rod 'I 'e~tiperatures f o r  Hexagonal Arrays of 331, 
397,  469, 547 ,  and 631 Cylinders .  
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1 I I I I I I I I 1 
1.05 1.0 1.15 1.20 1.25 1.30 1.35 1.40 1.45 1.50 I.!% 1.68 

P6R 
Figure 29.  Center-Rod Temperatures f o r  Square Arrays of 36, 49, 64, 

81, 100, and 121 Cylinders .  
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1.00 1.05 1.10 1.15 1.X) 1.25 1.30 1.35 1.40 1.45 1.50 1.55 1.60 

PDR 
Figure  30. Center-Rod Temperatures for Square Arrays of 144, 169, 

196, 225, 256, 289, 324, and 361 Cyl inders .  
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f o r  hexagonal a r r a y s  and 

f o r  square  a r r a y s ,  where NKOWS i s  the number of rows of rods .  For 

unshrouded a r r ays  thn shroud may be considered t o  he loca ted  a t  i n f i n i t y  

so  t h a t  A / A  = 0 .  I n  

If i t  were d e s i r e d  t o  take i n t o  account t h e  v a r i a t i o n  of t h e  emissiv- 

i t i e s  wi th  teinperature, it would be necessary t o  modify STEADY t o  so lve  

Equations ( 3 7 )  i n  an  i t e r a t i v e  manner. The procedure would be to spec i fy  

t r i a l  va lues  f o r  t h e  e m i s s i v i t i e s  of each of t h e  s u r f a c e s ,  so lve  t h e  s e t  

of equat ions  f o r  the temperature va lues ,  and c a l c u l a t e  new emiss iv i ty  

va lues  based on these  tempera tures .  A new set  of temperatures could then 

be  obta ined  by r e s o l v i n g  Equations ( 3 7 )  and these  s t e p s  could be repea ted  

u n t i l  the temperatures converged. 

11. UNSTEADY STATE 

It was showi? i n  Chapter 3 t h a t  t h e  uns teady-s ta te  equat ions  f o r  a rod 

a r r a y  with a constant-temperature shroud could be couched i n  terms of  

dimensionless v a r i a b l e s  as 

where t h e  dimensionless 'cine 0 i s  de f ined  as 
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and t h e  parameter W i s  def ined  as 

So lu t ion  o f  Equations (38) f o r  t he  Y as a f u n c t i o n  o f  0 r e q u i r e s  t h e  

numerical i n t e q r a t i o n  of a se t  of f i r s t - o r d e r  d i f f e r e n t i a l  equa t ions ,  

which w a s  performed us ing  Hamming's modified p r e d i c t o r - c o r r e c t o r  method. 

This method i s  a s t a b l e  four th-order  procedure t h a t  r e q u i r e s  eva lua t ion  

of  t h e  right-hand s ide of t h e  d i f f e r e n t i a l  equat ions  t w i c e  du r ing  each 

s t e p .  A four th-order  procedure us ing  Runqe-Kutta-Gill i n t e g r a t i o n  which 

r e q u i r e s  f o u r  eva lua t ions  per s t e p ,  w a s  a l s o  t r i e d  b u t  w a s  found t o  be 

i 

much slower f o r  t h e  same accuracy. The i n t e g r a t i o n  r o u t i n e  used was 

supp l i ed  by I n t e r n a t i o n a l  Business Machines (IAM) i n  i t s  System/3SO 

S c i e n t i f i c  Subroutine Package (. An explanat ion of t h e  p r e d i c t o r - c o r r e c t o r  

method and a d e s c r i p t i o n  of t h i s  sub rou t ine  (DHPCG) a r c  given i n  a r e c e n t  

IBM p u b l i c a t i o n  (16), whi le  a more-detailed expos i t i on  of t h e  mathematics 

may be found i n  r e fe rences  (13) I ( 2 2 1 ,  and ( 2 5 ) .  

I n t e g r a t i o n  of Equations ( 3 8 )  f i r s t  r e q u i r e s  computation of t h e  gray- 

body view f a c t o r  ma t r ix  7 us ing  t h e  equat ions  der ived  i n  Chapter 2 :  

which may be w r i t t e n  more compactly as 
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n 
- - C B~~ T~~ k= 1 

ci j ,  i = 1, ..., n; j = 1, ..., n (85) 

where 

- 1 - E  

Bik - Fi j  ( Ek k, .- E k 

an3 

c = -F E .  
i j  i j  j 

Equations (85) r ep resen t  n2 r e l a t i o n s  i n  the  form of 11 s e t s  of n simul- 

taneous ].inear a l q e b r a i c  equat ions  which must be solved i n  o rde r  t o  de f ine  

the  n values  of 3. . Gaussian e l imina t ion  with pivotincj a s  incorporated 

i n  the  subrout ine  MATQ i s  employed t o  perform t h i s  t a s k .  MAW i s  basical.1.y 

2 

11 

an algori thm developed a t  t he  O a k  Ridge Na-t:i.onal Laboratory wi'ih f u r t h e r  

modi f ica t ions  suggested by Kee (18) t o  improve i t s  speed. Discussions of 

t h e  theory and programming of  Gaussian e1irn:i na t ion  a r e  a v a i l a b l e  i n  r e f e r -  

ences  ( 2 1 )  and ( 2 2 ) .  

'The computer program TRUNS 1.ises DHPCG, MA'1Q, and o t h e r  subrout ines  , 

as r equ i r ed ,  t o  so lve  Equations (38) f o r  t h e  Y a s  a func t ion  o€ 0. C a l -  

cu l a t ed  r e s u l t s  are presented  i n  Figure 31 f o r  il 217-rod a r r a y  w i t h  equa l  

i 

hea t  genera t ion  i n  each of the  rods and an i n i t i a l l y  f l a t  temperature pro- 

f i l e  (Ti  = Tn, i = 1, 

0 = 0 ) .  The paramete-r W r e f l e c t s  t he  inf luence  of t h e  i n i t i a l  temperaturn 

l e v e l .  For an a r r a y  of  t h e  s p e c i f i e d  geometry and emiss iv i ty ,  Figure 31. 

can be used t o  f i n d  t h e  var ia t i -on  of t h e  center-rod temperature T with 

time t f o r  any hea t  genera t ion  r a t e ,  rod p r o p e r t i e s ,  and i n i t i a l .  tempera- 

t u r e  level  i n  the  range of  t he  parameters.  The s o l u t i o n  of unsteady-st:ate 

..., m a t  t = 0 so t h a t  Y = 0 ,  i = 1, ..., m a . t  
i 

1 
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II 

>- 

Figure 31. Unsteady-State So lu t ion  €or Center-Rod Temperature. 

.6 
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prohlans f o r  1 arge rod a r r a y s  with nonsymnetrical  h e a t  genera t ion  ra tes  

qui.ck1.y becomes imprac t ica l  because o f  t h e  excess ive  computer memory and 

coinputer execut ion  t i m e  needed. Thus, t h e  r e s u l t s  of  Figure 31 requi red  

t h  e nurne r i c a 1 i n  t-e ijra t i on o f 2 5 s imu 1 t aneo 1.1s d i f f e r e n t  i a 1 equat  ions  , wln i 1 e 

21'7 equa t ions  would he necessary f o r  t h e  same a r r a y  i f  t he  d i s t r i b u t i o n  of 

h e a t  f l uxes  were nonsymmetrical. A l i s t i n g  of TRANS i s  given i n  Appendix 

D. 

As poin ted  o u t  p rev ious ly ,  i-t i s  l i k e l y  t h a t  the  phys ica l  s i t u a t i o n  

f o r  uns t eady- s t a ix  problems o-E i n t e r e s t  w i l l  be such t h a t  t h e  shroud 

temperature j.s no-t cons tan t .  Tn such a case, it would be a siriiple ma t t e r  

to  r e t u r n  t o  Equations (30) and t o  modify 'TRANS i n  o rde r  t o  dea l  wil:h t h e s e  

problems. 'I'he absence o f  a cons t an t  shroud temperature  prec ludes  foimula-- 

Lion of t . hn  equat ions i n  a u s e f u l  dimensior-d.ess form, b u t  it does n o t  

a f f e c t  t h e  a b i l i t y  t o  ob ta in  s o l u t i o n s  of  t hese  problems wi th  only  s l i g h t  

modi Eicat ion of t h e  algori thms presented .  

III  I PREVIOUS WORK 

Very few ana lyses  o f  r a d i a t i v e  h e a t  t r a n s f e r  i n  rod c l u s t e r s  a r e  p r e -  

sen ted  i n  t h e  l i - te ra ' iu re .  Piaczynski  and Stewart- ( 2 4 )  sl:udied h e a t  t - rans-  

f e r  i n  a hexagonal a r r a y  of 7 rods us ing  H o t t e l ' s  method, while  F i she r  and 

Cowin ( 6 )  i nves t iga t ed  a one-P-Fng c l u s t e r  of 6 rods ,  a two-ring cl .uster  

o f  18 rods ( r i n g s  of  6 aad 1 2  r o d s ) ,  and a th ree - r ing  cJ.ustt.?r of  36 rods 

( r i n g s  of  6 ,  1 2 ,  and 18 rods) us ing  t h e  n e t  r a d i a t i o n  method. Evans ( 4 )  

al-so chose t h e  n e t  r a d i a t i o n  method t o  analyze square a r r a y s  of 49 and 64 

rods, Each o f  t h e s e  ana lyses l  however, i s  r e s t r i c t e d  t o  w r i t i n g  o u t  and 

so lv ing  t h e  equat ions  f o r  t h e  problem under considerat i -on.  None of the 
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authors  p r e s e n t s  a scheme t h a t  i s  u s e f u l  for t r e a t i n g  a r b i t r a r y - s i z e d  

a r r a y s  i n  a genera l  manner. 

The most s o p h i s t i c a t e d  a n a l y s i s  .to d a t e  appears t o  be that presented 

by Watson ( 3 7 )  i n  h i 5  i n v e s t i g a t i o n  of r a d i a t i o n  exchange among rods a n  a 

square p i t c h  i n  a square array. The c a l c u l a t i o n a l  scheme evolved by 

Watson permits  s o l u t i o n  f o r  any a r r a y  which has equal heat qeneratisn i n  

each of t h e  rods.  H o t t e l ' s  method i s  used w i t h  Equation ( 2 4 )  written ;rr 

t h e  form: 

4 
n 

+ 3.. T Qi - 
A. 0 1 7  j 

j -1 1 

, i = 1, ..., l-i = -  4 
Ti n 

j 1: 1 

f o r  each of t h e  r a d i a t i n g  S U T ~ ~ C C S ,  and these equakians are solved b y  

t r i a l  and e r r o r .  T h e  79. values  requi red  i n  the analysis ~s t - ima ted  

from the empir ica l  equat ion ( a l l  su r f aces  assumed t o  have t he  sanw 

11 

emiss iv i ty )  : 

T h i s  r e l a t i o n  f o r  the 3. although exac t  for  E ::: I, yie1d.s results wii.iL:,h 

a r e  inc reas ing ly  i n  e r r o r  [measured by comparison w i t h  the exact: vahic7.; of 

3. , found using Equations ( 2 8 )  1 as the emiss iv i ty  of t h e  su~:Eai:e::. 

decreases .  

t h e  consequence t h a t  t h e  p red ic t ed  valiues of terriperatus-e are too low. 

i j '  

1 s  
The above equat ion overes t imates  the values  of the 7fij ~ i t h  

The usefu lness  of framing t h e  energy equat ions  i n  terms of dimen- 

s i o n l e s s  v a r i a b l e s  has  been overloaked by previous i n v e s t i g a t o r s .  
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Salmon ( 2 7 ) ,  howeverl employed a dimensional v a r i a b l e  which i s  equ iva len t  

t o  t h e  dimensionless v a r i a b l e  U a s  def ined  here  d iv ided  by the Stefan-  

Roltzmann cons tan t  u .  I l e  used Watson's computer algori thm (37)  t o  

genera te  values  of t h i s  v a r i a b l e  Lor va r ious  PDRs  and a r r a y  s i z e s  i n  a 

s tudy of hea t  t r a n s f e r  i n  square f u e l  elements.  



CHAPTER. I 

EXP EFXbENTAL 

I. EXPERIMENTAL APPARATUS 

Experimental temperature measurements were made f o r  two 217-tube 

hexagonal a r r a y s  of d i f f e r i n g  P D K s .  Table 1 x 1  lists the  Important 

geometr ica l  c h a r a c t e r i s t i c s  o f  t h e  two a r r a y s ,  while  Figure 3 2  i s  a 

photograph oE one of t h e  mock f u e l  elements p r ior  t o  f i n a l  assembly. 

Spacing between t h e  tubes w a s  accomplished by wrapping each -tube with 

spiral-wound w i r e .  One end o f  each tube w a s  welded t o  a tube s h e e t  as 

shown i n  Figure 33; t h e  other end w a s  plugged. The e n t i r e  assembly 

w a s  i n s t a l l e d  i n  a s e c t i o n  a€ schedule  40 s ta in less  steel p i p e  10 i n .  

i n  diameter  and 17 ft long wi th  the tube sheet forming one end uf t he  

closed p ipe .  The assernbly w a s  supported wi th in  the  p ipe  by three- 

legged cen te r ing  supports spaced to e l imina te  sagging. Figure 34 is  

a ph0tog:raph of t h e  t e s t  ves se l .  

Thermocouples and electrical heaters were i n s e r t e d  i n t o  the tubes a t  

the tube s h e e t  f ace .  E lec t r ica l  rod h e a t e r s  were p laced  i n  205 of' t h e  

tubes to  s imula te  h e a t  genera t ion  by r a d i o a c t i v e  decay. The spec i f i ca -  

t i o n s  of the h e a t e r s  are shown i n  F igure  35. The h e a t e r s  w e r e  arranged 

i n  14 parallel c i r c u i t s .  Thi r teen  of the c i r c u i t s  cons i s t ed  of t h r e e  

p a r a l l e l  groups of five h e a t e r s  i n  s e r i e s ,  while t he  remai.ning one con- 

t a i n e d  twc p a r a l l e l  groups of five h e a t e r s  i n  series. The c u r r e n t  t o  each 

c i r c u i t  was monitored, and t h e  c u r r e n t  through each h e a t e r  w a s  c a l c u l a t e d  

on t h e  assumption of equal d i s t r i b u t i o n  o f  c u r r e n t  between groups. The 

94 
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G e o m e  t r i ca 1 Charac ter  i s t i c s of Expe r j- men t a1 Arrays 

........ ......... ____ I..s__._._ ~ ._I__ ....... __ ......... . ~. 

C h a r a c t e r i s t i c  Apparatus 1. Apparatus 2 --- -- 

T u b e s  (304  L s t a i n l e s s  s t ee l )  

Number 
Outside diameter ,  i n .  
Wall. t h i c k n e s s ,  i n .  
P i t c h ,  i n .  
PDR 
T o t a l  l eng th ,  i n .  
Heated l e n g t h ,  i n .  

2 Sur face  area per foo t ,  i n .  
Metal. c ros s - sec t iona l  area,  

21.7 
0.25 
0.016 
0.341 
1.364 
138 
47.5 
9.425 

i n .  2 0.01176 

217 
0 .25  
0.035 
0.31 
1.240 
138  
47.5 
9.425 
0.02364 

W i r e  wrap (304 L s t a i n l e s s  s t e e l )  

D i a m e t e r ,  i n .  0.091 0.060 

S p i r a l  p i t c h ,  i n .  8 8 

Cross-sec t iona l  area, i n .  2 0.006504 0.002827 
Surface  area per f o o t  o f  tube, i n .  2 3.890 2.537 

Sheath (304 L s t a i n l e s s  s t ee l )  

I n s i d e  d i s t a n c e  across f l a t s ,  i n .  
Wall t h i ckness  , i.n. 
I n s i d e  s u r f a c e  area per f o o t ,  i.n.2 
Metal. c ros s - sec t iona l  area,  in.’ 

5.160 4.670 
0.125 0.125 
214.5 194.1 
2 . 2 8 8  2.076 
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PHOTO 93753A 

r ~ g u r e  3 L .  Bundle and Sheath P r i - -  to AE 
i n t o  Test V e s s e l .  

mbly ' L Insert: 
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PHOTO 93752A1 

SEAL WELD GRINDER 
AND TUBE SHEET PULlER 

ATTACHMENT 

- . --- 
SEAL WELD. 

SEAL RJNG 
WELD TO 
IO-IN. PIPE 

Figure 33.  Tube Sheet. 
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I T  TEST VESSEL 

HEATER 
TERMINAL 

aox 

PHOTO NO. 76911 AI  

Figure 34. T e s t  V e s s e l .  
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MOISTURE PROOF SEAL 
FOR 3 O P F  

20 GAUGE NICKEL WIRE 

0.n 
MAGNESIUM ONDE NICHRQME-V 

STEEL SHEATH 

- 4 '  __I--- 

FI yure 35. 5pccif Lcations of E l e c t r i  c a l  Hnaters .  
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power d i s s i p a t e d  i n  t h e  Nichrome por t ion  of each h e a t e r  w a s  t h e  product  

of t he  square of the  c u r r e n t  through the  hea te r  and t h e  e l e c t r i c a l  r e s i s -  

tance of the  length  of Nichronie. The r e s i s t i v i t y  of  Nichrome V i s  essen- 

t i a l l y  cons tan t  a t  113.5 x 10 ohm-meter over a temperature range of 800 

t o  1400°F. 

-8 

One-eighth-inch-diameter Chromel-Alumel thermocouples were i n s e r t e d  

i n  t h e  remaining 1 2  t ubes .  These thermocouples could be moved up and 

down the  length  of t he  tubes t o  measure the  a x i a l  temperature p r o f i l e .  

I n  a d d i t i o n ,  four  f ixed  thermocouples were loca ted  on the  o u t s i d e  of the  

hexagonal shea th  a t  t he  a x i a l  p o s i t i o n  corresponding t o  the  c e n t e r l i n e  

of the  heated zone. The s p e c i f i c a t i o n s  s t i p u l a t e d  when thermocouples 

w e r e  purchased allowed a maximum e r r o r  of 2 4OF a t  temperatures up t o  

525'F. A t  h igher  temperatures ,  t he  maximum permiss ib le  e r r o r  was 0.75% 

of the  temperature.  The usua l  var iance  of the  thermocouples frorn t r u e  

values  was found t o  be f a r  l e s s  than t h a t  allowed by t h e  s p e c i f i c a t i o n s .  

Pos i t i ons  of t he  tube thermocouples as w e l l  a s  those  on t h e  shea th  a r e  

shown i n  Figure 36. 

11. TEST CONDITIONS AND EXPERIMENTAL DATA 

In  o rde r  t o  reduce t h e  con t r ibu t ions  of  energy t r a n s f e r  by gaseous 

n a t u r a l  convection and conduction to n e g l i y i b l e  va lues ,  t he  t e s t  v e s s e l  

w a s  evacuated and the  experiments were performed under vacuum. The tes t  

procedure cons i s t ed  of  a d j u s t i n g  t h e  power i n p u t  t o  a t t a i n  the  des i r ed  

c e n t e r  tube temperature ,  allowing t h e  temperatures t o  reach t h e i r  s teady-  

s t a t e  va lues ,  and recording t h e  thermocouple, vo l t age ,  and c u r r e n t  va lues .  

It  was necessary t o  r e p o s i t i o n  the  tube thermocouples s e v e r a l  t imes during 
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Figure 36. Cross Sec t ion  of Experimental Array Showing Positions 
of Thermocouples. 
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each r u n  i n  order  t o  measure t h e  axial. temperature p r o f i l e .  S u f f i c i e n t  

time w a s  allowed a f t e r  each r e l o c a t i o n  of t he  thermocouple c l u s t e r  t o  per-  

m i t  t h e  sensors  t o  reach s teady  s t a t e .  

Experimental d a t a  a r e  repor ted  for f i v e  runs ,  th ree  a t  a PDR of 

1.364 and two a t  a PDR of 1.240. A b r i e f  summary of the  d a t a  f o r  t hese  

r u n s  i s  given i n  Table I V .  The shroud temperature shown i s  t h e  average 

value recorded f o r  t h e  shea th  thermocouples. Var ia t ion  from the  t o p  t o  

the  bottom of the  shea th  was approximately 25' to 3 0 ° .  Detai led tempera- 

t u r e  da t a  obtained with the  tube thermocouples a r e  presented  i n  Figures  

37 through 41 .  Thermocouple l o c a t i o n s  a r e  given r e l a t i v e  t o  the  center -  

l i n e  of t he  heated zone, which was 92.5 i n .  from the  tube s h e e t  f ace .  

The more p o s i t i v e  a p o s i t i o n ,  t he  nearer  it i s  t o  t h e  tube s h e e t .  Although 

measurements were made from - 2 . 5  f t  t o  +7.0 f t  from the  bundle midpoint a t  

6-in.  i n t e r v a l s ,  t he  d a t a  presented  show only the  temperature va lues  from 

- 2 . 5  f t  t o  +2 .5  f t ,  represent ing  d a t a  taken from 6 i n .  beyond one end o f  

t he  4 - f t  heated zone t o  6 i n .  beyond the  o the r  end s i n c e  t h e  c e n t e r l i n e  

of t h e  h e a t e r s  i s  the  zero p o s i t i o n .  Skewing of t he  temperature p r o f i l e s  

i s  a t t r i b u t a b l e  t o  h e a t  d i s s i p a t i o n  i n  the  n i cke l  h e a t e r  l eads  ( p o s i t i v e  

s i d e  of t he  heated zone) .  

It  can be seen from the  f i g u r e s  t h a t  t h e  temperature p r o f i l e s  a r e  

near ly  f l a t  a t  t he  c e n t e r  of t he  heated zone. The heated length  i s  long 

enough t h a t  h e a t  conduction i n  t he  a x i a l  d i r e c t i o n  has l i t t l e  e f f e c t  on 

the temperature a t  t h e  c e n t e r l i n e  of the  h e a t e r s .  An es t ima te  of a x i a l  

h e a t  conduction from t h e  c e n t r a l  1 f t  of t h e  heated zone was made using 

F o u r i e r ' s  l a w  i n  t h e  form: 



TABLE IV 

Summary of T h e r m a l  D a t a  f o r  Experimental  Runs 

I 

Core Shroud Center Tube 
Run Pressure  Power H e a t  Flux Temperature Temperature 

P 
0 
03 

N o .  PDR (microns H g )  (Btu/hr 1 rBtu/ ( h - f t 2 )  J (OF: (OF) 

1 1.364 20 1565 2 9 . 5  441 799 

2 1.364 33 2960 55.7 556  1002 

3 1.364 50 1620 30.5 469 804 

4 1.240 6 1650 31.1 503 805 

5 1.240 1 0  2820 5 3 . 0  616 998 
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8 I 1 I I I I I I I 

I 1 I 
I .o 1.5 2.0 

DISTANCE FROM MIDPOINT OF HEATED ZONE ( f t  I 

Figure 3 7 .  Experimental D a t a  for Run 1. 
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I I I I I I I 

520 
-2.0 - 1.5 -1.0 - 0.5 0.0 0.5 1.0 1.5 2 (  

DISTANCE FROM CENTERLINE OF HEATED ZONE ( f t )  

Figure 38. Experimental D a t a  f o r  Run 2. 
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420 7* 
155 
17.0 
I85 
196 
209 

I I 1 1 
I .0 I .5 2.0 

4 m m  ’ 
-2.0 -1.5 -1.0 -0.5 0.0 0.5 

DISl;c\NCE FROM CENTERLNE OF HEATED ZONE ( f t )  

Figure 40. Experimental  Data f o r  Run 4. 
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DISTANCE FROM CENTERLINE OF HEATED ZONE ( f t )  

Figure 41. Experimental  Data f o r  Run 5 .  



where S i s  the  combined c ross - sec t iona l  a r e a s  of inetal for the  tubes ,  

spiral wire wrap, and t h e  shea th ;  k i s  t h e  therma.3. conduct iv i ty  of 304 L 

st.ai.nless steel; (dT/dx) ( +  i s  t h e  temperature d e r i v a t i v e  a t  i-0.5 f t ,  and 

(dT/dx) 1 - i s  t h e  temperature d r i v a t i v e  a t  -0.5 ft. 

losses from t h e  c e n t r a l  1 f t  of t he  heaters  were found t o  be approxi- 

iitately 6 t o  7% of t h e  h e a t  generated in t h i s  s e c t i o n  €or the  800°F r u n s  

and 3 t o  4 %  for t h e  lOOOOF runs.  The assumption w a s  then made t h a t  the 

-temperatures measured at: the c e n t e r l i n e  of the  heaters approximated thnsc 

that. would he measured i f  t h e  heated length  w a s  i n f i n i t e l y  long .  A corn- 

par i son  of t-hc experimental  va lues  wi th  t h e o r e t i c a l  c a l c u l a t i o n s  w i l l  be 

Axial  conduction 

mads: i n  t h e  next  chapter .  



CHAPTER 8 

COMPARISON OF EXPERIPENTAL RESULT'S AND 
THEOFLZTICAL CALCUJJATZONS 

A problem a r i s e s  i-mmediatel.y i.n t he  comparison o f  t h e  experimental  

results presented i n  Chapter 7 with  t h e o r e t i c a l  predict i .ons u!;ing the 

comp-utier program discussed  i n  Chapter 6. Becaiise the experimental ass im-  

b ly  w a s  const.ruct.et3 t o  s imula te  a Liquid Metal F a s t  Breeder Reactor (LMFBR) 

fuel. rod ttssembly, spiral w i r e  wrap was used t o  sepa ra t e  the  tubes:. 

Clear ly  I t he  view f a c t o r s  between wire-wound tubes d i f f e r  from those 

between p a r a l l e l  cy l inde r s  as der ived  i.n Chapter 4. BJO approaches were 

+raker1 t;o c::;t.imate the e f f e c t s  of the wire wrap 1) 

 lie f i r s t  approacki was t o  ignore  -the p~ese11ce of the w.i . re  w r a p  c::,rn- 

p l e t e l y ,  reasoning t h a t  t he  b lo ik t iye  of rad ia t ic jn  between tubes BI: a 

r e su . l t .  of the wire wrap was offset by the increased area. a v a i l a b l e  f o r  

radi .a t ive t r a n s f e r ,  'Yhe computer  program STEADY was employed t o  5iirnulat.td 

the experimental  a r r a y  with zero heat genera t ion  i n  the  i:u.bes c o n t a i n i n 9  

thermvcouples and. e q u a l  heat gerteration i n  the r e m i n i n g  t u b e s  coritairlirlg 

h e a t e r s .  The  tube surface hea t  f l uxes  Q/A were determined by di.viding 

i:.he t o t a l  power input :  txi t he  4-f'c heated s e c t i o n  by t h e  su r face  area <)E 

.the 205 heated tubes, ignoring the su r face  area c f  t he  wire wrap, Like-- 

wise, in the r a t i o  A /;4 A w3.s taken a s  the surface area of a t u b e  a l o n e .  

The q u a n t i t y  A- 

V i e w  factors were those tlerj.ved in C'hapter 4. Fi.gures 42 through 46 show 

a comparison of t h e  experimental  r e s u l t s  with Lheore t ica l  p red ic t ions  

f o r  s eve ra l  assumed values  of emissivity, Before d i scuss ing  t.hese 

r e s u l t s ,  the a l t e r n a t e  t reatment  of t21e w i r e  wrap will be considered.  

1 n r  1 

(A2l8) ,  of course, was the su r face  area o.f the shroud. n 

115 
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54d- I 1 I I I I 1 I I I 
1 31 57 71 I26 9? 147 155 196 170 185 209 

Figure 42.  Comparison of Experimental Temperature P r o f i l e  w i t h  
Theoret ical  Ca lcu la t ions - -Run  1. 
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TUBE POSITION 
Figure 4 3 .  C o m p a r i s o n  of E x p e r i m e n t a l  T e m p e r a t u r e  P r o f i l e  w i t h  

Theoretical C a l c u l a t i o n s - - R u n  2.  



Figure 44. Comparison of Experimental Temperature P r o f i l e  w i t h  
Theore t ica l  Calculations--Run 3.  
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56 0 9 
TUBE POSlTIO 

Figure 45.  Comparison of Experimental Temperature Profi1.e with 
Theore t i ca l  Calculations--Run 4. 
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Figure 46. Comparison of Experimental Temperature P r o f i l e  wi th  

Theore t i ca l  Calculations--Run 5 .  
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The second approach t o  handl ing t h e  w i r e  wrap was t o  treat  a tube 

and i t s  a s soc ia t ed  w i r e  wrap spacer  as one su r face  of  uniform tempera- 

t u r e .  The view f a c t o r s  between tube-wire wrap su r faces  w e r e  es t imated  as 

shown i n  Appendix B,  where FIPlO, F l r 2 * ,  F1’3’, F1#5’, and F1’8’ are t h e  

view f a c t o r s  between tube-wire wrap su r faces  as opposed t o  t h e  prev ious ly  

def ined  view f a c t o r s  between ba re  tubes, F12,  F13, F15, and F18. Since 

a tube-wire w r a p  su r f ace  can see  i t s e l f ,  F1.1’ i s  not  zero as i s  F11. 

The subrout ine  HEX was used t o  cons t ruc t  t h e  view f a c t o r  a r r a y  with a 

s i n g l e  a d d i t i o n a l  s ta tement  i n s e r t e d  t o  genera te  t h e  Fl’ l*  va lues .  Sur- 

f ace  h e a t  f luxes  and t h e  r a t i o  A /A were computed based on the  combined 
1 n  

su r face  areas of a tube and i t s  wire  wrap. The r e s u l t s  of t h i s  more 

r igorous  approach, however, w e r e  temperature  va lues  almost i d e n t i c a l  

(maximum d i f f e r e n c e  of 3OF) t o  those  f o r  t he  f i r s t  approach. 

Various emis s iv i ty  va lues  w e r e  used, a s  shown i n  Figures  42 through 

46, i n  an  at tempt  t o  f i t  the  experimental  r e s u l t s .  The e m i s s i v i t i e s  t h a t  

gave t h e  b e s t  f i t s  t o  t h e  d a t a  a r e  lower than those  usua l ly  repor ted  i n  

t he  l i t e r a t u r e  f o r  304 s t a i n l e s s  s t e e l  of comparable su r face  cond i t ions ,  

although t h e  repor ted  va lues  show a l a r g e  amount of s c a t t e r .  L i t e r a t u r e  

d a t a  (11, 15, 26,  34,  3 7 ,  39) i n d i c a t e  t h a t  t h e  e m i s s i v i t i e s  of  s t a i n l e s s  

s t e e l  su r f aces  a r e  a s t r o n g  func t ion  of s u r f a c e  cond i t ion ,  p a r t i c u l a r l y  

i t s  degree of ox ida t ion .  Rol l ing and Funai (26)  appear t o  have c a r r i e d  

o u t  t h e  most ex tens ive  emis s iv i ty  measurements t o  d a t e  f o r  304 s t a i n l e s s  

s teel .  Their  d a t a  showing t h e  in f luence  of oxide f i l m  th ickness  a r e  given 

i n  Figure 47. As can be seen from Equation (37a ) ,  t h e  c a l c u l a t e d  tempera- 

t u r e  of a tube which has  no h e a t  genera t ion  ( X  = 0)  i s  a func t ion  only 

of t h e  emis s iv i ty  of t h e  shroud, no t  of t h e  emis s iv i ty  of  t h e  tube i t s e l f  

j 
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F igure  47.  Emissivi ty  of 304 S t a i n l e s s  S t e e l  as a Function of 
Oxidat ion [ D a t a  of Rol l ing  and Funai ( 2 6 )  3 .  
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o r  t h e  e m i s s i v i t i e s  of o t h e r  tubes .  Since a d u l l  gray oxide f i lm  was 

observed on t h e  shroud (during f a b r i c a t i o n )  and experimental  shroud t e m -  

pe ra tu re s  were 450 t o  650°F, t he  shea th  emis s iv i ty  was es t imated  from 

Figure 47 t o  be approximately 0.55. A s i m i l a r  value has a l s o  been mea- 

sured experimental ly  by Watson ( 3 7 ) .  

I t  i s  c l e a r  from Figures  4 2  through 46 t h a t  t h e  experimental ly  mea- 

sured temperature g rad ien t  across  an a r r a y  i s  much g r e a t e r  than p red ic t ed  

by theory.  AS a consequence, t he  p red ic t ed  temperature p r o f i l e  is much 

f l a t t e r  than t h e  measured p r o f i l e  and t h e  t h e o r e t i c a l  and experimental  

temperature p r o f i l e s  do no t  match f o r  any shea th  emis s iv i ty .  Evans (2,4) 

encountered s i m i l a r  d i f f i c u l t i e s  i n  h i s  a n a l y s i s  of experimental  da t a  

€or  a square a r r ay  of 64 rods on a square p i t c h .  Using t h e  n e t  r a d i a t i o n  

method, he a lso found t h e  p red ic t ed  temperature p r o f i l e  t o  be f l a t t e r  than 

t h e  experimental  p r o f i l e .  Fu r the r ,  a n  emis s iv i ty  of 0.05 t o  0.10 w a s  

requi red  i n  h i s  c a l c u l a t i o n s  t o  achieve any measure of agreement with 

t h e  experimental  d a t a ,  whereas the  a c t u a l  emis s iv i ty  of t h e  Zirzaloy s u r -  

f aces  was es t imated  a s  0.22. 

This poor agreement between t h e o r e t i c a l  and experimental  r s s u l t s  

i n d i c a t e s  t h a t  one o r  more of t h e  assumptions underlying t h e  t h e o r e t i c a l  

model i s  not  c o r r e c t l y  desc r ib ing  t h e  experiments.  To t h e  e x t e n t  t h a t  it 

i s  f e a s i b l e ,  each of t h e  f i v e  b a s i c  p o s t u l a t e s  upon which the  theory  i s  

based w i l l  be examined t o  eva lua te  i t s  v a l i d i t y  f o r  t h e  experimental. tube 

a r r a y .  

The f i r s t  p o s t u l a t e  ( see  Chapter 2 )  is  t h a t  each su r face  i s  i s o t h e r -  

m a l .  Temperature v a r i a t i o n s  around t h e  circumference of each tube and 

around t h e  per iphery  of t h e  shroud were assumed t o  be e f f e c t i v e l y  damped 
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o u t  by thermal  conduction. If  a s i g n i f i c a n t  temperature v a r i a t i o n  e x i s t e d  

from one s ide  of a tube t o  t h e  o t h e r  as a consequence of t h e  n e t  r a d i a l  

h e a t  f l u x  t h a t  e x i s t s  i n  the  a r r a y ,  a s t e e p e r  temperature  g r a d i e n t  than 

ca l cu la t ed  would occur  ac ross  t h e  a r r a y .  However, t h e  empir ica l  a n a l y s i s  

given i n  Appendix A shows t h a t ,  even under t h e  most conserva t ive  assump- 

t i o n s ,  t h e  temperature drops ac ross  t h e  tubes are not  l a r g e  enough t o  

account for  t h e  d i f f e r e n c e s  between t h e o r e t i c a l  and observed temperature 

p r o f i l e s .  

The second assumption i s  t h a t  t h e  e m i s s i v i t i e s  of  t h e  su r faces  are 

independent of wavelength. For t h e  experimental  runs ,  the  temperature 

range of t he  tubes  w a s  560 t o  1000°F (1020 to 1460"R). For t h i s  tempera- 

t u r e  range,  80% of t h e  emi t ted  energy has  a wavelength of 2 t o  1 4  microns 

The d a t a  of Rol l ing and Funai (26 ,  pp. 92-34)  show t h a t  t h e  emis s iv i ty  

of  304 s t a i n l e s s  s t e e l  i s  r e l a t i v e l y  cons tan t  over  t h i s  wavelength range. 

The t h i r d  p o s t u l a t e  i s  d i f f u s e  r e f l e c t i o n .  For r e a l  s u r f a c e s ,  t h e  

concept o f  a d i f f u s e l y  r e f l e c t i n g  s u r f a c e  appears t o  be more of  an 

a b s t r a c t i o n  than  a r e a l i t y .  Data given i n  t h e  l i t e r a t u r e  (1, 3 ,  23, 33) 

i n d i c a t e  t h a t  t h e  d i r e c t i o n a l  d i s t r i b u t i o n  of r e f l e c t e d  r a d i a t i o n  i s  o f t e n  

h ighly  dependent on the  i n c i d e n t  ang le  and wavelength of t h e  i n c i d e n t  

r a d i a t i o n ,  t h e  roughness of t h e  su r face ,  and t h e  s u r f a c e  composition. The 

absence of any l i t e r a t u r e  d a t a  f o r  304 s t a i n l e s s  s teel ,  however, makes it 

d i f f i c u l t  t o  a s c e r t a i n  t h e  e x t e n t  t o  which t h i s  assumption i s  j u s t i f i a b l e .  

For most m a t e r i a l s ,  t h e  f o u r t h  assumption of  d i f f u s e  emission appears  

t o  be more r e a l i s t i c  than  t h e  assumption of d i f f u s e  r e f l e c t i o n .  D a t a  

r epo r t ed  by Ecker t  and Drake (3)  i n d i c a t e  t h a t  meta l l ic  s u r f a c e s  follow 

Lambertls cos ine  l a w  f a i r l y  w e l l  f o r  angles  up t o  about  50" from t h e  
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s u r f a c e  normal; f o r  l a r g e r  a n g l e s ,  t h e  emission i s  g r e a t e r  than  p red ic t ed  

by t h e  cos ine  l a w .  

The f i n a l  assumption i s  t h a t  t h e  t o t a l  r a d i a n t  f l u x  leaving  a su r -  

f ace  ( i .e . ,  t h e  r a d i o s i t y )  i s  uniform over  t h e  su r face .  This assumption 

i s  v a l i d  only  i f  t h e  i n c i d e n t  energy f l u x  does n o t  vary over  t h e  su r face .  

If c a l c u l a t i o n a l  methods based on uniform r a d i o s i t y  a r e  used when, i n  

f a c t ,  the i n c i d e n t  f l u x  i s  nonuniform, one has ,  i n  e f f e c t ,  made t h e  

p h y s i c a l l y  inaccurate assumption t h a t  each i n c i d e n t  r ay  i s  r e f l e c t e d  uni- 

formly from t h e  e n t i r e  s u r f a c e  r a t h e r  than  from t h e  p o i n t  of incidence.  

Thus, i f  t h e  i n c i d e n t  f l u x  w e r e  much g r e a t e r  on one s i d e  of  a t u b e  than  

t h e  o t h e r ,  t h e  r e f l e c t e d  f l u x  would be represented  as uniform over  t h e  

su r face  i n  t h e  c a l c u l a t i o n  whi le ,  i n  r e a l i t y ,  t h e  r e f l e c t e d  f l u x  would be 

g r e a t e r  along t h e  p o r t i o n s  of t h e  s u r f a c e  exper ienc ing  a h igher  i n c i d e n t  

f l u x .  For t h e  rod a r r a y s  under cons ide ra t ion ,  t h e r e  is  an inc rease  i n  

t h e  energy f l u x  moving r a d i a l l y  from the  c e n t e r  rod t o  t h e  shroud. Con- 

sequent ly ,  t h e  r a d i a n t  f l u x  impinging on a tube can be expected t o  vary 

t o  some degree around the  per iphery  of  a tube.  I f  t h i s  v a r i a t i o n  i s  

s i g n i f i c a n t ,  a tube can no longer  be considered a s i n g l e  su r face  b u t ,  

i n s t e a d ,  must be subdivided i n t o  smaller su r faces  which more nea r ly  

approximate areas of  uniform r a d i o s i t y  . 
F i s h e r  and Cowin (6) have r epor t ed  theo re t i ca ' l  c a l c u l a t i o n s  f o r  

r a d i a n t  h e a t  t ransfer  i n  one-, two-, and three- r ing  c l u s t e r s  o f  6 ,  18, 

and 36 rods enclosed by c i r c u l a r  s l eeves  i n  which success ive  computations 

w e r e  performed wi th  each rod considered as one s u r f a c e ,  two s u r f a c e s ,  and 

f o u r  s u r f a c e s  i n  o rde r  t o  i n v e s t i g a t e  t h e  e f f e c t s  of nonuniform r a d i o s i t y  

around t h e  circumference o f  a rod. Ci rcumferent ia l  temperature v a r i a t i o n s ,  

however, were assumed t o  be damped o u t  by thermal conduction i n  t h e  rod. 
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A comparison of t h e o r e t i c a l  c a l c u l a t i o n s  wi th  experimental  ternperature 

values  f o r  both pol i shed  and oxidized nickel-copper tubes showed t h a t ,  

al though even the  s ing le-sur face  r ep resen ta t ion  yave reasonable  r e s u l t s ,  

agreement: between theory and experiment improved with increas ing  subdivi-  

s i o n  of t he  rods.  Increas ing  the  subdiv is ion  r e s u l t e d  i n  l a r g e r  ca l cu la t ed  

teniperature decreases  from row t o  row, more c lose ly  approximating the  

experimental ly  observed g rad ien t .  These l a r g e r  temperature decreases  may 

be explained a s  follows. When the  inc iden t  f l u x  i s  nonuniform and a 

s ing le-sur face  r ep resen ta t ion  i s  used which l e v e l s  the  r e f l ec t& f l u x  over 

each tube , t he  ca l cu la t ed  temperature gradient: underest imates  t3ia a c t u a l  

temperature g r a d i e n t  across  the  a r r a y .  Subdivis ion of t h e  t-ubes r e s u l t s  

i n  a more r e a l i s t i c  r ep resen ta t ion  of d i s t r i b u t i o n  of r e f l e c t e d  energy and 

a ca l cu la t ed  temperature g rad ien t  c l o s e r  to t he  a c t u a l  y rad ien t  s i n c e  the  

smal le r  su r f aces  provide a b e t t e r  approximation of t he  a c t u a l  p o i n t  

r e f l e c t i o n  of an inc iden t  ray. 

Subdividing the  su r faces  of tubes ,  however, g r e a t l y  inc reases  the  

number of equat ions &&at m u s t  be solved.  In add i t ion ,  the view f a c t o r s  

mus t  be reeva lua ted ,  as they a r e  now based on exchange between po r t ions  

of tubes rat:her than between whole tulles. The r e s u l t i n g  complexity makes 

it imprac t i ca l  t o  seek a genera l  s o l u t i o n  f o r  1.arge a r r a y s  o f  rods .  

Since the  need f o r  the assumption of uniform r a d i o s i t y  i n  t he  s tandard 

calculat:j.on methods a r i s e s  from the use of view f a c t o r s  based on t h i s  

assumption, another  poss ib l e  approach i n  t he  formulation of t h e  energy 

balance equat ions is  t o  use interchange f a c t o r s  which do no t  assume u n i -  

form r a d i o s i t y .  Obviously, however, -these interchange f a c t o r s  would then 

become funct ions  not only of geome-try but also of t he  assumed d i s t r i b u -  

tion of ref lect .ed r a d i a t i o n .  
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Klepper (19) has c a l c u l a t e d  in te rchange  f a c t o r s  between whole rods 

which do not  assume uniform r a d i o s i t y  over  t h e  e n t i r e  su r face  of a tube.  

A n  i nd iv idua l  tube  is considered t o  have a uniform su r face  temperature 

(and hence uniform emissive power),  bu-t t he  r e f l e c t e d  f l u x  i s  assumed 

t o  be cons t an t  only over  each of s e v e r a l  a r e a s  i n t o  which the  tube i s  

subdivided.  Tubes i n  a r r a y s  on a square p i t c h  are d iv ided  i n t o  e i g h t  

equal-s ized a r e a s ,  while  cy l inde r s  i n  a r r a y s  on an e q u i l a t e r a l  t r i a n g u l a r  

p i t c h  a r e  d iv ided  i n t o  1 2  segments. Evaluation of t h e  interchange f a c t o r s  

proceeds by cons ider ing  t h e  temperature o f  a c e n t r a l  tube t o  be e l eva ted ,  

while  the remaining tubes  i n  a l a r y e  a r r a y  a r e  a t  abso lu t e  zero.  This 

assumption does not  a f f e c t  t h e  value of  t h e  c a l c u l a t e d  in te rchange  fac- 

t o r s  s i n c e  they are n o t  a func t ion  of temperature.  Therefore ,  t hese  

interchange f a c t o r s  a r e  app l i cab le  t o  any combination of rod temperatures .  

The size of t h e  a r r a y  s e l e c t e d  is s u f f i c i e n t l y  Large t h a t  t he  ca l cu la t ed  

in te rchange  f a c t o r s  approximate those  which would e x i s t  i n  an i n f i n i t e  

a r r a y .  The pa th  of a u n i t  e m i s s i o n  of r a d i a n t  energy from the c e n t r a l  

rod i s  followed a s  i t  i s  p a r t i a l l y  absorbed and p a r t i a l l y  r e f l e c t e d  by 

segments of var ious  cy l inde r s  i n  t h e  a r r a y .  The c a l c u l a t i o n  i s  terminated 

when the  i n i t i a l  u n i t  of r e l eased  energy i s  96 t o  98% absorbed. (Corn- 

p l e t e  absorp t ion  would r equ i r e  fol lowing an i n f i n i t e  number of success ive ly  

weaker r e f l e c t i o n s . )  The f r a c t i o n s  of t h e  u n i t  of energy absorbed by the  

segments of a given rod a r e  summed t o  g ive  t h e  f r a c t i o n  absorbed by the  

whole rod. 

The interchange f a c t o r s  determined by Klepper r e p r e s e n t  t he  f r a c t i o n  

of energy emitted by one rod t h a t  i s  absorbed by another  rod as a conse- 

quence of d i r e c t  exchange and mul t ip l e  r e f l e c t i o n s .  This ,  however, is 
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simply the  d e f i n i t i o n  of Gebhart’s  absorpt ion f a c t o r  G (o r  3, , / E ~ ) ,  
i j  1 3  

and the  interchange f a c t o r s  ca l cu la t ed  by Klepper could a l t e r n a t e l y  be 

computed using Equations (15). T f  one cons iders  an a r r a y  of n rods ,  

each subdivided i n t o  N a r eas ,  t he  summation i.n Equations (15) would be 

over n X N + 1 sur faces .  (The a d d i t i o n a l  su r f ace  i s  t h e  shroud enclosing 

the  rods . )  The view f a c t o r s  requi red  i n  t h e  computation a r e  those  between 

segments of rods.  

r e s u l t i n g  from a s o l u t i o n  of Equations (15)  could be used t o  f i n d  the  

absorpt ion f a c t o r s  between e n t i r e  rods i n  t he  fol lowing manner. 

and j‘ denote segments of rods i and j ,  r e spec t ive ly .  

of t h e  r a d i a t i o n  emit ted by a segment i’ t h a t  i s  absorbed by rod j i s  

The absorp t ion  f a c t o r s  between segments of rods 

Let i’ 

Then the  f r a c t i o n  

N 

where G i s  the  f r a c t i o n  of t h e  r a d i a t i o n  emit ted by segment i’ on rod 

i t h a t  i s  absorbed by a rea  j ’  on the  rod j .  The f r a c t i o n  of the  t o t a l  

r a d i a t i o n  emi t ted  by rod i t h a t  i s  absorbed by rod j i s  the  weighted 

average of t he  G , That i s ,  

i ’ j ’  

i j ’  

F o r  rods of uniform temperature and emiss iv i ty  which a r e  divided i n t o  

N equal-s ized a r e a s ,  t h e  r a d i a t i o n  emit ted by each segment of rod i i s  

the  same, so t h a t  
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L e t  Nmin des igna te  t h e  minimum number of a r e a s  i n t o  which each rod 

m u s t  be subdivided i n  order  t o  approximate uniform r a d i o s i t y  over each 

rod segment. For every N g r e a t e r  than N t he  values  ca l cu la t ed  f o r  

t h e  absorp t ion  f a c t o r s  between whole rods w i l l  be the  same. For va lues  

of N less than Nmin, however, t h e  G i j  w i l l  be a func t ion  of  N ,  approaching 

t h e  t r u e  va lues  a s  N approaches N Thus f a r ,  t he  work repor ted  i n  t h i s  min‘ 

paper  has been based on N = 1, the assumption of uniform r a d i o s i t y  over 

t h e  e n t i r e  su r face  of each rod. Values of G f o r  N = 1 c a n  be found by 

using Equations (15) and t h e  conf igura t ion  f a c t o r s  between whole rods 

min 

i j  

der ived  i n  Chapter 4. I f  a comparison of these  G is made with the  G 
i j  i j  

computed by Klepper, it i s  found t h a t  q u i t e  d i f f e r e n t  va lues  r e s u l t  from 

t h e  two sets of c a l c u l a t i o n s ,  and t h e r e  i s  a corresponding d i f f e r e n c e  i n  

the manner i n  which t h e  energy leaving  a rod i s  found t o  be d i s t r i b u t e d .  

Table V shows t h i s  comparison €or  rods on 

f o r  E = 0 .3 ,  0.6,  and 0.9 a t  P D R s  of 1 . 2 ,  

G . .  with N = 1 2  show a l a r g e r  f r a c t i o n  of 
11 

a n  e q u i l a t e r a l  t r i a n g u l a r  p i t c h  

1 . 3 ,  and 1 . 4 .  Resul t s  f o r  t he  

t h e  r a d i a t i o n  t o  be absorbed 

by t h e  r a d i a t i n g  rod i t s e l f  and by immediately ad jacen t  rods ,  while  t he re  

i s  a wider d i s p e r s a l  of energy f o r  N = 1. Thus, t h e  absorp t ion  f a c t o r s  

ca l cu la t ed  w i t h  N = 1 2  i n d i c a t e  t h a t  t he  a r r a y  i s  less permeable t o  thermal 

r a d i a t i o n  than do t h e  absorp t ion  f a c t o r s  c a l c u l a t e d  wi th  N = 1. The 

r e s u l t  i s  a g r e a t e r  temperature g r a d i e n t  (because of t h e  lower e f f e c t i v e  

thermal conduct iv i ty  of t he  a r r a y )  when t h e  G for N = 1 2  a r e  used i n  

p l ace  of the  G f o r  N = 1 i n  so lv ing  Equations ( 2 0 ) .  

i j  

i j  
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TABLE V 

Coinparison of Absorption Fac tors  for N = 1. and 
N = 1 2  for Rods on a Tr iangular  P i t c h  

G11. 
G 1 2  
G I  3 
G14 
G1.5 
G16 
G17 
GJ-8  
G19 

G 1 1  
G I  2 
G13 
G 1 4  
GI. 5 
G16 
G17 
G I  8 
G19 

G 1 1  
GI. 2 
G13 
G14 
GI. 5 
G16 
G I  7 
G 1 8  
G I  9 

0.04662 
O r  07296 
0.02894 
0.01808 
0.00841 
0.00526 
0.00310 
0.00255 
0.00157 

0.04075 
0.06650 
0.03025 
0.01768 
0.00911 
0.00582 
0.00365 
0.00303 
0.00192 

0.03618 
0.06100 
0.03079 
0. 01. 707 
0.00968 
0.00625 
0.00413 
0.00351 
0.00227 

Pitch-Lo-Diameter Ratio = 1 .2  

0.188 0.03807 0.137 
0.111 0.10629 0.12s 
0.0161 0.02914 0.0156 
0.00359 0 - 01207 0.000108 

0.00401 
0.00181 
0.00087 
0.00059 
0.00027 

Pitch-to-Diameter R a t i o  = 1 . 3  

0.156 0.03316 0.117 
0.102 0.09719 0.116 
0.0230 0.03414 0.0252 
0.006SO 0.01221 0.00244 
0.00126 0.00512 

0.00237 
0.00129 
0.00097 
0.00044 

Pitch-to-Diameter Ratio = 1 . 4  

0.138 0.02945 0.105 
0.096’7 0.08950 0.111 
0.0265 0.03729 0.0301 
0.00822 0.01206 0.00334 
0.00195 0.00626 
0.00128 0.00288 

0.00172 
0.00147 
0.. 00066 

0.01183 0.0407 
0,13388 
0.02539 0.0184 
0.00330 
0.00085 
0.00020 
0.00009 
0.00005 
0.00001 

0.140 

0.01024 0.0350 
0.12210 0.127 
0.03461 0.0310 
0.00342 
0.00178 
0.00037 
0.00020 
0.00029 
0.00004 

0.00907 0.0316 
0.11236 0.120 
0.04067 0.0373 
0.00343 
0.00306 
0.00054 
0.00033 
0.00071 
0.00008 
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Since previous c a l c u l a t i o n s  using N = 1 yie lded  temperature g r a d i e n t s  

rnuch smal le r  than  those found exper imenta l ly ,  t he  computations were 

repea ted  us ing  Klepper's interchange f a c t o r s .  For t h e  PDRs  encountered 

i n  t h e  experimental  a r r a y s  I Klepper' s r e s u l t s  show t h a t  t h e  r a d i a t i o n  

l eav ing  a rod i s  e s s e n t i a l l y  absorbed i n  t h P  f i r s t  two surroundinq LOWS 

of rods as i n d i c a t e d  i n  Table V. Because G 1 4  was very sma.11, it was 

assumed t o  be zero  i n  o rde r  t o  use t he  subrout ine  HEX without  modifi.ca- 

t i o n  for s e t t i n g  up t h e  matr ix  of in te rchange  f a c t o r s ,  The va lues  of i ; lS  

were inc reased  so t h a t  t h e  sim of t h e  absorp t ion  factors :remained u n i t y .  

'The assumption was made t h a t  values  of G given by Klepper, al though 

der ived  f o r  rods i n  i n f i n i t e  a r r a y s ,  can be used with reasonable  accuracy 

even f o r  rods near  the  shea th .  Af te r  cons t ruc t ion  of the G mat r ix  using 

HEX,  Equations (35 )  were solved s imula t ing  the experimental  cond i t ions .  

Comparisons of c a l c u l a t e d  r e s u l t s  wi th  dat.a f o r  t h e  experimental  runs w i t h  

t he  217-rod hexagonal assembly a r e  presented i n  Figures 48 through 5 2 .  

Clea r ly ,  t h e  c a l c u l a t e d  temperature p r o f i l e s  arc i n  much closer- agree-  

ment with t h e  experimental  d a t a  than the  t h e o r e t i c a l  r e s u l t s  presented  

previous ly  i n  F i y u r e s  42 through 46 (pp. 116-20). Fu r the r ,  the values  

of emis s iv i ty  t h a t  genera te  t h e o r e t i c a l  curves most c l o s e l y  approximating 

the  experimental  p r o f i l e s  are in t h e  range which would be expected €or  

t h e  experimental  s u r f a c e s ,  while  t he  t h e o r e t i c a l  emis s iv i ty  values  

requi red  t o  f i t  t h e  experimental  d a t a  i n  Figures  42 through 46 (pp. 116- 

i j  

20 )  were much lower than the  expected va lues .  

Based on these  r e s u l t s ,  i t  appears t h a t  t h e  assumption o f  uniform 

r a d i o s i t y  around the  e n t i r e  per iphery  of  a tube i s  not  met i n  p r a c t i c e ,  

a t  l e a s t  €or  t he  arrays employed i n  t he  experiments repor ted  here. !?UP 

t h e r  experimentat ion wi th  a r r a y s  of o t h e r  s i z e s  ( p a r t i c u l a r l y ,  s m a l l  
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Figure 48. Comparison of Experimental Data and Theore t i ca l  Calcu- 
l a t i o n s  CNonuniform Fadiosity)--Run 1. 
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a r r a y s )  i s  needed t o  more thoroughly check the  theory and e s t a b l i s h  t h a t  

t h i s  i s  indeed t h e  case. However, on the  b a s i s  of t he  r e s u l t s  reported 

he re ,  it i s  recommended t h a t  t h e  energy balance equat ions be solved 

using Gebhart ' s  o r  H o t t e l ' s  method and t h a t  t he  G a n d 3  mat r ices  be con- 

s t r u c t e d  using the  absorp t ion  f a c t o r s  given by Klepper. T h i s  procedure 

w i l l  r ep lace  the  assumption of uniform r a d i o s i t y  over the  e n t i r e  su r face  

of a cy l inde r  wi th  t h e  much less s t r i n g e n t  assumption t h a t  t he  r e f l e c t e d  

energy f l u x  i s  uniform over 30" segments f o r  rods on a t r i a n g u l a r  p i t c h  

and over  45' segments f o r  rods on a square p i t c h .  A s  an a i d  t o  computa- 

t i o n ,  t he  absorp t ion  f a c t o r s  determined by Klepper a r e  reproduced i n  

Appendix C. 



CHAPTER 9 

CONCLUSIONS AND RECOMMENDATIONS 

I. CONCLUSIONS 

The following conclus ions  w e r e  educed from t h i s  s tudy  of r a d i a t i v e  

h e a t  t r a n s f e r  i n  a r r a y s  of pa ra l l e l  c y l i n d e r s :  

1. 

2 .  

3 .  

E x p l i c i t  t h e o r e t i c a l  equat ions  can be der ived  €or t h e  view 

f a c t o r s  between rods i n  a r r a y s  of para l l e l  rods  on square  

and e q u i l a t e r a l  p i t c h e s  us ing  Hottel's c rossed - s t r ing  

met.hod . 
An a n a l y s i s  of t h e  s t eady- s t a t e  temperatures p r e v a i l i n g  i n  

hexagonal a r r a y s  of rods  on a t r i a n g u l a r  pi.tch and i n  

square a r r a y s  of rods on a square  p i t c h  can be made by  

us ing  t h e  theory  of r a d i a n t  exchange among d i f fuse-gray  

s u r f a c e s .  A computer a lgor i thm can be w r i t t e n  t o  so lve  

t h e  s e t s  o f  l i n e a r  equat ions  a r i s i n g  from t h e  t h e o r e t i c a l  

formulation i n  such a manner t h a t  a rod a r r a y  of any s i z e  

can be handled (wi th in  t h e  l i m i t a t i o n s  of computer memory). 

Development o f  t h e  a n a l y s i s  i n  terms of dimensionless 

v a r i a b l e s  allows p r e s e n t a t i o n  of c a l c u l a t i o n a l  r e s u l t s  i n  

a h igh ly  compact- form wi th  a minimum of v a r i a b l e s .  

Unsteady-state s o l u t i o n s  can be c a l c u l a t e d  for  these same 

rod a r r a y s  by numerical i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  

equa t ions  r e s u l t i n g  from a t r a n s i e n t  a n a l y s i s  based on 

d i f fuse -g ray  s u r f a c e s .  The number of v a r i a b l e s  i n  t h e  

t r a n s i e n t  problem can a l s o  be reduced us ing  dimensionless 
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v a r i a b l e s ,  p a r t i c u l a r l y  f o r  t h e  case  i n  which the  shroud 

temperature is  cons tan t .  

For t he  a r r a y  t e s t e d  - a  217-tube hexagonal a r r a y  on a 

t r i a n g u l a r  p i t c h  - t he  assumption of uniform r a d i o s i t y  

around t h e  per iphery  of each tube y ie lded  theore t ica l .  

4. 

r e s u l t s  which were i n  poor agreement wi th  t h e  exper i -  

mental  observa t ions .  

5. The use of absorp t ion  f a c t o r s  der ived  on t h e  b a s i s  of 

more f i n e l y  d iv ided  su r face  a r e a s  €or  each tube ( thereby 

r ep lac ing  t h e  assumption of uniform r a d i o s i t y  over t he  

e n t i r e  tube wi th  an assumption of uniform r a d i o s i t y  over  

each of  the subd iv i s ions )  produced t h e o r e t i c a l  temperature 

p r o f i l e s  w i th in  7% of t h e  experimental  p r o f i l e s .  

11. RECOMMENDATIONS 

The t h e o r e t i c a l  a n a l y s i s  presented  here  should be f u r t h e r  t e s t e d  by 

comparison with experimental  d a t a  from a r r a y s  of d i f f e r e n t  s i z e s .  I n  

p a r t i c u l a r ,  t h e  apparent  shortcomings of  t he  assumption of uniform 

r a d i o s i t y  around e n t i r e  tubes should be s t u d i e d  f u r t h e r .  Future  exper i -  

ments should be designed t o  employ g r i d  spacers  a t  i n t e r v a l s  a long t h e  

length  of b a r e  tubes ,  thus  removing t h e  complicat ing f a c t o r  of t h e  spiral  

wire wrap spacers  employed i n  t h e  experiments r epor t ed  here .  Neverthe- 

less, t h e s e  s p i r a l  spacers  must be considered i n  s imula t ing  LMFBR f u e l  

assemblies .  Fab r i ca t ion  of t h e  tubes  of a highly conducting material 

(such a s  copper) would remove any concern about s i g n i f i c a n t  temperature 

g r a d i e n t s  ac ross  i n d i v i d u a l  tubes .  Tubes wi th  known and s t a b l e  emissiv- 

i t i e s  a r e  needed so t h a t  t h i s  parameter i s  f i x e d  a p r i o r i  i n  making 
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t h e o r e t i c a l  c a l c u l a t i o n s  f o r  comparison wi th  t h e  experimental  d a t a .  For 

m e t a l l i c  s u r f a c e s ,  however, t h i s  i s  d i f f i c u l t  t o  accomplish even under 

high vacuum because of t h e  s u s c e p t i b i l i t y  of these  s u r f a c e s  t o  ox ida t ion  

o r  reduct ion  a t  h igh  temperatures .  A t  l eas t  i n  t h e  range of high emissiv- 

i t i e s  (0.9 t o  1-01, s t a b l e  su r faces  can be a t t a i n e d  through t h e  use of 

high-temperature p a i n t s .  Many of t hese  p a i n t s  have t h e  added advantage 

t h a t  t h e i r  e m i s s i v i t i e s  are n e a r l y  cons tan t  over  a broad temperature 

range.  
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A P P E N D I X  A 

THERMAL CONDUCTION ACROSS TUBES 

A rough estimate of t he  temperature drop ac ross  a tube a s  a conse- 

quence of t i h e  n o n i n f i n i t e  thermal conduct iv i ty  of t h e  tube w a l l s  can be 

made using F o u r i e r ' s  law f o r  thermal conduction i n  the f i n i t e  d i f f e r e n c e  

f o r m :  

The quan t i ty  Q r ep resen t s  the  s t eady- s t a t e  

For a tube i n  row i f  Q i s  some f r a c t i o n  of 

n e t  heat flow across  the  tube.  

t h e  energy generated i n  rows 

1 t o  i-1 as well as some p a r t  of t h e  hea t  generated wi th in  t h e  tube 

i t s e l f .  The hea t  c ros s ing  a tube i n  row i as a r e s u l t  of hea t  genera t ion  

i n  more inwardly loca ted  tubes may be approximated as 

- _I-- pQ 1 - D 
PQl - q P D R - D  q PDR ' 

where p i s  the  number of  tubes with h e a t  genera t ion  i n t e r i o r  to row i f  q 

i s  the  number of tubes i n  row i, and Q i s  t h e  h e a t  genera t ion  ra te  f o r  

a s i n g l e  t u b e .  The t e r m  D/(q.PDR-D) represent-s  an esti .mate of t h e  f r a c -  

t i o n  of the energy t h a t  would be i n t e r c e p t e d  by a s i n g l e  tube  s i n c e  D i s  

approximately the  width of a s i n g l e  tube and q-PDR.D .iis roughly t h e  

per imeter  of row i. In add i t ion ,  t h e  hea t  f lowing ac ross  a tube because 

of h e a t  genera t ion  wi th in  the  tube i t s e l f  i s  taken to  be 0.5 Q t he re -  

f o r e ,  f o r  a tube i n  row i ,  

1 

1; 
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‘rhe area S normal t o  h e a t  f low i s  2LAr, where E is  t h e  l e n g t h  of a t u b e ,  

A r  i s  i t s  t h i c k n e s s ,  and t h e  f a c t o r  of 2 arises because h e a t  may f l o w  i n  

e i t h e r  d i r e c t i o n  around t h e  tube.  The length  R of  t h e  p a t h  €or h e a t  f l o w  

i s  es t imated  as one-half of t h e  d i s t a n c e  along one side of a tube ,  or 

nD/4. This d i s t a n c e  i s  assumed t o  be roughly t h e  average d i s t a n c e  t h a t  

energy absoxbed on one side o f  t h e  tube i s  conducted along t h e  tube w a l l  

h e f o r e  being radiated. Equation (87) then  beccmes 

(-AT) = 

Table VI g ives  estimated va lues  of t h e  temperature d i f f e r e n t i a l s  

across tubes i n  rows 2 t o  9 for t h e  experimental  r u n  w i . t k  t h e  h i g h e s t  

h e a t  genera t ion  ra te  for both  t h e  appara tus  with .16-mil-wal.l tubes  ( run  

2)  and t h e  appara tus  wi th  35-mil -tubes (run 5 ) .  A va lue  of 1.1. Btu/(hr- 

ft- O F )  was used f o r  t h e  thermal conduct iv i ty  of s t a i n l e s s  steel. E t  i s  

r e a d i l y  a.pparent that t h e  temperature drops are q u i t e  s m a l l  and th.at  even 

t h e  cumulative effect of t h e s e  drops could n o t  account for t h e  d i f f e r e n c e s  

between t h e o r e t i c a l  and observed temperature p r o f i l e s  d i scussed  i n  Chap- 

t e r  8. 
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TABLE VI 

Estimates of the Temperature Differentials 
Across Individual Tubes 

Row P 9 

-AT (OF) 
mn 2 Run 5 

1 

7 

19 

37 

6 1  

91 

127 

6 

1 2  

18 

24 

30 

36 

42 

1.2 

I.. 8 

2.4 

3 . 1  

3.8 

4.5 

5.2 

0 . 5  

0 .8  

1 . 1 
1.5 

1.8 

2.1 

2 . 5  

9 169 48 5.9 2 . 8  



APPENDIX B 

VIEW FACTORS BETWEEN WIRE-WRAPPED TUBES 

A s  p rev ious ly ,  t h e  no ta t ion  F I J  denotes  the conf igura t ion  f a c t o r  

between t w o  s i n g l e  rods, I and J. Fur the r ,  t he  symbol I" w i l l  be used 

t o  s t i p u l a t e  t h e  w i r e  wrap f o r  a bare tube  I, whi le  t he  symbol I '  w i l l  

de s igna te  a tube p l u s  i t s  a s s o c i a t e d  w i r e  wrap ( i . e . ,  I p l u s  I") .  

I n  t h e  case of tube-wire wrap s u r f a c e s ,  t h e  s u r f a c e s  can see them- 

s e l v e s ;  thus  Fl'l' is  not  zero.  Referr ing t o  Figure 53, t h e  fol lowing 

r e l a t i o n s  can be w r i t t e n :  

Using the r e c i p r o c i t y  r e l a t i o n  and t h e  above equat ions  one ob ta ins  

and 

Then 

From Equation (55) it can be seen that  t h e  q u a n t i t y  ( 2 A l m F l l " )  equa l s  t h e  

sum of t h e  c rossed  s t r i n g s  minus the sum of t h e  uncrossed s t r i n g s  

s t r e t c h e d  between A1 and A l l ' .  Refer r ing  t o  Figure 5 3 ,  the l eng th  of a 

c rossed  s t r i n g  bce i s  

149 
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BRNL OUlG 75-8506 

F i g u r e  53.  Determination of F1'1'. 
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while  t h a t  of a n  uncrossed s t r i n g  a e  is  

'The va lue  of 0 i s  

Q = sin-l(K: R - + R2) R2 . 

Then F 1 ' 1 '  i s  

If D i s  the  diameter  of a tube and d is  the  diameter of i t s  wire  wrapl 

t he  above equat ion can be w r i t t e n  €or a tube-wire wrap su r face  as 

+ 2(Dd) (D - d) s i n  - l D - d  (x) 
D + d  

F l ' l '  = 0.5 - - 

Figures  5 4  and 55 show c ross  s e c t i o n s  o f  a n  a r r a y  a t  two d i f f e r e n t  

a x i a l  l o c a t i o n s .  

s p i r a l s  around the  tube w i l l  always be between t h e s e  two loca t ior l s .  

view f a c t o r s  F 1 ' 2 ' ,  F1'3', F1'5', and F1 '8 '  could be approximated by suc- 

c e s s i v e l y  e s t ima t ing  t h e i r  va lues  for case  one of Figure 54 and f o r  case  

The p o s i t i o n  of t h e  w i r e  wrap r e l a t i v e  t o  a tube a s  i t  

The 
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O R N L  DWG 75-8508 

Figure 55. Cross Sec t ion  of Array a t  Axial Pos i t ion  a t  Which Wire 
Wrap i s  F a r t h e s t  from Adjacent Tube. 
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two of Figure 55 and then averaging the  r e s u l t s .  Within the accuracy 

of the es t ima tes ,  t he  view f a c t o r s  for the two cases  appear t o  be equal ;  

consequent ly ,  only the developnwnt of the view f a c t o r s  for case  one w i l l  

be presented .  

For a f ixed  a x i a l  location, the  values  of F1 '5 '  and F1'8' f o r  those  

su r faces  5 '  and 8'  which 1' i s  able t o  see can be r e l a t e d  t o  the  va lues  

of F15 and F18 by the fol lowing equat ions :  

These equat ions f o l l o w  from the  Eact t h a t  1' sees  the  same a reas  of 5 '  

and 8' as L does of S and 8; however, t he  su r face  a r e a  of a wire-wrapped 

tube i s  l a r g e r  by a f a c t o r  of PDR than the  a r e a  of a bare  tube so that: 

the  view f a c t o r s  F1.'5' and F1 '8 '  a r e  s i m i l a r l y  reduced. The va lues  of 

F l ' 5 '  and F 1 ' 8 '  a r e ,  of course,  zero f o r  those  su r faces  5 '  and 8 '  which 

1' cannot s ee .  However, during each s p i r a l  of t he  Twire wrap around a 

tube,  t he  p a r t i c u l a r  tubes 5 '  and 8 '  seen by 1' change f o r  each of t h e  

s i x  p o s i t i o n s  corresponding t o  the  conf igura t ion  shown i n  Figure 54. A t  

each of t hese  p o s i t i o n s ,  4 of 1 2  of t he  tubes l abe led  5 '  (or 8 ' )  a r e  

v i s i b l e  so t h a t  the length-averaged va lues  a r e  

FI I 5  = F15 
3 PDR ' 

I n  a similar b u t  more approximate manner, t he  length-averaged value of 
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F1'3' is estimated to be 

The value of F1'2' is then found by difference from the  equation: 

1 - 6F1'3' - 12(F1'5' C F1'8') 
6 

F1'2' = 



APPENDIX C 

KLEPPER.'S ABSORPTION FACTORS 

Absorption f a c t o r s  c a l c u l a t e d  by 0. H .  Klepper and r e p o r t e d  i n  

re ference  (19) are reproduced here  for  t h e  convenience of users  of t h e  

programs i n  t h i s  r e p o r t .  in terchange f a c t o r s  for c y l i n d e r s  on an equi- 

l a t e r a l  t r i a n g u l a r  p i t c h  are t a b u l a t e d  i n  Table VI1 for emissivit ies of 

0.3,  0 . 4 ,  0 .5 ,  0 .6 ,  0.7, 0 .8 ,  0.9,  and 0.95 and f o r  P D R s  f r o m  1.1 t o  1 .5  

i n  s t e p s  of 0.1.  F o r  c y l i n d e r s  on a square p i t c h ,  Klepper 's  va lues  €or  

t h e  interchange f a c t o r s  are given i n  Table VI11 a t  i d e n t i c a l  va lues  of 

e m i s s i v i t y  and PDR. 
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Klepper's Absorption Factors for Cylinders on 
an Equilateral Triangular Pitch 

___ 
miss ivi ty 

0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95 

Pitch-to-Diameter Ratio = 1.1 

G11 0.225 0.209 0.186 0.160 0.128 0.0901 
G12 0.115 0.120 0.124 0.129 0.135 0.141 
G13 0.00923 0.00856 0.00833 0.00849 0.00878 0.00929 
G14 0.00111 

Pitch-to-Diameter Ratio = 1.2 

G11 0.188 0.177 0.159 0 137 0.110 0.0772 
G12 0.111 0.116 0.120 0.125 0.130 0.135 
G13 0.0161 0.0153 0.0152 0.0156 0.162 0.0172 
G14 0.00359 0.00236 0.00158 0.00108 

Pitch-to-Diameter Ratio = 1.3 

GI1 0.156 0.149 0.136 0.117 0 0944 0.0665 
G12 0.102 0 .) 108 0.112 0.116 0.120 0.123 
G13 0.0230 0.0233 0.0239 0.0252 0.0267 0.0287 
G14 0.00650 0.00479 0.00341 0.00244 0.00162 
G15 0.00126 

Pitch-to-Diameter Ratio = 1.4 

G11 0.138 0.134 0.122 0.105 0.0851 0.0600 
G12 0.0967 0.103 0.107 0.111 0.114 0.117 
G13 0.0265 0.0273 0.0284 0.0301 0.0321 0,0345 
G14 0.00822 0.00625 0.00458 0,00334 0.00226 0.00135 
G15 0.00195 0.00137 
G16 0.00128 

Pitch-to-Diameter Ratio = 1.5 

G11 0.121 0.118 0.108 0.0942 0.0762 0 -0538 
G12 0.0899 0.0966 0.101 0.104 0.107 0.109 
G13 0.0295 0.0314 0.0331 0.0354 0.0380 0.0410 
G14 0.00939 0.00755 0.00566 0.00419 0,00287 0.00174 
G15 0.00260 0.00199 0.00149 0.00121 0.00102 
G16 0.00191 0.00151 0.00115 

0.0478 
0.147 
0.00989 

0.0407 
0.140 
0.0184 

0.0350 
0.127 
0.0310 

0.0316 
0.120 
0.0373 

0.0284 
0.112 
0.0443 

0.0252 
0.152 
0.0104 

0.0215 
0.143 
0.0193 

0.0185 
0.129 
0.0325 

0.0166 
0.122 
0.0391 

0.0150 
0.113 
0.0464 
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TABLE Vi11 

Klepper's Absorption Factors €or C y l i n d e r s  on a Square P i t c h  

. . . . . . . . . . 

-.. ...- .-..-11- 

m i s s  i v i  t y  
0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95 

-_I_ 

G11 
G12 
G13 
G1.4 
G1.5 

G11 
G12 
G13 
GI 4 
G1.5 
G17 
G18 

G I  1 
G1.2 
G13 
G14 
GI 5 
Gl6 
GI 7 
G18 

G11. 
G12 
G13 
G1.4 
G15 
G.16 
GI. 7 
G18 

P i t c h - t o - D i a m e t e r  Eiatio = 1.1 

0.193 0.179 0.160 0.137 0.111 0.0777 0.0415 0.0219 
0.125 0.130 0.133 0.138 0.142 
0.0605 0.0622 0.0645 0.0679 0.0'717 0.0766 0.0519 0.0858 
0.00417 0.00332 0.00269 0.00216 0.00167 0.00113 
0.00247 0.00219 0.00207 0.00206 0.00210 0.00221. 0,00234 0.00247 

0.145 0.149 0.152 

P i t c h - t o - D i a m e t e r  Ratio = 1.2 

0.156 0.148 0.134 0.115 0.0928 0.0653 0.0345 0.0182 
0.114 0.120 0.125 0.130 0.134 0.137 0.141 
0.0602 0.0627 0.0654 0.0687 0.0723 0.0'767 0.0814 0.0848 
0.00992 0.00782 0.00618 0.00487 0.00367 0.00243 0.00124 
0.00663 0.00580 0.00538 0.00528 0.00532 0.00555 0.00585 0.00614 
0.00237 0.00182 0.00143 0.00113 
0.00139 0.00111 

0.144 

0.126 
0.101 
0.0591 
0.0132 
0.0118 
0.00182 
0.00381 
0.00242 

0.110 
0.0921 
0.0573 
0.0143 
0.0153 
0.00269 
0.00427 
0.00284 

0.122 
0.108 
0.0622 
0.0106 
0.0111 
0.00109 
0.00297 
0.00193 

P i t c h - t o - D i . a m e  ter 

0.111. 0.0968 
0.113 0.117 
0.0650 0.0681 
0.00836 0.00652 
0.0110 0.0113 

0.00234 0.00185 
0.00165 0.00152 

R a t i o  = 1 . 3  

0.0781 0.0551 0.0290 0.0153 
0.121 0.124 0.127 0.129 
0.0713 0.0'748 0.0785 0.0811 
0.00480 0.00312 0.00151 
0.0118 0.0125 0.0134 0.0141 

0.00139 
0.00145 0.00145 0.00148 0.00154 

P i t c h - t o - D i a m e t e r  Ratio = 1.4 

0.107 0.0387 0.0861 0.0646 0.0492 0.0258 0.0136 
0.0993 0.104 0.109 0.112 0.115 0.118 0.120 
0.0607 0.0633 0.0659 0.0684 0.0709 0.0734 0.0753 
0.0118 0.0093'7 0.0073l. 0.00535 0.00345 0.00163 
0.0154 0.0157 0.0165 0.01-75 0.0188 0.0203 0.0214 
0.00179 0.00112 
0.00340 0.00266 0.00208 0.00154 0.00101 
0.00229 0.00192 0.00173 0.00161 0.00157 0.00157 0.00162 
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TABLE VI11 (continued) 

0.3 0.4 0.5 0 - 6  0.7 0.8 0 . 9  0.95 

G11 0.102 
G12 0.0880 
E13 0.0565 
G14 0.0152 
G15 0.0166 
G16 0.00316 
G17 0.00486 
G18 0.00337 

0.100 
0.0952 
0.0601 
0.0127 
0.0169 
0.00214 
0.00393 
0.00281 

Pitch-to-Diameter R a t i o  = 1.5 

0.0921 0.0804 0.0650 0.0460 0.0241 0.0127 
0.100 0.104 0,108 0.111 0.113 0.115 
0.0628 0.0654 0.0678 0.0702 0.0725 0.0743 
0.0102 0.00803 0.00592 0.00385 0.00182 
0.0174 0.0183 0.0195 0.0209 0.0225 0.0237 
0.00136 
0.00311 0.00245 0.00183 0.00121 
0.00242 0.00224 0.00214 0.00212 0.00216 0.00224 



APPENDIX D 

LISTINGS OF COMPUTER PROGRAMS 

On the  fol lowing pagcs a r e  given t h e  l i s t i n g s  of t he  s t eady- s t a t e  

(ST’EADY) and unsteady-state (TRANS) computer programs. A s  much as possi- 

b l c ,  t he  v a r i a b l e  names used i n  t he  programs dup l i ca t e  those emp1oyc.d i n  

the r epor t  text. Comment cards within the program l i s t i n g  desc r ibe  the  

cha rac t e r  and format of the i npu t  d a t a  requi red .  
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c 
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2 

3 
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4 

5 
6 
7 

c 
9 

10 
c 
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1 1  

12 

c 
13 

14 

c 
C 

15 

1 6  

17 
C 
C 

18 

e 
f 

19 

2 C  

C 
21 

U N S A T L S F A C T O R Y  A C C U R A C Y  AFTER 1 3  B I S E C T  IOrUS8 
IHLF=11 
X = X + H  
G O T O  4 

S A T  fSFACTOHY ACCURACY AFTER L E S S  THAN 1 1  BlSECrIChSa 
X = X + H  
C A L L  F C T ( X . Y r C E R Y )  
00 20 t=leNDIP 
A U X I 3 e I ) = Y t I )  
A b X  € 1 O +  L 1 =OERY 4 T > 
h= 3 
I sw=4 
G O T O  106 

N = l  
X = X + H  
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12= I I + K - 2  
I(+= I 4 +  3 
DO 0 3  I Z I l r I 2  
J = X + I 4  
F ( I ,  J j Z F - 1 5  
R O  64 K=3,K3 
L 1 z P . I  K-11 +K-1 
t 2 = M ( K )  -K+1 
L3=K-1 
I4= ld*K+2 
DO 64 l = C l  r L 2 r L 3  
I l=L 
12= I I +K-2 

DO 6 4  i = f l r f ?  
J = I + i 4  

I l=MfK-11+2*K-2 
I 2 = M I  K )  
I3=K- 1 
14- 1R*K+1 
D O  65 I = I l r I ? r I 3  
I 4 =  I 4 + 3  
J = € + I 4  

E 3  

I 4= 14+3 

54 F(lrJ)=F15 
D O  65 K Z 3 r K 3  

6 5  f ( I e J t = F 1 5  
D O  66 K = 3 r K 3  
I1=M( K- 1 + 2 * K - 2  
I Z = M I K )  
X3=K- 1 
i 4 =  18*K +2 

i4= 14 +J 
J = I + I 4  

D# 66 t=il-I2*13 

66 f (  I . J ) = F l S  
DO 67 K = 2 e K 4  
I = M ( K  1 
J = M  ( K + 3  14-3 

67 F ( I , J 1 = F 1 8  
DO 68 K=2rK4 
I = M ( K  > 
J = Y I K + 3  )+1 

68 F(I,Jl=F18 
DO 6 9  K Z 2 s K 4  
I I = M ( K -  1 1  + 1  
I 2 =  1 I +K-2 
I4=24w + 1 3 
DO 69 I = I i r I 2  
J = I + I 4  

69 F (  I r J ) = F 1 8  
DO 79 K= 2 r K 4  
I 1 =M ( K- 1 I + 1 
I 2= I 1 +K -2 
I4=24*K+ 15 
DO 70 I=Z1.X2 
J=1+14 

DO 71 K = 2 r K 4  
i l = M f K - - 1 ) + 2 * K - 2  
1 2 = M t K )  
X3=K- 1 
I 4 = 2 4 * K + 1 . 3  
DO 71 I = I l t I 2 r 1 3  
14=1444 
J=I+I4 

7 3  F <  I + J I = F 2 8  

71 F( I ,J ) = F I B  
DO 7 2  K Z 2 e K 4  
I l=MI K- 1 ) + 2 * K - 2  
I2=H( K3 
I3=K- 1 
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