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ABSTRACT 

The d i f f e r e n c e  e q u a t i o n s  f o r  r e p r e s e n t i n g  t h e  d i f f u s i o n  theory  

approximation to neut ron  t r a n s p o r t  depend on t h e  method of formula- 

t i o n .  

geometry w i t h  mesh p o i n t s  l o c a t e d  a t  material i n t e r s e c t i o n s .  Such 

formula t ions  as t h e  mesh edge w i t h  f o u r  n e a r e s t  ne ighbors  on p lanes  

are inc luded  by t h e  e q u a t i o n s ,  as w e l l  as t h e  h i g h e r  coupl ing of e i g h t  

n e a r e s t  ne ighbors  on p l a n e s  f o r  such formula t ions  as l i n e a r  f i n i t e  

element.  The formula t ions  of primary i n t e r e s t  were a p p l i e d  t o  two 

dimensional  problems, and t o  t h r e e  dimensional  problems wi th  coupl ing  

t o  n e a r e s t  ne ighbors  on p lanes .  

problems over a wide range of problem type.  

r e p o r t e d  and conclus ions  regard ing  t h e  formula t ions .  

A parameter ized set of e q u a t i o n s  were implemented f o r  s l a b  

S o l u t i o n s  were obta ined  t o  mult igroup 

Se lec ted  r e s u l t s  are 



d 
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I. DISCUSSION 

Background 

T h i s  r e p o r t  documents an e x p l o r a t i o n  of t h e  d i f f e r e n c e  e q u a t i o n s  

f o r  approximating n e u t r o n  t r a n s p o r t  w i t h  d i f f u s i o n  t h e o r y  i n  s l a b  

geometry. A v a r i e t y  of approaches produce d i f f e r e n t  formula t ions .  

A parameter ized formula t ion  coupl ing n e a r  neighbor  meshpoints on 

material i n t e r f a c e s  w a s  implemented i n  t h e  VANCER c0mpute.r code 

t r e a t i n g  up t o  t h r e e  space dimensions. R e s u l t s  were obta ined  f o r  a 

wide v a r i e t y  of problems. 

of a p p l i c a t i o n  allows conclus ions  t o  be drawn about a p r e f e r r e d  

formula t ion .  

T h i s  t e s t i n g  on problems r e p r e s e n t a t i v e  

I n  1965 w e  e l e c t e d  t o  move t h e  l o c a t i o n  of t h e  mesh p o i n t s  from 

t h e  material i n t e r s e c t i o n s ,  as used i n  t h e  earlier ORNL codes such 

as EXTERMINATOR t o  t h e  c e n t e r s  of t h e  e lementa l  volumes when t h e  I 
2 programming s t a r t e d  on t h e  CITATION n e u t r o n i c s  code . With mesh 

p o i n t s  l o c a t e d  i n t e r n a l l y ,  t h e  r e a c t i o n  r a t e s  are a c c u r a t e l y  repre-  

s e n t e d ,  c o n s i d e r i n g  t h a t  t h e  neut ron  f l u x  v a l u e  a t  t h e  p o i n t  i s  a 

reasonable  a p p r o x i r a t i o n  of t h e  average over  t h e  e lementa l  volume. 

The n e t  leakage between p o i n t s  i s  t h e  same as wi th  a mesh i n t e r -  

s e c t i o n  formula t ion  i n s i d e  homogeneous materials w i t h  uniform 

spacing.  However, t h e  approximation a c r o s s  material i n t e r f a c e s  is  

r a t h e r  crude compared t o  t h a t  of mesh edge ( t h e  meshpoints 

l o c a t e d  on i n t e r s e c t i o n s ) ,  which r e s u l t s  i n  no i n t e r f a c e s  between 

a d j a c e n t  meshpoints.  Simple tests i n d i c a t e d  t h a t  t h e  two formula t ions  

had about t h e  same e r r o r  a s s o c i a t e d  wi th  t h e  f i n i t e  d i f f e r e n c e  

formula t ion  when modest d i f f e r e n c e s  i n  t h e  d i f f u s i o n  c o e f f i c i e n t  

occurred between a d j a c e n t  materials. Even w i t h  l a r g e  d i f f e r e n c e s  

i n  t h e  d i f f u s i o n  c o e f f i c i e n t s ,  t h e  d i f f e r e n c e  i n  accuracy between 

t h e  two methods w a s  found t o  b e  u s u a l l y  small, a t  least  s m a l l  r e l a t i v e  

t o  t h e  e r r o r  a s s o c i a t e d  w i t h  apply ing  a f i n i t e  d i f f e r e n c e  formula t ion .  

Recall t h a t  i n  t h o s e  days,  t h e  s t a t e  of t h e  a r t  w a s  such t h a t  

g e n e r a l l y  only two space  dimensions could b e  t r e a t e d .  The computation 

c o s t  of t r e a t i n g  t h r e e  dimensions could seldom b e  j u s t i f i e d .  However, 

w e  o f t e n  needed t h e  c a p a b i l i t y  t o  t reat  t h r e e  dimensions,  a t  least  
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i n  a c o a r s e  mesh model, t o  assess e f f e c t s  n o t  e a s i l y  taken  i n t o  

account by t r e a t i n g  fewer than  t h e  f u l l  three-dimensional  r e a c t o r  

core .  Also,  t h e  emphasis i n  t h e  CITATION code development w a s  t o  

treat a r e a c t o r  ope ra t ing  h i s t o r y  t o  t h e  p o i n t  of r e f u e l i n g ,  and 

f u r t h e r ,  w i th  selective and delayed r e c y c l e .  

We found t h a t  t h e  computation c o s t  could be minimized by l o c a t i n g  

mesh p o i n t s  a t  t h e  c e n t e r s  of t h e  e lementa l  volumes. Only one set  

of n u c l e a r  p r o p e r t i e s  were r equ i r ed  a t  each p o i n t ,  as t o  determine 

f i s s i o n  source  o r  downsca t te r ing ,  r a t h e r  t han  weight ing  t h e  p r o p e r t i e s  

of a b u t t i n g  materials. F u r t h e r ,  t h e  implementat ion c o s t  w a s  lower 

( s t a r t i n g  from s c r a t c h )  due t o  s impler  coding,  A f u r t h e r  advantage 

w a s  t h e  improvement i n  t h e  r e s u l t s  r epor t ed :  

power d e n s i t y  and o t h e r  c h a r a c t e r i s t i c s .  A d i sadvantage  came from 

t h e  incomplete  assessment  of peaking by a s s e s s i n g  only  t h e  c o n d i t i o n s  

a t  mesh po in t  l o c a t i o n s ,  s o  t h a t  a peak power d e n s i t y  a t  a material 

i n t e r f a c e  w a s  n o t  i d e n t i f i e d ,  and t h i s  leaves much t o  b e  d e s i r e d  i n  

many a p p l i c a t i o n s .  (However, i n t e r p o l a t i o n  between r e s u l t s  a t  mesh 

p o i n t  l o c a t i o n s  can no t  be  expected t o  have h igh  r e l i a b i l i t y . )  

each p o i n t  had a s i n g l e  

I n  implementing extended c a p a b i l i t y  i n  t h e  VENTURE code,3 e f f o r t  

d i r e c t e d  a t  f a s t  r e a c t o r  a p p l i c a t i o n s ,  t h e  mesh cen te red  fo rmula t ion  

w a s  used. 

l a t i o n s .  Extended c a p a b i l i t y  w a s  made a v a i l a b l e  a t  low computation 

c o s t ,  i nc lud ing  p rov i s ion  f o r  t h e  f i s s i o n  source  d i s t r i b u t i o n  f u n c t i o n  

t o  be material dependent (account ing f o r  t h e  d i f f e r e n c e  between co re  

and b l anke t  of a breeder  r e a c t o r ) ,  and a l s o  t h e  use  of a s imple P 

approximation which invo lves  c a r r y i n g  a n e t  V * J  t e r m  t o  c o r r e c t  t h e  

s c a t t e r i n g  source .  These ex tens ions  are n o t  simply implemented wi th  

mesh p o i n t s  l o c a t e d  on material i n t e r f a c e s  and would add more t o  t h e  

c o s t  of computation. 

This  formula t ion  had found wide acceptance  a t  many i n s t a l -  

1 

Why then  implement t h e  c a p a b i l i t y  t o  l o c a t e  mesh p o i n t s  on material 

i n t e r f a c e s ?  There were s e v e r a l  reasons .  S p e c i a l  c a p a b i l i t y  is  needed i n  

a n a l y s i s  t o  t rea t  complicated geometr ies .  

cen te red  formula t ion  as being u n r e l i a b l e  f o r  t r e a t i n g  t h e  skewed t r i a n g l e s  

needed t o  d e s c r i b e  complicated geometr ies  s imply,  l i k e  t h e  c y l i n d r i c a l  

c o n t r o l  rod i n  a hexagonal assembly, o r  t h e  c o r e  con ta in ing  badly d i s t o r t e d  

We r u l e  ou t  t h e  u s e  of a mesh 
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f u e l  assembl ies .  

l o c a t e d  on ve r t i c i e s  of t r i a n g l e s ?  

s u p e r i o r ?  

guide  cont inuing  e f f o r t  on d i f f u s i o n  theory  methods development and 

implement a t  i on .  

What formula t ion  should b e  used i f  t h e  p o i n t s  are 

Is t h e  f i n i t e  element approach 

Thus w e  have at tempted t o  produce informat ion  needed t o  

A q u a l i f i c a t i o n  i s  placed on t h e  informat ion  r e p o r t e d  h e r e i n  due 

t o  t h e  o b j e c t i v e  of t h e  e f f o r t .  T h i s  o b j e c t i v e  w a s  t h e  i d e n t i f i c a t i o n  

of p r e f e r r e d  formula t ions  f o r  t r e a t i n g  r e p r e s e n t a t i v e  r e a c t o r  c o r e  

problems w i t h  d i f f u s i o n  t h e o r y  which r e q u i r e  a three-dimensional  repre-  

s e n t  a t  i o n .  

Regarding Avai lab le  Information 

There is  publ i shed  informat ion  about  t h e  s u b j e c t .  Unfor tuna te ly  

t h e  r e a d e r  i s  o f t e n  l e d  t o  b e l i e v e  t h a t  a p a r t i c u l a r  method, e s p e c i a l l y  

a new one, i s  s u p e r i o r  t o  a l l  o t h e r s .  Limited t e s t i n g  of d i f f e r e n t  

formula t ions  and l i m i t e d  comparative e v a l u a t i o n  of t h e  d i f f e r e n t  methods 

leave u s  unable  t o  make r e l i a b l e  judgements and d e c i s i o n .  

problems which w i l l  arise i n  a p p l i c a t i o n  have n o t  been i d e n t i f i e d ,  nor  

techniques  proven t o  produce r e l i a b l e  r e s u l t s  i n  wide a p p l i c a t i o n  on a 

r o u t i n e  b a s i s .  

Often t h e  

There i s  publ i shed  informat ion  which i n d i c a t e s  t h a t  t h e  mesh centered  

formula t ion  i s  i n f e r i o r  t o  t h e  mesh edge formula t ion .  Excepting c e r t a i n  

a p p l i c a t i o n s ,  and t h e  t r i a n g u l a r  mesh s i t u a t i o n  d iscussed  l a t e r ,  w e  f i n d  

t h e  mesh centered  formula t ion  t o  b e  g e n e r a l l y  a c c e p t a b l e  and o f t e n  t h e  

most c o s t  e f f e c t i v e  of t h e  two. 

Appl ica t ion  of "higher-order" Taylor  series expansion formula t ions  
4 h a s  been t e s t e d  a t  BAPL. 

Representa t ive  Appl ica t ion  

I n  s e r i o u s  r e a c t o r  c o r e  a n a l y s i s ,  t h e r e  are many zones of d i f f e r e n t  

n u c l i d e  compositions and hence macroscopic p r o p e r t i e s .  Even though a 

f i r s t  c o r e  may have l a r g e  homogeneous zones ( o f t e n  r e q u i r i n g  homo- 

g e n i z a t i o n  t o  e l i m i n a t e  a f i n e  scale d e t a i l  which can n o t  be t r e a t e d ) ,  
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a f t e r  exposure t h e  n u c l i d e  d e n s i t i e s  and hence macroscopic p r o p e r t i e s  

va ry  cont inuous ly  over  t h e  r e a c t o r .  

t aken  i n t o  account ,  a l a r g e  number of zones having d i f f e r e n t  macro- 

s cop ic  p r o p e r t i e s  must be cons idered .  L ike ly  a lower bound f o r  

r e l i a b l e  a n a l y s i s  i s  l o 3  = 1,000 zones i n  t h r e e  dimensions,  and more 

may b e  r equ i r ed .  

j u s t  t o  adequate ly  account f o r  t h e  geometr ic  v a r i a t i o n s ,  and o f t e n  many 

more. So we  s tart  w i t h  t h e  assumption t h a t  t h e r e  are many mesh p o i n t s .  

S ince  t h i s  v a r i a t i o n  must be. 

L ike ly  a t  least  203 = 8,000 mesh p o i n t s  are r equ i r ed  

The tes t  problems normally used t o  e v a l u a t e  methods are n o t  

r e p r e s e n t a t i v e  of requirements .  

be  so lved ,  b u t  t h e s e  are a s m a l l  subse t  of t h o s e  of i n t e r e s t .  

I d e n t i f y i n g  t h e  method which produces t h e  most a c c u r a t e  r e s u l t s ,  o r  

t h e  lowest c o s t  of computation f o r  a given accuracy ,  f o r  s imple problems, 

probably makes a nega t ive  c o n t r i b u t i o n  by a f a l s e  g e n e r a l i z a t i o n .  

The c l e a n  co re  problems must of course  

There i s  need i n  a n a l y s i s  f o r  methods which t rea t  s imple  geometr ic  

arrangements a t  low computation c o s t s .  I f  a r e a c t o r  h i s t o r y  i s  t o  be  

fol lowed through s e v e r a l  r e f u e l i n g s ,  s eve re  compromises must b e  made t o  

hold down t h e  computation c o s t  t o  even a r e a s o n a b l e  l e v e l .  

t h e  ar t  i s  y e t  such t h a t  d e t a i l e d  three-dimensional  modeling wi th  many 

neut ron  energy groups can seldom be done. The c o s t  i s  p r o h i b i t i v e .  

Therefore ,  c o a r s e  modeling i s  u s u a l l y  necessa ry ,  and c e r t a i n l y  para-  

metric survey s t u d i e s  must b e  done wi thout  c o n s i d e r a t i o n  of f i n e  d e t a i l .  

The s t a t e  of t h e  a r t  i s  such t h a t  two-dimensional a n a l y s i s  can be  done, 

one-dimensional c a l c u l a t i o n s  must o f t e n  b e  u t i l i z e d ,  and s p e c i a l  schemes 

are very  u s e f u l .  Thus t h e  s e p a r a b i l i t y  approximation,  s y n t h e s i s  of 

some form, and o t h e r  techniques  are needed. 

The s t a t e  of 

I n  t h i s  e f f o r t  w e  are p r i m a r i l y  i n t e r e s t e d  i n  a method which admi ts  

t r e a t i n g  cons ide rab le  d e t a i l  and i s  adequate  when t h e  geometry i s  s imple.  

The Neighbor Coupling Pena l ty  

I n  s l a b  geometry, a mesh p o i n t  has  f o u r  n e a r e s t  ne ighbors  on a 

p lane  and two on ad jacen t  p l anes ,  t o t a l  s i x .  

approximation of t r a n s p o r t ,  t h e  leakage  a s s o c i a t e d  wi th  an  e lementa l  

volume i s  through t h e  s i x  s u r f a c e s ,  and t h e  d i f f e r e n c e  equa t ion  y i e l d s  

a dependence of t h e  f l u x  a t  a p o i n t  on t h e  va lues  of t h e  f l u x  a t  t h e s e  

s i x  ne ighbors .  

Thus i n  t h e  lowest  o rde r  

So wi th  e i t h e r  t h e  mesh c e n t e r  o r  mesh edge fo rmula t ions  
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i n  wide use ,  a p o i n t  has  s i x  ne ighbors ,  minimal coupl ing.  Ac tua l ly  

t h e r e  are e i g h t  c l o s e  ne ighbors  t o  a p o i n t  on a p l ane  and n i n e  on each 

of t h e  ne ighbor ing  p l anes ,  a t o t a l  of twenty-six c l o s e  ne ighbors .  

Any s o p h i s t i c a t e d  formula t ion  of t h e  f l u x  d i s t r i b u t i o n  over  t h e  

e l emen ta l  volume about  a mesh p o i n t  i nvo lves  coupl ing  t h e s e  twenty-six 

ne ighbors .  App l i ca t ion  of t h e  f i n i t e  element method i n  i t s  lowest 

o r d e r ,  l i n e a r ,  r e s u l t s  i n  such coupl ing.  The incrementa l  c o s t  of 

computation due t o  t h i s  i n c r e a s e  i n  coupl ing  is  d i f f i c u l t  t o  j u s t i f y .  

E i t h e r  t h e  e r r o r  i n  t h e  r e s u l t s  must b e  s u f f i c i e n t l y  reduced t o  j u s t i f y  

t h e  inc reased  c o s t ,  o r  i t  must b e  p o s s i b l e  t o  reduce t h e  number of 

mesh p o i n t s  i n  t h e  problem t o  o f f s e t  i t .  

Note t h a t  h ighe r  o rde r  formula t ions  which couple  i n  more than  j u s t  

t h e  c l o s e  ne ighbors ,  s i g n i f i c a n t l y  i n c r e a s e  t h e  number of p o i n t s  i n -  

volved,  and i n c r e a s e  t h e  computation c o s t .  

Methods Backup 

Considerable  e f f o r t  went i n t o  a n a l y s i s  of and unders tanding  t h e  

v a r i o u s  d i f f e r e n c e  formula t ions  obta ined  from d i f f e r e n t  approaches.  

Thus t h e  one-dimensional equat ions  can b e  d i sp layed  and t e s t e d .  

E x p l i c i t  s o l u t i o n s  can be obta ined  f o r  one-group, b a r e  r e a c t o r  problems 

t r e a t i n g  up t o  t h r e e  dimensions.  Documenting t h i s  e f f o r t  i s  beyond t h e  

scope of t h i s  r e p o r t .  However, t h i s  backup e f f o r t  w a s  of c r u c i a l  

importance and produced informat ion  which was used t o  s e l e c t  between 

major op t ions .  The fo l lowing  comments are o f f e r e d .  

1. Rather complicated techniques  may be used t o  develop t h e  
d i f f e r e n c e  formula t ions .  Thus a two-dimensional f i n i t e  element 
scheme on p l anes  may be used wi th  a s imple  d i f f e r e n c e  formula- 
t i o n  t o  couple  between p l anes ,  This  admits  s o p h i s t i c a t i o n  
a c r o s s  f u e l  assembl ies  wi thout  s e r i o u s  impact from t h e  t r ea tmen t  
of t h e  t h i r d  dimension. 
than  obta ined  wi th  t h e  s imple mesh edge d i f f e r e n c e  formula t ion  
and may w e l l  be used t o  advantage.  

The r e s u l t s  can have h igher  accuracy 

2 .  The incrementa l  c o s t  of computation can n o t  b e  j u s t i f i e d  t o  
couple  more than  c l o s e  ne ighbors  (us ing  h igher  ordered 
fo rmula t ions ) ,  and l i k e l y  i s  no t  j u s t i f i e d  t o  t reat  more than  
nea r  neighbors  i n  t h e  axial. coord ina te  i f  t h e  method is  t o  be  
compet i t ive .  
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3. The r e l a t i v e l y  h igh  accuracy of t h e  equa t ions  r e s u l t i n g  from t h e  
u s u a l  f i n i t e  element scheme i n  i t s  lowest o rde r  ( l i n e a r ) ,  i n  
s p i t e  of t h e  weak fo rmula t ion ,  came as a s u r p r i s e ;  t h e o r e t i c a l  
j u s t i f i c a t i o n  f o r  t h i s  i s  n o t  ev iden t .  

4 .  :;hereas t h e  s imple d i f f e r e n c e  equa t ions  admit on ly  p o s i t i v e  
f l u x  s o l u t i o n s  g iven  p o s i t i v e  n u c l e a r  p r o p e r t i e s ,  i n d i s c r i m i n a t e  
a p p l i c a t i o n  of o t h e r  fo rmula t ions  admit n e g a t i v e  s o l u t i o n s .  
Genera l ly  p o s i t i v e  r e s u l t s  are as su red  only  i f  t h e  mesh spac ing  
i s  less than  

where D i s  t h e  d i f f u s i o n  c o e f f i c i e n t ,  C i s  t h e  removal c r o s s  
s e c t i o n ,  and a i s  a parameter which depends on t h e  formula t ion  
method (a = 0 f o r  t h e  s imple d i f f e r e n c e  fo rmula t ions ) .  
a r a t h e r  s e v e r e  bound. 
allowed t o  do anyth ing ,  bu t  one f o r  g e n e r a l  a p p l i c a t i o n  must 
addres s  t h i s  d i f f i c u l t y  and hope fu l ly  t a k e  a c t i o n  t o  prevent  t h e  
gene ra t ion  of n e g a t i v e  f l u x  v a l u e s ,  an a c c e p t a b l e  mathematical  
s o l u t i o n  b u t  unacceptab le  i n  a p p l i c a t i o n ,  e s p e c i a l l y  s i n c e  t h e  
m u l t i p l i c a t i o n  f a c t o r  may n o t  b e  s imply a s s o c i a t e d  wi th  a unique 
and most p o s i t i v e  e igenvalue .  

T h i s  i s  
A code w r i t t e n  f o r  p l ay ing  games can b e  

5. An o v e r a l l  neu t ron  ba lance  i s  complicated.  Some codes ,  a t  least  
t h e  ones w e  have developed, r e q u i r e  t h a t  an o v e r a l l  neu t ron  
ba lance  be s a t i s f i e d  and a l low t h e  m u l t i p l i c a t i o n  f a c t o r  t o  b e  
es t imated  from it .  The u s u a l  boundary c o n d i t i o n s  can r e a d i l y  
be s a t i s f i e d  (non-return,  ze ro  d e r i v a t i v e ,  and even t h e  less 
important  zero  f l u x )  bu t  t h e  sum of t h e  d i f f e r e n c e  equa t ions  
l eaves  s p e c i a l  boundary terms which must b e  accounted f o r .  

6 ,  There are s u r p r i s e s  i n  t r e a t i n g  two and t h r e e  dimensions n o t  
ev iden t  i n  one dimensional  a n a l y s i s .  Not on ly  must c r o s s  
d e r i v a t i v e  terms be  ignored i n  a Taylor  expansion approach,  
bu t  r a t h e r  s imple approximations which seem reasonab le  produce 
unacceptab le  s o l u t i o n s .  

7.  It i s  p r a c t i c a l  t o  i n t roduce  f r e e  parameters  i n  t h e  d i f f e r e n c e  
equa t ions .  These t a k e  on s p e c i f i c  va lues  f o r  t h e  d i f f e r e n c e  
equa t ions  which r e s u l t  from a method of development, and admit 
v a r i a t i o n  i n  t h e  v a l u e s  over  a wide range ,  u s e f u l  f o r  t e s t i n g  
and p o s s i b l y  i n  a p p l i c a t i o n .  Implementation of procedures  t o  
admit t h e s e  f r e e  parameters  i s  r e l a t i v e l y  easy  i f  t h e  equa t ions  
are w r i t t e n  out t o  express  t h e  dependence throughout t h e  
c a l c u l a t i o n a l  procedure ( a s  i f  w e  ever do t h i s  b e f o r e  s t a r t i n g  
a program!). 

n 
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8. 

9 .  

Examination of t h e  dominant e r r o r  v e c t o r  e igenvalues  on i n n e r  
and o u t e r  i t e r a t i o n  i n d i c a t e s  t h a t  they  have b u t  s m a l l  depend- 
ence on t h e  formula t ion .  It i s  of i n t e r e s t  t h a t  f i x i n g  t h e  
number of mesh p o i n t s ,  t h e  o u t e r  i t e r a t i o n  e igenvalue  was found 
t o  i n c r e a s e  as t h e  s i z e  of a b a r e  r e a c t o r  i n c r e a s e s  ( f i x e d  
n u c l e a r  p r o p e r t i e s )  w h i l e  t h e  i n n e r  i t e r a t i o n  e igenvalue  
decreased.  

R e s u l t s  i n d i c a t e  t h a t  s i g n i f i c a n t  improvement over  t h e  s imple 
d i f f e r e n c e  formula t ions  can n o t  be expected i f  t h e  source  and 
removal terms are  t r e a t e d  d i f f e r e n t l y .  It i s  a t t r ac t ive  t o  
reduce computation c o s t  by u s i n g  t h e  average l o c a l  s o u r c e ,  bu t  
a b e t t e r  approximation of t h e  f l u x  d i s t r i b u t i o n  over  an e lementa l  
volume f o r  t h e  removal. Although t h i s  can b e  done, i t  i s  h i g h l y  
recommended a g a i n s t ,  because i t  can produce i n f e r i o r  r e s u l t s  i n  
many s i t u a t i o n s .  

Remark on Hexagonal Geometry 

The hexagonal f u e l  assembly p r e s e n t s  a s p e c i a l  s i t u a t i o n .  With t h e  

mesh p o i n t  cen tered  i n  an assembly, each p o i n t  h a s  s i x  n e a r e s t  ne ighbors  

on t h e  p l a n e  e q u a l l y  d i s t a n t ,  and t h e  leakage a c r o s s  t h e  a s s o c i a t e d  s i x  

s u r f a c e s  should b e  a reasonable  approximation. ( I n  s l a b  geometry t h e r e  

are f o u r  ne ighbors  and f o u r  leakage s u r f a c e s . )  With mesh centered  t r i a n g u -  

l a r  geometry, s i x  p o i n t s  p e r  hexagon, a p o i n t  h a s  only t h r e e  ne ighbors .  

Leakage i s  t r e a t e d  a c r o s s  only  t h r e e  s u r f a c e s ,  and i s  a r a t h e r  c o a r s e  

approximation. 

each c o r n e r  of t h e  hexagon and one a t  t h e  c e n t e r )  causes  each p o i n t  t o  

have s i x  ne ighbors ,  and t h e  s i x  leakage s u r f a c e s  admit a r e l i a b l e  leakage 

approximation. I n  t h e  lowest-order mesh c e n t e r e d  formula t ion  f o r  t r i a n g l e s ,  

each hexagon h a s  s i x  p o i n t s .  With one p o i n t  i n  t h e  c e n t e r  and each c o r n e r  

p o i n t  shared by t h r e e  hexagons, on ly  t h r e e  p o i n t s  are a s s o c i a t e d  w i t h  

each hexagon (al though boundaries  reduce s h a r i n g ) .  

p o i n t s  are r e q u i r e d  as mesh centered  and t h e  leakage approximation i s  

improved. 

doubl ing t h e  number of p o i n t s ,  an expected r e d u c t i o n  i n  t h e  d i f f e r e n c e  

approximation e r r o r  may n o t  occur .  Extens ive  t e s t i n g  h a s  been done on 
5 problems of i n t e r e s t ,  some of which i s  r e p o r t e d  i n  t h e  l i t e r a t u r e ,  which 

i n d i c a t e s  t h a t  t h e  mesh c e n t e r e d  formula t ion  may n o t  b e  t h e  p r e f e r r e d  

one. 

been done wi th  good r e s u l t s .  

Locat ing t h e  mesh p o i n t s  a t  t h e  t r i a n g l e  c o r n e r s  (one on 

So about h a l f  as many 

Thus as t h e  formula t ion  goes from 3 t o  6 p o i n t s  p e r  hexagon, 

More s o p h i s t i c a t e d  approximation of t h e  f l u x  d i s t r i b u t i o n  h a s  a l s o  
6 



Remark on t h e  I n t e r n a l  Black Absorber 

We have done only a small amount of t e s t i n g  i n  a p p l i c a t i o n  of t h e  

i n t e r n a l  b l ack  absorber  r e p r e s e n t a t i o n .  

f o r  r e p r e s e n t i n g  c o n t r o l  rod e x p l i c i t l y  i n  t h e  thermal  range  i n  a thermal  

r e a c t o r ,  and f o r  b locking  out  a s e c t i o n  of t h e  geometr ic  d e s c r i p t i o n .  An 

e x t r a p o l a t i o n  d i s t a n c e  i n t o  t h e  absorber  i s  used t o  estimate t h e  f l u x  

d e r i v a t i v e  a t  t h e  s u r f a c e  r e l a t i v e  t o  t h e  f l u x ,  a non-return boundary 

c o n d i t i o n  y i e l d i n g  t h e  n e t  leakage  rate of neu t rons  a c r o s s  t h e  su r face .  

We do n o t e  t h a t  c a r r y i n g  a long  t h i s  formula t ion  compl ica tes  t h e  coding 

and a l s o  t h e  account ing ,  as i n  an o v e r a l l  neu t ron  ba lance .  

used schemes of approximating t h e  i n t e r n a l  leakage  us ing  both  t h e  next-  

t o - l a t e s t  i t e r a t e  f l u x  va lues  and t h e  l a tes t  ones t o  reduce t h e  amount 

of c a l c u l a t i o n  r equ i r ed  t o  determine t h e  m u l t i p l i c a t i o n  f a c t o r  w i th  an 

o v e r a l l  neu t ron  ba lance .  

n o t  impact t h e  i t e r a t i v e  p rocess  except  when t h e  leakage  i s  a l a r g e  

f r a c t i o n  of t h e  t o t a l  neut ron  loss rate.  

T h i s  approximation i n  u s e f u l  

We have 

The d iscrepancy  should u s u a l l y  be small and 

We are aware of good exper ience  i n  r e p r e s e n t i n g  i n t e r n a l  b l a c k  

abso rbe r s  w i th  t h e  mesh cen te red  formula t ion .  

when t h e  va lue  of t h e  f l u x  a t  t h e  s u r f a c e  is  no t  c a l c u l a t e d ,  bu t  on t h e  

o t h e r  hand t h e  l i n e a r  approximation of t h e  f l u x  o u t s i d e  t h e  abso rbe r  i s  

made from t h e  mesh p o i n t  t o  t h e  s u r f a c e ,  n o t  a l l  t h e  way a c r o s s  t h e  

ad jacen t  d i f f e r e n t i a l  element.  

Th i s  i s  perhaps s u r p r i s i n g  

On Solving t h e  Equat ions 

The u s u a l  i n n e r ,  o u t e r  i t e r a t i o n  scheme w a s  used t o  s o l v e  problems. 

Although undoubtedly t h e r e  i s  a class of problems up t o  some s i z e  which 

can be  solved economically by d i r e c t  i n v e r s i o n  of t h e  space  problem, t h i s  

scheme simply i s  n o t  compet i t ive  when a l a r g e  amount of d a t a  must be  

moved i n  and out  of computer memory. With u s u a l  i t e r a t i o n  schemes, t h e  

d a t a  i s  c a r e f u l l y  p a r t i t i o n e d  i n t o  t h e  needed b locks  t o  suppor t  sweeping 

t h e  mesh i n  i t e r a t i o n .  With only  l o c a l  coupl ing  between p o i n t s  i n  space ,  

t h e  band width of needed d a t a  i s  narrow, a s m a l l  amount of d a t a  i s  in -  

volved i n  comparison wi th  t h e  f i l l e d  matricies which must b e  t r e a t e d  wi th  

d i r e c t  i n v e r s i o n .  The d a t a  handl ing  burden can n o t  be  ignored i n  s e r i o u s  

implementation e f f o r t .  
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11. IMPLEMENTATION 

A copy of an e a r l y  v e r s i o n  of t h e  VENTURE code w a s  used as a s t a r t i n g  

p o i n t .  Major r e v i s i o n s  were made t o  t h e  b a s i c  d a t a  handl ing  procedures .  

Only t h e  "multi-plane-stored' '  mode of c a l c u l a t i o n  w a s  r e t a i n e d ,  which 

l i m i t s  a p p l i c a t i o n  t o  two-dimensional problems which can be  he ld  i n  memory 

f o r  i n n e r  i t e r a t i o n  a t  each group. 

The coupl ing  i n t e r f a c e  d a t a  f i l e  s p e c i f i c a t i o n s  were modified t o  

a l l o w  a n  i n t e r p r e t a t i o n  i n  t h e  s e n s e  of t h e  mesh edge formula t ion .  

The r o u t i n e s  which g e n e r a t e  t h e  equat ion  c o e f f i c i e n t s  f o r  s l a b  

geometry were r e v i s e d  t o  i n t r o d u c e  t h e  parameter ized mesh edge formula- 

t i o n s .  

e i g h t  c l o s e  ne ighbors  on o p t i o n ,  and t h e  n e a r e s t  neighbor  on each ad ja-  

c e n t  p lane .  

These involve  e i t h e r  f o u r  n e a r e s t  neighbors  on p l a n e s  o r  t h e  

The i t e r a t i o n  r o u t i n e s  were modified t o  treat t h e  equat ions .  The 

changes i n c l u d e  t r e a t i n g  t h e  f u l l  coupl ing on o p t i o n ,  c o n s i s t e n t  source  

c a l c u l a t i o n  o r  u s e  of t h e  l o c a l  source  on opt ion ,  and c o n s i s t e n t  calcu-  

l a t i o n  of t h e  m u l t i p l i c a t i o n  f a c t o r  from a n  o v e r a l l  neut ron  ba lance ,  

and from t h e  r e s i d u e s  approach on te rmina t ion .  

Average f l u x  and power d e n s i t y  v a l u e s  were genera ted  and p r i n t e d  

f o r  t h e  e lementa l  volumes each surrounded by mesh p o i n t s .  

p rocess ing  i s  deemed t o  be  q u i t e  e s s e n t i a l  t o  support  t e s t i n g  and f o r  

g e n e r a l  a p p l i c a t i o n .  

f i l e  needed f o r  exposure c a l c u l a t i o n s .  

t h i s  code w a s  made available by implementing i t  i n  p a r a l l e l  w i t h  t h e  

VENTURE code i n  t h e  l o c a l  system f o r  c o r e  a n a l y s i s .  

T h i s  s t e p  of 

The zone, group f l u x  v a l u e s  were placed i n  t h e  

Thus d e p l e t i o n  c a p a b i l i t y  wi th  

C a l c u l a t i o n a l  Procedure 

The b a s i c  procedure of c a l c u l a t i o n  was t h a t  documented i n  t h e  

VENTURE code r e p o r t  w i t h  modest changes. 

procedure w a s  done t o  f a c i l i t a t e  t h e  e s t i m a t i o n  of t h e  m u l t i p l i c a t i o n  

f a c t o r  from t h e  o v e r a l l  n e u t r o n  ba lance  because a d d i t i o n a l  in format ion  

was r e q u i r e d .  A number of improvements i n  t h e  VENTURE code which were 

A r e o r d e r i n g  of t h e  i t e r a t i v e  
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i nco rpora t ed  p r i o r  t o  t h e  v e r s i o n  2 release were n o t  i nco rpora t ed  i n  

VANCER. These inc lude  mod i f i ca t ions  t o  t h e  a c c e l e r a t i o n  procedures  on 

both  i n n e r  and o u t e r  i t e r a t i o n .  

The Programmed Equat ions 

The equa t ions  which were app l i ed  are presented  he re .  A mesh p o i n t  

and i t s  c l o s e  ne ighbors  are shown i n  Fig.  1. 

dimensions cons ide r ing  a s p e c i f i c  p o i n t  ( t h e  mesh spac ing  v a r i e s ) ,  and 

t h e  l o c a l  material p r o p e r t i e s .  Note t h e  subse t  two-dimensional mesh 

loca ted  on a p lane .  

i s  cons idered  i n  w r i t i n g  t h e  d i f f e r e n c e  equa t ions  f o r  t h e  element 

a s s o c i a t e d  wi th  a mesh po in t  i n  t h r e e  dimensions.  

of 2 f o r  each coord ina te  has  been cance l l ed  ou t  of t h e  equa t ions ,  8 i n  

t h r e e  dimensions.  

Also shown are t h e  mesh 

Only t h e  n e a r e s t  mesh p o i n t  on each ad jacen t  p lane  

A l ead ing  c o e f f i c i e n t  

The po in t  f l u x  v a l u e  i s  c a l c u l a t e d  i n  t h e  i t e r a t i v e  p rocess  as 

dependent on c l o s e  neighbor  v a l u e s  as 

+@(J+1,1-1,B9K) * DH(J,I-l,B,K) 

+@(J-l , I - l ,B,K) * DH(J-l,I-l,B,K) 

+4) (J-1, 1+1, B ,K)  * DH(J-1, I, B ,K)  

+ TS(J,I ,B)] / TL(J,I,B,K) . 
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1 2  

where : 

DR(J,I ,B,K) = 

TYT * TZF * D ( 2 , K )  + TYB * TZF * D ( 3 , K )  
Cl l*  [ TXL TXL 

* D ( 6 , K )  TYT * TZA +-- 
TXL 1 TYB * TZA * D ( 7 , K )  

TXL + 

* TYT * T Z F  * C ( 2 , K )  + TXL * TYB * T Z F  * C ( 3 , K )  

1 4- TXL * TYT * TZA * C ( 6 , K )  + TXL * TYB * TZA * C ( 7 , K )  

* D ( 3 , K )  TXL * T Z F  
TYB TXL * TZF * D ( 2 , K )  + TYT 

TXL * TZA * D ( 7 , K ) I  , or  TXL * TZA 
TYT TY B - * D ( 6 , K )  + + 

DR(J,I ,B,K) = I 

* T Z F  * C + TYB * T Z F  * C 3  + TYT * TZA * C6 + TYB * TZA * C ,  3 2 

€or extrapolated or non-return boundaries. 

D R ( J + l , I , B , K )  = 

* D ( 4 , K )  
TYB * T Z F  

TXR * D ( 1 , K )  + al*r TXR * TZF 

TYT * TZA * D ( 5 , K )  + TYB TXR * TZA * D ( 8 , K ) J  + 
TXR 

a 

* TYT * T Z F  * C ( 1 , K )  + TXR * TYB * T Z F  * C ( 4 , K )  

1 + TXR * mT * TZA * C ( 5 , K )  + TXR * TYB * TZA * C ( 8 , K )  
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TXR * TZA 
TYT 

+ 

* D ( 4 , K )  
TXR * T Z F  

TYB 
* D ( 1 , K )  + 

* D ( 5 , K )  + TXR TYB * TZA * D(B,K)] , o r  

D R ( J + l , I , B , K )  = 

* T Z F  * C + TYB * T Z F  * C4 + TYT * TZA * C + TYD * T Z A  * C 
1 5 8J 

f o r  e x t r a p o l a t e d  o r  non-return boundaries .  

D B ( J , I , B , K )  = 

* D ( 1 , K )  
TXR * T Z F  

TYT 
TXL * TZF * D ( 2 , K )  + a 1 *[ TYT 

TXL * TZA * D ( 6 , K )  + TXR TYT * T Z A  * DU,K)] TYT 
+ 

J 

* TYT * T Z F  * C ( 2 , K )  + TXR * TYT * T Z F  * C ( 1 , K )  

1 + TXL * TYT * TZA * C ( 6 , K )  + TXR * TYT * TZA * C ( 5 , K )  

* D ( 1 , K )  
TYT * T Z F  

TXR 
TYT * TZF * D ( 2 , K )  + 

* D ( 6 , K )  + TYT TXR * TZA * D ( ~ , K ) ]  o r  
TYT * TZA 

TXL 
+ 

D B ( J , I , B , K )  = 

TXL * T Z F  * C + TXR * T Z F  * C 
2 1 

+ TXL * TZA * C6 + TXR * TZA * C 

f o r  e x t r a p o l a t e d  o r  non-return boundaries .  
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DB (J,  I+1, B , K )  

TXL * TZA * + 
TYB 

L 

+ TXL * TYB * 

TYB * TZA * + 
TXL 

DB (J , 1+1 , B , K )  

D ( 7 , K ) '  + TXR TYB * TZA * D ( 8 , K ) l  

T Z F  * C(3,K) + TXR * TYB * T Z F  * C ( 4 , K )  

TZA * C ( 7 , K )  + TXR * TYB * TZA * C ( 8 , K )  1 

TYB * TZA * D ( 8 , K )  , o r  
TXR 3 D ( 7 , K )  + 

81 
C3 + TXR * T Z F  * C2 + TXL * TZA * C7 + TXR * TZA * C 

f o r  e x t r a p o l a t e d  o r  non-return boundar ies .  

DA(J,I,B,K) = 

TXR * TYT * D ( 1 , K )  
T Z F  

TXL * TYT * D ( 2 , K )  + a 8 *[ T Z F  

+ TXL T Z F  * TYB * D ( 3 , K )  + TXR T Z F  * TYB * D(4.K; i  

* TYT * T Z F  * C ( 2 , K )  + TXR * TYT * T Z F  * C ( 1 , K )  

+ TXL * TYB * T Z F  * C ( 3 , K )  + TXR * TYB * T Z F  * C ( 4 , K )  , o r  1 
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D A ( J , I , B , K )  = 

2*a * TXL * TYT * C + TXR * TYT * C + TXL * TYB * C3 + TXR * T P B  * C 
0 c 2 1 

f o r  e x t r a p o l a t e d  o r  non-return boundaries .  

D A ( J , I , B + l , K )  = 

* D ( 5 , K )  
TXR * TYT 

TZA * D ( 6 , K )  + 

TXR * TYB * D ( 8 , K ) ]  
TZA * D ( 7 , K )  + TXL * TYB 

TZA + 

-a9* TXL * TYT * TZA * C ( 6 , K )  + TXR * TYT * TZA * C ( 5 , K )  [ I 

+ TXL * TYB * TZA * C ( 7 , K )  + TXR * TYB * TZA * C ( 8 , K )  , o r  

D A ( J , I , B + l , K )  = 

I 
2*a0* TXL * TYT * C6 + TXR * TYT * C5 + TXL * TYB * C7 + TXR Jc TYB * C r. 

f o r  e x t r a p o l a t e d  o r  non-return boundaries .  

D H ( J , I , B , K )  = 

TXR TYB * "') * D ( 4 , K )  

TXR * * D(8,K)]  
TYB 

-a * TXR * TYB * T Z F  * C ( 4 , K )  + TXR * TYB * TZA * C ( 8 , K )  
4 [I I 

Dii (J-1 ,J  , B ,K)  = 
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* TYB * TZF * C(3,K) + TXL * TYB * TZA * C(7,K) J 
DH(J,I-l,B,K) = 

I- 

* TYT * TZF * C(1,K) + TXR * TYT * TZA * C(5,K) . 1 

TXL * TZF 
TYT ) D(2,K) 

TYT 

* TYT * TZF * C(2,K) + TXL * TYT * TZA * C(6,K) 1 

TL(J,I,B,K) = 

a * [,,L * TYT * TZF * C(2,K) + TXR * TYT * TZF * C(1,K) 
0 

+ TXL * TYB * TZF * z(3,K) + TXR * TYB * TZF * x(4,K) 

+ TXL * TYT * TZA * C(6,K) + TXR * TYT * TZA * C(5,K) 

+ TXL * TYB * TZA * z(7,K) + TXR * TYB * TZA * ~(8,K)l 

+ DR(J,I,B,K) + DR(J+l,I,B,K) + DB(J,I,B,K) + DB(J,I+~YB,K) 

+ DA(J,I,B,K) + DA(J,I,B+l,K) + INTERNAL BLACK B(XJNDARY LOSSES 
+ DH(J,I,B,K) + DH(J-l,I,B,K) + DH(J,I-l,B,K) + DH(J-1,1-1,B$K) 
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TFS(J,I,B) = 

[,,, * TYT * TZF * FS(l,J,I,B) + TXL * TYT * TZF * FS(2,J,I,B) 

+ TXL * TYB * TZF * FS(3,J,I,B) + TXR * TYB * TZF * FS(4,J,I,B) 

+ TXR * TYT * TZA * FS(5,J,I,B) + TXL, * TYT * TZA * FS(G,J,I,B) 

1 + TXL * TYB * TZA * FS(7,J,I,B) + TXR * TYB * TZA * FS(8,J,I,B) 

+a6*[TXL * TYT * TZF * FS(1,J-1,I,B) + TXI, * TYB * TZF * FS(4,J-l,I,B) 
L 

+ TXL * TYT 9; TZA * FS(5,J-l,IyB) + TXL * TYB * TZA * FS(8,J-l,I,B) 

+ TXR * TYT * TZF * FS(Z,J+l,I,B) + TXR * TYB * TZF * FS(3,J+l,I,B) 

+ TXR * TYT * TZA * FS(G,J+l,I,B) + TXR * TYB * TZA * FS(7,J+l,I,B) 

+ TXL TYT * TZF * FS(3,J,I-l,B) + TXR * TYT * TZF * FS(4,J,I-l,B) 

+ TXL * TYT * TZA * FS(7,J,I-l,B) + TXR * TYT * TZA * FS(8,J,I-l,B) 

+ TXL * TYB * TZF * FS(2,J,I+lYB) + TXR * TYB TZF * FS(l,J,I+l,B) 

+ TXL * TYB * TZA * FS(G,J,I+l,B) + TXR * TYB * TZA * FS(5,J,I+l,B) 1 
+a * ‘iXL 9: TYT * TZF fc FS(4,J-lYI-1,B) + TXL * TYT * TZA * FS(8,J-l,I-l,B) 

7 [  

+ TXR * TYT * TZF * FS(3,J+l,I-l,B) + TXR * TYT * TZA * FS(7,J+l,I-l,B) 

+ TXL * TYB * TZF * FS(l,J-l,I+l,B) + TXL * TYB * TZA * FS(5,J-1,I+l9B) 

+ TXR * TYB * TZF * FS(Z,J+l,I+l,B) + TXR * TYB * TZA * FS(G,J+l,I+l,B) 1 
+a * TXL * TYT * TZF * FS(G,J,I,B-1) 

+ TXR * TYT * TZF * FS(5,JyI,B-1) 
+ TXL * TYB * TZF * FS(7,J,I,B-l) 

TXR * TYB * TZF * FS(8,J,I,B-l) 
10 [ 

+ 
+ TXL * TYT * TZA * FS(2,J,I,B+1) 
+ TXR * TYT * TZA * FS(l,J,I,B+1) 

+ TXL * TYB * TZA * FS(3,J,I,B+1) 
+ TXR * TYB * TZA * FS(4,J,I,B+l) . 1 
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TSS(J,I ,B) = Same as TFS(J,I ,B) above except  t h a t  SS(M,J,I,B) 

r e p l a c e s  FS (M, J , I, B) 

KMAX where 

c (M,L) "0 ( J , I , B , L )  * 
S 

SS(M,J,I,B) = 

L= 1 

Where : 

I$ = neu t ron  f l u x .  

D = d i f f u s i o n  c o e f f i c i e n t .  

C = e f f e c t i v e  leakage  c o n s t a n t  f o r  e x t r a p o l a t e d  o r  non-return 

boundar ies .  

C = t o t a l  removal c r o s s  s e c t i o n  i n c l u d i n g  a b s o r p t i o n ,  buck l ing ,  

and o u t s c a t t e r .  

x = f i s s i o n  spectrum 

k = m u l t i p l i c a t i o n  f a c t o r .  

f vC = f i s s i o n  product ion  c r o s s  s e c t i o n .  

Is = i n s c a t t e r  c r o s s  s e c t i o n .  

J , I , B  = mesh p o i n t  l o c a t i o n  index ,  x , y , z ,  where z i s  a c r o s s  p l anes .  

K = energy group index. 

W i  = number of energy groups. 

M = zone index .  

The parameter c o e f f i c i e n t s  a are  d i scussed  nex t .  
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Values of t h e  Parameters  

d 

A set of i n p u t  parameters  is  converted t o  t h e  a v a l u e s  used i n  t h e  

formula t ion  given abovz. We show h e r e  t h e  v a l u e s  of t h e s e  i n p u t  o r  

i n i t i a l i z a t i o n  v a l u e s  and then  t h e  conversion.  The convers ion  i s  done 

t o  cause  t h e  primary term of t h e  s o u r c e  t o  have no m u l t i p l y i n g  parameter 

( r a t h e r  t h a n  t h e  primary l o s s  term) which somewhat s i m p l i f i e s  t h e  

c a l c u l a t i o n  dur ing  i t e r a t i o n .  These i n p u t ,  r e f e r e n c e  parameters  assume 

t h e  primary l o s s  t e r m  h a s  a u n i t y  l e a d i n g  parameter  (no ad jus tment ) .  

The u s u a l  d i f f e r e n c e  equat ion  used i n  FXTERMINATOR and many o t h e r  

codes h a s  a c o n s i s t e n t  source  formula t ion :  l o s s  and s o u r c e  are c a l c u l a t e d  

from t h e  l o c a l  p o i n t  f l u x  va lues .  For t h i s  u s u a l  d i f f e r e n c e  formula t ion ,  

an a l l  p o s i t i v e  s o l u t i o n  i s  assured  and a unique,  most p o s i t i v e ,  p o s i t i v e  

e igenvalue  ( m u l t i p l i c a t i o n  f a c t o r )  of a problem given f u l l  coupl ing and 

a l l  p o s i t i v e  macroscopic c r o s s  s e c t i o n s .  The parmaters  t a k e  on t h e  

fo l lowing  v a l u e s  w i t h  a2 - = a = bl = b2 = b3 = 0 ,  
= a3 - a4 5 

D imen s i o n s  

Neighbors 

al 

a6 

1 2 3 

2 4 6 

2 2 2 

0 0 2 

Use of t h e  l o c a l  source  w i t h  any set of parameters  (not recommended) 

i s  e f f e c t e d  by s e t t i n g  b = b2 = b 1 3 = 0. 

Any set of v a l u e s  f o r  t h e  parameters  can be  s u p p l i e d ,  b u t  on ly  a 

l i m i t e d  set  can b e  considered t o  be  c o n s i s t e n t .  For a c o n s i s t e n t  

7 s o u r c e ,  b = a b = a b = a 1 2’ 2 4’  3 

Reference sets of parameter v a l u e s  were made a v a i l a b l e  on a u s e r  

i n p u t  op t ion .  The v a l u e s  are  shown i n  Table  1. The i d e n t i f i c a t i o n s  

ass igned  t o  t h e  parameter sets are s e l f  explana tory .  Taylor  series 

r e s u l t s  are obta ined  ignor ing  c r o s s  terms, and h i g e r  o r d e r  ob ta ined  by 

r e l a t i n g  t h e  f l u x  and t h e  second d e r i v a t i v e .  L inear  f i n i t e  element 



TABLE 1 .  REFERENCE SETS OF PARAMETER VALUES 

Extended Linear Extended Simple Usual Full Simple Compensated 
Taylor Series Difference Fin i te  Compromise Compromise Difference 

Linear 
F in i t e  Taylor Series F in i te  

Difference (High Order) Element 
Reference 

One-Dimensional 

2 2 2 2 2 2 2 2 a l  

a2 114 116 1 /3  0 0 1/12 1/12 114 

Two, Three Dimensional 

Near Neighbors 

Near Neighbors 
(2D) 

(3D) 

a l  

a2  

a3 

a4 

a5  

a 7  

6 a 

8 

10 

312 

311 6 

112 

1/16 

1 I2 
2 

114 

8 

10 

513 

1 I 9  

113 

1/36 

113 

2 

116 

8 

10 

4/3 

219 

2 / 3  

1 /9 

213 

2 

1 /6 

8 

10 

513 

1 I 9  

113 

1/18 

1 /3  

2 

1/12 

d 

6 

2 

1/12 

0 

0' 

0 

2 

1/12 

4 

6 

2 

s 1 4  

0 

0 

3 

2 

1 / 4  

a e 
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parameters follow directly from minimizing the usual functional. 

compromises were selected which appeared attractive to test. 
Certain 

Given the initial values of the input parameters discussed above, 

the calculation of values of the equation parameters was done as 

follows : 

1.0 + bl 
+bl + b2 
+b 

x '  

if >1 dimension 
if 3 dimensional, 3 

F = L  

a = F  

1 a = Fa 

a2 = Fa2 

3 

4 

5 
a6 = Fbl 

a7 = Fb2 

6 
a9 = Fa7 

al0 = Fb3 

0 

1 

= Fa 

a4 = Fa 

= Fa 

"3 

"5 

= Fa "8 

But parameters which would not be used (as when two dimensions are 
treated) were s e t  0. 
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Cons i s  t enc  y 

A set  of v a l u e s  of t h e  parameters  may n o t  b e  c o n s i s t e n t  w i t h  any 

method of d e r i v a t i o n ,  

sets was t o  i n s u r e  t h a t  t h e s e  are c o n s i s t e n t .  However, i n  t h i s  e f f o r t  

w e  d e s i r e d  l a t i t u d e  i n  u s e  of p o s s i b l e  v a l u e s  which may prove i m p r a c t i c a l  

f o r  a code t o  b e  used i n  g e n e r a l  a p p l i c a t i o n .  

c a l c u l a t e  

One reason  f o r  implementing a number of r e f e r e n c e  

We do n o t e  t h a t  i f  w e  

1 1- b 

X = -b -b i f  > 1 dimension 1 2  

3 i f  3 dimensional ,  I -b 

t h e n  X must b e  > 0. 

We a l s o  n o t e  t h a t  p o s i t i v e  f l u x  v a l u e s  are assured  only  i f  t h e  

coupl ing c o e f f i c i e n t s  DRY DB, DA and DH a r e  a l l  > 0 ,  a l though t h i s  i s  

a severe bound. 

With t h e  above formulas ,  a f a c t o r  of 2 h a s  been e l i m i n a t e d  from 

a l l  of t h e  terms f o r  each coord ina te .  A d i r e c t  c a l c u l a t i o n  of power 

level  y i e l d s  P*. 

n i s  t h e  number of c o o r d i n a t e s ,  

T h i s  must be  c o r r e c t e d  by d i v i d i n g  by 2na,, where 

1 P* p = -  
2ncio 

To e f f e c t  a d e s i r e d  power leve l  P t h e  f l u x  v a l u e s  must  b e  m u l t i p l i e d  
0, 

D L 
n 0 X = 2 a  - 

0 P* - 
To a d j u s t  such q u a n t i t i e s  as leakage c a l c u l a t e d  w i t h  t h e  o r i g i n a l  f l u x ,  

care must be taken  t o  p r o p e r l y  account  f o r  b o t h  t h e  n o r m a l i z a t i o n  and 

t h e  absence of t h e  c o e f f i c i e n t  2 f o r  each  c o o r d i n a t e .  
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e 

c 

Average Flux Values 

We found i t  d e s i r a b l e  t o  c a l c u l a t e  average f l u x  v a l u e s  i n  each 

d i f f e r e n t  zone (composi t ion) .  For a l l  formula t ions  over  t h e  d i f f e r e n -  

t i a l  volume def ined  by a set of c l o s e s t  ne ighbors ,  t h e r e  i s  only one 

material  and set  of macroscopic p r o p e r t i e s .  The average f l u x  over  

t h i s  volume is  t h e  l i n e a r  average of t h e  f l u x  v a l u e s  a t  t h e  mesh p o i n t s .  

T h i s  average  w a s  used t o  c a l c u l a t e  r e a c t i o n  ra tes  and such o t h e r  

in format ion  as power d e n s i t y .  However, peak f l u x  v a l u e s  must occur  

a t  mesh p o i n t s  wi th  the formula t ion  a p p l i e d ,  s o  peak q u a n t i t i e s  

were a l s o  determined f o r  t h e  materials a b u t t i n g  each mesh p o i n t .  

111. RESULTS OF APPLICATION TESTING 

Here w e  r e p o r t  a s e l e c t e d  set  of r e s u l t s  ob ta ined  by a p p l i c a t i o n  

, t o  a v a r i e t y  of problems. Some of t h e s e  problems are simple ones 

d e s c r i b e d  i n  t h e  l i t e r a t u r e .  Others  have complicated geometr ic  d e s c r i p -  

t i o n s  o r  c r o s s  s e c t i o n  d a t a ,  o r  bo th ,  and documentation of such d a t a  i s  

beyond t h e  scope of t h i s  r e p o r t .  Some of t h e s e  r e s u l t s  have been r e p o r t e d .  

For comparison, r e s u l t s  f o r  t h e  problems were obta ined  w i t h  t h e  

VENTURE code which c o n t a i n s  t h e  mesh p o i n t  cen tered  formula t ion .  

R e l i a b i l i t y  T e s t i n g  

Proof ing  of t h e  programming w a s  done by demonstrat ing t h a t  t h e  same 

r e s u l t s  were produced f o r  a problem as are generated by t h e  EXTERMINATOR-I1 

code when t h e  same formula t ion  w a s  a p p l i e d .  F u r t h e r  i t  was demonstrated 

t o  our  s a t i s f a c t i o n  t h a t  i n c r e a s i n g  t h e  number of mesh p o i n t s  w i t h  any 

of t h e  formula t ions  moved t h e  s o l u t i o n  toward t h e  continuum r e s u l t  very  

n e a r l y  common t o  a l l  t h e  formula t ions .  Often more mesh p o i n t s  were used 

f o r  t h i s  proof ing  than d e s i r a b l e  from a c o s t  v iewpoin t ,  t o  avoid s e r i o u s  

contaminat ion by h igh  o r d e r  c o n t r i b u t i o n s .  

group s t r u c t u r e  and s u f f i c i e n t  mesh p o i n t s ,  t h e  e r r o r s  i n  i n t e g r a l  

q u a n t i t i e s  and l o c a l  p r o p e r t i e s  are n e a r l y  p r o p o r t i o n a l  t o  t h e  square  

of t h e  mesh spacing.  

Qui te  g e n e r a l l y  given a f i x e d  
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Reference Test Problems 

The f i v e  problems s e l e c t e d  are d e s c r i b e d  below: 

Problem D e s c r i p t i o n  

1 Two-dimensional LWR Problem (IAEA Benchmark 
Problem) 

2 Three-dimensional LWR Problem ( IAEA Benchmark 
P r  ob l e m  ) 

3 

4 

Neutron Transpor t  i n  a BWR Rod Bundle 
(Two-Dimensional 7 x 7 Fuel  Assembly) 

Highly Non-separable MIT Two-Dimensional 
LW Reactor  Problem 

5 Two-Dimensional F a s t  Breeder Reactor  Problem 

D e s c r i p t i o n s  of problems 1-3 are a v a i l a b l e  i n  R e f .  5 (ANL-74161, as 

a r e  a d d i t i o n a l  d e t a i l e d  r e s u l t s  and r e s u l t s  ob ta ined  w i t h  o t h e r  methods. 

Key r e s u l t s  f o r  t h e  f i r s t  problem are  shown i n  Table  2 ,  and t h e  dependence 

of t h e  e r r o r  i n  t h e  m u l t i p l i c a t i o n  f a c t o r  on t h e  number of mesh p o i n t s  

f o r  t h e  u s u a l  formula t ions  i s  shown i n  F ig .  2 .  Note t h a t  e x t r a p o l a t e d  

r e s u l t s  were always obta ined  by assuming t h a t  t h e  e r r o r  i s  p r o p o r t i o n a l  

t o  t h e  mesh s p a c i n g  squared ,  us ing  t h e  r e s u l t s  f o r  t h e  cases having t h e  

l a r g e s t  and t h e  n e x t  t o  t h e  l a r g e s t  number of mesh p o i n t s .  

Key r e s u l t s  f o r  problem 2 are shown i n  Table  3, and t h e  dependence 

of t h e  e r r o r  i n  t h e  m u l t i p l i c a t i o n  f a c t o r  f o r  several methods i s  shown 

i n  F ig .  3 ( d a t a  taken  from t h e  l i t e r a t u r e ) .  

Key r e s u l t s  f o r  t h e  LWR rod bundle problem 3 are shown i n  Table  4 .  

We n o t e  t h a t  t h e  d i f f e r e n c e  e r r o r  i s  very  n e a r l y  t h e  same f o r  t h e  u s u a l  

mesh centered  and mesh edge formula t ions  when account i s  taken of t h e  

number of mesh p o i n t s  used ( t h e r e  i s  less d i f f e r e n c e  on a b a s i s  of 

mesh p o i n t  spac ing  than  i t  would seem from t h e  raw d a t a ) .  

Problem 4 has  been descr ibed  i n  t h e  l i t e r a t u r e .  8 
Key r e s u l t s  are 

shown f o r  t h i s  problem i n  Table  5. Also shown are  r e s u l t s  ob ta ined  a t  

ORNL wi th  a second o r d e r  f i n i t e  element formula t ion .  9 

h 
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TABLE 2. TWO-DIMENSIONAL,TWO-GROUP IAEA BENCHMARK PROBLEM RESULTS 

Mesh Peak R e l a t i v e  Power Dens i ty  
Formulat ion (Near Neighbors) I n t e r v a l s  k e f f  I n t e r n a l  Near R e f l e c t o r  

Mesh P o i n t  Centered ,  VENTURE (4)  92  

E x t r a p o l a t e d  

Mesh Edge, VANCER 
Usual  F i n i t e - D i f f e r e n c e  (4)  

Taylor  S e r i e s  ( 8 )  
High Order Taylor  S e r i e s  (8)  

L i n e a r  Fini te-Element  (8)* 

Linear  F i n i t e - D i f f e r e n c e  (8)* 

Compromise (8)  

Simple Compromise (4)  

Compensated D i f f e r e n c e  (4)*  

Loca l  Source 
H-0 Taylor  Series (8)  
L i n e a r  Fini te-Element  (8)  
L i n e a r  F i n i t e - D i f f e r e n c e  (8) 
Compromise (8)  
Simple Compromise (4)  
Compensated D i f f e r e n c e  (4)  

Apparent S o l u t i o n  

1 7  
342 
68 

136 
272 
(m> 

92 
172 
342 

(a) 

342 

342 

(a> 

342 

(m) 

342 

(m) 

342 

(m) 

342 
68 

(m)  
1 7  
342 
682  

682 

17  

68 

17  

68 

1 7  

682 

17’ 

68 

342 
342 
342 
342 
342 
342 

1.03?08 
1.02965 
1.02924 
1.02944 
1.02954 
1.02958 
1.02959 

1.07647 
1.03733 
1.03077 
1.02983 
1.02952 
1.03080 
1.03442 
1.. 03036 
1.02975 
1.02955 
1.03109 
1.02985 
1.02965 
1.02958 
1.03236 
1.03006 
1.02969 
1.02957 
1.03390 
1.03028 
1.02973 
1.02955 
1.03051 
1.02978 
1.02954 
1.03206 
1.03O02 
1.02968 
1.02957 

1.03162 
1.03229 
1.03280 
1.03178 
1.03126 
1.03224 

1.02958 

1.549 
1.649 
1.599 
1.544 
1.522 
1.515 
1.513 

none 
0.962 
1.364 
1.475 
1.512 
1.364 
1 .095  
1 .405  
1.485 
1.512 
1.309 
1.462 
1.499 
1 .511  
1.214 
1.437 
1.493 
1.512 
1.123 
1.412 
1.487 
1.512 
1.389 
1 .481  
1.512 
1.228 
1.438 
1.493 
1 .511  

1 .393  
1.402 
1.422 

1.375 
1 .403  

1 . 5 1  

1.387 

4.28 
2 .231  
1 .660  
1 .546  
1.508 
1.652 
2.043 
1.629 
1.544 
1 .516  
1.779 
1.605 
1.545 
1.525 
1.887 
1.614 
1.544 
1 . 5 2 1  
2.009 
1 .625  
1.544 
1.517 
1.645 
1.544 
1 .510  
1.900 
1 .628  
1.547 
1.520 

1.724 
1.792 
1.860 
1.737 
1 .700  
1 .799  

1.52 

* 
R e s u l t s  f o r  g 2  mesh i n a d e q u a t e ,  r e s u l t i n g  f l u x  skewed; t h e  only  c l u e  of i n a d e q u a t e  
s o l u t i o n  i s  a n e u t r o n  b a l a n c e  k.  
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Q 
-4 

Q 0 0.08 0.16 0.24 0.32 
(loo/& 1, AI = SPACE POINTS 

FIG. 2 .  TWO-DIMEPjSIONAL FINITE-DIFFERENCE RESULTS. 

TABLE 3 .  THREE-DIMENSIONAL TWO-GROUP IAEA BENCHMARK PROBLEM RESULTS 
( 3 4  x 34 x 38 Mesh Points) 

Formulation 
(Near Neighbors) 

Peak Power Density 
k.e f f Internal Reflector Edge 

0.40 

~ -~ 

VENTURE, Mesh Centered ( 6 )  1.02864 2.50 2.42 

Extrapolated (m) 1.02903 2.35 

VANCER : 

Usual Finite-Difference ( 6 )  1.03064 2.02 2.50 

Linear Finite-Element ( 1 0 )  1.02949 2 . 2 1  2.53 

Linear Finite-Difference ( 1 0 )  1 a 02 968 2.18 2.54 
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TABLE 4 .  LWR BUNDLE PROBLEM DIFFUSION THEORY SOLUTIONS 

P rocesso r  

(min) 

P o i n t s  Peak t o  Average Peak P o i n t  
F a s t  F lux  ke f f  Po in t  Source Mesh P o i n t s  Pe r  

A s s  emb ly 

Mesh-centered f i n i t e - d i f f e r e n c e  (VENTURE) 

1 2  x 1 2  1 1.09238 1.2543 0.1900 0.074 
24 x 24 4 1.08759 1.3379 0.1907 0.102 
48 x 48 16  1.08606 1 .3851 0,1909 0.229 
96 x 96 64 1.08565 1.4100 0.1910 0 .921 
Ext rapo la t ed  ( m) 1.0855 1.418 0.1910 

Mesh-edge f i n i t e - d i f f e r e n c e  (VANCER) u s u a l  f i n i t e - d i f f e r e n c e  
( 4  neighbors)  

13 x 1 3  ( 1 )  1.08061 1.2607 0.1917 
25 x 25 ( 4 )  1.08389 1 .3411 0.1912 
49 x 49 ( 1 6 )  1.08506 1 .3861 0.1911 

0.224 
0.477 
1.198 

Linea r  f in i t e - e l emen t  ( 8  neighbors)  (VANCER) 

13 x 13 ( 1) 1.08185 1.2659 0.1919 0.238 
25 x 25 ( 4 )  1.08454 1.3429 0.1913 0.500 
49 x 49 ( 1 6 )  1.08525 1.3869 0.1911 1.465 

* 
Eigenvalue problem set up and s o l u t i o n ;  f o r  t h e  VENTURE s o l u t i o n s ,  t h e  
f l u x  s o l u t i o n  from t h e  nex t  smaller problem w a s  used as a s t a r t i n g  
guess.  
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4 

TABLE 5. HIGHLY NON-SEPARABLE MIT TWO-DIMENSIONAL 
PROBLEM RESULTS 

E x t r a p o l a t e d  
Mesh 

F o r m u l a t i o n ,  Code ( n e a r  n e i g h b o r s )  I n t e r v a l s  k e f f  kef  f 

Mesh C e n t e r e d ,  VENTURE (4) 

Q u a d r a t i c  F i n i t e - E l e m e n t  (18) 

Mesh Edge, VANCER 
U s u a l  F i n i t e - D i f f e r e n c e  (4) 

Extended T a y l o r  Series (8) 

Extended Highe r  Order  
T a y l o r  Series (8) 

L i n e a r  F i n i t e - E l e m e n t  (8) 

L i n e a r  F i n i t e - D i f f e r e n c e  (8) 

232 1.04275 
d L  ‘1 2 1..04188a 

40 1. 04408b 

62 1. 04033a 1.0399 

124 1. 03990a 1.03976 

337 1.0391 

232 1.03631 

312 1.03740 

402 1.03473 
62 1.03905 1.0396 

31 1.03779 

312 1.03817 

232 1.03923 

312 1.03917 

402 1.03790 

62 1.03960 1.0397 

23’ 1.03859 

312 1.03869 

40 ’ 1.03703 
62 1.03943 1.0397 

1 2 4 2  1.03966 1.03974 
L i n e a r  F-D, L o c a l  Source  (8) 312 1.04272 

Compromise (8) 23 1.03786 

3 1 2  1.03823 

40 1.03621 
62 * 1.03930 1.0396 

Compromise, L o c a l  Source  (8) 3 1 2  1.04087 

Compromise ( 4 )  3 1 2  1.03762 

4 0 S  1.03529 
Compromise, L o c a l  Source  ( 4 )  31’ 1.03892 

40 1.03557 
_, 

a C o n s i s t e n t  mesh p o i n t  e x p a n s i o n  a l l o w i n g  e x t r a p o l a t i o n .  
bMesh p o i n t s  added t o  r e f l e c t o r  t r a v e r s e s ,  a more u n i f o r m  mesh s p a c i n g .  
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The f a s t  b reede r  r e a c t o r  problem 5 i s  r a t h e r  complicated wi th  

microscopic  c r o s s  s e c t i o n s  which we do n o t  document h e r e  due t o  t h e  

amount of d a t a  involved.  Key r e s u l t s  f o r  t h i s  problem are shown i n  

Tables  6 and 7. 

Computation t i m e  w a s  found t o  va ry  cons ide rab ly .  A s p e c i a l  

d i f f i c u l t y  w a s  t h e  use  of r a t h e r  o b s o l e t e  procedures  i n  t h e  VANCER 

code. We b e l i e v e  t h a t  t h e  number of i t e r a t i o n s  r e q u i r e d  t o  s o l v e  t h e  

problems i s  n e a r l y  independent of t h e  d i f f e r e n c e  fo rmula t ions  imple- 

mented. 

dimensional  problems as fo l lows:  

R e l a t i v e  computation requirements  are es t ima ted  f o r  t h ree -  

Memory R e l a t i v e  
Formulation (Words ) Computation Cost 

Mesh Centered (VENTURE) 166,000 1.00 

Mesh Edge (VANCER) 

S ix  Neighbors,  Cons i s t en t  Source 191,000 1 . 3 7  

Ten Neighbors,  Cons i s t en t  Source 217,000 1 . 7 3  

We now make an assessment  of t h e  r e s u l t s  f o r  t h e  v a r i o u s  formu- 

l a t i o n s .  I f  one c o n s i d e r s  t h e  d i f f e r e n c e  e r r o r  i n  t h e  r e s u l t ,  t h e  

number of mesh p o i n t s  r equ i r ed  f o r  each formula t ion  can be e s t ima ted  t o  

produce t h e  same accuracy.  

r e l a t i v e  merit may b e  obta ined .  

t o  accuracy and t o  c o s t ,  and t h e  product  is  t h e  r e l a t i v e  m e r i t  of t h e  

formula t ion .  

importance t o  t h e  c o s t  because t h e  accuracy i s  o f t e n  adequate  given t h e  

r equ i r ed  number of p o i n t s  t o  d e s c r i b e  t h e  problem. We disadvantage  t h e  

mesh cen te red  formula t ion  because i t s  a b i l i t y  t o  show l o c a l  peaking of 

power d e n s i t y  (which o f t e n  occurs  a t  material i n t e r f a c e s )  i s  i n f e r i o r .  

Then given r e l a t i v e  c o s t  p e r  mesh p o i n t ,  t h e  

Thus a f i g u r e  of m e r i t  may be  a s s igned  

From a p r a c t i c a l  s tand-poin t ,  w e  may a s s i g n  a h i g h e r  
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TABLE 6.  TWO-DIMENSIONAL FAST BREEDER REACTOR PROBLEM RESULTS 
( S i x  Neutron Groups, S lab  Geometry) 

Formulat ion (Near Neighbors) 

Mesh Centered ,  VENTURE ( 4 ) a  

E x t r a p o l a t e d  

Usual  F i n i t e - D i f f e r e n c e  (4)  

E x t r a p o l a t e d  

L i n e a r  F i n i t e - D i f f e r e n c e  (8)  

E x t r a p o l a t e d  

L i n e a r  Fini te-Element  (8)b 

~ E x t r a p o l a t e d  

A Compromise (4)  

A Compromise (8)  

E x t r a p o l a t e d  

Compensated D i f f e r e n c e  (4)  

E x t r a p o l a t e d  

L i n e a r  Fini te-Element  , 
Local  Source (8)  

Loca l  Source (4)  
Compensated D i f f e r e n c e ,  

Apparent S o l u t i o n  

Mesh 
I n t e r v a l s  

48 x 22 

96 x 44 

48 x 22 

96 x 44 

48 x 22 

96 x 44 

48 x 22 

96 x 44 

48 x 22 

48 x 22 

96 x 44 

48 x 22 

96 x 44 

48 x 22 

48 x 22 

k e f f  

0.940161 

0.938820 

0.93837 

0.937160 

0.938055 

0.93835 

0.937492 

0.938147 

0.93837 

0.937608 

0.938176 

0.93837 

0.937172 

0.937379 

0.938114 

0.93836 

0.937194 

0.938058 

0.93835 

0.942793 

0.941042 

0.93836 

Peak Group 
6 Flux 

1.089 

1.074 

1.069 

1.044 

1 .061  

1.067 

1.057 

1 .065  

1.068 

1.062 

1.066 

1.067 

1.046 

1.052 

1.063 

1.067 

1.049 

1.062 

1.066 

1.070 

1.055 

1.067 

Peak R e l a t i v e  
Power D e n s i t y  

1.9144 

1.9236 

1.927 

1 .9351 

1 .9341 

1.934 

1.9354 

1.9345 

1.934 

1.9358 

1.9334 

1 .933  

1.9354 

1.9353 

1.9331 

1.932 

1.9364 

1.9335 

1.932 

1.9492 

1.9466 

1 .933  

a 

b I n t e r v a l  peak r e l a t i v e  power d e n s i t y  v a l u e s :  

Peak v a l u e s  are i n s i d e  an i n t e r v a l  w i t h  mesh-centered p o i n t s ,  o t h e r w i s e  on t h e  edge. 

1.8972, 1.9202, and e x t r a p o l a t e d  1.928. 
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TABLE 7 .  PEAK POWER DENSITY FOR FAST BREEDER REACTOR  PROBLEM^ 
Mesh Intervals Formulation (Near Neighbors) 

312 402 622 1242 Extrapolated 

Consistent Source 

Meshpoint Centered(4) b 2.416 2.360 2.643 2.780 2.825 
Usual Finite-Difference(4) 

Taylor Series (8) 

Higher-Order Taylor Series(8) 

Linear Finite-Element (8) 
Linear Finite-Difference(8) 

Compromise (8) 

Compromise (4) 
Compensated Difference(4) 

2.744 2.824 2.880 2.925 

2.756 

2.803 
2.931 2.888 2.924 2.920 

2.850 2.898 2.910 2.927 2.933 

2.813 2.873 2.900 2.928 

2.772 2.842 

2.831 2.878 

Local Source 

Higher-Order Taylor Series(8) 2.771 

Linear Finite-Element (8) 2.805 
Linear Finite-Difference(8) 2.789 

Compromise (8) 2.774 2.880 

Compromise (4) 2.753 2.846 
Compensated Difference(4) 2.772 2.890 

- ~~ 

The apparent result is 2.93; the reported result for the 337 point 
quadratic finite-element case is 2.908. 
a 

a 

bMesh point centered away from peak at the interface. 
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Shown below i s  t h e  assessment: 

5 

P 

Formulation Relative Merit 
(Near Neighbors on P lanes)  Accuracy Accuracy Accuracy Cost x Cost2 x c o s t  

Linear  Finite-Element (8) 
Linear  F in i te -Dif fe rence  (8) 
Compensated D i f f e r e n c e  ( 4 )  
Compromise (8) 
Mesh Centered ( 4 )  
Compromise ( 4 )  
Usual F i n i t e  D i f f e r e n c e  ( 4 )  
Local Source,  Typica l  

2.8 
2 . 3  
1.8 
1.6 
0.9 
1 . 2  
1.0 
0.8 

0.8 
0.8 
0.9 
0.8 
1.4 
0.9 
1.0 
1.0 

2 . 2  
1.8 
1.6 
1.3 
1.3 
1.1 
1.0 
0.8 

1.8 
1.5 
1.. 5 
1.0 
1.8 
1.0 
1.0 
0.8 

Choice of t h e  weight ing of t h e  i n d i v i d u a l  v a l u e s  of re la t ive merit 

i s  s u b j e c t  t o  p r a c t i c a l  c o n s i d e r a t i o n s .  

p o i n t s  r e q u i r e d  t o  d e s c r i b e  t h e  geometr ic  arrangement i s  enough f o r  t h e  

mesh centered  formula t ion  t o  produce a s o l u t i o n  which i s  adequate  f o r  

t h e  p a r t i c u l a r  c a l c u l a t i o n ,  t h e n  t h i s  formula t ion  would b e  chosen based 

on c o s t  a lone .  The b e s t  choice  f o r  a v e r y  c o a r s e  mesh probably would be 

mesh centered .  

For example, i f  t h e  number of 

We n o t e  t h e  low m e r i t  of  t h e  u s u a l  mesh edge formula t ion ,  and t h e  

r e l a t i v e l y  h igh  m e r i t  of t h e  l i n e a r  f i n i t e  element formula t ion .  We 

c a u t i o n  t h e  r e a d e r  t h a t  t h e  "higher  order"  formula t ions  can b e  used 

only  c a r e f u l l y  because t h e  u s e  of a c o a r s e  mesh spacing w i l l  produce 

inadequate  r e s u l t s .  

r o u t i n e l y .  The m e r i t  e s t imated  f o r  the mesh c e n t e r e d  formula t ion  

r e a s s u r e s  u s  i n  t h e  cont inuing  r o u t i n e  a p p l i c a t i o n  of t h i s  formula t ion  

i n  t h e  VENTURE and o t h e r  codes.  

S p e c i a l  a c t i o n  should be  taken  i n  a code used 

Conclusions 

The fo l lowing  conclus ions  are  drawn from t h i s  s tudy :  

1. Often t h e  f i n i t e  d i f f e r e n c e  e r r o r  i s  cons iderably  l a r g e r  than  
t h e  improvement obta ined  by u s i n g  one formula t ion  i n s t e a d  of 
another .  The common p r a c t i c e  of u s i n g  any f i n i t e  d i f f e r e n c e  
s o l u t i o n  as a r e f e r e n c e  r e s u l t  f o r  t e s t i n g  methods is  tech- 
n i c a l l y  unsound, n e a r l y  as bad as u s i n g  a n  unconverged s o l u t i o n .  
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2 .  Althou&not  t r u e  i n  some s i t u a t i o n s ,  a p p l i c a t i o n  t o  many problems 
r e p r e s e n t a t i v e  of s e r i o u s  a n a l y s i s  of r e f l e c t e d  o r  b l anke ted  
r e a c t o r s ,  shows t h a t  t h e  e r r o r s  i n  t h e  m u l t i p l i c a t i o n  f a c t o r  
and i n  o t h e r  p r o p e r t i e s  o f t e n  have o p p o s i t e  s i g n s  f o r  t h e  s imple  
mesh edge and mesh cen te red  fo rmula t ions .  The two s o l u t i o n s  
can n o t  be  cons idered  t o  be bounds, because f o r  b a r e  r e a c t o r  and 
c e l l  problems, they  have t h e  same s i g n .  Y e t  one would expec t  
t h a t  a combination of t h e  two fo rmula t ions ,  were it  p r a c t i c a l ,  
would g e n e r a l l y  be an  improvement. 

3 .  I n  most a p p l i c a t i o n s  i t  appea r s  pract ical  t o  u s e  an  improved 
fo rmula t ion  on p l anes  normal t o  t h e  f u e l  assembl ies  (mesh edge ) ,  
and t o  l o c a t e  t h e s e  p l anes  of mesh p o i n t s  between material 
i n t e r f a c e s  (mesh cen te red  a x i a l l y ) .  Thus each p o i n t  would have 
v a r i a t i o n  i n  t h e  sur rounding  material on t h e  p l ane ,  bu t  n o t  
a x i a l l y ,  which reduces  t h e  number of n u c l e a r  p r o p e r t i e s  neighbor- 
i n g  a p o i n t  by a f a c t o r  of two, reducing  computation c o s t .  The 
added c o s t  of h ighe r  coupl ing  than  of j u s t  c l o s e  ne ighbors  on 
p l a n e s  and nearest ne ighbors  on a d j a c e n t  p l anes  can n o t  l i k e l y  
be j u s t i f i e d  by t h e  i n c r e a s e  i n  accuracy .  

4 .  The source  and removal terms should be  c o n s i s t e n t ;  i f  a l inear  
v a r i a t i o n  of t h e  f l u x  i s  assumed f o r  c a l c u l a t i o n  of removal 
a long  a coord ina te ,  s o  should a l i n e a r  v a r i a t i o n  of t h e  sou rce ,  
which adds computation c o s t .  We are i n  b a s i c  disagreement w i t h  
i n v e s t i g a t o r s  who t a k e  t h e  o p p o s i t e  p o s i t i o n  on t h i s  p o i n t .  

5. We f i n d  t h e l h i g h e s t  accuracy from t h e  d i f f e r e n c e  equa t ions  ob- 
t a i n e d  by t h e  weak l i n e a r  f i n i t e  element approach provided t h e  
equa t ions  do n o t  breabkdown (and produce n e g a t i v e  f l u x  v a l u e s ) ,  
n o t  w e l l  understood from a t h e o r e t i c a l  b a s i s ;  t h i s  method i s  a 
form of importance weight ing ,  cons ide r ing  t h a t  g iven  t h e  sou rce ,  
t h e  space  problem i s  s e l f  a d j o i n t .  

An automated procedure should be used t o  r e c t i f y  t h e  s i t u a t i o n  
when a problem causes  t h e  implemented d i f f e r e n c e  e q u a t i o n s  t o  
break  down, d i sa l lowing  t h e  a d m i t t i n g  n e g a t i v e  f l u x  r e s u l t s ,  
which should n o t  be t o l e r a t e d  i n  c a s u a l  a p p l i c a t i o n  f o r  s e r i o u s  
a n a l y s i s .  

6. 

7. W e  have renewed conf idence  i n  t h e  mesh cen te red  fo rmula t ion  f o r  
g e n e r a l  a p p l i c a t i o n  because i t  i s  c o s t  e f f e c t i v e .  

8. Locat ion  of t h e  mesh p o i n t s  a t  c o r n e r s  of t r i a n g l e s  i s  recommended 
f o r  g e n e r a l  t r i a n g u l a r  geometry and f o r  t r e a t i n g  hexagonal 
geometry. 
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