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ABSTRACT 

This review consists of manuscripts of 25 papers submitted to  the Radiation Shielding 
Information Center Seminar-Workshop on “Theory and Application of Sensitivity and Uncertainty 
.4nal!.sis” held at Oak Ridge, Tennessee, August 22-24, 1978. The papers are grouped in three 
sessions which were conducted at  the Seminar. Additional papers which were submitted, but not 
gi \en orall!.. are also included in this report. The sessions were titled, “Sensitivity and Uncertainty 
.4nal!.sis for Fast and Thermal Reactors,” “Sensitivity and Uncertainty Analysis for Dosimetry and 
Fusion Reactor Applications,” and “Advances and Future Extensions for Sensitivity and 
U ncerta in t!. A nalgsis. ” 

.4 summar!’ of the papers presented and the discussions and comments which were made is also 
included to provide an  indication of the state-of-the-art of sensitivity and uncertainty analysis. 
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SUMMARY 
RS I C  SEMI  NAR/WORKSHOP 

"THEORY AND APPLICATION OF S E N S I T I V I T Y  AND UNCERTAINTY ANALYSIS" 
Royal Scotsman Inn, Oak Ridge, Tennessee 

August 22-24, 1978 

C. R. Weisbin 

The enclosed summary represents my view o f  t he  conference and i s  
in tended t o  p rov ide  a "snapshot" o f  t h e  substance, issues, and s t a t e - o f -  
t h e - a r t  which evolves from such a meeting. 
consensus by the  p a r t i c i p a n t s  rega rd ing  any o f  my observa t ions  o r  conclusions. 

No a t tempt  was made t o  achieve 

The meeting was made i n t e n t i o n a l l y  broad i n  scope, cover ing  theo ry  and 
appl i c a t i o n  o f  bo th  s e n s i t i v i t y  and u n c e r t a i n t y  analyses f o r  f a s t  and t h e r -  
mal reac to rs ,  dosimetry and fus ion  appl i c a t i o n s  and g e n e r a l i z a t i o n s  and 
extensions t o  new f i e l d s .  Seventy-six s c i e n t i s t s  p a r t i c i p a t e d  rep resen t ing  
mos t l y  a l l  of t he  major U.S. work i n  t h i s  f i e l d  as w e l l  as work i n  the  U.K., 
I t a l y ,  France, West Germany and I s r a e l .  The round t a b l e  meet ing format and 
equal a l l o t m e n t  o f  paper p resen ta t i on  t ime (15 minutes) and ques t ion  t ime 
(15 minutes) l e d  t o  l i v e l y  and s t i m u l a t i n g  d iscuss ions .  

I n  Sect ions 1-111 below, I have at tempted t o  very b r i e f l y  comment on 
the  papers presented i n  t h e  th ree  formal sessions (o rgan iza t i ons  a r e  l i s t e d  
e x p l i c i t l y  i n  t h e  program--see Appendix 11). Sec t i on  I V  summarizes some o f  
t he  d iscuss ions  which were s t i m u l a t e d  on a v a r i e t y  o f  t o p i c s  and some of 
my observa t ions  and conclusions. F i n a l l y ,  Sec t i on  V presents b r i e f l y  a 
commentary on the  workshop p a r t  o f  t he  meeting. 

I. H i g h l i g h t s  o f  Session I: S e n s i t i v i t y  and 
Uncer ta in t y  Ana lys is  f o r  Fas t  and Thermal Reactors 

The paper of  C o l l i n s  and L ineber ry  discussed t h e  ANL exper ience w i t h  
c ross  s e c t i o n  adjustment procedures f o r  t h e  a n a l y s i s  o f  var ious  discrepan- 
c i e s  ob ta ined i n  the  p r e d i c t i o n  o f  a range of  c r i t i c a l  experiments as w e l l  
as d i f f e r e n c e s  i n  p r e d i c t i o n s  o f  power d i s t r i b u t i o n s  and c o n t r o l  r o d  worths 
between homogeneous and heterogeneous LMFBR designs. 
o f  t h i s  paper i s  t h e  a v a i l a b i l i t y  of  q u a n t i f i e d  covariance matrices for  
measured integra2 parameters i n c l u d i n g  keff  and r e a c t i o n  r a t e  r a t i o s .  
type o f  i n f o r m a t i o n  i s  a b s o l u t e l y  e s s e n t i a l  f o r  c r e d i b l e  adjustments! I n  
the  f u t u r e ,  t he  authors expect t o  i n c l u d e  r e a c t i v i t y  wor th  and spectrum 
measurements. The f o l l o w i n g  paper, by  Marable and Weisbin, summarized t h e  
ORNL s t a t u s  and f u t u r e  d i  r e c t i o n s  f o r  r e a c t o r  s e n s i t i v i t y  ana lys i s .  
paper e labo ra ted  on r e c e n t l y  developed procedures fo r  t h e  incZusion of 
me&ods uncertainties (as w e l l  as n u c l e a r  data and i n t e g r a l  experiment 
u n c e r t a i n t i e s )  i n t o  the  adjustment procedure. 
r e q u i r e d  'in t he  e v a l u a t i o n  o f  t he  biases and u n c e r t a i n t i e s  assoc ia ted  w i t h  
p a r t i c u l a r  a n a l y s i s  approaches. 
made by the  Data Tes t i ng  Subcommittee o f  CSEWG. 
nex t  paper which warned a g a i n s t  t he  p i t f a l l s  o f  " b l i n d "  a p p l i c a t i o n  o f  
adjustment codes. 

One unique f e a t u r e  

Th is  

The 

S i g n i f i c a n t  f u t u r e  work i s  

Y.  Y e i v i n  presented t h e  
A l i m i t e d  s t a r t  i n  t h i s  d i r e c t i o n  i s  be ing  

The approach taken by t h e  Y e i v i n  group emphasized 



reject ion of dubious integral data found by successive adjustments using 
d i f fe ren t  groupings of the available integral data. These three in te res t -  
i n g  papers were followed by a coffee break. 

P.  McDaniel presented the next paper, a novel development and applica- 
tion of s ens i t i v i ty  analysis to  unfold signals generated by small f iss ion 
detectors t o  determine fuel  motion i n  a me1 t i n g  reactor-fuel-pin t e s t  
assembly. Forward and adjoint three-dimensional angular f l  ux densi t ies  cal-  
culated w i t h  the MORSE Monte Carlo code were coupled to  generate the response 
kernels required f o r  unfolding. J .  M.  Ryskamp presented the next paper, a 
quantification of the sens i t i v i t y  of fuel  cycle cost t o  uncertainties i n  
detailed thermal cross sections. The s e n s i t i v i t i e s  for  GE (BWR-6)  a n d  B&W 
(PWR) reactors a re  highest near the peak of the hardened Maxwellian flux. 
Although simplified models a re  employed, s ign i f icant  conclusions have 
evolved from studies of this  type emphasizing the importance of considering 
the en t i re  fue l  cycle (when performing sens i t i v i ty  analysis)  due t o  buildup 
and depletion o f  various nuclides, throwaway o r  recycle of f iss ionable  
material, and time dependent spectral changes. Jack Thompson next presented 
a non-1 inear l e a s t  squares f i t t i n g  of experimental thermal neutron data. 
This work provided an interest ing example of an evaluation procedure which 
y ie lds  direct ly  best  estimates of the nuclear data parameters and the ir  
associated uncertainties. An example of the application of t h i s  procedure 
to  2 4 0 P u  data was given. 
T. J .  Trapp on the subject of f i s s ion  product decay power and uncertainties. 
His paper demonstrated the propagation of uncertainties i n  f i s s ion  product 
y ie lds  and decay energies t o  uncertainties i n  decay power from 9-10,000 
seconds. The analysis included appropriate constraints (e.g.  , summation 
of y ie lds)  and  t reated f iss ion product capture as  a correction term. 

The l a s t  paper of the morning was presented by 

11. Highlights of Session 11: Sensit ivity and 
Uncertainty Analysis fo r  Dosimetry 

and Fusion Reactor Applications 

The  Tuesday afternoon session began w i t h  the paper of Mannhart regard- 
i n g  the testing of ENDF/B data i n  the 252Cf neutron benchmark f i e ld .  
Activation measurements for  1 9 7 A ~ ( n , y ) ,  1151n(n,n ' ) ,  e tc .  a re  available and 
this  simplest of a l l  f i e lds  presents a unique opportunity to  verify the 
data f i l e s .  However, as common t o  many papers i n  this meeting, lack of 
detailed covariance f iZes  makes i t  d i f f i c u l t  to  draw supported concl usions. 
This paper a1 SO discussed analytic approximations for the caZculation of 
the sens i t i v i t y  of group averaged cross sections to  changes i n  microscopic 
data, energy s h i f t s ,  and f i s s ion  spectrum shape. The next paper by Guthrie, 
e t  a l ,  dea l t  w i t h  the application of s ens i t i v i ty  methodology t o  the LWR 
pressure vessel damage function unfolding problem. There i s  an ongoing 
e f fo r t  t o  correlate neutron exposure data measured a t  a surveillance posi- 
tion with the rate of embrittlement of the metal a t  the 1 /4  thickness 
pos i t i on  i n  the pressure vessel wa l l .  A companion paper by Schmittroth 
described new HEDL methodology b e i n g  employed t o  t r e a t  this  same problem. 
Schmittroth's adjustment code F E R R E T  i s  based upon a general log-normal 
formuZation t o  ensure pos i t iv i ty  and to  cope w i t h  asymmetric l imi t s .  
Schmittroth has a lso applied this  tool to f iss ion product cross section 
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evaluations f o r  ENDF/B-5 and f o r  the evaluation of  fission product a f te r -  
heat. The next paper, presented by Broadhead, described a benchmark 
analysis o f  ISNF reaction rate  measurements including caZculated f l u x  
covariances as we1 1 as activation and cross section uncertainties. 
Use of detailed calculations (171 groups) and  proposed ENDF/B-5 2 3 5 U  
f ission spectra led t o  a consistent adjustment. 
w i t h  l ively discussion pertaining t o  th i s  en t i re  f ie ld  o f  dosimetry. 

A coffee break followed 

D .  Ingersoll led o f f  the fusion session describing a sens i t iv i ty  

Specific re-eva2uation requests were made for the ine las t ic  
analysis o f  an integral t e s t  (measurement of  leakage spectra) of  Nb cross 
sections. 
cross sections above 1 MeV and a l l  data above 10 MeV deduced from compari- 
son of  calculation . w i t h  measurement. This was followed by the Wisconsin 
paper presented by Wu which briefly reviewed the theories of  sens i t iv i ty  
and uncertainty analysis and  then applied them to a new conceptual tokamak 
fusion reactor design N U W M A K .  An interesting approach was taken i n  t h i s  
paper t o  determine the cost/benefi t  of performing d i f ferent  experiments 
based upon the t o t a l  reduction i n  response uncertainty as determined by 
the a posteriori variance from the adjustment procedures. The final paper 
of  t h i s  session was given by Gerstl on the important  subject of  building 
the methodology t o  anu2yzG uncertainties due t o  secondary energy and 
anguZar dis tr ibut ions,  d a t a  'not typically included i n  many data uncertainty 
analyses. Sensi t ivi t ies  t o  changes i n  the mean spectrum energy (or mean 
scattering angle) and characterization of  the associated uncertainties 
were developed i n  t h i s  work which require a minimum of additionu2 compu- 
tat ion and permits rough estimates of spectra2 shape uncertainty to  be 
considered quantitatively.  

Following th is  paper was a two hour discussion session, which along 
w i t h  the "concluding panel" will be briefly described i n  Section IV. The 
day was f inal ly  concluded w i t h  a much appreciated buffet. 

111. Highlights of Session 111: Advances and 
Future Extensions for  Sensit ivity 

and  Uncertainty Analysis 

E. Greenspan presented the lead-off paper i n  t h i s  session which 
described investigations i n t o  higher order e f f e c t s  i n  sens i t i v i t y  theory. 
The f i r s t  example is  the common practice of a d j u s t i n g  only inf in i te ly  d i lu te  
cross sections assuming that  associated changes i n  f-factors are of second 
order. The paper demonstrated that  such f i ne  structure e f f e c t s  can have a 
significant impact on group constants, which becomes more impor tan t  w i t h  
decreasing energy. This should potentially be o f  in te res t  for  analysis of  
Doppler e f fec t  i n  f a s t  reactors and a l l  adjustment approaches for thermal 
reactors. The second part o f  t h i s  paper described the theory and  applica- 
t i o n  o f  second order sens i t i v i t y  ana2ysis w i t h  example being the non-linear 
e f f e c t  of changes i n  the 297 keV sodium minima. The paper concludes tha t  
second order analysis provides satisfactory accuracy for cross section 
uncertainty analysis for problems of t h i s  type. E. M. Oblow presented the 
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n e x t  paper which d e a l t  w i t h  t h e  formulation o f  a s ens i t i v i t y  theory f o r  
coupled, non-linear equations such as those which a r i s e  i n  t h e  area o f  
thermal hyd rau l i cs .  Th i s  methodology i s  p o t e n t i a l l y  impor tan t ,  n o t  o n l y  
f o r  s a f e t y  problems, b u t  f o r  t h e  expansion o f  t h e  e n t i r e  " s e n s i t i v i t y  
f i e l d "  t o  more general problems and a p p l i c a t i o n s .  I t  c u r r e n t l y  appears 
f e a s i b l e  t o  use e x i s t i n g  codes, w i t h  a p p r o p r i a t e  m o d i f i c a t i o n  o f  source 
terms and p rese rva t i on  o f  impor tan t  i n te rmed ia te  q u a n t i t i e s ,  t o  compute 
the  r e q u i r e d  a d j o i n t  f unc t i ons .  
approach t o  t h e  adjustment o f  group c ross  sec t i ons  f i t t i n g  i n t e g r a l  mea- 
surements. 
negligence errors i n  the input &tu se t s  shouZd be suspected, and indeed 
how bad they  are.  The da ta  i s  then ad jus ted  i n  such a manner as t o  account 
f o r  suspected neg l igence e r r o r s  ( d e c i s i o n  theo ry  i s  n o t  used i n  the  a d j u s t -  
ment s tep) .  The problem then t u r n s  t o  t h e  p h y s i c i s t  t o  f i n d  and c o r r e c t  
those sources o f  e r r o r  a f t e r  which t h e  input  data can be s t a t i s t i c a l l y  
combined. 
se ts  a r e  n o t  s t a t i s t i c a l l y  cons i s ten t " ,  a p o s i t i o n  t h a t  was heated ly  
debated, was i n  my view an a t tempt  by Chao t o  make c l e a r  t h a t  one can 
always combine s t a t i s t i c a l l y  c o n s i s t e n t  data ( t h i s  process i s  not c a l l e d  
adjustment by Chao) b u t  one has t o  a d j u s t ,  f i x ,  e t c .  da ta  s e t s  t h a t  a r e  
determined t o  be i n c o n s i s t e n t  ( t h i s  " f i x i n g "  process i s  what he c a l l s  
adjustment) .  Viewed i n  t h i s  l i g h t ,  t h e  s u b j e c t  appears t o  me t o  be much 
l e s s  c o n t r o v e r s i a l .  The mathematical procedures adopted by Chao a r e  used 
t o  d i scove r  t h a t  a discrepancy r e a l l y  e x i s t s ;  'it s t i l l  remains with the 
physicis t  t o  f i x  it! 
Another c o f f e e  break fo l lowed.  

Yung-An Chao then presented h i s  new 

Th is  approach at tempts t o  determine mathematically whether 

The view o f f e r e d  t h a t  "adjustment makes sense o n l y  i f  t h e  data 

The major issue a t  present i s  what t o  do while waiting! 

M. L. W i l l i ams  presented the  n e x t  paper d i scuss ing  a general per tu rba-  
t i o n  theo ry  f o r  two o f  t h e  common approximat ions used i n  burnup a n a l y s i s .  
It was shown t h a t  three adjoint equations ( f o r  t he  f l u x  shape, t h e  f l u x  
normal i z a t i o n ,  and the  n u c l i d e  d e n s i t y )  are required t o  f u l l y  develop a 
perturbation theory which accounts for the coupled variations i n  the 
neutron and nuclide f i e l d s .  The l a s t  paper, presented by F. G. Perey, 
d e a l t  w i t h  t h e  bas i c  d e f i n i t i o n s  and de te rm ina t ion  o f  t h e  i n p u t  q u a n t i t i e s  
we a l l  r e q u i r e  i n  u n c e r t a i n t y  analyses. Based on experience, he suggests 
t h a t  t h e  general term " e r r o r s "  be avoided and the  terms "es t imated  data 
covariances" , "known mistakes" and "unknown mistakes" be used a p p r o p r i a t e l y  
t o  avo id  confus ion  i n  meaning. According t o  Perey, covariance information 
i s  only valid i f  no mistakes, known o r  suspected, have been made i n  obtain- 
ing them. F i n a l l y ,  l o g i c a l  in fe rences  which can be made on t h e  b a s i s  o f  
l i m i t e d ,  incomplete o r  i n c o n s i s t e n t  i n f o r m a t i o n  i s  c l o s e l y  r e l a t e d  t o  
d e c i s i o n  theory,  an area t h a t  should r e c e i v e  more a t t e n t i o n  i n  t h e  f u t u r e .  

Due t o  l a c k  o f  t ime, t o  i n s u f f i c i e n t  t r a v e l  funds, e t c . ,  t h e r e  were 
several  papers which were n o t  f o r m a l l y  presented i n  t h e  meet ing b u t  which 
appear i n  these proceedings. 
McCracken on "The Use o f  E r r o r  F i l e s  i n  U n c e r t a i n t y  Ana lys i s  and Data 
Adjustment" wherein upper 1 i m i t  es t imates  o f  c a l c u l a t e d  q u a n t i t i e s  a r e  shown 
t o  be s i g n i f i c a n t l y  reduced by t h e  use o f  ENDF/B data covar iance f i l e s  and 
r e c e n t l y  pub1 ished few group covar iance ma t r i ces .  Other papers i n c l u d e  "The 
L i n e a r i t y  Assumption i n  Adjustment Procedures" by Y e i v i n  (a  reminder t h a t  
systems a r e  o f t e n  non- l i nea r  and t h a t  t h i s  assumption shou ld  always be checked) , 
" I n f l u e n c e  o f  Cross Sec t ion  S t r u c t u r e  on Unfolded Neutron Spectra" by Er tek ,  e t  

These i n c l u d e  a paper by Chestnu t t  and 
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a l .  and "Fi rs t  and Higher Order Perturbation Techniques and Their Application 
i n  Systems Analysis and Data Adjustments" by Gandin i .  

Two are also included whose content was covered d u r i n g  the presentation 
a t  the seminar o f  closely related papers. These are "Fuel-Motion Unfo ld ing  
Based on P o i n t  Detector Responses" by McDaniel and Wright  and "Sensit ivity 
of  LWR Fuel Cycle Costs t o  Uncertainties in Detailed Thermal Cross Section" 
by Ryskamp e t  a1 . 

I V .  Highlights of  the Discussion Session 
and "Concl udi ng  Panel 'I Session 

In preparation for th i s  conference, I prepared a l i s t  o f  questions 
These which a long  w i t h  the papers would serve t o  stimulate discussion. 

questions are  l i s t ed  in Appendix I .  
reader a t  th i s  p o i n t  t h a t  i t  i s  always d i f f i cu l t  t o  summarize free-wheeling 
discussion. Hence, the view presented below i s  intended only t o  character- 
ize a subjective interpretation o f  what actually took place. 

I t  i s  appropriate t o  remind the 

Clearly the most discussion centered on the topic of  cross section 
adjustment, i t s  usefulness and role,  now and i n  the future. This question 
really envelops those relating t o  the credibi l i ty  o f  covariance f i l e s ,  the 
quantification of  methods uncertainties , the level a t  which adjustment i s  
to take place ( p o i n t  o r  multigroup) and the need t o  include higher order 
effects .  The data base required for credible adjustments i s  now actively 
being formulated and tested. Probably the l ea s t  advanced component i s  the 
quantification of  methods bias and uncertainties; such quantification re- 
quires considerable work. "F i rs t  round" data for integral experiment 
uncertainties has been reported for many types o f  systems. ENDF/B-5 i s  
expected t o  contain a great deal of nuclear data covariance information 
b u t  since th i s  also wi l l  be the f i r s t  time that  a significant body of  
such d a t a  i s  accumulated, i t  i s  natural t o  expect ''known mistakes", "unknown 
mistakes", and a non-uniform quality of  nuclear data covariance evaluations. 
I t  should be clear  that  the adjustment process i s  intended as an a i d  to 
differential  and integral evaluators and analysts, not as a substi tute for 
them. 
for  the next version o f  ENDF/B could be significantly improved using da ta  
and methodology of th is  type. 

The t i m i n g  i s  such that  the evaluation and  data testing processes 

A great variety of methods improvements and expansion of  the scope o f  
perturbation theory was presented b u t  much o f  the e f fo r t  i s  s t i l l  apparently 
i n  the demonstration stage and hasn' t  really affected most designers o r  
evaluators yet. Sensit ivity coefficients describing fuel cycle cost ,  pres- 
sure vessel damage, fuel motion detector development, and thermal data 
evaluation, e tc . ,  hold great promise for near term exploitation by the 
application community b u t  such use i s  l ike ly  t o  be made i n  the near future 
only i f  an active e f fo r t  i s  made to disseminate th i s  technology t o  the 
sc ien t i f ic  community and to follow up questions which will inevitably develop. 
Long s t a n d i n g  discrepancies such as overprediction of 2 8 ~ / 4 8 f  and central 
worths need to  be attacked u s i n g  t h i s  new technology. 
for  continued development and testing include uncertainty analysis of 
secondary distributions,  depletion sens i t iv i ty ,  cost/benefit analysis of 
future experiment requirements, quantification of  methods b ias  and uncer- 
t a in t i e s ,  expansion t o  non-1 inear coupled systems of  equations, and 
investigation of  spectral f ine structure effects .  

Promising new areas 
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Several other issues were substantive enough t o  produce considerable 
discussion. 
t o  represent known measured d a t a  within res t r ic t ive  computerized formats 
(e.g.  , detailed angular distributions,  resonance structure i n  the unresolved 
range, e t c . )  must be accounted for  and ultimately eliminated. 
yet able ( a t  l ea s t  in the U.S.)  t o  select  group structures in an automated 
sense using sens i t iv i ty  theory. 
"dollar" re1 ated parameters) are often time dependent, and sensit ive t o  
the s t a t e  o f  the economy, more physical parameters such as ore requirements 
might be used as the figure-of-merit in future experiment planning. 

"Model 1 ing uncertainties" reflecting our  current inabil i t y  

We are  n o t  

Also, since fuel cycle cost (or other 

V.  Highlights of  the Workshop on 
the FORSS Sensit ivity Analysis Code System 

After some four years of development, the f i r s t  version o f  the driver- 
controlled FORSS sens i t iv i ty  and  uncertainty analysis code system was 
packaged, distributed t h r o u g h  RSIC, and  presented to the user community 
with oral presentations, documentation, sample problems and  questions and  
answers. 
t o  the CDC system on the Berkeley machine. The presentations are described 
in the Program (Appendix 11) and included overview and detailed discussions 
on each module. Important  capabi l i t ies  ex i s t  t o  generate sens i t iv i ty  
coefficients,  project response changes based upon d a t a  changes, perform 
d a t a  uncertainty analysis and cross section adjustment. I n  addition t o  
program u t i 1  izat ion,  existing 1 ibrar ies  of cross sections , covariance 
matrices, and sensi t ivi ty  coefficients were summarized. 

The system i s  available on the IBM system and i s  being converted 
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Appendix I 

Stimulating Questions for the Sensi t ivi ty  Seminar/Workshop 

C. R .  Weisbin 

How credible are  ( a n d  will be) uncertainty f i l e s ;  what  i s  the precision 
w i t h  which currently developed covariance f i l e s  are  defined? Will i t  be 
possible t o  predict uncertainties w i t h  enough confidence t o  reduce design 
margins? 

Can methods uncertainties ever real ly  be quantified for  a specif ic  problem, 
for  classes of  problems, e t c . ?  

Is second order theory, w i t h  i t s  associated computational complexity, 
necessary and w o r t h w h i  1 e? 

What i s  the difference between the conventional designer approach C/E plus 
b i a s ,  and the adjustment approach to uncertainty analysis? 

Should adjustment proceed i f  a t  a l l ,  on the point (ENDF/B) level rather 
t h a n  the mu1 t i  g roup  level? Are adjustments a1 ready imp1 i c i  t l y  performed? 

Is i t  necessary to approach cross section uncertainty analysis using 
sophisticated tools (e.g.  mu1 tidimensional , generalized a d j o i n t s ,  e t c . )  
or a re  simpler computational models (e.g.  slowing down theory e tc .  one 
dimension e t c . )  good enough? 

Can sens i t i v i ty  theory be employed to meaningfully se lec t  multigroup 
s t ructures  i n  an  automated sense? 

What constraints.  (e.g.  c r i t i c a l i t y )  need t o  be employed i n  the determina- 
t ion of s ens i t i v i ty  coeff ic ients  for  bu i l t ,  and to-be-built reactor 
systems? Are there similar constraints required i n  the sens i t iv i ty  analysis 
of shield designs? 

Should cost  rea l ly  be the objective function in integral experiment 
pl  ann i  ng , given i t s  ti  me dependent nature? 

What is  contamination and how does one know when he's  g o t  i t ;  can one 
trust computed generalized adjoints whose magnitudes a re  very small 
(e .9.  I O - 7 ) ?  
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Appendix I 1  
RSIC SEMINAR-WORKSHOP 

THEORY AND APPLICATION OF SENSITIVITI'AND UNCERTAINTY ANAL I'SIS 
ROYAL SCOTSMAN INN, OAK RIDGE, TENNESSEE 

August 22-24,1978 

PROGRAM 

OPENING--8:15 a.m. 

SESSION I: Sensitivity and Uncertainty Analysis for Fast and 
Thermal Reactors 

Tuesday Morning, August 22,1978 

Chairman, E. Greenspan, Nuclear Research Center, Negev, Israel 

8:30 a.m. 

P. J. Collins and M. J. Lineberry (Argonne National Laboratory, Idaho). 

9:00 a.m. 

Weisbin (Oak Ridge National Laboratory). 

9:30 a.m. 

and Y. Yeivin (Hebrew University, Israel). 

1O:OO a.m. Break 
10:15 a.m. 

Sensitivity Analysis Applied to the Calculation of Detector Response Kernels, W. H. Scott, 
J r .  (Science Applications, Inc.), P.  J. McDaniel, J. R. Renken, and S. A. Wright (Sandia 
Laboratories). 

10:45 a.m. 

D. R. Harris, B. Quan, and  J. M. Ryskamp (Rensselaer Polytechnic Institute). 

11:15 a.m. 

Parameter Uncertainty Analysis, J. K. Thompson (Battelle Pacific Northwest Laboratories). 

11:45 a.m. 

Histories, T. J. Trapp and  B. J. Spinrad (Oregon State University). 

12:15 p.m. Lunch Break 

The Use of Cross-Section Sensitivities in the Analysis of Fast Reactor Integral Parameters. 

Advances in Fast Reactor Sensitivity and Uncertainty Analysis, J. H. Marable and C. R. 

Controlled Cross-Section Adjustment by Integral Data, U. Salmi, J. J. Wagschal, A. Yaari, 

Sensitivity o f  Water Reactor Fuel Cycle Parameters and Costs to Nuclear Data, M. Becker, 

Nonlinear Model Fitting of Thermal Neutron Data and its Application in Resonance 

Fission Product Decay Power and Uncertainties After Realistic Reactor Opernting 



9 

SESSION 11: Sensitivity and Uncertainty Analysis for Dosimetry and 
Fusion Reactor Applications 

Tuesday Afternoon 

Chairman, F. Perey, Oak Ridge National Laboratory 

1:15 p.m. 

Wolf Mannhart (Physikalish-Tech., Braunschweig, Germany). 

1:45 p.m. 
Use o f  HEDL Codes in  the Sensitivity and Uncertainty Analysis o f  the Pressure Vessel 

Embrittlement Damage Function Problem, G. L. Guthrie, F. Schmittroth, R. L. Simons, E. P. 
Lippincott (Battelle Northwest Laboratory), and C. Oster (Westinghouse Hanford). 

2:15 p.m. 
Varied Applications of a New Maximum-Likelihood Code with Complete Covariance 

Capabihity, Frank Schmittroth (Westinghouse Hanford). 

2:45 p.m. 

Marable (Oak Ridge National Laboratory). 

3:15 p.m. Break 

Testing o f  E N D F / B  Cross-section Data in  the Californium-252 Neutron Benchmark Field, 

sensitivity and Uncertainty Analysis Applied to the NBS-ISNF, B. Broadhead and J. H. 

3:30 p.m. 

(Oak Ridge National Laboratory) and B. Wehring (University of Illinois, Urbana). 

4:OO p.m. 

Maynard (University of Wisconsin). 

4:30 p.m. 

(Los Alamos Scientific Laboratory). 

5:OO p.m. 

Directions 
7:OO p.m. 

Sensitivity Analysis Applied to an  Integral Test of Niobium Cross Sections, Dan Ingersoll 

The Application o f  Uncertainty Analysis in Conceptual Fusion Reactor Design, C .  W. 

Sensitivity and Uncertainty Analysis for Secondary Energy Distributions, S .  A. W. Gerstl 

DISCUSSION SESSION: Discussion of Sessions I and 11: Limitations and Future 

RECEPTION and BANQUET: 
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SESSION 111: Advances and Future Extensions for Sensitivity and 
Uncertainty Analysis 

Wednesday Morning, August 23, 1978 

Chairman, C. Weisbin, Oak Ridge National Laboratory 

8:3O a.m. 

D. Gilai (Nuclear Research Center, Negev). 

9:OO a.m. 

National Laboratory). 
9:30 a.m. 

CY. Chao (Carnegie-Mellon University). 

High Order Effects in  Cross Section Analysis Sensitiuity. Ehud Greenspan. I-. K a m i .  and  

Sensitivity Theory for Reactor Thermal-Hydraulics Problems, E. M. Oblow (Oak Ridge 

A New Approach to  the Adjustment of Group Cross-sections Fitting Integral E.vpt>rivic7n ts. 

1O:OO a.m. Break 

10:15 a.m. 
Sensitivity Theory for Depletion Analysis, M. L. Williams, J. R. IVhite. J. H. Marable. a n d  

E. M. Oblow (Oak Ridge National Laboratory). 

10:45 a.m. 

G. Perey and R. W. Peelle (Oak Ridge National Laboratory). 

11:15 a.m. 

1:OO p.m. Lunch Break 

Expectations for ENDF/B-V Uncertainty Files: Couerage. Strengths. aud Liuiitntroiis. F. 

SESSION IV: Concluding Panel 

WORKSHOP on FORSS 
Wednesday Afternoon 

2:OO p.m. 

2 : 3 O  p.m. 

L. Lucius. 

3:00 p.m. Break 

3:15 p.m. 

E. Ford, 111. 
4:00 p.m. 

4:3O p.m. 

5:OO p.m. Adjournment 

FORSS: An Overview of FORSS Sensitivity and Uncrrtaint>p Methodolog\-. C .  R. IVeisbin. 

Overview o f  the FORSS System: An Introduction of the ModicIc~s a n d  TIicir I n  tcractiori. J. 

FORSS Cross-section Requirements and Preparation: MINX-SPHINX; AMPX; AXMIX.  W. 

Error Files, Covariance Matrices, the COVERX File. J. D. Smith and F. G. Perey. 

FORSS-ANISN,  E. M. Oblow. 
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WORKSHOP on FORSS 
Thursday Morning, August 24,1978 

8:30 a.m. 

Sensitir.it>, Coefficients, J. L. Lucius. 

9:00 a.m. 

JULIET:  Calculation of Generalized Sources, Responses, Normalization Parameters, and 

The SENPRO File and the SENPRO Service Module, J. L. Lucius. 

9:25 a.m. 
SENTINEL: Analysis of the Effect  of Cross-Section Changes, R. Q. Wright. 

COVERT and CAVALIER:  Uncertainties Due Exclusively to Nuclear Data Uncertainties, 
9:45 a.m. 

J. H. Marable. 

10:05 a.m. Break 

10:20 a.m. 

10:40 a.m. 

10:55 a.m. 

11:25 a.m. 

SEIVPRO and COVERX Files Available f rom RSIC, R. W. Roussin. 

hnproi9ed FIDO, J. H. Marable. 

rAVC0VER:  Uncertainties With Integral Experiments Taken Into Account, J. H. Marable. 

COVERS: Data Preparation for UNCOVER, J. L. Lucius. 

IVTCRKR: The Inverse Problem, J. H. Marable. 
11:40 a.m. 

12:OO Lunch Break 

1:30 p.m. 

5 : O O  p.m. Adjournment 

Discussion o f  the Use of FORSS and Demonstration With Sample Problems, All. 
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THE USE OF CROSS SECTION SENSITIVITIES IN THE ANALYSIS 
OF FAST REACTOR INTEGRAL PARAMETERS 

P.J. Collins and M . J .  Lineberry 
Argonne National Laboratory 
Idaho Falls, Idaho U.S.A. 

ABSTRACT 

A cross section adjustment system has been developed at 
Argonne National Laboratory to study the various discrepan- 
cies obtained in the prediction of a range of reactor param- 
eters. Cross section sensitivities are calculated with a 
generalized perturbation theory code. Discrepancies with 
experiment are minimized by a least squares adjustment of 
multigroup cross sections. Correlation data between cross 
sections and between integral measurements is included where 
available. The sensitivity information permits the correla- 
tion. of C/E results for a variety of parameters and assem- 
blies having different material compositions and spectra. 
The integral data at present includes keff and reaction rate 
ratios for four ZPR "benchmark" assemblies and seven zero- 
leakage test zones built in the UK. Reactivity worths for 
several materials and the use of spectrum measurements are 
being studied. In addition, sensitivity analysis has been 
employed for the study of differences in prediction of power 
distributions and control rod worths between homogeneous 
and heterogeneous LMFBR designs. 

1. INTRODUCTION 

The use of cross section sensitivities at ANL-West in the analysis 
of fast reactor integral experiments at present falls into two main 
areas. The first involves the results from relatively simple benchmark 
critical experiments and studies discrepancies in calculated eigenvalues 
and central core measurements of reaction rate ratios, reactivity worths 
and spectra. The second area concerns the analysis of assemblies more 
typical of power reactor designs such as cores with two enrichment 
zones and heterogeneous designs. The two sets of analyses are, of 
course, closely related through the common cross-section base in the 
calculations. However, while the benchmark cores are easily calculated 
using simple models and corrections for analytical approximations are 
(hopefully) well known and easily applied, the analysis of the more 
prototypical cores requires, in many cases, more care in evaluating 
methods corrections. Work in the latter area is at an early stage. 
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The benchmark studies use a least squares method of adjusting 
multigroup cross sections to minimize the residual discrepancies between 
calculation and experiment for a range of integral parameters. This 
work has several aims: by relating a wide range of integral parameters 
through their sensitivities to the cross section base we are able to 
study for example, (i) the relation between discrepancies for different 
integral parameters in a given assembly, (ii) the relation between a 
given parameter measured in different assemblies with different compo- 
sition and spectra, and (iii) the possible identification of unreliable 
experimental results. Finally, as an aid in cross section data testing, 
it is useful to find if reasonable adjustments to the cross sections 
can account for the discrepancies in calculation. 

The sensitivities for power reactor parameters have been studied 
only recently. Several of the calculated properties of the heterogen- 
eous LMFBR cores built on ZPPR proved more sensitive to nuclear data 
then did their homogeneous core counterparts. However, these cores 
also proved to be more sensitive to the analytical approximations and a 
considerable number of corrections were applied before even preliminary 
conclusions regarding data sensitivities could be drawn. The present 
studies have mostly been confined to one-group sensitivities but it is 
possible that some of the "spatial parameters'' may be usefully included 
in the multigroup data adjustment code. 

2. THE LEAST SQUARES ADJUSTMENT CODE 

The multigroup data adjustment code follows closely the method 
described by Mitani and Kuroi(') except for the addition of correla- 
tions between integral parameters. The quantity minimized is 

where V 1  is the vector of weighted residual discrepancies between cal- 
culated and experimental values of the integral parameters, V2 is the 
vector of weighted residual discrepancies between adjusted and original 
values of the multigroup cross sections, p 1  is the correlation matrix 
of integral measurements uncertainties, and p 2  is the multigroup cross 
section correlation matrix. The adjusted values of the integral param- 
eters are given by 

n 

C; = ci + 1 aij (0 ;  - Oj) 
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where C i ,  a i j ,  0 '  

t e g r a l  parameter! ' t h e  s e n s i t i v i t y  c o e f f i c i e n t  and t h e  a d j u s t e d  and 
mult igroup c r o s s  s e c t i o n s ,  r e s p e c t i v e l y .  

and 0 are t h e  i n i t i a l  c a l c u l a t e d  v a l u e  of t h e  in-  
j 

The code i s  w r i t t e n  f o r  a g e n e r a l  group s t r u c t u r e  and i n c l u d e s  a 
group c o l l a p s e  o p t i o n ,  by summation of s e n s i t i v i t i e s  over subgroups.  
The s e n s i t i v i t i e s  are  c a l c u l a t e d  u s i n g  t h e  g e n e r a l i z e d  p e r t u r b a t i o n  
o p t i o n  of VARI- ID ,  a one-dimensional d i f f u s i o n  code based on t h e  v a r i -  
a t i o n a l  method of S t a c e y ( 2 ) .  
two and t h r e e  s p a t i a l  dimensions.  

The code i s  c u r r e n t l y  be ing  extended t o  

C o r r e l a t i o n s  between c r o s s  s e c t i o n s  have been obta ined  through ORNL 
process ing  of ENDFIB covar iance  f i l e s .  P r e s e n t l y  t h e  mult igroup covari-  
ance l i b r a r y  der ived  by Weisbin f o r  t h e  ZPR-617 spectrum is  used,  and 
i n c l u d e s  c o r r e l a t i o n s  f o r  235U, 238U, 239Pu, 240Pu,  and 241Pu c r o s s  
s e c t i o n s ( 3 ) .  

3. INTEGRAL DATA AND UNCERTAINTIES 

The i n t e g r a l  d a t a  being used (Table 1) comes from f o u r  benchmark 
assembl ies ,  ZPR-3/48, ZPR-6/6A, ZPR-617, and ZPR-9/31 and seven zero- 
leakage  tes t  zones of t h e  Z E B U - 8  s e r i e s ( 4 ) .  The i n t e g r a l  parameters 
are k o r  k,, r e a c t i o n  ra te  r a t i o s  and c e n t r a l  r e a c t i v i t y  worths.  
T y p i c a l  u n c e r t a i n t i e s  i n  t h e  d a t a  are 2 t o  3% f o r  r e a c t i o n  r a t e  r a t i o s  
(5% i n  t h e  ear l ie r  measurements i n  ZPR-3/48), 0 .3% f o r  t h e  ZEBRA k, 
v a l u e s  and a few p e r c e n t  f o r  s m a l l  sample worths .  Experimental  uncer- 
t a i n t i e s  i n  c r i t i c a l  masses are n e g l i g i b l e  b u t  u n c e r t a i n t i e s  of a few 

TABLE 1. I n t e g r a l  Parameters  Used i n  t h e  Adjustment ['o(i(r 
. 

14 1 1 III h e I Parameters - ._ 
A s  semb 1 ies 

1. ZPR "Benchmarks" 

! '2 
I " 

k e f f  ZPR-3/48 (Pu) 
ZPR-6/6A ( U )  React ion r a t e  r a t i o s  

a ZPR-6/7 (Pu) C e n t r a l  r e a c t i v i t y  worths 
ZPR-9/31 (Pu) S p e c t r u m  r a t i o s a  

2.  Z e b r a  8 Zero-Leakage 
Zones 

Zebra. 8 A  (Pu)  
8 B  ' I  

8 C  ' I  

kcu 
React ion r a t e  r a t i o s  

R e l a t i v e  r e a c t i v i t y  worths a 7 0  
8 D  'I 

8E I '  

a S p e c t r u m  r a t i o s  3 - .  f) 

a These d a t a  are a v a i l a b l e  but  on ly  some items are p r e s e n t l y  
inc luded .  
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t e n t h s  of a p e r c e n t  are e s t i m a t e d  f o r  approximations i n  t h e  c a l c u l a t e d  
e f f e c t s  of h e t e r o g e n e i t y ,  s t reaming,  e tc .  S e n s i t i v i t y  c o e f f i c i e n t s  f o r  
t h e  benchmark assembl ies  w e r e  genera ted  by B ~ h n ( ~ )  and McKnight(6). 

The c o r r e l a t i o n  matrix be ing  used f o r  r e a c t i o n  rates i n  t h e  bench- 
mark assembl ies  i s  shown i n  Table  2. These d a t a  are c u r r e n t l y  being. re- 
f i n e d  b u t  i t  i s  b e l i e v e d  t h a t  t h e  c o r r e l a t i o n s  shown are r e a l i s t i c  and 
w i l l  change only  i n  d e t a i l .  C o r r e l a t i o n  d a t a  f o r  ZEBRA 8 have been re- 
por ted  by t h e  experimenters  and i n c l u d e  c o r r e l a t e d  e r r o r s  of 1 t o  1.5% 
between r e a c t i o n  ra te  r a t i o s  and a s m a l l  c o r r e l a t i o n  of t e n t h s  of a 
p e r c e n t  between k, and t h e  r e a c t i o n  rates due t o  t h e  zero-leakage 
technique.  S e n s i t i v i t y  d a t a  f o r  t h e  neut ron  spectrum i n  ZPR-9/31 have 
been genera ted  f o r  p r o t o n - r e c o i l  d a t a .  While t h e  u n c e r t a i n t i e s  i n  t h e  
exper imenta l  group f l u x e s  are of t h e  o r d e r  of  5 t o  l o % ,  u n c e r t a i n t i e s  
i n  f l u x  r a t i o s  f o r  a d j a c e n t  groups can b e  reasonably  s m a l l  so  t h a t  t h e  
d e r i v a t i o n  of t h e s e  c o r r e l a t i o n s  i s  v i t a l  i n  o r d e r  t o  make e f f e c t i v e  
use  of t h e  d a t a ( 7 ) .  

TABLE 2. C o r r e l a t i o n  Matrix f o r  ZPR React ion  R a t e  Rat iosa  

1 0.53 0.32 0.00 0.28 0.00 0 .01  0.00 0.00 0.00 
1 0.00 0.19 0.00 0.18 0.00 0.00 0.00 0.00 

1 0.29 0.31 0.00 -0.38 0.08 0.00 -0.18 
1 0.00 0.48 -0.25 0.00 0.42 -0.30 

1 0.24 0.40 0.17 0.11 0.13 
1 0.33 0.04 0.71 0.23 

1 0.04 0.22 0.55 

1 0 .22  0 .26  
1 0.44 

1 

a Column l a b e l l i n g  i s  t h e  same as f o r  rows. 

C a l c u l a t i o n s  f o r  t h e  i n t e g r a l  assembl ies  were made w i t h i n  t h e  
Argonne Reactor  Computation (ARC) system. Cross s e c t i o n  p r o c e s s i n g  and 
c e l l  h e t e r o g e n e i t y  t rea tment  was g e n e r a l l y  done wi th  t h e  M C 2 - I 1  and 
SDX codes u s i n g  an i n t e r m e d i a t e  l i b r a r y  i n  150 t o  200 groups which w a s  
c o l l a p s e d  t o  28 groups f o r  t h e  f i n a l  r e a c t o r  c a l c u l a t i o n s .  It i s  very  
important  t o  e n s u r e  t h a t  t h e  c a l c u l a t i o n s  of i n t e g r a l  parameters  b e  as 
e l a b o r a t e  as necessary  t o  minimize e r r o r s  due t o  model l ing.  T h i s  i s  
i l l u s t r a t e d  i n  Table  3 f o r  two d i f f i c u l t  cases, ZEBRA 8 A  and 8 C .  Both 
of t h e s e  test zones are very  heterogeneous;  8 A  had a r e l a t i v e l y  s o f t  
spectrum and 8 C  conta ined  s t e e l  as t h e  only  d i l u e n t .  The i n i t i a l  cal- 
c u l a t i o n s  w i t h  t h e  SDX code gave r e l a t i v e l y  low v a l u e s  of k, i n  8 C  and 
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TABLE 3. Comparison of V I M  and SDX C a l c u l a t i o n s  

ENDFIB-IV Adjusted 
Parame t e r C a l c u l a t i o n  C/E C /E  

Zebra 8 A  k, MC2 /SDX 0.998 1.003 
V I M  0.969 0.990 

Zebra 8 A  28c/49f  MC2/SDX 0.997 0.961 
V I M  1.041 0.998 

Zebra 8 C  k, MC2/SDX 0.957 0.995 
V I M  0.968 0.996 

Zebra 8 C  28c/49f  MC / SDX 1.029 0.992 
V I M  1.031 0.995 

Adjustments t o  MC2/SDX 
s t ee l  c a p t u r e  V I M  

-1% t o  -40% 
-1% t o  -20% 

of 28c /49f  (238U(n,y) / 2 3 9 P u ( n , f ) )  i n  8A. Because of t h e  h e t e r o g e n e i t y ,  
f u r t h e r  c a l c u l a t i o n s  were made wi th  t h e  V I M  Monte Car lo  code which gave 
s i g n i f i c a n t  i n c r e a s e s  i n  t h e s e  parameters.  The adjustment  code w a s  a b l e  
t o  f i t  t h e  k, f o r  8 C  s i n c e  no o t h e r  parameter i n  t h e  system w a s  very  
s e n s i t i v e  t o  s t ee l  d a t a .  However l a r g e  r e d u c t i o n s  i n  s teel  c a p t u r e  of 
up t o  40% were r e q u i r e d  w i t h  t h e  SDX c a l c u l a t i o n s  and t h e s e  w e r e  approx- 
imate ly  halved when t h e  V I M  c a l c u l a t i o n s  were used. The code w a s  unable  
t o  g ive  a good f i t  t o  t h e  28c /49f  r a t i o  i n  8A when t h e  SDX c a l c u l a t i o n s  
were used because of t h e  c o n s t r a i n t s  imposed by many o t h e r  parameters  
wi th  a h igh  s e n s i t i v i t y  t o  238U c a p t u r e .  The MC2/SDX p a t h  h a s  been ex- 
t e n s i v e l y  t e s t e d  a g a i n  t V I M  f o r  t h e  ZPR-617 u n i t  c e l l  and v e r y  good 
agreement w a s  obtained?') . Recent developments i n c l u d e  t h e  RABANL 
o p t i o n  f o r  improved resonance s h i e l d i n g  c a p a b i l i t y  and an improved treat-  
ment of s teel  resonance d a t a .  These have n o t  y e t  been used f o r  t h e  
ZEBRA 8 A  and 8 C  cases. 

4. RESULTS FROM THE DATA ADJUSTMENT STUDIES 

A d e t a i l e d  comparison of t h e  i n t e g r a l  parameters  c a l c u l a t e d  wi th  
ENDFIB-IV d a t a  and t h e  parameters  a f t e r  d a t a  adjustment  w a s  given i n  
Reference 9. S ince  t h o s e  c a l c u l a t i o n s  w e r e  made, t h e  c a r b i d e  bench- 
mark assembly, ZPR-9/31 h a s  been added t o  t h e  system. 
r e s u l t s  f o r  k and r e a c t i o n  rates i s  given i n  Table  4 .  I n  t h i s  summary 
t h e  r e s u l t s  from t h e  ZEBRA 8 zones have been averaged and compared 
w i t h  those  from t h e  ZPR assemblies .  For t h e  adjustments  only k and 
r e a c t i o n  rates were included.  The p r i n c i p a l  adjustments  t o  t h e  mul t i -  
group d a t a  are  a l s o  given i n  Reference 9. 

A summary of t h e  

The ad jus tments  r e s u l t  i n  i n c r e a s e s  i n  k v a l u e s  of 1 t o  2%. The 
28c/49f  r a t i o s  decrease  by 3 t o  5% b u t  t h e  v a l u e s  f o r  ZPPR c o r e s  remain 
h i g h e r  than  those  f o r  ZEBRA. Thus t h e r e  is  an i n d i c a t i o n  of a 
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TABLE 4. I n t e g r a l  Parameters  Before and A f t e r  Data Adjustment 

ENDF /B -1V 
Parameter 

keff Or km 

Assembly 

Mean Zebra 8 
ZPR-3 148 
ZPR-6/6A 
ZPR-617 
ZPR-9 / 3 1 

Mean Zebra 8 
ZPR-3 148 
ZPR-6 / 7 
ZPR-9/31 

Mean Zebra 8 
ZPR-3/48 
ZPR-6 / 7 
ZPR-9 /31 

Mean Zebra 8 
ZPR-6 / 7 
ZPR-9 131 

Zebra 8H 
ZPR-6/6A 

Zebra 8H 
ZPR-6 / 6A 

C/E 

0.979 ? O . O I O a  
0.991 
0.987 
0.984 
0.988 

1.030 2 0.010 
0.926 
1.084 
1.066 

0.979 ? 0.020 
0.990 
0.968 
0.960 

0.992 5 0.021 
1.033 
0.958 

1.038 
1.028 

1.022 
0.962 

Adjusted 
C /E 

0.997 ? 0.007a 
1.002 
1 .ooo 
1.000 
1.000 

0.995 ? 0.004 
0.899 
1.037 
1.000 

0.985 2 0.018 
1.021 
0.996 
0.991 

0.994 2 0.022 
1.032 
0.959 

1.008 
0.989 

1.015 
0.993 

a 
RMS d e v i a t i o n  from t h e  mean. 

s y s t e m a t i c  d i f f e r e n c e  i n  t h e  two measurement techniques .  
f o r  t h i s  r a t i o  are g e n e r a l l y  i n  t h e  range  1.06 t o  1.10 f o r  a l a r g e  number 
of measurements i n  ZPPR(lo). 
b u t  t h e  exper imenta l  u n c e r t a i n t y  i s  about  5%. The 238U c a p t u r e  c r o s s  
s e c t i o n s  are reduced by 3 t o  7% by t h e  ad jus tment (9)  and w e l l  w i t h i n  
t h e  e s t i m a t e d  s t a n d a r d  d e v i a t i o n s .  A s  no ted  earlier l a r g e  r e d u c t i o n s  
i n  s tee l  c a p t u r e  of up t o  20% are  r e q u i r e d  t o  f i t  t h e  k, f o r  ZEBRA 8 C  
b u t  t h i s  i s  t h e  o n l y  parameter inc luded  which h a s  a h igh  s e n s i t i v i t y  
t o  steel d a t a .  
proved by t h e  adjustment  b u t  t h e s e  w e r e  o r i g i n a l l y  w i t h i n  one t o  two 
s t a n d a r d  d e v i a t i o n s  of experiment.  
g i v e s  t h e  lowest  C / E  v a l u e  f o r  t h i s  r a t i o .  

Values of C / E  

The low v a l u e  f o r  ZPR-3/48 i s  a n  except ion  

Values of t h e  2 5 f / 4 9 f  r a t i o  are  o n l y  margina l ly  i m -  

The r e c e n t  measurement f o r  ZPR-9/31 

C e n t r a l  r e a c t i v i t y . w o r t h s  were n o t  inc luded  i n  t h e  d a t a  a d j u s t -  
ment c a l c u l a t i o n s  d e s c r i b e d  above. 
d a t a  s t u d i e s  because l a r g e  C / E  d i s c r e p a n c i e s  are g e n e r a l l y  obta ined .  
Table  5 shows t h e  e f f e c t  of adding c e n t r a l  worths  t o  t h e  s e t  of param- 
eters used i n  Table  4 .  
B e f f  v a l u e s  and r e a c t i v i t y  scale,  t h e  e f f e c t s  of u s i n g  worths  r e l a t i v e  
t o  t h e  239Pu worth as w e l l  as a b s o l u t e  worths  are inc luded  s e p a r a t e l y .  
Although t h e  'OB worth w a s  inc luded  t h e  boron d a t a  i t s e l f  w a s  n o t  

These are p o t e n t i a l l y  v a l u a b l e  i n  

Because of t h e  u n c e r t a i n t y  of about  5% i n  t h e  
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a d j u s t e d .  
sodium are r e a d i l y  f i t  t o  t h e  v a l u e  of 1 .16  f o r  239Pu i n  ZPR-617, wi th  
only  s m a l l  changes i n  t h e  f i t  f o r  t h e  o t h e r  parameters. With t h e  ab- 
s o l u t e  worths  i n c l u d e d , t h e  C / E  f o r  239Pu obta ined  is  1.08 whi le  those  
f o r  'OB and sodium are c l o s e  t o  u n i t y .  
c a p t u r e  r a t i o  i s  decreased by 1% i n  t h i s  case. The v a l u e  of 1.08 i s  
c o n s i s t e n t  wi th  r e s u l t s  from a d ' u s t e d  d a t a  sets which have B e f f  va lues  
some 5-7% h i g h e r  than  ENDF/B("j and which y i e l d  C / E  va lues  c l o s e  t o  
u n i t y  f o r  c e n t r a l  worths.  It i s  a l s o  c o n s i s t e n t  wi th  comparisons of 
c a l c u l a t e d  and exper imenta l  B e f f  v a l u e s  i n  ZPR c o r e s  which have C / E  i n  
t h e  range 0.90 t o  0 .95 b u t  w i t h  about 5% u n c e r t a i n t y  i n  t h e  measurement. 
The p r i n c i p a l  d a t a  changes r e q u i r e d  t o  f i t  t h e  c e n t r a l  worth r e s u l t s  
were f o r  239Pu c a p t u r e ;  changes of up t o  30% were made and t h e s e  were 
l a r g e  compared wi th  t h e  es t imated  u n c e r t a i n t i e s  of 10 t o  20%. Changes 
of up t o  10% w e r e  produced f o r  240Pu c a p t u r e  and of 1 t o  5% i n  s t e e l  
and 2381J c a p t u r e  b u t  t h e s e  were s m a l l  compared wi th  t h e  u n c e r t a i n t i e s .  
Changes of up t o  10% occured f o r  s c a t t e r i n g  d a t a  i n  s t ee l ,  sodium, and 
oxygen i n  o r d e r  t o  f i t  t h e  sodium worth,  b u t  t h e  o t h e r  parameters  i n  
t h e  f i t  have only small s e n s i t i v i t y  t o  t h e s e  d a t a .  

With re la t ive  worths i n  t h e  f i t t i n g ,  v a l u e s  f o r  'OB and 

The mean C / E  f o r  t h e  2 3 8 U  

TABLE 5 .  S t u d i e s  of C e n t r a l  Worth C / E ' s  
~ ~~~ 

Worths i n  F i t  
R e l a t i v e  Absolute 

Parameter ENDF/B-IV None Worths Worths 

ZPR-6/7 Worth( 239Pu) 1.19 1.16 1.16 1 . 0 8  
ZPR-6/7 Worth ( l0B) 1 . 1 2  1.09 1.16 1.03 
ZPR-6/7 Worth(Na) 1 .43 1.34 1 . 1 7  1 . 0 2  

ZPR-6/7 keff  0.984 1.000 1.000 0.999 
Mean Zebra-8 km 0.979 0.997 0.998 0.997 

Mean Zebra-8 28c /49f  1.030 0.995 1.001 0.985 

5 .  SENSITIVITY STUDIES FOR POWER REACTOR MOCK-UP CORES 

One of t h e  p r i n c i p a l  r e s u l t s  of t h e  r e c e n t  s t u d i e s  of a heterogen- 
eous c o r e  i n  ZPPR w a s  t o  show s i g n i f i c a n t  e r r o r s  i n  c a l c u l a t e d  r a d i a l  
power d i s t r i b u t i o n s .  React ion rates a t  o u t e r  c o r e  p o s i t i o n s  were cal-  
c u l a t e d  several p e r c e n t  h i g h e r  than  n e a r  t h e  c o r e  c e n t e r .  Correspon- 
d i n g l y ,  r a d i a l  b i a s e s  i n  C / E  va lues  were found f o r  o t h e r  s p a t i a l l y  de- 
pendent parameters .  T h i s  behavior  w a s  n o t  found i n  previous s t u d i e s  
of two-zone homogeneous c o r e s  of similar s i z e .  

ZPPR-7A w a s  a benchmark i n  t h e  heterogeneous c o r e  series which 
conta ined  a c e n t r a l  b l a n k e t  zone and t h r e e  i n t e r n a l  b lanket  r i n g s  b u t  
no c e n t r a l  rod p o s i t i o n s .  E r r o r s  i n  c a l c u l a t e d  2 3 5 U  f i s s i o n  d i s t r i -  
b u t i o n s  are i l l u s t r a t e d  i n  Table  6. The C/E  r a t i o  i n  t h e  o u t e r  c o r e  
r e g i o n  w a s  4.6% h i g h e r  than  near  t h e  c e n t e r .  The r e l a t i v e  ( s t a t i s t i c a l )  
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TABLE 6.  E r r o r s  i n  t h e  Radia l  235U(n,f)  D i s t r i b u t i o n s  i n  ZPPR-7A 

Reference C / E  wi th  
a xy t r a n s p o r t  S4-Pl 

Correc t ion  f a c t o r s :  
Streaming 
(s8-p1)/(sk-p1) 
(s8-p3) /(s8-p1) 
Mesh s i z e  (Sg-P3) 
Buckling Approximat ion  
Space-dependent 

group c o l l a p s e  
T o t a l  Correc t ion  

Corrected C / E  

F i r s t  Core Ring 

1.004 

1.008 
1.002 
0.999 
1.000 
1.002 
1.003 

1.014 

1.018 

Outer Core Ring 

1.050 

0.997 
0.997 
1.002 
1 .ooo 
0.999 
0.999 

0.994 

1.044 

Di f f e rence  

+4.6% 

-1.1% 
-0.5% 
+O .3% 

0.0 
-0.3% 
-0.4% 

-2.0% 

+2.6% 
a S c a t t e r i n g  was t r e a t e d  wi th  a Po expansion,  co r rec t ed  f o r  t r a n s p o r t  

e f f e c t s .  

accuracy of t h e  experiments w a s  about  0.7%. S imi l a r  r e s u l t s  were found 
f o r  o t h e r  non-threshold r e a c t i o n s .  More d e t a i l  of t h e  r e s u l t s  i s  given 
i n  Reference 10. A d e t a i l e d  i n v e s t i g a t i o n  of approximations i n  t h e  
c a l c u l a t i o n  me'thod w a s  made. Cor rec t ions  were de r ived  f o r  s t reaming 
e f f e c t s ,  h ighe r  o r d e r  angular  quadra tu re ,  a n i s o t r o p i c  s c a t t e r i n g ,  mesh 
s i z e ,  zone and group dependent buckl ing  approximations and s p a t i a l l y -  
dependent group c o l l a p s e .  The r e l a t i v e  c o r r e c t i o n s  t o t a l e d  2% and re- 
duced t h e  o r i g i n a l  d i screpancy  t o  2.6%. 

I n  o rde r  t o  understand t h e  r e s i d u a l  d i screpancy  a number of d a t a  
s e n s i t i v i t y  s t u d i e s  w e r e  made. I n  t h e s e  t h e  mult igroup d a t a  w a s  changed 
by the  s a m e  percentage  over a l l  e n e r g i e s  u s i n g  a c y l i n d r i c a l  model of 
t h e  r e a c t o r .  The same v a r i a t i o n s  w e r e  made f o r  a model of a convent iona l  
co re ,  ZPPR-2. A s  shown i n  Table  7 a s i g n i f i c a n t l y  g r e a t e r  s e n s i t i v i t y  
w a s  found i n  t h e  heterogeneous co re  f o r  s e v e r a l  c r o s s  s e c t i o n s ,  p r i n c i -  
p a l l y  2 3 8 U  c a p t u r e  and i n e l a s t i c  s c a t t e r i n g  and t r a n s p o r t  c r o s s  s e c t i o n s .  
A f i v e  pe rcen t  r educ t ion  i n  238U c a p t u r e ,  c o n s i s t e n t  w i th  t h e  benchmark 
s t u d i e s  (Sec t ion  4 ) ,  gave an improvement of 1% i n  t h e  power shape of 7A 
r e l a t i v e  t o  ZPPR-2. These same d a t a  a l t e r a t i o n s  w e r e  found t o  g i v e  
s imilar  changes i n  kef f  f o r  bo th  c o r e s ,  c o n s i s t e n t  w i th  t h e  c r i t i c a l  
mass p r e d i c t i o n s .  

A similar s e n s i t i v i t y  w a s  found f o r  c o n t r o l  rod p r e d i c t i o n s  i n  t h e  
heterogeneous co re .  I n  ZPPR-7B, t h e  r e f e r e n c e  c a l c u l a t i o n s  gave a C / E  
f o r  o u t e r  r i n g  c o n t r o l  rod worths  11% h i g h e r  than f o r  t h e  i n n e r  r i n g .  
R e l a t i v e l y  l a r g e  methods c o r r e c t i o n s  were found which reduced t h i s  
d i screpancy  t o  5%. A s  f o r  t h e  power d i s t r i b u t i o n s ,  i t  w a s  found t h a t  
t h i s  d i f f e r e n c e  w a s  halved by a r e d u c t i o n  i n  238U c a p t u r e  of 5%(10). 



21 

TABLE 7. Effect of Cross Section 
Alterations on Power Density Shape 

Alteration, % 

-5 
+5 

-10 
+10 
+1 
-10 
-5 

-5 

Effect on Power Density Tilta, % 

+1.6 +0.5 
+o. 2 +o. 1 
+0.8 'LO 
-0.1 -0 .2  
'LO 'LO 
+0.1 +0.1 
+2.2 +0.4 

+0.9 

ZPPR-7A ZPPR-2 

-- 

a Ratio of C/E near the core center to that near the core edge. 

Data sensitivity studies for power distributions and control rod 

e core similar to that used in recent international com- 
worths are being extended for ZPPR-2, ZPPR-9 (a 700 size assembly), 

and parisons a 13q'1r It is important to determine how far the comparisons of 
calculation and experiment in ZPPR-9 will go in predicting the accuracy 
of calculations in the larger core. Some results for the inner core 
power shape, with cross section sensitivities in one group, are shown 
in Table 8. For this parameter, the sensitivities increase signifi- 
cantly on going to the large core size. Sensitivities for ZPPR-9 are 
about 60 to 70% of those for the 1300 MWe core for the most important 
cross section items. Using the one group cross section changes, shown 
in reference 11, together with these sensitivities, wecan account for 
a large part of the power shape differences between ENDF/B-IV and the 
adjusted data sets. 

6. SUMMARY 

The data adjustment method is valuable for studying the signifi- 
cance of calculational discrepancies for a wide range of integral param- 
eters. 
consistency between eigenvalue and 28c/49f comparisons, A possible 
bias between UK and US measurements of this ratio is indicated and a 
few measurements of other reaction rate ratios fall somewhat outside 
the expected range with the currently evaluated errors. Further study 
of the central reactivity worth results and inclusion of more indepen- 
dently measured parameters is desirable. Preliminary studies of sensi- 
tivities for spatial parameters in power reactor type cores have been 
useful in showing that calculational discrepancies observed are con- 
sistent with uncertainties in the multigroup data. 
this work into the data adjustment code may be possible, but special 
care is required in making corrections in the calculation model. 

The present results for several benchmark parameters show good 

The extension of . 
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TABLE 8. Sensitivities for the.Inner Core Power Shape 

Sensitivity for CenterIEdge Ratio 
of 239Pu(n,f) in the Inner Core 

Cross-Section ZPPR-2 ZPPR-9 1300 MWe Core 

23% c 
f 
V 

(n,n'> 
239Pu c 

f 
V 

24OPu c 
f 

241 
f 

242Pu c 
f 

-0.084 
+o. 010 
+O. 014 
-0.001 

-0.015 
+o . O O l  
-0.009 

-0.002 
-0.003 

-- 
+o. 001 

-0.254 
+O. 032 
+O .054 
-0.047 

-0.021 
+o. 001 
-0.050 

-0.002 
-0.009 

-- 
+O. 003 

-0.365 
+O. 036 
+0.061 
-0.065 

-0.022 
+o -020 
-0.050 

-0.004 
-0.024 

-0.001 
+0.026 

-0.001 
-0.003 

Fe c -0.006 -0.011 -0.020 
Cr c -0.003 -0.005 -0.010 
Ni c -0.001 -0.002 -0.007 

Radial diffusion +0.135 +0.414 +O. 721 
coefficient 
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ADVANCES I N  FAST REACTOR SENSITIVITY AND UNCERTAINTY ANALYSIS* 
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ABSTRACT 

A rev iew of p resent  methods and e x i s t i n g  computer codes a t  ORNL as 
w e l l  as elsewhere i n d i c a t e s  an enormous c a p a b i l i t y  n o t  o n l y  t o  c a l c u l a t e  
s e n s i t i v i t y  c o e f f i c i e n t s  b u t  a l s o  t o  app ly  them t o  a v a r i e t y  o f  purposes. 
Extensive f i l e s  o f  s e n s i t i v i t y  c o e f f i c i e n t s  have been c rea ted  and gathered 
f o r  f a s t  benchmark experiments and f o r  two-dimensional models o f  f a s t  
power r e a c t o r s  o f  severa l  designs, i n c l u d i n g  k - rese t  e f f e c t s  when appro- 
p r i a t e .  
which q u a n t i f y  t h e  u n c e r t a i n t y  i n  the  d i f f e r e n t i a l  nuc lear  da ta  t o  p r e d i c t  
t he  u n c e r t a i n t y  i n  c a l c u l a t e d  performance parameters. Recent a p p l i c a t i o n s  
of these f i l e s  have been made t o  a d j u s t  a l a r g e  amount o f  bo th  i n t e g r a l  
and d i f f e r e n t i a l  da ta  by i n c o r p o r a t i n g  benchmark experiment values and 
t h e i r  covariances. By means of adjustments o f  t h i s  type, i t  i s  hoped t h a t  
the  d i f f e r e n t i a l  da ta  base as w e l l  as the  i n t e g r a l  da ta  base can be 
improved. 

However, t h e r e  a r e  s t i l l  many l i m i t a t i o n s  t o  our p resent  c a p a b i l i t i e s .  
One o f  these l i m i t a t i o n s  has been our  i n a b i l i t y  t o  i n c l u d e  i n  a complete and 
sys temat ic  way t h e  e f f e c t  o f  methods u n c e r t a i n t i e s  on t h e  de te rm ina t ion  of 
ad jus ted  data, which depends i n  general n o t  o n l y  on exper imental  measurements, 
b u t  a l s o  on es t imates  o f  covar iances assoc ia ted  w i t h  the  measurements and the  
methods. Also, t he  u n c e r t a i n t y  i n  ad jus ted  da ta  con ta ins  c o n t r i b u t i o n s  from 
u n c e r t a i n t i e s  i n  covar iance est imates which c o n t r i b u t i o n s  we have here to fo re  
neglected. A new and comprehensive approach t o  i n c l u d e  e f f e c t s  o f  methods 
u n c e r t a i n t i e s  i s  presented here, and a l l  sources which c o n t r i b u t e  t o  the  
u n c e r t a i n t y  o f  t h e  ad jus ted  da ta  a r e  considered. 
demonstrated us ing  rough est imates f o r  t he  methods u n c e r t a i n t i e s  as a p p l i e d  
t o  a s i m p l i f i e d  rep resen ta t i on  o f  t h e  ZPR-6/7 f a s t  benchmark. 
i n d i c a t e  t h a t  i t  may be e s s e n t i a l  t o  i n c l u d e  methods u n c e r t a i n t i e s  if i n t e -  
g r a l  experiments a re  t o  be used f o r  t he  c r e a t i o n  o f  ad jus ted  nuc lear  da ta  
l i b r a r i e s .  
be performed. 

These s e n s i t i v i t y  f i l e s  have been combined w i t h  covar iance f i l e s  

Th is  new approach i s  

The r e s u l t s  

A c a r e f u l  e v a l u a t i o n  o f  methods b ias  and u n c e r t a i n t i e s  must s t i l l  

1.0. INTRODUCTION AND BACKGROUND 

The pr imary  goal o f  s e n s i t i v i t y  and u n c e r t a i n t y  a n a l y s i s  i s  t o  answer 
r e a c t o r  phys ics  quest ions o f  importance t o  des ign . l  Such ana lys i s  i s  

*Research sponsored by t h e  D i v i s i o n  o f  Reactor Research and Technology, 
U. S.  Department o f  Energy, under c o n t r a c t  W-7405-eng-26 w i t h  t h e  
Union Carbide Corpora t ion .  

. 
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e s p e c i a l l y  a p p l i c a b l e  t o  (1  ) measuring t h e  s i g n i f i c a n c e  o f  i n d i v i d u a l  
c o n t r i b u t i o n s  t o  c a l c u l a t e d  performance parameters, ( 2 )  p i n p o i n t i n g  
sources o f  s i g n i f i c a n t  u n c e r t a i n t y  i n  performance parameters, ( 3 )  quan- 
t i f y i n g  t h e  impact o f  u n c e r t a i n t i e s  i n  da ta  bases and o f  changes i n  data 
bases, ( 4 )  reduc ing  the  sources o f  u n c e r t a i n t y  by ( a )  g i v i n g  guidance t o  
p lann ing  i n t e g r a l  and d i f f e r e n t i a l  experiments, ( b )  g i v i n g  guidance t o  
methods development and ( c )  g i v i n g  guidance t o  eva lua to rs  f o r  a d j u s t i n g  
data bases and methods so as t o  be most c o n s i s t e n t  w i t h  a l l  t he  a v a i l a b l e  
i n fo rma t ion ,  and ( 5 )  p r o v i d i n g  t o o l s  f o r  t h e  o p t i m i z a t i o n  o f  design per-  
formance parameters of economic importance. 

The present  a b i l i t y  o f  t h e  ORNL FORSS s e n s i t i v i t y  and u n c e r t a i n t y  
a n a l y s i s  system t o  accomplish t h e  fo rego ing  i s  i n d i c a t e d  by t h e  present  
s t a t u s  i n f o r m a t i o n  i n  Table 1. 
several  years  a re  s u b s t a n t i a l  achievements, n o t  o n l y  w i t h - r e s p e c t  t o  the  
q u a n t i t y  and q u a l i t y  o f  t he  work b u t  a l s o  w i t h  regard  t o  t h e  impact o f  
t h i s  work. For example, s e n s i t i v i t y  and u n c e r t a i n t y  a n a l y s i s  has played 
an impor tan t  r o l e  i n  e v a l u a t i n g  the  e f f e c t  o f  going from ENDF./B-IV t o  a 
proposed p r e l  im ina ry  ve rs ion  o f  ENDF/B-V.2 

These accomplishments over t h e  pas t  

Table 1 .  Present  Status o f  ORNL S e n s i t i v i t y  and Uncer ta in t y  Ana lys i s .  

One-dimensional d r i v e r - c o n t r o l l e d  ve rs ion  o f  FORSS3 ( re leased through R S I C )  c a l c u l a t e s  s e n s i t i v i t i e s 4  o f  keff,  
r e a c t i o n - r a t e  r a t i o s ,  and worths. 
Ca lcu la te  s e n s i t i v i t i e s  o f  two-dimensional models us ing  DOT-IVS and VENTURE.6 

* -  Ca lcu la te  s e n s i t i v i t i e s  o f  des ign reac to rs  w i t h  k r e s e t  t o  u n i t y  us ing  enrichment.’ 

Compare s e n s i t i v i t i e s  q u a n t i t a t i v e l y  by magnitude and by energy-dependent shape ove r  and above t h a t  imposed by 
group s t ruc tu re . *  
Ca lcu la te  e f f e c t  on performance parameters due t o  a change i n  data base (e.g., ENDF/B-IV proposed ENDF/B-V).2 

* -  Ca lcu la te  u n c e r t a i n t i e s  i n  performance parameters due t o  u n c e r t a i n t i e s  i n  nuc lea r  data. ’  

Ad jus t  l a r g e  a r rays  o f  i n t e g r a l  and d i f f e r e n t i a l  data t o  make them cons is ten t  w i t h  p resc r ibed  c a l c u l a t i o n a l  
methods. 
Determine the  l e a s t  expensive d i f f e r e n t i a l - d a t a  measurement program which w i l l  meet p resc r ibed  u n c e r t a i n t i e s  
of c a l c u l a t e d  performance parameters. 
Ca lcu la te  s e n s i t i v i t i e s  o f  elementary time-dependent systems. l o  

An elementary example o f  t h e  type  o f  i n f o r m a t i o n  a v a i l a b l e  from a 
s e n s i t i v i t y  a n a l y s i s  i s  presented i n  Table 2. 
study8 i n  which t h e  s e n s i t i v i t i e s  o f  t h r e e  LPlFBRs a t  e q u i l i b r i u m  c y c l e  
were compared; a p lu ton ium- fue led  breeder, a 20% denatured 233U-Th 
breeder, and a 2 3 3 U  f u e l e d  breeder. Table 2 g i ves  energy - in teg ra ted  
r e l a t i v e  s e n s i t i v i t i e s  o f  k t o  t h e  f i s s i o n  c ross  sec t i ons  o f  va r ious  
nuc l i des .  From t h i s  t a b l e  we see, f o r  example, t h a t  a r e l a t i v e  e r r o r  
( o r  change) i n  t h e  241Pu f i s s i o n  c ross  s e c t i o n  i s  50% more s i g n i f i c a n t  
t o  t h e  m u l t i p l i c a t i o n  f a c t o r  o f  t h e  convent iona l  p lu ton ium- fue led  LMFBR 
than an equal r e l a t i v e  e r r o r  ( o r  change) i n  the  238U f i s s i o n  c ross  
sec t ion .  On the  o t h e r  hand, we may no te  t h a t  a r e l a t i v e  e r r o r  ( o r  change) 
i n  t h e  239Pu f i s s i o n  c ross  s e c t i o n  i s  as s i g n i f i c a n t  t o  t h e  m u l t i p l i c a t i o n  
f a c t o r  o f . t h e  20% denatured-fueled LMFBR as an equal r e l a t i v e  e r r o r  ( o r  
change) i n  t h e  238U f i s s i o n  c ross  s e c t i o n  i s  t o  t h e  m u l t i p l i c a t i o n  f a c t o r  
of t h e  convent iona l  f a s t  breeder design. 

These da ta  a r e  f rom a 
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Table 2. To ta l  S e n s i t i v i t i e s  o f  k t o  F i s s i o n  f o r  t he  t h r e e  LMFBR Designs 
I n d i c a t e  S i m i l a r i t i e s  f o r  t he  P r i n c i p a l  Fuel Nucl ides.  

k(pu)' m b  k(U-233)' 

.007 .015 

.SO7 ,583 

.009 ,002 

.083 ,046 

.453 ,084 

.038 . O O l  

.120 ,000 

.008 .ooo 

Th-232 

U-233 

u-235 

U-238 

Pu-239 

Pu-240 

Pu-241 

Pu-242 

'A convent ional  Pu-fueled LMFBR. 

bA 20% denatured LMFBR. 
CA 233U-Th LMFBR; data from R. D .  McKnight and R. B. Tu rsk i  o f  ANL." 

An example o f  t h e  r e s u l t s  o f  app ly ing  u n c e r t a i n t y  a n a l y s i s  t o  the  
mu1 t i p l i c a t i o n  f a c t o r  and t h e  breeding r a t i o  ( f e r t i l e  capture  t o  f i s s i l e  
absor t i o n  r a t i o  a t  m i d - e q u i l i b r i u m  c y c l e )  o f  a convent iona l  1200 MWe 
LMFBRFy9 i s  shown i n  Table 3. I n  t h i s  t a b l e  t h e  nuclear-data- induced 
u n c e r t a i n t i e s  assoc ia ted  w i t h  c a l c u l a t i o n s  o f  these performance parameters 
a re  compared w i t h  the  u n c e r t a i n t i e s  which would r e s u l t  f rom us ing  a nuc lear  
data s e t  ad jus ted  t o  f i t  t h e  s i x  benchmark i n t e g r a l  experiments shown. 
The e f fec t  of m a i n t a i n i n g  k equal t o  u n i t y  ( k - r e s e t )  by enrichment i s  a l s o  
shown. 
nuc lea r  data so as t o  be c o n s i s t e n t  w i t h  i n t e g r a l  experiments can help 
b r i n g  u n c e r t a i n t i e s  of c a l c u l a t e d  performance parameters w i t h i n  acceptable 
l i m i t s .  

These r e s u l t s  i n  Table 3 show t h a t  adjustment o f  d i f f e r e n t i a l  

Table 3. Standard Deviat ions o f  Performance Parameters i n  Percent. 

.?ec 28 f  2 8 f  4 9 f  - - - -  
Assembly k B.R. 49 f  49 f  2 5 f  2 5 f  

ZPR-6/7 2.27 7.20 3.41 

(ad jus ted  )' 0.40 1.54 1.34 

ZPR-3/56B 1.72 3.99 3.77 
(ad justed)= 0.36 1.49 1.43 

LCCEWG modelb 2.09 6.37(2.74)' 
(ad justed)= 0.39 1.63(1.41)c 

'The adjusted s tandard dev ia t i ons  a re  based on a 1/2% e r r o r  i n  
experimental va lues .o f  k and a 2% e r r o r  i n  r e a c t i o n  r a t e  r a t i o s  
f o r  t h e  ZPR-6/7 and ZPR-3/56B benchmarks. 

bThis LMFBR model i s  descr ibed i n  Ref. 12. 

'Quant i t ies  i n  parentheses a re  k - rese t .  

I n  s p i t e  o f  these accomplishments, however, t h e r e  s t i l l  remains much 
t o  be done i n  o rde r  t o  achieve t h e  goals s e t  f o r t h .  There a re  s t i l l  many 
1 i m i t a t i o n s  t o  p resent  c a p a b i l i t i e s ,  and many needed data are incomplete 
o r  missing. Some o f  t h e  impor tan t  l i m i t a t i o n s  a re  summarized i n  Table 4. 
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Table 4. Present  L i m i t a t i o n s .  

S e n s i t i v i t i e s  a re  f o r  group-averaged s e l f - s h i e l d e d  c ross  sect ions,  n o t  w i t h  respect  t o  ENDF/B data d i r e c t l y .  

Covariance f i l e s  a r e  incomplete, e s p e c i a l l y  rega rd ing  i n t e g r a l  experiments, resonance parameters, and secondary 
d i s t r i b u t i o n s .  

Uncer ta in t y  o f  c a l c u l a t i o n a l  methods has n o t  been inc luded  i n  a complete and systemat ic  way. 

I n t e g r a l  experiments have n o t  been inc luded  in t he  i nve rse  problem and c o s t  f unc t i ons  f o r  data measurements have 
n o t  been e n t i r e l y  r e a l i s t i c .  

Dep le t i on  and f u e l  management have n o t  been t r e a t e d  i n  a time-dependent fash ion  f o r  s e n s i t i v i t y  ana lys i s .  

S e n s i t i v i t y  a n a l y s i s  has n o t  been a p p l i e d  t o  des ign problems, such as core des ign op t im iza t i on ,  i n  the  framework 
o f  a complete o v e r a l l  c o s t - b e n e f i t  program. 

One o f  t h e  impor tan t  l i m i t a t i o n s  mentioned i n  Table 4 i s  our  p resent  
i n a b i l i t y  t o  i n c l u d e  methods u n c e r t a i n t i e s  i n  a p r a c t i c a l  and r e a l i s t i c  
way. Th is  l i m i t a t i o n  i s  made man i fes t  through ( 1 )  l a c k  o f  methods uncer- 
t a i n t y  da ta  and ( 2 )  l a c k  o f  a technique o f  us ing  such data i n  our p resent  
u n c e r t a i n t y  analyses. 

How can one i n c l u d e  methods u n c e r t a i n t y  da ta  (assuming t h i s  i s  a v a i l a b l e )  
i n  u n c e r t a i n t y  analyses? I n  p a r t i c u l a r ,  we ask what r o l e s  methods uncer- 
t a i n t i e s  p l a y  w i t h  regard  t o  t h e  t o t a l  u n c e r t a i n t i e s  i n  c a l c u l a t e d  p e r f o r -  
mance parameters and a l s o  w i t h  regard  t o  the  adjustment o f  data? F i n a l l y ,  
we demonstrate t h i s  new technique o f  i n c l u d i n g  methods u n c e r t a i n t i e s  by 
us ing  s i m p l i f i e d  da ta  f o r  ZPR-6/7. 

The remainder o f  t h i s  paper addresses t h i s  l a t t e r  problem, namely: 

2.0. A GEOMETRIC APPROACH 

I t i s  convenient as w e l l  as e n l i g h t e n i n g  t o  cons ider  t h e  process o f  
data adjustment f rom a geometr ical  v iewpo in t .  
a mu l t id imens iona l  space o f  c e r t a i n  se lec ted  r e l e v a n t  phys i ca l  observables, 
which a r e  t h e  i n t e g r a l  measurements and t h e  eva lua ted  d i f f e r e n t i a l  measure- 
ments ( c ross  sec t ions ,  e t c . ) .  
design s p e c i f i c a t i o n s  as v a r i a b l e s  i n  t h i s  space. F i g u r e  1 i s  a p l o t  o f  
two dimensions o f  such a space. The h o r i z o n t a l  a x i s  represents  a nuc lea r  
datum which r e s u l t s  from an e v a l u a t i o n  o f  d i f f e r e n t i a l  measurements and 
t h e  v e r t i c a l  a x i s  corresponds t o  an i n t e g r a l  measurement. 

For t h i s  purpose we form 

For our  p resent  purposes, we do n o t  i n c l u d e  

I n  t h i s  space t h e  p o i n t  x represents  t h e  r e s u l t s  o f  a l l  t h e  e x p e r i -  
mental measurements, i n t e g r a l  $tPwel 1 as d i f f e r e n t i a l .  
a re  t h e  bes t  values (us ing  weighted means and o t h e r  e v a l u a t i o n  techniques) 
o f  t h e  experiments. 

I t s  coord ina tes  
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d i f f  
D i f f e r e n t i a l  Measurement 

F igu re  1 .  The experimental p o i n t  xexp i s  u s u a l l y  compared 

aga ins t  t he  c a l c u l a t i o n a l  p o i n t  xc, b u t  x, i s  t h e  "c loses t "  p o i n t  

cons i s ten t  w i t h  the  method M. 

2.1. A Natura l  M e t r i c  

U n c e r t a i n t i e s  a re  associated w i t h  t h i s  exper imental  p o i n t  x . I n  
i t s  most general  form these u n c e r t a i n t i e s  a re  represented by a d % - i b u -  
t i o n .  
by a covar iance m a t r i x  B. 
has an inverse .  
i nhe ren t  i n  t h e  d e f i n i t i o n  o f  covar iance ( s u p e r s c r i p t  T i n d i c a t e s  the  

It w i l l  s u i t  our  p resent  purposes t o  represent  the  u n c e r t a i n t i e s  
Th is  covar iance B i s  a symmetric m a t r i x  and 

The symmetry p roper t y  i s  n o t  an assumption, b u t  i s  

t ranspose) T. 

B = <'Xexp bx exp ' >  . 
The geometr ic s i g n i f i c a n c e  o f  t he  covar iance m a t r i x  can be seen by 

p l o t t i n g  the  quadra t i c  sur face  

( x  - x ) '  B-' ( x  - xexp) = 1 . 
exP 

Th is  sur face  forms an e l l i p s o i d  about the  exper imental  p o i n t  Xex 

correspond t o  unco r re la ted  l i n e a r  combinat ions o f  measurements, and the  
h a l f - l e n g t h s  o f  t h e  p r i n c i p a l  axes o f  the  e l l i p s o i d  a re  s imply  the  
s tandard dev ia t i ons  f o r  these uncor re la ted  combinations. These p r i n c i p a l  
axes form a complete or thogonal  bas is  f o r  the  space, and the  u n i t  o f  d i s -  
tance a long each p r i n c i p a l  a x i s  can be chosen t o  be one standard dev ia -  
t i o n .  Thus t h e  m a t r i x  B-l forms a n a t u r a l  m e t r i c  w i t h  which d i s tance  i s  
measured i n  terms o f  s tandard dev ia t ions .  

as 
shown i n  F ig .  1. The d i r e c t i o n s  o f  the  p r i n c i p a l  axes o f  the  e l  7 i p s o i d  
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2 . 2 .  The C a l c u l a t i o n a l  Method 

We assume t h a t  we have a c a l c u l a t i o n a l  method by which we can c a l c u l a t e  
each o f  t h e  i n t e g r a l  q u a n t i t i e s  f rom t h e  bas i c  d i f f e r e n t i a l  nuc lea r  data.  
Thus we have f o r  each o f  N o  i n t e g r a l  experiments 

where (Xc)i. i s  t h e  c a l c u l a t e d  va lue  o f  t h e  i ' t h  i n t e g r a l  experiment, No i s  t he  
number o f  i n t e g r a l  experiments, and the  f u n c t i o n s  f i  rep resen t  the  c a l c u l a -  
t i o n a l  method. 
i n d i v i d u a l  i n t e g r a l  experiments as w e l l  as the  d i f f e r e n t i a l  experiment 
v a r i  ab1 es Xd. 

the  No hypersurfaces forms a hyperspace M which we c a l l  t h e  c a l c u l a t i o n a l  
man i fo ld  because i t  g e o m e t r i c a l l y  represents  t h e  c a l c u l a t i o n a l  method as 
a p p l i e d  t o  t h e  t o t a l i t y  o f  i n t e g r a l  experiments. We assume here t h a t  t h i s  
g e n e r a l l y  curved hyperspace M i s  l i n e a r  i n  the  v i c i n i t y  o f  t he  exper imental  
p o i n t  Xexp, as shown by t h e  s t r a i g h t  l i n e  i n  t h e  two dimensions o f  F i g .  1. 

These f u n c t i o n s  depend on design da ta  assoc ia ted  w i t h  the  

For each i Eq. ( 3 )  represents  a hypersurface. The i n t e r s e c t i o n  o f  

2 . 3 .  Two Conventional Approaches t o  Adjustment 

As one would expect, i t  t u r n s  o u t  t h a t  t h e  exper imental  p o i n t  xex 
almost never l i e s  i n  the  c a l c u l a t i o n a l  m a n i f o l d  M. 
t i o n a l  m a n i f o l d  M f r e q u e n t l y  does n o t  even ove r lap  the  1-0 e l l i p s o i d  
around Xexp. 
t o  whether one i s  an exper imenter o r  an ana lys t .  
two Procrustean beds, t h e  f i r s t  on which heads a r e  l i n e d  up a t  one end and 
f e e t  chopped o f f  a t  t h e  o t h e r  end, and t h e  second i n  which f e e t  a re  l i n e d  
up and then heads a r e  chopped o f f  a t  t h e  o t h e r  end. I n  e i t h e r  case one 
achieves h i s  goa l :  t he  r e s u l t i n g  bodies match t h e  beds. Some observers 
l i k e  t o  p o i n t  o u t  t h a t  t h e r e  i s  a d i f f e r e n c e  between chopping o f f  heads 
and chopping o f f  f e e t  - s t i l l  o the rs  a re  more squeamish and t ry  t o  avo id  
the  whole bloody business. But  we w i l l  n o t  be squeamish here, and, hope- 
f u l l y ,  we w i l l  n o t  be g u i l t y  o f  t he  a l t e r n a t i v e  Procrustean response o f  
s t r e t c h i n g  t h e  body of da ta  beyond the  n a t u r a l  l i m i t s  imposed by assoc ia ted  
covar iances. 

I n  f a c t ,  t h e  calcuya- 

A Procrustean response t o  t h i s  s i t u a t i o n  i s  made accord ing  
It i s  as i f  t h e r e  were 

L e t  us c o n j e c t u r e  t h e  v iewpo in t  o f  an i n t e g r a l  exper inenter .  He 
H is  view o f  t h e  assumes t h e  i n t e g r a l  Components o f  xpYp t o  be t r u t h .  

method i s  focussed on t h e  s i n g l e  p o i t i t  xc ( F i g .  l ) ,  which i s  determined 
by the  measured d i f f e r e n t i a l  experiment values and by t h e  values o f  t h e  
i n t e g r a l  q u a n t i t i e s  as c a l c u l a t e d  from the  d i f f e r e n t i a l  data.  Th is  p o i n t  
i s  e s p e c i a l l y  convenient s ince  o n l y  t h e  i n t e g r a l  experiment components 
d i f f e r  f rom t h e  exper imental  p o i n t .  
a p o i n t  x c I  determined so as t o  o b t a i n  as good agreement as p o s s i b l e  w i t h  
the  i n t e g r a l  experiment values and a t  t h e  same t ime  ma in ta in  a few con- 
s t r a i n t s .  These c o n s t r a i n t s  a r e  t h a t  b iases o r  r e l a t i v e  b iases  assoc ia ted  
w i t h  corresponding s i m i l a r  i n t e g r a l  experiments (e.g. , k f f  i n  two d i f f e r -  
e n t  assemblies) should be equal, o r  a t  l e a s t  n e a r l y  equay. 

He t h e r e f o r e  moves t h i s  p o i n t  xc t o  

I n  t h i s  l i g h t  
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t he  experimenter cons iders  h i s  experiments as measurements o f  t h e  b i a s  ( o r  
C / E )  and a l s o  assigns u n c e r t a i n t i e s  t o  these biases us ing  standard 
methods.13,14 By these techniques he i s  f r e q u e n t l y  a b l e  t o  a r r i v e  a t  an 
ad jus ted  c a l c u l a t e d  p o i n t  x c '  whose 1-0 u n c e r t a i n t y  over laps  p a r t  o f  t he  
1-0 o f  t h e  i n t e g r a l  experiment. 

The a n a l y s t  f i n d s  i t  d i f f i c u l t  t o  ass ign  phys i ca l  meaning t o  a b ias  
f a c t o r  which s a t i s f i e s  no known equat ion of t h e  theory.  
he i s  guided by Boltzmann's p r i n c i a  t h a t  no th ing  i s  more p r a c t i c a l  than 
a good theo ry  and by t h e  b e l i e f  t h a t  h i s  c a l c u l a t i o n a l  method represents 
" t r u t h . "  He t h e r e f o r e  p r o j e c t s  onto M the  exper imental  p o i n t  Xexpy i . e . ,  
he f i n d s  t h a t  p o i n t  x1 on t h e  man i fo ld  M which i s  c l o s e s t  t o  t h e  exper i -  
mental p o i n t  x xp us ing  t h e  m e t r i c  B' l ,  and then he assigns an u n c e r t a i n t y  
i n d i c a t e d  by tRe p r o j e c t i o n  o f  t h e  quadra t i c  B on to  t h e  hyperspace M y  as 
shown i n  F ig .  1. 

On t h e  o t h e r  hand, 
.&_ 

2.4. A d j u s t i n g  the  Data t o  the  Method 

L e t  us l ook  more c l o s e l y  i n t o  t h e  process descr ibed i n  t h e  fo rego ing  

denote the  opera to r  which p r o j e c t s  an a r b i t r a r y  
paragraph. 
j e c t i o n  opera tor .  

t o  the  man i fo ld  M. 

For t h i s  i t  i s  convenient t o  i n t roduce  the  concept o f  a pro- 
L e t  P 

I I  vec to r  on to  the  perpendi iL u l a r  t o  t h e  man i fo ld  M and P p r o j e c t s  p a r a l l e l  

Then we have t h e  f o l l o w i n g  p r o p e r t i e s  

P + P  = 1  1 I I  
pl I = p I I p l  = O  

Equations ( 4 )  and ( 5 )  a re  general  p r o p e r t i e s  concerning the  completeness 
and o r t h o g o n a l i t y  o f  t h e  complementary p r o j e c t i o n  opera tors  PI and P I  I , . ( 6 )  r e l a t e s  an a r b i t r a r y  p r o j e c t i o n  opera tor  P and i t s  transpose 

c a l c u l a t i o n a l  man i fo ld  M. Because t h i s  man i fo ld  M i s  l i n e a r ,  i t  can be 
represented by a m a t r i x y s u c h  t h a t  

E? P t o  t h e  m e t r i c  B - l .  We must y e t  r e l a t e  our  p r o j e c t i o n  opera to r  t o  the  

Y x = d o  , 

where do i s  a vec to r  o f  s u i t a b l e  biases o r  displacements along t h e  d i r e c -  
t i o n s  corresponding t o  t h e  i n t e g r a l  experiments and x i s  any p o i n t  l y i n g  
i n  t h e  c a l c u l a t i o n a l  man i fo ld .  An a l t e r n a t i v e  t o  Eq. (7a) i s  

0 

f o r  any two p o i n t s  x and xo which l i e  i n  the  hyperspace M. 
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The elements of 9 are  e s s e n t i a l l y  s e n s i t i v i t y  c o e f f i c i e n t s .  More 
e x p l i c i t l y ,  9 may be expressed by 

cy3 = [ - I ,  S I  

where - I  i s  t h e  nega t i ve  u n i t  m a t r i x  w i t h  o rde r  equal t o  t h e  number o f  
i n t e g r a l  experiments and S i s  a m a t r i x  whose row vec to rs  g i v e  the  sens i -  
t i v i t i e s  o f  t h e  c a l c u l a t e d  i n t e g r a l  experiments w i t h  respec t  t o  the d i f f e r -  
e n t i a l  data.  We a r e  us ing  here-abso lu te  and n o t  r e l a t i v e  

We a l s o  have t h e  c o n d i t i o n  

9 P I 1  = 0 

s ince  P p r o j e c t s  on to  t h e  hyperspace M. I I  
From t h e  requirements o f  Eqs. ( 4 ) ,  ( 5 ) ,  ( 6 ) ,  and ( 9 )  

shown i n  Appendix A )  by a l g e b r a i c  processes t h a t  

where 

I t f o l l o w s  t h a t  t h e  p o i n t  x1 i s  determined by t h e  f o  

x1 = x -k P (Xo-Xexp) 
exp L 

where xo i s  any p o i n t  l y i n g  on the  c a l c u l a t i o n a l  m a n i f o l d  
i s  convenient t o  choose t h e  p o i n t  xo as t h e  c a l c u l a t e d  PO 
(12) i s  t h e  bas i s  f o r  many adjustment schemes. 

s e n s i t i v i t i e s .  

( 9 )  

i t  f o l l o w s  (as 

(11 1 
low ing  equat ion  

(12) 

M. Usua l l y  i t  
n t  xc. Equation 

2.5. The Uncer ta in t y  Associated w i t h  the  Adjusted Data 
I 

The u n c e r t a i n t y  i n  t h e  ad jus ted  p o i n t  x1 i s  u s u a l l y  g i ven  by the  
covar iance B1 found by p r o j e c t i n g  t h e  exper imental  covar iance B on to  the  
c a l c u l a t i o n a l  man i fo ld  M. Geomet r i ca l l y  t h i s  i s  represented by t h e  
orthogonal  p r o j e c t i o n  o f  t he  1-0 e l l i p s o i d ,  as shown i n  F i g .  1. 
A l g e b r a i c a l l y  t h i s  ad jus ted  covar iance B1 i s  g iven  by 

B l  = P I I  B P I  I T  

(13) 
= B - P L B  

where t h e  f i n a l  expression w i t h  reduced m a t r i x  mu1 t i p l i c a t i o n  r e s u l t s  
from a p p l y i n g  Eqs. ( 4 )  through ( 6 ) .  

Al though Eq. (13) i s  t h e  expression u s u a l l y  g i ven  f o r  t h e  u n c e r t a i n t y  
i n  t h e  ad jus ted  p o i n t  xl, i n  o rde r  t o  a r r i v e  a t  t h e  t o t a l  u n c e r t a i n t y  i n  
x1 one should i n c l u d e  a l l  c o n t r i b u t i o n s .  A l l  c o n t r i b u t i o n s  a re  found by 
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cons ide r ing  t h e  f o l l o w i n g  expressions, v a l i d  t o  f i r s t  order,  and which 
comes from Eq. (12),  as shown i n  Appendix B, 

6 X I  = ‘ 1  I ‘exp 

+ P  6 x o  1 
6B B - l  P (xo-xexp) p I I  1 

+ B A (Xo-Xexp) Y 

where 

The geometric i n t e r p r e t a t i o n  o f  Eq. (14) i s  e x a c t l y  as one would 
expect. 
by t h e  man i fo ld  M and a l g e b r a i c a l l y  by 9 and xo) f i x e d ,  then any change 
such as 6Xexp o r  6B can o n l y  r e s u l t  i n  a change 6x1 which l i e s  i n  the  
man i fo ld  M. 
i n  a change 6x1 pe rpend icu la r  t o  t h e  m a n i f o l d  M. And a change 6 9  i n  t h e  
s e n s i t i v i t i e s ,  which determine t h e  slopes o f  M y  causes a change 6x1 which 
has components perpend icu la r  and p a r a l l e l  t o  M. However i f  the  c a l c u l a -  
t i o n a l  p o i n t  xo (assumed t o  remain f i x e d  w h i l e  9 v a r i e s j  i s  chosen t o  be 
xl, then a change 6 9  r e s u l t s  i n  a 6x1 l y i n g  e n t i r e l y  i n  M. 

I f  one keeps the  c a l c u l a t i o n a l  method (represented geomet r i ca l l y  

On the  o t h e r  hand, a change i n  xo ( i . e . ,  i n  t h e  b i a s )  r e s u l t s  

From t h i s  f i r s t  o rde r  expression we f i n d  t h e  corresponding covar iance 

+ P <6xo 6xoT> P I  1 

+ B <A(xo-xexp) (Xo-Xexp) I A ’ >  B 

t [ P ,  I <6xexp 6xoT> P T J  + transpose 

T T ]  + transpose B” P (xo-xexp) 6xeXp> 
P I  I 

L 
+ [PI I 1 
+ [P,  I <BB ~ - 1  P (xo-xexp) 6xoT> pLT] + transpose 1 
+ [B < ~ ( x ~ - x ~ ~ ~ )  6xLxp> p I  + transpose (16) 

+ [B < A ( X ~ - X ~ ~ J  6xoT> P ~ I  + transpose 

I I  
T T  P ~ - 1  SB> P T ]  + transpose. 

[B <A(xo-xexp) (Xo-Xexp 1 
We note  t h a t  t h e  usual expression g iven f o r  t h e  covar iance of x1 

[Eq. ( 13 ) ]  i s  a c t u a l l y  o n l y  t h e  f i r s t  term o f  t he  s i x t e e n  terms on t h e  
r i g h t  o f  Eq. (16) and thus has many m iss ing  c o n t r i b u t i o n s .  I n  t h e  
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following we shall consider only the f i r s t  four terms, 
pairs of terms we expect on f i r s t  guess t o  be small. 
more closely i n  a l a t e r  s tudy .  

The remaining six 
They will be examined 

Assume the method i s  fixed. They E q .  ( 1 2 )  gives the expression for 
the so-called "best" p o i n t  X I ,  and the uncertainty in x1 i s  given by the 
covariance of E q .  ( 1 6 ) .  
contribution from uncertainties in 9 and xo, b u t  there are s t i l l  the con- 
tr ibutions from 6B, due t o  the imprecision with which covariance matrices 
are currently estimated. 

Since the method i s  fixed, there should be no 

I f  the re la t ive uncertainties in B are perfectly correlated so t h a t  
6 B  = B 6p where 6~ i s  a scalar ,  then i t  i s  easy t o  see geometrically as 
well as algebraically that there i s  zero contribution from the uncertainty 
in B. However, i f  the uncertainties are n o t  perfectly correlated, then 
there will be a contribution. For example, assume that  we can par t i t ion 
B into 

where B1 is  the integral experiment covariance and B2 i s  the different ia l  
experiment covariance, and further assume that  

so t h a t  the uncertainties in the integral experiment covariances are 
strongly correlated and the uncertainties in the different ia l  experiments 
are strongly correlated. Then we can write 

The assumption of Eq. (18) might represent a s i tuat ion in which the 
covariances of the integral measurements were calculated by one evaluator 
using his methods and the covariances of the different ia l  measurements 
were calculated by another evaluator u s i n g  different  methods. 
uncorrelated uncertainties i n  the integral and different ia l  covariances 
give r i s e  t o  an uncertainty in the direction of projecting o n t o  M as 
shown in Fig. 2 .  

Such 

The third term of E q .  (16)  may be expressed 

The subscript I refers  t o  the truncated vectors containing only integral 
components. 
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X .  i n t  

F igu re  2 .  Dispers ion i n  the covar iance o f  the  experimental 

measurements g i ves  r i s e  t o  a d ispe rs ion  i n  the  p r o j e c t i o n  of  t he  

experimental p o i n t  on to  the  method man i fo ld  M. 

The f i r s t  f a c t o r  < ( S V ~ - S ~ ~ ) ~ >  vanishes if 611, = 6u2 = 61.1 as discussed 
p rev ious l y .  I f  6u1 and 6p2 are  uncorre la ted,  i .e . ,  if the  u n c e r t a i n t y  o f  
the i n t e g r a l  exper iment covar iance i s  unco r re la ted  w i t h  the  u n c e r t a i n t y  i n  
the  d i f f e r e n t i a l  exper iment covar iance, then 

Now i t  has been est imated t h a t  t he  u n c e r t a i n t i e s  i n  the  d i f f e r e n t i a l  
and i n t e g r a l  exper iment covar iances used f o r  t he  adjustment i n  Ref. 9 a re  
of t he  order  of 50%.12 
would be 0.25, w i t h  a corresponding va lue o f  0.5 f o r  the  sum. 

Accord ing ly ,  each term on the  r i g h t  o f  Eq. ( 2 2 )  

We may express our f i n a l  r e s u l t s  fo r  the  t h i r d  term o f  Eq. (16) by 

where 

and 

x = A A T  

A = G'l B 1 . G - l  ( x ~ - x ~ ~ ~ ) ~  . 
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These r e s u l t s  a r e  v a l i d  under t h e  assumptions g i ven  i n  Eqs. (18) and 
(21) , namely t h a t  t h e  u n c e r t a i n t i e s  o f  t h e  i n t e g r a l  experiment covar iances 
a r e  c o r r e l a t e d  w i t h  c o r r e l a t i o n  c o e f f i c i e n t  o f  u n i t y  and t h a t  t he  uncer- 
t a i n t i e s  o f  t h e  d i f f e r e n t i a l  experiment covar iances a r e  s i m i l a r l y  c o r r e -  
l a ted ,  b u t  t h a t  t h e  i n t e g r a l  and d i f f e r e n t i a l  measurements a r e  unco r re la ted .  
Note t h a t  t h e r e  i s  no a t tempt  here t o  prove t h e  v a l i d i t y  o f  t he  above 
assumptions, o n l y  t o  eva lua te  t h e  consequences o f  such assumptions i n  t h e  
absence o f  more concre te  i n fo rma t ion .  

' d i f f  

2.6. Adjustment o f  Both Data and Method 

It should be noted t h a t  E q .  (16)  g i ves  the  u n c e r t a i n t y  i n  x1 which i s  
de f i ned  by Eq.  (12) .  
t h i s  x1 r e a l l y  de f i nes  t h e  "bes t "  p o i n t  c o n s i s t e n t  w i t h  a l l  t he  data. 
can be considered t o  be t h e  bes t  p o i n t  o n l y  i f  t h e  c a l c u l a t i o n a l  method as  
g i ven  by M represents  abso lu te  t r u t h .  This,  however, i s  g e n e r a l l y  n o t  t he  
case. 

We have n o t  y e t  considered t h e  ques t i on  o f  whether 
I t  

The c a l c u l a t i o n a l  method w i l l  i n  general have u n c e r t a i n t i e s  assoc ia ted  
w i t h  it, as shown by t h e  shaded p o r t i o n  surrounding M i n  F i g .  3. 
u n c e r t a i n t i e s  can be represented by u n c e r t a i n t i e s  i n  t h e  parameters which 
d e f i n e  t h e  c a l c u l a t i o n a l  m a n i f o l d  M. Under our  p rev ious  assumptions t h i s  
i s  a l i n e a r  m a n i f o l d  and i s  represented by s e n s i t i v i t i e s  9 and by a b ias  
a [Eq.  (7a) ] ,  o r  by a r e p r e s e n t a t i v e  p o i n t  xo. 

These 

When we l o o k  f o r  t h e  "bes t "  p o i n t  x c o n s i s t e n t  w i t h  a l l  t h e  data, 
we should be f r e e  t o  va ry  our  method parameters as w e l l  as ou r  i n t e g r a l  
and d i f f e r e n t i a l  values. Thus we should l i k e  t o  f i n d  a method 1.1' w i t h  
parameters x, 9, and 6 which minimizes t h e  "d is tance"  
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where B e x t  i s  an extended covariance matrix including the methods uncer- 
ta in t ies  i n  9 and 6 a s  well as the d a t a  uncertainties in x.  The column 
vector 9 consists o f  the elements of the rectangular matrix 9 A 
similar-relation holds between Yo - and go. 
t o  the constraint 

This minimization i s  subject 

9 X = h  . (27 )  

We can in l ike manner re la te  the i n i t i a l  method parameters gQ and bo t o  
e i ther  the calculational point xc or the i n i t i a l  projected p o i n t  x1 

- % xc - 6 o  

The above problem of minimization subject t o  a quadratic res t ra in t  
i s  a nonlinear optimization problem. In  the following we will simplify 
the problem in order t o  readily find solutions t o  be able t o  i l l u s t r a t e  
and  assess the impact of these resul ts .  

We f i r s t  assume that  there are  no correlations between experimental 

Our extended covariance then has the 
and methods uncertainties or between methods sens i t i v i t i e s  and methods 
biases as represented by 9 and 6 .  
partitioned form 

( 3 0 )  

0 0 

Bex t Bsens 0 

0 B b i  as 
Note that  B i s  the integral and different ia l  experiment covariance 
matrix denor% in previous sections simply by B. 

the following 
Combining Eqs. (26 )  t h r o u g h  (30) we find that  we wish t o  minimize 

L q x - x l )  T T  (x-x  ) T  B-’ (x-x ) + (x-x1)  B L i a s  
exp exp exP 
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For ou r  i l l u s t r a t i o n  we f u r t h e r  assume t h a t  t h e  s e n s i t i v i t i e s  
a re  so w e l l  determined t h a t  t h e  l a s t  t h r e e  terms can be neglected. 
o t h e r  words we a r e  assuming 

I n  

9 =  9 . (32) 
0 

It f o l l o w s  t h a t  t h e  f i r s t  two terms o f  Express ion  (31) a r e  t o  be 
minimized by s u i t a b l e  cho ice  o f  x. 
s o l u t i o n  i s  g i ven  by 

I n  Appendix C i t  i s  shown t h a t  t h e  

x = x exP + Q(xo-xexp) (33) 

where Q ( n o t  g e n e r a l l y  a p r o j e c t i o n  o p e r a t o r )  i s  g i ven  by 

Q = B 9: G - l  [l - ( l - A )  (1  + Bi BLtas)- ’ ]  Yo . 
exP 

Bi i s  a m a t r i x  de f i ned  i n  Appendix C and A i s  a s c a l a r  de f i ned  by 
0 

where 

and 

(34) 

(35) 
x i b  

x i x p  i- x?b 
A =  

2 = ( x  -x ) T G - l  (xc-xexp) I 
Xexp c exp I 

X i b  2 -  - (Xc -Xexp) I  T [‘bias + q 1 - l  (Xc-Xexp)I (37) 

The r e s u l t i n g  va lue  f o r  t h e  minimum o f  t h e  f i r s t  two terms o f  Expression 
(31) i s  

n 9  

2 - - XfbX,xp x2 = A Xexp ’? bfXExp 
D i v i d i n g  t h i s  x2 by t h e  number o f  i n t e g r a l  experiments N 
square pe r  degree o f  freedom, which i s  o f t e n  used t o  eva?uate the  good- 
ness o f  f i t .  

g i ves  the  c h i -  

The u n c e r t a i n t y  assoc ia ted  w i t h  t h e  ad jus ted  p o i n t  x may be ca l cu -  

Thus t h e  equ iva len t  o f  Eq. (16) would be c a l c u l a t e d  by 
l a t e d  i n  t h e  same manner as t h e  u n c e r t a i n t y  i n  x1 was c a l c u l a t e d  above 
i n  Sec t ion  2.5. 
f i r s t  c a l c u l a t i n g  t h e  e q u i v a l e n t  o f  Eq. (14) .  However, t h e  comp lex i t i es  
o f  t h e  formulae a r e  too  g r e a t  t o  a l l o w  t h e i r  i n c l u s i o n  here, and they  
w i l l  be g i ven  i n  another paper. 
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3.0. ADJUSTMENT APPLIED TO ZPR-6/7 

An example o f  t h e  a p p l i c a t i o n  o f  t h e  above-developed adjustment 
technique i s  supp l i ed  by a s i m p l i f i e d  p i c t u r e  o f  t h e  ZPR-6/7 f a s t  r e a c t o r  
benchmark. I n  p a r t i c u l a r ,  we have chosen two performance parameters, t h e  
mu1 t i p 1  i c a t i o n  f a c t o r  k and t h e  238U-capture t o  2 3 9 P u - f i s s i o n  r a t i o  2 8 ~ / 4 9 f .  
Three p e r t i n e n t  e f f e c t i v e  one-group nuc lear  da ta  parameters have been 
chosen, t h e  f i s s i o n  c ross  s e c t i o n  o f  239Pu, the  capture  c ross  s e c t i o n  o f  
238U and t h e  e f f e c t i v e  y i e l d  pe r  f i s s i o n  V. 
Reference 1, w i t h  C/E's o f  .99 and 1.08 f o r  k and 2 8 ~ / 4 9 f ,  r e s p e c t i v e l y .  
Est imated unco r re la ted  exper imental  standard d e v i a t i o n s  a re  g i ven  i n  
column 3 o f  Table 5. Based on Reference 4, s e n s i t i v i t y  c o e f f i c i e n t s  f o r  
k were chosen t o  be 0.6, -0.25, and 1.0 f o r  o;', a:', and V, r e s p e c t i v e l y .  
Corresponding s e n s i t i v i t y  c o e f f i c i e n t s  chosen f o r  2 8 ~ / ~ ' f  were -1 .O, 0.9, 
and 0.0 r e s p e c t i v e l y .  
d e v i a t i o n s  o f  column 3 l e d  t o  the  c a l c u l a t e d  standard d e v i a t i o n s  shown i n  
column 4. 

The da ta  chosen a r e  based on 

Fo ld ing  these s e n s i t i v i t i e s  w i t h  the  standard 

T a b l e  5. A S i m p l i f i e d  P i c t u r e  o f  k e f f  and 2 8 ~ / 4 9 f  

i n  ZPR-6/7 Appears C o n s i s t e n t .  

Assumedb 
E/C-1 Exp. S t . a  Ca l .  S t .  Dev. Methods 

V a r i a b l e  (%)  Dev. ( % )  f r o m  D a t a ( % )  S t .  Dev(%) 

k 1.01 0.2 2.4 1 .0  

2 ' ~ / ' + 9 f  -7.41 2.0 6.5 1 .o 

Uf49 0 3.0 

0 0 6.0 

V 0 0.3 

aThese a r e  assumed t o  be u n c o r r e l a t e d .  

bThese a r e  assumed t o  be c o r r e l a t e d  w i t h  a c o r r e l a t i o n  
c o e f f i c i e n t  o f  -0.5. 

I f  one observes t h e  standard d e v i a t i o n s  o f  t he  experiment and the  
standard d e v i a t i o n s  o f  t he  c a l c u l a t i o n s ,  then the  exper iment -ca lcu la t ion  
d i f f e r e n c e  appears t o  be m a r g i n a l l y  cons i s ten t .  
o f  these performance parameters and because these comparisons a re  sometimes 
viewed as being d i sc repan t  i n  view o f  t h e i r  magnitudes, i t  i s  i n s t r u c t i v e  
t o  cons ider  t h e  e f f e c t  o f  adjustments w i t h  and w i t h o u t  the  i n c l u s i o n  o f  
methods u n c e r t a i n t i e s .  Three adjustments a re  shown i n  Table 6. The f i r s t  
adjustment r e s u l t s  f rom the  biases which a designer migh t  app ly  t o  the  
c a l c u l a t e d  r e s u l t s  i n  o r d e r  t o  reach agreement w i t h  the  measured i n t e g r a l  
experiments. The second adjustment assumes the  method i s  f i x e d  and 
corresponds t o  t h e  p o i n t  x1 i n  F ig .  3. The t h i r d  adjustment shown i n  
Table 6 corresponds t o  t h e  p o i n t  x i n  F ig .  3 and r e s u l t s  f rom assuming an 
u n c e r t a i n t y  i n  the  method. 
es t imated  standard d e v i a t i o n s  o f  1% i n  bo th  k and t h e  r a t i o  2 8 ~ / 4 9 f  as 
shown i n  Table 5, and by an es t imated  c o r r e l a t i o n  c o e f f i c i e n t  o f  -0.5. 
The chi-square pe r  degree o f  freedom was 1.37 f o r  adjustment w i t h o u t  
methods u n c e r t a i n t i e s  and became 1.10 f o r  adjustment w i t h  methods uncer- 
t a i n t i e s  included. 

Because o f  t he  importance 

Th is  methods u n c e r t a i n t y  i s  cha rac te r i zed  by 
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T a b l e  6. E f f e c t s  o f  l l e thods  U n c e r t a i n t i e s  i n  t h i s  A p p l i c a t i o n  t o  ZPR-6/7 
Can be S i g n i f i c a n t  f o r  Ad jus tmen t  o f  D i f f e r e n t i a l  Da ta .  

Ad jus tmen ts  t o  C a l c u l a t e d  Values i n  Percent‘  

Des ign  B i a s  Ad jus tmen t  W i t h o u t  Ad jus tmen t  W i t h  

V a r i a b l e  Only Methods U n c e r t a i  n t i  esb Methods U n c e r t a i n t i e s  

k 1 .01  (0.20) 1 .05 (0 .20 )  (0 .20 )  1 .04  

28c/ 4 9 f  -7.4 ( 2 . 0 )  - 5 . 3 6 ( 1 . 5 )  ( 1 . 7 )  -5 .85 

Uf49 0 ( 3 . 0 )  - 1 . 0 6 ( 1 . 5 )  ( 1 . 6 )  -0 .12  

C 
28 0 ( 6 . 0 )  - 7 . 1 4 ( 3 . 1 )  ( 3 . 5 )  -6 .57  

V 0 (0.3) - 0 . 0 9 ( 0 . 3 )  ( 0 . 3 )  -0.06 

‘Values i n  pa ren theses  a r e  s t a n d a r d  d e v i a t i o n s  o f  t h e  a d j u s t e d  v a l u e s .  

bSecond s e t  o f  s t a n d a r d  d e v i a t i o n s  i n c l u d e  a 50% r e l a t i v e  s t a n d a r d  
d e v i a t i o n  i n  t h e  c o v a r i a n c e  m a t r i x .  

The r e s u l t s  as shown i n  Table 6 a re  i n t e r p r e t e d  as f o l l o w s .  
s idered  independent ly,  bo th  i n t e g r a l  experiment d isc repanc ies  tend t o  
decrease ac and t o  inc rease Of. 
ancy t o  t h e  k discrepancy i s  8 whereas the  r a t i o  o f  s e n s i t i v i t i e s  i s  4 
and 2 f o r  a:* and a?’, r e s p e c t i v e l y .  Hence c o r r e c t i n g  c / f  g r e a t l y  over-  
c o r r e c t s  k. 
i s  n o t  ab le  t o  take  care  o f  t h i s .  Thus the  adjustment w i t h o u t  i n c l u s i o n  
of methods u n c e r t a i n t i e s  decreases c / f  by decreasing a t 8  and then com- 
pensates f o r  k by a l s o  decreasing a4’. When methods u n c e r t a i n t i e s  a re  

and the  requirement t h a t  0:’ compensate f o r  i t  i s  g r e a t l y  reduced, 
a l though t h e  adjustment on 0;’ i s  s t i l l  very  s l i g h t l y  negat ive .  
i n c l u s i o n  o f  methods u n c e r t a i n t i e s ,  even w i t h  a m a r g i n a l l y  c o n s i s t e n t  s e t  
of data, can l e a d  t o  adjustments s i g n i f i c a n t l y  d i f f e r e n t  f rom those 
ob ta ined  n e g l e c t i n g  methods u n c e r t a i n t i e s .  

Con- 

However, t he  r a t i o  o f  t h e  c / f  d i sc rep -  

A change i n  t h e  y i e l d  V w i t h i n  i t s  es t imated  u n c e r t a i n t i e s  

included, t h e  overcor rec ted  k i s  a1 f e v i a t e d  by the  methods u n c e r t a i n t i e s ,  

Thus, 

4.0. CONCLUSIONS 

The p resen t  c a p a b i l i t y  o f  t he  ORNL FORSS s e n s i t i v i t y  and u n c e r t a i n t y  
a n a l y s i s  has been reviewed i n  l i g h t  o f  i t s  p r imary  goal  o f  answering 
r e a c t o r  phys ics  ques t ions  o f  importance t o  design. 
i nc ludes  t h e  c r e a t i o n  and hand l i ng  o f  l a r g e  da ta  f i l e s  i n c l u d i n g  m u l t i -  
dimensional s e n s i t i v i t i e s  as we l l .  as covar iance ma t r i ces .  Problem s o l v i n g  
i nc ludes  t h e  i n v e r s e  problem and da ta  adjustment o f  l a r g e  ar rays ,  and 
e f f e c t s  o f  k - rese t  by enrichment can be taken i n t o  account. 

Th i s  c a p a b i l i t y  

However, t h e r e  a r e  s t i l l  many l i m i t a t i o n s .  The t rea tment  o f  t ime- 
dependent responses and systems i s  l i m i t e d ,  covar iance f i l e s  need t o  be 
expanded, and our  u n c e r t a i n t y  analyses i n c l u d i n g  adjustment procedures 
need t o  i n c l u d e  t h e  e f f e c t s  o f  methods u n c e r t a i n t i e s .  I n  general ,  our  
framework and t h a t  o f  t he  des igner  must be brought i n t o  c l o s e r  i n t e r a c t i o n .  

I n  t h i s  paper we have e l i m i n a t e d  one o f  our p resen t  l i m i t a t i o n s  by 
addressing t h e  problem o f  i n c l u d i n g  q u a n t i f i e d  methods u n c e r t a i n t i e s  i n  
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our adjustment procedure. 
u n c e r t a i n t i e s  w i l l  l end  more c r e d i b i l i t y  t o  the  r e s u l t s  o f  t he  a d j u s t -  
ment procedures. Th is  adjustment procedure i s  based on a m in im iza t i on  
p r i n c i p l e ,  t he  expression t o  be minimized being g iven by Eq. (26 ) .  
r e s u l t i n g  formula f o r  the  adjustment which i nc ludes  the  e f f e c t s  o f  
methods u n c e r t a i n t i e s  i s  g i ven  by Eq. (33)  as de r i ved  i n  Appendix C. 
We have a l s o  i n d i c a t e d  how t o  c a l c u l a t e  u n c e r t a i n t i e s  assoc ia ted  w i t h  
ad jus ted  data, and we have, i n  p a r t i c u l a r ,  g i ven  e x p l i c i t  formulae 
[Eq. ( 1 6 ) ]  f o r  such u n c e r t a i n t i e s  when adjustments do n o t  i n c l u d e  the  
e f fec ts  of methods u n c e r t a i n t i e s .  Equat ion (1 6)  con ta ins  many terms 
which p r e v i o u s l y  were neglected. 

I t  i s  hoped t h a t  t he  i n c l u s i o n  o f  methods 

The 

These new techniques have been a p p l i e d  t o  a s i m p l i f i e d  representa- 
t i o n  o f  t h e  f a s t  r e a c t o r  benchmark ZPR-6/7 us ing  rough est imates f o r  
methods u n c e r t a i n t i e s .  The i n c l u s i o n  o f  methods u n c e r t a i n t i e s  i n  t h e  
adjustment procedure leads t o  moderate c o r r e c t i o n s  t o  adjustment changes 
of c a l c u l a t e d  i n t e g r a l  values. However, t h e  i n c l u s i o n  o f  methods uncer- 
t a i n t i e s  leads t o  a r e d u c t i o n  i n  t h e  adjustment change o f  a4', a d i f f e r -  
e n t i a l  parameter, by a f a c t o r  of t e n  ( f rom a decrease o f  1. f % w i t h o u t  
methods u n c e r t a i n t i e s  t o  a decrease of 0.1% w i t h ) .  Th is  i n d i c a t e s  t h a t  
the  i n c l u s i o n  o f  methods u n c e r t a i n t i e s  may be e s s e n t i a l  f o r  t h e  general 
a p p l i c a t i o n  o f  i n t e g r a l  experiments t o  the  de te rm ina t ion  o f  nuc lear  data. 
We have y e t  t o  perform a ca re fu l  e v a l u a t i o n  o f  methods u n c e r t a i n t i e s  and 
o f  methods biases. 
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APPENDIX A 

We want t o  f i n d  t h e  form o f  t he  p r o j e c t i o n  opera to r  P which p r o j e c t s  
perpend icu la r  t o  t h e  c a l c u l a t i o n a l  man i fo ld  M. We assume t h e  cond i t i ons  
expressed by Eqs. (4 ) ,  ( 5 ) ,  ( 6 ) ,  and ( 9 ) .  F i r s t  we e l i m i n a t e  P f rom 
these equat ions t o  f i n d  the  f o l l o w i n g  c o n d i t i o n s  I I  

pl = pl 

and 

where 

i f  and o n l y  i f  the  vec to r  x l i e s  i n  t h e  c a l c u l a t i o n a l  man i fo ld  M. 

Def ine  t h e  square m a t r i x  

Since B i s  symmetric and p o s i t i v e  d e f i n i t e ,  and the  rows o f  9 are  
l i n e a r l y  independent, t h e  m a t r i x  G i s  symmetric and p o s i t i v e  d e f i n i t e  and 
hence has an inverse .  

From (A3) and (A5) 

Th is  l a s t  r e s u l t  may be w r i t t e n  

Y ( P L  - B YT G - l Y )  = 0 (A7 1 
Hence because o f  (A4) t h e  opera tor  P 
i n t o  t h e  c a l c u l a t i o n a l  man i fo ld .  

- B YT G-lY b r i n g s  any vec to r  
Bu + from ( A l ) ,  (AZ), and (A3) 

and hence t h e  opera tor  P - B yT G-lY b r i n g s  every vec to r  i n t o ' t h e  
subspace orthogonal  t o  t h e  c a l c u l a t i o n a l  man i fo ld .  But o n l y  the  n u l l  
vec to r  l i e s  i n  bo th  the  c a l c u l a t i o n a l  man i fo ld  and the  subspace orthogonal  
t o  i t .  Hence 
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- B y T G - 1 9 )  x = 0 ‘PL 

pl 

f o r  each and every x and t h e r e f o r e  

- B y T  G-IY = 0 

o r  

B yT G - ~ Y  . pl = 

APPENDIX B 
- 

We c a l c u l a t e  t h e  increment dxl by cons ide r ing  a l l  t he  increments i n  
t h e  q u a n t i t i e s  determing xi as g i ven  i n  Eq. (12) .  
a p p r o p r i a t e  s u b s t i t u t i o n s  i n t o  the  terms o f  Eq. (12) we have 

Thus, by making the  

We observe t h a t  t o  f i r s t  o rde r  t h e  f o l l o w i n g  i s  v a l i d  

(G + SG)-l = G - l  - G - l  6 G G - l  

A f t e r  s u b t r a c t i n g  o f f  t he  zero o rde r  terms i n  Eq. ( B l )  - these a r e  the  
same as i n  Eq. (12) - the remaining f i r s t  o rde r  terms g i v e  

6xl = ( 1  - BY T 1  G- , y )6xeXp  

0 
+ BY~G-I Y 6x 

+ (1  - B Y ~ G ~ Y ) ~ ~ B Y  T i  G- y ( x o  - x 
exP 

+ ( B  - B Y ~ G - ~ ~ B ) ~ Y  T G -1 g ( x o  - x 
exP 

(B3) + BY T i  G- s y ( i  - BY T i  G - ~ ) ( x ~  - xexp) . 
The a p p l i c a t i o n  o f  Eqs. ( 4 )  and (10) a long w i t h  t h e  w e l l  known 

formula f o r  t a k i n g  t h e  t ranspose of a p roduc t  then a l l o w s  Eq. (B3) 
t o  be w r i t t e n  

6 ‘1 = P I  I 6 Xexp 

+ P  6 x o  1 
+ pH 1 exP 

6 B B-’ P (xo - x ) 

+ B I P I  I T  6 gT G-’ 9 +yT G - l S  9 P I  I ] ( x o  - x ) .  (84 )  exP 
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APPENDIX C 

We want t o  minimize t h e  expression 

(X-x  exp ) T  6 - l  exp (x -x  exp ) i- (x-xl) T y T  o '-1 b ias  @-xJ . (C1) 

We f i r s t  break t h e  displacement x-x 
so t h a t  

i n t o  two perpend icu la r  components 
exP 

x = xexp i- A J I  + A 1  

where A l i e s  i n  t h e  c a l c u l a t i o n a l  man i fo ld  M o Y  i .e . ,  I I  

The requ rement t h a t  A be perpend 1 
T - 1  

I BexP 

c u l a r  t o  A i s  expressed by I I  

We f u r t h e r  break A i n t o  two perpend icu la r  components 1 

where X i s  a s c a l a r  t o  be determined and 5 i s  a vec to r  perpend icu la r  t o  
the  displacement xl-xexp as w e l l  as t o  t h e  c a l c u l a t i o n a l  m a n i f o l d  

5 T Bexp(xl-xexp) -1 = 0 - 

I n  terms of these components the  Expression ( C l )  t o  be minim 
becomes t h e  f o l  1 owing 

T 

T -1 T -1 

AI I 'Lip A I  I + A2Xgxp i- ( W 2  Xiias 

i- 2(1-x) ( xexp -x l )  9 o ' i f a s  

+ 5 'exp 5 + 5 yo 'bias 5 

T T  5 

i .e. 

(C6) 

zed 

where xgxp and xiias a r e  def ined 
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- - ( x ~ - x ~ ~ ~ ) ~  goT G - l  9 ( x  -x 

= ( X  -X  T G - ' ( X ~ - X ~ ~ ~ ) ~  . 
) o o exp 

c exp I 

( x  -x  ) . (C9) 
T -1 = ( x  -x  c e x p ) I  Bb ias  c exp 

I n  o r d e r  t o  f i n d  t h e  component vec to rs  A and 5 and t h e  s c a l a r  X I I  
which minimize Expression (C7) i t  i s  convenient t o  use t h e  p r o j e c t i o n  

opera tors  such t h a t  

= p H  (c10) 

p r o j e c t s  on to  t h e  c a l c u l a t i o n a l  man i fo ld  Mo and P p r o j e c t s  5 
1 P I  I i s  s imp ly  l - P  

Here I 
perpend icu la r  t o  Mo and t o  t h e  displacement xl-x 

where P i s  de f i ned  by Eq. (10) .  We w i l l  see how t o  c o n s t r u c t  P 
exp ' 

5' 1 
The vec to rs  y and z i n t roduced  above have complete freedom t o  range 

Hence we can take  d e r i v a t i v e s  w i t h  respec t  

Taking de r i va -  

throughout t h e  e n t i r e  space. 

t o  t h e i r  components w i t h o u t  r e s t r i c t i o n s  o r  c o n s t r a i n t s .  

t i v e s  of (C7) w i t h  respec t  t o  components o f  y g i ves  

= O * (C12) 

Th is  r e s u l t  i s  f a i r l y  obvious by i n s p e c t i o n  s ince  B - l  

quadra t i c  form. 

components of z g i ves  

i s  a p o s i t i v e  
exP 

Taking d e r i v a t i v e s  o f  Expression (C7) w i t h  respec t  t o  

(C13) 
We can r e a d i l y  s o l v e  f o r  goE by p r e - m u l t i p l y i n g  each term o f  Eq. (C13) 

by K B e x p .  The r e s u l t  i s  
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where t h e  opera tor  H i s  de f i ned  by 

S u b s t i t u t i n g  the  r e s u l t  (C12) back i n t o  t h e  second term o f  Eq. (C11) g i ves  

5 = ( l - A )  B exp P 6 gT o B - 1  b ias  ( l + H ) - l  %(x l -xexp)  . (C16) 

I n  o rde r  t o  a c t u a l l y  c a r r y  through these opera t ions  an e x p l i c i t  
expression f o r  t h e  p r o j e c t i o n  opera tor  Pc i s  requ i red .  
Pc we f i r s t  c o n s t r u c t  a m a t r i x  T w i t h  N 
ments) columns and No-1 rows and o f  ran! No-1 such t h a t  

I n  o rde r  t o  f i n d  
( t h e  number o f  i n t e g r a l  e x p e r i -  

A c t u a l l y ,  we know t h a t  i n  Eq. (C17) x1 can be rep laced by xc o r  any o t h e r  
p o i n t  xo which l i e s  i n  t h e  c a l c u l a t i o n a l  m a n i f o l d  Mo. 
such a m a t r i x  T can always be cons t ruc ted  and i n  many d i f f e r e n t  ways; i .e. ,  
i t  i s  n o t  unique. With (y7 
de f ined  by Eq. (8 ) ,  a convenient cho ice  f o r  T i s  t he  f o l l o w i n g  

We know a l s o  t h a t  

The p a r t i c u l a r  choice o f  T i s  here i r r e l e v a n t .  

j=i 
( x c ) i + l  

mij = - ( x c ) i  j=i+l ( C W  

otherw ise  f o r  i=l, N -1; j=l, No. 
0 0 

The opera tor  Tyo a p p l i e d  t o  any vec to r  l y i n g  i n  the  subspace formed 

Hence we can form the  p r o j e c t i o n  opera tor  
by t h e  c a l c u l a t i o n a l  m a n i f o l d  and the  added dimension (xl-xexp) g ives  a 
van ish ing  r e s u l t .  
TYo j u s t  as we formed PL f rom Yo (Appendix A). 

Pg from 
The r e s u l t  i s  

ps - - Bexp %T TT G ’ - l  9 0  (C19) 

where t h e  (No- l )x(No-1) m a t r i x  G’ i s  de f i ned  by 

G ’ = T G T T  . 
The opera tor  H may now be w r i t t e n  e x p l i c i t l y  

where 
Bi = G TT T G 

and t h e  expression f o r  5 reduces t o  

5 = ( l - A )  B exP goT Gml[l - ( l+H)- ’ ]  ~ ( x o - x e x p )  . (c23) 



48 

Note G ’  appears o n l y  once through i t s  i n v e r s e  i n  the  opera to r  H.  

We have y e t  t o  f i n d  the  s c a l a r  A .  S e t t i n g  t h e  d e r i v a t i v e  o f  
Expression (C7) w i t h  respec t  t o  A equal t o  zero g i ves  

where x i b  i s  found by s u b s t i t u t i n g  (C23) back i n t o  (C7). 

The va lue  o f  X f o r  a minimum i s  
e 

and t h e  minimum va lue  o f  t he  Expression ( C l )  

The f i n a l  express ion  f o r  t h e  p o i n t  x which minimizes ( C l )  summarizes 
many o f  t h e  above r e s u l t s  

x = x exP + Q(xo-xexp ) (C27 ) 

where Q i s  g i ven  by 

(C28) Q = B go T G -1 [l - ( l -X ) ( l+H) - l ] y ”o  . exp 
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CONTROLLED CROSS-SECTION ADJUSTPlENT BY INTEGRAL DATA 

U .  Salmi,  J .J .  Wagschal, Atara Y a ' a r i  and Y .  Yeivin 
Racah I n s t i t u t e  o f  Phys ics ,  The Hebrew Unive r s i ty  

Jerusalem, Israel  

ABSTRACT 

The E N D F / B - I V  c r o s s  s e c t i o n s  of U-235, U-238, Pu-239 
and Pu-240 a r e  ad jus t ed  by t h e  "benchmark" measured r eac -  
t i v i t i e s ,  l eakage  s p e c t r a ,  and c e n t r a l  f i s s i o n  r a t i o s  and 
va r ious  a c t i v a t i o n s  o f  GODIVA and J E Z E B B L .  I t  i s  sltown 
t h a t  by c a r e f u l  c a l c u l a t i o n  o f  t h e s e  i n t e g r a l  q u a n t i t i e s ,  
r e j e c t i o n  of  a few i n c o n s i s t e n t  d a t a ,  op t imiza t ion  o f  t h e  
r e l a t i v e  weight of  t h e  d i f f e r e n t i a l  d a t a  with r e s p e c t  t o  
t h e  i n t e g r a l  d a t a ,  and r e l a x a t i o n  o f  t h e  c o n s t r a i n t s  on 
t h e  i n e l a s t i c  s c a t t e r i n g  c r o s s  s e c t i o n s ,  an a d j u s t e d  c ros s -  
s e c t i o n  s e t ,  w i th in  t h e  assumed u n c e r t a i n t i e s  o f  t h e  given 
s e t ,  i s  ob ta inec ,  which n i c e l y  reproduces most o f  t h e  ex- 
per imenta l  d a t a .  The c r o s s - s e c t i o n  ad jus tments  a r e  such 
t h a t  t h e  l i n e a r i t y  assumption, on which t h e  adjustment  
procedure i s  based,  s t i l l  ho lds .  

INTRODUCTION 

Ever s i n c e  t h e  l e a s t - s q u a r e s  adjustment  o f  c r o s s  s e c t i o n s  by i n -  
t e g r a l  d a t a  was f irst  proposed, i n  1964, it has been unspa r ing ly  c r i t i -  
c i z e d .  Criticism has somewhat subsided as more and more r e s e a r c h e r s  
involved i n  neu t ron ic  c a l c u l a t i o n s ,  i nc lud ing  former c r i t i c s ,  have jo ined  
t h e  ranks of  t h e  avowed p r a c t i t i o n e r s .  

A main argument a g a i n s t  adjustment  procedures  i s  t h e i r  spec ious  
"black box" c h a r a c t e r .  
s e c t i o n  l i b r a r y  ( inc lud ing  i t s  u n c e r t a i n t y - c o r r e l a t i o n  d a t a ) ,  and a 
set  o f  experimental  i n t e g r a l  d a t a  (with t h e i r  corresponding s e n s i t i v -  
i t y  p r o f i l e s )  by which t h e  l i b r a r y  i s  t o  be ad jus t ed .  The u n c r i t i c a l  
a p p l i c a t i o n  of a t y p i c a l  code may indeed r e s u l t  i n  r a t h e r  a r b i t r a r y  
o r  even unreasonably "wild" ad jus tments ,  spread  over  seemingly 
i r r e l e v a n t  c r o s s  s e c t i o n s .  Furthermore,  some o f  t h e  r e c a l c u l a t e d  
i n t e g r a l  q u a n t i t i e s  may s t i l l  l i e  o u t s i d e  t h e  e r r o r  margins o f  t h e i r  
measured va lues .  
i n  poor and/or  i n c o n s i s t e n t  i n p u t  d a t a .  
p roblemat ic  i npu t  d a t a  w i l l  always r e s u l t  i n  ques t ionab le  ou tpu t .  

An adjustment  code i s  f e d  a given c ross -  

Whenever t h i s  happens,  t h e  f a u l t  most probably l i e s  
As i n  any o t h e r  a n a l y s i s ,  

The approach o f  "cont ro l led"  adjustment  t h a t  we propose r e f e r s  
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t o  f r e e  parameters  which a r e  i m p l i c i t  i n  any adjustment  procedure,  and 
t o  p o s s i b l e  r e j e c t i o n  of  dubious i n t e g r a l  d a t a .  

a l s o  be v e r i f i e d  i n  any p a r t i c u l a r  a p p l i c a t i o n .  

The v a l i d i t y  of  t h e  
l inear i ty  assumption, on which most adjustment  a lgor i thms are  based, should 

The de te rmina t ion  of  t h e  va lues  o f  t h e  f r e e  parameters ,  d a t a  sel-  
e c t i o n  and v i n d i c a t i o n  of  l i n e a r i t y  n e c e s s i t a t e  c a r e f u l  c o n s i d e r a t i o n  
based on feedback from repea ted  a p p l i c a t i o n s  o f  t h e  adjustment  code. 

Most problemat ic  o f  a l l  i npu t  d a t a  a r e  commonly t h e  u n c e r t a i n t i e s  
i n  t h e  given c r o s s - s e c t i o n s .  Information on t h e s e  u n c e r t a i n t i e s  i s  vague, 
ambiguous and admi t t ed ly  s u b j e c t i v e .  I t  i s  given i n  t h e  form of  r e l a t i v e  
e r r o r s  B of  p a r t i c u l a r  c r o s s  s e c t i o n s  over  wide energy r anges .  But t h e  
u n c e r t a i n t y  i n  any group c r o s s  s e c t i o n ,  f o r  i n s t a n c e ,  should be propor-  
t i o n a l  t o  t h e  i n v e r s e  square  r o o t  o f  t h e  group width AE. Thus, apparent -  
l y ,  A 5  = f3o(AEo/AE)+, where AE, i s  a dimensional  cons t an t  t o  which t h e r e  
i s  no way t o  a t t r i b u t e  a phys ica l  meaning, nor  t h e r e f o r e  t o  a s s i g n  a num- 
e r i c a l  va lue .  I t  t h u s  remains a f ree  parameter ,  t h e  measure of  t h e  s ta -  
t i s t i c a l  importance of  t h e  set  o f  i n t e g r a l  d a t a  r e l a t i v e  t o  t h a t  o f  t h e  
given c r o s s - s e c t i o n  l i b r a r y .  

To de termine  AE,, one should examine t h e  p r o g r e s s i v e  mod i f i ca t ion  

An opt imal  va lue  i s  one f o r  
of  t h e  given c r o s s - s e c t i o n  l i b r a r y ,  and t h e  improving r ep roduc t ion  of  
t h e  set  of  i n t e g r a l  d a t a ,  as AE, i n c r e a s e s .  
which a l l  r e c a l c u l a t e d  va lues  of  t h e  i n t e g r a l  q u a n t i t i e s  a l r e a d y  f a l l  
w i th in  t h e  e r r o r  margins of t h e i r  r e s p e c t i v e  measured va lues ,  and t h e  
corresponding c r o s s - s e c t i o n  ad jus tments  s t i l l  remain w i t h i n  t h e i r  ass igned  
u n c e r t a i n t i e s .  

If no such opt imal  v a l u e  of  AE, can be found, t h e n  obvious ly  e i t h e r  
t h e  i n t e g r a l  d a t a  s e t  i s  i n c o n s i s t e n t  with t h e  given l i b r a r y ,  o r  t h e s e  
d a t a  a r e  i n c o n s i s t e n t  with each o t h e r .  

'Faul ty  d a t a  can then  be d e t e c t e d  by p r o g r e s s i v e l y  a d j u s t i n g  t h e  
given l i b r a r y  by one, two, t h r e e ,  e t c .  i n t e g r a l  d a t a .  Whenever a bad 
datum i s  added t o  t h e  p a r t i a l  s e t  by which t h e  c r o s s  s e c t i o n s  are a d j u s t e d ,  
t h e  mod i f i ca t ions  w i l l  show an unusual i n c r e a s e ,  and t h e  i n t e g r a l  d a t a  
r ep roduc t ion  w i l l  d e t e r i o r a t e .  

These i d e a s ,  as wel l  as a t e s t  f o r  t h e  v a l i d i t y  o f  t h e  l i n e r a r i t y  
assumption, are app l i ed  t o  GODIVA and JEZEBEL,  assembl ies  f o r  which 
q u i t e  a few i n t e g r a l  measurements ( r e a c t i v i t y ,  s p e c t r a l  i n d i c e s ,  l eakage)  
are  a v a i l a b l e .  
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PROCEDURE 

Experimental  InDut Data 

The b a s i c  i n t e g r a l  d a t a  were a l l  taken  from t h e  CSEWG Benchmark 
Spec i f i ca t ion3 ; l  
given h e r e  i n  t a b u l a r  form. 
a tomic compositions o f  t h e  two b a r e  homogeneous s p h e r i c a l  c r i t i c a l  assem- 
b l i e s ,  and Table  2 l i s t s  18 a v a i l a b l e  experimental  i n t e g r a l  d a t a  r e l a t i n g  
t o  G O D I V A  and 16 r e l a t i n g  t o  J E Z E B E L .  The quoted e r r o r s  of  t h e  leakage 
s p e c t r a  were eva lua ted  from Tables  I and I1 i n  t h e  a r t i c l e  by S tewar t .2  
The energy groups d e f i n i n g  t h e s e  s p e c t r a  a r e  given i n  Table 3.  
measured leakage c u r r e n t  o f  GODIVA, as given i n  Ref.  1, was c u t  o f f  a t  
383.2 keV, and t h a t  o f  J E Z E B E L  a t  302.0 keV. 

The i r  va lues  a c t u a l l y  used i n  our  c a l c u l a t i o n s  a r e  
Table 1 s p e c i f i e s  t h e  r a d i i ,  d e n s i t i e s  and 

The 

Table 1. S p e c i f i c a t i o n s  o f  GODIVA and J E Z E B E L  

GOD IVA J E Z E B E L  

18.74 

8.741 

15.61 

6.385 

Composition u-234 1.025 Pu-239 91.951 

( a t .  %) U-235 93.770 PU-240 4.346 
0.290 

Ga 3.413 

U-238 5.205 PU- 24 1 

~ 

Calcula ted  InDut Data 

The c a l c u l a t e d  va lues  o f  t h e  34 i n t e g r z l  q u a n t i t i e s  l i s t e d  i n  
Table 2 were a l l  ob ta ined  i n  a 30 group-S8,-t.rznsport co r rec t ed  F ,  
approximation, arid t hen  co r rec t ed  sc as t c  p a c t i c a l l y  conform t o  an 
S, - P, approximation.  These c o r r e c t i o n s ,  however, were r e a l l y  s i g -  
n i f i c a n t  on ly  ~ O T  t h e  t w  r e a c t i v i t i e s .  

s t r u c t u r e  for tha measured l eakage  spectra, and the numbers o f  f i n e  
groups i n t o  which each o f  t h e  9 groups w a s  d iv ided  t o  produce ou r  30- 
group s t r u c t u r e .  

Tab1 e- 3 g j v k s  tl.:t> ? - g :  G I . € :  

A l l  microscopic  nuc lea r  d a t a  were taken  from t h e  ENDF/B-IV l i b r a r y ,  
except  f o r  ga l l ium,  t h e  source  o f  which was t h e  UKNDL l i b r a r y .  
spectrum was t h e  weighing func t ion  i n  gene ra t ing  t h e  30-group c o n s t a n t s ,  
and t h e s e  were weighed by t h e  a c t u a l  average f l u x  spectrum i n  t h e  appro-  
p r i a t e  assembly f o r  c o l l a p s i n g  each i s o t o p e ' s  set  o f  30-group c o n s t a n t s  
i n t o  t h e  9-group s e t .  

The f i s s i g n  
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Table  2 .  Experimental I n t e g r a l  Data 

GODIVA J E Z E B E L  

I n t e g r a l  datum v a l u e  e r r o r  v a l u e  e r r o r  

k e f f e c t i v e  mu1 t i p l  i c a t i o n  1.000 0.003 1.000 0.003 

L 1  

L2 

L 3  

L4 

L5 

L6 

L7 

L8 

r e l a t i v e  leakage  spectrum 2 -00 1.00 3.10 1 .so 
7.10 1 .oo 11.70 1 .75  

13.60 1 .20  17.70 1 . 7 2  

16 .SO 1.26 20. oo* 
18.00" 16.50 1 .16  

1 8  .so 0.75 13.60 0.80 

11 .so 0.40 9.70 0.47 

8 .oo 0.32 

f f  
Np a "235 
233 

238 

239 

0.990 0.050 

1.630 0.100 1.610 0.100 

0.156 0.005 0.205 0.008 

1.420 0.020 1.490 0.030 

T h  

234 

0.234 0.005 

5.000 0.200 

0.47 0.02 238c ac/a238 f 

Au a c t i v a t i o n s  

cu 

Mn 

Nb 

v 

0.1230 0.0030 0.1012 0.0025 

0.0144 0.0006 0.0122 0.0006 

0.0033 0.0002 0.0029 0.0002 

0.0371 0.0030 0.0276 0.0030 

0.0028 0.0002 

* norma l i za t ion  value. 
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The c a l c u l a t e d  i n t e g r a l  q u a n t i t i e s ,  o r  r a t h e r  t h e i r  d e v i a t i o n s  from 
t h e  corresponding experimental  va lues  d iv ided  bj the l a t t e r ' s  e r r o r s ,  a r e  
given i n  Table  4,  under t h e  headings "given set". I n  o t h e r  words i f  I i  
are our experimental  i n t e g r a l  d a t a ,  A f i  t h e i r  e r r o r s ,  and I i ( 6 )  t h e  

Table  3 .  The 9-group s t r u c t u r e  and 
i t s  breakup i n t o  30 groups.  

group upper upper number 
number energy l e t h a r g y  of  f i n e  

(keV) groups 

1 15000.0 

2 6065.3 

3 3678.8 

4 2231.3 

5 1353.4 

6 820.2 

7 497.9 

8 302.0 

9* 183.2 

0 .5  

1 .o 
1.5 

2 .0  

2.5 

3 .0  

3 .5  

4 . 0  
~ ~~ ~ ~ ~~ 

* lower energy o f  group 9 2s 1 keV. 

corresponding va lues  c a l c u l a t e d  
with t h e  given c r o s s - s e c t i o n  s e t ,  
t hen  t h e  "given set" columns i n  
Table 4 l i s t  t h e  va lues  o f  

I n  what fo l lows  w e  s h a l l  r e f e r  
t o  such r a t i o s  as normalized dev- 
i a t i o n s ,  o r  s imply as d e v i a t i o n s .  
These d e v i a t i o n s  are convenient ,  
s i n c e  they  f u r n i s h  a n a t u r a l  mea- 
s u r e  f o r  t h e  q u a l i t y  o f  reproduc-  
t i o n  o f  t h e  measured i n t e g r a l  d a t a  
by a given c r o s s - s e c t i o n  s e t ,  

QI(S) = cc/N, (2) 

where c i s  t h e  column (and c t h e  
row) o f  t h e  c i ' s ,  and N t h e  d i -  
mension o f  t h e  v e c t o r  c ( i . e . ,  t h e  
number o f  i n t e g r a l  d a t a ) .  

Now, t h e  "given set" columns 
i n  Table  4 obvious ly  demonstrate  
t h a t  t h e  ENDF/B-IV l i b r a r y  i s  far 

from s a t i s f a c t o r i l y  reproducing n e i t h e r  ou r  GODIVA no r  our  JEZEBEL sets 
o f  experimental  i n t e g r a l  d a t a .  A s  a m a t t e r  o f  fac t ,  while  f o r  a reason-  
a b l e  reproduct ion  of any set  of experimental  i n t e g r a l  d a t a  we e v i d e n t l y  
expect  t h a t  QI 1, o r  less ,  we a c t u a l l y  f i n d  t h a t  

QI(GODIVA) = 11.5,  QI(JEZEBEL) = 5.5 .  

Although t h e s e  two numbers undoubtably i n d i c a t e  t h a t  t h e  given uranium 
c r o s s  s e c t i o n s  are worse than  those  of  plutonium, even t h e  reproduct ion  
of t h e  J E Z E B E L  d a t a  i s ,  on t h e  whole, r a t h e r  poor .  
ment i s  obvious.  

The need f o r  a d j u s t -  

I n  t h e  c a l c u l a t i o n  o f  t h e  i n t e g r a l  q u a n t i t i e s ,  a l l  p a r t i a l  c r o s s  
s e c t i o n s  and every d e t a i l  o f  t h e  s p e c t r a  and angu la r  d i s t r i b u t i o n s  of 
secondary neut rons  were cons idered .  
ments we only  cons ide r  s e n s i t i v i t i e s  wi th  r e s p e c t  t o  t h e  f i s s i o n ,  c a p t u r e  
( (n,y) + (n,p) + . . .), i n e l a s t i c  ( ( n , n l )  + (n,2n) + (n,3n) ) ,  and 
e l a s t i c  s c a t t e r i n g  c r o s s  s e c t i o n s ,  and wi th  r e s p e c t  t o  v', o f  U-235, U-238, 
Pu-239 and Pu-240. 
9-group s t r u c t u r e  of  Table  3. 

On t h e  o t h e r  hand, i n  our  a d j u s t -  

And t h e  s e n s i t i v i t y  p r o f i l e s  are eva lua ted  i n  t h e  
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Table 4. Normalized Deviations from the Experimental Values of 
Calculated, Separately-Adjusted, and Final Values o f  the Integral 

Quantities. 
~~ ~ 

GODIVA JEZEBEL 

datum given set adjusted final given set adjusted final 

k 

L1 

L2 

LJ 

L4 
L5 

L6 
L7 

L8 

NP 
233 

238 

239 

Th 

234 
238c 

Au 

cu 

Mn 

Nb 
v 

2.600 

0.210 

0.630 

0.992 

1.397 

-5.040 

-3.525 

-7.219 

2.550 

2.600 

-1.750 

2.000 

-2.300 

-1.'200 

-4.200 

-5.833 

5.335 

-0.087 

- 0.'111 0.324 

0.356 -0.015 

1.025 0.284 

1.442 0.210 

1.731 0.226 

1.654 -0.218 

-0.640 -0.054 

-1.827 -0.194 

2.872 * 
2.029 0.767 

-0.610 0.307 

2.215 1.913 

-1.888 -1.335 
-0.140 0.942 

-3.509 -2.279 
-5.655 * 
5.565 * 

0.186 0.683 

0.267 0.398 0.. 122 
0.047 -0.008 0.320 

-0.914 -1.000 -0.865 

-0.267 -0.333 -0.157 

2.078 1.179 0.506 

1.287 0.491 0.207 

-0.751 -0.866 -0.349 

-1.000 -0.719 -0.310 

-1.107 -0.682 -1.100 

-1.250 -0.643 0.278 

-3.000 -2.217 -1.319 

0.520 -0.453 -0.130 

-3.000 -3.321 * 
6.150 5.484 * 
2.100 1.795 1.880 

-4 .lo0 -4.343 * 

* rejected 
The Adjustment Prescription 

In order to formulate the adjustment prescription, we still need the 
so-called cross-section uncertainties, 
the form of relative uncertainties, = AS/$, and we have employed their 
values as given in Table IV of  the review by Pazy et al.3 

These are commonly available in 

However, for 
we had found a more recent evaluation by Bhat4, and have therefore 
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r e v i s e d  t h a t  t a b l e  as fo l lows:  

7%(E s 700), 3%(700 < E i 6 0 0 0 ) ,  10%(E > 6000 keV) . 

j Now, l e t  G *  be t h e  (unknown) ad jus t ed  c r o s s  s e c t i o n s ,  and l e t  AE J be t h e  energy-group width r e l a t i n g  t o  o j .  
i zed)  i n d i v i d u a l  ad jus tments ,  

Ye t hen  d e f i n e  t h e  (normal- 

Th i s ,  aga in ,  i s  a convenient  d e f i n i t i o n ,  s i n c e  a n a t u r a l  g loba l  measure 
f o r  t h e  e x t e n t  of  a p a r t i c u l a r  adjustment  i s  

And s i m i l a r l y  t o  t h e  "ca lcu la ted"  d e v i a t i o n s  C i ,  d e f ined  i n  E q .  (l), we 
a l s o  d e f i n e  t h e  "adjusted" d e v i a t i o n s ,  

Then t h e  s e n s i t i v i t y  ma t r ix  i s  def ined  as 

I n  t h i s  n o t a t i o n  t h e  l i n e a r i t y  assumption t a k e s  t h e  form 

y = Ax + c ,  (7) 

and t h e  adjustment p r e s c r i p t i o n  reduces t o  minimizing t h e  form 

Q = 2, + A E , ? ~ ,  (8) 

where AE, is t h e  dimensional parameter 
s u b j e c t  t o  t h e  cond i t ion  o f  E q .  (7). 

mentioned i n  t h e  i n t r o d u c t i o n ,  

The s t r a i g h t f o r w a r d  s o l u t i o n  of t h i s  c o n d i t i o n a l  minimum problem, 
i . e .  our e x p l i c i t  adjustment  p r e s c r i p t i o n ,  i s  

y = (I + A E ~ A ~ ) - ~ C ,  x = -AE,&. (9) 

A d e t a i l e d  d e r i v a t i o n  o f  t h e s e  formulas can be found i n  Ref. 3 .  
AEo and i t s  use fu lness  

5 i n  o u r  A t l a n t a  paper. 
are  f u r t h e r  e x t e n s i v e l y  d i scussed  and i l l u s t r a t e d  
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ADJUSTP4ENT 

Pre l iminary  Data Check 

Consider ing t h e  g iven-se t  d e v i a t i o n s  i n  Table  4 aga in ,  we n o t i c e  
t h a t  some o f  t h e  c a l c u l a t e d  a c t i v a t i o n s  d e v i a t e  s i g n i f i c a n t l y  more than  
most o t h e r  c a l c u l a t e d  q u a n t i t i e s ,  bo th  i n  GODIVA and J E Z E B E L .  However, 
i n  o r d e r  t o  determine whether t h e  s u s p i c i o u s  experimental  a c t i v a t i o n s  
were indeed lrbadrl d a t a ,  we f i rs t  o f  a l l  a d j u s t e d  t h e  g iven  c r o s s  s e c t i o n s  
of the two uranium i so topes  by the GODIVA d a t a ,  and, independent ly ,  t hose  
o f  the two plutonium i s o t o p e s  by the JEZEBEL:data. 
two ad jus tments  a r e  a l s o  l i s t e d  i n  Table  4 ,  under t h e  headings "ad jus ted" .  
The d e v i a t i o n s  a r e  now indeed smaller, b u t  we s t i l l  f i n d  t h a t  

The r e s u l t s  of t h e s e  

QICGODIVA) = 6 . 1 ,  QI(JEZEBEL) = 4 . 6 .  

I t  i s  obvious,  however, t h a t  t h e  major c o n t r i b u t i o n s  t o  t h e s e  QI'S 
are aga in  t h o s e  o f  t h e  a c t i v a t i o n s .  Actual ly ,  t h e  a d j u s t e d  d e v i a t i o n s  
o f  t h e  Cu, Mn, and V a c t i v a t i o n s  are j u s t  as b i g  as t h e  cor responding  
g iven  se t  d e v i a t i o n s .  
i n t e g r a l  d a t a  a t  t h i s  p o i n t .  
bu t ions  QI(G)  reduces t o  2.9, and wi thout  t h e s e  and t h e  V c o n t r i b u t i o n  
QI (J) becomes 1.1. 

'(rle have t h e r e f o r e  decided t o  e l i m i n a t e  t h e s e  f i v e  
We n o t e  t h a t  without  t h e  Cu and ?In c o n t r i -  

I n  t h e s e  p re l imina ry  ad jus tments  t h e  va lue  o f  AEo was 200 keV. This  
seemingly a r b i t r a r y  va lue  w e  know from our  exper ience  t o  be q u i t e  
reasonable .  
t o  the v a l u e  of BEo. 

I n  any case ,  ou r  d a t a  s e l e c t i o n  should n o t  be t o o  s e n s i t i v e  

Overa l l  Data Check 

With the r e j e c t i o n  of  the f i v e  dubious experimental  a c t i v a t i o n s ,  we 
were a l l  s e t  t o  check t h e  cons i s t ency  o f  t h e  remaining 29 i n t e g r a l  d a t a ,  
w i t h  each o t h e r ,  and wi th  t h e  given c r o s s  s e c t i o n s .  Th i s  was done by 
means of  a s imultaneous adjustment  o f  t h e  f o u r  i s o t o p e s '  c r o s s  s e c t i o n s  
by a l l  29 d a t a .  Although t h e  composi t ions o f  GODIVA and J E Z E B E L  have 
no common i s o t o p e s ,  t h e  two assembl ies  a r e  coupled through t h e  c e n t r a l -  
f i s s i o n - r a t i o  d a t a .  

For the 29 i n t e g r a l  d a t a  we have Q I ( ~ )  = 5.9 ,  which t h e  adjustment  
reduces t o  QI = 1.9 .  This i s  s t i l l  n o t  q u i t e  s a t i s f a c t o r y  by ou r  c r i -  
t e r i o n ,  and could o f  cour se  be f u r t h e r  reduced by i n c r e a s i n g  AEo (which 
was s t i l l  200 keV). However, b e f o r e  f o r c i n g  QI f u r t h e r  down, we should 
have cons idered  t h e  e x t e n t  o f  t h e  c r o s s - s e c t i o n  ad jus tment .  

Let us then  cons ide r  t h e  "adjustment measure", Eq. ( 4 ) .  WB have 
t o  de te rmine  a numerical  va lue ,  up t o  which t h i s  measure w i l l  c h a r a c t e r -  
i z e  an a c c e p t a b l e  adjustment .  Suppose t h a t  f o r  a l l  p a r t i a l  c r o s s  s e c t i o n s  
of a l l  a d j u s t e d  i so topes  (a  - 6)/B8 ; 1 everywhere. Then, s i n c e  we con- 
s i d e r  f i v e  p a r t i a l  c r o s s  s e c t i o n s  ( U - , U ~ , C T ~ ~ , ~ ~ ~  and ij) and f o u r  i s o t o p e s ,  
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and o u r  energy range is  0 - 15  MeV, we would expect  

Gx 2 5 x 4 x 15000 = 300 000. 

On t h e  o t h e r  hand w e  do know that  ou r  i n t e g r a l  q u a n t i t i e s  are  r a t h e r  i n -  
s e n s i t i v e  t o  t h e  U-238 and Pu-240 c r o s s  s e c t i o n s ,  t h a t  t h e y  a re  no t  
e q u a l l y  s e n s i t i v e  t o  a l l  p a r t i a l  c r o s s  s e c t i o n s  o f  t h e  o t h e r  two i s o t o p e s ,  
and that  t h e  s e n s i t i v i t i e s  va ry  widely wi th  energy.  Our e s t i m a t i o n ,  based 
so f a r  on l i m i t e d  exper ience ,  i s  t h e r e f o r e  that  whenever Gx reaches  about  
1% of  t h e  "nominal" va lue  de r ived  above, some o f  t h e  ad jus t ed  c r o s s  sec- 
t i o n s  a l r e a d y  d e v i a t e  from the i r  given v a l u e s  by more than  BC. Thus our  
c r i t e r i o n  f o r  a reasonable  adjustment  is 

= ;x/3000 f 1. (10) 

Returning t o  t h e  adjustment  under c o n s i d e r a t i o n ,  i t s  "qual i ty"  
t u r n s  out  t o  be Qm = 1 . 5 .  
AE,, which would on ly  f u r t h e r  i n c r e a s e  Qa. 
AEo t o  1000 keV r e s u l t s  i n  Qa = 4 .9  and QI is  st i l l  over  1. 
AEo = 4000 keV, paying the heavy p e n a l t y  o f  Qo = 10 .9 ,  one i n t e g r a l  da-  
tum, 233(G) has an a d j u s t e d  d e v i a t i o n  o f  3.0,  i n  s p i t e  o f  QI = 0.791 
I n  any case, t h e  p r e s e n t  adjustment  i n d i c a t e 3  t h a t  ou r  i npu t  c ros s - sec -  
t i o n  and remaining i n t e g r a l  d a t a  are s t i l l  i n c o n s i s t e n t .  Even r e j e c t i n g  
233(G) reduces QI t o  on ly  1 .6  (with AEo = 200).  

There i s  t h e r e f o r e  no p o i n t  i n  i n c r e a s i n g  
Never the less ,  i n c r e a s i n g  

Even f o r  

Relaxa t ion  of Cross-Sect ion U n c e r t a i n t i e s  

Studying the i n d i v i d u a l  adjustments  we have found t h a t  most o f  t h e  
adjustments  t h a t  exceed 1 r e l a t e  t o  i n e l a s t i c  s c a t t e r i n g  c r o s s  
s e c t i o n s .  T h i s  is  n o t  s u r p r i s m g ,  s i n c e  many o f  our  i n t e g r a l  q u a n t i t i e s  
are q u i t e  s e n s i t i v e  t o  t h e  neut ron  energy spectrum, and i n e l a s t i c  scat ter-  
ing  i s  t h e  p r i n c i p l e  slowing-JGxn mechanism i n  t h e  fas t  assembl ies .  
s i n c e  t h e  d i f f i c u l t y  i n  measuring t h e s e  c r o s s  s e c t i o n s  i s  common know- 
ledge ,  we f e l t  t h a t  t h e i r  es t imated  u n c e r t a i n t i e s  might indeed be over -  
o p t i m i s t i c .  We t h e r e f o r e  now modified ou r  "s tandard" i n e l a s t i c  c r o s s -  
s e c t i o n  u n c e r t a i n t i e s  t o  100%. 

And 

The adjustment  of ou r  given c ross - sec t ion  s e t  with t h e  modified un- 
c e r t a i n t y  
a b l e  r e s u l t  o f  

d a t a  by t h e  28 i n t e g r a l  d a t a  y i e lded  t h e  more than  reason-  

QI = 0.72, 

I n  t h i s  adjustment  w e  aga in  used AEo = 200. 
have s tud ied  t h e  dependence o f  QI and Qo on AEo. 
and Qa = 0. As AEo i s  inc reased  QI dec reases  and Qn increases-monc- 
tonous ly .  A t  AEo = 80 QI crosses the u n i t y  downward, and a t  AE, = 320 
Qa c r o s s e s  u n i t y  upyad.  Thus a r easonab le  adjustment  o 6 t a i n s  f o r  a l l  
values 80 < Eo 1: 320, and 6E0 = 200 tunT%'but7 to  be  right a t  t h e  m i d -  
p o i n t  o f  t h i s  h t e r v a l - .  

Qa = 0.78. 

So a t  t h i s  p o i n t  we 
A t  AEo = 0,  QI - - QI ( 8 )  
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We now addressed the problem o f  d a t a  redundancy. I n  o t h e r  words, 
we wanted t o  see whether adjustment  by a pa r t i a l  set  o f  ou r  i n t e g r a l  d a t a  
would s u f f i c e  t o  o b t a i n  a d j u s t e d  c r o s s  s e c t i o n s  which would reasonably  
reproduce - a l l  t h e  d a t a .  

This  a n a l y s i s  c o n s i s t s .  o f  p r o g r e s s i v e l y  a d j u s t i n g  t h e  g iven  c r o s s -  
s e c t i o n  s e t  by one, two, three, ..., i n t e g r a l  d a t a .  The o r d e r  i n  which 
the "ac t ive"  d a t a  are added, one a t  a time, i s  such t h a t  a t  each s t e p  
t h e  added datum is t h e  one f o r  which QI (which always measures t h e  re- 
product ion  o f  - a l l  d a t a )  i s  minimal. Thus s t a r t i n g  from QI(S) = 5.8 ,  
L8(G) reduces QI t o  4 .0 ,  L8(G) + 234(G) t o  3 . 2 ,  and so on. Adjustment 
by t h e  n i n e  "most important" d a t a  a l r e a d y  y i e l d s  QI = 1.0 ,  and by 1 2  
d a t a  QI = 0.87. The cor responding  v a l u e s  of  Q, are 0.10,  0 .20,  0.69 
and 0.73. These r e s u l t s  seem t o  j u s t i f y  o u r  approach. 

F i n a l l y ,  we have checked t h e  v a l i d i t y  o f  t h e  l i n e a r i t y  assumption. 
Let A i  = I i (a)  - I i ( 6 ) ,  t hen  l i n e a r i t y  ho lds  i f  each A i f , w i t h  I i (U) 
eva lua ted  by l i n e a r  e x t r a p o l i t i o n ,  equa l s  A i ' ' ,  w i th  I i ( a )  a c t u a l l y  r e -  
c a l c u l a t e d  with t h e  ad jus t ed  c r o s s  s e c t i o n s .  

however, A '  was 28". S t i l l ,  f o r _ e a c h  r a t i o  both a d j u s t e d  va lues  are  
c l o s e r  t o  t h e  experimental  va lue ,  t han  I(8l. That l i n e a r i t y  would 
not  r i g o r o u s l y  hold  f o r  t h e s e  f i s s i o n  r a t i o s  should n o t  come as a s u r -  

p r i s e ,  s i n c e  t h e  a f 2 3 5  ad jus tments  were s i g n i f i c a n t ,  and t h e  r a t i o s  are 

I t  tu rned  o u t  t h a t  t h i s  
p r a c t i c a l l y  was t h e  case f o r  22 i n t e g r a l  q u a n t i t i e s .  For t h e  s i x  u f f  / ~ 2 3 5 ,  

i n v e r s e l y  p r o p o r t i o n a l  t o  an  expres s ion  l i n e a r  i n  t h e  a f 2 3 5 ' s ,  and thus  
are s t r o n g l y  non- l inea r  i n  t h e s e  ?Toss s e c t i o n s .  
c r o s s - s e c t i o n  set  does y i e l d  a much b e t t e r  r ep roduc t ion  o f  t h e  experimen- 

In  any case, t h e  ad jus t ed  

tal  i n t e g r a l  d a t a ,  and thus  aga in  j u s t i f i e s  t h e  adjustment  p r e s c r i p t i o n .  

CONCLUSIONS 

The purpose o f  t h e  e x c e r c i s e  i n  adjustment  p re sen ted  h e r e  was t o  
i l l u s t r a t e  t h a t  t h e  p i t f a l l s  o f  "bl ind" a p p l i c a t i o n  o f  adjustment  codes 
may be avoided by i n t e l l i g e n t ,  cont inuous i n t e r v e n t i o n  i n  t h e  procedure .  
The main conclus ions  seem t o  be t h a t  checking t h e  e n t i r e  i n p u t ,  and 
p a r t i c u l a r l y  t h e  c r o s s - s e c t i o n  u n c e r t a i n t y  informat ion  and t h e  exper -  
imental  i n t e g r a l  d a t a ,  f o r  cons i s t ency  i s  e s s e n t i a l  f o r  ach iev ing  reason-  
a b l e  and meaningful r e s u l t s .  
o f  t h e  approximation used i n  c a l c u l a t i n g  t h e  i n t e g r a l  q u a n t i t i e s  and 
t h e i r  s e n s i t i v i t y  p r o f i l e s .  
t i o n  should always be  examined by a c t u a l l y  r e c a l c u l a t i n g  a l l  i n t e g r a l  
q u a n t i t i e s .  

Care should a l s o  be  g iven  t o  t h e  adequacy 

F i n a l l y  t h e  v a l i d i t y  o f  t h e  l i n e a r i t y  assump- 

Besides  r e j e c t i n g  i n t e g r a l  d a t a  which r e f u s e  t o  f a l l  i n  l i n e ,  an- 
o t h e r  i inportant conclus ion  seems t o  be t h a t  u n c e r t a i n t i e s  should be  r e -  
cons idered  l i b e r a l l y .  Whatever t h e i r  sou rces ,  t h e y  are always sub jec -  
t i v e  guesses ,  and should never  be  allowed t o  s p o i l  t h e  adjustment  game. 
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ABSTRACT 

A p o s s i b l e  method f o r  measur ing  f u e l  motion i n  a mel t -  
i n g  r e a c t o r - f u e l - p i n  t e s t  assembly is  t h e  u n f o l d i n g  of  t h e  
s i g n a l s  g e n e r a t e d  by s m a l l  f i s s i o n - c o u p l e  d e t e c t o r s  p l a c e d  
i n  and around t h e  t e s t  assembly.  I n  o r d e r  t o  perform t h i s  
u n f o l d i n g ,  t h e  d e t e c t o r - r e s p o n s e  k e r n e l s  f o r  f u e l  movement 
w i t h i n  t h e  t e s t  assembly m u s t  be a c c u r a t e l y  de t e rmined .  
T h i s  can be accomplished u s i n g  t h e  t e c h n i q u e s  of  s e n s i t i -  
v i t y  a n a l y s i s .  

Forward and a d j o i n t  s o l u t i o n s  t o  t h e  n e u t r o n  t r a n s -  
p o r t  e q u a t i o n s  can be c a l c u l a t e d  w i t h  t h e  MORSE 3 D  code.  
T h e n  l i n e a r  p e r t u r b a t i o n  t h e o r y  can be used t o  d e r i v e  t h e  
r e s p o n s e  k e r n e l s  a s  i n t e g r a l s  of  t h e  t e s t  f u e l  c r o s s  s e c -  
t i o n s  weighted w i t h  t h e  forward and a d j o i n t  s o l u t i o n s  over  
t h e  a p p r o p r i a t e  volumes. 

C a l c u l a t i o n s  have been performed t o  v e r i f y  t h e  accu- 
r a c y  of t h e  t e c h n i q u e .  E e t e c t o r  r e s p o n s e s  based on t h e  
s e n s i t i v i t y  a n a l y s i s  were compared w i t h  d i r e c t  c a l c u l a -  
t i o n s  f o r  p e r t u r b e d  f u e l  g e o m e t r i e s .  E x c e l l e n t  agreement 
h a s  been o b t a i n e d .  
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I N T R O D U C T I O N  

The a b i l i t y  t o  moni tor  f u e l  r e d i s t r i b u t i o n  i n  f a s t - r e a c -  
t o r  s a f e t y  e x p e r i m e n t s  i s  i m p o r t a n t  i n  d e t e r m i n i n g  t h e  s a f e t y  
o f  f a s t  b r e e d e r  r e a c t o r s .  Although f u e l  d i s t r i b u t i o n s  w i t h i n  
a r e a c t o r  c a n n o t  be measured d i r e c t l y ,  measurements  o f  n e u t r o n  
o r  gamma-ray f l u x  changes  can  be made t o  i n f e r  t h e  f u e l  d i s -  
t r i b u t i o n .  I n  t h i s  p a p e r ,  s e n s i t i v i t y  a n a l y s i s  w i l l  b e  used  
t o  d e t e r m i n e  t h e  r e l a t i o n s h i p  between t h e  f l u x  and t h e  f u e l  
d i s t r i b u t i o n .  

T h e  u s u a l  c o n f i g u r a t i o n  of a s a f e t y  t e s t  r e a c t o r  is 
a n n u l a r  i n  s h a p e  w i t h  a c y l i n d r i c a l  t e s t  assembly  a t  t h e  
c e n t e r .  T h e  t e s t  assembly may c o n t a i n  s i n g l e  p i n s ,  b u n d l e s ,  
o r  even s u b a s s e m b l i e s  w h i c h  a r e  i r r a d i a t e d  by t h e  d r i v e r  re- 
a c t o r  t o  s i m u l a t e  h y p o t h e t i c a l  c o r e - d i s r u p t i v e  a c c i d e n t s .  
I f  t h e  d r i v e r  r e a c t o r  h a s  one  o r  more v iewing  s l o t s ,  f l u x  
changes  i x  t h e  c e n t r a l  t e s t  assembly  can be measured w i t h  
imaging d e v i c e s  s u c h  as  a hodoscope, '  a c o d e d - a p e r t u r e  
imaging sys t em,*  o r  a p in i io l e  camera.3 U n t i l  r e c e n t l y  
t h e  hodoscope h a s  been t h e  o n l y  sys t em a v a i l a b l e  t o  mon i to r  
f u e l  mo t ion ,  and i t  i s  used a lmos t  e x c l u s i v e l y  i n  t h e  TREAT 
e ~ p e r i m e n t s . ~  
focused  th rough  a s l o t  i n  t h e  d r i v e r  r e a c t o r  a t  t h e  t e s t  
assembly .  R e d i s t r i b u t i o n  of  f u e l  i s  d e t e c t e d  as changes  
i n  t h e  i n t e n s i t y  o f  f i s s i o n  n e u t r o n s  obse rved  t h r o u g h  t h e  
c o l l i m a t o r s .  

The hodoscope is an a r r a y  of  c o l l i m a t o r s  

The d e t e c t i o n  of  f u e l  mot ion  w i t h i n  t e s t  s e c t i o n s  o f  
r e a c t o r s  w h i c h  have no s l o t s ,  s u c h  as  SLSF, E B R - 1 1 ,  o r  
SCARA5EE, r e q u i r e s  t h e  u s e  of in -co re  f u e l  mot ion  d e t e c -  
t i o n  systems. I n  t h i s  s y s t e m ,  many s m a l l  n e u t r o n  o r  g a m m a -  
r a y  d e t e c t o r s  a r e  p l a c e d  t h r o u g h o u t  t h e  t e s t  s e c t i o n .  
F u e l  mot ion  is  de tec t ed  a s  mol t en  f u e l  moves r e l a t i v e  t o  
t h e  d e t e c t o r s .  I n  a d d i t i o n  t o  r e q u i r i n g  no s l o t ,  t h i s  
t e c h n i q u e  s h o u l d  be e s p e c i a l l y  u s e f u l  f o r  l a r g e  b u n d l e  
tes ts  s i n c e  s e l f - s h i e l d i n g  e f f e c t s  a r e  n o t  l i k e l y  t o  de- 
g r a d e  t h e  r e s o l u t i o n  as  s e v e r e l y  as  i n  e x t e r n a l  v i ewing  
s y s  tems . 

W i t h  t h e  s u p p o r t  o f  t h e  U S  Nuclear  R e g u l a t o r y  Commis- 
s i o n ,  a n  e x p e r i m e n t a l  program is b e i n g  conduc ted  a t  S a n d i a  
L a b o r a t o r i e s  t o  i n v e s t  g a t e  t h e  f e a s i b i l i t y  o f  i n - c o r e  
f u e l  motion d e t e c t i o n . '  T h i s  program h a s  two major  d e v e l -  
opment e f f o r t s .  T h e  f i r s t  e f f o r t  r e q u i r e s  t h e  d e s i g n ,  
c o n s t r u c t i o n ,  and t e s t i n g  o f  d e t e c t o r s .  These  d e t e c t o r s  
m u s t  be  s e n s i t i v e  t o  f u e l  mo t ion ,  w i t h s t a n d  t h e  extreme 
c o n d i t i o n s  o f  t h e  t e s t  assembly env i ronmen t ,  and be smal l  
enough t o  r e s i d e  between i n d i v i d u a l  f u e l  p i n s .  The 
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second  e f f o r t  r e q u i r e s  t h e  deve lopmen t  o f  a n a l y t i c a l  methods 
w h i c h  can  d e t e r m i n e  t h e  f u e l  mo t ion  from t h e  d e t e c t o r  s i g -  
n a l s .  T h i s  o b j e c t i v e  i s  accompl i shed  i n  two p a r t s .  T h e  
f i r s t  p a r t  d e v e l o p s  an  a n a l y t i c a l  r e l a t i o n s h i p  between t h e  
d e t e c t o r  s i g n a l  and f u e l  mot ion .  The second p a r t  d o e s  j u s t  
t h e  r e v e r s e .  I t  d e v e l o p s  methods which u n f o l d  t h e  d e t e c t o r  
r e s p o n s e s  t o  d e t e r m i n e  t h e  f u e l  d i s t r i b u t i o n .  T h i s  p a p e r  
a d d r e s s e s  t h e  f i r s t  p a r t  o f  t h e  problefg o n l y .  
p a p e r  d e s c r i b e s  t h e  u n f o l d i n g  problem.  

A companion 

An e x p e r i m e n t a l  v e r i f i c a t i o n  o f  t h e  d e t e c t o r  and a n a l y -  
s is  sys t em w i l l  be  p r o v i d e d  by a s e r i e s  of s t a t i c  tes ts  on 
7-, 19-,  and 37-pin b u n d l e s  p l a c e d  i n  t h e  c e n t e r  o f  t h e  S a n d i a  
P u l s e d  Reac to r  I11 (SPR 111). SPR I11 is  a f a s t -  l sed  r e -  
a c t o r  which can  d e l i v e r  a n e u t r o n  f l u e n c e  o f  6x10'' n v t  a t  
t h e  c e n t e r  o f  t h e  i r r a d i a t i o n  c a v i t y  w i t h  a p u l s e  w i d t h  o f  
60 us. The  c o r e  c o n s i s t s  o f  16 t o  1 8  p l a t e s  o f  f u l l y  en -  
r i c h e d  U - 1 0  w t  % Mo and employs e x t e r n a l  r e f l e c t o r s  f o r  con- 
t r o l .  The  c y l i n d r i c a l  t e s t  c a v i t y  h a s  a d i a m e t e r  o f  17 .78  
cm and a h e i g h t  of  31.9 cm. F i g u r e  1 shows t h e  37-pin t e s t  
assembly  which w i l l  be  p l a c e d  i n  t h e  SPR 111. T h e  lower 
10 .16  c m  o f  t h e  f u e l  p i n s  a r e  f i x e d  w h i l e  t h e  upper  15.24 
c m  a r e  i n d i v i d u a l l y  a t t ached  t o  p u l l r o d s  which can move 
t h e  f u e l  t o  many s t a t i c  c o n f i g u r a t i o n s .  The e n t i r e  f u e l  
b u n d l e  is  s u r r o u n d e d  by a p o l y e t h y l e n e  and cadmium l i n e r  
t o  t a i l o r  t h e  i n t e r n a l  s p e c t r u m  t o  r e s e m b l e  a more r e a l i s -  
t i c  s a f e t y - t e s t  x p e r i m e n t .  F a s t - n e u t r o n - s e n s i t i v e  f i s s i o n -  
coup  e d e t e c t o r s '  and gamma-sens i t i ve ,  s e l f -powered  d e t e c -  
t o r s '  w i l l  be  used t o  mon i to r  t h e  f u e l  d i s t r i b u t i o n .  Ap- 
p r o x i m a t e l y  30 o f  t h e s e  d e t e c t o r s  w i l l  be mounted on g r i d  
s p a c e r s  i n s i d e  t h e  t e s t  assembly .  F i g u r e  2 shows t h r e e  
f i s s i o n - c o u p l e  d e t e c t o r s  mounted on a g r i d  s p a c e r .  I n  t h e  
SPR I11 t e s t s ,  t h e  r e a c t o r  w i l l  be p u l s e d  w i t h  t h e  p i n s  
i n  s e v e r a l  s t a t i c  p o s i t i o n s .  From a n a l y s i s  o f  t h e  d e t e c -  
t o r  s i g n a l s ,  w e  hope t o  u n f o l d  t h e s e  same f u e l  c o n f i g u r a -  
t i o n s .  

KERNEL DEVELOPMENT 

To u n f o l d  a mass c o n f i g u r a t i o n  from a change i n  
r e s p o n s e  a t  s e v e r a l  d e t e c t o r s ,  k e r n e l s  a r e  r e q u i r e d  t h a t  
r e l a t e  t h e  change  i n  each d e t e c t o r  r e s p o n s e  t o  a l l  p o s s i -  
b l e  small  mass changes .  Direct  c a l c u l a t i o n  o f  a l l  o f  t h e s e  
r e s p o n s e s  would r e q u i r e  a p r o h i b i t i v e l y  l a r g e  number o f  
computer  c a l c u l a t i o n s .  T h e r e f o r e  w e  have  implemented a 
form o f  s e n s i t i v i t y  a n a l y s i s  t o  d e t e r m i n e  t h e  change i n  
d e t e c t o r  r e s p o n s e s  d u e  t o  small  f u e l  movements w i t h i n  t h e  
r e a c t o r  t e s t  assembly .  The  RHOPER code  h a s  been w r i t t e n  
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t o  c o u p l e  f o r w a r d  and a d j o i n t  t h r e e - d i m e n s i o n a l  a n g u l a r  f l u x  
d e n s i t i e s  c a l c u l a t e d  w i t h  t h e  MORSE Monte C a r l o  code  and t o  
g e n e r a t e  t h e  r e s p o n s e  k e r n e l s  r e q u i r e d  f o r  u n f o l d i n g .  T h e  
a c t u a l  form o f  t h e  s e n s i t i v i t y  r e l a t i o n  used is d e v e l o p e d  
below,  and t h e  a c t u a l  e q u a t i o n s  u s e d  i n  RHOPER and NORSE f o l -  
low. 

T h e  r e s p o n s e  a t  a d e t e c t o r  i n  a p e r t u r b e d  geomet ry  
i s  g i v e n  by 

R = / d F d R d E  43 (T,K,E) $<E) 

where  S*( r ,E )  i s  t h e  d e t e c t o r  r e s p o n s e  f u n c t i o n .  The per- 
t u r b e d  f l u x  # ( ? , i i , E )  c o u l d  be  o b t a i n e d  as t h e  s o l u t i o n  o f  t h e  
f o r w a r d  t r a n s p o r t  e q u a t i o n  i n  t h e  p e r t u r b e d  geomet ry ,  

where @ is  t h e  a n g u l  r f l u x  d e n s i t y  i n  t h e  p e r t u r b e d  geomet ry  

i n g  c r o s s  s e c t i o n s  i n  t h e  p e r t u r b e d  geomet ry ,  r e s p e c t i v e l y .  
s o u r c e ,  and ET and 2 a r e  t h e  t o t a l  and d i f f e r e n t i a l  s c a t t e r -  

N e g l e c t i n g  f o r  t h e  moment t h e  s p a t i a l  and e n e r g y  
dependence  o f  t h e  a n g u l a r  f l u x  d e n s i t i e s  and t h e  c r o s s  sec- 
t i o n s ,  t h e  c o r r e s p o n d i n g  a d j o i n t  e q u a t i o n  f o r  t h e  u n p e r t u r b e d  
geomet ry  is  

where t h e  s u b s c r i p t  o w i l l  i n d i c a t e  t h e  u n p e r t u r b e d  s t a t e .  A 
r e l a t i ' o n  t h a t  i n v o l v e s  f o r w a r d  and a d j o i n t  a n g u l a r  f l u x  den- 
s i t i es  can be  d e r i v e d  w i t h  t h e  f o l l o w i n g  o p e r a t i o n ,  

where V i s  a f i n i t e  volume t h a t  c o n t a i n s  t h e  d e t e c t o r  and a l l  
o f  t h e  p o s s i b l e  p o s i t i o n s  where f u e l  can be l o c a t e d .  Now 
a s s u m i n g  t h a t  t h e  f o r w a r d  a n g u l a r  f l u x  d e n s i t y  on t h e  bound- 
i n g  s u r f a c e  c a n  be measured i n  t h e  p e r t u r b e d  geomet ry  and 
p e r f o r m i n g  t h e  i n d i c a t e d  i n t e g r a t i o n  o v e r  t h e  volume under  
c o n s i d e r a t i o n ,  we o b t a i n  t h e  f o l l o w i n g  e q u a t i o n  f o r  t h e  d e t e c -  
t o r  r e s p o n s e  
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where A i s  t h e  bounding  s u r f a c e .  

The s u b s t i t u t i o n s  

c"-c"=c" 6p 1 c'-c'=ET dp > " P O  O Po 
have  been made t o  d i s p l a y  t h e  d e n s i t y  p e r t u r b a t i o n  a s  a sepa -  
r a t e  q u a n t i t y .  Note  a l s o  t h a t  t h i s  c a n  be c o n s i d e r e d  a f r a c -  
t i o n a l  d e n s i t y  change .  

T h e  f i r s t  t e r m  i n  Eq. 5 i s  t h e  u n p e r t u r b e d  d e t e c t o r  
r e s p o n s e ,  R , and t h e  second  term is  e x a c t l y  t h e  d e s i r e d  r e s -  
ponse  kerne!? t imes a f u e l  d e n s i t y  change.  
t h e .  b a s i s  o f  t h e  RHOPER code.  

T h i s  e q u a t i o n  is  

B e f o r e  l o o k i n g  a t  t h e  ac tua l  q u a n t i t i e s  c a l c u l a t e d  
i n  MORSE and p r o v i d e d  t o  RHOPER,  i t  i s  wor th  n o t i n g  t h a t  some 
v e r y  s i g n i f i c a n t  s i m p l i f i c a t i o n s  a r e  p o s s i b l e .  T y p i c a l  e x -  
p e r i m e n t a l  s e c t i o n s  a r e  g e n e r a l l y  p l a c e d  i n  t h e  c e n t e r  o f  a 
d r i v i n g  r e a c t o r .  Thus o v e r  most  of t h e  t e s t  s e c t i o n  t h e  neu- 
t r o n  a n g u l a r  f l u x  d e n s i t y  is  r e l a t i v e l y  i s o t r o p i c .  I f  b o t h  
t h e  f o r w a r d  and a d j o i n t  a n g u l a r  f l u x  d e n s i t i e s  a r e  expanded 
i n  a s e r i e s  o f  s p h e r i c a l  ha rmon ics ,  t h e  k e r n e l  i n t e g r a l s  
above  can  be  r educed  t o  an i n f i n i t e  s u m  o f  i n t e g r a l s  o f  s i m i -  
l a r  t e r m s  i n  t h e s e  e x p a n s i o n s .  However, i f  t h e  s p h e r i c a l  
ha rmon ic  e x p a n s i o n  i s  r a p i d l y  c o n v e r g e n t  f o r  t h e  f o r w a r d  
f l u x ,  t h e n  t h e  k e r n e l  e x p a n s i o n  w i l l  a l s o  be r a p i d l y  conve r -  
g e n t .  Thus o n l y  t h e  f i r s t  few t e r m s  need be  e v a l u a t e d  i n  
b o t h  t h e  f o r w a r d  and a d j o i n t  e x p a n s i o n s .  A l s o ,  s i n c e  t h e  
f o r w a r d  a n g u l a r  f l u x  d e n s i t y  i s  a z i m u t h a l l y  symmet r i c  no 
a z i m u t h a l l y  d e p e n d e n t  t e r m s  need be c a l c u l a t e d  a t  a l l .  

No t ing  t h e s e  s i m p l i f i c a t i o n s  and p e r f o r m i n g  t h e  
s p h e r i c a l - h a r m o n i c  e x p a n s i o n s ,  r e t a i n i n g  t e r m s  o n l y  up t o  
o r d e r  o n e  ( c u r r e n t s ) ,  E q .  5 c a n  be w r i t t e n ,  

Here t h e  g n e r a l i z e d  s c a t t e r i n g  c r o s s  s e c t i o n  h a s  been broken  
up i n t o  Vx' ( f i s s i o n )  and t h e  Legendre  e x p a n s i o n  f o r  t h e  
a c t u a l  s c a t t e r i n g  c r o s s  s e c t i o n .  T h e  f l u x  d e n s i t y  and a x i a l  
and r a d i a l  c u r r e n t s  a r e  d e f i n e d  by t h e  f o l l o w i n g  i n t e g r a l s ,  

@ =  /$(n)diT (8) 
'4 77 
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where er and ez a r e  t h e  u n i t  v e c t o  
d i r e c t i o n s .  

s i n  t h  r a d i  1 and a x i a l  

E q u a t i o n  7 a p p l i e s  f o r  t h e  case o f  one  e n e r g y  g r o u p  and 
one  s p a t i a l  volume b i n .  I n c l u d i n g  t h e  e f f e c t s  o f  m u l t i p l e  
e n e r g y  g r o u p s  and m u l t i p l e  f u e l  volume b i n s ,  Eq. 7 becomes, 

where j is  t h e  f i s s i o n  n e u t r o n  y i e l d  f o r  t h e  j t h  g r o u p .  

The u n p e r t u r b e d  r e s p o n s e  Ro c a n  be  w r i t t e n  as 

where is t h e  inward d i r e c t e d  u n i t  normal  t o  t h e  bounding  
s u r f  ace. 

Assuming t h e  f o r w a r d  a n g u l a r  f l u x  d e n s i t y  t o  be  i s o t r o -  
p i c  and n e g l e c t i n g  t h e  c o n t r i b u t i o n s  from t h e  t o p  and bo t tom 
s u r f a c e s  of t h e  bounding  volume, t h e  u n p e r t u r b e d  r e s p o n s e  
Ro can be  c a l c u l a t e d  a s  

where 

Then t h e  r e s p o n s e - k e r n e l  e q u a t i o n  f o r  t h e  change  i n  
d e t e c t o r  r e s p o n s e ,  f o r  t h e  t h  d e t e c t o r ,  as  a f u n c t i o n  
changes  i n  f u e l  d e n s i t y  c a n  be w r i t t e n  v e r y  s i m p l y  as 



69 

and t h e  k e r n e l s  KK 
b r a c e s  i n  Eq. 11. 

a r e  g i v e n  by V K / 4 T t i m e s  t h e  t e r m s  i n  

COMPUTATIONAL RESULTS 

A c a l c u l a t e d  16-group k e r n e l  i s  p l o t t e d  i n  F i g .  3 .  
The r e s p o n s e  f u n c t i o n  g i v e s  t h e  e f f e c t  o f  t h e  change i n  
d e t e c t o r  s i g n a l  due  t o  d e n s i t y  changes  i n  volume b i n s  a long  
t h e  a x i a l  d imens ion  of a n e i g h b o r 1  g p i n .  Note t h a t  t h e  
s h a p e  of  t h e  k e r n e l  is  r o u g h l y  l / r  , as  would be e x p e c t e d  
from i n t u i t i v e  c o n s i d e r a t i o n s .  

9 

The v a l i d i t y  of t h i s  a n a l y s i s  can be  v e r i f i e d  q u i t e  
e a s i l y .  Two f o r w a r d  t r a n s p o r t  c a l c u l a t i o n s  can be r u n ,  
one  w i t h  t h e  u n p e r t u r b e d  f u e l  geometry  and  one  w i t h  some 
r e a l i s t i c  p e r t u r b a t i o n  of  t h a t  geomet ry .  Then  t h e  r e s p o n s e  
RQ c a n  be  c a l c u l a t e d  from t h e  fo rward  u n p e r t u r b e d  c a l c u l a -  
t i o n  and from t h e  s e n s i t i v i t y - t h e o r y  a n a l y s i s  p r e s e n t e d  
above.  T h e  change  i n  t h e  r e s p o n s e  d u e  t o  t h e  p e r t u r b a t i o n  
can  be  c a l c u l a t e d  by s u b t r a c t i n g  t h e  d e t e c t o r  r e s p o n s e s  
c a l c u l a t e d  f o r  t h e  u n p e r t u r b e d  geomet ry  from t h o s e  c a l c u l a -  
t e d  f o r  t h e  p e r t u r b e d  geometry .  T h i s  change  i n  r e s p o n s e  
c a n  a l s o  be  c a l c u l a t e d  based  on t h e  s e n s i t i v i t y  a n a l y s i s  
p r e s e n t e d  above.  T h e  compar ison  o f  t h e  two R O ' s  and t h e  
two p e r t u r b a t i o n  s i g n a l s  can  t h e n  p r o v i d e  a v a l i d a t i o n  o f  
t h e  t h e o r y .  

As a t e s t  case t h a t  is r e p r e s e n t a t i v e  o f  one o f  t h e  
f i r s t  e x p e r i m e n t s  t o  be r u n ,  a 7-p in  b u n d l e  w a s  s t u d i e d  
i n  t h e  1-group a p p r o x i m a t i o n .  A s c h e m a t i c  o f  t h e  f u e l -  
p i n  geometry  f o r  b o t h  t h e  u n p e r t u r b e d  and p e r t u r b e d  cases 
is p r e s e n t e d  i n  F i g .  4 .  The upper  t w o - t h i r d s  o f  t h e  p i n s  
were moved a p p r o x i m a t e l y  8 c m  upward t o  g e n e r a t e  t h e  p e r -  
t u r b a t i o n .  Note a l s o  t h e  l o c a t i o n  o f  t h e  d e t e c t o r s  u sed  
t o  mon i to r  t h i s  f u e l  movement. 

The r e s u l t s  o f  t h e  two MORSE f o r w a r d  c a l c u l a t i o n s  and 
t h e  two RHOPER c a l c u l a t i o n s  a r e  p r e s e n t e d  i n  F i g .  5. 

The agreement  o f  t h e  s e n s i t i v i t y  t h e o r y  r e s u l t s  w i t h  
t h e  ac tua l  p e r t u r b a t i o n  r e s u l t s  a p p e a r s  t o  be q u i t e  good. 
The p e r t u r b a t i o n  t e c h n i q u e  is o b v i o u s l y  a more s t a b l e  method 
of c a l c u l a t i n g  small changes  i n  a f a i r l y  l a r g e  background 
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c h a r a c t e r i s t i c  o f  t h i s  t y p e  o f  p r o b l e m .  T h i s  b a c k g r o u n d  
w i l l  p r e s e n t  some d i f f i c u l t i e s  f o r  t h e  i n v e r s e  p r o b l e m ,  
o r  u n f o l d i n g ,  b u t  t h e y  w i l l  b e  d i s c u s s e d  i n  a s e c o n d  p a p e r .  

FUTURE WORK 

A l t h o u g h  w e  a r e  r e l a t i v e l y  s a t i s f i e d  w i t h  t h e  t h e o -  
r e t i c a l  and  c o m p u t a t i o n a l  d e v e l o p m e n t  t o  d a t e ,  t h e  c o d e  
s y s t e m  we a re  u s i n g  i s  b e i n g  e x p a n d e d  t o  i n c l u d e  l a r g e r  
e n e r g y - g r o u p  s t r u c t u r e s  and  more  s i g n i f i c a n t  a n i s t r o p i e s .  
The  r e c e n t  p u r c h a s e  o f  a s e t  o f  gamma-ray s e l f - p o w e r e d  
d e t e c t o r s  h a s  p r o m p t e d  i n v e s t i g a t i o n s  i n t o  a p p l y i n g  t h e s e  
t e c h n i q u e s  t o  c o u p l e d  neut ron-gamma p r o b l e m s .  A c t u a l  ex-  
p e r i m e n t a l  d a t a  w i l l  be a v a i l a b l e  a r o u n d  t h e  f i r s t  p a r t  o f  
FY 79 .  T h e s e  w i l l  a l low more d e t a i l e d  v a l i d a t i o n  o f  t h e  
m e t h o d s  d e v e l o p e d  h e r e .  
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ABSTRACT 

Fuel c y c l e  parameters inc luding  end-of-cycle r e a c t i v i t y ,  end-of- 
ba tch  nuc l ide  concen t r a t ions ,  and f u e l  cyc le  c o s t s  are s e n s i t i v e  t o  
c e r t a i n  nuc lear  d a t a .  S e n s i t i v i t y  ana lyses  f o r  c r o s s  s e c t i o n s ,  f i s -  
s i o n  y i e l d s ,  decay cons t an t s  and o t h e r  nuc lear  d a t a  i n d i c a t e  d i r e c t i o n s  
f o r  worthwhile improvements i n  d a t a  and methods, and y i e l d  information 
important  f o r  s e l e c t i o n  of proper des ign  margins. Considerable  suc- 
cess has  been achieved i n  understanding t h e  r e l a t i o n s h i p s  among va r ious  
d a t a  u n c e r t a i n t i e s  and wat-er r e a c t o r  f u e l  cyc le  c o s t s .  These r e l a t i o n -  
s h i p s  have been shown t o  b e  dependent on f u e l  c y c l e  op t ion  and r e a c t o r  
type.  S e n s i t i v i t i e s  depend i n  an i n t r i n s i c  way on propagat ing and com- 
pensa t ing  e f f e c t s  t h a t  t ake  p l ace  during t h e  f u e l  cyc le .  Fuel cycle 
parameters and c o s t s  are found t o  b e  s i g n i f i c a n t l y  dependent on par- 
t i c u l a r  thermal and resonance c ros s  s e c t i o n s  and f l u x  disadvantage 
f a c t o r s ,  on f i s s i o n  y i e l d s  of neut rons  and energy, and on c e r t a i n  o t h e r  
d a t a .  The r e s u l t s  b r i n g  o u t  t h e  importance f o r  power r e a c t o r  sens i -  
t i v i t y  a n a l y s i s  of dea l ing  wi th  t h e  f u l l  f u e l  cyc le .  

INTRODUCTION 

Rensselaer  has  been engaged i n  t h e  s tudy  of t h e  r e l a t i o n s h i p  of 
u n c e r t a i n t i e s  i n  nuc lear  d a t a  t o  imp l i ca t ions  f o r  nuc lear  f u e l  cyc le  
parameters ,  p a r t i c u l a r l y  f u e l  c y c l e  costs.1-10 
t h a t  t hese  r e l a t i o n s h i p s  d i f f e r  wi th  the  s p e c i f i c  f u e l  cyc le  consider-  
ed--closed cyc le  vs .  throwaway, BWR vs .  PWR, thorium cyc le s  vs .  con- 
ven t iona l  cyc le s .  Resu l t s  of t h e  s e n s i t i v i t y  a n a l y s i s  i n d i c a t e  d i r ec -  
t i o n s  f o r  worthwhile improvement i n  d a t a  and methods. Bene f i t s  from 
improvements i n  d a t a  and methods are r e l a t e d  t o  r educ t ion  of margins 
t h a t  are provided by des igne r s  t o  ensure  meeting r e a c t o r  and f u e l  ob- 
j e c t i v e s .  

It has  been found 

Improvements i n  nuc lear  d a t a  and methods can b e n e f i t  r e a c t o r  
economy i n  s e v e r a l  major c a t e g o r i e s  of nuc lear  power cos t :  
c a p i t a l  investment c o s t ,  t h e  ope ra t ing  c o s t ,  and t h e  f u e l  cyc le  c o s t .  
For example,  improvements i n  nuc lear  d a t a  may permit  a reduct ion  i n  
t h e  margin of U-235 enrichment t h a t  i s  provided i n  t h e  unexposed re- 
a c t o r  f u e l  t o  ensure t h a t  t h e  c o r e  achieves  t h e  r equ i r ed  cyc le  l eng th  

t h e  i n i t i a l  



76 

a t  t h e  r equ i r ed  power. The reduced f u e l  en r i chmen t ' r e su l t s  i n  decreas- 
ed f u e l  cyc le  c o s t .  A s  another  example, g r e a t e r  confidence i n  nuc lear  
d a t a  may l ead  t o  a reduct ion  i n  t h e  number of c o n t r o l  rods11 and, 
hence, t o  decreased i n i t i a l  c a p i t a l  investment c o s t .  S e n s i t i v i t y  an- 
a l y s e s  of co re  r e a c t i v i t i e s  and ba tch  nuc l ide  concen t r a t ions  through 
t i m e  can be used i n  v e r i f y i n g  proper des ign  margins. 

Improvements i n  nuc lear  d a t a  and methods can be c o s t l y  a l s o .  
Acce lera tors  and nuc lear  d a t a  measurement groups r e q u i r e  long term 
suppor t .  Ind iv idua l  nuc lear  d a t a  measurements are funded, and t h e  
measured d a t a  are compiled, eva lua ted ,  and processed i n t o  forms re- 
qui red  f o r  c a l c u l a t i o n .  The eva lua ted  and processed nuc lea r  d a t a  sets 
are t e s t e d  a g a i n s t  i n t e g r a l  measurements and perhaps modified.  Im- 
provements i n  a s soc ia t ed  computational methods are a l s o  provided re- 
search  support .  I f  t he  c o s t s  of improving nuc lear  da t a  and methods t o  
t h e  requi red  degree cannot b e  borne by t h e i r  con t r ibu t ions  t o  the  ad- 
vance of b a s i c  sc ience ,  then  these  c o s t s  must be j u s t i f i e d  by corres-  
ponding economic b e n e f i t s .  Improvements i n  nuc lear  d a t a  and methods 
thus  may be cont ingent  on demonstrations t h a t  t h e i r  economic implica- 
t i o n s  j u s t i f y  t h e i r  cos t s .  

REACTOR SENSITIVITY ANALYSIS SYSTEM 

The s e n s i t i v i t y  a n a l y s i s  system relates f u e l  cyc le  parameters and 
c o s t s  t o  u n c e r t a i n t i e s  i n  nuc lear  d a t a  and methods by two sequences 
of ope ra t ions  broken a t  the  few-group l e v e l .  I n  Path A,  b a s i c  c ros s  
s e c t i o n s  are processed t o  multigroup c r o s s  s e c t i o n s  and co l lapsed  t o  
few-group c ross  s e c t i o n s . 3 ~ 5  In  Path By few-group microscopic c ros s  
s e c t i o n s ,  r a d i o a c t i v e  decay d a t a ,  and f i s s i o n  y i e l d s  are used i n  de- 
p l e t i o n  of a f u e l  ba tch  a t  power l e v e l s  determined by core  a n a l y s i s ,  
then  r e a c t o r  parameters and inven to r i e s  are computed, and f u e l  c y c l e  
c o s t s  are de te rmined .2~4  The s e n s i t i v i t y  of f u e l  c y c l e  parameters  
and c o s t s  t o  nuc lea r  d a t a  u n c e r t a i n t i e s  a t  t h e  few-group level are 
determined f i r s t  by Path B a n a l y s i s .  
r i e d  ou t  f o r  cases shown t o  be important .  

Path A ana lyses  are then  car- 

The s e n s i t i v i t y  a n a l y s i s  system determines changes i n  co re  reac- 
t i v i t y  and important changes i n  nuc l ide  concent ra t ions  r e s u l t i n g  d i r -  
e c t l y  from t h e  o r i g i n a l  change i n  nuc lea r  d a t a  and i n d i r e c t l y  from 
changes i n  neutron f l u x  d i s t r i b u t i o n  i n  energy and space.  These 
changes are determined through a l inked  series of d a t a  process ing ,  
r e a c t o r  c e l l ,  core ,  and cos t  codes e i t h e r  by pe r tu rba t ion  theory 
m e t h o d s l ~ 3  o r  by t h e  d i r e c t  method. I n  t h e  d i r e c t  method t h e  code 
sequence i s  run  f i r s t  f o r  a base  case. Then each nuc lea r  datum is  
changed, and the  code sequence i s  run through t o  determine changes i n  
physics  parameters  and i n  c o s t .  
t i v e l y  expensive i f  i ndus t ry  codes were used f o r  t h e  survey. 
comes f e a s i b l e ,  however, when inexpensive special-purpose codes are 
used. 

The d i r e c t  method would be  prohib i -  
It be- 

Such f a s t  special-purpose codes have been developed and are 
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a p p l i e d  through t h e  RPI i n t e r a c t i v e  inves t iga tor -computer -graphics  
system.12 The p e r t u r b a t i o n  method is  much cheaper  than  t h e  d i r e c t  
method when used i n  t h e  c a l c u l a t i o n  of P a t h  A thermal  r e g i o n  s e n s i t i v i -  
t y  c o e f f i c i e n t s  . l o  

P a t h  B 

A sequence o f  b a t c h  f u e l  d e p l e t i o n ,  c o r e  a n a l y s i s ,  and f u e l  c o s t  
codes (FASTCELL, FASTCORE, and COSTR) de termines  t h e  changes i n  f u e l  
c y c l e  parameters  and c o s t s  f o r  changes i n  few-group microscopic  c r o s s  
s e c t i o n s ,  i n  f i s s i o n  y i e l d s ,  and i n  decay d a t a  by t h e  d i r e c t  method. 
The P a t h  B code system exposes  a f u e l  b a t c h  f o r  t h e  b a s e  c a s e  and f u e l  
b a t c h  c o s t s  C are determined f o r  t h e  b a s e  case. Then a few-group 
microscopic  c r o s s  s e c t i o n  o r  f i s s i o n  y i e l d  o r  decay parameter  (x) i s  
changed by (6x) ,  t h e  f u e l  b a t c h  i s  reexposed,  and t h e  e n d - o f - l i f e  
c y c l e  c o r e  r e a c t i v i t y  and o t h e r  parameters  are found t o  d i f f e r  from 
t h o s e  of  t h e  b a s e  case. S e n s i t i v i t i e s  t o  c o r e  parameters and n u c l i d e  
c o n c e n t r a t i o n s  are determined a t  t h i s  p o i n t .  To p r e s e r v e  t h e  r e q u i r e d  
energy p r o d u c t i o n  w i t h  t h e  same c y c l e  l e n g t h ,  t h e  enrichment of f r e s h  
f u e l  i s  changed u n t i l  t h e  end-of-cycle c o r e  r e a c t i v i t y  r e t u r n s  t o  t h a t  
o f  t h e  b a s e  case. For  mixed o x i d e  r e c y c l e  t h e  p r o p o r t i o n  of o x i d e s  i n  
f r e s h  f u e l  may b e  a l t e r e d  as w e l l  as enrichment .  Fue l  c y c l e  c o s t s  are  
t h e n  determined f o r  t h i s  doubly-per turbed exposure.  S e n s i t i v i t y  coef- 
f i c i  en t s 

x 6 C  
sx = c-E 

f o r  d i f f e r e n t  f u e l  c y c l e  o p t i o n s  are t h e n  computed from t h e  changes 6 C  
from t h e  b a s e  case. 

FASTCELL i s  a code module des igned  t o  c a r r y  o u t  r a p i d  survey  c a l -  
c u l a t i o n s  of  few-energy-group n e u t r o n  f l u x e s ,  n u c l i d e  c o n c e n t r a t i o n s ,  
and o t h e r  q u a n t i t i e s  c h a r a c t e r i z i n g  c e l l  d e p l e t i o n  i n  l i g h t  water re- 
a c t o r s .  The code is  p a t t e r n e d  a f t e r  LEOPARD13 and LASER14 b u t  a v o i d s  
expens ive  p a r t s  of  t h e s e  codes t h a t  are judged n o t  t o  be of g r e a t e s t  
importance.  I n  p a r t i c u l a r ,  d e t a i l e d  space and energy ca l cu la t ions  are  
avoided.  Exposure-dependent few-group microscopic  c r o s s  s e c t i o n s  are 
determined by a b a s e  LEOPARD o r  LASER r u n  and s t o r e d  a t  major t i m e  
s t e p s  d u r i n g  exposure.  FASTCELL a c c u r a t e l y  f o l l o w s  40 n u c l i d e  concen- 
t r a t i o n s  by forward d i f f e r e n c i n g  f o r  minor t i m e  s t e p s  between t h e  major 
t i m e  s t e p s .  The f i s -  
s i o n  product  few-group c r o s s  s e c t i o n s  are t h o s e  found i n  EPRI-CINDER.I6 
F i s s i o n  y i e l d s ,  decay c o n s t a n t s  and branching  r a t i o s  were o b t a i n e d  from 
ENDF/B-IV17. Few-group f l u x e s  s c a l e d  by demand power are recomputed 
a t  each minor t i m e  s t e p  s o  power demand, few-group microscopic  d a t a ,  
few-group f l u x e s  and n u c l e a r  c o n c e n t r a t i o n s  a re  always c o n s i s t e n t .  
The accuracy  and c o s t  of t h e  c a l c u l a t i o n  are c o n t r o l l e d  through t h e  
f requency  of  minor t i m e  s t e p s  between t h e  major t i m e  s t e p s .  
c o s t s  about  one d o l l a r  f o r  a f u l l  b a t c h  exposure i n  c o n t r a s t  w i t h  o v e r  
a hundred d o l l a r s  f o r  LEOPARD o r  LASER. 

The EPRI-CPM15 f i s s i o n  product  c h a i n s  are  used. 

FASTCELL 
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FASTCORE i s  a code module t h a t  computes core  r e a c t i v i t y  us ing  t h e  
batch m u l t i p l i c a t i o n  f a c t o r s  generated by FASTCELL and inpu t  power 
f r a c t i o n s  between nodes. The power demand imposed on a f u e l  ba tch  is 
determined by t h e  power demand on t h e  core ,  by t h e  d i s t r i b u t i o n  of 
power dens i ty  i n  t h e  core ,  and by cyc le  loading  p a t t e r n s  f o r  t h e  f u e l  
elements making up t h e  ba tch .  The f u e l  loading  p a t t e r n s  do no t  change 
f o r  s m a l l  c r o s s  s e c t i o n  changes. The d i s t r i b u t i o n  of power d e n s i t y  i n  
the  core  is  determined by ope ra to r  c o n t r o l  and by thermal-hydraulic 
f a c t o r s  as w e l l  as by dep le t ion .  The Haling s t r a t e g y ,  whereby design 
and c o n t r o l  c o n t r i b u t e  t o  maintaining a nea r ly  cons tan t  power shape, 
i s  o f t e n  followed f o r  BWR's and w e  f i n d  t h a t  PWR ope ra t ion  approximates 
t h i s  s t r a t e g y .  Using t h e  cyc le  loading  p a t t e r n s  and cons tan t  core  pow- 
er shape determined from a n a l y s i s  of i ndus t ry  experience,  FASTCORE 
computes t h e  core  i n f i n i t e  m u l t i p l i c a t i o n  f a c t o r  wi th  exposure. 

COSTR is  a code module t h a t  determines f u e l  cyc le  c o s t s  from f u e l  
batch i n v e n t o r i e s  be fo re  and a f t e r  exposure. Fuel  c y c l e  c o s t s  are 
grouped i n t o  convent ional  c o s t  components f o r  which p resen t  worth val- 
ues are  determined r e f e r r e d  t o  t h e  mid-point of t h e  f u e l  in-core resi- 
dence t i m e .  Front end cos t  components inc lude  the  c o s t s  of mining and 
mi l l i ng  o r e ,  of conversion,  of enrichment,  and of f u e l  f a b r i c a t i o n .  
Ta i l s  enrichment has e i t h e r  an  ass igned  va lue  o r  t h e  optimum va lue  i n  
terms of feed  and enrichment c o s t s .  Plutonium o r  U-233 va lues  i n  
f r e s h  f u e l  are determined c o n s i s t e n t  wi th  uranium c o s t ,  enrichment 
c o s t ,  and f u e l  handl ing  p e n a l t i e s .  Back end c o s t s  inc lude  s t o r a g e ,  
t r a n s p o r t a t i o n ,  and d i sposa l  f o r  t h e  throwaway case  as w e l l  as t h e  re- 
processing c o s t  and t h e  va lues  of materials i n  spent  f u e l  f o r  r e c y c l e  
cases .  Payments f o r  materials and s e r v i c e s ,  inc luding  progress  pay- 
ments, are on an assigned schedule  r e l a t i v e  t o  t h e  f u e l  in-core resi- 
dence t i m e .  COSTR computes t h e  f u e l  c y c l e  c o s t  f o r  both t h e  throwaway 
and r ecyc le  opt ions .  

Path A 

The s e n s i t i v i t i e s  of few-group d a t a  t o  b a s i c  nuc lea r  d a t a  are de- 
termined by d e t a i l e d  c a l c u l a t i o n s  ( r e f e r r e d  t o  as Pa th  A). A t  t h e  
few-group d iv id ing  l e v e l ,  t h e  u n c e r t a i n t i e s  a r i s i n g  from d a t a  process- 
ing  are  i n d i s t i n g u i s h a b l e  from u n c e r t a i n t i e s  i n  t h e  b a s i c  nuc lea r  d a t a ,  
and da ta  processing e f f e c t s  are included i n  Path A ana lyses .  The d a t a  
process ing  u n c e r t a i n t i e s  i n v e s t i g a t e d  he re  are not  numerical  i n  na tu re  
( these  w e  judge should be under con t ro l )  b u t  phys i ca l ,  p a r t i c u l a r l y  i n  
the  d e t a i l e d  d i s t r i b u t i o n s  of neutron f l u x  i n  energy and space  t h a t  are 
used t o  average c ros s  s e c t i o n s .  The LWR s e n s i t i v i t y  ana lyses  t o  be 
descr ibed i n  t h e  next  s e c t i o n s  b r ing  out  t h e  importance of thermal and 
resonance group c r o s s  sec t ions .  Thus most Pa th  A a n a l y s i s  has  been 
d i r e c t e d  t o  t h e s e  phenomena, a l t h o u  h a f a s t  slowing-down code combin- 

prepared. 
i ng  the  f e a t u r e s  of GAM18 and MUFT 18 wi th  a d j o i n t  c a p a b i l i t y  has  been 

Deta i led  thermal reg ion  s e n s i t i v i t e s  are determined by t h e  per- 
t u rba t ion  method. Thermal reg ion  c a l c u l a t i o n s  are descr ibed  i n  d e t a i l  
i n  our  o t h e r  paper presented  a t  t h i s  workshop.1° The thermal group 
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code module FASTT combines f e a t u r e s  of  t h e  LEOPARD-SOFOCATE and LASER- 
THERMOS methods and adds  a n  a d j o i n t  c a p a b i l i t y .  A s t r i k i n g  f e a t u r e  of 
o u r  P a t h  A thermal  a n a l y s e s  h a s  been t h e  ( u s u a l l y )  overwhelming impor- 
t a n c e  of t h e  Maxwellian energy r e g i o n .  

The resonance  code module FASTR s o l v e s  t h e  s lowing  down equa- 
t i o n s  numer ica l ly  a c r o s s  a resonance  u s i n g  region-to-region c o l l i s i o n  
p r o b a b i l i t i e s  and u s i n g  resonance c r o s s  s e c t i o n s  from t h e  RPI mul t i -  
l eve l  code module MLEVL. Resonance group s e n s i t i v i t e s  are determined 
from FASTR by t h e  d i r e c t  method.5 Resonance group s e n s i t i v i t i e s  are 
found t o  r e s u l t  p r i m a r i l y  from u n c e r t a i n t i e s  i n  t h e  resonance  parame- 
ters and i n  Dancoff f a c t o r s ,  w i t h  lesser c o n t r i b u t i o n s  from m u l t i l e v e l  
e f f e c t s  and Doppler broadening t r e a t m e n t s .  

SENSITIVITY ANALYSES FOR CURRENT LIGHT WATER REACTORS 

S e n s i t i v i t y  a n a l y s e s  have been c a r r i e d  o u t  f o r  l a r g e  b o i l i n g  and 
p r e s s u r i z e d  water r e a c t o r s  u s i n g  s l i g h t l y  e n r i c h e d  U02 f u e l  prepared  
from o r e . 4  
n a t i v e s ,  one w i t h  s p e n t  f u e l  r e p r o c e s s i n g  i n c l u d i n g  f i s s i l e  uranium 
and plutonium c r e d i t s ,  and t h e  o t h e r  t h e  throwaway case w i t h  s t o r a g e  
and d i s p o s a l  c o s t s .  The r e p r e s e n t a t i v e  BWR c h a r a c t e r i s t i c s  are based 
on d a t a  f o r  t h e  Montague p l a n t s . 2 0  The BWR f u e l  b a t c h  i s  exposed f o r  
f o u r  e q u i l i b r i u m  c y c l e s  o v e r  f o u r  y e a r s  u s i n g  a scatter l o a d i n g  p a t t e r n .  
The r e p r e s e n t a t i v e  PWR c h a r a c t e r i s t i c s  a re  based on d a t a  f o r  t h e  Green 
County p l a n t s . 2 1  
c o r e  p e r i p h e r y  and f o r  t h e  second and t h i r d  c y c l e s  i s  checkerboard 
loaded  i n  t h e  c o r e  i n t e r i o r .  

The back end of  t h e  f u e l  c y c l e  is  cons idered  as two a l ter-  

For t h e  f i r s t  PWR c y c l e  t h e  b a t c h  is  exposed on t h e  

The impor tan t  P a t h  B f u e l  c y c l e  c o s t  s e n s i t i v i t y  c o e f f i c i e n t s  f o r  
1985 are shown i n  Table  1 f o r  b o t h  b o i l i n g  and p r e s s u r i z e d  water re- 
a c t o r s  and f o r  b o t h  back end a l t e r n a t i v e s .  The t h e r m a l  c r o s s  s e c t i o n s  
of Pu-239, U-235, and hydrogen a re  t h e  most i m p o r t a n t .  Epi thermal  
c r o s s  s e c t i o n s  of U-238 and U-235 a l s o  have l a r g e  s e n s i t i v i t i e s .  The 
U-238 f a s t  f i s s i o n  c r o s s  s e c t i o n  i s  t h e  only  c r o s s  s e c t i o n  i n  the,  f a s t  
energy r e g i o n  t h a t  i s  i m p o r t a n t .  Pu-240, Pu-242, s t r u c t u r a l  materials, 
and f i s s i o n  p r o d u c t s  a l l  have much smaller s e n s i t i v i t i e s  t o  f u e l  c y c l e  
c o s t s .  S e n s i t i v i t y  c o e f f i c i e n t s  f o r  t h e  BWR are g e n e r a l l y  less i n  
a b s o l u t e  v a l u e  t h a n  f o r  t h e  PWR. D e t a i l e d  examinat ion i n d i c a t e s  t h a t  
t h e  lower BWR s e n s i t i v i t i e s  occur  because  of lower i n i t i a l  enr ichment  
and lower d i s c h a r g e  exposure.  S e n s i t i v i t i e s  f o r  t h e  c l o s e d  c y c l e  are 
lower t h a n  f o r  t h e  throdaway case. T h i s  o c c u r s  l a r g e l y  because changes 
i n  f i s s i l e  c r e d i t s  a f t e r  exposure tend  t o  d e f r a y  i n  p a r t  t h e  changes 
i n  i n i t i a l  enrichment r e q u i r e d  t o  compensate f o r  n u c l e a r  d a t a  changes.  

The s e n s i t i v i t y  c o e f f i c i e n t s  d i s p l a y e d  i n  Table  1 demonst ra te  t h e  
importance of c o n s i d e r i n g  f u e l . e x p o s u r e  i n  c o n t r a s t  t o  examining sen- 
s i t i v i t i e s  a t  a p o i n t  i n  time o r  i n  a mockup. For example, s e n s i t i v i -  
t i e s  t o  U-238 c a p t u r e  d a t a  are less t h a n  might have been expected be- 
c a u s e  of t h e  bui ldup  of f i s s i l e  plutonium i n  t h e  throwaway case and ,  



80 

Table 1. Fuel Cycle Cost Sensitivity to Pew-Group Data for 1985 

PWR -- BWR - 
Recycle Throwaway Recycle Throwaway 

239Pu (Therma1,Fission) 

239Pu (Thermal, Capture) 

235U (Thermal , Fission) 

235U (Thermal, Capture) 

H(Therma1,Capture) 

238U (Epithermal, Capture) 

238U (Fast ,Fission) 

241Pu (Therma1,Fission) 

235U (Epitherma1,Capture) 

235U (Epithermal, Fission) 

241Pu(Thermal,Capture) 

238U (Thermal, Capture) 

Zr (Epitherma1,Capture) 

135Xe (Therma1,Capture) 

236U (Epitherma1,Capture) 

-. 522 
.439 

-. 387 
.210 

,125 

.020 

-. 108 
- .094 

.089 

- 060 

068 

.033 

.026 

.017 

,016 

-. 688 
.578 

-.578 

.232 

.169 

,216 

-.127 

-. 123 
.094 

-.091 

.080 

.151 

.033 

.024 

.020 

-.560 

.478 

-. 384 
.208 

,095 

.043 

-. 119 
-. 099 
.123 

-. 081 
.073 

,037 

.020 

-020 

,022 

-. 753 
.619 

-. 568 
.232 

,135 

.344 

-. 141 
-. 130 
.129 

-. 134 
.089 

.147 

.027 

.029 

.029 

additionally its credit in the recycle case. The sensitivity to Pu-240 
data turns out to be small because of the high worth of the Pu-241 
produced from neutron capture in Pu-240. 
these fuel cycle sensitivities can be aggravated by applying a bias 
like k-reset which is determined from critical experiments. 

We have shown earlier2 that 

Fuel cycle cost sensitivities to fission neutron yields V for 1985 
are shown in Table 2. These are the largest sensitivities of our 
entire study. 
important because all v values are normalized to the Cf-252 value. 
Although the sensitivities for Pu-241 and U-238 are smaller than those 
for U-235 and Pu-239, they are still large when compared with the 
sensitivities displayed in Table 1. The fuel cycle cost sensitivities 

The neutron yield per fission for Cf-252 is the most 
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Table  2. F u e l  Cycle  Cost S e n s i t i v i t y  t o  F i s s i o n  Neutron Yie ld  
(v) f o r  1985 

BWR PWR 

Recycle  Throwaway Recycle  Throwaway 
- - 

-3.174 -3.952 -3.371 -4.326 252cf 

235u -1.408 -1.764 -1.462 -1.889 

239Pu -1.353 -1.696 -1.466 -1.895 

241Pu -0.272 -0.342 -0.297 -0.386 

-0.143 -0.181 -0.158 -0.205 238u 

t o  energy y i e l d  p e r  f i s s i o n  K are shown i n  T a b l e  3 .  S e n s i t i v i t i e s  f o r  
U-235 and Pu-239 are q u i t e  l a r g e ,  w h i l e  t h o s e  f o r  Pu-241 and U-238 
are one  o r d e r  of magnitude smaller. Fuel  c y c l e  c o s t  s e n s i t i v i t i e s  t o  
cumula t ive  f i s s i o n  product  y i e l d s  are r e l a t i v e l y  small. When i t  i s  
c o n s i d e r e d  t h a t  a s i n g l e  f u e l  b a t c h  f o r  a s i n g l e  r e a c t o r  h a s  a c o s t  of 
some t e n s  of  m i l l i o n s  of d o l l a r s ,  i t  can been s e e n  t h a t  t h e s e  s e n s i -  
t i v i t y  c o e f f i c i e n t s  i n d i c a t e  l a r g e  p o t e n t i a l  b e n e f i t s  from d a t a  i m -  
provement. 

Table  3. F u e l  Cycle  Cost  S e n s i t i v i t y  t o  Energy p e r  F i s s i o n  
(K) f o r  1985 

PWR - - BWR 

Recycle  Throwaway Recycle  Throwaway 
~~ ~ 

-0.503 -0.509 -0.492 -0.504 235u 

239Pu -0.226 -0.214 -0.241 -0.220 

241Pu -0.031 -0.028 -0.036 -0.032 

238u -0.029 -0.028 -0.035 -0.034 



82 

3 

2 

Rela t ive  
Sca le  

1 

0 

S e n s i t i v i t y  
C o e f f i c i e n t  
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Fig.  1 Deta i l ed  Pu-239 F i s s i o n  Cross 
Sec t ion ,  S e n s i t i v i t y  C o e f f i c i e n t ,  and Adjo in t  
f o r  t h e  Maine Yankee I1 PWR a t  Middle of Batch 
Exposure. 
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Earlier i t  w a s  noted t h a t  Path A ana lyses  f o r  t hese  r e a c t o r s  b r ing  
o u t  t h e  importance of i nd iv idua l  resonance parameters and Dancoff 
f a c t o r s  i n  t h e  resonance r an  e5 and of t h e  Maxwellian range f o r  ther-  
mal-group c ross  s e c t i o n s .  3918 The l a t te r  po in t  i s  i l l u s t r a t e d  i n  Fig- 
u r e  1 by t h e  case of t h e  important Pu-239 f i s s i o n  c ros s  s e c t i o n  which 
is  more than  f i v e  t i m e s  as l a r g e  as i ts  0.3 e V  resonance than a t  t h e  
Maxwellian peak; y e t  i t s  d e t a i l e d  s e n s i t i v i t y  i s  about 50% l a r g e r  a t  
t h e  Maxwellian peak than a t  t h e  resonance. This  r e s u l t  is  f o r  a PWR 
a t  middle-of-exposure. A t  beginning-of-exposure t h e  d e t a i l e d  resonance- 
t o  Maxwellian s e n s i t i v i t y  i s  somewhat l a r g e r ,  and a t  end-of-exposure 
i t  i s  somewhat smaller. 

PLUTONIUM RECYCLE SENSITIVITIES 

The s e n s i t i v i t y  code system has been modified ex tens ive ly  t o  ana- 
l y z e  f u e l  cyc le s  u t i l i z i n g  mixied oxide (M02) f u e l  o r  thorium f u e l  i n  
f r e s h  f u e l  loadings .  Separa te  r e fe rence  dep le t ion  c a l c u l a t i o n s  using 
LEOPARD account f o r  d i f f e r e n t  degrees of s e l f - sh i e ld ing  vs. exposure. 
S e n s i t i v i t i e s  have been evaluated f o r  plutonium recyc le ,  i . e . ,  cy le s  
i n  which plutonium is  loaded i n t o  t h e  r e a c t o r  as mixed oxide f u e l .  
The c o s t  of plutonium i n  the  M02 w a s  ca l cu la t ed  from t h e  cons i s t en t  
worth p r i n c i p l e . 2 2  
s i s t e d  of 20% M02 f u e l .  
2.6% (a /o) .  
( a / o ) ,  about what i s  expected from recyc le  f u e l  of l i g h t  water react- 
o r s .  
i n  such a r a t i o  t h a t  t h e  o v e r a l l  f i s s i l e  f r a c t i o n  i s  2.8%. 

The core  inventory f o r  t h e  BWR i n  t h i s  s tudy  con- 
The f u e l  enrichment of U02 w a s  chosen t o  be 

The f i s s i l e  content  of t he  plutonium w a s  se t  a t  65% 

This M02 f u e l  t hus  cons is ted  of n a t u r a l  uranium and plutonium 

The s e n s i t i v i t y  of beginning-of-batch r e a c t i v i t y  and end-of- 
cyc le  r e a c t i v i t y  t o  thermal-group c ross  s e c t i o n s  i s  i l l u s t r a t e d  i n  
Table 4.  
By comparison wi th  convent ional  cyc le s ,  s e n s i t i v i t y  t o  U-235 is  reduced 
because i t  i s  no longer  t h e  only f u e l  p re sen t  a t  t h e  beginning-of- 
ba tch .  S e n s i t i v i t y  t o  plutonium da ta  i s  enhanced, p a r t i c u l a r l y  f o r  
Pu-241. The s e n s i t i v i t i e s  t o  f u e l  cyc le  c o s t s  were a l s o  computed. 
S e n s i t i v i t i e s  t o  f u e l  cyc le  c o s t s  have a similar o rde r  of importance 
as t h e  s e n s i t i v i t i e s  t o  end-of-cycle i n f i n i t e  m u l t i p l i c a t i o n  f a c t o r .  
This occurs  because o v e r a l l  economics are inf luenced s t rong ly  by end- 
of-cycle  condi t ions .  Fuel  cyc le  c o s t  s e n s i t i v i t i e s  f o r  f e r t i l e  ma- 
terials are s m a l l ,  inc luding  both U-238 and Pu-240. Fuel cyc le  cos t  
s e n s i t i v i t i e s  can d i f f e r  considerably depending on whether end-of- 
cyc le  c r i t i c a l i t y  i s  maintained by enrichment o f t h e  uranium oxide 
f u e l  ( t h e  re ference  assumption) o r  by plutonium content  i n  t h e  mixed 
oxide f u e l .  

I n  t h i s  case 20% of the  core  cons is ted  of M 0 2  and 80% U 0 2 .  
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Table 4.  S e n s i t i v i t y  of  Beginning-of-Batch k. and End-of-Cycle k t o  
Thermal Group Cross-Sections 

Equi l ibr ium Denatured Mixed Oxide 
Thorium Thorium 20% Recycle 

-.028 -.030 

-.153 -.065 

.ooo -.002 

-.014 -.031 

.087 .113 

-.008 -.004 

-.055 -.045 

.173 . lo6 

' L o  ' L o  

' L o  

' L o  

' L o  

' L o  
' L o  

- 

- 

- 

- 

- 

-.029 -.024 

-.131 -.052 

.ooo -.001 

-.015 -.023 

.086 .080 

-.008 -.004 

-.055 -.035 

.165 .088 

-.009 -.001 

- .044 

.053 

- .001 

- .006 

.009 

- 

- 

- 

- 

- 

-. 037 

- 

- 

- 

- 

- 

-.063 

.161 

-.080 

- .075 

. l o 3  

- .019 

-.013 

.025 

-. 034 

- 

- 

- 

- 

- 

-.043 

.113 

-.036 

-. 145 

.179 

- .002 

- .035 

,048 

THORIUM CYCLE SENSITIVITIES 

Considerable  i n t e r e s t  has  developed i n  t h e  u t i l i z a t i o n  of  thorium 

Fuel  c y c l e  c o s t  s e n s i t i v i -  
i n  LWR f u e l  cyc le s ,  from t h e  pe r spec t ives  of u t i l i z a t i o n  of thorium 
resources  and of p r o l i f e r a t i o n  resistance. 
t i e s  have been eva lua ted8  f o r  a b a s i c  thorium cycle23  and f o r  a de- 
na tured  c y c l e  r e l a t e d  t o  t h e  b a s i c  cyc le .  Thorium f u e l  c y c l e  c o s t s  
are less s e n s i t i v e  
c o s t s ,  s i n c e  U-235 c o n s t i t u t e s  on ly  a p o r t i o n  of t h e  f u e l  loaded i n  
t h e  thorium cyc le .  The s e n s i t i v i t i e s  t o  f e r t i l e  material d a t a  (thorium) 

t o  U-235 d a t a  than  are convent iona l  f u e l  c y c l e  
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are  smaller than s e n s i t i v i t i e s  f o r  f i s s i l e  d a t a  because conversion t o  
f i s s i l e  material compensates f o r  r e a c t i v i t y  e f f e c t s  from t h e  f e r t i l e  
material i t s e l f .  

One i n t e r e s t i n g  r e s u l t  i n  t h e  denatured cyc le  i s  t h e  in f luence  
of plutonium. Because of  t h e  reduced s e l f - s h i e l d i n g  of U-238 resonance 
cap tu re ,  t h e  epi thermal  cap tu re  c r o s s  s e c t i o n  i n  U-238 i n  t h e  denatured 
thorium cyc le  i s  s u b s t a n t i a l l y  h igher  than i n  a convent ional  c y c l e ,  
and f i s s i l e  plutonium product ion s t i l l  c o n s t i t u t e s  a s i g n i f i c a n t  fac- 
t o r .  With one-eighth t h e  amount of U-238;the denatured cyc le  l e a d s  
t o  one-third t h e  amount of plutonium of a convent ional  cyc le .  There 
is  cons iderable  s e n s i t i v i t y  i n  t h e  denatured cyc le  t o  t h e  d a t a  f o r  
Pu-239. Indeed, Pu-239 s e n s i t i v i t i e s  are comparable t o  those  of U-233 
and U-235. Thus, t h e  presence of a modest amount of U-238 and t h e  re- 
s u l t i n g  bui ldup of plutonium have a s i g n i f i c a n t  i n f luence  on t h e  eco- 
nomics of LWR f u e l  cyc le s  us ing  thorium. 

The s e n s i t i v i t y  of beginning-of-batch r e a c t i v i t y  and end-of-cycle 
r e a c t i v i t y  t o  thermal-group c r o s s  s e c t i o n s i s  i l l u s t r a t e d  i n  Table  4 
f o r  bo th  thorium and denatured thorium cycles .  Thorium and t h e  f i s s i l e  ' 

nuc l ides  have t h e  l a r g e s t  s e n s i t i v i t i e s .  The s e n s i t i v i t i e s  t o  end-of- 
cyc le  r e a c t i v i t y  are sometimes l a r g e r  than  s e n s i t i v i t i e s  t o  beginning- 
of-batch r e a c t i v i t y  because some nuc l ides  are b u i l d i n g  up. Thus, i t  
i s  not  a good i d e a  t o  cons ider  only s e n s i t i v i t i e s  f o r  beginning-of- 
ba tch  conditions--such as f o r  a c l ean  c r i t i c a l  assembly. End-of-cycle 
cond i t ions  are much more important  from an economic s t andpo in t .  

SUMMARY 

An i n t e r a c t i v e  system has been developed a t  R P I  t o  analyze t h e  
s e n s i t i v i t y  of water r e a c t o r  f u e l  cyc le  parameters and c o s t s  t o  un- 
c e r t a i n t i e s  i n  nuc lea r  d a t a .  Analyses  of p re s su r i zed  and b o i l i n g  
water r e a c t o r s  w i th  r e c y c l e  and throwaway op t ions  show s u b s t a n t i a l  
s e n s i t i v i t i e s  of f u e l  cyc le  parameters and c o s t s ,  p a r t i c u l a r l y  t o  
thermal and resonance d a t a  f o r  f i s s i l e  nuc l ides .  Neutron and energy 
y i e l d s  pe r  f i s s i o n  have very l a r g e  s e n s i t i v i t i e s .  The f a c t  t h a t  
s e n s i t i v i t i e s  f o r  f e r t i l e  materials are much smaller than f o r  f i s s i l e  
materials i s  a r e f l e c t i o n  of compensating e f f e c t s .  Increased absorp- 
t i o n  i n  f e r t i l e  material ( a  r e a c t i v i t y  pena l ty)  l e a d s  t o  increased  
product ion of f i s s i l e  material  ( a  r e a c t i v i t y  and economic ga in ) .  The 
r e s u l t s  b r i n g  o u t  t h e  importance f o r  power r e a c t o r  s e n s i t i v i t y  analy- 
s is  of dea l ing  wi th  t h e  f u l l  f u e l  cyc le ,  as opposed t o  i n t e g r a l  
parameters  a t  s t a r t u p  o r  i n  a c r i t i c a l  assembly. S e n s i t i v i t i e s  t o  
U-235 d a t a  f o r  t h e  thorium and mixed oxide f u e l  cyc le s  are lower than 
i n  a convent ional  c y c l e ,  c o n s i s t e n t  w i th  t h e  reduct ion  of U-235 i n  
f u e l  loading.  Overall economics are inf luenced  s t r o n g l y  by end-of- 
c y c l e  condi t ions .  These methods and r e s u l t s  should prove u s e f u l  i n  
s e t t i n g  p r i o r i t i e s  f o r  experimental  and a n a l y t i c a l  e f f o r t s  aimed a t  
t h e  r educ t ion  of u n c e r t a i n t i e s  i n  b a s i c  nuc lea r  d a t a .  
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AND I T S  APPLICATION I N  RESONANCE PARAMETER UNCERTAINTY ANALYSIS 
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ABSTRACT 

Non l inear  least -squares f i t t i n g  techniques have been a p p l i e d  t o  
exper imenta l  neut ron  da ta  i n  t h e  thermal reg ion .  Using t h e o r e t i c a l  
forms d e r i v e d  f rom neutron-nucleus i n t e r a c t i o n  t h e o r y  fo rmula ted  i n  
terms o f  a common s e t  o f  parameters, s imultaneous f i t t i n g  o f  a l l  r e -  
l e v a n t  da ta  types may be accomplished. 
harmonize da ta  f rom d i v e r g e n t  sources w i t h  a s i n g l e  s t o c h a s t i c  model 
t o  s a t i s f y  the  i m p l i c i t  assumptions o f  least -squares a n a l y s i s .  Fo l low-  
i n g  f i n a l  parameter de terminat ion ,  r i g o r o u s  s t a t i s t i c a l  a n a l y s i s  o f  t h e  
r e s i d u a l s  o f  t h e  f i t  and t h e  c o r r e l a t e d  paramet r ic  u n c e r t a i n t y  f a l l  
o u t  o f  n o n l i n e a r  maximum-l ikel ihood s t a t i s t i c a l  theory.  From t h e  best -  
e s t i m a t e  parameters and t h e i r  c o r r e l a t e d  u n c e r t a i n t y ,  one o b t a i n s  n o t  
o n l y  b e s t  est imates of n u c l e a r  da ta  b u t  v a l i d  es t imates  o f  t h e  uncer- 
t a i n t y  o f  the  data.  
t o  240Pu d a t a  through t h e  l e v  resonance i s  g iven.  

A formal ism i s  e s t a b l i s h e d  t o  

An example of t h e  a p p l i c a t i o n  o f  the  formal ism 

INTRODUCTION 

For  almost two decades s c i e n t i s t s  have been a t t e m p t i n g  t o  develop 
an i n t e r n a l l y  c o n s i s t e n t  s e t  o f  thermal neut ron  da ta  f o r  t h e  f i s s i l e  
and f e r t i l e  i so topes  because o f  t h e i r  fundamental importance i n  t h e  
n e u t r o n i c  a n a l y s i s  o f  thermal f i s s i o n  power r e a c t o r s .  However, these 
p e r s i s t e n t  e f f o r t s  have y i e l d e d  o n l y  modest r e s u l t s ,  p r i m a r i l y  due t o  
i n h e r e n t  l i m i  a i o n s  of t h e  metho o log ica1,approach.  Leonard, e t  a l ,  
have p r o p o s e d t l j  and demonstrated?2) an a1 t e r n a t i v e  approach f o r  d e t e r -  
m i n i n g  bes t -es t imate  thermal neutron da ta  which i s  designed t o  avo id  
some o f  the  prev ious  l i m i t a t i o n s .  

One o f  the  key elements o f  t h i s  approach i s  an ext remely powerfu l  
e s t i m a t o r  o f  n o n l i n e a r  parameters, a c o n t i n u a l l y  e v o l v i n g  computer code 
whose most r e c e n t  genera t ion  i s  known as Resonance Parameter F i t t i n g  
Code (RPFC). With t h i s  t o o l  d i f f e r e n t i a l  cross s e c t i o n s  and r a t i o s  a r e  
s imu l taneous ly  f i t t e d  t o  t h e o r e t i c a l  forms d e r i v e d  f rom neutron-  
nuc leus i n t e r a c t i o n  t h e o r y  b y  i t e r a t i v e  adjustment o f  t h e  u n d e r l y i n g  
p h y s i c a l  parameters o f  t h e  t h e o r e t i c a l  forms. A converged f i t  y i e l d s  
es t imates  of b o t h  t h e  p h y s i c a l  parameters of t h e  t h e o r y  and t h e i r  
c o r r e l a t e d  u n c e r t a i n t y  m a t r i x  ( t h e  i n v e r s e  o f  the  covar iance m a t r i x ) .  
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With t h i s  i n f o r m a t i o n ,  the  t h e o r e t i c a l  forms can be used w i t h i n  t h e  
energy range o f  t h e  f i t  t o  p r e d i c t  n o t  o n l y  t h e  c ross  s e c t i o n s  and 
r a t i o s  b u t  v a l i d  measures o f  t h e i r  u n c e r t a i n t y  as w e l l .  Such in forma- 
t i o n  can be used i n  c o n j u n c t i o n  w i t h  t h e  t o o l s  o f  s e n s i t i v i t y  a n a l y s i s  
t o  focus t h e  a t t e n t i o n  o f  e v a l u a t o r s  and exper imenters on those 
n u c l e a r  da ta  which most r e q u i r e  it. 

The focus o f  a t t e n t i o n  here w i l l  be t h e  methodology employed i n  
KPFC, and t h e  u n d e r l y i n g  ph i losophy and m o t i v a t i o n  which have l e d  t o  
i t s  c u r r e n t  m a n i f e s t a t i o n .  The methodology has f o u r  d i s t i n c t  aspects:  

. Model ing t h e  data 

. E s t i m a t i n g  t h e  parameters o f  the  model 

. E s t i m a t i n g  t h e  c o r r e l a t e d  paramet r ic  u n c e r t a i n t y  

. Using t h e  model f o r  p r e d i c t i o n  o f  q u a n t i t i e s  o f  i n t e r e s t  

A b r i e f  d i s c u s s i o n  o f  each o f  these elements demonstrates t h e  essence o f  
t h e  methodology and prov ides  t h e  framework f o r  c r i t i c a l  a p p r a i s a l  o f  t h e  
ph i losophy and m o t i v a t i o n  o f  the  methodology. 

MODELING THE DATA 

Exper imental  Theory 

RPFC i s  e s s e n t i a l l y  a n o n l i n e a r  weighted- least -squares f i t t i n g  
code, 
assumptions on t h e  s t a t i s t i c a l  n a t u r e  of the  data i n h e r e n t  t o  a l l  
least -squares a n a l y s i s  , v i z ;  

As such i t s  range o f  v a l i d i t y  i s  r e s t r i c t e d  by. t h e  two i m p l i c i t  

. 

. 
The da ta  a r e  n o t  s u b j e c t  t o  s i g n i f i c a n t  sys temat ic  b i a s  (i = u )  

A l l  da ta  a r e  samples f rom a common p o p u l a t i o n  (a2 i s  a c o n s t a n t )  

One f u r t h e r  caveat  concern ing least -squares a n a l y s i s  i s  t h a t  a s i n g l e  
f l y e r  (datum " d i s t a n t "  from t h e o r y )  can induce n o n - t r i v i a l  l o c a l  per-  
t u r b a t i o n s  of t h e  theory.  
assumptions o r  e x h i b i t  f l y e r s ,  t h e  model used t o  d e s c r i b e  t h e  da ta  must 
be fo rmula ted  i n  such a way as t o  compensate f o r  these d e f i c i e n c i e s .  

If t h e  data t o  be f i t t e d  do n o t  meet t h e  

U n f o r t u n a t e l y ,  exper imenta l  n u c l e a r  d a t a  may f a i l  on a l l  counts.  
Systemat ic b i a s  may be induced by n o r m a l i z a t i o n  e r r o r s  o r  energy-scale 
e r r o r s .  I t  i s  n o t  uncommon f o r  f l y e r s  t o  be present .  F i n a l l y ,  due t o  
d i f f e r e n c e s  i n  r e p o r t i n g  by d i f f e r e n t  exper imenters,  u n c e r t a i n t y  mea- 
sures, i f  they  a r e  r e p o r t e d  a t  a l l ,  may r e f l e c t  t o t a l  u n c e r t a i n t i e s  o r  
o n l y  c e r t a i n  components of t h e  t o t a l  u n c e r t a i n t y ,  
d i f f e r e n t  exper in ients may e x h i b i t  w i d e l y  d i s p a r a t e  var iances.  

Hence, da ta  f rom 
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To m in im ize  t h e  e f f e c t s  o f  sys temat i c  b i a s ,  each da ta  s e t  i s  a l l owed  
t h r e e  exper imenta l  parameters t o  a d j u s t  t h e  n o r m a l i z a t i o n  and energy- 
s c a l e  f o r  those da ta  w i t h i n  t h a t  da ta  se t .  These parameters a re  n o t  
r e q u i r e d ;  b u t  i f  they  a r e  p resen t ,  t h e y  a r e  t r e a t e d  on a p a r  w i t h  t h e  
t h e o r y  parameters. An i n t e r n a l  weight -ad justment  scheme may be used t o  
down-weight f l y e r s  and t o  ba lance t h e  va r iances  between da ta  s e t s  t o  
s a t i s f y  t h e  common p o p u l a t i o n  assumption. 
w i t h  r e p o r t e d  da ta  i s  n o t  t o  be taken l i g h t l y ,  f o r  i t  i n t r o d u c e s  a new 
s e t  o f  comp l i ca t i ons .  F i r s t ,  i t  f o r c e s  one t o  work w i t h  an i m p l i c i t  
r e l a t i o n  between measurement and t h e o r y  r a t h e r  than  t h e  more common 
case o f  an e x p l i c i t  t heo ry .  
o r i g i n a l l y  s t a t i s t i c a l l y  independent a r e  now c o r r e l a t e d ,  and c o r r e l a t i o n  
i n t r o d u c e s  c o m p l e x i t y  i n  any s t a t i s t i c a l  a n a l y s i s .  The f i r s t  comp l i -  
c a t i o n  i s  mere l y  one o f  mechanical d e t a i l  and i s  r e a d i l y  d ismissed.  The 
second c o m p l i c a t i o n  i s  a c t u a l l y  an i l l u s i o n .  I f  t h e  exper imenta l  para- 
meters a r e  s t a t i s t i c a l l y  s i g n i f i c a n t ,  t h e  o r i g i n a l  d a t a  i n  f a c t  were 
n o t  s t a t i s t i c a l l y  independent f o r  t hey  e x h i b i t e d  a common sys temat i c  
b i a s .  Indeed, t h e  c o r r e l a t i o n  i s  s h i f t e d  f rom t h e  measurement-space t o  
t h e  parameter-space, l e a v i n g  t h e  d a t a  e s s e n t i a l l y  s t a t i s t i c a l l y  indepen- 
dent .  Furthermore, s i n c e  t h e  C o r r e l a t i o n  e f f e c t s  a r e  now con ta ined  i n  
t h e  parameter-space, a modest s o p h i s t i c a t i o n  o f  t h e  r e s i d u a l s  a n a l y s i s  
y i e l d s  more r i g o r o u s  r e s u l t s  than  c o u l d  be ob ta ined  i n  t h e  absence o f  
expe r i  men t a  1 parameters . 

However, t a k i n g  such l i b e r t i e s  

Second, da ta  which were i n  p r i n c i p l e  

Neutron-Nucleus I n t e r a c t i o n  Theory 

The u l t i m a t e  goal  i s  t o  desc r ibe  t h e  thermal energy r e g i o n  n u c l e a r  
i n t e r a c t i o n s  by  f i t t i n g  t h e  exper imenta l  t h e o r y  j u s t  desc r ibed  t o  ana- 
l y t i c  t h e o r e t i c a l  forms d e r i v e d  f rom neutron-nuc leus i n t e r a c t i o n  theo ry .  
By good l u c k ,  t h e r e  a r e  b u t  a l i m i t e d  number o f  n u c l e a r  i n t e r a c t i o n s  
o f  i n t e r e s t  i n  t h e  thermal range, a l l  o f  which may be c o n s t r u c t e d  f rom 
t h r e e  fundamental t h e o r e t i c a l  forms (Tab le  1 ) .  A m o d i f i e d  A d l e r - A d l e r  
formal ism i s  used t o  d e s c r i b e  f i s s i o n  and c a p t u r e  c ross  s e c t i o n s ,  
w h i l e  coherent,  i n c o h e r e n t  and t o t a l  s c a t t e r i n g  a r e  desc r ibed  by  t h e  
m u l t i - l e v e l  B re i t -W igner  formal ism. F i n a l l y ,  an unnamed spin-dependent 
resonance fo rma l i sm had t o  be i n v e n t e d  t o  model d a t a  forms i n v o l v i n g  
nu due t o  t h e  evidence of  energy-dependence o f  nu i n  t h e  thermal energy 
range. 
may be c o n s t r u c t e d  f rom these fundamental t h e o r e t i c a l  forms as shown 
i n  Table 2. Us ing t h e  same c o n s t r u c t i o n  l o g i c ,  any t h e o r e t i c a l  form 
may be combined w i t h  any second t h e o r e t i c a l  form t h a t  does n o t  i n v o l v e  
nu i n  two-component sums and r a t i o s .  T h i s  f e a t u r e  a l l o w s  simultaneous 
m u l t i - i s o t o p e  f i t t i n g  when t h e r e  e x i s t  da ta  dependent upon two i so topes  
such as a l i m i t e d  p u r i t y  sample w i t h  a s i n g l e  contaminant (e.g., 239Pu 
w i t h  240Pu contaminant)  o r  d a t a  measured r e l a t i v e  t o  a s tandard w i t h  
n o n - t r i v i a l  shape u n c e r t a i n t y  (e.g. , u ~ ~ ~ / u ~ ~ ~ ) .  

t h e  commonal i ty o f  p h y s i c a l  t h e o r y  parameters between forms. 
whole purpose of per forming simultaneous f i t t i n g  would be l o s t  were 

Absorp t i on  and t o t a l  c ross  s e c t i o n s  and t h e  r a t i o s  of i n t e r e s t  

One o f  t h e  p r imary  reasons f o r  choosing these t h e o r e t i c a l  forms i s  
The 
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TABLE 1. Fundamental Theoretical Forms 

Modified Ad1 er-Ad1 er Formal ism 

Mu1 ti-Level Brei t-Wigner Formal ism 

Spin-Dependent Resonance Formalism 

+ v(E)of(E)Z = v+of (E)K + v .,-(E)K + ( E) E 

F o  rfr + Afr(E-E,) + d2 3r nr 
E-Er)' + (rr/2) '  of-( E ) E  = - 

2Mn r = 2 ( 

NOTE: For all forms rr(E) = rfr + rYr + r;r,K 



9 3  

TABLE 2. Combinations o f  Fundamental Theore t ica l  Forms 

Absorpt ion 

cs (E)JE =of(E)JE + Uy(E)JE a 

To t a l  

a t ( E ) E  = aa(E)&.+ a S ( E ) G  

A1 pha 

a(E) = o Y ( E ) a / a f ( E ) &  

Eta 

Nu 

Sums* 

Rat i os* 

(poss ib l y  w i t h  fl cancel 1 i ng) R(E)  = a Z ( E ) / ~ $ ( E )  
X 

*Sums and r a t i o s  may be formed w i t h  any theory f rom x f o r  i so tope z 
and any theory form x’ f o r  i so tope z’, except TI and v. 



94 

t h i s  commonali ty absent, f o r  t h e r e  would then be no competing c o n s t r a i n t s  
t o  compromise. 
c o n s t r a i n t s  t h a t  some parameters a r e  even marg ina l  l y  determi  nab1 e. 
Furthermore, one can o b t a i n  i n d i r e c t  evidence o f  c o n f l i c t i n g  da ta  when 
parameters become unphysica l  o r  e x h i b i t  l a r g e  u n c e r t a i n t i e s  due t o  
these competing c o n s t r a i n t s .  

Indeed, i n  some cases i t  i s  o n l y  through these competing 

The Parameters o f  t h e  Model 

Now t h a t  b o t h  t h e  t h e o r y  forms have been descr ibed,  a complete 
l i s t  o f  t h e  parameters can be t a b u l a t e d  (see Table 3 ) .  Obvisouly ,  i n  
any r e a l  problem, t h e  number o f  parameters cou ld  be f a i r l y  l a r g e .  I n  
genera l ,  t h e  q u a l i t y  and q u a n t i t y  o f  d a t a  a r e  inadequate t o  determine 
a l l  o f  these parameters, e s p e c i a l l y  due t o  t h e  h i g h  degree o f  c o r r e l a -  
t i o n  between some o f  them. Furthermore, some o f  the  parameters a r e  
g e n e r a l l y  known w i t h  f a i r  accuracy f rom p r i o r  e v a l u a t i o n s ,  and expediency 
demandsthat some use be made o f  t h i s  a p r i o r i  knowledge. 
a re  two methods a v a i l a b l e  by which t h i s  i n f o r m a t i o n  can be used t o  
l i m i t  t h e  r e g i o n  o f  parameter-space t o  be searched, 
i s  t h e  t r i v i a l  case o f  s e t t i n g  a parameter t o  a f i x e d  cons tan t ,  s imp ly  
e l i m i n a t i n g  an e n t i r e  dimension of  parameter-space. 
f i t t i n g  i n  p a r t i c u l a r ,  where one may be i n t e r e s t e d  i n  examining da ta  
f o r  sys temat ic  b i a s ,  t h i s  o p t i o n  i s  very  usefu l .  Conversely, i n  the 
f i n a l  stages of f i t t i n g ,  one would l i k e  t o  determine as many parameters 
as p o s s i b l e  from the  da ta  alone, b u t  s u b j e c t  t o  r e s t r i c t i n g  t h e  range 
of c e r t a i n  of t h e  parameters t o  va lues which a r e  p h y s i c a l l y  p l a u s i b l e  
o r  which a r e  demonstrably op t ima l  f rom evidence o f  p r i o r  f i t t i n g .  
second method a l l o w s  one t o  do j u s t  t h a t  by t r e a t i n g  a parameter 
es t imate  which has an associated u n c e r t a i n t y  as a datum. 
a l though t h e  f u l l  d i m e n s i o n a l i t y  o f  t h e  parameter-space i s  used, t h e r e  
a r e  c o n s t r a i n t s  which l i m i t  t h e  freedom of parameter v a r i a t i o n  i n  some 
dimensions. 

I n  RPFC t h e r e  

The f i r s t  method 

I n  p r e l i m i n a r y  

The 

Consequently, 

Summary o f  t h e  Model 

The d e s c r i p t i o n  o f  da ta  model ing i s  now complete. The da ta  them- 
se lves a r e  t ransformed v i a  exper imenta l  t h e o r y  t o  remove sys temat ic  
b i a s  a t t r i b u t a b l e  t o  n o r m a l i z a t i o n  o r  energy-scale e r r o r s .  Weight- 
ad justment  may be used i f  necessary t o  s a t i s f y  t h e  common var iance 
assumption. A c o l l e c t i o n  o f  t h e o r e t i c a l  forms d e r i v e d  f rom neutron-  
nucleus i n t e r a c t i o n  t h e o r y  based on a common s e t  o f  p h y s i c a l  parameters 
has been chosen t o  p r o v i d e  competing c o n s t r a i n t s  i n  f i t t i n g  t h e  v a r i o u s  
da ta  forms. There i s  a r b i t r a r y  freedom i n  choosing which parameters 
a r e  t o  be v a r i e d  and which a r e  t o  remain f i x e d  i n  t h e  f i t t i n g  a l g o r i t h m .  
Furthermore, any subset of the  v a r i a b l e  parameters may be c o n s t r a i n e d  
f o r c i n g  each parameter i n  t h e  subset  t o  l i e  i n  t h e  neighborhood o f  
i t s  a p r i o r i  est imate.  As each of  these elements was in t roduced,  t h e  
r a t i o n a l e  i n v o l v e d  was a l s o  discussed. That  r a t i o n a l e  i s  t h e  essence 
of  t h e  methodology, f o r  hav ing  p r e s c r i b e d  a da ta  model, a l l  t h a t  remains 
o f  t h e  methodology i s  mathematical  technique. I n  n o n l i n e a r  f i t t i n g ,  t h e  
e x e r c i s e  o f  parameter d e t e r m i n a t i o n  i s  n o t  t r i v i a l ,  b u t  i t  i s  s t i l l  
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TABLE 3. The Parameters o f  t he  Model 

Theory Parameters f o r  Each Isotope 

Resonance Parameter5 Non-Resonance Parameters 

Resonance Energy (eV) B f l  Y " * f z Y  BF3 

B y l y  B;23 B;3 Reduced Neutron w id th  
(eV1/2) 

F i s s i o n  w id th  (eV) R 

Capture w id th  (eV) 

F i s s i o n  asymmetry coef-  
f i c i e n t  (eV1/2) 

v + ~  v - ~  vb 

Capture asym e t r y  coef-  
f i c i e n t  (ev 1 1 1 2 )  

I npu t  constant .  - s t a t i s t i c a l  weight  f a c t o r )  

C o e f f i c i e n t s  of back- 
ground, polynomials 
f o r  f i s s i o n  and 
capture  

P o t e n t i a l  s c a t t e r i n g  
rad ius  (b1/2) 

Neutrons per  f i s s i o n  i n  
para1 1 e l  - an t i -para1  1 e l  - 
and non- resonance f i ss i on 
r e s p e c t i v e l y  

Ex per  imen t a  1 Parameters 

Normal iza t ion  f a c t o r  f o r  s th  data s e t  

Energy-scale adjustment parameters f o r  s t h  data s e t  
NS * 
as* Y Bs* 

E = E (a + B,Km) m s  

Composition parameter f o r  s t h  data set ,  i f  a p p l i c a b l e  AS * 

* Ind i ca tes  t h a t  parameter does n o t  have t o  be present  
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s imp ly  a w e l l - d e f i n e d  problem s o l v a b l e  by any o f  a broad c l a s s  o f  
techniques and hence c o n t r i b u t e s  l i t t l e  t o  t h e  me thodo log ica l  scheme. 

ESTIMATING THE PARAMETERS OF THE MODEL 

N o n l i n e a r  parameter e s t i m a t i o n  may be accompl ished by  any of 
myr iad  techniques o u t l i n e d  i n  i t s  e x t e n s i v e  l i t e r a t u r e ,  and, n o t  be ing  
t h e  c e n t r a l  i s s u e  here,  o n l y  those aspects  o f  t h e  p a r t i c u l a r  technique 
used i n  RPFC germane t o  t h e  ensuing s t a t i s t i c a l  a n a l y s i s  w i l l  be touched 
upon here. For  a d i s c u s s i o n  o f  t h e  b a s i c  techniques see References 3, 
4 and 5. 

R e c a l l  t h a t  i n  t h e  exper imen ta l  t h e o r y  o f  t h e  model, t o  s a t i s f y  
t h e  common p o p u l a t i o n  assumption and t o  a v o i d  l o c a l  unphys i ca l  pe r -  
t u r b a t i o n s  o f  t h e  f i t  due t o  f l y e r s ,  a scheme o f  w e i g h t  a l t e r a t i o n  was 
in t roduced .  As t h e  we igh ts  a r e  presumably i n v e r s e l y  p r o p o r t i o n a l  t o  
va r iances ,  and va r iances  l i e  a t  t h e  h e a r t  o f  s t a t i s t i c a l  a n a l y s i s ,  t h e  
key element o f  t h e  parameter e s t i m a t i o n  a l g o r i t h m  f rom t h e  v i e w p o i n t  o f  
s t a t i s t i c a l  a n a l y s i s  i s  t h i s  w e i g h t  a l t e r a t i o n  scheme. Weight a l t e r a t i o n  
i s  o p t i o n a l  i n  RPFC, and when e l e c t e d  may opera te  a t  two l e v e l s .  

There i s  n o t h i n g  s u b t l e  i n v o l v e d  i n  t h e  w e i g h t  a l t e r a t i o n  scheme, 
b u t  t o  demonstrate t h e  a l g o r i t h m ,  t h e  f o u n d a t i o n  o f  t h e  parameter 
e s t i m a t i o n  l o g i c  i s  r e q u i r e d .  The bes t -es t ima te  parameters a r e  t h a t  
s e t  o f  parameters which m in im ize  t h e  o b j e c t i v e  f u n c t i o n ,  t h e  i n v e r s e -  
va r iance  weighted sum over  a l l  measurements o f  t h e  squares o f  t h e  
r e s i d u a l s .  D e f i n i n g  Q ( a )  as t h e  o b j e c t i v e  f u n c t i o n ,  t h e  m i n i m i z a t i o n  
c r i t e r i a  a re  e x p l i c i t l y -  

aQ (a) a2Q(z) 
- ' 9  aaaa - _  p o s i  t i  ve d e f  i n i  t e .  

- -  aa - 

Tables 4 and 5 d e f i n e  t h e  c o n s t r u c t i o n  o f  t h e  o b j e c t i v e  f u n c t i o n  and i t s  
f i r s t  two d e r i v a t i v e s  r e s p e c t i v e l y ,  e x p l i c i t l y  d i s p l a y i n g  t h e  two l e v e l  
w e i g h t i n g  scheme. The cha in  r u l e  d i f f e r e n t i a t i o n  d e p i c t e d  i n  Table 5 
c l e a n l y  d i v i d e s  t h e  s t o c h a s t i c  model f r o m  t h e  p h y s i c a l  t h e o r y  model, 
a f e a t u r e  h i g h l y  advantageous when p h y s i c a l  t h e o r y  model ing i s  accom- 
p l i s h e d  w i t h  many t h e o r e t i c a l  forms. The s t o c h a s t i c  model assumed i s  
t h a t  o f  n o r m a l l y  d i s t r i b u t e d  r e s i d u a l s  w i t h  ze ro  mean and c o n s t a n t  
unknown va r iance .  The essence of t h e  w e i g h t  a l t e r a t i o n  scheme i s  t o  
f o r c e  t h e  d a t a  t o  s a t i s f y  t h e  s t o c h a s t i c  model, s o  t h a t  t h e  even tua l  
s t a t i s t i c a l  a n a l y s i s  , which assumes t h e  a p p l i c a b i l i t y  o f  t h e  s t o c h a s t i c  
model, i s  v a l i d .  

Keeping these though ts  w e l l  i n  mind, t h e r e  i s  one more i t e m  t o  be 
cons ide red  i n  t h e  c o n s t r u c t i o n  o f  a w e i g h t  a l t e r a t i o n  scheme: 
l i n e a r  parameter e s t i m a t i o n ,  i f  i t  i s  t o  be s u c c e s s f u l ,  must proceed 
c a u t i o u s l y ,  always w e l l  under c o n t r o l .  
thoughts above i s  , "THINK SMALL". 

non- 

Hence, t h e  i d e a  t o  add t o  t h e  
A1 though by  appeal t o  maximum-like- 
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TABLE 4. The O b j e c t i v e  Func t ion  and i t s  C o n s t i t u t i v e  Elements 

'm 
f m  

DATUM ftm ( c f .  TABLES 1 and 2) X 

m m 
@ Em 0 2 6 0  

X X 

0 mN (60xmNs)-2 x=coh,inc,s rn m 
ox(E)  x s  0 k 6ax 8 Em 

X 

R m 2 6Rm @ Em N E )  RmNs (6RmNs)-' R=a , r~ ,v  

NOTES: E = Em(aS + BSGm) 

m is  t h e  measurement index 

S is the  da ta  s e t  index 

i s  t h e  n o r m a l i z a t i o n  parameter f o r  t h e  s t h  data s e t  
( i f  absent, assume u n i t y )  NS 

a 8, a r e  t h e  e n e r g y - s h i f t  parameters f o r  t h e  s t h  data s e t  
( i f  absent, assume u n i t y  and zero r e s p e c t i v e l y )  S' 
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TABLE 5. Chain Ru le  D i f f e r e n t i a t i o n  o f  

aQ(c> aQ ( a >  aQ ( a )  
= Cis aa - s -  =cws S rnc = s ;a- 

S aa - 

aa aa _ -  

t h e  O b j e c t i v e  F u n c t i o n  
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l i h o o d  p r i n c i p l e s  i t  i s  p o s s i b l e  t o  e s t i m a t e  d i r e c t l y  t h e  va r iances  t o  
o b t a i n  new weights ,  t o  a v o i d  changing t h e  l o c a l  c o n d i t i o n s  t o o  much 
a t  once, i t  i s  b e t t e r  t o  change t h e  we igh ts  a l i t t l e  a t  a t ime  i n  such 
a way t h a t  i n  t h e  l i m i t  t h e  n e t  r e s u l t  i s  t h e  same as would be o b t a i n e d  
v i a  the  maximum-l ikel ihood formal ism.  

The we igh t  a l t e r a t i o n  schemes o u t l i n e d  i n  Table 6 f o l l o w  t h e  
" T H I N K  SMALL" ph i l osophy  by  e s t a b l i s h i n g  a f i g u r e  of m e r i t  r e l a t e d  t o  
the  maximum l i k e l i h o o d  va r iance  e s t i m a t o r  f o r  each w e i g h t  under con- 
s i d e r a t i o n  and comparing t h a t  t o  an analogous f i g u r e  o f  m e r i t  represen-  
t a t i v e  o f  a l l  weights .  I n  t h e  comparison, t h e  c r i t e r i a  f o r  a l t e r a t i o n  
a r e  designed so t h a t  most weights  a re  unchanged, and those t h a t  a r e  
changed a r e  m o d i f i e d  o n l y  t o  moderate t h e i r  d iscrepancy f rom t h e  s t o -  
c h a s t i c  model r a t h e r  than  e l i m i n a t e  t h e  d iscrepancy e n t i r e l y .  It i s  
p o s s i b l e  t o  t h i n k  o f  t h i s  process as f i t t i n g  a t h e o r y  o f  t he  va r iance  
( t h e  s t o c h a s t i c  model ) w h i l e  t h e  s imultaneous parameter e s t i m a t i o n  
a l g o r i t h m  i s  f i t t i n g  a t h e o r y  o f  t h e  mean, 
w i t h  the  e m p i r i c a l  evidence t h a t  i t  works l e n d  credence t o  t h e  r a t h e r  
a r b i t r a r y  methodology of w e i g h t  a l t e r a t i o n  i n t r o d u c e d  here. 

T h i s  h e u r i s t i c  d e v i c e  a long  

PARAMETRIC UNCERTAINTY AND RESIDUALS ANALYSIS 

Term ina t ion  of t h e  p2rameter e s t i m a t i o n  l o g i c  y i e l d s  a s e t  o f  
b e s t - e s t i m a t e  parameters a which s a t i s f y  equat ions ( 1 )  t o  some s p e c i f i c  
convergence t o l e r a n c e  as w e l l  as a s e t  o f  e f f e c t i v e  da ta  weights  which 
s a t i s f y  the  c r i t e r i a  of t h e  s t o c h a s t i c  model. S ince t h e  s t o c h a s t i c  
model assumptions a r e  s a t i s f i e d ,  i t  i s  p o s s i b l e  t o  use t h e  few d e r i v e d  
(References 3 and 6) r e s u l t s  from t h e  l a r g e l y  u n i n v e s t i g a t e d  rea lm of  
n o n l i n e a r  s t a t i s t i c s  t h a t  a r e  r e q u i r e d  here.  
concern ing t h e  parameters t h a t  a r e  o f  i n t e r e s t  a r e :  

F i r s t ,  t h e  r e s u l t s  

. i i s  an unbiased e s t i m a t o r  o f  t h e  t r u e  parameters A: - - 

. The mean square c o r r e l a t e d  Parametr ic  u n c e r t a i n t y  i s  g i v e n  

by  <t i$  - -  ti& = 2;2 ( a,a,), G2 = Q($)/DF - 
a2Q($)  -1 

The o t h e r  r e s u l t  o f  n o n l i n e a r  s t a t i s t i c s  t h a t  i s  used i n  RPFC i s  t h e  
d e t e r m i n a t i o n  o f  t h e  p r o b a b i l i t y  t h a t  any p a r t i c u l a r  datum would be f i t  
w i t h  l e s s  e r r o r ,  i.e., t h e  r e s i d u a l s  a n a l y s i s .  Proper  e v a l u a t i o n  o f  
t h i s  p r o b a b i l i t y  e lement r e q u i r e s  u n t a n g l i n g  t h e  compl icated s k e i n  o f  
data-parameter c o r r e l a t i o n .  
b a b i l i t y  i s  c a l c u l a t e d .  T h i s  q u a n t i t a t i v e  assessment o f  t h e  i n h e r e n t  
datum q u a l i t y  he lps  t o  i d e n t i f y  bad and marg ina l  data.  

Table 7 shows t h e  means whereby t h i s  p ro -  
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TABLE 6. Weight A1 t e r a t i o n  Schemes 

Data Weights 

F i g u r e  o f  M e r i t  Bas is  F i g u r e  o f  M e r i t  

T* = Median (m) Tm = JWsQ, s m  

A lgo r i t hm:  6Yl;l - - 6ym, Tm < 2T* 

6y; = 6ym , T > 2T* m m -  

Data Se t  Weights 

F i g u r e  of M e r i t  Bas is  F i g u r e  of M e r i t  

= Average (TS) 

T ’ = TS, 
S 

A1 g o r i  thm: 

T ’  = 
S S 

- T * l  < S* = Std.  Dev. (T,) 
TS 

- T*l - > S* = Std.  Dev. (TS)  
TS 

R = Ts/ Z T , ’  
S S 
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‘TABLE 7. P r o b a b i l i t y  o f  Less E r r o r  

(Adapted f rom Reference 3 )  

P(JI,’ > qm’) = /n/’ (sin.$m’)DF-ld$m’// =/‘ ( s i n  $m’) DF- 1 d+,’ 
0 JIm 

a 2 Q  ( i )  m -  as ar?, <&% +, V _ =  - 6M > 

aM ( i )  - m -  as(;) - 
aa aa . < 6 2  6 2 >  . - -  6M > = -m 

PREDICTIONS OF THE MODEL 

Two b r i e f  statements a r e  now a l l  t h a t  i s  necessary t o  conclude 
the  methodologica l  d e f i n i t i o n :  

The f i r s t  statement e x h i b i t s  t h a t ,  a l though t h e  parameter est imates a r e  
unbiased, f u n c t i o n a l  va lues es t imated  f rom those parameters a r e  b iased 
due t o  s t a t i s t i c a l  r e s o l u t i o n  e f f e c t s .  For tunate ly ,  f o r  the t h e o r e t i c a l  
forms o f  i n t e r e s t  here, t h e  b i a s  i s  e n t i r e l y  n e g l i g i b l e  t y p i c a l l y  be ing  
severa l  orders o f  magnitude smal le r  than t h e  u n c e r t a i n t y ,  whose mean 
square v a l u e  i s  g i v e n  by ( 3 ) .  

AN EXAMPLE OF APPLICATION 

A p l ’ c  t i o n s  of SIGLEARN(5), the  predecessor o f  RPFC, t o  2 3 s U ( 2 )  
and 23’Th177 have proven t h e  b a s i c  formal ism a u s e f u l  t o o l  t o  a i d  
e v a l u a t i o n  of thermal neut ron  data.  Some p r e l i m i n a r y  a n a l y s i s  o f  24(Pu 
thermal data p r o v i d e  a b r i e f  example o f  t h e  a p p l i c a t i o n  o f  RPFC i n  t h e  
same contex t .  ( T h i s  example i s  chosen t o  avo id  an i n o r d i n a t e l y  l e n g t h y  
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d i s c u s s i o n  o f  t h e  da ta  base, which f o r  23511 c o n t a i n s  more than  50 da ta  
s e t s .  ) 

The thermal r e g i o n  i n  24OPu i s  dominated by the  1 eV resonance, 
b u t  t o  a c c u r a t e l y  model t h e  r e g i o n  a bound l e v e l  and t h e  20 eV resonance 
were i n c l u d e d  i n  t h e  f i t  w i t h  a l l  parameters f i x e d ,  t h e  bound l e v e l  as 
a m i r r o r  image o f  t h e  20 eV resonance. 

Leonard, e t  1 , Y97 and Bl,;$;f1OY and norm li a t i o n  p o i n t s  (see Table 9 )  
f o r  s c a t t e r i n g  and f i s s i o n .  9 1 3 5  The t o t a l  d a t a  o f  
Leonard th rough  t h e  resonance were c o r r e c t e d  f o r  Doppler  broadening, 
and on a d v i c e  f rom Leonard t h e  energy s c a l e  was a l l owed  t o  a d j u s t .  The 
c a p t u r e  d a t a  o f  Weston and Todd show evidence o f  239Pu contaminant  and 
were f i t  as t h e  sum o f  240Pu c a p t u r e  and 239Pu c a t u r e  w i t h  t h e  i m p u r i t y  
c o n c e n t r a t i o n  o f  239Pu b e i n g  an a d j u s t a b l e  parameter. 
da ta  sets ,  a long  w i t h  B l o c k ' s  t o t a l  da ta ,  were a l l owed  t o  reno rma l i ze .  
Furthermore, t h e  da ta  s e t  weights  o f  these t h r e e  da ta  s e t s  were i n t e r n a l l y  
a d j u s t a b l e .  T h i s  was e s p e c i a l l y  i m p o r t a n t  f o r  t h e  Weston and Todd cap- 
t u r e  data,  s i n c e  i n  t h e  absence o f  measurement u n c e r t a i n t i e s ,  t he  da ta  
we igh ts  were a r b i t r a r i l y  s e t  t o  correspond t o  a 5% da ta  u n c e r t a i n t y  w i t h  
i n t e r n a l  ad justment  of t h e  d a t a  weights  a l lowed.  The p r e l i m i n a r y  r e s u l t s  
o f  t h i s  da ta  c o l l e c t i o n  and data model a r e  shown i n  Table 8. 

The a a base used i n  t h e  s t u d i e s  
i n c l u d e  t h e  c a p t  r data o f  We t n and Todd; f j  8 t h e  t o t a l  da ta  o f  

Both o f  these 

TABLE 8. P re l  

ot0 = 291.3 t 1 

minary Resu l t s  o f  240Pu Data A n a l y s i s  

1 eV Resonance Parameters 
= 1.0594 f ,008 e\/ 64b EO 

r n o  - - 2.451 f ,0026 r n e V / m  
~~ 

0 0  = 289.4 t 1.63b 

0 O = 1.813 k .060b 
Y 

S 
= 5.76 t .60 UeV r f  

= 29.72 2 .41 meV 
v r 

l / V  Capture Background a t  thermal i s  10.4 +_ 2 , l b  

F i t t e d  239Pu 0 i m p u r i t y  i n  Weston and Todd d a t a  ( .82 f .OS)% Y 

TABLE 9. Abso lu te  Data f o r  240Pu Used f o r  N o r m a l i z a t i o n  

Da tum F i t t e d  Value 

0 (.0253) 289.5 f 1.4b 289.41 5 1.63b 

0 (.08) 1.54 t .05b 1.537 t .059b 
of PEAK 33 t 3b 33.00 f 3.55b 

Y 
S 



103 

SUMMARY 

The formal ism o f  RPFC i s  a me thodo log ica l  improvement w i t h  con- 
c o m i t a n t  enhancement o f  c a p a b i l i t i e s  f o r  s imul taneous f i t t i n g  o f  thermal 
neu t ron  data f rom d i v e r s e  sources, e x t e n d i n g  even t o  s imul taneous f i t t i n g  
o f  s e v e r a l  i s o t o p e s  w i t h  i n t e r r e l a t e d  data. T h i s  e x t e n s i o n  i s  made 
p o s s i b l e  by i n c o r p o r a t i n g  i n t o  t h e  methodology b o t h  an exper imen ta l  t h e o r y  
which t rans fo rms  a l l  da ta  t o  a common s t o c h a s t i c  model and an a p a l y t i c  
t h e o r y  d e r i v e d  f rom neutron-nuc leus i n t e r a c t i o n  t h e o r y  which i s  based 
on a common s e t  o f  fundamental p h y s i c a l  parameters.  The common s t o c h a s t i c  
model a l l o w s  r i g o r o u s  s t a t i s t i c a l  a n a l y s i s  o f  t h e  e s t i m a t e d  n o n l i n e a r  
parameters i n c l u d i n g  t h e  c o r r e l a t e d  p a r a m e t r i c  u n c e r t a i n t y ,  which es- 
t a b l i s h e s  a d i r e c t  l i n k  t o  t h e  r a p i d l y  deve lop ing  areas o f  s e n s i t i v i t y  
and u n c e r t a i n t y  a n a l y s i s .  
proved unders tand ing  o f  t h e  impact  o f  data modi f i c a t i  ons whi ch w i  11 
enable t h e  even tua l  development o f  an i n t e r n a l l y  c o n s i s t e n t  b e s t - e s t i m a t e  
s e t  o f  thermal  neu t ron  d a t a  f o r  t h e  f i s s i l e  and f e r t i l e  i so topes .  

V i a  t h i s  connect ion,  t h e r e  i s  promise o f  i m -  
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REALISTIC REACTOR OPERATING H I S T O R I E S  

T.J. Trapp and B. I .  Sp inrad 
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Richland, Washington, USA 

ABSTRACT 

The major  source o f  power i n  the  f i r s t  0 t o  10,000 seconds a f t e r  
shutdown i n  a LWR i s  t h e  decay power o f  the  f i s s i o n  products .  The 
t o t a l  decay power i n  LWR's r e s u l t s  f rom f i s s i o n s  i n  235U, 238U, 239Pu, 
and 241Pu. The f i s s i o n  r a t e s  o f  each n u c l i d e  were'expanded i n  a , 

s e r i e s  about the  r e a c t o r  shutdown, The c o n t r i b u t i o n  t o  t h e  t o t a l  de- 
cay power f rom the  f i s s i o n  products  o f  each f i s s i o n a b l e  n u c l i d e  was 
eva lua ted  by a n a l y t i c a l l y  i n t e g r a t i n g  t h e  summation equat ions u s i n g  
the  s e r i e s  expansion as t h e  source term. 

The u n c e r t a i n t i e s  i n  the  decay power must a l s o  be evaluated.  
The u n c e r t a i n t i e s  i n  the  decay power f rom each n u c l i d e  were evaluated 
by a n a l y t i c a l l y  propagat ing the  u n c e r t a i n t i e s  i n  the  b a s i c  f i s s i o n  
produc t  y i e l d s  and decay energ ies through t h e  summation a n a l y s i s  i n t o  
u n c e r t a i n t y  est imates on the  f i s s i o n  produc t  decay power. 
y i e l d s  a r e  cons t ra ined,  a c o n s t r a i n e d  var iance a n a l y s i s  was used t o  
reduce t h i s  component o f  t h e  u n c e r t a i n i t y .  
decay power f rom each f i s s i o n i n g  n u c l i d e  as a r a t i o  t o  t h e  235U decay 
power, c o r r e l a t i o n s  between t h e  energy u n c e r t a i n t i e s  i n  t h e  r a t i o  
were used t o  reduce t h e  var iance.  

Since t h e  

By express ing the  c a l c u l a t e d  

The decay power from a LWR and i t s  assoc ia ted  u n c e r t a i n t y  can 

C a l c u l a t i o n s  show the  a c t u a l  
be es t imated  by combining the, r a t i o s  o f  decay power w i t h  the  s tandard 
235U decay power and i t s  u n c e r t a i n t y .  
decay power i n  LWR's i s  always l e s s  than t h e  s tandard 235U decay power 
w i t h  u n c e r t a i n t i e s  of the  same order  of magnitude as t h e  standard 

3 5U u n c e r t a i  n ti es . 

INTRODUCTION 

Energy i s  re leased i n  a nuc lear  r e a c t o r  as a r e s u l t  o f  t h e  
f i s s i o n  process. 
energy of t h e  f i s s i o n  fragments, of prompt y- rays,  and of prompt neutrons.  
The remain ing 13% of t h e  energy comes from t h e  r a d i o a c t i v e  decay o f  the  
var ious  f i s s i o n  products.  
B - p a r t i c l e s ,  3% f rom y-rays,  and 6% from neut r inos .  The n e u t r i n o s  
escape f rom the  r e a c t o r  and d e p o s i t  t h e i r  energy i n  t h e  f a r  corners o f  

Approximately 87% o f  t h e  energy appears as k i n e t i c  

Of t h i s  energy, approx imate ly  4% i s  f rom 
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t h e  un ive rse .  The b e t a  and gamma energy i s  absorbed i n  t h e  r e a c t o r .  

Over one thousand f i s s i o n  p roduc ts  can r e s u l t  f rom a f i s s i o n  w i t h  
h a l f  l i v e s  r a n g i n g  f rom e s s e n t i a l l y  0 t o  thousands o f  yea rs .  
n i f i c a n t  f r a c t i o n  o f  t h e  energy re leased  i n  t h e i r  decay occurs a t  t imes 
l o n g  a f t e r  t h e  i n i t i a t i n g  f i s s i o n  event .  A f t e r ' a  r e a c t o r  shutdown, the  
f i s s i o n  process w i l l  s top,  b u t  t h e  f i s s i o n  p roduc ts  w i l l  c o n t i n u e  t o  
r e 1  ease energy. 

A s i g -  

I n  LWK, a t  t h e  s t a r t  o f  t h e  i r r a d i a t i o n  t h e  f i s s i o n  p roduc ts  r e -  
s u l t  f rom f i s s i o n s  o f  235U and 23%. 
t h e  238U f i s s i o n  r a t e  remains r e l a t i v e l y  cons tan t ,  w h i l e  t h e  2351) 
f i s s i o n  r a t e  decreases. A t  t h e  same t ime,  neu t ron  a b s o r p t i o n s  i n  2381) 
produce 239Pu and u l t i m a t e l y  241Pu.  
t h e i r  c o n t r i b u t i o n  t o  t h e  f i s s i o n  r a t e  and consequent ly  t h e  f i s s i o n  
p r o d u c t  power increases.  

As t h e  i r r a d i a t i o n  progresses, 

As t h e  239Pu and 24lPu b u i l d  up, 

The decay power f rom 239Pu i s  s i g n i f i c a n t l y  l e s s  than  t h a t  from 
235U, because t h e  s l i g h t l y  l ower  neu t ron - to -p ro ton  r a t i o  and t h e  l a r g e r  
number o f  prompt neutrons e m i t t e d  i n  239Pu f i s s i o n ,  produce f i s s i o n  
p roduc ts  which a re ,  on t h e  average, c l o s e r  t o  be ta  s t a b i l i t y .  Moreover, 
s i n c e  t h e  average energy p e r  f i s s i o n  i s  s l i g h t l y  l a r g e r  f o r  239Pu than 
235U, t h e  f i s s i o n  p r o d u c t  f o r m a t i o n  r a t e  f o r  a c o n s t a n t  power w i l l  be 
s l i g h t l y  s m a l l e r  f o r  239Pu f i s s i o n s  which w i l l  tend t o  reduce t h e  decay 
power f rom 239Pu f i s s i o n s  even f u r t h e r .  

The f i s s i o n  p roduc t  decay power w i l l  be l a r g e r  f o r  2 3 8 U  then  f o r  
2 3 5 U ,  s i n c e  t h e  neu t ron  t o  p r o t o n  r a t i o  i s  l a r g e r  f o r  2 3 8 U .  

A r e a l i s t i c  assessment o f  t h e  shutdown decay power must i n c l u d e  t h e  
e f f e c t s  o f  t h e  f i s s i o n  p r o d u c t  p r o d u c t i o n  r a t e s  d u r i n g  r e a c t o r  o p e r a t i o n  
f rom a l l  o f  t h e  f i s s i o n a b l e  n u c l i d e s ,  I n  a t y p i c a l  LWR, these would 
i n c l u d e  235U,  238U,  239Pu, and 241Pu. 

F i g u r e  1 shows t h e  r e l a t i v e  decay powers o f  seve ra l  f i s s i o n a b l e  
n u c l i d e s  a f t e r  an i n f i n i t e  i r r a d i a t i o n .  

Summation Model 

A f i s s i o n  p r o d u c t  can r e s u l t  d i r e c t l y  f rom f i s s i o n ,  as a decay 
daughter  o f  a f i s s i o n  p roduc t  formed d i r e c t l y  f rom f i s s i o n ,  o r  both.  
The r a d i o a c t i v e  decay o f  each f i s s i o n  p r o d u c t  i s  d e s c r i b e d  m a t h e m a t i c a l l y  
by a f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t i o n  which c o n t a i n s  components accoun t ing  
f o r  b o t h  t h e  p r o d u c t i o n  and d e p l e t i o n  o f  t h e  n u c l i d e .  
g e n e r a l l y  c a l l e d  t h e  Bateman equat ion,  because o f  i t s  i n i t i a l  d e r i v a t i o n  
by H. Bateman* i n  1910. Since f i s s i o n  p roduc ts  can be produced from t h e  
decay o f  o t h e r  f i s s i o n  p roduc ts  a coupled s e t  o f  equa t ions  must be so lved.  

p e r  f i s s i o n  o f  t h e  f i s s i o n  p roduc ts  i n  each mass c h a i n  a r e  desc r ibed  by 

T h i s  e q u a t i o n  i s  

A f t e r  an i ns tan taneous  b u r s t  o f  f i s s i o n s  , t h e  average c o n c e n t r a t i o n s  
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F I G U R E  1.  The R a t i o  o f  t h e  Decay Power From 239Pu, 238U,  241Pu, 
and 2 3 %  A f t e r  an I n f i n i t e  I r r a d i a t i o n  t o  t h e  
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i - 1  

k = l  
N ( t )  - A .  .N. . ( t )  - - dNi j ( t )  

' k j B i j k  k j  1J 1J d t  

where 

N i j ( t )  = t h e  c o n c e n t r a t i o n  o f  t h e  i t h  f i s s i o n  p r o d u c t  i n  t h e  
j t h  mass rope a t  t ime t. 

j = t h e  mass rope no, ordered such t h a t  t h e  rope w i t h  
s m a l l e s t  A number i s  1. 

i = the  i t h  f i s s i o n  produc t  i n  t h e  j t h  mass rope. T h i s  
i s  ordered such t h a t  t h e  f i s s i o n  produc t  w i t h  s m a l l e s t  
Z number i s  1. 

t = t ime. 

'ij = the  decay c o n s t a n t  f o r  f i s s i o n  produc t  i, j .  

= t h e  branching r a t i o  f rom f i s s i o n  p r o d u c t  i, j t o  
f i s s i o n  p r o d u c t  k, j. Bi j k  

The i n i t i a l  c o n d i t i o n s  f o r  t h i s  equat ion  a r e  

N .  . ( t  = 0)  = y . f  1J J i j '  

where 

Y = t h e  cumulat ive rope y i e l d  of t h e  j t h  mass rope, Th is  i s  
j normal ized such t h a t  t h e  sum of a l l  t h e  cumula t ive  y i e l d s  

i s  2. 

fij = f r a c t i o n a l  independent y i e l d  o f  the  i t h  f i s s i o n  produc t  
i n  t h e  j t h  rope, T h i s  i s  normal ized such t h a t  t h e  sum 
o f  t h e  f r a c t i o n a l  independent y i e l d s  i n  each rope i s  1. 

T h i s  s e t  o f  equat ions can be so lved f o r  each rope e i t h e r  b y  per-  
fo rming  a d i r e c t  i n t e g r a t i o n  o f  each equat ion  or by a Laplace Transform 
o f  t h e  system o f  equat ions.  The average decay power f rom a s i n g l e  
f i s s i o n  can be eva lua ted  by w e i g h t i n g  t h e  average energy p e r  decay 
w i t h  the  a c t i v i t y  and summing over  a l l  t h e  f i s s i o n  products .  
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where 
M j  

- c A ~ ~ E ~ ~ A ! ~  
i = s  ' s j  - ( 4 )  

and 

H ( t )  = the  decay power a t  a t ime t a f t e r  a f i s s i o n  p u l s e  (MeV/ 
f i s s i o n - s e c )  

N = number o f  mass ropes 

= t h e  number o f  n u c l i d e s  i n  t h e  j t h  rope 

= 
Mj 

Eij 
t h e  average s e n s i b l e  decay energy f o r  a d i s i n t e g r a t i o n  o f  
t h e  i t h  n u c l i d e  i n  the  j t h  rope 

The f i s s i o n  produc t  shutdown decay power r e s u l t i n g  f rom an i r r a d i a -  
t i o n  p e r i o d  can be eva lua ted  a t  any t ime a f t e r  shutdown by i n t e g r a t i n g  
t h e  c o n t r i b u t i o n  from each f i s s i o n  weighted by the  f i s s i o n  r a t e  over 
t h e  r e a c t o r  o p e r a t i n g  per iod .  
the f i s s i o n  r a t e .  

I n  genera l ,  t h e r e  i s  no r e s t r i c t i o n  on 

I n  per fo rming  t h i s  a n a l y s i s ,  a s i m p l i f y i n g  assumption has been made. 
T h i s  assumption i s  t o  i g n o r e  neut ron  capture i n  f i s s i o n  products  i n  t h e  
equat ions f o r  p r o d u c t i o n  and loss o f  r a d i o a c t i v e  n u c l i d e s .  These cap- 
t u r e s  g r e a t l y  compl ica te  t h e  decay scheme which must be d e a l t  w i t h ,  and, 
fur thermore,  t h i s  e f f e c t  can be e a s i l y  parameter ized and added i n  as a 
c o r r e c t i o n  f a c t o r  a f t e r  t h e  summati on c a l  cu 1 a t i on. s 4  3 5 

For  a r e a c t o r  which has operated f rom a t ime -T t o  0 and then been 
shutdown f o r  a t ime t, t h e  decay power f rom a s i n g l e  f i s s i o n a b l e  n u c l i d e ,  
i n  t h e  absence o f  neut ron  capture  i n  t h e  f i s s i o n  products  i s  

Mj 
C S j g s j ( t J )  

N Mj 

s = k  f k j  H(t ,T) = c Yj 
j = l  k = l  

where 

A .T 
g . ( t ,T )  = / R(T) e sJ d-c 

-T SJ  

and 

( 5 )  

H(t ,T) = the  decay power a t  t ime t due t o  t h e  opera t ion  o f  a 
r e a c t o r  f o r  a t ime T. 
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R ( T )  = t h e  f i s s i o n  r a t e  a t  a t i m e  T d u r i n g  r e a c t o r  o p e r a t i o n  
f o r  a s i n g l e  f i s s i o n a b l e  n u c l i d e .  

The t o t a l  decay power i s  t h e  sum o f  t h e  decay powers f rom each 
f i s s i o n a b l e  n u c l i d e .  An e v a l u a t i o n  o f  t h e  b e s t  a v a i l a b l e  exper imenta l  
and c a l c u l a t e d  va lues f o r  t h e  decay power f rom 235U a f t e r  c o n s t a n t  
f i s s i o n  r a t e ,  no neu t ron  cap tu re  i r r a d i a t i o n s  has been made by Schenter,  
S c h m i t t r o t h ,  and England.6 T h i s  e v a l u a t i o n  has been i n c o r p o r a t e d  i n  a 
new standard7 f o r  f i s s i o n  p r o d u c t  decay power. 
t o t a l  decay power which use t h i s  s tandard  r e p r e s e n t  a s y n t h e s i s  o f  a l l  
t h e  a v a i l a b l e  i n f o r m a t i o n  on decay power. 
t h e  s tandard  values, i t  i s  a l s o  conven ien t  t o  express t h e  t o t a l  decay 
power as a f r a c t i o n  o f  t h e  o p e r a t i n g  power. 
o f  these f e a t u r e s  i s  

Fo rmu la t i ons  o f  t h e  

I n  a d d i t i o n  t o  i n c o r p o r a t i n g  

A form which c o n t a i n s  a l l  

where 

F ( t , T )  = t h e  f r a c t i o n  o f  t h e  o p e r a t i n g  power which i s  produced a t  
t i m e  t a f t e r  shutdown f o l l o w i n g  an i r r a d i a t i o n  o f  l e n g t h  
T. 

- 
P = t h e  reference o p e r a t i n g  power. 

Hs( t ,T)  = the  s tandard decay power f rom 23511 a t  a t ime  t a f t e r  a 
cons tan t  f i s s i o n  r a t e  no n e u t r o n  c a p t u r e  i r r a d i a t i o n  o f  
l e n g t h  7. 

N = t h e  number o f  f i s s i o n a b l e  n u c l i d e s .  

I f  each o f  t h e  decay powers i n  ( 7 )  i s  no rma l i zed  t o  a u n i t  f i s s i o n  
r a t e  and t h e  r e a c t o r  has operated a t  a c o n s t a n t  power, t h e  parameter P 
can be r e p l a c e d  by  t h e  average energy pe r  2 3 5 U  f i s s i o n .  
a c o n s i s t e n t  d e f i n i t i o n  o f  t h e  r e f e r e n c e  power must be made. 

I n  o t h e r  cases, 

U n c e r t a i n t v  A n a l v s i s  

E v a l u a t i o n s  o f  t h e  decay power a r e  i n  themselves use less ,  u n l e s s  
an e s t i m a t e  o f  t he  conf idence i n  them can be made. S ince t h e  Bateman 
equa t ions  a r e  known t o  d e s c r i b e  r a d i a c t i v e  decay v e r y  w e l l ,  t h e r e  i s  
l i t t l e  q u e s t i o n  as t o  t h e  adequacy o f  t h e  b a s i c  model. The a rea  i n  
which t h e  e v a l u a t i o n  can be quest ioned i s  i n  how u n c e r t a i n t i e s  i n  t h e  
b a s i s  n u c l e a r  d a t a  (sometimes v e r y  l a r g e )  a f f e c t  t h e  f i n a l  r e s u l t s .  
i s  i n  t h i s  area,  t h e  p ropaga t ion  of  t h e  u n c e r t a i n t i e s  i n  t h e  b a s i c  n u c l e a r  
da ta ,  where t h e  summation techn ique  has i t s  g r e a t e s t  u t i l i t y .  If un- 
c e r t a i n t y  e s t i m a t e s  can be made f o r  a l l  o f  t h e  b a s i c  n u c l e a r  data,  these 
u n c e r t a i n t i e s  can be propagated th rough  t h e  summation c a l c u l a t i o n  d i r e c t l y  
i n t o  u n c e r t a i n t i e s  of  t h e  decay power. 

I t  
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U n c e r t a i n t i e s  i n  t h e  parameters a r i s e  because o f  t h e  s t a t i s t i c a l  un- 
c e r t a i n t i e s  i n h e r e n t  i n  t h e  measurements, o r  p r e d i c t i o n s  f rom models o f  
many p h y s i c a l  parameters. The u n c e r t a i n t i e s  a r e  i n  t h e  c h a i n  y i e l d s , 3  
f r a c t i o n a l  independent y i e l d s ,  and t h e  decay energ ies.8 The u n c e r t a i n t i e s  
i n  t h e  decay cons tan ts  and b ranch ing  r a t i o s  have n o t  been considered. 
Schmi t t r o t h  and Schenterg have es t ima ted  t h e  e f f e c t s  o f  these uncer-  
t a i n t i e s ,  and t h e i r  r e s u l t s  i n d i c a t e  those u n c e r t a i n t i e s  t e n d  t o  be sma l l .  
T h i s  may n o t  be t h e  case a t  ve ry  s h o r t  t imes a f t e r  shutdown, when many 
of t h e  i m p o r t a n t  n u c l i d e s  a r e  n o t  a c c e s s i b l e  t o  exper iment.  

I n  b o t h  the  c h a i n  y i e l d s  and t h e  f r a c t i o n a l  independent y i e l d s ,  
n a t u r e  has been u n u s u a l l y  g rac ious .  
y i e l d s  a re  c o n s t r a i n e d  such t h a t  

The c h a i n  y i e l d s  and independent 

N 

i = l  
c y i = 2  

and 

Mi 
c fki = 1 

k = l  
( 9 )  

I n s t e a d  o f  u s i n g  t h e  s tandard  va r iance  f o r m u l a t i o n ,  a c o n s t r a i n e d  va r iance  
f o r m u l a t i o n  can be used w i t h  a r e s u l t i n g  decrease i n  t h e  t o t a l  va r iance  
o f  t h e  f ~ n c t i o n . ~  

The energy u n c e r t a i n t i e s  a r e  n o t  bound t o  any a b s o l u t e  p h y s i c a l  
c o n s t r a i n t s .  
separate components: 
cay energy u n c e r t a i n t y ;  and a c o r r e l a t e d  energy u n c e r t a i n t y ,  The un- 
c o r r e l a t e d  u n c e r t a i n t i e s  r e s u l t  f rom n a t u r a l  s t a t i s t i c a l  v a r i a t i o n s  i n  
t h e  exper imenta l  d e t e r m i n a t i o n  o f  parameters and f rom unbiased uncer-  
t a i n t i e s  i n  e s t i m a t i n g  decay energ ies  f rom t h e o r e t i c a l  c o r r e l a t i o n s  and 
models. The c o r r e l a t e d  u n c e r t a i n t i e s  r e s u l t  because o f  t h e  p o s s i b i l i t y  
of a sys temat i c  b i a s  i n  t h e o r e t i c a l l y  es t ima ted  parameters. 

The decay energy u n c e r t a i n t i e s  a r e  composed o f  t h r e e  
an u n c o r r e l a t e d  be ta  and an u n c o r r e l a t e d  gamma de- 

The va r iance  i n  t h e  decay power f r o m  a s i n g l e  f i s s i o n a b l e  n u c l i d e  
due t o  t h e  y i e l d s  can be expressed as 

M N Mi 

{ k =  
Var [ A  ( t , T ) ]  = c Var[Yi] 

i = l  Y 

. .  
Var[Yi] 

i = l  
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+ N c Yq { ,%: Var[fki] [ :J Csigsi(tyT) 1' 
J i =1 s=k 

J 

c Var[fkiJ 
k = l  

The var iance due t o  decay energ ies  can be w r i t t e n  i n  t h e  form 

The t o t a l  var iance w i t h  r e s p e c t  t o  energy is 

VarE[Eri] = VarU[Eri] VarC[Epi] 

and t h e  covar iance i s  

Cov[Eri = Varc[Eril Var,[Epi~)l" ( 
where 

Var [ E  .] = the  t o t a l  var iance o f  E 

Var [E  -1 = t h e  c o r r e l a t e d  component o f  t h e  var iance 
E r J  r j  

c r J  
Var [E  .] = t h e  u n c o r r e l a t e d  component o f  the  var iance u r J  

T o t a l  U n c e r t a i n t y  

A conf idence i n t e r v a l  can be es t imated  f o r  t h e  decay power a f t e r  

The most 
an i r r a d i a t i o n  i n  which each n u c l i d e  f i s s i o n s  a t  a t ime v a r y i n g  r a t e  i f  
t h e  var iance i n  each of i t s  components has been determined. 
u s e f u l  form o f  t h e  decay power on which t o  per form t h i s  a n a l y s i s  i s  t h e  
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form e x h i b i t e d  i n  ( 7 ) .  
decay power form 235U and t h e  u n c e r t a i n t i e s  i n  t h e  o p e r a t i n g  power as 
w e l l  as t h e  c o r r e l a t i o n s  between t h e  c a l c u l a t e d  decay powers can a l l  
be inc luded,  The var iance o f  t h i s  express ion i s  

I n  t h i s  form, the  u n c e r t a i n t i e s  i n  t h e  s tandard 

The var iance i n  t h e  s tandard decay power has been e ~ t i m a t e d . ~  The var iance 
i n  t h e  o p e r a t i n g  power c o n s i s t s  o f  two components. 
i s  due t o  u n c e r t a i n t i e s  i n  t h e  average energy per  f i s s i o n .  
component r e s u l t s  f rom v a r i a t i o n s  i n  t h e  r e a c t o r  power. These v a r i a t i o n s  
can r e s u l t  e i t h e r  f rom f l u c t u a t i o n s  i n  the  a c t u a l  power l e v e l  o r  f rom 
an imprec ise knowledge o f  the  power l e v e l .  E s t i m a t i o n  o f  the  var iance 
which r e s u l t s  f rom these f l u c t u a t i o n s  depends very  s t r o n g l y  on e x t e r n a l  
c o n s t r a i n t s  which v a r y  between d i f f e r e n t  r e a c t o r s .  

The f i r s t  component 
The second 

The sources of  t h e  u n c e r t a i n t i e s  i n  the  r a t i o  o f  decay powers i s  
w i t h  one except ion,  comple te ly  c o r r e l a t e d , l 0 , l 1  Any u n c e r t a i n t i e s  i n  
decay energy, h a l f - l i f e ,  o r  branching r a t i o  o f  a f i s s i o n  p r o d u c t  pro-  
duce u n c e r t a i n t i e s  i n  the  decay power which a r e  v i r t u a l l y  t h e  same, and 
i n  t h e  same d i r e c t i o n ,  as f rom a s i m i l a r  computat ion f o r  235U. The ex- 
c e p t i o n  i s  t h e  s t a t i s t i c a l  v a r i a t i o n  produced by u n c e r t a i n t i e s  i n  f i s s i o n  
produc t  y i e l d s .  

D i f f e r e n c e s  i n  f i s s i o n  produc t  y i e l d s  would be expected t o  produce 
The f i r s t  un- two types o f  u n c e r t a i n t i e s  i n  t h e  r a t i o  o f  decay powers. 

c e r t a i n i t y  a r i s e s  f rom t h e  s t a t i s t i c a l  v a r i a t i o n s  o f  t h e  y i e l d s  which a r e  
u n c o r r e l a t e d  between the  two types o f  f i s s i o n .  The second u n c e r t a i n t y  i s  
a separate r e s i d u a l  u n c e r t a i n t y  i n  t h e  decay power r a t i o  due t o  d i f f e r e n c e s  
i n  f i s s i o n  p r o d u c t y i e l d s .  The decay powers have u n c e r t a i n t i e s  a r i s i n g  
f rom u n c e r t a i n t i e s  i n  decay branching r a t i o s ,  h a l f - l i v e s  and decay energ ies 
Al though these u n c e r t a i n t i e s  f o r  any g iven f i s s i o n  produc t  a r e  i d e n t i c a l  
regard less  o f  t h e  source o f  f i s s i o n ,  they  a r e  s t i l l  a source of uncer-  
t a i n t y ,  s i n c e  t h e  decay powers a r e  y ie ld -we igh ted .  

I f  every u n c e r t a i n t y  i n  2 3 5 U  decay power were matched by an equal 
u n c e r t a i n t y  i n  t h e  same d i r e c t i o n ,  t h e  r a t i o s  would be p e r f e c t l y  c o r -  
r e l a t e d ,  p = 1. I f  t h e  u n c e r t a i n t i e s  
were matched and a lways  were i n  t h e  oppos i te  d i r e c t i o n ,  the  values would 
be p e r f e c t l y  a n t i c o r r e l a t e d ,  p = -1. I f  the  
u n c e r t a i n t i e s  were comple te ly  u n c o r r e l a t e d  then p = 0, and Var(R) would 
be t h e  va lue  c o n v e n t i o n a l l y  assumed f o r  t h e  r a t i o  o f  independent est imates.  

Var(R) would be a smal l  number. 

Var(R) would be a maximum. 
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The component o f  t h e  u n c e r t a i n t y  i n  t h e  r a t i o  o f  t h e  decay powers 
The component due t o  t h e  f i s s i o n  p r o d u c t  y i e l d s  w i l l  be u n c o r r e l a t e d .  

which r e s u l t s  f rom t h e  decay energ ies  w i l l  be h i g h l y  c o r r e l a t e d .  

The decay power f u n c t i o n s  can be rep resen ted  as sums over  decay 
energ ies  weighted by f u n c t i o n s  o f  y i e l d s ,  h a l f  l i v e s ,  and decay b ranch ing  
r a t i o s .  
u n c e r t a i n t i e s  i n  t h e  decay power f u n c t i o n s  due t o  decay energy u n c e r t a i n -  
t i e s  would be p e r f e c t l y  c o r r e l a t e d .  However, t h e  y i e l d s  f o r  t h e  two 
types o f  f i s s i o n s  a r e  n o t  t h e  same, and hence t h e  u n c e r t a i n t i e s  w i l l  
n o t  be p e r f e c t l y  c o r r e l a t e d .  The energy u n c e r t a i n t i e s  should never the-  
l e s s  be h i g h l y  c o r r e l a t e d  s i n c e  t h e  decay power a t  any t ime  i s  dominated 
by o n l y  a few f i s s i o n  products .  

I f  t h e  y i e l d s  f o r  each n u c l i d e  were t h e  same, t h e  p a r t i a l  

The c o r r e l a t i o n  c o e f f i c i e n t  i s ,  by d e f i n i t i o n , 1 2  

CovcI[ 25H , H] 
L - 

P i  - 
JVar[25H] VarC'H]  

where Cov 
u n c e r t a i n f i e s .  

r e f e r s  t o  cova r iance  due t o  c o r r e l a t i o n s  i n  decay energy 

T h i s  cova r iance  can be c a l c u l a t e d  by n o t i n g  t h a t  each decay power i s  
o f  t h e  form 

where t h e  iA .  a r e  t h e  a c t i v i t i e s  o f  t he  f i s s i o n  p roduc ts  and t h e  sum 
extends o v e r J a l l  t h e  f i s s i o n  products .  Then, t h e  cova r iance  becomes 

CoveCZ5H, i H I  " = c c 2 5 A j  i A j  Cov[Ej, E k ]  

j k  

Each decay energy has two components t o  i t s  u n c e r t a i n t y 8 .  
i s  u n c o r r e l a t e d ,  and i s  due t o  an unbiased i m p r e c i s i o n  i n  measur ing 

One component 

o r  e s t i m  
t h e  poss 
e s t i m a t e  
non-zero 
c o r r e l  a t  
t a i  n t i e s  
be c a l c u  

t i n g  each va lue,  
b i l i t y  of sys temat i c  b iases  i n  t h e  t h e o r e t i c a l  models used t o  
some o f  t h e  decay energ ies.  The u n c o r r e l a t e d  covar iances a r e  
o n l y  when j = k ,  whereas t h e  c o r r e l a t e d  component shows p e r f e c t  
on f o r  a l l  j, k combinat ions f o r  which t h e  c o r r e l a t e d  uncer-  
i n  decay energ ies  a r e  non-zero. Wi th  t h i s  t h e  cova r iance  can 
a t e d  i n  terms of eva lua ted  parameters as 

The o t h e r  component i s  c o r r e l a t e d  due t o  

i 
C 2 5 A j  A .  Var [ E . ]  

J U J  j 
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where Var and Var a re  t h e  c o r r e l a t e d  and u n c o r r e l a t e d  va r iances  o f  t h e  
decay ene6gies , r e t p e c t i v e l y .  

component due t o  f l u c u a t i o n s  i n  o p e r a t i n g  power must be i nc luded .  These 
f l u c t u a t i o n s  a re  a lmost  e x c l u s i v e l y  u n c e r t a i n t i e s  i n  t h e  a b s o l u t e  nor-  
m a l i z a t i o n  o f  t h e  r e a c t o r ' s  power. T h i s  n o r m a l i z a t i o n  u n c e r t a i n t y  i s  an 
i n t r i n s i c  parameter o f  each r e a c t o r .  As an e x a m p l e l l  o f  t h i s  e f f e c t ,  
Table 1 d i s p l a y s  t h e  p e r c e n t  u n c e r t a i n t y  i n  t h e  decay power from a BWR 
w i t h  s tandard d e v i a t i o n s  due t o  power f l u c t u a t i o n s  o f  O%, 1%, 3%, 5%, 
and 10%. 
w i t h  0. va r iance  due t o  o p e r a t i n g  power w i t h  t h e  o t h e r  columns i n  t h e  
t a b l e .  
power dominates t h e  u n c e r t a i n t y .  

I n  o r d e r  t o  determine t h e  t o t a l  va r iance  of t h e  decay power, a 

The magnitude o f  t h i s  e f f e c t  can be seen by  comparing t h e  column 

A t  t h e  l a r g e r  s tandard d e v i a t i o n s ,  t h e  v a r i a n c e  i n  t h e  o p e r a t i n g  

Even though f i s s i o n  p r o d u c t  n e u t r o n  c a p t u r e  i s  a smal l  e f f e c t ,  i t  
must be i n c l u d e d  i n  t h e  f i n a l  a n a l y s i s  o f  decay power. Neutron captures 
cause more decay energy t o  be l i b e r a t e d  than would have been r e l a s e d  
i f  t h e  cap tu res  had n o t  occurred. 
c r e a t e s  a daughter n u c l i d e  which i s  on t h e  average f u r t h e r  f rom b e t a  
s t a b i l i t y .  The daughter n u c l i d e  r e q u i r e s  more decays t o  reach b e t a  
s t a b i l i t y ,  i n c r e a s i n g  t h e  amount o f  energy l i b e r a t e d .  

T h i s  r e s u l t s  because a n e u t r o n  c a p t u r e  

The e f f e c t  o f  neu t ron  c a p t u r e  has bene es t ima ted  by Spinrad and 
T r i ~ a t h i . ~  Since i t  i s  a smal l  change i n  t h e  decay power a c o n s e r v a t i v e  
e s t i m a t e  was made o f  t h e  maximum a d d i t i o n  t o  t h e  decay power a t  i r r a d i a -  
t i o n  t imes c h a r a c t e r i z e d  by t h e  i n t e g r a t e d  number o f  f i s s i o n s .  
shows the maximum decay power f rom a t y p i c a l  LWR w i t h  t h e  e f f e c t  o f  
neu t ron  cap tu res  i n c l u d e d  i n  t h e  values. 

Table 2 

For  f i s s i o n  r a t e s  c h a r a c t e r i s t i c  o f  LWR's t h e  a c t u a l  decay power i s  
l e s s  than t h e  s tandard 2 3 5 U  decay power. 
ranges f rom a minimum o f  about 0.8% a t  shutdown i n  a 3.5 w t %  e n r i c h e d  
LWR t o  a maximum o f  about 12% a f t e r  10,000 seconds o f  decay t ime. 
c r i t i c a l  10 t o  100 second t i m e  span f o r  LOCA e v a l u a t i o n s ,  t h e  r e d u c t i o n  
ranged between 3% and 5%. 

The s i z e  of  t h i s  r e d u c t i o n  

I n  t h e  
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TABLE 1. The E f f e c t  o f  Uncer ta in t i es  i n  the Operat ing Power 
on Uncer ta in t i es  i n  the  Decay Power f o r  a BWR 

Decay 
Time 

(seconds) 

0 .  
1.00E-01 
1.50E-31 
2.00E-01 
3.00E-01 
4.03E-01 
6.OOE-0 I 
a.00E-01 
1.00E+00 
1.50EtG0 
2.00Et00 
3.00Et00 
4.00EtGir 
6.00E+00 
8.09E+00 
1 . O O E + S l  
1.5OEt01 
2. OOEtO 1 
3.00E'Ol 
4.00Ec01 
6 .OOE+01 
e. OOEtOl 
1 . O O E + O ?  
1.50Et02 
2.00€+02 
3.0QE+O2 
4.00Et02 
6.00Et02 
S.OOE+O? 
1.00€+03 
1.50EtO3 
2.03E+03 
3.0OEt03 
4.00Et03 
6.00Et03 
8.OGE+03 
1.00E+@4 

OY 
3.5 
3.8 
3.7 
3.7 
3.7 
3.7 
3.7 
3.7 
3.7 
3.1 
2 . 5  
2.7 
2.6 
2.5 
2.4  
2.4 
2.3 
2.3 
2.3 
2 . 2  
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.0 
2.0 
2 . 0  

Total Decay Power Percent Uncertainties 

1 

3.9 
3.9 
3.9  
3.9 
3.8 
3.6 
3.8 
3.8 

3.3 
3.0 
2.9 
2.8 
2.7 
2.6 
2.6 
2.5 
2.5 
2.5 
2 . 4  
2.4 
2 . 3  
2.3 
2.3 
2.3 
2.3 
2.3 
2.3 
2.3 
2.3 
2.3 
2.3 
2.3 
2.3 
?:2 
2.3 
2.3 

3.9 

3 
4.6 
4.8 

4.8 
4.8 
4.8 
2.8 
4.7 
4 . ?  
4.3 
4.1 
4.1 
4.0 
3 . 9  
3.9 
3.9 
3.8 
3.8 
3 . 8  
3 .? 
3.7 
3.7 
3.7 
3.7 
3.7 
3 .? 
3.6 
3.6 
3.6 
3.6 
3.6 
3.6 
3 . L  
3.6 
3.6 
3.6 
3.6 

4.8 

5 

6.3 
6 . 3  
6.2 
6.2 
6.2 
6.2 
6.2 
6 .? 
6.2 
5.P 
5.7 
5.7 
5.7 
5.4 
5.6 
5 . 6  
5.5 
5 . 5  
5.5 
5.9 
5 .4  
5.4 
5.4 
5.4 
5 .4  
5 .4 
d . 4  
5.4 
5.4 
5.4 
J . 4  
5.4 
5 . 4  
5.4 
5.4 
5.4 
5.4 

c 

r 

10 

10.7 
10.7 
10.7 
10.7 
10.7 
10.7 
10.7 
10.7 
10.6 
10.5 
10.4 
10.4 
1 G.3 
10.3 
10.3 
10.3 
10.3 
10.3 
18.3 
10.2 
10.2 
10.2 
10.2 
10.2 
10.2 
10.2 
10.2 
10.2 
10.2 
10.2 
10.2 
10.2 
10 .2 
10.2 
10.2 
10.2 
10.2 

1( Percent Unc+rtaintY in Operating Power 



Decay 
Time 

(seconds) 
0 .  
1.00E-01 
1.5Oi-01 
2.0OE-01 
3.00E-01 
4.00E-31 
6.00E-01 
3.00E-01 
1.00Et00 
1.5OEtOO 
2.OQE+OO 

4.0CE+00 
6 . 0 0 E i 0 3  
8.00Et00 
1 .OOE+Ol 
1.50E.t.01 
?.OOE+O t 
3.OOE+O 1 
4.09EtO 1 
6.OOE+O i 
8.00Et01 
1.00E+02 
1.59Et02 
2.0OEtO2 
3 . G O E t Q 2  

6.00Et.02 
8.00Et02 
1.00Et03 
1. 5OE+03 
2.Oi)E+03 
3.0OE+03 
4 .  C3E+OZ 
6.30Et.03 
8. !10E+03 
l.OOE+r)4 

~ . O O E + O O  

4.OOEt02 
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TABLE 2. The Reduction i n  the  Standard 235U 
Decay Power for  LWR's 

Standard 

Decay 
Power 
6.53 
6.51 
6.48 
6.45 

6.35 
6.27 
6.20 
5.12 
5 . 9 6  
5.61 
5.59 
5.39 
5.10 

4.73 
4.42 
4.21 
3.72 
3.72 
3.43 
3.24 
3 . 0 9  
2.84 
2.68 
2.47 
2.33 
2.11 
2.00 
1.89 
1 .?O 
1.57 
1.38 
1.27 
1.12 
1.02 

. 9 6  

235u 

6.40 

4.a3 

96 Reduction in Uncertaintv Total 
Decay Poz;or for  LWRX 

without 
neutron capture 

1.9 
2.0 
2.@ 
2.1 
2.2 
2.2 
2.4 
2.4 
2.5 
2.6 
2 . 9  
3.1 
3.2 
3.5 
3.6 
3.9 
4.0 
4.1 
4.4 
4.6 
5.0 
5.2 
5.4 
5.7 
6.0 
6.4 
6.6 
7.1 
7.4 
7.7 
8.4 
9 . 0  
9.7 
10.4 
11.3 
11.6 
12.1 

W i t h  
neutron caplure ( % ) 

1.6 
I .7 
1.8 

1 .? 
1.9 
2.1 
2.1 
2.2 
2.3 
2.6 
2.8 
2 .? 
3.2 
3.3 
3.4 
3.6 
3.8 
4.1 
4.2 
4.6 
4.8 
5.0 
5.3 
5 .6  
6.0 
6 . 2  
6.6 
6 . 9  
7.2 
7 .? 

9 . 0  
9.6 
10.1 
10.2 
10.6 

1 .a 

8.4 

3.8 
3 . 8  
3 .? 
3.7 

3.7 
3.7 
3.7 
3.7 
3.1 
2.8 
2.7 
2. & 
2.5 
2.4 
2.4 
2.3 
2.3 
2.3 
2.2 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.1 
2.0 
2.0 
2 .O 

3.7 
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TESTING OF ENDF/B CROSS SECTION DATA I N  THE 

CALIFORNIUM-252 NEUTRON BENCHMARK FIELD 

W .  Mannhart 
Physikalisch-Technische Bundesanstal t  

D-3300 Braunschweig, FR Germany 

ABSTRACT 

The f i s s i o n  neut ron  f i e l d  of C f - 2 5 2  p re sen t ly  r ep re -  
s e n t s  one of t h e  most well-known neutron benchmark f i e l d s .  
For 13 neutron r e a c t i o n s  which a r e  of  importance i n  r e a c t o r  
metrology, measurements of spectrum-averaged c r o s s  sec- 
t i o n s ,  <o> ,  performed i n  t h i s  neutron f i e l d  were compared 
wi th  c a l c u l a t e d  average c r o s s  s e c t i o n s .  This  comparison 
a l lows  t o  draw conclusions as t o  t h e  q u a l i t y  of  d i f f e r e n t  
a (E)-da ta  taken  from ENDF/B-IVY ENDF/B-V*and from r e c e n t  
experiments and used i n  t h e  c a l c u l a t i o n  of average c r o s s  
s e c t i o n s .  
regard ing  t h e  d i f f e r e n t  u n c e r t a i n t y  c o n t r i b u t i o n s  of <a>, 
a(E) and of t h e  s p e c t r a l  d i s t r i b u t i o n  of  Cf-252 f i s s i o n  
neut rons .  Add i t iona l ly ,  i n  a few examples, s e n s i t i v i t y  
s t u d i e s  were c a r r i e d  o u t .  The s e n s i t i v i t y  of  t h e  spectrum- 
averaged c r o s s  s e c t i o n s  t o  i n d i v i d u a l  c h a r a c t e r i s t i c s  of 
t h e  a (E)-da ta ,  such as normal iza t ion  f a c t o r s  o r  s h i f t s  i n  
t h e  energy scale,  w a s  i n v e s t i g a t e d .  S i m i l a r l y  t h e  s e n s i -  
t i v i t y  of <o> t o  t h e  s p e c t r a l  d i s t r i b u t i o n  of  Cf-252 was 
determined. 

The comparison inc ludes  an u n c e r t a i n t y  a n a l y s i s  

INTRODUCTION 

I n  nuc lear  des ign  c a l c u l a t i o n s  t h e  accuracy s t r o n g l y  depends on t h e  
unce r t a in ty  of both computat ional  models and nuc lear  c r o s s  s e c t i o n  d a t a .  
For co re  and s h i e l d  des ign  of fast  r e a c t o r s  or f u s i o n  r e a c t o r s ,  f o r  
example, an  almost d i r e c t  r e l a t i o n  between t h e  u n c e r t a i n t y  of ca l cu la -  
t i o n s  and f i n a n c i a l  c o s t  is g iven .  Therefore ,  i n  r e c e n t  y e a r s  much 
e f f o r t  has  been concent ra ted  on improving t h e  accuracy ,  
computat ional  methods, t h e  main source  of u n c e r t a i n t y  is now due t o  
t h e  neutron c r o s s  s e c t i o n  d a t a .  
d e c i s i o n s  as t o  t h e  q u a l i t y  of  c r o s s  s e c t i o n  d a t a  i s  t o  compare measure- 
ments of i n t e g r a l  parameters ,  such as neutron m u l t i p l i c a t i o n  or reac-  
t i v i t y ,  wi th  c a l c u l a t e d  r e s u l t s .  
neutron t r a n s p o r t  equat ion  f o r  a complex system, t h e  aforementioned 
procedure raises problems wi th  reg r d  t o  t h e  a t t r i b u t i o n  of  uncer ta in-  
t i e s  t o  i n d i v i d u a l  c r o s s  s e c t i o n s .  
* I t  should be understood t h a t  t h e  o f f i c i a l  ENDF/B-V Dosimetry F i l e  had 
n o t  been r e l e a s e d  a t  t h e  t i m e  t h i s  paper w a s  prepared.  
cons idered  are p r e l i m i n a r x  ENDF/B-V and may n o t  be t h e  same as those  
which w i l l  be i n  t h e  o f f i c i a l  ENDF/B-V release. 

With r e f i n e d  

A u sua l  a t tempt  t o  deduce q u a n t i t a t i v e  

Apart from t h e  problem of  so lv ing  t h e  

? 

The d a t a  
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A similar s i t u a t i o n  is g iven  i n  t h e  f i e l d  of r e a c t o r  dosimetry.  
The development of accu ra t e  and r e l i a b l e  r e a c t o r  dosimetry techniques  
i s  of no minor importance because s a f e t y - r e l a t e d  and economic ques t ions  
such as t h e  d u r a b i l i t y  of r e a c t o r  p re s su re  v e s s e l s  or t h e  f u e l  c y c l e  
management are inc luded .  
by t h e  measurement of r e a c t i o n  ra tes  of neut ron  dosimetry monitors  i n  
more or less well-known neut ron  f i e l d s  and t h e  subsequent c o r r e l a t i o n  
of t h e s e  d a t a  wi th  q u a n t i t i e s  such as neut ron  f l u x  d e n s i t y ,  f l u e n c e ,  
burn up, damage r a t e s  e t c .  
which can be app l i ed  f o r  power r e a c t o r s  dur ing  r o u t i n e  ope ra t ion ,  t h e  
v e r i f i c a t i o n  of  t h e  measuring methods i n  neutron benchmark f i e l d s  is 
a u s e f u l  i n t e rmed ia t e  s t a g e .  Such benchmark f i e l d s  must have a h igh  
degree of  r e p r o d u c i b i l i t y  and well-known s p e c t r a l  p r o p e r t i e s .  
a d d i t i o n ,  they should be of  a s t r u c t u r a l  s i m p l i c i t y  t o  f a c i l i t a t e  t h e  
i n t e r p r e t a t i o n  of  experimental  r e s u l t s  by c a l c u l a t i o n .  
t y  of  t h e  above-mentioned q u a n t i t i e s  der ived  from r e a c t i o n  rates 
measured i n  such benchmark f i e l d s  mainly depends on t h e  v a l i d i t y  of 
t h e  neutron c r o s s  s e c t i o n s  used i n  t h e  c o r r e l a t i o n  procedure.  Today, 
neut ron  benchmark f i e l d s  are t h e r e f o r e  mainly used f o r  t h e  v a l i d a t i o n  
and improvement of t h e  neut ron  c r o s s  s e c t i o n  d a t a  base .  

The t o p i c  of  r e a c t o r  dosimetry may be  descr ibed  

I n  t h e  development of a measuring technique  

I n  

The c r e d i b i l i -  

The spontaneous f i s s i o n  neutron f i e l d  of  Cf-252 w a s  r e c e n t l y  
c l a s s i f i e d  as belonging t o  t h e  group of t h e  be t known neut ron  bench- 
mark f i e l d s ,  c a l l e d  "Standard Neutron Fie lds" .  I n  t h e s e  s t anda rd  
neutron f i e l d s ,  t h e  cons is tency  between measured spectrum-averaged 
c r o s s  s e c t i o n s  and those  c a l c u l a t e d  by forming t h e  i n t e g r a l  over  t h e  
energy-dependent c r o s s  s e c t i o n  d a t a  weighted wi th  t h e  well-known spec- 
t r a l  d i s t r i b u t i o n ,  b r i e f l y  c a l l e d  "folding",  is  a va luab le  i n d i c a t i o n  
t h a t  t h e  energy-dependent c r o s s  s e c t i o n  d a t a  are c o r r e c t .  I n  such a 
cons is tency  t e s t  of  neutron c r o s s  s e c t i o n  d a t a ,  it is of  course  de- 
s i r a b l e  t o  u s e  benchmark f i e l d s  wi th  neutron s p e c t r a  resembling those  
of power r e a c t o r s .  gowever, such benchmark f i e l d s  as, f o r  example, 
C C ,  CFRMF or Big-10 p r e s e n t l y  show a pQorer  cons is tency  between 
measured and c a l c u l a t e d  r e a c t i o n  ra tes .  Moreover, it becomes d i f f i -  
c u l t  t o  dec ide  which i n c o n s i s t e n c i e s  a r e  due t o  neutron c r o s s  s e c t i o n  
d a t a  or due t o  u n c e r t a i n t i e s  i n  t h e  neutron spectrum. 

9 -  

AVERAGE CROSS SECTIONS I N  THE NEUTRON FIELD OF CALIFORNIUM-252 

The d e c i s i o n  on t h e  q u a l i t y  of energy-dependent c r o s s  s e c t i o n  
d a t a ,  a ( E ) ,  is based on t h e  agreement between measured average  c r o s s  
s e c t i o n s ,  <a> and those  obta ined  by c a l c u l a t i o n :  

03 
M Y  

<a>C = J O ( E )  X8*(E) dE (1) 
0 

x ~ ~ ( E >  being t h e  normalized s p e c t r a l  d i s t r i b u t i o n  of t h e  Cf-252 f i s s i o n  
spectrum. I n  comparing both measured and c a l c u l a t e d  average c r o s s  
s e c t i o n s ,  t h r e e  independent ly  measured q u a n t i t i e s  appear :  t h e  average 
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c r o s s  s e c t i o n ,  t h e  s p e c t r a l  d i s t r i b u t i o n  and t h e  energy-dependent c r o s s  
s e c t i o n .  To o b t a i n  a f a i r  cons is tency ,  a l l  t h e s e  q u a n t i t i e s  have t o  
be determined as w e l l  as p o s s i b l e .  

Mea s u r  e m  en t s 

The measurement of <a> r e q u i r e s  a c a r e f u l  a c t i v i t y  measurement 
and t h e  de te rmina t ion  of t h e  neutron f l u x  d e n s i t y .  
neut ron  f l u x  d e n s i t y  de te rmina t ion ,  i n  p a r t i c u l a r ,  becomes s impler  
i n  t h e  case of Cf-252 than  i n  o t h e r  benchmark f i e l d s  and can be r e -  
l a t e d  t o  a neutron source  s t r e n g t h  measurement (us ing  a manganese ba th  
or waterbath method). For a l o t  of neutron r e a c t i o n s  average c 
s e c t i o n s  i n  t h e  Cf-252 neut ron  spectrum have been defsrmined. 
A sys t ema t i c  l i s t  of  t h e  r e s u l t s  i s  g iven  elsewhere.  

NBS and f o r  non-f i ss ion  r e a c t i o n s  a t  t h e  PTB. 

The problem of t h e  

5-uiSS 

The most 
acc r t e  <a>-measurements were done f o r  f i s s i o n  c t i o n s  a t  t h e  2 Y e  

Calcu la t ions  

Average c r o s s  s c ions  were c a l c u l a t e d  f o r  a l l  neut ron  r e a c t i o n s  
measured a t  t h e  PTB. I n  t h i s  c a l c u l a t i o n  t h e  s p e c t r a l  d i s t r i b u t i o n  
of Cf-252 neutrons was fo lded ,  analogous t o  eq .  1, us ing  va r ious  a (E) -  
d a t a .  lgetails  of t h e  c a l c u l a t i o n  procedure have been descr ibed  e l s e -  
where. 
dure  w i l l  be d iscussed  now. 

Only t h e  inpu t  parameters of t h e  numerical  i n t e g r a t i o n  proce- 

S p e c t r a l  d i s t r i b u t i o n  x82m 
The b e s t  d e s c r i p t i o n ,  now a v a i l a b l e ,  of t h e  f i s s i o n  spectrum of 

Cf-252 is an  eva lua t ion  by Gyyndl and Eisenhauer .  
i s  based on e i g h t  documented spectrometry experiments .  The s p e c t r a l  
d i s t r i b u t i o n  of Cf-252 is  descr ibed  by a r e f e r e n c e  Maxwellian of an average 
energy of 2.13 MeV corresponding t o  a temperature  parameter of kT = 1 . 4 2  
MeV and f i v e  continuous segment c o r r e c t i o n s  t o  t h e  referfiBge Maxwellian. 
I n  f i g .  1, t h e  r e s u l t  of t h i s  eva lua t ion  ( i n d i c a t e d  as x8* ( E ) )  i s  
p l o t t e d  r e l a t i v e  t o  a pure Maxwellian wi th  kT = 1.42  M e V .  
t a i n t y  of t h i s  eva lua t ion  (quoted a t  t h e  l a - l e v e l )  is: f. 13 % f o r  
neutron ene rg ie s  below 0.25 M e V ,  about f. 2 % between 0.25 and 8 .0  MeV, 
and about f. 10 % between 8.0 and 20 M e V .  

The eva lua t ion  

The uncer- 

3 

a(  E )-data  

I n  t h e  c a l c u l a t i o n  of average c r o s s  s e c t i o n s ,  d i f f e r e n t  sets of 
a (E)-da ta  were used. The d a t a  were taken-from t h e  "Evaluated Nuclear 

19-21 and from 18 
- Data - P i l e "  E N D F / B - ~ Y , ~ ~  from Pre l iminary  ENDF/B-v 
r ecen t .  experiments ' as f a r  as t h e  experiment covers  t h e  t o t a l  
response range of a r e a c t i o n  i n  t h e  Cf-252 f i s s i o n  spectrum. 

I t  i s  obvious t h a t  t h e  eva lua t ion  of neutron c ross  s e c t i o n s  can- 
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not  be b e t t e r  t han  t h e  d i f f e r e n t  o(E)-measurements on which t h e  evalua-  

Rel.Units 
1.1 

1 bPg 
0.8 
0.7 

Fig .  1. Ra t io  of t h e  Ana- 
l y t i c a l  S p e c t r a l  D i s t r i b u t i o n  
t o  a Pure Maxwellian wi th  kT = 
1.42 M e V .  So l id  Lines i n d i c a t e  
t h e  Energy Range of 90 %-Re- 
sponse i n  t h e  F i s s i o n  Spectrum 
O f  Cf-252 

t i o n  is based. The c r u c i a l  p o i n t  
i n  a(E)-measurements l i e s  i n  t h e  
accuracy of t h e  neut ron  f l u x  
d e n s i t y  determina ion .  A s  d i s -  
cussed elsewhere,  an  uncer- 
t a i n t y  of ? 5 % f o r  a(E)-measure- 
merits Seems t o  be -she p o s s i b l e  lower 
l i m i t  which can be obta ined  a t  
p r e s e n t .  Another important  po in t  
is t h e  completeness of  t h e  nucle- 
a r  c r o s s  s e c t i o n  d a t a  base .  For 
neut ron  r e a c t i o n s  used as ac-  
t i v a t i o n  d e t e c t o r  r e a c t i o n s ,  t h e  
energy range  of importance is 
t h e  range of d e t e c t o r  response  
i n  a f i s s i o n  f i e l d .  For th re sh -  
o l d  r e a c t i o n s ,  t h i s  energy range 
l i e s  between t h e  r e a c t i o n  th re sh -  
o l d  and about  6 MeV above i t .  
Older a(E)-measurements i n  par -  
t i c u l a r  f a i l  t o  cover  t h i s  ener-  
gy range;  they  are concent ra ted  
near  t h re sho ld  and between 13 

and15  MeV with a t y p i c a l  gap 
between 6 and 1 2  M e V .  Only re- 
c e n t l y  it became p o s s i b l e  t o  
f i l l  up t h i s  d a t a  gap,  i n  par -  
t i c u l a r ,  by us ing  improved 
a c c e l e r a t o r  techniques .  

3 

Comparison between Measurement and Ca lcu la t ion  

The d a t a  of  t h i s  comparison are summarized i n  t a b l e  1. I n  column 1 
of t a b l e  1, t h e  neut ron  r e a c t i o n s  under cons ide ra t ion  are l i s t e d  and 
ar ranged  i n  t h e  o rde r  of -Che energy ranges  of 90 %-response i n  t h e  Cf-252 
f i s s i o n  spectrum as ind ica t ed  by s o l i d  l i n e s  i n  f i g .  1. React ions 
c l a s s i f i e d  as ca tegory  I are those  f o r  which t h e  c r o s s  s e c t i o n  i s  
be l ieved  t o  be well-known over  t h e  energy response range i n  s t anda rd  
neut ron  f i e l d s  and for which c a l c u l a t e d  and measured r e a c t i o n  rates 
i n  d i f f e r e n t  f i e l d s  are c o n s i s t e n t .  I n  t h e  unfo ld ing  of r e a c t o r  
s p e c t r a  it is recommended t o  use only t h e s e  ca tegory  I r e a c t i o n s .  2 

I n  column 2 of t a b l e  1, t h e  measured average c r o s s  s e c t i o n s  and 
t h e i r  u n c e r t a i n t i e s  ( l a - l e v e l )  are g iven .  I n  columns 3 - 5 t h e  cal-  
c u l a t e d  average c r o s s  s e c t i o n s  are l i s t e d  obta ined  by f o l d i n g  d i f f e r e n t  
a (E)-da ta  wi th  t h e  above-mentioned s p e c t r a l  d i s t r i b u t i o n .  The a (E)-  
d a t a  of r e f .  22 of t h e  r e a c t i o n s  In-115(n,n1)  and In-113(n,n1)  were 
r e c a l c u l a t e d ,  t h e  reason29eing t h a t  i n  t h e  r a d i o a c t i v i t y  de te rmina t ion  
of t h e  a(E)-measurements o t h e r  va lues  have been used f o r  t h e  gamma 
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This 'work 

Table I: Comparisoii b e t w e e n  mea::ured ( C U , ~ )  ancl calculated ( C O > ~ )  average cross 

sections (in m b )  i n  t h e  757Cr fission n e u t r o n  spectrum. Cateeory I r e a c t i o n s  a r e  

underliried and candidates o f  cat. I reactions a r e  indicated h y  a b r o k e n  Line 

c o ' M / < o >  

M 
<(I> 

ref. /8,9/ 

1 1 . 0 6 6  t 0.033(0.077)~ 

76.2 .t 1.8 

124.1 t 3 . 6  

195 5 

160 f 4 

18.9 0.4 

118 _+ 3 

84.6 f 2 . 0  

39.4 f 1.0 

13.8 0 . 3  

1.450 t 0 . 0 3  

0 . 4 2  f 0.01 

1.006 _+ 0.02 

5.50 t 0.111 

:NDF/B -1V' 

79.91 

130.3 

175.5 

23.85 

115.0 

89.09 

12. 5 2  

1.476 

0.2653 

1.059 

5.037 

:NDF/B-V* 

76. 50a) 

b )  181.9 

24.06') 

13.46') 

0. 409zc: 

5 .  6 4 I j a )  

other 

1 1 3  . O e )  

e 5 . 5 e e )  

37.31e) 

ENDF/B-IV 

0.954 0.047(0.069) 

,0.952 * 0.043(0.109)~ 

1.111 z 0.033(0.105) 

0.793 2 0.032(0.105) 

/1.026 t 0.035(0.106j 

0.950 0.034(0.106) 

1.102 t 0.040(0.108) 

10.982 t O.O57(6%7q 

1.584 0.074(0.124) 

10.950 t O.O76(O.%Gq 

1.092 0.103(0.144) 

* 
ENDF/B-V 

0.996 t 0.047(0.069)1 

1.072 z 0.033(0.096) 

0.786 0.032(0.077) 

1.025 t 0 . 0 4 0 ( 0 . 0 8 0 ) 1  

1.026 t 0.071(0.099)1 

_- 
0.974 0 . 1 0 3 ( 0 . 1 4 4 )  

other 

1 1 . 0 5 6  0.034(0.078)1 

t ENDF/B-IV Tape 412 a) ref. /19/ c) ref. /21/ e) ref. /23/ 

!k ENDF/B-IV Tape 411 b )  ref. /20/ d) ref. /22/ 

5 o(E)-data renormalized; see text 

* It should be understood tha t  the o f f i c i a l  ENDF/B-V Dosimetry F i l e  had not been released a t  the 
The data considered a re  preliminary ENDF/B-V and m a y  not be the time t h i s  paper was prepared. 

same as those which w i l l  be i n  the o f f i c i a l  ENDF/B-V release.  
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emission p r o b a b i l i t y  than i n  t h e  <a>-measurement . 
renormalized t o  t h e  more r e l i a b l e  emission p r o b a b i l i t i e s  used i n  r e f .  9 .  
This shows t h a t  i n  such comparisons one has t o  check c a r e f u l l y  whether 
t h e  d a t a  t o  be compared were determined under t h e  same cond i t ions .  

The a(  E )  -data  were 

The c r i t e r i o n  of cons is tency  between measured and c a l c u l a t e d  aver-  
age c r o s s  s e c t i o n s  i s  expressed by t h e  r a t i o  <a> /<a> given  i n  t h e  
l as t  columns of t a b l e  1. I n  order  t o  g e t  an  impression as t o  which 
cons is tency  i s  v a l i d ,  t h e  unce r t a in ty  of t h i s  r a t i o  was a l s o  c a l c u l a t e d .  
The quoted unce r t a in ty  comprises t h e  unce r t a in ty  of t h e  <a>-measurement 
and of t h e  s p e c t r a l  d i s t r i b u t i o n ,  x ~ ~ ( E ) .  
c o r r e l a t e d  q u a n t i t i e s ,  t h e  r e s u l t i n g  unce r t a in ty  was c a l c u l a t e d  on 
quadra t i c  e r r o r  propagat ion.  The unce r t a in ty  of x (E) i n  d i f f e r e n t  
energy ranges (see above) w a s  a l s o  assumed t o  be uncorre la ted  and was 
taken i n t o  account by weighting t h e  va r ious  u n c e r t a i n t i e s  wi th  t h e  
corresponding po r t ion  of t h e  t o t a l  response i n  each neutron energy 
range.  The unce r t a in ty  of t h e  <a> /<a> -values given i n  b racke t s  addi-  
t i o n a l l y  inc ludes  t h e  unce r t a in ty  of t h e  a (E)-da ta .  
are p resen t ly  a v a i l a b l e  f o r  t h e  o(E)-da ta ,  t h e  cons ide ra t ion  of t h e  
unce r t a in ty  of t h e  a (E)-da ta  w a s  done only i n  a t e n t a t i v e  way. 
u n c e r t a i n t i e s  over t h e  response range i n  t h e  Cf-252 f i s s i o n  spectrum 
were assumed or ca lcu la t ed  (without  cons ider ing  c o r r e l a t i o n s )  f o r  t h e  
o(E)-da ta .  For a l l  neutron r e a c t i o n s  of ENDF/B-IV and t h e  two gold 
r e a c t i o n s  of ENDF/B-V,*the unce r t a in ty  of t h e  a (E)-da ta  was assumed t o  
be 5 5 % f o r  category I r e a c t i o n s  and 5 10 % f o r  o the r  r e a c t i o n s .  For 
t h e  remaining a(E)-da ta ,  an average unce r t a in ty  of k 9 % w a s  c a l c u l a t e d  
for t h e  d a t a  of r e f .  20 and of 5 7 % f o r  t h e  d a t a  of t h e  r e f .  2 1  - 23. 

M C  
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M C  A s  no e r r o r  f i l e s  

Global 

Generally t h e  average c r o s s  s e c t i o n s  ca l cu la t ed  bv means of t h e  ENDF/B-V* 
d a t a  show a b e t t e r  agreement with t h e  measurements than  those  ca l cu la t ed  
by means of t h e  ENDF/B-IV c r o s s  s e c t i o n  d a t a .  In  t h e  case of t h e  r e -  
a c t i o n  Ti-46(n,p) a small s h i f t  i n  t h e  energy s c a l e  near  t h e  r e a c t i o n  
th re sho ld  is  mainly r e spons ib l e  €or t h e  b e t t e r  cons is tency  of t h e  
ENDF/B-V*data. For Ti -48(nYp)  experimental  c r o s s  s e c t i o n  d a t a  i n  t h e  
main energy response range of Cf -252  were not  y e t  a v a i l a b l e  i n  t h e  cal-  
c u l a t i o n  of t h e  ENDF/B- IV d a t a  f i l e .  T h e - l a r g e  dev ia t ions  of t h e  
<azM/<a> -da ta  from u n i t y  f o r  In-113(nYn’)  and Ti-47(nYp) cannot o r ig -  
i n a t e  from an inadequate  d e s c r i p t i o n  of t h e  neutron spectrum, as re- 
a c t i o n s  with s imilar  energy response ranges ( s e e  f i g .  1) such as 
I n - l i 5 ( n Y n ’ )  and Ni-58(nYp) show a s a t i s f a c t o r y  cons is tency .  

C 

The l a r g e  unce r t a in ty  of t h e  s p e c t r a l  d i s t r i b u t i o n  f u n c t i o n  a t  
low and high neutron ene rg ie s  has only l i t t l e  importance f o r  t h e  con- 
s i s t e n c y  t e s t .  For t h e  two nonthreshold r e a c t i o n s ,  Au-197(nYy) and 
In-115(nYy) ,  only 18 % and 10 %, r e s p e c t i v e l y ,  of t h e  t o t a l  response 
a r e  below 0.25 MeV where t h e  unce r t a in ty  of x8 (E) is ? 1 3  %. 
o the r  range of high unce r t a in ty  i n  t h e  s p e c t r a 3  d i s t r i b u t i o n  (about  
? 10 %) i s  above 8 M e V .  
which is  above 8 MeV, is  58 %, 66 % and 100 % f o r  t h e  r e a c t i o n s  
T i -48 (nYp) ,  A1-27(nYa) and Au-197(nY2n), r e s p e c t i v e l y .  The good 
consis tency of t h e  <a> /<a> -da ta  f o r  t h e s e  r e a c t i o n s  i n d i c a t e s  t h a t  

The 

The po r t ion  of t h e  t o t a l  energy response ,  

M C  

*Preliminary ENDF/B-v (see foo tno te  on t i t l e  page ) .  
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t h e  s p e c t r a l  d i s t r i b u t i o n  o f .  r e f .  1 6  desc r ibes  t h e  Cf-252 spectrum i n  
a s a t i s f a c t o r y  way a t  h igh  ene rg ie s .  

Table 1 i n d i c a t e s  f o r  which energy-dependent c r o s s  s e c t i o n  d a t a  a 
maximum cons is tency  between measured and c a l c u l a t e d  average c r o s s  sec- 
t i o n s  w a s  ob ta ined .  I t  w a s  found t h a t  a c o n s i s t e n t  s e t  of  a (E)-da ta  
can be obta ined  by combining information from t h e  ENDF/B-IV f i l e ,  from 
t h e  ENDF/B-V*file and from r e c e n t  experiments.  With regard  t o  t h e  
u n c e r t a i n t y  of t h e  r a t i o  <a> /<a> , one can s ta te  t h a t  f o r  most reac- 
t i o n s  t h e  cons is tency  is g iven  wiqhin ? 5 %. 
any adjustment  of t h e  a (E)-da ta  wi th in  ? 5 % is r a t h e r  dubious.  

M This  means t h a t  p re sen t ly  

SENSITIVITY STUDIES 

The r e s u l t s  of t a b l e  1 a l low t o  draw only g l o b a l  conclusions as t o  
t h e  adequacy of a (E) -da ta .  Any adjustment  f a c t o r  der ived  from t h e  f i g -  
u r e s  of t a b l e  1 may, of course ,  compensate e x i s t e n t  d i s p a r i t i e s  between 
measured and c a l c u l a t e d  average c r o s s  s e c t i o n s .  However, one has  t o  
keep i n  mind t h a t  such an adjustment impl ies  a doub t fu l  s i m p l i f i c a t i o n  
as it assumes t h e  energy-dependent c r o s s  s e c t i o n  being s h i f t e d  by t h e  
same f a c t o r  i n  t h e  t o t a l  neutron energy range.  Moreover, an a d j u s t -  
ment of  a (E)-da ta  made t o  o b t a i n  convenient cons is tency  i n  r e a c t o r  
.dosimetry neg lec t s  t h e  imp l i ca t ion  of neutron c r o s s  s e c t i o n s  wi th  
o t h e r  nuc lear  technologies  and may y i e l d  i n c o r r e c t  r e s u l t s  i n  o t h e r  
a p p l i c a t i o n s .  Contrary t o  t h a t ,  it i s  a u s e f u l  procedure t o  inves-  
t i g a t e  t h e  dependance of  average c r o s s  s e c t i o n s  on d e t a i l e d  p r o p e r t i e s  
of t h e  energy-dependent nuc lear  c r o s s  s e c t i o n  d a t a .  I t  is of s p e c i a l  
importance how an u n c e r t a i n t y  i n  t h e  a (E)-da ta  affects  t h e  c a l c u l a t e d  
average c r o s s  s e c t i o n s .  Such s ta tements  can be der ived  from t h e  sen-  
s i v i t y  s t u d i e s  descr ibed  below. S i m i l a r  s t u d i e s  or t h e  f i s s i o n  neu- 
t r o n  f i e l d  of U-235 have a l r eady  been publ i shed .  2 c  

S e n s i t i v i t y  of  < D >  t o  Indiv idua l  P r o p e r t i e s  of t h e  a(E)-Data 

S e n s i t i v i t v  t o  an E r r o r  6a i n  a ( E )  

Within a smallenergy i n t e r v a l  ( E  ,E ),  t h e  energy-dependent neu- 2 
t r o n  c r o s s  s e c t i o n  can be assumed t o  &e a cons t an t ,  ; .e. o(E)  E 0. 

If one changes t h e  c r o s s  s e c t i o n  by a g iven  amount, 6 0 ,  t h e  r e l a t i v e  
change of t h e  average c r o s s  s e c t i o n  of eq .  1 i s  descr ibed  by: 

6<o>/<a>(E1,E2) = (60/a) f $ ( E )  xB2(E) dE /<a> (2) 

6<a> a l s o  meaning t h e  unce r t a in ty  of t h e  average c r o s s  s e c t i o n  caused 
by t h e  unce r t a in ty ,  &a,  of  t h e  energy-dependent c r o s s  s e c t i o n .  
i n t e g r a l  term i s  t h e  f r a c t i o n a l  c o n t r i b u t i o n  t o  t h e  average c r o s s  
s e c t i o n  which r e s u l t s  from t h e  energy i n t e r v a l  (E1,E2). 

*Prel iminary ENDF/B-v (see footnote on title page ) .  

The 

The quan- 
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t i t y  (6<a>/<a>)/(6a/a) is  u s u a l l y  c a l l e d  r e l a t i v e  s e n s i t i v i t y  or sen-  
s i t i v i t y  c o e f f i c i e n t .  From eq. 2 one can see immediately t h a t  t h e  i n t e -  
g r a l  o f  t h e  s e n s i t i v i t y  c o e f f i c i e n t  o v e r  all e n e r g i e s  y i e l d s  u n i t y .  
E q .  2 d e s c r i b e s  i n  p a r t i c u l a r  t h e  i n f l u e n c e  on t h e  a v e r a g e  c r o s s  
s e c t i o n  due t o  t h e  n o r m a l i z a t i o n  of  a(E)-measurements;  i . e .  due t o  
t h e  n e u t r o n  f l u x  d e n s i t y  n o r m a l i z a t i o n .  The i n f l u e n c e  of  a f u r t h e r  
s o u r c e  of u n c e r t a i n t y  on a ( E ) - d a t a  w i l l  b e  d i s c u s s e d  i n  t h e  n e x t  chap- 
t e r .  

S e n s i t i v i t v  t o  a n  Energv S h i f t  6E 

R e c e n t l y  it had been d i s c u s s e d  t h a t  i n a d e q u a c i e s  i n  t h e  n e u t r o n  
energy d e t e r m i n g i i o n  a t  monoenerget ic  o(E)-measurements might  c a u s e  
some c o n f u s i o n .  An i n c o r r e c t  n e u t r o n  energy scale can a l s o  be 
caused ,  for example, by a n  i n s u f f i c i e n t  t r e a t m e n t  of  t h e  energy l o s s  
of  charged p a r t i c l e s  i n  t h e  neutron-producing t a r g e t .  By assuming a 
small u n c e r t a i n t y  i n  t h e  n e u t r o n  energy ,  6 E ,  t h e  r e l a t i o n  between t h e  
n e u t r o n  c r o s s  s e c t i o n s  w i t h  and w i t h o u t  t h i s  u n c e r t a i n t y  i s :  

( 3 )  
2 

o(E t 6 E )  = a(Eo)  t 6E a'(Eo) t ( & E )  /2 o"(Eo) t . . .  
0 

where a' and a'' are t h e  f i rs t  and s e c o r d d e r i v a t i v e s  of o ( E )  w i t h  re-  
s p e c t  t o  t h e  energy E .  Both q u a n t i t i e s  depend s t r o n g l y  on t h e  s l o p e  
of  t h e  e x c i t a t i o n  f u n c t i o n  of  a n e u t r o n  r e a c t i o n .  For t h r e s h o l d  
r e a c t i o n s  t h e  maximum s l o p e  is around t h r e s h o l d  energy .  I n  t h i s  
energy r a n g e  t h e  c r o s s  s e c t i o n  i n c r e a s e s  n e a r l y  e x p o n e n t i a l l y ,  i . e . :  

and changes by up t o  a f a c t o r  of 5 p e r  MeV ( i n  t e r e a c t i o n  I n - 1 1 5 ( n Y n ' ) ,  
f o r  example) which cor responds  w i t h  a s 1 . 6  MeV . I n s e r t i n g  e q .  4 
i n  eq. 3 y i e l d s :  

-P 

D ( E  t 6 ~ )  = a(~) rl t &E a t 1/2 !6E!2a3- t ...I ( 5 )  

-1 Wtth an  u n c e r t a i n t y  i n  t h e  n e u t r o n  energy of  30 keV and a ~ 1 . 6  MeV , 
t h e  q u a d r a t i c  term of  eq. 5 is of  t h e  o r d e r  of  0 . 1  % and can  be neg- 
l e c t e d .  Then t h e  r e l a t i v e  u n c e r t a i n t y  o f  t h e  average  crcss s e c t i o r .  
due t o  a small energy s h i f t ,  6 E ,  i n  t h e  energy i n t e r v a l  ( E 1 , E 2 )  i s  
g i v e n  by: 

( 6 )  
E2 

d < u > / < u > ( E  /E  ) = 6E l a ' ( E )  x ~ ~ ( E )  d E / < a >  1 2  

with  6E i n  MeV. 

S e n s i t i v i t y  of <a> t o  t h e  S p e c t r a l  D i s t r i b u t i o n  

The r e l a t i o n  between t h e  u n c e r t a i n t y ,  6 x p 2 ,  of t h e  s p e c t r a l  d i s -  
t r i b u t i o n  and t h e  cor responding  uncer ta . in ty  o <a> can be o b t a i n e d  
from e q .  2 by r e p l a c i n g  (ba/u) by (Ax /x  1. Another f e a s i b i l i t y  82 82 
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is  t o  desc r ibe  t h e  C f - 2 5 2  neutron spectrum by a pure Maxwelltan (wi th  
T kT) 

and t o  analyze t h e  dev ia t ions  from eq.  7 by a v a r i a t i o n ,  6 T ,  i n  t h e  
temperature  parameter T .  I n  t h i s  procedure one o b t a i n s  an  i n t e g r a l  
s e n s i t i v i t y  r e l a t i o n  o f :  

( 8 )  
T 2 3 

6<o>/<a> = ( 6 T / T )  B1 + ( 6 T / T )  B2  + ( 6 T / T )  B3 + ... 
w i t h  

B1 A1 - 3/2  

B2  = 15/8 - 5/2 A1 + 1 / 2  A 2  

35/8 A1 - 7/4  A 2  + 1/6  A3 - 35/16 B3 

and with 
m m 

Calcu la t ions  of eq.  8 were done for T = 1.42 MeV. The r e s u l t s  w i l l  
be d iscussed  below. 

Examples 

Based on eq.  2 and on eq.  6 and us ing  t h e  s p e c t r a l  d i s t r i b u t i o n  
of r e f .  1 6 ,  s e n s i t i v i t i e s  of c r o s s  s e c t i o n s  averaged over t h e  f i s s i o n  
spectrum of Cf-252 were c a l c u l a t e d .  
s e n s i t i v i t y  c o e f f i c i e n t s  per  l e tha rgy  width Ap = l n (E  /E ) with  E >E 
F ig .  2 shows t h e  r e s u l t  f o r  t h e  r e a c t i o n  In -115(nYn ' )  an4 t h e  o(E?- 
d a t a  of r e f .  2 2 .  F ig .  3 is v a l i d  f'or t h e  r e a c t i o n  Au-l97(n,2n) and 
t h e  cross s e c t i o n  d a t a  of r e f .  1 9 .  

The r e s u l t s  were p l o t t e d  as 

1' 2 

I n  t h e  upper p a r t  of both f i g u r e s ,  t h e  s e n s i t i v i t y  p r o f i l e  f o r  
a normal iza t ion  of  t h e  a (E)-da ta  is g iven .  By t h e s e  graphs,  t h e  
na tu re  of t h e  in f luence  of a change i n  t h e  a (E) -da ta  on t h e  average 
c r o s s  s e c t i o n  can be e a s i l y  determined. Consider t h e  fol lowing ex- 
ample: what i s  t h e  percent  change i n  <a> due t o  a 10 % uniform de- 
c rease  of t h e  In -115(nYn ' )  c r o s s  s e c t i o n  i n  t h e  energy range from 
2 . 2  t o  3 .0  MeV? From t h e  upper p a r t  of f i g .  2 one o b t a i n s  a va lue  
of t h e  r e l a t i v e  s e n s i t i v i t y  p e r  u n i t  l e t h a r g y  of t 0.80 for t h e  range 
from 2 . 2  t o  3.0 MeV.  Then t h e  change of <a> is  g iven  by: 

6<a>/<u> 0.80 ln (3 .0 /2 .2 )  (-0.10) = -0.0248 

This  means t h a t  t h e  above-mentioned change i n  t h e  c r o s s  s e c t i o n  re- 
duces t h e  average c r o s s  s e c t i o n  by 2.48 %. (The c o r r e c t  va lue  is 
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In(n,n')1151nm A N L / N D M -  11, 1 1 5  

SENSIlIVITV OF -0. 10 D I E )  

. I.M.", u ... 70 .,,, 

SENSITIVITI OF -0.  TO TNEROV SHIFT df 

F i g .  2 .  S e n s i t i v i t y  P r o f i l e s  f o r  1151n(n,nf) 
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l g 7  A u (n, 2 n ) l g 6  A u (REF, 19) 

. UMl". " .C 7. .," 

. -II. " ... 1, uun m .I 

107 
1 3  I 

F i g .  3 .  S e n s i t i v i t y  P r o f i l e s  for Au(n,2n) 
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- 2.46 % obta ined  by us ing  numerical  d a t a  not  g iven  h e r e ) .  

I n  t h e  lower p a r t  of t h e  f i g s .  2 and 3 t h e  s e n s i t i v i t y  p r o f i l e  f o r  a 
s h i f t  i n  t h e  energy scale of t h e  a (E)-da ta  is p l o t t e d .  Assuming t h a t  
t h e  a (E)-da ta  of  t h e  r e a c t i o n  Au-197(nY2n) a r e  sub jec t ed  t o  an uncer- 
t a i n t y  of  20 keV over  t h e  t o t a l  neutron energy range ,  t h i s  corresponds 
t o  a r e l a t i v e  u n c e r t a i n t y  i n  t h e  energy scale of 0.25 % a t  t h e  r e -  
a c t i o n  th re sho ld  energy. From t h e  d a t a  of f i g .  3 fo l lows  t h a t  such a s h i f t  
of  20 keV would change t h e  average cross s e c t i o n  by 1.33%, whereby 902 of t h e  
t o t a l  effect  are due t o  t h e  energy range  between th re sho ld  and 1 0 . 7  MeV. 

The parameters  which desc r ibe  t h e  s e n s i t i v i t y  of  <a> t o  t h e  form 
of  t h e  Cf-252 neut ron  spectrum, analogous t o  eq .  8 ,  are l i s t e d  i n  t a b l e  2 .  

Table  2 .  Parameters f o r  t h e  Ca lcu la t ion  of t h e  
S e n s i t i v i t y  of <a> t o  t h e  Form of t h e  Spectrum 

React ion  B 
1 

B 
2 3 

R 

--- 115~n(n,n1 183 .O t o .  658 -c). 58 

197Au(,n,2n) 6.550 t6 .263 1-13.28 t 7 . 5  

For t h e  r e a c t i o n  I n - 1 l 5 ( n y n ' )  a change i n  t h e  temperature  parameter of 
f 10 % r e s u l t s  i n  a r e l a t i v e  change of t h e  average c r o s s  s e c t i o n  of 
+ 6.0 % and -7.2 %, r e s p e c t i v e l y .  This  means t h a t  t h e  average c r o s s  
s e c t i o n  of t h i s  r e a c t i o n  depends only weakly on t h e  form of  neut ron  
spectrum. The s i t u a t i o n  is  r e v e r s e  f o r  t h e  r e a c t i o n  Au-197(nY2n). 
Here, a (6T/T) of f 10 % corresponds t o  a (&<a>/<o>) of t76 .7  % and 
-50.1 %, r e s p e c t i v e l y .  React ions with high th re sho ld ,  such as 
Au-197(nY2n), a r e  extremely s e n s i t i v e  t o  t h e  form of  neutron spectrum. 
From t a b l e  2 can a l s o  be ga thered  t h a t  a f i t  of t h e  c a l c u l a t e d  average 
c r o s s  s e c t i o n  va lue  of 6.55 mb t o  t h e  experimental  va lue  of 5.50 mb re- 
s u l t s  i n  a change of (&T/T)  of -2.7 %. 
would be g iven  for a Maxwelltan wi th  T = 1.382 MeV i n s t e a d  of 1 . 4 2  MeV. 
This  is i n  analogy wi th  t h e  t r end  of t h e  a n a l y t i c a l  s p e c t r a l  d i s t r i b u -  
t i o n  shown i n  f i g .  1. 

A t o t a l  over lap  of  both d a t a  

F i n a l l y  a p r a c t i c a l  a p p l i c a t i o n  of t h e  s e n s i t i v i t y  p r o f i l e s  is  d i s -  
cussed.  I n  t h e  measurement of t h e  u(E)-da ta  f o r  t h e  r e a c t i o n  1n-115(nyn ' )  
of re f .  2 2 ,  t h e  energy-dependent c r o s s  s e c t i o n  has  been determined re -  
l a t i v e  t o  t h e  f i s s i o n  c r o s s  s e c t i o n s  of U-235 and U-238. Between 
r e a c t i o n  th re sho ld  and 3.0 M e V ,  t h e  r e a c t i o n  U-235(nYf) ,  and above 
3 MeV r e a c t i o n  U-238(nYf) were used as neut ron  f l u x  d e n s i t y  monitor ing 
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r e a c t i o n s  For both monitor r e a c t i o n s ,  t h e  neutron c r o s s  s e c t i o n s  of 
ENDF/B-IV were used.  Recently it w a s  shown t h a t  f o r  t h e  r e a c t i o n  18 

J O  1.0 2.0 3.0 MeV 1.0 
Neutron Energy - 

Fig .  4 .  Comparison of t h e  
U-235(nYf) Cross Sec t ion  between 
ENDF/B-IV and ENDF/B-V.* 

U-235(n,f) t h e  neutron c r o s s  
s e c t i o n  of t h e  revised*ENDF/B-V 
d a t a  f i l e  d e v i a t e s  subs t an t4g l ly  
from t h e  d a t a  of  ENDF/B- IV.  
This  e f f e c t  is  shown i n  f i g .  4.  
I n  renormalizing t h e  neutron 
f l u x  d e n s i t y  de te rmina t ion  of 
r e f .  22 due t o  t h e  r e a c t i o n  
U-235(nYf) one o b t a i n s ,  by 
i n s e r t i n g  t h e  d a t a  of f i g .  4 i n  
t h e  s e n s t i v i t y  p r o f i l e  of f i g .  2 ,  
a r e l a t i v e  change of -0.38 % 
i n  t h e  average c r o s s  s e c t i o n .  
Although s i n g l e  a (E)-da ta  show 
d e v i a t i o n s  by up t o  5 %, t h e  
effect  on <a> is no t  so dra-  
matical as one would have ex- 
pected a t  f i rs t  g lance .  

SUMMARY AND CONCLUSION 

I n  t h e  neutron benchmark f i e l d  of Cf-252, t h e  cons is tency  between 
measured and c a l c u l a t e d  average c r o s s  s e c t i o n s  was t e s t e d .  From t h i s  
comparison, conclusions as t o  t h e  q u a l i t y  of  energy-dependent neutron 
c r o s s  s e c t i o n  d a t a  were drawn. An a t tempt  was made t o  cons ide r ,  i n  a 
t e n t a t i v e  way, t h e  u n c e r t a i n t y  i n  t h i s  cons is tency  t e s t ,  caused by un- 
c e r t a i n t y  c o n t r i b u t i o n s  from t h e  s p e c t r a l  d i s t r i b u t i o n ,  from t h e  a ( E ) -  
d a t a  and from t h e  <a>-measurement. I n  a d d i t i o n ,  s e n s i t i v i t y  p r o f i l e s  
were set  up desc r ib ing  t h e  in f luence  of a (E)-da ta  on t h e  average cross 
s e c t i o n .  
s t e p .  However, combined with t h e  unce r t a in ty  covariance f i l e s  of a(E)- 
d a t a  t o  be publ ished i n  t h e  f u t u r e  they w i l l  a l low t o  estimate t h e  un- 
c e r t a i n t y  of " i n t e g r a l "  q u a n t i t i e s ,  such as average c r o s s  s e c t i o n s ,  i n  
a mathematical ly  more r igo rous  way and w i l l  then  al low t o  draw more 
s t r i n g e n t  conclusions as has  been p o s s i b l e  i n  t h e  p re sen t  work. 

These s e n s i t i v i t y  p r o f i l e s  are a t  p re sen t  only an in t e rmed ia t e  
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ABSTRACT 

Resul ts  are g iven f o r  t he  a p p l i c a t i o n  of t he  u n f o l d i n g  
code FERRET and two versions o f  SAND- I1  t o  the  L i g h t  Water 
Reactor Pressure Vessel s u r v e i l l a n c e  damage func t ion  un fo ld -  
i n g  problem. FERRET i s  p re fe r red  when d e t a i l e d  knowledge o f  
o f f -d iagona l  covar iance m a t r i x  elements i s  ava i lab le .  One 
o f  t he  vers ions o f  t he  SAND-I1 code a l lows we igh t ing  o f  ' 

a p r i o r i  est imates of t he  damage f u n c t i o n  and i s  equ iva len t  
t o  a log-normal l e a s t  squares procedure. For i n t u i t i v e  and 
q u a l i t a t i v e  a n a l y t i c a l  understanding, t he  problem o f  sens i -  
t i v i t y  ana lys is  o f  LWR PV s u r v e i l l a n c e  e x t r a p o l a t i o n  i s  most 
e a s i l y  understood by a p p l i c a t i o n  o f  a method whereby t h e  
spectrum i n  which the  damage i s  t o  be ca l cu la ted  i s  expressed 
as a l i n e a r  sum o f  t he  spec t ra  used t o  de r i ve  the  damage 
func t i on .  FERRET and the  two SAND- I1  codes have been found 
t o  g i ve  cons is ten t  r e s u l t s .  FERRET has t h e  advantage o f  
p rov id ing  ou tpu t  covar iance matr ices as a standard fea ture .  

INTRODUCTION 

The Nuclear Regulatory  Commission (NRC) a t  t he  present t ime i s  estab- 
l i s h i n g  standard procedures f o r  c a l c u l a t i n g  sa fe  opera t ing  l i f e t i m e s  o f  
nuclear reac to r  pressure vessels. For t h i s  purpose t h e  USNRC has estab- 
l i s h e d  a L i g h t  Water Reactor (LWR) Pressure Vessel (PV) Neutron Dosimetry 
Surve i l lance program. This i n t e r l a b o r a t o r y  program, coord inated by HEDL, 
invo lves  Oak Ridge Nat iona l  Laboratory (ORNL), P a c i f i c  Northwest Labora- 
t o r y  (PNL) , Hanford Engineer ing Development Laboratory  (HEDL) , CEN/SCK 
(Belg ian Nuclear Research), KFA (West Germany Reactor Research), Nat iona l  
Bureau o f  Standards (NBS) , Naval Research Laboratory  (NRL) , and U n i v e r s i t y  
o f  C a l i f o r n i a  a t  Santa Barbara (UCSS). 

One o f  t he  pr imary goals o f  t h e  program i s  the  w r i t i n g  o f  t h i r t e e n  
Standard Pract ices,  Guides .and Methods dea l i ng  w i t h  var ious aspects o f  
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the  metal  1 u r g i c a l  and dosimetry s u r v e i l  1 ance program. 
important of these i s  a p r a c t i c e  e n t i t l e d  "Ex t rapo la t i ng  Surve i l lance 
Dosimetry Resul ts."  
data and the  neutron exposure data acquired from m e t a l l u r g i c a l  specimens 
and a c t i v a t i o n  f o i l s  s i t ua ted  a t  the su rve i l l ance  p o s i t i o n  o f  an operat-  
i n g  power reac to r  and-us ing t h i s  in fo rmat ion  t o  p r e d i c t  t he  r a t e  o f  
embr i t t lement  o f  the metal  a t  the  1/4 th ickness (1/4T) p o s i t i o n  i n  the  
pressure vessel wa l l .  Since the  neutron spectrum a t  t he  1/4T p o s i t i o n  
i s  d i f f e r e n t  f rom t h a t  a t  the  su rve i l l ance  pos i t i on ,  p r e d i c t i v e  ca l cu la -  
t i o n s  o f  t h i s  type requ i re  the  use o f ,  or  a t  l e a s t  the  cons idera t ion  o f  
t he  use of ,  a damage func t ion  t h a t  des r i b e s  the dependence o f  the  embr i t -  

One o f  t he  most 

This deals w i t h  the problem o f  t a k i n g  the  Charpy V 

t lement  on the energy o f  the neutrons. E 
Two near l y  i d e n t i c a l  nuclear reac to r  mockups have been b u i l t  a t  ORNL 

These cons is t  o f  a low power (PCA) and a h igh  as p a r t  o f  the  p r o j e c t .  
power (PSF) mockup o f  an LWR reac to r  core and pressure vessel wa l l  
immersed i n  the water o f  a swimming pool  type  f a c i l i t y  a t  Oak Ridge. 

The h igh  power mockup (PSF) conta ins p rov i s ions  f o r  exposing remova- 
b l e  m e t a l l u r g i c a l  specimens which can be i r r a d i a t e d  a t  p o s i t i o n s  behind 
the  simulated reac to r  thermal s h i e l d  (normal su rve i l l ance  p o s i t i o n )  and 
a t  the 1/4T and 1/2T pos i t i ons  of the PV w a l l  and a lso a t  the  f r o n t  face 
o f  t he  PV wa l l .  

From the  m e t a l l u r g i c a l  (Charpy. V) data obtained a t  these pos i t i ons ,  
together  w i t h  t h e o r e t i c a l  i npu t  on the  energy dependence o f  t he  e m b r i t t l e -  
ment we p lan  t o  develop a damage f u n c t i o n  and associated procedures f o r  
c a l c u l a t i n g  safe l i f e t i m e s  of opera t ing  reac tors .  For our a p r i o r i  theo- 
r e t i c a l  damage f u n c t i o n  we have been u s i n  the  displacement cross sec t ion  
as given by D. G. Doran and N. J. Graves. 

The problem addressed t o  date i s  the f o l l o w i n g :  g iven t h e  values 
and unce r ta in t i es  o f  the  spectrum a t  the surve i l lance,  1/4T, 1/2T, and PV 
f r o n t  face pos i t i ons ,  and given s i m i l a r  in fo rmat ion  about t h e  degree of 
embri t t lement,  and given an a p r i o r i  damage f u n c t i o n  together  w i t h  uncer- 
t a i n t i e s ,  then what unce r ta in t y  can be at tached t o  the  p red ic ted  damage 
per u n i t  f luence a t  the 1/4T p o s i t i o n  o f  the  PV o f  an opera t ing  r e a c t o r ?  
Several HEDL computer codes are being used i n  an attempt t o  l e a r n  what 
fac to rs  are most severe ly  l i m i t i n g  our a b i l i t y  t o  make accurate 
p red ic t i ons .  

I n  making these assessments, we have used the  Monte-Carlo vers ion  
of SAND-11, a Monte Car lo  vers ion of a mod i f ied  SAND-11, t he  code FERRET, 
and, on a more casual basis,  a type o f  ana lys is  based on the  idea o f  
expressing the  1/4T spectrum o f  the  power reac to r  as a l i n e a r  sum o f  t h e  
separate spect ra used t o  develop the  damage func t ion .  We s h a l l  b r i e f l y  
descr ibe the  approach used i n  each of these codes or  methods and then 
g ive  the  r e s u l t s  o f  the  analyses. 
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LINEAR COMBINATION OF INPUT SPECTRA 

I f  the  t r u e  spectrum a t  t he  1/4T p o s i t i o n  of the  power reac to r  i s  
given by @PT(E) and the  severa l  t r u e  spect ra a t  the t e s t  p o s i t i o n s  used 
t o  develop the  damage f u n c t i o n  are given by @ T T ~ ( E ) ,  @ T T ~ ( E ) ,  etc., then 
we can f i n d  constants A, B, C, etc., such t h a t  

where the  Y (E) represents our i n a b i l i t y  t o  ob ta in  a completely accurate 
representa t ion  from the  l i n e a r  combination. 
i s  g iven by GT(E), then the  actual  damage per u n i t  f luence i n  the power 
reac to r  1/4T p o s i t i o n  i s  given by 

If the t r u e  damage f u n c t i o n  

DRpT = /GT(E) @ pT(E)dE ( 2 )  

Using Eq. ( l ) ,  m u l t i p l y i n g  by GT(E) on both s ides and then in teg ra t i ng ,  
we ob ta in  

where D R T T ~  i s  the t r u e  damage per u n i t  f luence a t  t e s t  p o s i t i o n  number 
one, e tc .  I n  Eq. (3 )  we have made the s u b s t i t u t i o n  

A DRTl-1 = A f GT(E) @TTi(E)dE (4) 

f o r  t he  f i r s t  term on the  r i g h t  s ide o f  t he  equation, and s i m i l a r l y  f o r  
the  other  terms i n  Eq. (3 ) .  Consequently, i f  i t  i s  poss ib le  t o  express 
the  spectrum i n  the power reac to r  as a l i n e a r  sum o f  the so-ca l led t e s t  
spectra, then the  damage per u n i t  f luence i n  the  power reac tor  can be 
given as a corresponding sum o f  the damage per u n i t  f luence o f  the metal-  
l u r g i c a l  samples i n  the  t e s t  pos i t i ons .  Thus, if it i s  found poss ib le  t o  
keep the  magnitude o f  Y(E) small, i n  Eq. ( l ) ,  then there  i s  scarce ly  any 
need t o  know the  damage f u n c t i o n  a t  a l l ,  prov ided t h a t  the  damage per  
u n i t  f luence and spect ra are known accurate ly .  It may be found t h a t  it 
i s  no t  poss ib le  t o  accura te ly  f i t  @PT(E) by a choice o f  A, B, .... i n  
Eq. (1 )  which w i l l  keep Y(E) small f o r  a l l  values o f  E. This w i l l  no t  
impai r  the  usefulness o f  Eq. (3)  as long as G(E) i s  small a t  those values 
o f  E where '+'(E) i s  large,  so t h a t  /G(E) Y (E)dE remains small compared t o  
DRPT- 

I f  the damage per u n i t  f luence i n  the power reac to r  i s  expressed i n  
the  form of Eq. (3),  then we can get the var iance o f  D R ~ T  assuming t h a t  
the  var iab les  are independent. I n  t h i s  case we assume t h a t  the  expansion 
c o e f f i c i e n t s  A, B y  .... as we l l  as the  measured damage per u n i t  f luence, 
damage func t ion ,  and mismatched spectrum Y (E) are imper fec t l y  known. 
Then the  var iance i n  the ca l cu la ted  value o f  D R ~ T  ca lcu la ted  from Eq. (3)  
i s  given by 
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V A R ( D R ~ ~ )  = A 2 V A R ( D R * ~ )  + (DR,-J V A R W  + B~ V A R ( D R * ~ )  + 

( 5 )  
( D R n 2 )  2 VAR(B)  + .... + GT VAR( Y )  G + YT V A R ( G )  YJ 

where VAR (anything) is the variance of the item i n  the brackets. 
the l a s t  two terms of Eq. ( 5 )  the integral of Eq. ( 3 )  has been replaced 
by a sum over energy space represented as the product of two vectors. 
this notation, similar t o  t h a t  of Perey3 and Dragt, e t  a1.,4 the vec- 
tor  is represented as a column matrix, and Y T  is then the transpose of 
the matrix Y. Then Var ( Y )  i s  the covariance matrix of Y ,  and a similar 
notation convention applies for G. 

For 

In 

Some obvious facts  of the calculation are tha t  the calculated vari- 
ance is lower, for  a given mismatch contribution, J Y ( E )  G(E)dE,  if the 
power reactor spectrum can be represented as a sum of nearly equal parts 
of several t e s t  spectra, rather than being predominantly given by a sin- 
gle t e s t  spectrum contribution, assuming equal accuracies i n  the spectral 
and damage measurements i n  the two cases. 

In this sense, the usual rule that  the percentage error varies i n -  
versely as the square root of the number of measurements can be shown 
t o  apply. Also, for a given value of I Y ( E )  G(E)dE, and equal accuracies 
i n  the spectral and damage measurements, i t  is generally best t o  avoid 
expansions t h a t  involve negative values of A, B, C, etc. ,  if one wishes 
to have the calculated variance approximate the minimum variance limita- 
tion inherent i n  a more complete treatment of the data. 

In actually making estimates of the variance from Eq. (5 ) ,  the f i r s t  

2 step is ,  of course, to  obtain a usable se t  of expansion coefficients 
possibly by use of a linear least  squares routine that  minimizes / Y  (E)dE.  
T h i s  can also be done for  an all-posit ive coefficients case by set t ing 
A = a*, B = b2, etc.,  and do ing  a nonlinear least  squares f i t  for@ppT(E) 
i n  terms of the t e s t  spectra using the a, b ,  etc. ,  as the least  squares 
parameters. Another method is to  obtain a f i t  which is not a least  
squares f i t ,  b u t  rather a " leas t  sum of positive error" f i t  u s i n g  a l l  
positive coefficients and a l l  positive values for the mismatch " ( E ) .  
T h i s  can be done using a linear programming code common i n  business o p t i -  
mization procedures. A further refinement consists of us ing ,  i n  linear 
programming terminology, a double se t  of slack variables so t h a t  Y ( E )  can 
be either positive or negative so that  the f i t t i n g  procedure minimizes 
I I ( E )  IdE. 

m i  n imi ze 
All of the above can also be done i n  such a way as to  

and this is  done by f irst  converting the various neutron spectra to  
anticipated damage as functions of energy, u s i n g  the a pr ior i  damage 
f uncti on. 
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I n  summary, t he  " l i n e a r  combination o f  i n p u t  spectra," i n  i t s  s impler  
forms, i s  an inexac t  way t o  c a l c u l a t e  the  var iance i n  the  damage per u n i t  
f luence incur red  i n  the  power reac to r  spectrum, bu t  i t  i s  an e x c e l l e n t  
t o o l  f o r  est imates and i s  an approach t h a t  a ids  i n t u i t i o n .  I n  t h i s  usage, 
i t  i s  perhaps best app l ied  by s imply  p l o t t i n g  Ga p r i o r i ! E )  Q (E) versus 
E, f o r  t he  var ious o(E).  Then a casual v i s u a l  observat ion t e l l s  whether 
i t  i s  poss ib le  t o  expand D R ~ T  i n  the  form g iven by Eq. ( 3 )  w i t h  a small 
c o n t r i b u t i o n  f rom t h e  i n t e g r a l  I G(E) \Y (E)dE. I f  so, t he  percentage 
u n c e r t a i n t y  i n  R D ~ T  can be d i r e c t l y  est imated f rom the  e r r o r s  i n  the  
measured damage values, even i f  G(E) i s  no t  accura te ly  known. I n  our  
c u r r e n t  work i t  i s  found t h a t  the  power reac to r  1/4T spectrum i s  very  
c lose  t o  t h e  1/4T and 1/2T p o s i t i o n  spec t ra  o f  t h e  PSF mock-up. 
fore,  our f i n a l  e r r o r  i n  the  p red ic ted  damage r a t e  depends h e a v i l y  on the  
measurement e r r o r  o f  damage per u n i t  f luence a t  t h e  1/4T p o s i t i o n  o f  t h e  
PSF mockup. 

There- 

SAND- I1  CODE 

SAND-I1 t ype  codes have been used i n  a s e n s i t i v i t y  and e r r o r  ana lys is  
of t he  damage func t ion  determinat ion and damage per u n i t  f luence pred ic -  
t i o n  problem r e f e r r e d  t o  above. For t h i s  type  o f  ana lys is  i t  was assumed 
t h a t  dosimetry and damage per u n i t  f luence data were a v a i l a b l e  f rom the  
f o u r  PSF t e s t  p o s i t i o n  a t  t h e  1/4T, 1/2T, PV f r o n t  face, and s u r v e i l l a n c e  
pos i t i ons .  The t r u e  neutron spect ra i n  the  t e s t  reac to r  was assumed t o  
be t h a t  ca l cu la ted  a t  ORNL us ing  a 1 D  t ranspor t  code.5 The t r u e  damage 
f u n c t i o n  was assumed t o  be the  DPA f u n c t i o n  g iven by D. G. Doran, e t  a1.2 
and the  t r u e  1/4T power reac to r  spectrum was t h a t  g i v  n f o r  a t y p i c a l  
p ressur ized  water r e a c t o r  by M. L. Gr i tzner ,  e t  a1.(6! The t r u e  damage 
per u n i t  f luence a t  each o f  t he  four t e s t  p o s i t i o n s  (ORR-PSF) was assumed 
t o  be given by 

P 

where GDD (E) i s  the  displacement cross sect ion,  t h e @  t are the  t e s t  
r e a c t o r  spectra,  or  t he  power reac to r  spectra.  

SAND-I1 was the  f o l l o w i n g .  
was chosen. The d i f ference between group boundaries c l o s e l y  approximated 
a constant d i f f e rence  i n  le thargy .  
super groups o f  1 t o  6 ( u s u a l l y  4 t o  6 )  adjacent small groups. 
one Monte Car lo  passes were run  w i t h  the  standard SAND-I1 code. The i n i -  
t i a l  pass was no t  a Monte Car lo  pass i n  the  usual  sense. 
o r  zero l e v e l  pass, t h e  Doran DPA f u n c t i o n  was used as t h e  a p r i o r i  i n p u t  
guess f o r  t he  t r u e  damage func t ion .  A l l  spec t ra  and damage measurements 
were assumed t o  be c o r r e c t  so t h a t  the  measured i n t e g r a l  damage data 
equaled the  ca l cu la ted  damage and no adjustment i n  the  a p r i o r i  guess was 
needed. For the  next t en  Monte Car lo  t r i a l s .  t h e  a p r i o r i  damage f u n c t i o n  

The Monte Car lo  method used w i t h  the  standard (RSIC) vers ion o f  
A bas ic  group s t r u c t u r e  o f  75 energy groups 

These 75 groups were d i v ided  i n t o  15 
Twenty 

I n  the  f i r s t ,  
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was perturbed** by being m u l t i p l i e d  by E + * 3  and f o r  t he  f l l o w i n g  t e n  
t r i a l s  t h e  a p r i o r i  damage f u n c t i o n  was m u l t i p l i e d  by E'. s . 

Concurrent ly,  standard dev ia t i on  (percentage) 1 i m i t s  were pu t  on t h e  
normal d i s t r i b u t i o n s  assumed f o r  t he  t e s t  r e a c t o r  spec t ra  measurement 
e r ro rs ,  and a value was chosen f o r  t h e  standard d e v i a t i o n  (%) i n  t h e  
mechanical measurements. Normal ly d i s t r i b u t e d  independent random e r r o r s  
were generated f o r  both the  spec t ra l  i n p u t  and the  measured damage per  
u n i t  f luence values f o r  t he  twenty t r i a l s  which fo l l owed  t h e  zero l e v e l  
pass o f  the ,  program algor i thm.  

Twenty damage funct ions were unfo lded and twenty p r e d i c t i o n s  made 
f o r  t h e  damage per u n i t  f luence i n  the  power reac to r  spectrum a t  t h e  1/4T 
p o s i t i o n .  
dev ia t i on  was ca lcu la ted .  The "random" v a r i a t i o n  i n  t h e  spectrum i n  t h e  
t e s t  r e a c t o r  i s  achieved by us ing  a bu l k  v a r i a t i o n  o f  each o f  t he  15 
supergroups and then renormal iz ing  t o  ma in ta in  the  value o f  t h e  i n t e g r a l  
f l u x .  This reno rma l i za t i on  does no t  imp ly  t h a t  the  i n t e g r a l  f l u x  i s  
assumed t o  be w e l l  known, bu t  r a t h e r  t h a t  t he  i n t e g r a l  f l u x  u n c e r t a i n t y  
i s  entered as an u n c e r t a i n t y  i n  the  damage per u n i t  f luence.  

Deviat ions f rom the  " t r u e "  value were noted, and a standard 

Ca lcu la t i ons  of t h i s  type  can be used i n  severa l  ways. I n  the  present  
a p p l i c a t i o n  we wanted t o  know t h e  necess i t y  o r  lack the reo f  f o r  o b t a i n i n g  
improved dosimetry data, b e t t e r  i n p u t  a p r i o r i  damage funct ions,  addi-  
t i o n a l  damage data i n  o ther  spectra,  e tc .  We now est imate t h a t  t h e  most 
c r i t i c a l  i tem i s  the  measurement of damage per u n i t  i n t e g r a l  f l uence  
a l though o f  course improvements i n  the  o ther  areas are a l so  h e l p f u l .  

I n  the  mat te r  of supp ly ing  a designer w i t h  a damage f u n c t i o n  f o r  a 
g iven standard ma te r ia l ,  two approaches are poss ib le .  A nominal damage 
f u n c t i o n  can be generated from the  data p lus  several  Monte Car lo  t r i a l s  
t o  determine the  u n c e r t a i n t y  i n  the  damage func t i on .  An engineer can 
then apply  the  nominal f u n c t i o n  t o  get a p r e d i c t i o n  o f  r e a c t o r  l i f e t i m e ,  
and he can use the  Monte Car lo  r e t r i a l  f unc t i ons  t o  est imate the  uncer- 
t a i n t y .  
covar iance m a t r i x  f o r  t he  damage func t i on ,  us ing  the  bas i c  d e f i n i t i o n  
o f  a covar iance ma t r i x .  

A l t e r n a t i v e l y ,  Monte Car lo  t r i a l s  can be used t o  generate a 

MODIFIED SAND-I1 CODE 

Recent ana lys is  o f  the  SAND- I1  a lgor i thm8 has shown t h a t  t he  code 
uses a method of steepest descent t o  achieve a log-normal l e a s t  squares 
s o l u t i o n  when the  code i s  presented w i t h  an overdetermined problem. It 

**This corresponds t o  a h i g h l y  c o r r e l a t e d  ti lt i n  the  mean s lope o f  t h e  
Doran displacement cross sect ion,  which can be approximated by 

where C i s  a constant.  
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i s  poss ib le  t o  inc lude the a p r i o r i  damage f u n c t i o n  in fo rmat ion  as a type 
of weighted data, thus making every problem overdetermined. The increase 
i n  running t ime f o r  the code i s  s i m i l a r  t o  t h a t  incur red  i n  adding one 
i n t e g r a l  measurement t o  the  data set .  
t i o n  us ing  f i v e  damage measurements i n  f i v e  separate spect ra w i t h  any 
number of energy groups, the  increase i n  running t ime i s  l ess  than 20% 
w i t h  the  modi f ied code compared t o  the cur ren t  R S I C  code. 

Thus i n  un fo ld ing  a damage func- 

The mod i f ied  code has been used on the  PCA-PSF s e n s i t i v i t y  ana lys is  
problem w i t h  r e s u l t s  s i m i l a r  t o  those found f o r  the standard code. An 
analys is  of the  SAND-I1 a lgor i thm, and a comparison w i t h  the a lgo r i t hm 
used by Perey i n  STAY'SL3 shows tha t ,  f o r  a problem w i t h  diagonal  i npu t  
covar iance matr ices,  t he  SAND-I1 a lgor i thm f i r s t  pass i s  equ iva len t  t o  
the Perey algor i thm, except f o r  the d i f f e rence  created by the assump- 
t i o n  o f  a log-normal d i s t r i b u t i o n  i n  p lace of a normal d i s t r i b u t i o n  i n  
the  former. 

FERRET CODE 

The FERRET code uses assumptions o f  log-normal d i s t r i b u t i o n s  o f  e r r o r s  
i n  the  damage func t ion ,  combined w i t h  a normal d i s t r i b u t i o n  o f  e r ro rs  i n  
the  i n t e g r a l  damage. 
i n d i c a t e  a maximum l i k e l i h o o d ,  and uses a l l  the  in fo rmat ion  inherent  i n  a 
complete se t  o f  covariance matr ices.  It i s  more completely descr ibed i n  
a paper by F. Schmi t t ro th i n  t h i s  same conference proceedings. 

The code searches f o r  those "best values" which 

RESULTS AND CONCLUSIONS 

The FERRET code and the two versions o f  the  SAND- I1  code were used 
t o  ca l cu la te  damage per u n i t  f luence and damage per u n i t  f luence uncer- 
t a i n t i e s  a t  the 1/4T p o s i t i o n  o f  a power reactor ,  us ing  assumed inpu t  
data accumulated a t  the  su rve i  11 ance, 1/4T, 1/2T, and pressure vessel 
f r o n t  face pos i t i ons  o f  the  PSF (h igh  power vers ion o f  the  dual Oak Ridge 
L i g h t  Water Pressure Vessel Mockup). The spect ra used were as given i n  
references ( 5 )  and ( 6 ) .  Uncer ta in t ies  i n  the i n t e g r a l  f l u x  were combined 
w i t h  those i n  the  mechanical measurements t o  g i ve  an unce r ta in t y  i n  the  
damage-per-unit-integral-fluence. Spectra l  shape unce r ta in t i es  were 
in t roduced as descr ibed prev ious ly .  The SAND-I1 codes were used w i t h  t h e  
smoothing op t ion  inoperat ive,  f o r  both the R S I C  vers ion and the  mod i f ied  
version. The r e s u l t s  o f  t he  analys is  are shown i n  Table 1. 

For the i n t roduc t i on  o f  the unce r ta in t y  i n  the  a p r i o r i  damage func- 
t i o n  i n  FERRET, the  u n c e r t a i n t y  i n  GD,D(E) was in t roduced as a covariance 
m a t r i x  having diagonal  elements w i t h  values chosen t o  g i ve  unce r ta in t i es  
s i m i l a r  t o  those in t roduced by the ti lt func t i ons  described e a r l i e r  f o r  
use w i t h  SAND-11. As can be seen from the  tab le,  the r e s u l t s  o f  t he  
th ree  codes are s i m i l a r  f o r  the cases t r i e d .  
equal, being usua l l y  one t o  two minutes per case. 

The running times were about 
It would seem t h a t  t h e  
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Table 1. Calculated Damage per unit fluence Uncertainty ( X )  in a 
Power Reactor for Three Combinations o f  Uncertainties in 

Input Data Required in a Test Reactor 

-A P 
COD E S 

5 
15 
- 15 

25 
- 25 

35 
- 

FERRET 

MOD IF1 ED 
SAND- I I 

R EGU LAR 
SAND- I I 

6.5 11.2 

7.8 10.9 

6.7 9.1 

15.1 

12.7 

15.1 

*The quantity (P) is the uncertainty (%) in the damage per unit fluence 
while the quantity S is the uncertainty (%) in the spectral shape, as 
defined in the text. 
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choice o f  codes depends somewhat on the  f a m i l i a r i t y  o f  t he  user w i t h  the  
codes and the  a v a i l a b i l i t y  o f  i npu t  in fo rmat ion .  For cases where d e t a i l e d  
covar iance in fo rmat ion  on the  i n p u t  parameters i s  l a c k i n g  bu t  where semi- 
q u a n t i t a t i v e  in format ion i s  known about s h o r t  range co r re la t i ons ,  FERRET 
has a u t i l i t y  subrout ine f o r  generat ing covar iance mat r ices  which are 
then a v a i l a b l e  f o r  a d d i t i o n a l  analys is .  
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V A R I E D  APPLICATIONS OF A N E W  MAXIMUM-LIKELIHOOD CODE 
WITH COMPLETE COVARIANCE CAPABILITY 

F. Schmittroth 
Hanford Engineering Development Laboratory 

Richland , Washington , USA 

AB ST RAC T 

Applications of a new data-adjustment code are given. 
The method i s  based on a maximum-likelihood extension of  gen- 
eral  ized least-squares methods t h a t  al 1 ow complete covariance 
descriptions for  the input d a t a  and the final adjusted data 
evaluations. The maximum-likelihood approach is  used with a 
generalized log-normal distribution t h a t  provides a way t o  
t r ea t  problems with large uncertainties and t h a t  circumvents 
the problem of negative values t h a t  can occur for  physically 
positive quanti t i e s .  

The computer code, F E R R E T ,  i s  written to  enable the user 
t o  apply i t  t o  a large variety of problems by modifying only 
the i n p u t  subroutine. 
cussed: A 75-group a priori  damage function i s  adjusted by 
as much as a factor of two using 14  integral measurements in 
different  reactor spectra. 
cross sections are simultaneously adjusted based on b o t h  inte- 
gral measurements and experimental proton-recoil spectra. The 
simultaneous use of measured reaction ra tes ,  measured worths, 
microscopic measurements, and theoretica1,models are used t o  
evaluate dosimeter and fission-product cross sections. Appli- 
cations i n  the data reduction of neutron cross section measure- 
ments and in the evaluation of reactor a f t e r  heat are also 
considered. 

The following applications are dis- 

Reactor spectra and dosimeter 

INTRODUCTION 

In recent years , the methods of general ized least-squares1-6 have 
been successfully applied t o  a variety of data-adjustment and unfolding 
problems; n o t  only in the f ie lds  of reactor physics and nuclear data,  
b u t  in f ie lds  as diverse as aerospace and communications. In  t h i s  study, 
we discuss a useful extension of these ideas and present several examples 
that  i l l u s t r a t e  the method. Brief consideration i s  also given t o  the 
computer-code implementation o f t  the method. 

The term, generalized least-squares, connotes two important exten- 
sions o f  the usual least-squares i n  the present context: the use o f  
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complete covar iance m a t r i c e s  r a t h e r  than d iagonal  m a t r i c e s  t o  descr ibe  
bo th  i n p u t  and o u t p u t  i n f o r m a t i o n ,  and t h e  use o f  a p r i o r i  i n f o r m a t i o n  
t o  o b t a i n  s o l u t i o n s  f o r  what a r e  o therw ise  underdetermined problems. 

METHOD 

Review o f  Least-Squares 

A d e t a i l e d  d e s c r i p t i o n  o f  t h e  method w i l l  be g i v e n  elsewhere. 
we present  i m p o r t a n t  f e a t u r e s  t h a t  d i s t i n g u i s h  i t  f rom e a r l i e r  work and 
enough d e t a i l  t o  d iscuss  subsequent examples. 

Here 

The usual  least -squares equat ions may be ob ta ined b y  m i n i m i z i n g '  

where g, i s  a v e c t o r  o f  measured va lues,  and where w i s  a v e c t o r  o f  
leas t -squares  parameters t h a t  a r e  t o  be determined. 
g(w) may be l i n e a r i z e d  as g(w) 2 g(w*) + V g.(w-w*) i f  g i s  n o t  a l r e a d y  
l i n e a r .  The covar iance m a t r i x  Mg describe!! t h e  known u n c e r t a i n t i e s  and 
c o r r e l a t i o n s  i n  the  measured da ta  9,: 

The v e c t o r  f u n c t i o n  

A p r i  r knowledge o f  the  parameters w can be i n c l u d e d  b y  
m i n i m i z i n g  $2 

s = s  + s o  
9 

r a t h e r  than S a lone where 
9 

S = (W -w) t Mwo -1 (w,-w) . 
0 0 

(3) 

( 4 )  

The a p r i o r i  va lues a r e  denoted b y  t h e  v e c t o r  w . 
c o r r e l a t i o n s  i n  t h e  va lues w a r e  a l s o  c o n s i d e d d  as a p r i o r i  knowledge 
and a r e  descr ibed b y  the  cov8r iance m a t r i x  Mwo. With t h e  d e f i n i t i o n s ,  

The u n c e r t a i n t i e s  and 

( 5 4  9 
f = 9,-g* Mf = M 

x = w-w* (5b)  

( 5 d  - 
Mxo - Mwo xo = wo-w* 

6 t h e  s o l u t i o n  t o  t h e  m i n i m i z a t i o n  problem i s  g i v e n  by 
A 

X-x = Mxo At D - l  (f-Ax,) 
0 
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where 
D = A Mxo A t + Mf  

( 7 )  

and where 
u n c e r t a i n t i e s  and c o r r e l a t i o n s  i n  t h i s  e s t i m a t e  a r e  descr ibed by t h e  
covar iance m a t r i x  Mx which can be c a l c u l a t e d  f rom 

denotes t h e  "bes t "  es t imate  o f  t h e  parameters x = w-w*. The 

- At D-' A Mxo . Mx - Mxo - Mxo 

As i s  w e l l  known, t h e  least -squares method i s  e q u i v a l e n t  t o  a maximum- 
1 i k e l  ihood approach t h a t  makes t h e  assumption o f  normal d i s t r i b u t i 0 n s . l  
It i s  a l s o  w e l l  known t h a t  t h e  least -squares equat ions can be d e r i v e d  
w i t h o u t  t h e  assumption o f  n o r  a l i t y  f rom t h e  p r i n c i p l e  o f  a "minimum- 
var iance unbiased e s t i m a t o r " .  tll 

D e s c r i p t i o n  o f  A P r i o r i  I n f o r m a t i o n  
and i t s  I n c l u s i o n  i n  a Maximum-Li k e l  i hood Approach 

The d e s c r i p t i o n  and use o f  a p r i o r i  in fo rmat ion  p l a y s  an impor tan t  
r o l e  i n  t h e  p r e s e n t  method. As mentioned e a r l i e r ,  a p r i o r i  knowledge 
i n c l u d e s  covar iance i n f o r m a t i o n ,  Mw , as w e l l  as a p r i o r i  values, wo. A 
common reason f o r  u s i n g  a p r i o r i  da?a i s  t o  p r o v i d e  a unique s o l u t i o n  t o  
the  leas t -squares  equat ions i n  a s i t u a t i o n  t h a t  would be mathemat ica l l y  
underdetermined otherwise.  However, mathemat ica l l y  overdetermined prob- 
lems do n o t  negate t h e  p r a c t i c a l  use o f  a p r i o r i  knowledge. 

A p a r t i c u l a r  t y p e  o f  a p r i o r i  i n f o r m a t i o n  l e d  us t o  cons ider  a maximum- 
l i k e l i h o o d  approach i n  c o n t r a s t  t o  a least -squares approach. Many p h y s i c a l  
va lues,  e s p e c i a l l y  i n  r e a c t o r  phys ics  and n u c l e a r  data,  a r e  a p r i o r i  p o s i -  
t i v e .  I n  f a c t ,  t h e i r  p h y s i c a l  c h a r a c t e r  f r e q u e n t l y  d i c t a t e s  t h a t  they  
be descr ibed (e.g. p l o t t e d )  l o g a r i t h m i c a l l y .  For ins tance,  one might  be 
ab le  t o  e s t i m a t e  a p a r t i c u l a r  n u c l e a r  cross s e c t i o n  t o  w i t h i n  a f a c t o r  
o f  2. The a p r i o r i  va lue  migh t  be 10, f o r  example, w i t h  upper and l o w e r .  
bounds o f  2x10=20 and 10/2=5, r e s p e c t i v e l y .  The f a c t o r  o f  2 u n c e r t a i n t y  
m i g h t  i t s e l f  be q u i t e  u n c e r t a i n ;  and y e t ,  one m i g h t  be v e r y  c e r t a i n  t h a t  
t h e  va lue sought was n o t  a f a c t o r  o f  100 smal le r .  
equat ions  do n o t  a l l o w  t h e  accurate d e s c r i p t i o n  o f  t h i s  type o f  a p r i o r i  
knowledge. The problem i s  e v i d e n t  i n  Eq. ( 4 )  i f  one considers a d iagonal  
covar iance m a t r i x  M 
g i v e s  a measure o f  %e d e v i a t i o n  o f  w f rom t h e  a p r i o r i  va lues wo. 
l y ,  S i s  a symmetric f u n c t i o n  o f  w about t h e  va lues wo and does n o t  ade- 
quateyy r e p r e s e n t  t h e  asymmetric 1 i m i  t s  d iscussed above. 
l a r g e  u n c e r t a i n t i e s  as descr ibed by Mwo, t h e  va lue  o f  So may n o t  even 
s t r o n g l y  d i c t a t e  a g a i n s t  negat ive  va lues f o r  w, even though i t  may be a 
p r i o r i  known w i t h  complete assurance t h a t  w cannot be negat ive.  

The leas t -squares  

. The va lue So i s  a sum o f  squared r e s i d u a l s  and 

I n  f a c t ,  f o r  

Clear-  

An obvious s o l u t i o n  i s  t o  r e p l a c e  So b y  a te rm t h a t  e x p l i c i t l y  ac- 
Very counts f o r  a l o g a r i t h m i c  d e s c r i p t i o n  o f  t h e  a p r i o  i i n f o r m a t i o n .  

s imple t reatments have been considered p r e v i o u s l y . 5  S p e c i f i c a l l y ,  we 
r e p l a c e  So by 
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S' = (zo-z )  t M -1 (zo-z )  , 
0 zo 

where 

so t h a t  t h e  m i n i m i z a t i o n  o f  S i n  Eq. ( 4 )  r e q u i r e s  t h a t  l n ( w )  be c l o s e  t o  
l n ( w o )  i n  l i e u  o f  the  requi rement  t h a t  w be c l o s e  t o  wo. 
f o r  w a r e  comple te ly  r u l e d  ou t .  The covar iance m a t r i x  MZo i n  Eq. ( 9 )  i s  
r e l a t e d  t o  Mwo by 

Negat ive values 

- 1 .  (Mzo) i j = e  (Mwo) i j 
<w.><w .> 

1 J  

A n a l y t i c  s o l u t i o n s  t h a t  correspond t o  Eqs. ( 6 ) ,  ( 7 )  , and (8) a re  no 
l o n g e r  p o s s i b l e .  However, Eq. ( 6 )  can be used i n  an i t e r a t i v e  f a s h i o n  
t o  f i n d  t h e  d e s i r e d  minimum o f  

, r. 

s = s  + S o .  
9 

I n  l i n e  w i t h  a l o g a r i t h m i c  p i c t u r e ,  i t  i s  d e s i r a b l e  t o  express un- 
c e r t a i n t i e s  (covar iances)  i n  f r a c t i o n a l  form as a l l u d e d  t o  i n  Eq. ( 1 1 ) .  
A t  t h e  same t ime,  we take  a s t e p  toward a more p r a c t i c a l  d e s c r i p t i o n  o f  
the  needed covar iance mat r ices .  One can show t h a t  Mwo can be r e w r i t t e n  as 

where c i s  a f r a c t i o n a l  n o r m a l i z a t i o n  u n c e r t a i n t y  ( c = l  i m p l i e s  a 100% un- 
c e r t a i n t y  comple te ly  c o r r e l a t e d  f o r  a l l  values { w . } ) .  The va lues {ri) 
denote any a d d i t i o n a l  p o i n t  b y  p o i n t  f r a c t i o n a l  u d c e r t a i n t y ,  and p . .  i s  
a m a t r i x  t h a t  descr ibes  any f u r t h e r  c o r r e l a t i o n s .  
(12)  we now f i n d  

From Eqs. (11)  a i d  

(13)  
2 = I n ( l + c  ) + l n ( l + r p r )  . MZo 

Even f o r  r e l a t i v e l y  l a r g e  u n c e r t a i n t i e s ,  one can u s u a l l y  use 

M~~ 2 c2 + r p r  . 
I n  any event ,  M 
opposed t o  a b s o f i t e  u n c e r t a i n t i e s .  

can be comple te ly  s p e c i f i e d  i n  terms o f  f r a c t i o n a l  as 

A comple te ly  r i g o r o u s  replacement f o r  Eq. (8) i s  n o t  a v a i l a b l e .  A 
s o l u t i o n  t h a t  one can show works w e l l  i n  many cases i s  g i v e n  b y  Eq. (8) 
w i t h  MXo rep laced b y  Mzo and w i t h  A a p p r o p r i a t e l y  r e d e f i n e d  t o  r e f l e c t  
t h e  change f rom a b s o l u t e  t o  r e l a t i v e  va lues.  For  smal l  u n c e r t a i n t i e s ,  
t h e  method i s  e q u i v a l e n t  t o  t h e  usual  leas t -squares  t rea tment .  
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APPLICATIONS 

The FERRET Code 

The formalism sketched above was implemented in the FERRET computer 
code.7 Additional features include maximum use of partitioning to elim- 
inate unneeded subspaces in covariance matrices and to allow sequential 
use of independent data subsets. Also, indexing techniques were used 
that make maximum use of available core memory. 
of the indexing method is a computational module that can handle vastly 
different types of problems by simply modifying the input subroutine. 
Practical experience has demonstrated the algorithms to be reasonably 
fast and efficient. The examples discussed below were all easily treated 
with less than 38K with running times on the order of a minute or less 
on a CDC 6600 computer. 

A secondary advantage 

Before proceeding to specific examples, we want to discuss a further 

The computational module of the code does not impose any re- 
parameterization used in the description of the a priori covariance 
matrix. 
strictions on the allowable covariance matrices. However, in practice 
we have re1 ied on an intuitive parameterization of the covariance matrices 
for the measured and a priori data. Equations (12-14) already display 
one step toward this parameterization. As discussed above, the covar- 
iance matrices are separated into two components: an overall fractional 
normalization uncertainty, c y  and a second term, r.r.p. ., that describes 
any additional uncertainties and correlations. In’p$ah!ice , the corre- 
lation matrix p . .  has been used primarily to describe short-range 
correlations, aad we have further parameterized it by the form6 

where 8 denotes the strength of short-range correlations and y denotes 
their range. 
are described by 8=0 so that pij=6ij. 
point fractional uncertainties. 

For example, completely uncorrelated data or a priori values 
The values {ri) are the point-by- 

It is important to emphasize the role o f  the correlation matrix pij 
for the a priori covariance matrices. A priori knowledge consists of 
more than preliminary estimates w of least-squares parameters. For 
highly underdetermined problems , gtiffness or smoothness constraints can 
be crucial in obtaining final solutions with uncertainties small enough 
to be of practical value. Any unfolding code must apply some constraint 
of this nature to obtain useful solutions for this type of problem (e.g., 
minimization of second derivative terms). Note that pi. does not neces- 
sarily dictate smoothness , only a particular degree of sorrelation among 
neighboring points. An advantage of using covariance matrices to obtain 
unique solutions is that final uncertainties are obtained that describe 
the uniqueness of these solutions. If sufficient data or a priori infor- 
mation are supplied, the problem will be apparent from large final 
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u n c e r t a i n t i e s .  The user must then seek a d d i t i o n a l  phys ica l  i n fo rma t ion  
such as new data  values o r  s t ronger  a p r i o r i  c o r r e l a t i o n s .  

75-Group Damage Funct ion Ana lys is  

The f i r s t  example i s  a 75-group damage f u n c t i o n  u n f o l d i n g  problem 
chosen f o r  i t s  l a r g e  u n c e r t a i n t i e s  and adjustments. 
neutron f l u x  $i i s  assumed t o  be g iven by 

The damage Di i n  a 

where {a  
sought. OgThis equat ion i s  l i n e a r i z e d  by the expansion 

1 are  the  mul t ig roup values o f  the  damage f u n c t i o n  aD(E) be ing 

The f l u x  spec t ra  $. are assumed t o  have small u n c e r t a i n t i e s  and are ad- 
j u s t e d  simul t a n e o u i l y  w i t h  the  damage f u n c t i o n  oD(E). 

14 separate spec t ra  and which were computed from a so-ca l led  "exact"  
damage func t i on .  
damage f u n c t i o n  which can then be compared w i t h  the "exact"  s o l u t i o n .  
F igure 1 (a )  shows the  r e s u l t s  f o r  the  damage f u n c t i o n  aD(E).  

The ad jus ted  damage f u n c t i o n  i s  i n  good agreement w i t h  the  exac t  
f u n c t i o n  f o r  neutron energ ies between about 30 keV and 4 MeV where t h e  
f a s t  spec t ra  have a s t rong response. 
among the 14 f l uxes ,  b u t  F igure l ( a )  centers  on the h ighe r  energ ies fo r  
c l a r i t y .  The agreement i s  p a r t i c u l a r l y  good i n  l i g h t  o f  adjustments of 
n e a r l y  a decade. 
l ( a ) ,  there  i s  s t i l l  a s t rong  downward adjustment which i s  a consequence 
o f  the l a r g e  a p r i o r i  no rma l i za t i on  unce r ta in t y .  I n  the  absence o f  
a p r i o r i  c o r r e l a t i o n s ,  such as no rma l i za t i on  u n c e r t a i n t i e s ,  a p r i o r i  
values i n  reg ions o f  low response w i l l  tend n o t  t o  be adjusted.  

Th is  example inc luded 14 "measured" damage values corresponding t o  

These 14 values were then used t o  a d j u s t  an a p r i o r i  

Thermal spec t ra  were a l s o  inc luded 

I n  reg ions o f  low response, as near the edges o f  F igure 

B r i e f l y ,  a few o f  the covar iance parameters used are as fo l lows.  
The 14 damage values were assumed t o  have an u n c e r t a i n t y  o f  15% indepen- 
dent  of each o ther .  
t y p i c a l l y  10-15% f o r  the  b e t t e r  known energy groups. 
u n c e r t a i n t y  was assumed, and neighbor ing groups were taken t o  be p a r t i a l l y  
c o r r e l a t e d  over about G? groups (c=O, r80.10-0.15,  8=0.5, y=2). A p r i o r i  
u n c e r t a i n t i e s  f o r  the damage f u n c t i o n  were taken t o  be much larger, '  
1000% norma l i za t i on  u n c e r t a i n t y  and 300% group-by-group u n c e r t a i n t i e s  
(c=lO, r =3) , a1 though somewhat s t ronger  short-range c o r r e l a t i o n s  were 
assumed ?e=O. 9, y=5).  

The u n c e r t a i n t i e s  on the  mul t ig roup f l u x e s  were 
No norma l i za t i on  
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Figure 1 .  75-group damage-function analysis.  A1 t h o u g h  the 
analysis extended t o  thermal energies,  only the top 39 groups are 
shown fo r  c l a r i t y :  (a).  damage function; ( b )  uncertainties fo r  
adjusted resu l t s .  8 and y are short-range correlat ion parameters 
(see t e x t ) .  
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The f i n a l  u n c e r t a i n t i e s  are shown by the  s o l i d  l i n e  i n  F igure l ( b ) .  
Typica l  u n c e r t a i n t i e s  i n  reg ions o f  low response near the edges o f  the 
p l o t  are on the order  o f  300%. This  va lue r e f l e c t s  the  o r i g i n a l  300% 
group-by-group u n c e r t a i n t i e s .  Most o f  the 1000% o v e r a l l  no rma l i za t i on  
e r r o r  i s  removed by the i n t e g r a l  measurements. 
s e n s i t i v i t y  t o  i n t e g r a l  values are sha rp l y  de l i nea ted  by about an addi -  
t i o n a l  f a c t o r - o f - 3  reduc t i on  i n  the  f i n a l  group damage-function uncer ta in -  
t i e s  t o  about loo%, a value s t i l l  l a r g e  i n  the face of the  s t r i k i n g  
agreement shown i n  F igure l ( a ) .  I n  p a r t ,  the  good agreement i n  F igure 
l ( a )  i s  an a r t i f a c t  o f  an a r t i f i c i a l  problem ( i n  r e a l i t y ,  exac t  damage 
values cannot be known) and i l l u s t r a t e s  the p o t e n t i a l  danger i n  us ing  
such comparisons as a means f o r  t e s t i n g  the  accuracy o f  the  f i n a l  s o l u t i o n .  
There are some i n d i c a t i o n s  t h a t  the  present  a lgo r i t hm overest imates f i n a l  
u n c e r t a i n t i e s  i n  l o o s e l y  cons t ra ined systems such as the  present  example; 
a l though i t  g ives  r e l i a b l e  u n c e r t a i n t i e s  f o r  more cons t ra ined problems o r  
where the  u n c e r t a i n t i e s  are smal le r .  Even so, one can e x P l i c i t l v  demon- 

The energy ranges o f  h igh  

s t r a t e  t h a t  a l l  
the  i n t e g r a l  va 
the u n c e r t a i n t y  
ma t r i x ,  uncer ta  
obtained. 

For compar 
a p r i o r i  damage 

the c o r r e l a t i o n s  i n  the f i n a l  -damage f u n c t i o n  in'huced by 
ues are present  t o  the  f o l l o w i n g  ex ten t .  If one computes 
i n  a p a r t i c u l a r  damage va lue from the ad jus ted  covar iance 
n t i e s  as small as the o r i g i n a l  "measured" values are 

son, a second example was run  w i t h  a more cons t ra ined 
f u n c t i o n .  The s t reng th  8 o f  the  short-range c o r r e l a t i o n  

was increased from 0.9 t o  1 .O and the  range y was increased from +5 
1 groups t o  +lo.  The f i n a l  u n c e r t a i n t i e s  are compared t o  the  prev ious 

case i n  F igure  l ( b ) .  
as s p e c i f i e d  by the  s t ronger  short-range c o r r e l a t i o n s  g r e a t l y  reduces 
the  u n c e r t a i n t i e s  i n  the ad jus ted  damage func t ion ,  e s p e c i a l l y  i n  the 
high-response energy groups where the f i n a l  u n c e r t a i n t i e s  drop from 
about 100% t o  near 25%. 
f u n c t i o n  d i d  n o t  change s i g n i f i c a n t l y .  

As c l e a r l y  shown, the  increased a p r i o r i  knowledge 

The values, themselves, f o r  the  ad jus ted  damage 

Fast-Neutron Spectrum Ana lys is  

A second example we consider  i s  the  u n f o l d i n g  o r  adjustment o f  f a s t -  
neutron spec t ra  based on dosimeter and pro ton  r e c o i l  measurements. 
example i s  s i m i l a r  i n  form t o  the  prev ious example. 
how many-channel data ( i n  t h i s  case p ro ton - reco i l  da ta)  can be e a s i l y  
inc luded i n  the few-channel problem. Dosimeter r e a c t i o n  r a t e s  are r e l a t e d  
t o  mu l t ig roup f l u x e s  and cross sec t ions  by 

This  
It does show, however, 

where i s p e c i f i e s  the  var ious  dosimeter f o i l s .  
the  present  code can inc lude m u l t i p l e  spec t ra  (e.g. f rom d i f f e r e n t  loca-  
t i o n s  w i t h i n  a r e a c t o r )  a t  t he  same t ime as m u l t i p l e  f o i l s .  

As an aside, we no te  t h a t  

This  example i s  based on 12 ac tua l  dosimeter measurements i n  the  8 Engineer ing Mockup C r i t i c a l  (EMC) as w e l l  as p ro ton  r e c o i l  measurements. 
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It was repo r ted  on e a r l i e r ’  b u t  w i t h o u t  the p ro ton - reco i l  measurements 
which are inc luded d i r e c t l y  i n  the ana lys i s  here. 
i nc lude  resonance de tec tors  , thresho ld  de tec tors  , and broad range detec- 
t o r s .  Dosimeter cross sec t ions  are based on ENDF/B-IV. The repor ted  
r e a c t i o n  r a t e  measurements were t y p i c a l l y  3-6% uncer ta in .  The ca l cu la -  
t i o n  used t o  generate an a p r i o r i  f l u x  was assumed t o  have a normal iza- 
t i o n  u n c e r t a i n t y  o f  1 OOc=50% and a d d i t i o n a l  group-by-group u n c e r t a i n t i e s  
o f  100rg=30% w i t h  short-range c o r r e l a t i o n s  s p e c i f i e d  by 8=0.5 and y=5. 
Cross sec t i on  u n c e r t a i n t i e s  were evaluated and t y p i c a l l y  were much smal le r .  
The ana lys i s  was c a r r i e d  o u t  i n  42 energy groups and p ro ton - reco i l  mea- 
surements were inc luded f o r  the  high-energy groups 4-22. Pro ton- reco i l  
u n c e r t a i n t i e s  were taken t o  be 5% w i t h  an a d d i t i o n a l  10% o v e r a l l  normal i -  
za t i on uncer ta i n ty. 

The 12 dosimeters 

Resul ts  f o r  the  neutron f l u x  are shown i n  F igure 2. Rather than 
pursue a d e t a i l e d  d iscuss ion,  we draw a t t e n t i o n  t o  one p a r t i c u l a r  f ea tu re  
o f  t h i s  example. P r i o r  t o  i n c l u s i o n  o f  t he  pro ton  r e c o i l  r e s u l t s ,  the  
neutron f l u x  along w i t h  the  mul t ig roup representa t ions  o f  the  12 cross 
sec t i on  se ts  were ad jus ted  based s o l e l y  on the  dosimeter r e a c t i o n  r a t e s .  
As shown by the do t ted  l i n e  i n  F igure 2, there  was a r a t h e r  no t i ceab le  
upward adjustment of the neutron f l u x  near 20 keV. Moreover, t h i s  ad jus t -  
ment was n o t  conf i rmed by comparisons w i t h  p ro ton - reco i l  measurements. 
Therefore , the p ro ton - reco i l  measurements were inc luded i n  the  same anal -  
y s i s  t o  p rov ide  a more d i r e c t  c o n s t r a i n t  on the  ad jus ted  f l u x .  As seen 
from the  dashed l i n e  i n  F igure 2 ,  the  comparat ive ly  smal l  u n c e r t a i n t i e s  
f o r  the  p ro ton - reco i l  measurements e f f e c t i v e l y  e l i m i n a t e  the  p rev ious l y  
noted upward f l u x  adjustment. Ins tead the  nuc lear  cross sec t ions  are 
adjusted,  i n  p a r t i c u l a r  45Sc(n,y) which has a response i n  t h i s  energy 
reg ion .  F igure 3 shows t h a t  the  scandium cross sec t i on  had been ad jus ted  
upward a l i t t l e  p r i o r  t o  the  i n c l u s i o n  o f  the  p ro ton - reco i l  data.  But 
w i t h  the  p ro ton - reco i l  data,  the adjustment i s  g rea ter ,  more than 9% i n  
s p i t e  o f  assigned u n c e r t a i n t i e s  o f  o n l y  6% f o r  t he  a p r i o r i  c ross sec t i on  
i n  t h i s  energy range. There i s  a s t rong  i m p l i c a t i o n  t h a t  t he  scandium 
cross sec t i on  should be reexamined. 

Mu1 tichanne.1 Unfo ld ing  

The FERRET code was used t o  reduce data on recen t  D-Li neutron y i e l d  
s tud ies .  
measurement from a foreground measurement and accounted f o r  de tec to r  
response broadening. Also,  a l though the  problem was n o t  underdetermined 
as i n  the prev ious examples, impor tant  a p r i o r i  i n fo rma t ion  was inc luded:  
a presumed smoothness was s p e c i f i e d  by the  use o f  a p r i o r i  short-range 
c o r r e l a t i o n s  , and conservat ion o f  energy d i c t a t e d  t h a t  the  neutron y i e l d  
was r i g o r o u s l y  zero above a known energy. The problem i s  summarized by 
F igure  4 which shows bo th  the  exper imental  neu t ron -y ie ld  measurements and 
the  reduced data as a f u n c t i o n  o f  the  neutron energy. The f l u c t u a t i o n s  
seen i n  the  measurements are due t o  count ing s t a t i s t i c s .  
30 corresponds t o  50 MeV neutrons, and represents  the  h ighes t  energy f o r  
which neutrons are emi t ted.  

The data reduc t i on  requ i red  the  s u b t r a c t i o n  o f  a background 

. 

Re la t i ve  channel 
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42-group ana lys i s  f o r  the  Engineer ing Mockup C r i t i c a l  
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F i  u re  3. 42-group ana lys i s  f o r  the Engineer ing Mockup C r i t i c a l  
(EMC), 15Sc(n,y) cross sec t ion .  
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Figure 4. Measured and eva lua ted  neutron y i e l d  da t a  a t  12': 
( a )  foreground resul ts  ; (b)  background results . 
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A particular advantage of  the present method is  apparent in Figure 5 
which shows a sharp r i s e  i n  the reduced-yield uncertainties above channel 
25. As the'foreground values become smaller a t  the higher energies 
(channels) , one obtains the increased e r ror  associated w i t h  the back- 
ground subtraction as the background becomes increasingly important. 
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Figure 5. Final uncertainties for  reduced neutron-yield data. 

Cross Section Evaluation 

Figure 6 summarizes the resul ts  of an eva tion for the neutron- 
capture cross section for  the fission-product IHgAg. Space precludes a 
detailed discussion. 
taneous use of  different  types of integral measurements along with d i rec t  
microscopic data to  obtain a f inal  evaluation. In  addition to  the micro- 
scopic data shown, integral worth measurements from several STEK cores*,lO 
and a reaction ra te  measurement from the Coupled Fast Reactor Measurement 
Facility11 (CFRMF) were included. Another feature i s  the use of a point- 
wise representation for  the cross section i n  contrast t o  the multigroup- 
l ike representations used i n  the e a r l i e r  examples. I t  i s  interesting t o  
note that  the integral measureme t s ,  i n  a sense, rule i n  favor of the 
Weston microscopic measurements .!2 The d i f fe ren t  microscopic measurements 
had comparable uncertainties. A final p o i n t  concerns the character of the 
uncertainties. 
subject t o  overall normalization errors .  This important correlation must 
be included i f  a measurement w i t h  a re la t ively large number of data points 
i s  not  t o  be unduly weighted. The s t a t i s t i c a l  weighting of the single 
degree-of-freedom associated w i t h  normalization generates less  weight 
t h a n  a s e t  of s t a t i s t i c a l  ly-independent values. 

An important feature of this example i s  the simul- 

By t he i r  nature, neutron-capture measurements are often 
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The u n c e r t a i n t i e s  are shown i n  F igure 6 (b ) .  
reduc t ions  i n  the u n c e r t a i n t i e s  f o r  the ad jus ted  values are due t o  i n t e -  
g r a l  measurements. A t  the  h igher  energies,  the unce r ta in t y  reduc t i on  
t o  12% a r i s e s  from the  e l i m i n a t i o n  o f  a 40% a p r i o r i  no rma l i za t i on  e r r o r  
assumed above 1 keV. 

For low energ ies,  the  

F igure 6. Neutron-capture cross sec t i on  eva lua t i on  f o r  lo9Ag: 
(a )  cross sec t ion ,  ( b )  uncer ta in t i es .  
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SUMMARY 

The examples discussed i l l u s t r a t e  the d ivers i ty  of problems tha t  can 
be t reated by the present method. 
taneously consider integral  and d i f f e ren t i a l  data in a common evaluation. 
In common with a generalized least-squares approach, f ina l  uncertaint ies  
and covariances are  generated tha t  describe the accuracy of the f ina l  re- 
s u l t s .  Par t icular  a t ten t ion  was devoted t o  the problem of large a pr ior i  
uncertaint ies  fo r  physical quant i t ies  known t o  be posi t ive.  

Their common l ink  i s  the need t o  simul- 
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ABSTRACT 

S e n s i t i v i t i e s  and u n c e r t a i n t i e s  have been obta ined f o r  
i n p u t  i n t o  a l e a s t  squares consis tency ana lys is  o f  t he  NBS- 
ISNF f l u x  spectrum. One-dimensional A N I S N  t r a n s p o r t  
c a l c u l a t i o n s  were used i n  the  c a l c u l a t i o n  o f  s e n s i t i v i t y  
c o e f f i c i e n t s .  
fo lded w i t h  covar iance f i l e s  t o  o b t a i n  the  unce r ta in t y  
i n  the  NBS-ISNF c e n t r a l  reg ion  f l u x  spectrum due t o  cross 
sec t i on  and f i s s i o n  spectrum uncer ta in t i es .  This  f l u x  
covar iance f i l e  along w i t h  r e a c t i o n  r a t e  r a t i o  s e n s i t i v i -  
t i e s  and r e a c t i o n  cross sec t ions  w i t h  t h e i r  covariances 
were used t o  a d j u s t  the  NBS-ISNF f l u x  spectrum, r e a c t i o n  
cross sec t ions  and a c t i v a t i o n s  based on i n t e g r a l  r e a c t i o n  
r a t e  r a t i o  measurements and t h e i r  unce r ta in t i es .  

These s e n s i t i v i t y  c o e f f i c i e n t s  were then 

An i n i t i a l  ca l cu la ted  vs. exper imental  discrepancy f o r  
28 f /25 f  o f  12.6% was removed by the  adjustment. 
t he  cross sec t ions  and f l uxes  were ad jus ted  by more than 
t h e i r  standard dev ia t ions  and the  r e s u l t i n g  chi-square per  
degree o f  freedom was 7, which i n d i c a t e d  extreme i n c o n s i s t -  
ency. 

However, 

A f i n e r  energy mesh and replacement o f  a Maxwellian 
f i s s i o n  source by a p r e l  iminary-ENDF/B-V f i s s i o n  source 
gave a ca l cu la ted  vs. exper imental  d iscrepancy o f  on l y  
4.3%. The r e s u l t i n g  rev i sed  adjustment y i e l d e d  a c h i -  
square per  degree o f  freedom o f  1.2 which i nd i ca tes  good 
consis tency among the  var ious data. 
ment inc luded o f f -d iagona l  elements o f  the  f l u x  covar iance 
mat r ix .  If these o f f -d iagona l  elements a re  omit ted,  t he  
chi-square per  degree o f  freedom becomes 1.6 i n d i c a t i n g  
o n l y  f a i r  consistency. 

This  rev i sed  ad jus t -  

*Research sponsored under U.S. NRC In teragency Agreement 40-552-75 
w i t h  the  Dept. o f  Energy under c o n t r a c t  W-7405-eng-26 w i t h  Union 
Carbide Corp. 
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I NTRODUCTI ON 

The FORSS system' has been suggested as a tool for analysis of  
dosimetry u n f o l d i n g  problems.2 
app l  ied t o  Fast Reactor Benchrna rk~ ,~ ,~  Radiation Transport5 problems, 
LMFBR design uncertaintiesY6 ENDF/B-V  projection^,^ and others. T h i s  
study applies the FORSS system t o  the analysis of a benchmark standard 
neutron fie1 d ,  the National Bureau o f  Standards-Intermediate Energy 
Standard  Neutron Field (NBS-ISNF) ,8 to o b t a i n  the "most l ikely"  estimates 
for both the NBS-ISNF f l u x  spectrum and several dosimetry cross sections 
as we1 1 as t he i r  covariances based on several experiment measurements. 
The maximum likelihood estimator i s  a l inear  l ea s t  squares adjustment 
scheme such as reported i n  several other s t u d i e ~ . 9 , ~ 0 , 1 1  

Previously the FORSS system has been 

Presently, much of the adjustment work i s  i n  the area of cross 
sections for the improvement o f  performance parameter predictions. 
However, very l i t t l e  work has been done i n  the area of dosimetry unfold- 
i n g ,  where the aim i s  to adjust  b o t h  dosimetry cross sections and the 
f l u x  spectrum. 
f l u x ;  hence each g roup  flux must be treated as an individual response 
(whereas with performance parameter predictions, there i s  only one 
response, the performance parameter i t s e l f ) .  Also, the a p r i o r i  f l u x  
covariance matrix is  needed before an adjustment o f  the f l u x  spectrum 
can be made. 
constituent cross section covariance data to obtain this flux covariance 
matrix.  

One d i f f icu l ty  a r i ses  from the continuous nature of the 

The sens i t i v i t i e s  obtained using FORSS can be folded w i t h  

The mot iva t ion  for  this  work ar ises  from the economic incentive of  
the reduction i n  uncertainties o f  operating LWR f l  uences. 
t a in t ies  mandate conservatism i n  reactor pressure vessel l ifetime estimates 
and therefore premature shutdown. Several reactors face shutdown within 
the n e x t  couple o f  years i f  these fluence uncertainties a re  not reduced. 
However, w i t h  the use of the techniques demonstrated i n  t h i s  study along 
w i t h  experimental measurements i n  both standard and reference f i e lds ,  i t  
i s  f e l t  that  predictions of operating fluences can be made w i t h  s ign i f i -  
cantly more confidence; thus reducing unnecessary design conservatism. 

Fluence uncer- 

APPROACH. TO THE PROBLEM 

This study has been broken i n t o  essent ia l ly  two separate problems. 
Part I consists of the calculation o f  an a p r i o r i  flux spectrum covari- 
ance matrix for  the NBS-ISNF. Here we define the response of in te res t  
as the NBS-ISNF flux spectrum, since we are  interested in the e f fec t  
of cross section uncertainties on the flux spectrum. 
integral data and i t s  covariance matrix, dosimetry cross sections and 
the i r  covariance matrices, and the NBS-ISNF flux spectrum and i t s  covari- 
ance matrix t o  obtain "most l ikely"  estimates of a l l  of  the above. Here 
the response of in te res t  i s  the measured ac t iv i ty  or  ac t iv i ty  ra t io ,  
since we are interested in the e f fec t  of cross section and f l u x  spectrum 
changes on the ac t iv i ty  or  ac t iv i ty  ra t io .  

Pa r t  I1 uses 
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SENSITIVITY ANALYSIS 

Relative sens i t iv i ty  coefficients form the basis for a study of  
th i s  nature. In  Part I re la t ive sensi t ivi ty  values allow an importance 
r a n k i n g  of major system constituents according t o  the response which i n  
our case i s  the NBS-ISNF central region flux. 
t ive  sens i t iv i ty  coefficients a long  w i t h  cross section covariance d a t a  
are used t o  obtain the a priori flux covariance matrix.  
t ive  sens i t iv i ty  coefficients show the e f fec t  of  cross section and flux 
adjustments on the calculated ac t iv i ty  or ac t iv i ty  ra t io .  

The energy-dependent rela- 

I n  Pa r t  I1  the rela- 

The total  (summed over space and cross section energy) re la t ive sensi- 
t i v i t y  coefficients for  each group flux response are shown i n  Table 1 .  
These quantit ies represent the indirect  e f fec t  only since the NBS-ISNF 
constituent cross sections do n o t  appear expl ic i t ly  i n  the response. 
energy-dependence (both f l  ux spectrum and cross section) o f  these sensi- 
t i v i t i e s  i s  necessary for the a priori flux spectrum covariance matrix 
calculation. 
t o t a l  flux t o  the boron-10 absorption cross section i s  shown i n  Figure 1 .  
Plots such as these are obtained for every response and cross section. The 
t o t a l  re la t ive sens i t iv i ty  coefficients indicate the NBS-ISNF central 
region f l u x  spectrum i s  very sensit ive t o  the fission spectrum and carbon 
cross sections. Boron a n d  aluminum are relatively unimportant i n  the inter-  
mediate and f a s t  energy range ( i . e . ,  the range o f  in te res t  i n  the NBS-ISNF). 
For a more detailed discussion o f  the procedures and resul ts ,  see Reference 
1 2 .  

The 

A plot o f  the energy dependence of the sens i t iv i ty  o f  the 

For the relat ive sens i t iv i t ies  used i n  the adjustment ( P a r t  I I ) ,  there 
were two responses, 2 * f / 2 5 f  and 4 9 f / 2 5 f . 1 3  
necessary only to  calculate the direct  e f fec t ,  since i t  was assumed t h a t  
a perturbation i n  these cross sections would n o t  change the f l u x .  

For these responses, i t  was 

UNCERTAINTY ANALYSIS 

Folding of energy dependent re la t ive sens i t iv i ty  coefficients w i t h  
ENDF/B- IVY and ORNL-generated covariance data yields the a priori estimate 
of  the f l u x  spectrum covariance matrix shown in Table 2 .  This f l u x  spec- 
trum covariance matrix i s  presented as a correlation matrix w i t h  i t s  
elements multiplied by 1000 for c la r i ty .  
carbon and the fission source. Boron and aluminum were n o t  included; 
however, the i r  contribution t o  the flux uncertainty i s  f e l t  t o  be small 
since boron i s  a standard material, coupled w i t h  i t s  low sens i t iv i t ies  
a t  energies of  in te res t  and since aluminum has a very low sensi t ivi ty .  
The sensi t ivi ty  matrix i s  formed from the previously calculated relat ive 
sensi t ivi ty  coefficients with the columns representing various cross 
section energy intervals and the rows representing various f l  ux spectrum 
intervals.  The carbon covariance matrix was processed14 using PUFF5, 
while the fission spectrum covariance matr ix  was generated12 assuming 

I t  contains contributions from 
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a Maxwellian spectrum w i t h  a mean energy of 2 MeV +2%. 
t i v i t y  and covariance matrices for a l l  materials i s  obtained the f lux 

Once the sensi- 

specfrum covariance matrix i s  obtained by: 

- S i s  the sens i t i v i ty  matrix, f$ the cross section cotariance matrix, and 
-$ M the f l u x  spectrum covariance matrix. 

=xsT . ,,,, . where 
-c - --+ -mat 

The resul t ing f l u x  covariance matrix i s  strongly correlated w i t h  

The r e l a t ive ly  low 
re la t ive ly  small standard deviations. I t  should be pointed o u t  t h a t  
these uncertaint ies  a re  due t o  nuclear data only. 
estimates for  the uncertainties i n  the f lux spectrum confirms the poten- 
t i a l  usefulness of this  f i e l d  as  a standard. 

ADJUSTMENT 

The adjustment u t i l i zed  the method of Gandini and Salvatoresl l  t o  
reduce the uncertainty i n  both the f lux and dosimetry cross sections 
based on integral  measurements made in the NBS-ISNF f a c i l i t y .  The data 
used for the adjustment i s  shown i n  Table 3. A newly developed code 
U N C O V E R , 1 5  which allows parti t ioned matrices t o  be brought in to  the core 
as  needed, was used fo r  the adjustment. 
covariance matrix used in this analysis  i s  shown i n  Figure 2 .  The Pu-239f, 
U-238f, and U-235f covariance data were processed in to  a 15-group s t ruc ture  
u s i n g  PUFF. The AMPX systeml6 processed dosimetry cross sections from the 
171- group VITAMIN-C l ibrary .  l 7  A Pu-239 f i ss ion  spectrum weight function 
was used to  collapse from 171 t o  126 groups,  then an approximate NBS-ISNF 
flux spectrum i n  126-groups was used to  collapse from 126 t o  15 groups. 

values shown in Table 4 show a 12% discrepancy i n  the The calc.  
measured vs. calculated value fo r  28f /25f .  The adjustment removed this 
discrepancy as  a l so  shown, b u t  the cross sections were adjusted beyond 
their standard deviations and the resul t ing chi-square t e s t  fo r  goodness 
of f i t  was %7 per degree of  freedom. This indicates extreme inconsistency 
i n  the measured (t uncertainty) vs. the calculated ( 5  uncertainty) values. 

A schematic of the par t i t ioned 

exp. - calc .  

R E V  I S ED AD J USTMENT 

The f i rs t  attempt t o  resolve t h i s  discrepancy u t i l i zed  an ENDF/B-V 
U-235 f i ss ion  spectrum as the fixed source in a 15-group a p r i o r i  f l u x  
spectrum calculat ion,  as  opposed to  the previous calculat ion which used 
an NBS supplied source.18 The r e s u l t  was a decrease in  the magnitude 
of the 28/25 discrepancy of 3.5%. 
U-235 (s ince a 171-group NBS source was n o t  avai lable)  f i s s ion  spectrum 
i n  a 171-group a priori f lux spectrum calculat ion.  
was reduced 4.5% from the reference case. 

The second attempt u t i l i zed  an ENDF/B- IV 

The 28/25 discrepancy 
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A final revised adjustment uti1 ized a prel iminary,ENDF/B-V U-235 
fission source in 171-groups to  reduce the a pr ior i  calculated vs. experi- 
mental discrepancy of the 28f/25f  response from 12.6% t o  4.3% as  shown 
in Table 5. Also the 49f/25f discrepancy was reduced from 4.7% to 2 .7%.  
As can be seen in Table 5, these a priori  discrepancies are now within 
combined experimental and calculational uncertainties such t h a t  chi-square 
per degree i s  now 1.2 .  The resulting adjustment further decreased these 
discrepancies to 1.5% and 0.5% for 49f/25f and 28 f /25 f ,  respectively, as 
shown in Table 5. Also, inspection of Tables 6 ,  7 ,  8 ,  and 9 show that the 
cross section and flux adjustments are well within the i r  standard deviations. 

For comparison, the revised adjustment was repeated assuming the off-  
diagonal elements of the flux spectrum covariance were 0. 
changes for these two cases are shown in Table 9 .  The resulting chi- 
square per degree of freedom was 1.6 as compared t o  1 . 2  for  the case which 
did consider the off-diagonal elements. These chi-square values have 
corresponding probabili t ies where 1 . 2  has a probability of 0 .3  ( the stand- 
a r d  deviation has 30% chance of being higher, 70% lower) and 1.6 has a 
probability of 0.2.  
ments of the flux covariance matrix does a f fec t  the adjustment and a more 
consistent adjustment i s  obtained i f  you consider the off-diagonal elements. 

Flux spectrum 

T h u s  i t  appears the inclusion of off-diagonal ele- 

SUMMARY AND CONCLUSIONS 

An a pr ior i  flux spectrum covariance matrix for the NBS-ISNF was 
generated for the calculation of "most l ikely"  estimates for  the NBS-ISNF 
flux spectrum and dosimetry cross sections based on two integral experi- 
ment values. Additional covariance data included dosimetry cross section 
covariances, processed from ORNL internal point-covariance f i l e s ,  and 
covariance data for the integral experiments, obtained from NBS. The 
resulting adjustment decreased large 28f/25f and 49f/25f calculated vs. 
experimental discrepancies (12.6% and 4.6% respectively) to acceptable 
values. 
beyond the l imi t s  o f  t he i r  standard deviations and the resulting chi- 
square t e s t  showed the adjustments t o  be extremely inconsistent 
(chi-square/degree=7.2). 

section s e t  with a preliminary ENDF/B-V U-235 fission spectrum, the 
calculated vs. experimental discrepancies were reduced from 12.6% to 
4.2% and 4.6% t o  1.6% for 28f/25f  and  49f/25f ,  respectively. 
sul t ing revised adjustment further decreased these discrepancies, to 
0.5% and 1.5%, respectively, and the chi-squared t e s t  indicated the 
adjustments were now consistent with the standard deviations o f  the 
cross sections and fluxes. 

However, many group cross sections and fluxes were adjusted 

Upon recalculation of the two experiments using a 171-group cross 

The re- 

I t  i s  interesting t o  note that  the primary difference between the 
f i r s t  and second adjustment i s  due to a correction i n  the calculation 
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based on a f i n e r  group s t r u c t u r e  and an improved f i s s i o n  spectrum. 
171 -group c a l c u l a t i o n  al lows, i n  essence, a c o r r e c t i o n  t o  t h e  15-group 
cross sec t ions  and f l uxes  f o r  methods and data d e f i c i e n c i e s .  

The 

As a f i n a l  note, i t  can be seen i n  Table 9 t h a t  i n c l u s i o n  o f  the  
o f f -d iagona l  elements o f  t he  f l u x  spectrum covar iance m a t r i x  g ives a 
more cons is ten t  adjustment. 
adjustment codes neg lec t  these of f -d iagonal  elements. 

Th is  i s  an impor tan t  conc lus ion s ince  many 
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1 
NBS ISNF - SENS OF TOTRL FLUX TO 8-10 RBSORP I A= -1.9540E-01 

3 
02-05-78 

ENERGY (MEW 

Fig. 1 .  Sensit ivity o f  the flux integrated over a l l  energies in the 
NBS-ISNF central region t o  B-10 absorp t ion  cross section i n  various 
energy interval s .  
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Figure 2 .  Extended covariance matrix par t i t ions 
used in UNCOVER code. 
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TABLE 1. RELATIVE S E N S I T I V I T Y  COEFFICIENTS FOR EACH GROUP FLUX 
TO CROSS SECTIONS SUMMED OVER ENERGY AND SPACE. 

CENTRAL REGION ALUMINUM-27 BORON-10 CARBON-12  FISSION^ 
FLUX RESPONSE TOTAL ABSORPTION TOTAL SPECTRUM 

GROUP 1 - .0301 -.0316 .0834 1 .o 

GROUP 2 -. 0290 - .0304 .0637 1 .o 

GROUP 3 -.0163 - .0404 .2302 1 .o 

GROUP 4 .0011 - .0326 .3130 1 .o 

GROUP 5 - .0020 - .0636 .3653 1 .o  

GROUP 6 - .0089 -.0917 .3950 1 .o 

GROUP 7 .0031 -.1127 .4285 1 .o 

GROUP 8 .0074 -.1444 .4584 1 .o 

GROUP 9 - .0090 - .2426 .5735 1 .o 

GROUP 10 -.0910 - .3442 .6415 1 .o  

GROUP 11 .0386 - .4564 .7210 1 .o 

GROUP 12 -.0132 - .8085 .8038 1 .o 
GROUP 13 -. 0203 -2.01 97 .8524 1 .o 
GROUP. 14 -. 0239 -4.3922 .89 38 1.0 

TOTAL -.0112 -.1954 .4154 1 .o 

These a r e  d e r i v e d  q u a n t i  t i e s .  a 



TABLE 2. NBS I S N F  FLUX CORRELATION M A T R I X  (10**3) 

NOTE: GROUP 15 HAS BEEN OMITTED 

GROUP % REL. 
BOUNDARY ST. DEV. 

0.1733D 08 5.0 1 1000 

0.3679D 07 2.8 2 998 1000 

0.2725D 07 0.9 3. 963 959 1000 

0.1353D 07 0.4 4 -802 -803 -631 1000 

0.6721E 06 0.8 5 -920 -920 -815 965 1000 

0.4979D 06 0.9 6 -937 -936 -849 923 995 1000 

0.4076D 06 1.1 

0.3020D 06 1.2 

0.2237D 06 1.2 

0.6738D 05 1.2 

0.3183D 05 1.1 

0.1503D 05 1 .o 
0.1234D 04 0.9 

0.1670D 03 0.8 

0.1371D 02 

0.1 000D- 03 

7 -937 -936 -855 892 978 997 1000 

8 -947 -946 -872 889 978 991 994 1000 

9 -933 -932 -860 893 968 981 983 994 1000 

10 -854 -854 -780 844 899 904 901 928 955 1000 

11 -821 -820 -740 841 892 894 890 912 951 965 1000 

12 -673 -672 -593 749 785 780 774 797 836 852 884 1000 

13 -586 -585 -504 698 730 720 722 729 774 753 798 815 1000 

14 -475 -474 -399 627 644 641 641 639 700 680 734 791 991 1000 

15 
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TABLE 3. EXPERIMENTAL DATA’ 

Response Exp. S-D(%) 

49 f  
25 f  

28 f 
25f  

1.155 

0.0923 

Corre . J  ti on Ma t r i  x f o r  I ,i tegra  

1.000 .266 

.266 1 .ooo 

1.8 

1.1 

Data 



TAGLE 4 .  RESULTS OF FIRST ADJUSTMENT 

Ca lc .  'E-C - O l d  'E New S t .  Dev. S t .  Dev. S t .  Dev. 
c ( % )  A ( % )  Exp. ( % )  O l d  Ca lc . (%)  New A d j .  ( % )  Response Exp. 

- 1.1550 1.1006 4.9 2 .3  1 .8  2.3 1 . 1  
4 9 f  
2 5 f  

- '1.3 1 .1  3.4 1 .o 2 8 f  .0923 0.0820 12.6 2 5 f  

c h i - s q u a r e / d e g r e e  = 7 .2  Oa p r i o r i  
ba p o s t e r i o r i  

TABLE 5. RESULTS OF REVISED ADJUSTMENT 

Ca lc .  OE-C - O l d  bE-A New S t .  Dev. S t .  Dev. S t .  Dev. 
c ( % )  A ( % )  Exp. ( % )  O l d  C a l c . ( % )  New A d j .  (%)  Response Exp. 

1.5 1 .8  2.2 1 .1  1.1550 1.1243 2.7 49f 
2 5 f  

0 .5  1.1 3 .3  1 .o .0923 .0885 4.3 2 8 f  
2 5 f  

c h i - s q u a r e / d e g r e e  = 1.2 p r i o r  
'a p o s t e r i o r i  



175 

TABLE 6. U-235f CROSS SECTION ADJUSTMENTS 

Group S t .  Dev. S t .  Dev. 
Old ( % )  New (%)  Boundar ies Change (%)  Group 

Number 
( e v )  

1 1 .733E+07 1.19 2.99 2.81 

2 3.679E+06 1.38 3.00 2.79 

3 2.725E+06 1.09 2.26 2.10 

4 1 .353E+06 0.39 2.48 2.47 

5 6.721 E+05 -0.08 3.50 3.46 

6 4.979E+05 -0.08 3.50 3.46 

7 4.076E+05 -0.55 2.95 2.87 

8 3.020E+05 -0.58 3.00 2.92 

9 2.237E+05 -1.02 2.61 2.46 

10 6.738E+04 -1.82 2.97 2.68 

11 3.183E+04 -2.43 3.54 3.12 

12 1.503E+04 -3.16 4.91 4.42 

13 1.234E+03 -1.74 3.17 2.95 

14 1 .670E+02 -1.37 3.10 2.96 

15 1.371 E+01 -0.92 2.56 2.49 

1 .000E-04 
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TABLE 7. U-238f CROSS SECTION ADJUSTMENTS 

1.733E+07 

3.679E+06 

2.725E+06 

1.353E+06 

6.721 E+05 

4.979E+05 

4.076E+05 

3.020E+05 

2.237E+05 

1.24 

1.49 

1.18 

0.57 

-0.07 

-0.07 

-0.62 

-0.67 

-1.01 

3.01 

3.01 

2.31 

2.60 

3.79 

3.95 

4.20 

4.55 

7.01 

2.83 

2.76 

2.12 

2.57 

3.75 

3.91 

4.13 

4.48 

6.96 

10 6.738E+04 -1.73 36.69 36.67 

11 3.183E+04 -2.18 109.59 109.58 

12 1 .503E+04 -2.91 109.59 109.57 

13 1 .234E+03 -1.48 109.59 109.59 

14 1 .670E+02 -1.12 109.59 109.59 

15 1 .371 E+01 -0.66 109.59 109.59 

1.000E-04 
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TABLE 8. Pu-23gf CROSS SECTION ADJUSTMENTS 

3 L .  uev. 
hume r U I U  \ % )  New (%) 

1 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

1 .733E+07 

3.679E+06 

2.725E+06 

1.353E+06 

6.721 E+05 

4.979E+05 

4.076E+05 

3.020E+05 

2.237E+05 

6.738E+04 

3.183E+04 

1.503E+04 

1 .234E+03 

1.670E+02 

1 .371 E+01 

1.000E+04 

1.21 

1.41 

1.12 

0.44 

-0.05 

-0.05 

-0.52 

-0.56 

-0.99 

-1.78 

-2.43 

0.69 

3.05 

3.43 

3.88 

3.01 

3.03 

2.30 

2.57 

3.52 

3.52 

3.01 

3.07 

2.66 

3.16 

3.60 

9.42 

10.49 

10.47 

10.34 

2.84 

2.82 

2.14 

2.54 

3.48 

3.47 

2.93 

2.99 

2.52 

2.89 

3.18 

8.40 

9.13 

9.09 

8.92 
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TABLE 9. COMPARISON OF R E V I S E D  FLUX ADJUSTMENTS WITH AND WITHOUT 
OFF-DIAGONAL ELEMENTS OF THE FLUX SPECTRUM COVARIANCE MATRIX.  

Change Change St. Dev. St. Dev. St. Dev. Group 
w/o (%) Old (%) New w/ (%) New w/o (%) Group Boundaries W i t h  (%) Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

1 2  

13  

14 

15 

1 .733E+07 

3.697E+06 

2.725E+06 

1 .353E+06 

6.721 E+05 

4.979E+05 

4.076E+05 

3.020E+05 

2.237E+05 

6.738E+04 

3.183E+04 

1 .503E+04 

1 .234E+03 

1 .670E+02 

1.371 E+01 

1.000E-04 

3.77 

2.11 

0.64 

-0.28 

-0.55 

-0.70 

-0.80 

-0.88 

-0.91 

-0.83 

-0.75 

-0.60 

-0.48 

-0.38 

2.06 

0.60 

0.19 

-0.01 

-0.01 

-0.01 

-0.02 

-0.03 

-0.10 

-0.05 

-0.04 

-0.18 

-0.03 

-0.002 

4.97 

2.79 

0.88 

0.44 

0.76 

0.96 

1.09 

1.18 

1.22 

1.18 

1.09 

1 .oo 

0.92 

0.84 

3.75 

2.10 

0.69 

0.37 

0.57 

0.72 

0.54 

0.90 

0.93 

0.95 

0.89 

0.87 

0.82 

0.78 

4.75 

2.76 

0.87 

0.44 

0.76 

0.94 

1.09 

1 .18 

1.22 

1.18 

1.09 

1 .oo 

0.92 

0.84 
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SENSITIVITY ANALYSIS APPLIED TO AN INTEGRAL TEST 
OF NIOBIUM CROSS SECTIONS 

D. T. Ingersoll 
Oak Ridge National Laboratory 
Oak Ridge, Tennessee, U.S.A. 

and 
B. W. Wehring 

University of  Illinois at Urbana-Champaign 
Urbana, Illinois, U.S.A. 

ABSTRACT 

Simultaneous neutron and gamma-ray measurements were 
made of the leakage spectra from a Cf-252 spontaneous fission 
source located at the center of a solid, 9.6-cm thick, spheri- 
cal shell of niobium. The NE-213 data were unfolded above 
1 MeV and compared on an absolute basis to one-dimensional 
transport calculations, thus providing an integral test of 
Nb cross section data and multi-group processing. Several 
neutron, gamma-ray coupled cross section sets were investi- 
gated including the fine group VITAMIN-C library. 

Calculations based on ENDF/B-111 and IV data were in 
good agreement with the measured neutron spectrum below 10 
MeV but diverged from the measurement above 10 MeV. ENDF/B- 
111 data were in generally good agreement with the gamma-ray 
measurement while ENDF/B-IV gave an overestimation of the 
leakage. Sensitivity analysis showed that inelastic reac- 
tions were the dominant gamma-ray production mechanism for 
Nb, and that the gamma-ray leakage had much larger cross 
section sensitivities than the neutron leakage. Based on 
this integral test, it is suggested that a reevaluation of 
ENDF/B-IV Nb data for inelastic processes above 1 MeV and 
all processes above 10 MeV be made. 

INTRODUCTION 

An integral test of nuclear data uses a comparison of measurements 
and calculations to provide information on the accuracy of the data and/ 
or the data processing. For a valid test, both the experiment and the 
calculations must use proven methods, and the geometry of the problem 
must be sufficiently simple to insure interprecable measurements and 
reliable computations. An integral test of niobium cross sections has 

*Research sponsored by the Division of Nuclear Research and Applications, 
U.S. Department of Energy under contract W-7405-eng-26 with the Union 
Carbide Corporation. 
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been made within the energy range of 1 to 14 MeV. A measurement of the 
neutron and gamma-ray leakage spectra from a 252Cf spontaneous fission 
source located at the center of a spherical shell of niobium was compared 
to several one-dimensional transport calculations which utilized ENDF/B 
cross sections and accepted multigroup processing methods. The extreme 
simplicity of the geometry and the use of standard experimental and 
analytic techniques satisfied the necessary requirements for an accurate 
test of the relevant niobium cross sections. Sensitivity analysis 
proved useful in understanding the complex relationship between the 
neutron and gamma-ray leakage spectra and in locating the source of the 
disagreement between the measurement and the calculations. 

EXPERIMENTAL PROCEDURE 

The procedure used at the University of Illinois (UIUC) to measure 
the neutron and gamma-ray spectra will be described briefly. A 4 ug 
252Cf spontaneous fission source was placed at the center of a spherical 
shell of niobium which was positioned 2m above a concrete floor. The 
sphere had an outside radius of 12.7 cm and an inside radius of 3.1 cm. 
An NE-213 spectrometer system' was used to simultaneously collect the 
neutron and gamma-ray pulse height data. The 5-cm NE-213 scintillation 
detector was also positioned 2m above the floor at a distance of 200 5 
1 cm from the Nb sphere. A lead and paraffin shadow shield was placed 
between the sphere and detector to obtain background data. 
height spectra were unfolded with the FORIST code2 which used NE-213 
neutron and gamma-ray response matrices prepared at UIUC. ' The 
unfolded spectra are shown in Fig. 1 together with the Gaussian "window" 
function used to smooth the unfolded solution. Although the high energy 
data was collected for nearly 75h, statistical error in the data was 
unacceptably large above 14 MeV neutron energy and 6 MeV gamma-ray 
energy. 
shape discrimination considerations. 
absolute basis using the known source strength, the measured source- 
detector separation, and the absolute detector efficiency. 

The pulse 

The lower limit of approximately 1 MeV was determined by pulse 
The spectra were normalized on an 

CALCULATION OF LEAKAGE SPECTRA 

The neutron and gamma-ray leakage spectra were calculated at both 
UIUC and ORNL using the one-dimensional discrete ordinates code ANISN.4 
Thirty-five mesh intervals were used, with an S32 annular quadrature and 
P3 cross sections. 
first interval and was assumed for neutrons to be a Maxwellian dis- 
tribution with a temperature of 1.43 MeV. 
was assumed to be an exponential with a "decay constant" of 1.13 MeV.-l 
The shape of both the neutron and the gamma-ray source distributions 
were determined from bare source measurements. 

The 252Cf source was distributed uniformly in the 

For gamma rays, the source 

Several multigroup coupled neutron and gamma-ray cross section sets 
based on ENDF/B data were used in the transport calculations. 
were obtained from the Radiation Shielding Information Center (RSIC) and 

All sets 
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Fig. 1. Measured neutron (left) and gama-ray (right) leakage spectra from a 252Cf source in a niobium 
sphere. 
smooth the unfolded data. 

The upper curves represent the full-width-at-half-maximum of a Gaussion window function used to 
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included: DLC-28, DLC-37C, DLC-41 , and DLC-47. Only DLC-28 was 
based on ENDF/B-111, MAT-1164 data, while the other sets used ENDF/B-IV, 
MAT-1189 data. The DLC-47 set containing 45 neutron and 16 gamma-ray 
groups was derived from the 171/36-group DLC-41 set and will not be dis- 
cussed further. The DLC-28 and 37C sets were prepared using a 1/E flux 
weighting, while DLC-41 used a Maxwellian-1/E-fission-fusion peak weight- 
ing function. All sets assumed infinitely dilute media for niobium. 

Calculated leakage spectra from the Nb sphere are given in Fig. 2 
which compares the DLC-28, 37C, and 41 results. All spectra have been 
smoothed by the Gaussian window function which was used to smooth the 
unfolded measurements (see Fig. 1). The two ENDF/B-IV data sets gave 
nearly identical results despite the differences in group structure and 
multigroup processing. However, the version-111 data gave significantly 
different results, especially for the gamma-ray leakage. 

COMPARISON OF MEASUREMENT AND CALCULATIONS 

The comparison of measured and calculated leakage spectra are shown 
in Fig. 3. To facilitate the comparison, the calculations have been 
approximated by a line passing through the center of each energy group. 
The neutron spectra compared well, except above 10 MeV where the calcu- 
lations diverged from the measurements. At 14 MeV, the calculations 
overpredicted the measurement by a factor of 3. The DLC-28 data also 
gave too high a result between 2 and 3 MeV. The gamma-ray spectra showed 
considerable differences, with DLC-28 appearing to give the better results. 
While the DLC-41 calculation was generally 30 to 50% too high over the 
entire energy range, the DLC-28 results were only 10 to 20% high between 
2 and 4 MeV. 

In trying to understand the differences between the DLC-28 and 41 
results and the measurement, an obvious starting point was to compare 
the ENDF/B-I11 and IV evaluations for niobium. This comparison is shown 
in Fig. 4 which was taken from the ENDF/B-IV evaluation report for MAT 
1189.9 
differences in the two evaluations are in the elastic and inelastic cross 
sections. Above 4 MeV, the elastic cross section was raised for version- 
IV by approximately 10%. The continuum inelastic, which was treated as 
a floating parameter to establish consistency with the total cross section, 
was thereby reduced 10 to 60%. Since the average energy l o s s  per inter- 
action near 10 MeV is only 0.2 MeV for elastic scattering compared to 
several MeV for inelastic reactions, the inelastic process is more im- 
portant in terms of removal from higher to lower energies. Therefore, 
the increase in the elastic cross section and the Compensating decrease 
in the inelastic might have been responsible for the larger neutron 
leakage calcualted above 10 MeV using DLC-41. However, it does not ex- 
plain why the DLC-41 gamma-ray leakage was a l s o  higher than DLC-28. Also, 
the difference between the version-I11 and IV calculations was small com- 
pared to the calculation-measurement discrepancy. Thus the cause of the 
observed disagreements is not obvious. Sensitivity analysis was uszd to 
further investigate the problem. 

In the relevant energy range (above 1 MeV) the most significant 
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SENSITIVITY ANALYSIS 

Sensitivity analysis was employed in this integral test in order to 
understand and define the complex relationship between the neutron and 
gamma-ray spectra and to establish the source of the disagreement between 
the calculations and the measurements. The information could have been 
obtained by performing several forward transport calculations; however, 
sensitivity analysis simplified the procedure. For all of the analysis 
reported here, the DLC-41 cro,ss section set was used. The sensitivity 
calculation was performed using SWANLAKE10 with an adjoint flux calcu- 
lated by ANISN. The source for the adjoint calculation was properly 
taken to be the "response" in the forward calculation, i.e., leakage 
from the outside surface of the niobium sphere. Sensitivities due to 
neutron transport and gamma-ray production were isolated by performing 
two adjoint calculations where the neutron and gamma-ray leakages were 
considered separately. In all cases, the agreement between the forward 
response (forward flux folded with adjoint source) and the adjoint 
response (adjoint flux folded with forward source) was excellent, which 
indicated a proper selection of angular and spatial mesh. 

The total sensitivity of the neutron leakage to neutron cross sec- 
tions is given in Fig. 5. A s  expected, the sensitivities were negative 
except above 10 MeV where the (n, 2n) reaction contributes, 
integrated value of only -0.12%, the neutron leakage appeared to be 
relatively insensitive to the neutron cross sections. 
in the sensitivity distribution was likely due to the discrete inelastic 

With an 

The structure 
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Fig. 5. Total sensitivity (by group) of the neutron leakage to 
neutron cross sections. The integrated sensitivity is -0.12%. 

partial cross sections which constitute a significant portion of the total 
in the energy range of 0.1 to 4 MeV. This appears even more evident in 
Fig. 6 which gives the total Sensitivity of the gamma-ray leakage to 
neutron cross sections. In this case, the integrated sensitivity was 
0.73%. 
excited levels in niobium. Unlike the neutron leakage, the gamma-ray 
leakage was strongly influenced by Nb cross sections with 62% of the 
calculated leakage resulting from neutron-induced secondary gamma rays. 
Also  unlike neutrons, the gamma-ray leakage was more dependent on the 
order of cross section expansion. 
P 3  cross section expansion would cause an estimated 0.4% change in the 
neutron response compared to 31 .3% for gamma rays. 
were 0.01% and 2.1% f o r  neutrons and gamma rays, respectively. 

The three obvious peaks relate to corresponding clusters of 

The difference between using Po versus 

The P I  sensitivities 

Finally, Fig. 7 gives the total sensitivity of the gamma-ray leak- 
age to the gamma-ray cross sections. The sensitivities are relatively 
large, with an integrated value of -1.2%. The spike at 511 keV which 
actually extends to -2.3% was partially due to the relatively large 
number of anihilation photons present but was also a consequence of 
plotting a very narrow energy group (510 to 512 keV) on a per unit 
lethargy basis. 
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CONCLUSIONS AND RECOMMENDATIONS 

With respect to this integral test, ENDF/B-I11 and IV neutron cross 
sections appear adequate for medium penetration (2-3 mean-free-paths) 
through niobium for energies between 1 and 10 MeV. Above 10 MeV, both 
evaluations appear to overpredict the neutron leakage. The gamma-ray 
production and transport data appear marginally adequate for version-I11 
and inadequate for version-IVY which leads to an overprediction of the 
gamma-ray leakage. 

In light of the calculated sensitivities, and considering the magni- 
tude of the disagreements between the measurement and calculations, it 
appears that cross section adjustments outside the assigned error limits 
would be required to bring the calculations into agreement with the 
measured neutron leakage above 10 MeV. However, the gamma-ray results 
could probably be brought into good agreement with only modest adjust- 
ments to the production data. The adjustments should be guided by the 
ENDF/B-I11 evaluation since that data was more consistent with the 
measured gamma-ray spectrum. 

Analysis of this integral test will be continued with emphasis on 
the sensitivity to various partial cross sections followed by trial 
adjustments to the cross section data. For the long term, integral tests 
on niobium using a 14-MeV fusion source are planned to help resolve 
the high energy discrepancies. 
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THE APPLICATION OF UNCERTAINTY ANALYSIS IN 
CONCEPTUAL FUSION REACTOR DESIGN 

T. Wu and C.  W .  Maynard 
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ABSTRACT 

We briefly describe the theories of sens i t iv i ty  and uncertainty 
analysis and then apply them t o  a new conceptual tokamak fusion reactor 
design - NUWMAK. N U W M A K  i s  a moderately sized tokamak fusion reactor 
of medium toroidal f ie ld ,  h i g h  power density and h i g h  neutron wall load- 
ing a n d  i s  designed t o  minimize thermal cycling and provide internal 
thermal energy storage by use of the eutectic Li62Pb38 compound b o t h  as 
the breeding and energy storage material. 
performed i n  P3S4 by DOT and ANISN. 

Neutronics calculations are 

The responses investigated i n  t h i s  study include the tritium breed- 
ing r a t i o ,  f i r s t  wall T i  dpa and  gas productions, nuclear heating in the 
blanket, energy leakage t o  the magnet, and  the dpa rate i n  the supercon- 
ducting magnet aluminum s tab i l izer .  The sens i t i v i t i e s  and uncertainties 
of these responses are calculated. The cost/benefi t feature of proposed 
integral measurements i s  also studied t h r o u g h  the uncertainty reductions 
of these responses. 

I .  INTRODUCTION 

The theories of sens i t iv i ty  and uncertainty analysis have been de- 
velopedl-12 in the past decade t o  deal with the  problem of estimation 
of nuclear response uncertainties, nuclear d a t a  adjustments, e tc . ,  which 
then provide vital  information for nuclear reactor design. Most of the 
applications have been i n  the f ie ld  of fas t  breeder reactors. In th i s  
study, the methodology of sens i t iv i ty  and  uncertainty analysis will be 
applied t o  the f ie ld  of fusion reactor design. 

Basically, sens i t iv i ty  analysis i s  developed t o  answer questions of 
the relationship between the changes of a design quantity and of the 
basic d a t a  f ie ld .  The sens i t iv i ty  coefficient,  mathematically the f i r s t  
derivative of the response w i t h  respect t o  the basic cross sections, can 
be calculated and used quantitatively for indicating the rate  of change 
of a reactor performance parameter w i t h  respect t o  changes in the cross 
sections. I t  also points o u t  what cross section d a t a ,  as a function of 
nuclide, reaction type, and energy, are important  i n  analyzing a given 
reactor system. Moreover, i t  connects the uncertainty of a given design 
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quantity and  the uncertainties o f  the basic d a t a  f ie ld  t h r o u g h  a simple 
mathematical expression. 

Nuclear reactor design calculations have always been limited in 
the i r  accuracies by b o t h  computational methods and  uncertainties i n  
nuclear d a t a .  After a period o f  extensive refinements i n  calculational 
methods and  computer codes, the main uncertainty has been believed t o  be 
i n  the basic nuclear d a t a .  The calculation of the uncertainty of a de- 
sign quantity i s  made possible by implementing the s t a t i s t i c a l  error  
propagat ion  model i n  connection w i t h  sens i t iv i ty  analysis. For the case 
where the calculated accuracy o f  certain design quantit ies are unsatis- 
factory for meeting the design c r i t e r i a ,  one must improve the basic data 
considerably. The cross section adjustment methodology, by which one 
u t i 1  izes information from integral measurements by f i t t i n g  the calcu- 
lated integral quan t i ty  t o  the experimental resu l t s ,  i s  used as a tool 
t o  improve our  current knowledge o f  the basic data. 
s ider  the differential  measurement as a special integral experiment 
w i t h o u t  confusion. 

Here, we also con- 

Sometimes our best knowledge about the basic d a t a  f i e l d ,  which may 
include the information from available integral experiments, s t i l l  leads 
t o  an unsatisfactory resul t  for  the design performance parameters o f  
concern. Therefore a new measurement should be proposed. In th i s  study 
the benefit of the proposed measurement i s  evaluated t h r o u g h  the error  
reduction o f  the responses. 
measurements are then obtainable i f  we know the cost o f  the experiment 
as a function of experiment errors.  
serve as the indicator of how well the measurement has t o  be done for an 
optimal design. 
several measurements are proposed. 

The cost t o  benefit ra t ios  o f  the proposed 

The cost t o  benefit r a t i o  should 

I t  also gives a reference for the funding agency i f  

In the following section, the theories o f  sens i t iv i ty  and uncer- 
ta inty analysis are  reviewed and a procedure f o r  ana lyz ing  the economi- 
cal -aspects o f  integral experiments i s  given. Section I11 gives the 
calculational resul ts  and analyses for .  a tokamak fusion reactor design 
as an application o f  the theories. 
IV. 

The conclusions are given i n  Section 

11. THEORY 

11-1. Sensi t ivi ty  Methodol ogy for a Fixed Sources System 

In the neutronic and photonic calculations of fusion reactor blan- 
ket and shield desgin, we have always encountered transport problems 
w i t h  fixed sources. 
a certain resul t  which i s  a flux-integrated quantity o r  more simply a 
response. By u s i n g  the conventional and convenient operator notation, 
the forward and a d j o i n t  fluxes, + ( E )  and + * ( s ) ,  can be calculated from 
the forward and adjoint Bo1 tzmann equations : 

The main objective i n  such problems i s  t o  calculate 
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and 

L$ = s 

Lt$* = s*, 

where L and Lt a re  t h e  fo rward  and a d j o i n t  t r a n s p o r t  opera tqrs ,  S i s  t h e  
p h y s i c a l  source d i s t r i b u t i o n ,  and S* i s  t h e  f u n c t i o n a l  d e r i v a t i v e  of  t h e  
r e s u l t  o f  i n t e r e s t .  

I n  t h i s  s tudy  we w i l l  concent ra te  on t h e  responses which a r e  l i n e a r  
f u n c t i o n a l s  o f  t h e  f l u x  $ ( [ ) .  
i n t e g r a t i o n  over  t h e  phase space, we can d e f i n e  a response, R, by t h e  
f o l  1 owi ng express ion : 

By u s i n g  t h e  n o t a t i o n  ( ) t o  i n d i c a t e  

R = (CR,$)¶ ( 3 )  

where C R  i s  t h e  response f u n c t i o n  assoc ia ted  w i t h  t h e  r e s u l t  o f  i n t e r e s t .  

The v a r i a t i o n  o f  t h e  response, 6R,  due t o  t h e  v a r i a t i o n s  o f  t h e  
t r a n s p o r t  o p e r a t o r  and o f  t h e  response f u n c t i o n  i t s e l f ,  can be ea i l y  
d e r i v e d  from t h e  we l l -de  e loped genera l i zed  p e r t u r b a t i o n  theory1 3 %  o r  
v a r i a t i o n a l  p r i n c i p l e s 6 y Y  i n  connect ion w i t h  t h e  forward and a d j o i n t  
f l u x e s .  That i s ,  

6 R  = (6CR,$) - ($*,6L$). ( 4 )  

The f i r s t  term on t h e  r i g h t - h a n d  s i d e  o f  Eq. ( 4 )  c o u l d  be c a l l e d  t h e  
d i r e c t  e f f e c t  ( o r  d e t e c t o r  term) which measures t h e  e f f e c t  o f  t h e  r e s -  
ponse f u n c t i o n  i t s e l f  t o  t h e  response and i s  r e l a t i v e l y  easy t o  ca lcu-  
l a t e .  I n  c o n t r a s t ,  t h e  second term, c a l l e d  t h e  i n d i r e c t  e f f e c t  ( o r  f l u x  
p e r t u r b a t i o n  term) which a f f e c t s  t h e  response through t h e  t r a n s p o r t  oper- 
a t o r ,  i s  r e l a t i v e l y  d i f f i c u l t  t o  c a l c u l a t e  due t o  t h e  complex i ty  o f  t h e  
t r a n s p o r t  o p e r a t o r  and r e q u i r e s  some computer programming e f f o r t s .  

L e t  us concent ra te  on a s e t  o f  m u l t i g r o u p  n u c l e a r  data { X i )  which 
i s  conta ined i n  L i ,  where L i  i s  a subset o f  t h e  t r a n s p o r t  o p e r a t o r  L. 
The l i n e a r i t y  o f  t h e  t r a n s p o r t  o p e r a t o r  enables us t o  eva lua te  t h e  con- 
t r i b u t i o n  o f  L i  t o  t h e  response R and t h e r e f o r e  t h e  v a r i a t i o n  o f  t h e  
response due t o  t h e  v a r i a t i o n  o f  Li can be expressed as 

6Ri = ( 6 X R ¶ $ )  - ($* ,&Li$) '  (5) 

From Eq. (5 )  we can o b t a i n  t h e  s e n s i t i v i t y  c o e f f i c i e n t  o f  R w i t h  respec t  
t o  Ci which i s  d e f i n e d  as 

Si = aR/ac i  ( 6 )  

and t h e  r e l a t i v e  s e n s i t i v i t y ,  

Pi = (aR/R)/(aci /c i ) .  (7) 
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I f  t h e  group c ross  s e c t i o n s  a r e  concerned, then, f o r  group i, we have 

Pi(E) = 1 - 

The f i r s t  term on t h e  r i g h t  hand s i d e  o f  Eq. (8 )  represents  t h e  c o l l i -  
s i o n  term which removes t h e  p a r t i c l e  f rom t h a t  p o i n t  i n  phase space and 
t h e  second te rm i s  t h e  c o l l e c t i v e  g a i n  term f o r  t h e  p a r t i c l e s  emerging 
from such c o l l i s i o n  a t  o t h e r  energ ies and angles.  

The s e n s i t i v i t y  p r o f i l e ,  a g r a p h i c a l  d i s p l a y  o f  P i ( E ) ,  can be pre-  
sented f o r  a s e r i e s  o f  s p a t i a l  zones as a f u n c t i o n  o f  energy. By l o o k -  
i n g  a t  these graphs one can immediate ly  determine how s e n s i t i v e  t h e  res-  
ponse i s  t o  a p a r t i c u l a r  cross s e c t i o n  s e t  i n  a p a r t i c u l a r  energy range. 
Therefore,  t h e  s e n s i t i v i t i e s  a r e  u s e f u l  i n  de termin ing  which cross sec- 
t i o n  u n c e r t a i n t i e s  a r e  i m p o r t a n t  i n  a g iven system and should serve as 
a q u a n t i t a t i v e  gu ide t o  n u c l e a r  da ta  measurements and e v a l u a t i o n s .  

11-2. U n c e r t a i n t y  A n a l y s i s  

Assuming t h a t  t h e  response R can be r e l a t e d  t o  a s e t  o f  cross sec- 
t i o n  data { X i )  by a symbol ic  express ion R = R ( Z i )  which, i n  general ,  i s  
a n o n - l i n e a r  f u n c t i o n  o f  C i s  we l i n e a r i z e  t h e  f u n c t i o n  R and use t h e  
d e f i n i t i o n  o f  t h e  s e n s i t i v i t y  c o e f f i c i e n t s  S i  t o  g e t  t h e  f o l l o w i n g  ex- 
p ress ion  : 

R - E(R) = 1 Si(Ci - E(ci)),  
1 

(9) 

where E denotes t h e  e x p e c t a t i o n  value. 
be t h e  covar iance o r  d i s p e r s i o n  m a t r i x  f o r  t h e  c ross  s e c t i o n  s e t  ( C i I .  
That i s ,  

Furthermore, we l e t  D = { d i  j> 

F o l l o w i n g  t h e  general  d e r i v a t i o n  o f  s t a t i s t i c a l  e r r o r  p ropagat ion  , t h e  
var iance o f  R, V ( R )  , can be ob ta ined as 

V(R) = 1 S.S.d 1 J ij. 
i ,j 

The u n c e r t a i n t y  o r  s tandard  d e v i a t i o n  o f  R d e f i n e d  as AR = fmr, has 
t h e  f o l l o w i n g  m a t r i x  express ion:  

(12) 
t (AR)' = SDS , 

where, S = ( S  S ,..., S k )  i s  a row m a t r i x  r e p r e s e n t i n g  t h e  s e n s i t i v i t i e s  
o f  R w i t h  r e s b i c z  t o  a s e t  o f  cross sec t ions .  
S ,  and k i s  t h e  t o t a l  number o f  c ross  s e c t i o n s  o f  i n t e r e s t .  A common 

S t  i s  t h e  t ranspose o f  
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p r a c t i c e  i n  t h e  u n c e r t a i n t y  c a l c u l a t i o n s  i s  t h a t  t h e  r e l a t i v e  sens i -  
t i v i t y  c o e f f i c i e n t s  a r e  p r o v i d e d  from t h e  s e n s i t i v i t y  a n a l y s i s .  There- 
f o r e  a m o d i f i e d  mathematical  form i s  implemented, t h a t  i s ,  

A h 

where P i s  t h e  r e l a t i v e  s e n s i t i v i t y  m a t r i x ,  and D = {dij) t h e  r e l a t i v e  
covar iance m a t r i x  o f  t h e  cross s e c t i o n  d e f i n e d  as 

A 

dij = d. 1 J  ./cicj. 

Eq. (12)  mathemat ica l l y  connects t h e  u n c e r t a i n t y  o f  t h e  response 

I t  a l s o  c l e a r l y  demonstrates t h a t  b o t h  t h e  
and t h e  u n c e r t a i n t i e s  o f  t h e  cross s e c t i o n s  through t h e  assoc ia ted  
sens i  t i v i  t y  c o e f f i c i e n t s .  
h i g h l y  s e n s i t i v e  and u n c e r t a i n  cross s e c t i o n s  are  most r e s p o n s i b l e  f o r  
t h e  u n c e r t a i n t y  o f  t h e  response and t h e r e f o r e  g ives t h e  des igner  a 
d i r e c t i o n  t o  focus on i f  t h e  accuracy c r i t e r i a  f o r  some design para- 
meters a r e  n o t  s a t i s f i e d .  

11-3. S t a t i s t i c a l  In fe rence i n  Cross Sec t ion  Adjustment 

Cross s e c t i o n  adjustment  techniques ( u t i l i z i n g  t h e  a v a i l a b l e  i n -  
f o r m a t i o n  f rom i n t e g r a l  exper iments t o  improve o u r  kn 
b a s i c  da ta  s e t )  have been developed e x t e n s i v e l y  3-539-3y over  t h e  p a s t  
decade. Sometimes no s t a t i s t i c a l  j u s t i f i c a t i o n  o r  phys ica l  bas is  i s  
g iven f o r  t h e  adjustment procedure o r  t h e  usefu lness o f  t h e  method i s  
l i m i t e d  by some s t r i c t  assumptions. 
Bayesian i n f e r e n c e  i n  s t a t i s t i c a l  a n a l y s i s  proposed by Dragt12 w i l l  be 
out1 i n e d  here.  

ledge about t h e  

A general  method based on t h e  

B a s i c a l l y  t h e  concept o f  p r o b a b i l i t y  d i s t r i b u t i o n  c o u l d  be used 
t o  descr ibe  o u r  degree o f  b e l i e f  t h a t  a c e r t a i n  parameter (e.g., cross 
s e c t i o n )  has a c e r t a i n  va lue o r  d i s t r i b u t i o n ,  the  s o - c a l l e d  p r i o r  d i s -  
t r i b u t i o n .  
about  t h e  parameter conta ined i n  t h e  p o s t e r i o r  d i s t r i b u t i o n  should be 
improved by drawing in fe rences  from t h e  exper imenta l  data.  As a r e s u l t ,  
t h e  u n c e r t a i n t y  o f  t h e  b a s i c  n u c l e a r  da ta  decreases and so does t h e  
u n c e r t a i n t y  o f  t h e  design parameter o f  i n t e r e s t .  

A f t e r  an exper iment i s  c a r r i e d  out ,  t h e  p o s t e r i o r  knowledge 

The c o n s i s t e n t  method, proposed b y  Gandini3, i s  b a s i c a l l y  a maxi- 
mum l i k e l i h o o d  e s t i m a t i o n  ( l e a s t  square method) o f  t h e  i n t e g r a l  quan- 
t i t i e s  and b a s i c  d i f f e r e n t i a l  data c o n s t r a i n e d  by t h e i r  f u n c t i o n a l  
r e l a t i o n s h i p .  
t i c a l  a n a l y s i s  - ends up w i t h  t h e  same r e s u l t  as t h e  Bayesian approach 
when t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  a r e  assumed normal. 
Bayesian method i s  e a s i e r  t o  use when d e a l i n g  w i t h  non-normal d i s t r i -  
bu t ions .  It prov ides  a s a t i s f a c t o r y  way o f  e x p l i c i t l y  i n t r o d u c i n g  and 
keeping t r a c k  o f  assumptions about p r i o r  knowledge o r  ignorance. For 
ins tance,  a f t e r  a s tudy  o f  r e s i d u a l s  had suggested model ( o r  assumption) 
inadequacy, i t  might  be d e s i r a b l e  t o  reana lyze  t h e  data i n  r e l a t i o n  t o  
a l e s s  r e s t r i c t i v e  model i n t o  which t h e  i n i t i a l  model was embedded. I f  

The approach o f  t h i s  method - sampl ing t h e o r y  i n  s t a t i s -  

However, t h e  
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non-normality was suspected, for  example, i t  m i g h t  be sensible t o  
postulate t ha t  the sample came from a wider c lass  o f  parent d i s t r i -  
b u t i o n s  of which the normal was a member. The consequential analysis 
could be d i f f i c u l t  via sampling theory b u t  i s  readi ly  accomplished i n  
a Bayesian frameworkl4. 

Let us consider a nuclear data f i e l d  (mostly group cross sect ions)  
combined in to  a column vector c of order m. Let us a lso  assume tha t  
the pr ior  d i s t r i b u t i o n  of  c is  an m-dimensional multi-variate normal 
d i s t r i b u t i o n  w i t h  prior mean C and pr ior  covariance matrix D,  i . e . ,  
p o ( z )  - N (C,D). The assumption of normality, a common pract ice  t o  
simplify The analysis procedure i n  s c i e n t i f i c  invest igat ion,  i s  not 
absolutely necessary which will be discussed l a t e r .  Suppose we are  
interested i n  n in tegral  quant i t ies ,  denoted as a column matrix 1, 
which can be expressed as a function of  C, i . e . ,  Y = Y(c).  
the calculated values of Y .  

Let Y be 
From s e n s i t i v i t y  theory, we have 

- -- 
Y ( C )  = Y ( C )  + S(C-C), (1 5 )  

where, S = { S i j )  i s  the s e n s i t i v i t y  matrix and S i j  represents the sen- 
s ' t i v i t y  coeff ic ient  of the i t h  in tegral  quantity w i t h  respect to the  
j i h  cross section. 

An important function which plays a very s i  n i f ican t  ro le  i n  
Bayesian inferences is  the l ikelihood function L 9 clYex), where Yex 
represents the experimental r e s u l t  for  Y .  I t  i s  "the" function t h r o u g h  
which the experimental data Yex modifies pr ior  knowledge o f  C ;  i t  can 
therefore be regarded as  representing the information about c coming 
from the data.  The l ikelihood function is  formally ident ical  w i t h  the  
conditional probabili ty function of Yex, given C, i .e. , p(YexlC). The 
only difference between these two functions i s  tha t  i n  p(Yexl1) Yex re- 
presents a vector of variables and c a vector of constant parameters, 
while i n  L (  clYex) Yex represents a vector of fixed values and C a 
vector of parameters of which optimal estimators a re  t o  be determined. 

The Bayes' theorem s t a t e s  t ha t  

where pn(CIYex) ,  or simply pn{c)  w i t h o u t  confusion, i s  the  poster ior  
d i s t r i b u t i o n  of  the vector c a f t e r  n observations Yex have been ob- 
ta ined,  
dis t r ibuted w i t h  covariance E of order n and mean Y ( C ) ,  t ha t  i s ,  
L(cl Yex) .. Nm(Y(z),E). 

Again, we assume tha t  the l ikelihood function i s  normally 

Then we have two mathematical expressions: 

(1 7)  t -1 L(clYex) = const .exp{ - l / 2 [ Y e x - ~ ( c ) ]  E [Yex-y(C)l) 
and 

(18) po(C)  = const .exp{ -1/2(z-T)  t D -1 (z-c). 
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By us ing  Eq. ( 1 5 ) ,  we get 

where 

- --  
Yex - Y(c) = Yex - Y(C) - s (c  -T) 

= v - s (c -C)  (1 9) 

-- v = yex - Y(C). 

It i s  c l e a r  t h a t  V represents the  d i f fe rences  between the  experimental- 
values o f  Y and the  ca l cu la ted  values associated w i t h  the  p r i o r  mean e .  

The p o s t e r i o r  d i s t r i b u t i o n  o f  c can be der ived by combining Eq. 
(16 ) ,  ( 1 7 ) ,  (18) and (19) .  

pn(c)  = c o n s t .  exp{ - 1 / 2 ( c  - F ) ~ D I - ~ ( ~  - T I ) >  (21 1 

(22)  

where 
- t 1  1 -1 t -1 c' = e +  ( S E '  S t D -  ) S E  V 

Therefore, the  p o s t e r i o r  d i s t r i b u t i o n  o f  c i s  a l so  normal ly  d i s t r i b u t e d  
w i t h  p o s t e r i o r  mean c' and covariance ma t r i x  D '  de f ined by Eq. (22)  and 
( 2 3 ) .  

Usual ly  t h e  number o f  d i f f e r e n t i a l  data m i s  much l a r g e r  than the  
number o f  i n t e g r a l  q u a n t i t i e s  n. 
be i n v e r t e d  i n  both Eq. (22) and (23). That would pose a p o t e n t i a l  
problem i f  m gets too  la rge .  A reduc t ion  o f  m a t r i x  order  i s  t he re fo re  
requ i red  f o r  p r a c t i c a l  app l i ca t i ons .  The f i n a l  r e s u l t  w i thou t  showing 
the  ted ious m a t r i x  manipulat ions i s  given as fo l l ows :  

The m a t r i x  D w i th .  order  mxm has t o  

(24) 

( 2 5 )  

t -1 - - 
C' - c = DSt(EtSDS ) V 
D '  = D - D S ~ ( E + S D S  t -1 SD 

Equations (24) and (25 )  are  t h e  bas ic  formulae employed as the  
computer a lgo r i t hm i n  the  cross sec t ion  adjustment procedure. 
t h a t  the  m a t r i x  t o  be i nve r ted ,  i.e., E + S D S t ,  i s  a square ma t r i x  o f  
o rder  n which i s  much smal le r  than the  order  m o f  ma t r i x  D. 

Not ice - 

The c h a r a c t e r i s t i c  o f  sequent ia l  in fe rences  i n  Baye's theory pro- 
v ides the  p o s s i b i l i t y  o f  a f u r t h e r  m a t r i x  reduc t ion  i n  the  procedure 
f o r  cross sec t i on  adjustments. I f  Y cons is ts  o f  k s t a t i s t i c a l l y  i n -  

, the adjustment can be performed i n  k dependent subsets, 
steps. F i r s t ,  a new nuc ear  da a s e t  w i t h  covariance ma t r i x  i s  ob- 
ta ined  by an adjustment by Y1. Then t h i s  new s e t  i s  used as the  p r i o r  
data s e t  f o r  an adjustment on the  bas is  o f  Ye.  This procedure con- 
t inues  u n t i l  t he  f i n a l  s e t  e '  and covariance m a t r i x  D '  are obta ined 
w i t h  the  f i n a l  adjustment on the  bas is  o f  Yk. I n  the  extreme case, i f  

yl' y ? 9 * * * ' Y k  
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a l l  exper iments a r e  uncor re la ted ,  t h e  c a l c u l a t i o n  can be done w i t h o u t  
any m a t r i x  i n v e r s i o n  a t  a l l .  

The assumptions o f  n o r m a l i t y  f o r  t h e  p r i o r  d i s t r i b u t i o n  and l i k e -  
l i h o o d  f u n c t i o n  e v e n t u a l l y  l e a d  t o  t h e  r e s u l t  t h a t  t h e  p o s t e r i o r  d i s -  
t r i b u t i o n  i s  a l s o  n o r m a l l y  d i s t r i b u t e d  w i t h  t h e  p o s t e r i o r  mean and 
covar iance m a t r i x  d e f i n e d  i n  Eq. (24)  and (25) r e s p e c t i v e l y .  I f  one 
has a s t r o n g  f e e l i n g  t h a t  e i t h e r  t h e  p r i o r  d i s t r i b u t i o n  o r  t h e  l i k e -  
l i h o o d  f u n c t i o n  should n o t  be n o r m a l l y  d i s t r i b u t e d ,  t h e  adjustment  pro-  
cedure c o u l d  be c a r r i e d  o u t  by u s i n g  t h e  r e a l  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  f o r  Eq. (16) .  I n  t h a t  case, t h e  p o s t e r i o r  mean and covar iance 
c o u l d  s t i l l  be c a l c u l a t e d  by implement ing a computer program and u s i n g  
t h e  r e l a t i v e l y  compl icated p o s t e r i o r  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  

11-4. Economical Aspect o f  I n t e g r a l  Experiments 

I n  p r a c t i c a l  n u c l e a r  r e a c t o r  des ign we always want t o  know t h e  
It i s  mean values and t h e  accurac ies o f  c e r t a i n  des ign q u a n t i t i e s .  

n o t  t h e  accuracy o f  t h e  d i f f e r e n t i a l  data t h a t  r e a l l y  concerns us. 
I f  t h e  accuracy o f  a c e r t a i n  response i s  n o t  a b l e  t o  s a t i s f y  o u r  des ign 
c r i t e r i a  a f t e r  u s i n g  o u r  b e s t  knowledge about t h e  d i f f e r e n t i a l  data,  
some exper imenta l  measurements may have t o  be c a r r i e d  o u t  i n  o r d e r  t o  
reach t h e  des ign goa l .  Here we d iscuss  a procedure t o  preanalyze t h e  
economic values o f  these proposed i n t e g r a l  exper iments and t o  p r o v i d e  
a q u a n t i t a t i v e  b a s i s  f o r  t h e  cho ice  o f  t h e  proposed exper iments.  

F o l l o w i n g  t h e  d e r i v a t i o n  f rom t h e  prev ious  s e c t i o n ,  l e t  us assume 
t h a t  t h e  c u r r e n t  e s t i m a t i o n  (which may i n c l u d e  i n f o r m a t i o n  f rom t h e  
a v a i l a b l e  i n t e g r a l  exper iments)  o f  a s e t  o f  d i f f e r e n t i a l  n u c l e a r  data 
c i s  c w i t h  covar iance m a t r i x  D, and t h e  i n t e g r a l  parameter y o f  t h e  
proposed i n t e g r a l  exper iment has an exper imenta l  u n c e r t a i n t x  e and t h e  
s e n s i t i v i t y  v e c t o r  S w i t h  r e s p e c t  t o  e .  The a d j u s t e d  data c '  and co- 
var iance m a t r i x  D' can be ob ta ined from Eq. (24) and (25)  o r  

(26 1 
( 2 7 )  

- t 2  t -1 

t 2  t -1 
c' - 1 = DS (e +SDS ) V 

D' = D - DS (e +SDS ) SD 

Suppose t h a t  R i s  t h e  des ign q u a n t i t y  we a r e  i n t e r e s t e d  i n  and SR 
i s  a row m a t r i x  r e p r e s e n t i n g  t h e  s e n s i t i v i t y  o f  R w i t h  r e s p e c t  t o  E. 
From Eq. (12)  we can ge t  t h e  p r i o r  and p o s t e r i o r  var iance o f  R, i .e. ,  

(AR) '  = SRDSR t 

( A R '  )' = SRD'SR t 

t 2  t -1 t = SRDS: - SRDS (e +SDS ) SDSR 

2 t Since e + SDS i s  j u s t  a number , Eq. (28)  can be rearranged:  
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and the 

Half of 
gives a 
t o  obta 

E q .  ( 29 )  gives a simple analyt ical  dependence of  the e r ro r  reduc- 

I t  i s  c l ea r  t ha t  the more accurate the new integral  experiment, 
t i o n  on the accuracy o f  the new integral  experiment i n  the most general 
case. 
the la rger  the e r r o r  reduction. 
i n f i n i t y ,  E q .  ( 29 )  i s  zero, i . e . ,  we can n o t  get  any information from 
the experiment, which i s  expected. 
the maximum information which can be extracted from the  new experiment 
when we have the l imi t  o f  an i n f i n i t e l y  small measuring e r ror .  
maximum extractable  information , or the maximum variance reduction i n  
R ,  is  called the information contentlo (IC) for the given experiment 

In the extreme cases,  when e approaches 

On the  other hand, we expect t o  get 

The 

response R and can be defined as 

the IC can be gained when e2 = SDSt 
quant i ta t ive value of how accurate the experiment should be 
n some value from i t .  

e;. In general, eH 

E q .  (30) allows one t o  compare the quant i ta t ive e r ro r  reduction 
i n  R (or a s e t  of  R )  i n  a nuclear reactor design when several integral  
measurements are  proposed. 
important information, namely, what the experiment will cost  and how 
much the e r ro r  reduction i s  worth. 
d i f fe ren t  experiments therefore requires a f u l l  economic analysis o f  
the benefits  resu l t ing  from the e r ro r  reduction. 

To simplify the problem, we assume t h a t  the cost  of  e l e c t r i c i t y  
from a power plant i s  a function o f  a s e t  o f  nuclear responses 
therefore a function o f  e r rors  i n  Rr, A R r .  

However, i t  does n o t  include some very 

A more objective comparison of  

and 
That i s ,  

c = C(AR,)  

For a s e t  of changes 6 ( A R i  ), the cost  changes by 

where a C / a ( A R , )  can be cal led the cost  s e n s i t i v i t y  coeff ic ient  w i t h  
respect t o  the e r ro r  i n  the  response Rr. 
experiment through e r ro r  reduction is  then 

The benefit  for the integral  
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S, DSt 
r K ac 

t 1/2 = I  
r (e2+SDS 

(33)  

The b e n e f i t  s e n s i t i v i t y  vec to r  w i t h  respec t  t o  the  bas ic  nuc lear  data, 
B, can be de f ined t o  f u r t h e r  s i m p l i f y  t h e  problem: 

By assuming CI t o  be t h e  cos t  o f  t h e  i n t e g r a l  experiment we can ge t  a 
mathematical expression f o r  t h e  cos t - to -benef i  t r a t i o  (CTBR). 

t 1/2 CI(e2 + SDS 
cI = 

+ CTBR = 7 (35 )  
bB BDS 

The c a l c u l a t e d  va lue o f  CTBR should p rov ide  a q u a n t i t a t i v e  bas is  
f o r  comparing d i  f f e r e n t  experiments. Usual l y  one should choose the  
one w i t h  the  sma l les t  value o f  CTBR. Since CI i s  a l so  a f u n c t i o n  o f  
e (C decreases when e increases)  and t h e  s e n s i t i v i t y  S i s  i n f l uenced  

opt imal  va lue o f  CTBR cou ld  be ob ta ined by p roper l y  choosing t h e  ex- 
per imenta l  e r r o r  and exper imental  setups. An opt imal  i n t e g r a l  exper i -  
ment i s  t h e r e f o r e  a t t a i n a b l e  through t h e  pre-analys is  o f  t h e  cos t - to -  
b e n e f i t  r a t i o  even before the  exper imental  f a c i l i t y  i s  b u i l t .  

by t i e m a t e r i a l s  , geometry, compositions, e tc . ,  o f  t h e  experiment, an 

111. APPLICATION OF UNCERTAINTY ANALYSIS TO NUWMAK DESIGN 

111-1. Neutronics Analys is  o f  NUWMAK 

A new conceptual design o f  a tokamak reac to r ,  c q l l e d  NUWMAKl5, has 
t h e  c h a r a c t e r i s t i c s  o f  medium f i e l d ,  h igh  power dens i ty ,  h igh  degree o f  
modu lar i t y ,  and moderate s i z e .  This  design i s  e s p e c i a l l y  a t t r a c t i v e  
from t h e  v iewpoints  o f  system a c c e s s i b i l i t y ,  low l e v e l s  o f  l o n g  t e r  
r a d i o a c t i v i t y  and minimum penet ra t ions .  
and e l e c t r i c a l  power ou tpu t  (660 MW) a re  chosen as t y p i c a l  o f  a f u l l  
sca le  r e a c t o r  ope ra t i ng  i n  a base-loaded mode. The TF c o i l  s e t  i s  
unique i n  t h a t  j u s t  e i g h t  superconduct ing c o i l s  a re  used. A s e t  o f  16 
smal l  water  cooled copper t r i m  c o i l s  t h a t  do n o t  e n c i r c l e  the  vacuum 
chamber c o r r e c t  t h e  f i e l d  r i p p l e  t o  below 2%. The b lanke t  i s  designed 
t o  minimize thermal c y c l i n g ,  t o  p rov ide  i n t e r n a l  energy storage, and 
t o  e l i m i n a t e  t h e  need f o r  an i n te rmed ia te  heat  exchanger. A l i t h i u m -  

1 The power dens i t y  (10 MW/m ) 
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lead e u t e c t i c ,  Li62Pb3 , w i t h  a melting point of 464°C i s  used as the 

loy, Ti-6A1-4V, i s  used as s t ruc tura l  material t o  maintain a low level 
of long term radioact ivi ty .  
NUWMAK design . 

tritium breeding and t a ermal energy storage material .  The titanium a l -  

Table 1 gives the major features  of the 

Table 1 
Major Features of NUWMAK Design 

Power 
Total Thermal Power 
Net Electr ic  Power 

P1 asma 
Major Radius 
Mi nor Radi us 
Plasma Height t o  Width Ratio \o /a )  
P1 asma Current 
Toroidal Beta 
neT E 
q(a)  

Magnet 
On-Axi s Toroidal F i  el  d 
Toroidal Field a t  NbTi Conductor 
Stabi 1 i zer  
Number of Toroidal Field Coils 
Number of  Cu Trim CoiJs 

B1 anket 
Structural  Material 
Cool ant  
Breedi ng Materi a1 
Average Neutron Wall Loading 

2097 M W t  
660 MWe 

5.13 m 
1.13 m 
1.64 
7.2 M4 
6% 
2 x 1014 cm-3-sec 
2.64 

6.05 Tesla 
11.5 Tesla 
A1 umi num 
8 
16 

T i  tani um A1 1 oy 
Boiling Water 

A schematic of the blanket and sh ie ld  design i s  shown i n  F i g .  1 .  
The neutronics analysis makes use of the two-dimensional d i scre te  ord i -  
nate t ransport  code DOT16. The calculat ion was performed w i t h  the P3S4 
approximation i n  r-z geometry. The nuclear cross section l i b r a r y  i s  a 
25 neutron and 21 gamma cfypled ANISN-formatted l i b r a r y  processed from 
DLC-41B/VITAMIN-c by AMPX modules MALOCS and NITAWL. 

the breeding r a t i o  associated w i t h  the  outer blanket alone i s  1.24. 
However, the Li-Pb zone on the inside has been retained so as t o  main- 
t a i n  m i n i m u m  thermal cycling o f  the s t ruc ture .  The t o t a l  tritium 
breeding r a t i o  i s  1.54, o f  w h i c h  90% i s  contributed by 6Li(n,a)T re- 
actions.  
-'0.57 per source neutron and the s u f f i c i e n t  amount of 6Li i n  natural 

The neutronics resul ts18 are summarized i n  Table 2.  In NUWMAK, 

This i s  due t o  the large P b ( n , Z n )  and W(n,2n)  reaction r a t e s ,  



202 

3.5XTi olloy 

95.25% B4C 

I X  H 2 0  

0.25% Pb 

SCHEMATIC OF THE BLANKET AND SHIELD 
FOR NUWMAK 

4%Ti olloy 5.7%Ti olloy 3.5% Ti alloy 3.5% Ti alloy 

93% W 89.4%Pb L i  95.25% C 95.25% B4C 

2% H20 3.7% I420 I% H20 I %  H 2 0  

I % Pb 1.2% Pb 0.25% Pb 0.25% Pb 

6- 

4 -  

2- 

I 2.9 3.35 3.95 64 a9 7.95 

Fi gure 1 

lithium w i t h i n  the lithium lead eu tec t ic .  However, the  tritium breed- 
i n g  r a t i o  i s  n o t  very sens i t ive  t o  the enrichment of 6Li i n  the  to ta l  
lithium inventory. I t  shows a maximum value o f  1.64 a t  -30% 6 L i  and a 
value of 1.51 a t  90% 6Li enrichment. In the  inner shield design, the 
most r e s t r i c t i v e  c r i t e r ion  i s  found t o  be the r e s i s t i v i t y  change of the 
A1 s t ab i l i ze r .  The r e s i s t i v i t y  of the A1 a t  1.8"K i s  estimated t o  i n -  
crease by 15%/year due t o  the A1 atomic displacement r a t e  (2x  10-6 dpa/ 
year) and will necessi ta te  periodic annealing approximately every two 
years. As fo r  the  superinsulation, i t  i s  found t h a t  the dose t o  mylar 
would exceed dose l imi t s  before plant l i f e .  
t i o n  whose dose limit i s  1 - 5 x 109 rads i s  therefore selected.  
dose r a t e  of 3x107 rad/yr, the epoxy should l a s t  the plant l i f e .  

An epoxy based superinsula- 
A t  a 

I 11-2. Sensi t i  vi t y  Anal ysi  s 

The one-dimensional s e n s i t i v i t y  code SWANLAKE has been used t o  
calculate  the s e n s i t i v i t y  coeff ic ients  for  the NUWMAK blanket and 
shield.  Forward and adjoint  fluxes a re  calculated by u s i n g  the  one- 
dimensional d i scre te  ordinate t ransport  code ANISN20 w i t h  the  P3S4 ap- 
proximation. Cylindrical geometries based on the minor radius are  as- 
sumed for  both inner and outer  blanket/shield t o  simulate the  compact- 
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Table 2 
Summary o f  NUWMAK Neutron ics C a l c u l a t i o n s  

T r i t i u m  Produc t ion  I n n e r  Outer To t a  1 
6 L i  ( n  ,a)T 0.2604 1.1249 1.3853 
7L i  (n,n 'a)T 0.0375 0.1192 0.1567 
TOTAL 0.2979 1.2441 1.5420 

- N e l t r o n  Mu1 t i p l i c a t i o n  I n n e r  Outer 
?b( n , 2n) 0.1339 0.4181 

TOTAL 0.1476 0.4181 
W(n,2n) 0.0137 ---- 

Nur-1 ear  Heat ing 
(MeV/D-T Neutron) I n n e r  Outer 

Neutron 2.2665 8.9298 
Gamma-Ray 2.4143 3.5422 
TOTAL 4.6808 12.4720 

T o t a l  
0.5520 
0.0137 
0.5657 

T o t a l  
11.1963 

5.9565 
17.1528 

Maximum Atomic Displacement Rate i n  
t h e  A1 uminum S t a b i  1 i z e r  (dpa/year)  

Maximum Dose Rate i n  t h e  Epoxy Based 
Super insul  a t o r s  ( rad /year )  

Superconductors (n/cmz/year) 

2 x 10-6 

3 x  l o 7  

Maximum Neturon F lux  i n  t h e  NbTi 7 x  1015 

T o t a l  Nuclear  Heat ing  i n  TF C o i l s  (Wat ts)  -500 

ness o f  t h e  system. 
t h e  r e s u l t  f rom DOT and used f o r  t h e  s e n s i t i v i t y  a n a l y s i s .  
r a y  t r a n s p o r t  c a l c u l a t i o n s  a r e  performed i n  o r d e r  t o  reduce t h e  com- 
p u t i n g  cos t .  P a r t i a l  t r a n s f e r  m a t r i c e s  a r e  processed f rom DLC-41B/ 
VITAMIN-C by AMPX module NITAWL. 

I n  t h i s  s tudy  we have chosen s i x  key q u a n t i t i e s  f o r  o u r  s e n s i t i v i t y  
a n a l y s i s ,  namely, t h e  t r i t i u m  breeding r a t i o ,  n u c l e a r  heat ing,  f i r s t  
w a l l  dpa and gas p r o d u c t i o n  r a t e s ,  energy leakage t o  t h e  i n n e r  magnet, 
and dpa r a t e  i n  t h e  A1 s t a b i l i z e r .  A t r i t i u m  breeding r a t i o  o f  g r e a t e r  
than 1.1 i s  r e q u i r e d  as a common p r a c t i c e ,  o therw ise  i t s  o n l y  impact 
on t h e  r e a c t o r  des ign i s  th rough t h e  t r i t i u m  recovery  system. 
n u c l e a r  h e a t i n g  i n  t h e  b l a n k e t  w i l l  d i r e c t l y  i n f l u e n c e  t h e  e l e c t r i c  
power o u t p u t  and t h e  heat  t r a n s f e r  design, t h e r e f o r e  one needs a more 
accura te  va lue  f o r  t h i s  q u a n t i t y .  The f i r s t  w a l l  l i f e t i m e  w i l l  be 
s t r o n g l y  a f f e c t e d  by t h e  dpa and gas p r o d u c t i o n  r a t e s  i n  t h e  f i r s t  w a l l  

The one-dimensional f l u x e s  a r e  then normal ized t o  
No gamma- 

The 
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mater ia l  which could be the determining f a c t o r  f o r  the choices  o f  t h e  
f i r s t  wall mater ia l  and wall loading.  Since NUWMAK i s  designed t o  be 
compact there i s  only a 1.05 m t h i ck  region f o r  the en t i re  i n -  
ner blanket  and shield,  which leads  t o  the use o f  tungsten a s  the hot 
shield ma te r i a l .  The responses of  dpa r a t e  i n  A1 s t a b i l i z e r  and energy 
leakage t o  the inner magnet t h e r e f o r e  serve a s  an ind ica t ion  o f  the 
e f f ec t iveness  o f  the inner shield design.  

mentioned six responses t o  var ious c ros s  sec t ions  o f  the c o n s t i t u e n t s  
o f  the MUWMAK blanket and shield.  Caution must be exerc ised  on inter- 
preting these results. The values  o f  Table 3 come d i r e c t l y  from SWAN- 

Table 3 shows the energy-integrated sens i t iv i t ies  o f  the above- 

Table 3 
Energy-Integrated Rela t ive  S e n s i t i v i t i e s  f o r  NUWMAK 

R1 --- Outer Blanket Breeding Ratio 
R2 --- Outer Blanket Neutron Heating 
R3 --- First Wall T i  dpa Rate 
R4 --- First Wall T i  Gas Production Rate 
R5 --- Neutron Energy Leakage t o  Inner  Magnet 
R6 --- dpa Rate i n  A1 S t a b i l i z e r  

R2 R3 R4 R5 R6 Cross Sect ion R1 

T i  t o t a l  -0.050 -0.079 
Pb t o t a l  0.137 -0.051 
1 2 ~  t o t a l  0.048 -0.024 

6Li t o t a l  -0.865 -0.652 
7 ~ i  t o t a l  -0.011 -0.105 

~ O B  t o t a l  --- -1.795 

W t o t a l  
Pb(n ,2n) 0.115 0.006 

inel .  level 0.002 -0.025 
ine l .  cont .  -0.022 -0.031 
el a s t i c  0.040 0.001 

7Li (n ,n 'a )T  -0.036 -0.047 

T i  ( n  ,2n) 0.011 --- 
inel .  cont .  -0.028 -0.037 

W(n,2n) 
inel .  cont .  
inel .  l eve l  
el a s t i c  

6 L i  ( n  ,a)T -0.864 -0.644 

e l a s t i c  0.023 -0.042 

e l a s t i c  0.007 --- 

-0.016 
0.120 --- 
--- 

-0.01 1 --- 
0.064 

-0.024 
-0.002 

0.085 
-0.011 --- 

--- 
0.004 

0.014 
-0.01 7 

-0.039 
-0.003 --- 

--- 
--- 

0.01 3 

--- 
--- 
--- 
--- 
--- 

-0.007 

-0.025 
-0.028 

0.018 

0.018 

-0.349 
-1.598 
-0.633 
-2.106 
-0.025 
-0.31 9 
-5.214 
-1.078 
-0.146 
-0.181 
-0.181 
-0.001 
-0.132 
-0.131 
-0.097 
-0.157 
-0.052 
-4.123 
-0.474 
-0.1.26 
-0.451 

-0.334 
-1.238 
-0.595 
-2.094 
-0.024 
-0.303 
- 5.282 
-0.712 
-0.154 
-0.127 
-0.231 
-0.001 
-0.129 
-0.119 
-0.084 
-0.1 52 
-0.054 
-4.030 
-0.622 
-0.143 
-0.449 

LAKE c a l c u l a t i o n s  which only  represents the i n d i r e c t  e f fec t  ( o r  f l u x  
per turba t ion  term) and does no t  include the v a r i a t i o n  o f  the response 
funct ion i t s e l f  (d i rec t  effect  o r  d e t e c t o r  term).  As an example, the 
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breeding r a t i o  f o r  t h e  o u t e r  b lanket  has a l a r g e s t  negat ive  s e n s i t i v i t y  
w i t h  respect  t o  6 L i  t o t a l  cross sec t ion ,  i . e ,  -0.865. From the  sensi -  
t i v i t y  theory  we would expect a 0.865% decrease i n  the  breeding r a t i o  
i f  t h e  6L i  dens i t y  increases 1%. This  i s  mis leading.  Since 6Li(n,a)T 
r e a c t i o n  con t r i bu tes  90% t o  the  t o t a l  t r i t i u m  product ion,  t he  r e l a t i v e  
s e n s i t i v i t y  from d i r e c t  e f f e c t  i s  0.9 and the  n e t  e f f e c t  i s  0.9- 0.865 
= 0.035. That i s ,  as the  t r i t i u m  breeding decreases 0.865% rom t h e  

macroscopic cross sect ions.  The same t r e n d  a l s o  happens t o  the  sensi -  
t i v i t y  o f  neutron heat ing  w i t h  respect  t o  the  6L i  t o t a l  cross sec t ion .  
It has a va lue o f  -0.652 from i n d i r e c t  e f f e c t  and 0.685 from t h e  d i r e c t  
e f f e c t  and the re fo re  o n l y  0.685 - 0.652 o r  0.033 fo r  t h e  n e t  r e s u l t .  

f l u x  per tu rba t ion ,  i t  a l s o  gains 0.9% from t h e  increases o f  i! Li(n,a)T 

The c h a r a c t e r i s t i c  o f  t h e  breeding r a t i o  be ing i n s e n s i t i v e  t o  most 
o f  t h e  ma te r ia l s  i n  t h e  b lanket  can be expla ined by t h e  f a c t  t h a t  a 50 
cm t h i c k  breeding zone i s  more than enough and the  t r i t i u m  produc t ion  
s a t u r  tes.  A r e s u l t  from a v a r i a t i o n a l  i n t e r p o l a t i o n 2 1  s tudy a l so  
showsT8 t h a t  t h e  t o t a l  breeding r a t i o  i s  about 1.51 a t  90% 6L i ,  1.64 
a t  -30% 6Li  which i s  a maximum, and 1.54 fo r  na tu ra l  l i t h i u m .  I n c i -  
den ta l l y ,  t he  s e n s i t i v i t y  o f  neutron heat ing,  w i t h  t h e  f a c t  t h a t  t he  
6Li  (n,u)T r e a c t i o n  con t r i bu tes  most o f  t he  neutron heat ing,  has rough ly  
the  same behavior as t h e  s e n s i t i v i t y  o f  t h e  breeding r a t i o ,  except ing 
t h e  c o n t r i b u t i o n  o f  boron-10. 

Ne i the r  t h e  gas produc t ion  nor  dpa r a t e s  i n  t h e  T i  f i r s t  wa l l  have 
s e n s i t i v i t i e s  h igh  enough t o  warrant  f u r t h e r  i n v e s t i g a t i o n .  
t r a s t ,  the  responses i n  the  i n n e r  magnet f a r  from t h e  plasma are  r e l a -  
t i v e l y  s e n s i t i v e  t o  t h e  neutron t r a n s p o r t  media. The i n t e g r a l  sens i -  
t i v i t i e s  o f  t h e  dpa r a t e  i n  t h e  A1 s t a b i l i z e r  a re  -5.282, -2.094, 
-1.238, -0.595 and 0.334 t o  t h e  t o t a l  cross sec t ions  o f  tungsten, 1oB, 
1 ead, g raph i te  and t i t an ium,  respec t i ve l y .  Fur ther  i n v e s t i g a t i o n  o f  
t he  p a r t i a l  cross sec t i on  s e n s i t i v i t y  ana lys i s  shows t h a t  t h e  (n,2n) 
cross sec t ions  o f  t h e  tungsten and l e a d  are  the  dominant reac t ions .  
The neutron energy leakage t o  t h e  i n n e r  magnet a l s o  shows t h e  same 
tendency. As t h e  energy dependencies o f  t he  s e n s i t i v i t i e s  a re  con- 
cerned, t h e  h ighes t  energy group has absolute dominance f o r  these two 
responses. 

I n  con- 

From Fig. 2 t o  Fig.  7,  we present some t y p i c a l  graphs, t h e  sensi-  
t i v i t y  p r o f i l e s ,  f o r  a combinat ion o f  var ious responses and cross sec- 
t i o n  types. The s o l i d  l i n e s  represent  negat ive  s e n s i t i v i t i e s ,  i .e .  , 
the  response increases as the  cross sec t i on  decreases, and the  dashed 
l i n e s  represent  p o s i t i v e  s e n s i t i v i t i e s ,  i .e. ,  t h e  response increases 
as the  cross sec t i on  increases. 
terms are  presented here. By v i s u a l i z i n g  these p r o f i l e s  one can have 
a c l e a r  idea f o r  a p a r t i c u l a r  response, i n  what energy range a p a r t i -  
c u l a r  cross sec t i on  type would .have t h e  grea tes t  impact. In fo rmat ion  
from t h e  s e n s i t i v i t y  p r o f i l e s  would f u r t h e r  s i m p l i f y  t h e  procedure i n  
u n c e r t a i n t y  ana lys i s  by a l l o w i n g  t h e  neg lec t  o f  t h e  cross sec t i on  types 
and energy ranges which have negl  i g i  b l  e sensi  t i v i  t i e s .  

Not ice  t h a t  o n l y  t h e  f l u x  pe r tu rba t i on  
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111-3. Uncertainty Analysis 

As derived i n  Section 11, E q .  (13) i s  the basic formula for calcu- 
l a t ing  the uncertainty of a design quantity t h r o u g h  i t s  s e n s i t i v i t y  co- 
e f f i c i e n t s  and the covariance matrices of the basic nuclear cross sec- 
t ions.  
t ransport  and s e n s i t i v i t y  codes. 
covariance data seems t o  cause the most d i f f i c u l t i e s  i n  the  process of 
uncertainty analysis.  

The s e n s i t i v i t y  coef f ic ien ts  a r e  obtainable by implementing 
However, the incompleteness of the 

A computer code, called PUFF, i s  avai lable  t o  process the covari- 

The following a re  some major modi- 

ance matrices from e r r o r  f i l e s  i n  the  ENDF/B-IV l ibrary .  
s tudy ,  we have modified PUFF t o  take care of the format changes22 i n  
the  pre-preliminary ENDF/B-V f i l e .  
f i  cations : 

In this 

A new subroutine writ ten t o  read the e n t i r e  e r ro r  f i l e  t o  
pick up  every energy boundary contained i n  the  error f i l e  and 
then t o  form an e r ro r  energy g r i d .  

Subroutine DANNY revised such t h a t  i t  will process the e r ro r  
f i l e  i n  order,  i .e.  , first  the  sub-subsection o f  the  NI-type 
for  the same react ions,  then sub-subsection of the NI-type 
for  d i f f e ren t  react ions,  and f i n a l l y  the sub-subsection of 
the NC-type. 

Modifications of subroutine PUFF for processing the NI type, 
LB = 4 and 5. 

The restriction on to t a l  number of standard deviations being 
l i f t e d  by s tor ing  the standard deviations i n  a temporary f i l e .  

Adding a new subroutine f o r  plot t ing the  correlat ion matrices, 
group cross sections and r e l a t ive  standard deviations i n  user 
group s t ructure .  

The data covariance matrices of four materials,  6 L i ,  Pb, 'OB,  and 
12C, have resulted from the preliminary ENDF/B-V f i l es  by PUFF process- 
i n g .  Notice t h a t  these data have not ye t  been tes ted and may contain 
some errors .  Both 6Li and 1oB only contain e r ro r  f i l e s  for  the energy 
regime below 1 MeV. However, i t  seems t o  be good enough fo r  NUWMAK ap- 
pl icat ion s ince the responses under investigation i n  NUWMAK a r e  on1 
sensitive t o  the low energy absorption cross sections fo r  6Li and 1 B.  
As f a r  as the other materials a r e  concerned, there  a r e  no e r r o r  f i l e s  
for  T i ,  W ,  7Li ,  1oB i n  the pre-preliminary version of ENDF/B-V and no 
A1 data a r e  avai lable  a t  the present time. 

6 

Table 4 gives a summary of the r e l a t ive  uncertaint ies  fo r  six de- 

Those six quant i t ies  a re  defined i n  Table 3.  
s i g n  quanti t i e s  i n  NUWMAK contributed from the uncertaint ies  of t o t a l  
cross sections.  
f i r s t  four responses, which a re  the breeding r a t i o ,  neutron heating, 
T i  dpa i n  f irst  wall, and Ti  gas production i n  f i r s t  wall ,  a l l  have 

The 
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Table 4 
.Relative Uncertainty (%) of the Responses Contributed 

From the Uncertainties of Total Cross Sections i n  NUWMAK 

Material AR/R (%) 

Ri R2 R3 R4 R5 R6 

%i 0.72 0.55 ---- 0.03 
0.34 0.10 0.02 0.39 lP& 0.02 0.02 ---- ---- 

1 OB e--- 0.39 ---- ---- 
7 ~ i  
W 
T i  
1lB 
TOTAL 0.80 0.68 0.02 0.39 
(h  ( A R / R ) ~ )  

---- 
5.02 
1.89 

2.89 
42.35 
2.46 
1.50 

42.88 

---- 

---- 
3.89 
1.78 

2.65 
39.86 
2.14 
1.07 

40.24 

---- 

uncertaint ies  below 1% which should s a t i s f y  the design c r i t e r i a .  The 
remainders a r e  the neutron energy leakage t o  the  inner magnet and dpa 
r a t e  i n  the A1 s t a b i l i z e r  which have uncertaint ies  of  42.88% and 40.24% 
respectively.  
re la ted  uncertaint ies  throughout the e n t i r e  energy range f o r  the 7Li , 
W ,  T i ,  and 1lB t o t a l  cross sect ions.  From Table 4 i t  i s  c l e a r  t h a t  the 
uncertaint ies  of these two responses a r e  dominated by the tungsten 
cross  sections and could be cut  down s i g n i f i c a n t l y  i f  considerable e f -  
f o r t s  were made to'improve the accuracy of the 14 MeV tungsten t o t a l  
cross sections.  

The r e s u l t s  a r e  based on the assumption of 10% uncor- 

111-4. Error Reduction 

As noted e a r l i e r ,  the uncertainty o f  the dpa r a t e  i n  the  A1 sta- 

Here we propose pulsed-sphere 

b i l i z e r  for NUWMAK i s  40.24% from a l l  the materials and 39.86% from 
tungsten alone. A major error reduction i s  possible by simply ref ining 
the tungsten 14 MeV cross section. 
typez3 experiment w i t h  a 5 cm thick tungsten sphere surrounding the 14 
MeV neutron source. The 14 MeV neutron flux i s  t o  be measured outside 
the sphere such t h a t  the 14 MeV t o t a l  cross section can be derived 
e a s i l y  from the flux at tenuat ion.  

The response chosen i n  thi.s analysis  i s  the dpa r a t e  i n  the A1 
stabilizer w h i c h  has a 39.26% uncertainty contributed from the tungsten 
14 MeV t o t a l  cross section alone. Therefore, the calculat ions will be 
done just  f o r  the f i r s t  energy group. The s e n s i t i v i t y  for the experi- 
ment i s  calculated by SWANLAKE and has a value of  -1 . l .  The design 
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e (%) 

q u a n t i t y  we are  i n t e r e s t e d  i n  has a s e n s i t i v i t y  o f  -3.93 and t h e  stan- 
dard d e v i a t i o n  o f  t he  tungsten cross sec t i on  i s  assumed t o  be 10%. 
Therefore we have SR = -3.93, S = -1.1, D = (0.1)2 = 0.01, and A R  = 
0.3926 ( a l l  i n  r e l a t i v e  u n i t s ) .  From Eq. (30) 

0 2  4 6 8 10 11 4 

i .e., t h e  i n fo rma t ion  conten t  o f  t h e  experiment i s  e x a c t l y  equal t o  
the  var iance o f  t he  response. Th is  i s  j u s t  a c h a r a c t e r i s t i c  o f  one 
group ana lys i s  and i s  n o t  genera l l y  t rue .  
and A R  i n t o  E q .  (29),  we have 

By s u b s t i t u t i n g  SR, D, S, 

(AR')' = 1541 186461 

e2+121 
where e i s  t h e  exper imental  e r r o r ,  A R '  i s  t h e  p o s t e r l a r  u n c e r t a i n t y  o f  
t h e  response, and both e and A R '  a re  i n  percentage u n i t s .  

would reduce t h e  var iance o f  t h e  response by h a l f .  
11%, which i n d i c a t e s  t h a t  if our  proposed experiment were t o  be per-  
formed w i t h  11% e r r o r  t h e  u n c e r t a i n t y  o f  t h e  A1 dpa would be c u t  from 
39% t o  28%. The f o l l o w i n g  g ives  a one-to-one correspondence between 
t h e  exper imental  e r r o r  and t h e  reduced response unce r ta in t y .  

By o u r  d e f i n i t i o n ,  eH E Gt i s  the  exper imental  e r r o r  which 
I n  t h i s  case, eH = 

lAR'(%) I 0 7 . 0  13.4 18.8 23.1 26.4 27.8 39.3 

Since a f u l l - s c a l e  economic ana lys i s  f o r  t h e  NUWMAK design i s  
n o t  ava i l ab le ,  t h e  economic ana lys i s  o f  t h e  e r r o r  reduc t i on  f rom the  
proposed experiment w i l l  n o t  be presented here. 

I V .  CONCLUSIONS 

The t h e o r i e s  o f  s e n s i t i v i t y  and u n c e r t a i n t y  a n a l y s i s  f o r  f i x e d  
source problems have been o u t l i n e d  and t h e i r  a p p l i c a t i o n  t o  a new 
conceptual tokamak fus ion  reac tor ,  NUWMAK, i s  s tud ied.  Several con- 
c lus ions  can be drawn from t h i s  study. 

(1) S e n s i t i v i t y  c a l c u l a t i o n s  show t h a t  t h e  breeding r a t i o  and 
neutron hea t ing  i n  t h e  o u t e r  b lanket  o f  t h e  NUWMAK design 
are most s e n s i t i v e  t o  t h e  6L i  and Pb cross s e c t i  ns w i t h  

0.137 and -0.051 f o r  Pb respec t i ve l y .  However, due t o  t h e  
i n t e g r a l  s e n s i t i v i t i e s  of  -0.865 and -0.652 for 8 L i  and 
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r e l a t ive ly  thick breeding zone design , these s e n s i t i v i t i e s  
a re  comparatively small. A detai led par t ia l  cross section 
analysis a l so  shows t h a t  P b ( n , 2 n )  and 6Li(n ,a )T cross sec- 
t ions a re  the most dominant i n  this respect.  

First wall dpa and the gas production r a t e  i n  the T i  a l loy  
have small s e n s i t i v i t i e s  w i t h  respect t o  a l l  materials,  
while the neutron energy leakage t o  the  inner magnet and the 
dap r a t e  i n  t he  A1 s t a b i l i z e r  a re  noteable w i t h  t h e i r  h i g h  
s e n s i t i v i t i e s  t o  most of the materials i n  the blanket and 
sh ie ld ,  especial ly  tungs ten .  
the importance of the 14 MeV tungsten cross section a s  f a r  
a s  these two responses a re  concerned. 

Sens i t iv i ty  profiles indicate  

( 3 )  Detailed calculations from uncertainty analysis conclude 
tha t  the uncertaint ies  o f  the breeding r a t i o ,  neutrons heat- 
i n g ,  T i  dpa, and f i r s t  wall gas production a re  a l l  below 1% 
which should s a t i s f y  the design c r i t e r i a .  
r e l a t ive ly  h i g h  uncertaint ies  of neutron energy t o  the mag- 
nets and dpa r a t e  i n  the A1 s t a b i l i z e r ,  43% and 40% res- 
pectively, suggest t ha t  a refinement i n  the tungsten 14 MeV 
cross section may be worthwhile. 

However, the 

(4)  For a pulsed sphere type tungsten cross ,section measurement, 
we have found tha t  w i t h  an experimental ‘e r ror  of 11% and 6%, 
the uncertainty of the A1 dpa r a t e  could be cut  from 39% t o  
28% or 19% respectively.  However, the economic value of the 
e r ro r  reduction requires a ful l  scale  economic analysis  and 
i s  not presented here. Nevertheless, a study o f  the NUWMAK 
design indicates  the reactor costs  are  qui te  sens i t ive  t o  
the thickness of the tungsten .zone which will i n  turn place 
a r e l a t ive ly  h i g h  value on an accurate knowledge o f  the  
tungsten cross section. 
are of reasonable cos t ,  i t  i s  almost a cer ta in ty  t h a t  the 
complete analysis would show a favorable cost  benefit  r a t i o  
f o r  such an experiment i f  the NUWMAK des ign  i s  the basis.  

Since the pulsed sphere experiments 
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ABSTRACT 

I n  many t r a n s p o r t  c a l c u l a t i o n s  t h e  i n t e g r a l  d e s i g n  
parameter  o f  i n t e r e s t  ( response)  is  determined mainly by 
secondary p a r t i c l e s  such  as g a m a  r a y s  from ( n , y )  r e a c t i o n s  
o r  secondary n e u t r o n s  from i n e l a s t i c  s c a t t e r i n g  e v e n t s  o r  
(n,2n) r e a c t i o n s .  S tandard  s e n s i t i v i t y  a n a l y s i s  u s u a l l y  
a l lows  t o  c a l c u l a t e  t h e  s e n s i t i v i t i e s  t o  t h e  product ion  
c r o s s  s e c t i o n s  o f  such  s e c o n d a r i e s ,  b u t  an extended f o r -  
m a l i s m  is  needed t o  a l s o  o b t a i n  t h e  s e n s i t i v i t i e s  t o  t h e  
energy d i s t r i b u t i o n  o f  t h e ,  genera ted  secondary p a r t i c l e s .  
For a 30-group s t a n d a r d  c r o s s - s e c t i o n  set 84% of  a l l  non- 
zero  t a b l e  p o s i t i o n s  p e r t a i n  t o  t h e  d e s c r i p t i o n  of  second- 
a r y  energy d i s t r i b u t i o n s  (SED's) and o n l y  16% t o  t h e  a c t u a l  
r e a c t i o n  c r o s s  s e c t i o n s .  T h e r e f o r e ,  any s e n s i t i v i t y / u n -  
c e r t a i n t y  a n a l y s i s  which does n o t  c o n s i d e r  t h e  e f f e c t s  of  
SED's  i s  incomple te  and n e g l e c t s  most of  t h e  i n p u t  d a t a .  
This  paper  d e s c r i b e s  t h e  methods of  how s e n s i t i v i t y  p r o f i l e s  
f o r  SED'S are o b t a i n e d  and used t o  estimate t h e  u n c e r t a i n t y  
of  an  i n t e g r a l  response  due t o  u n c e r t a i n t i e s  i n  t h e s e  SED' s .  
The d e t a i l e d  t h e o r y  i s  documented e l sewhere  and implemented 
i n  t h e  LASL s e n s i t i v i t y  code SENSIT. SED s e n s i t i v i t y  p r o f i l e s  
have proven p a r t i c u l a r l y  v a l u a b l e  i n  c r o s s - s e c t i o n  u n c e r t a i n t y  
a n a l y s e s  f o r  f u s i o n  r e a c t o r s .  Even when t h e  product ion  c r o s s  
s e c t i o n s  f o r  secondary n e u t r o n s  w e r e  assumed t o  b e  wi thout  
e r r o r ,  t h e  u n c e r t a i n t i e s  i n  t h e  energy d i s t r i b u t i o n  of t h e s e  
s e c o n d a r i e s  produced a p p r e c i a b l e  u n c e r t a i n t i e s  i n  t h e  calcu- 
l a t e d  t r i t i u m  b r e e d i n g  rate.  However, complete e r r o r  f i l e s  
f o r  SED'S are p r e s e n t l y  n o n e x i s t e n t .  T h e r e f o r e ,  methods w i l l  
be  d e s c r i b e d  t h a t  a l l o w  rough e r r o r  estimates due t o  e s t i m a t e d  
SED u n c e r t a i n t i e s  based on i n t e g r a l  SED s e n s i t i v i t i e s .  
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A s  t h e  number of  c ross -sec t ion  s e n s i t i v i t y  and unce r t a in ty  ana lyses  
( t h a t  are being performed f o r  many s p e c i f i c  design o r  r e sea rch  a p p l i c a t i o n s )  
i n c r e a s e s ,  i t  i s  more and more r e a l i z e d  t h a t  most of them are incomplete.  
I n  f a c t  very o f t e n  only the  e f f e c t s  of u n c e r t a i n t i e s  i n  t o t a l  c ros s  s e c t i o n s  
o r  some o t h e r  convenient ly  def ined  composit c ros s  s e c t i o n s  (such as i n e l a s t i c  
s c a t t e r i n g  o r  absorp t ion  c ros s  s e c t i o n s )  on i n t e g r a l  design parameters ( re-  
sponses) are considered.  However, even i f  t h e  u n c e r t a i n t i e s  of a l l  p a r t i a l  
c ros s  s e c t i o n s  f o r  a l l  materials used i n  t h e  c a l c u l a t i o n  were included i n  
such s t u d i e s  - which is  a t  p re sen t  no t  p o s s i b l e  because of t h e  nonexis tence 
of complete covariance d a t a  - t h e  a n a l y s i s  would s t i l l  be incomplete because 
t h e  energy and angular  d i s t r i b u t i o n s  o f  secondar ies  from neutror. r e a c t i o n s  
which produce secondary p a r t i c l e s  [e .g . ,  (n ,2n) ,  ( n , y ) ,  i n e l a s t i c  s c a t t e r -  
i n g ,  e t c . ]  are assumed t o  be without  e r r o r .  It i s  t h e  goal  of t h i s  paper 
t o  p re sen t  a formalism which w i l l  a l low t h e  inco rpora t ion  of u n c e r t a i n t i e s  
i n  secondary energy d i s t r i b u t i o n s  i n t o  c ross -sec t ion  unce r t a in ty  ana lyses  
by us ing  b a s i c a l l y  t h e  same computational a lgori thms t h a t  are a l r eady  a v a i l -  
ab l e  i n  e x i s t i n g  a n a l y s i s  codes. 

1-3 Figure 1 summarizes t h e  c lass ica l  formalism which al lows t h e  calcu- 
l a t i o n  of an unce r t a in ty  i n  any computed i n t e g r a l  response R due t o  uncer- 
t a i n t i e s  i n  any inpu t  p a r a m e t e r s  Xi which, i n  t h i s  con tex t ,  are taken t o  be  

RESPONSE R = R(Xi) 

SEN S I T I V I T Y C 0 E F F IC I ENT 

AR 

SENSITIVITY PROFILE 

ASSUMING LINEAR PERTURBATION THEORY 
(small changes) : 

= 'xi* "i 
AXi . -  AR - 

R pxi xi 

FOR DATA UNCERTAINTIES {&Xi) or Cov(Xi,X.) : 
3 

Var(R) = Z S  S Cov(xi,x.) 3 
j 

xi x 
i8j 

Fig. 1. Summary of convent ional  sei 

I 

cov (Xi, x . I  
x.x (Y)2 = c i8] pxipx j = j  

i t i v i t y  and u n c e r t a i n t y  a n a l y s i s  methods. 
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i n p u t  c r o s s - s e c t i o n  d a t a ,  e.g.  , a mul t igroup c r o s s - s e c t i o n  set  { C B > .  
o r d e r  t o  u s e  t h i s  formalism t o  i n c o r p o r a t e  u n c e r t a i n t i e s  i n  secondary 
energy d i s t r i b u t i o n s  (SED'S), w e  must d e f i n e  a p p r o p r i a t e  s e n s i t i v i t y  pro- 
f i l e s  and c o v a r i a n c e  matrices f o r  SED'S. F i g u r e  2 shows t h e  s t r u c t u r e  of 
a t y p i c a l  mul t igroup n e u t r o n  c r o s s - s e c t i o n  se t  (gamma r a y s  are excluded 
f o r  s i m p l i c i t y ) ,  where t h o s e  d a t a  which d e s c r i b e  t h e  SED'S are e n c i r c l e d .  
Obviously,  s i n c e  f o r  each  i n c i d e n t  n e u t r o n  energy ( index  g ' )  a whole 

I n  

1 

2 

3 

g ' 

28 

29 

3Q 

1 2 3 8 28 29 30 

Tota l  nonzero p o s i t i o n s  d e s c r i b i n g  XS-set =. 555 

To ta l  nonzero p o s i t i o n s  d e s c r i b i n g  SED'S = 465 (= 84% of t o t a l )  

Fig.  2 .  Mult igroup c r o s s - s e c t i o n  se t  f o r  a 30 neutron-group s t r u c t u r e ,  
i n c l u d i n g  o n l y  downsca t te r ing :  0 a '  'Of, ' to t '  0 g'+g* 
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spectrum of secondar ies  may b e  produced ( index g ) ,  t h e  two-dimensional 
a r r a y  of  t h e  s c a t t e r i n g  mat r ix  i s  needed t o  desc r ibe  SED'S. A s  a con- 
sequence, i n  t h e  30-group s t r u c t u r e  shown i n  Fig.  2 ,  84% of all cross-  
s e c t i o n  d a t a  d e s c r i b e  exc lus ive ly  SED'S. 
p o s s i b l e  u n c e r t a i n t i e s  i n  such SED d a t a  w e  reproduce i n  Fig.  3 a com- 

To convey some f e e l i n g  f o r  

Neutron Energy (MeV) 

Fig. 3 .  Comparison of newly measured 
secondary energy d i s t r i b u t i o n  (smooth curve) 
w i t h  ENDF/B-IV d a t a .  

pa r i son  of a r e c e n t l y  
measured secondary neu- 
t r o n  energy spectrum' f o r  
'Be(n,2n) w i t h  d a t a  con- 
t a ined  i n  ENDF/B-IV. A l -  
though these l a r g e  d i s -  
c repancies  may be  smoothed 
o u t  a f t e r  t h e  d a t a  are con- 
v e r t e d  i n t o  mult igroup form, 
i t  appears  n e v e r t h e l e s s  t h a t  
t h e  d a t a  u n c e r t a i n t i e s  i n  
SED'S are cons ide rab le  and 
should no t  be neglec ted .  
W e  s h a l l  r e t u r n  l a t e r  t o  
t h e  ques t ion  on how fo  quan- 
t i f y  t h e s e  u n c e r t a i n t i e s  
convenient ly .  

Fig.  4 g ives  a summary 
on how an a n a l y t i c a l  expres- 
s i o n  f o r  t h e  c ross -sec t ion  
s e n s i t i v i t  p r o f i l e  Pxs can 
be  .derived3 and shows a t  t h e  
same t i m e  t h a t  s e n s i t i v i t y  
p r o f i l e s  f o r  SED'S may be 
c a l c u l a t e d  from t h e  a d j o i n t  
express ion  of t h a t  f o r  Pxs. 
T h e  d e t a i l e d  a n a l y t i c a l  ex- 
p r e s s i o n  f o r  an SED sens i -  
t i v i t y  p r o f i l e '  i s  shown i n  
Fig.  5. Taking t h e  i n c i d e n t  
neut ron  energy E '  as a pa- 
rameter and t h e  emerging 

neut ron  energy E (energy of  the secondary p a r t i c l e )  as t h e  continuous 

v a r i a b l e ,  we  no te  t h a t  PSED(E) spans aga in  a two-dimensional a r r a y  which 

means t h a t  i n  a mult igroup r e p r e s e n t a t i o n  one may expect  one f u l l  SED 
s e n s i t i v i t y  p r o f i l e  f o r  each energy group spec i fy ing  t h e  i n c i d e n t  neut ron  
energy. From t h e  express ion  i n  F ig .  5 i t  i s  obvious t h a t  PSED can be  
phys ica l ly  i n t e r p r e t e d  i n  complete analogy t o  Pxs as t h e  percentage  change 
of t h e  response R due t o  a one percent  change i n  t h e  va lue  of 0 

C E  ' 
X 

g'*g' 



2 2 3  

SENSITIVITY ANALYSIS METHODS 

FORWARD ADJOINT 

Fig.  4 .  D e r i v a t i o n  of  e q u a t i o n s  f o r  c r o s s -  
s e c t i o n  and SED s e n s i t i v i t y  p r o f i l e s .  

SENSITIVITY PROFILES 
FOR SECONDARY ENERGY (SED) AND 

ANG i1 LAR (SAD) DISTRIBUTIONS 

One may a l s o  n o t e  
t h a t  SED s e n s i t i v i t y  
p r o f i l e s  are always 
p o s i t i v e ,  i . e . ,  they  
e x p r e s s  ' I  gain- terms" 
o n l y .  A s p e c i f i c  

6 example o f  two SED 
s e n s i t i v i t y  p r o f i l e s  
i s  reproduced i n  F ig .  
6 ,  where a l s o  t h e  as- 
s o c i a t e d  secondary 
energy d i s t r i b u t i o n s  
0 and 0 f o r  in-  

c i d e n t  energy groups 
2 and 3 are shown w i t h  
broken l i n e s .  The 
numbers above t h e  top  
h i s t o g r a m  i n d i c a t e  
group numbers of  our  
30 energy group s t r u c -  
t u r e  employed f o r  t h i s  
s p e c i f i c  a n a l y s i s .  

2% 3+g 

*x 

Fig .  5 .  D e t a i l e d  a n a l y t i c  e x p r e s s i o n s  f o r  
SED and SAD s e n s i t i v i t y  p r o f i l e s .  

The two-dimension- 
a l i t y  of  SED s e n s i t i v i t y  
p r o f i l e s  and o f  t h e  
secondary energy d i s -  
t r i b u t i o n  i t s e l f  o f t e n  
p r e s e n t s  an o b s t a c l e  
when u n c e r t a i n t i e s  o f  
SED'S are t o  b e  quan- 
t i f i e d  i n  p r a c t i c e ,  
e s p e c i a l l y  when cor- 
r e l a t i o n s  are a l s o  
considered.  A s  a 

f irst  s t e p  t o  q u a n t i f y  SED u n c e r t a i n t i e s ,  w e  i n t r o d u c e  t h e  concept  of  an 
i n t e g r a l  SED u n c e r t a i n t y  which can then  b e  convenient ly  used f o r  a compre- 
h e n s i v e  c r o s s - s e c t i o n  u n c e r t a i n t y  a n a l y s i s  i n  connec t ion  w i t h  t h e  def i n i -  
t i o n  o f  a n  i n t e g r a l  SED s e n s i t i v i t y . 6  F i g u r e  7 summarizes t h e  d e f i n i t 2 o n  
o f  an  i n t e g r a l  SED s e n s i t i v i t y  as i n t r o d u c e d  i n  Ref. 6. The b a s i s  f o r  
t h i s  d e f i n i t i o n  is t h e  f a c t  t h a t  each  secondary energy d i s t r i b u t i o n  i t s e l f  
may be subdiv ided  i n t o  a "hot",  i . e . ,  high-energy p a r t ,  and a "cold",  i . e . ,  
low-energy p a r t  by i d e n t i f y i n g  t h e  median energy group gm which is  d e f i n e d  
as t h a t  group i n t o  which t h e  median energy of a l l  s e c o n d a r i e s  ( f o r  a given 
i n i t i a l  n e u t r o n  energy)  f a l l s .  Then t h e  a s s o c i a t e d  SED s e n s i t i v i t y  p r o f i l e  
can b e  i n t e g r a t e d  s e p a r a t e l y  o v e r  i t s  c o l d  p a r t  and i t s  h o t  p a r t .  
t r a c t i n g  t h e s e  two i n t e g r a l s  from each  o t h e r ,  as i n d i c a t e d  on Fig .  7 ,  
d e f i n e s  an i n t e g r a l  SED s e n s i t i v i t y ,  SSED, which may b e  l a b e l e d  "HOT" i f  
t h e  d i f f e r e n c e  i s  p o s i t i v e  and "COLD" i f  i t  is  n e g a t i v e .  SSED is  then  a 
q u a n t i t a t i v e  measure of how much more s e n s i t i v e  t h e  response  R is  t o  high- 
energy s e c o n d a r i e s  ( i f  SSED is "HOT") than  t o  low-energy s e c o n d a r i e s .  

Sub- 
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NEUTRCN ENERGY OF SECOKDARIES, Eout(MeV1 

Fig .  6 .  D o u b l e - d i f f e r e n t i a l  s e n s i t i v i t y  p r o f i l e s  f o r  t h e  secondary 
energy d i s t r i b u t i o n s  of Fe(n,2n)  r e a c t i o n s  f o r  each energy group of i n i -  
t i a l  n e u t r o n s ,  p e r  l e t h a r g y  w i d t h s  of  i n i t i a l  and f i n a l  energy  groups.  

S i n c e  i n  g e n e r a l  w e  have an SED f o r  each  i n c i d e n t  energy group g ' ,  t h i s  
d e f i n i t i o n  o f  SSED h o l d s  f o r  a l l  g'. Lf w e  a b b r e v i a t e  PSED (Eg) w i t h  
PSvD w e  have CTx,g' 

g g  
gm G 

g= 1 g=g +1 
m 

Within t h i s  concept  i t  f o l l o w s  q u i t e  n a t u r a l l y  t h e n  t o  a l s o  d e f i n e  an 
i n t e g r a l  SED u n c e r t a i n t y  as shown i n  F ig .  8. The s p e c t r a l  shape  uncer- 
t a i n t y  parameter  f may b e  c o n s i d e r e d  as t h e  w i d t h  of an  u n c e r t a i n t y  band 
t h a t  can b e  drawn around an average  secondary energy d i s t r i b u t i o n  which 
encompasses a l l  c r e d i b l e  d a t a  a v a i l a b l e  f o r  t h i s  p a r t i c u l a r  SED. Con- 
s e q u e n t l y ,  i f  t h e  number of  h o t  s e c o n d a r i e s  i s  i n c r e a s e d  by a f r a c t i o n  
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DEFINITION OF 
INTEGRAL S E D-SE N S I T I V I TY 

SED: - 

Fig.  7. D e f i n i t i o n  of median energy and i n t e g r a l  SED s e n s i t i v i t y .  
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DEFINITION OF 

(SPECTRAL SHAPE UNCERTAINTY PARAMETER) 
I NTEG R A L S E D- U NC E RT A I NTY "f " 

t f  if g < gm 
-f if g > g, 

Fig. 8. I n t e r p r e t a t i o n  o f  i n t e g r a l  SED unce r t a in ty  as spectrum shape 
pe r tu rb  a t  ion.  

f of a l l  secondar ies ,  whi le  t h e  number of co ld  secondar ies  is  decreased 
by t h i s  s a m e  number, then f q u a n t i f i e s - o n l y  t h e  unce r t a in ty  i n  the  shape 
of t h e  SED whi le  t h e  t o t a l  number of  secondar ies ,  i . e . ,  t h e  normal iza t ion  
of t h e  SED remains unchanged. Thus f may a l s o  be i n t e r p r e t e d  as a measure 
f o r  a spectrum shape pe r tu rba t ion  which can be w r i t t e n  as 

Returning f o r  a moment t o  our  o r i g i n a l  goa l ,  namely t o  treat  SED un- 
c e r t a i n t i e s  w i t h i n  t h e  same formalism than ord inary  c ross -sec t ion  uncer- 
t a i n t i e s  (compare Fig.  l ) ,  we  are a t tempt ing  t o  propagate  SED changes 
i n t o  a response change v i a  an equat ion  of t h e  form 
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i s  cons idered .  I n s e r t i n g  Eq. (3)  i n t o  g'+g i f  a spectrum p e r t u r b a t i o n  60 
Eq.  (4) and u s i n g  E q .  (2) w e  o b t a i n  

which i s  e x a c t l y  ana log  t o  t h e  c lass ic  e q u a t i o n  used t o  estimate t h e  e f -  
f e c t s  of  a r e a c t i o n  c r o s s - s e c t i o n  p e r t u r b a t i o n  on a response  R. 
t h e  exact analogy w e  can i n f e r  from Eq. (5) immediately t h e  formalism re- 
q u i r e d  t o  t rea t  c o r r e l a t e d  u n c e r t a i n t i e s .  L e t  us  denote  w i t h  f i  t h e  v a l u e  
o f  f f o r  a s p e c i f i c  n u c l e a r  r e a c t i o n ,  e . g . ,  (n ,2n) ,  a t  a s p e c i f i c  i n c i d e n t  
n e u t r o n  energy ,  e . g . ,  g i n  = 2,  and l e t  f j  correspond t o  some d i f f e r e n t  
r e a c t i o n f e n e r g y  combinat ion,  t h e n  t h e  u n c e r t a i n t y  i n  R due t o  c o r r e l a t e d  
u n c e r t a i n t i e s  of  a l l  SED' s  cons idered  f o r  one s p e c i f i c  i s o t o p e  is  g iven  by 

Continuing 

An i l l u s t r a t i o n  of how t h e  v a l u e s  o f  f may b e  o b t a i n e d  by an eval- 
u a t o r  who h a s  N independent  measurements of  t h e  same SED a v a i l a b l e  i s  
shown i n  Fig.  9 .  

FOR n=l,..,N INDEPENDENT MEASUREMENTS OF u : o p e r a t i o n s  on a set of  i n p u t  

Muir7 h a s  w r i t t e n  a s h o r t  FORTRAN program SPEC which 
performs t h e s e  numerical  

energy s p e c t r a .  XS-EVALUATOR ASSIGNS WEIGHTS w,, THEN 

F i g u r e  1 0  summarizes 
un - on N t h e  f i v e  s t e p s  n e c e s s a r y  t o  HOT COLD 

f" = - , WHERE7 = z w n f n  = o  perform a q u a n t i t a t i v e  un- 
c e r t a i n t y  a n a l y s i s  f o r  SED's. 
The most d i f f i c u l t  and t i m e  

Var(f) = (f-f) = f consuming p a r t  i s  l i s t e d  as 
S t e p  3 which r e q u i r e s  a 

(u" - on 7 c r o s s - s e c t i o n  e v a l u a t i o n  t o  
e s t a b l i s h  t h e  numer ica l  

U 2  v a l u e s  f o r  f i .  Our prel im- 
i n a r y  c a l c u l a t i o n s  and eva l -  
u a t i o n s  i n d i c a t e  t h a t  f o r  a 

Fig.  9. A sample e v a l u a t i o n  of  t h e  f u s i o n  r e a c t o r  d e s i g n  prob- 
s p e c t r a l  shape u n c e r t a i n t y  parameter  f .  l e m  (14 MeV n e u t r o n  s o u r c e )  

taken  t o  be t o t a l  t r i t i u m  p r o d u c t i o n  and n u c l e a r  h e a t i n g ,  t h e  i n t e g r a l  
SED s e n s i t i v i t i e s  S i  range  from 0.05 t o  0.5 w h i l e  t h e  i n t e g r a l  SED un- 
cer ta in t ies  f are o f  t h e  o r d e r  of  0.5 t o  1.0.  

U 

li-1 - - P 
HOT COLD - 

f w n  
nu 1 

where t h e  responses  are 

i 

I n  conclus ion  i t  s h o u l d b e  n o t e d  t h a t  t h e  methodology t o  i n c l u d e  SED 
u n c e r t a i n t i e s  i n t o  r o u t i n e  c r o s s - s e c t i o n  u n c e r t a i n t y  a n a l y s e s  as 
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SED-UNCERTAINTY ANALYSIS p r e s e n t e d  h e r e ,  r e q u i r e s  
(SUMMARY) a minimum of a d d i t i o n a l  

computat ions and a l l o w s  
1) COMPUTE Emdian OR g, FOR ALL SED's 

2) COMPUTE INTEGRAL SENSITIVITIES SSED 

rough estimates o f  s p e c t r a l  
shape  u n c e r t a i n t i e s  t o  b e  
cons idered  q u a n t i t a t i v e l y .  
I f  t h e  c o r r e l a t i o n s  of  t h e  
f i t s  are unknown, c e r t a i n  

may b e  made t o  o b t a i n  a t  
least  an upper  l i m i t  esti- 

i n  Ref. 3 .  I f  h i g h e r  pre-  

REQUIRES SENSITIVITY ANAL. 
I c o n s e r v a t i v e  as sump t i o n s  

3) OBTAIN SPECTRAL SHAPE PARAMETERS fi FOR SED's 

W REQUIRES XS-EVALUATION mate f o r  Var(R) as o u t l i n e d  

4) COMPUTE Cov(fi, fj) FOR SPECIFIC REACTIONS AND c i s i o n  might b e  d e s i r e d  
t h a n  t h e  p r e s e n t  model is  SED's OF INTEREST 
a b l e  t o  g i v e ,  an  e x t e n s i o n  
of t h e  h o t / c o l d  s u b d i v i s i o n  
of SED's appears  s t r a i g h t -  
forward t o  t h e  p o i n t  where 
i n d i v i d u a l  energy  groups 

SED SED 
5) COMPUTE (?)IED = 1 S S 

i j  
Cov(fi, f.) I 

i.i 

Fig .  10. A f i v e - s t e p  summary t o  per-  may b e  cons idered .  Also ,  
form SED u n c e r t a i n t y  a n a l y s i s .  i t  i s  clear  t h a t  t h i s  f o r -  

i t s  a p p l i c a t i o n  t o  secondary energy  d i s t r i b u t i o n s  b u t  can b e  a p p l i e d  t o  
q u a n t i f y  any s p e c t r a l  shape  u n c e r t a i n t i e s ,  e . g . ,  t h a t  o f  t h e  f i s s i o n  
spectrum. 

m a l i s m  i s  n o t  r e s t r i c t e d  i n  
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ABSTRACT 

Two types of h igh  order  e f f e c t s  a s soc ia t ed  wi th  per turba-  
t i o n s  i n  the  f l u x  shape are considered: Spec t r a l  Fine - 
St ruc tu re  E f f e c t s  (SFSE) and non- l inear i ty  between changes 
i n  performance parameters and d a t a  u n c e r t a i n t i e s .  SFSE are 
inves t iga t ed  i n  P a r t  I us ing  a simple s i n g l e  resonance model. 
Resul t s  obtained f o r  each of t he  resolved and f o r  representa-  
t i v e  unresolved resonances of 238U i n  a ZFR-6/7 l i k e  environment 
i n d i c a t e  t h a t  SFSE can have a s i g n i f i c a n t  con t r ibu t ion  t o  the  
s e n s i t i v i t y  of group cons tan ts  t o  resonance parameters.  Methods 
t o  account f o r  SFSE both f o r  t h e  propagation of u n c e r t a i n t i e s  
and f o r  t h e  adjustment of nuc lea r  da t a  are discussed.  

A Second Order S e n s i t i v i t y  Theory (SOST) is  presented ,  and 
i t s  accuracy r e l a t i v e  t o  t h a t  of t h e  f i r s t  o rde r  s e n s i t i v i t y  
theory and of t h e  d i r e c t  s u b s t i t u t i o n  method i s  i n v e s t i g a t e d  
i n  P a r t  11. The i n v e s t i g a t i o n  is  done f o r  t h e  non-linear prob- 
l e m  of t he  e f f e c t  of changes i n  the  297 kev sodium minimum 
c ross  s e c t i o n  on t h e  t r a n s p o r t  of neut rons  i n  a deep-penetration 
problem. It i s  found t h a t  t he  SOST provides  a s a t i s f a c t o r y  
accuracy f o r  c ros s  s e c t i o n  unce r t a in ty  a n a l y s i s .  For t h e  same 
degree of accuracy,  t h e  SOST can be  s i g n i f i c a n t l y  more e f f i -  
c i e n t  than t h e  d i r e c t  s u b s t i t u t i o n  method. 

PREFACE 

Two s u b j e c t s  r e l a t e d  t o  c ros s  s e c t i o n  s e n s i t i v i t y  theory are addressed 
i n  t h i s  work: Spec t r a l  Fine S t ruc tu re  E f f e c t s  (SFSE) on s e n s i t i v i t y  
c o e f f i c i e n t s  and Second Order S e n s i t i v i t y  Theory (SOST) f o r  problems i n  
which t h e  change i n  performance parameters i s  not  l i n e a r  wi th  the  change 
i n  cross ,  s ec t ions .  Even though completely d i s t i n c t ,  t h e  two s u b j e c t s  
have a common denominator--they are  concerned wi th  i n d i r e c t  e f f e c t s  on 
s e n s i t i v i t y  c o e f f i c i e n t s  caused by changes i n  t h e  c ros s  s e c t i o n s  v i a  per tur -  
ba t ions  i n  t h e  f l u x  shape. 
account by t h e  pe r tu rba t ion  theory based s e n s i t i v i t y  methodologies developed 

"This r e sea rch  was p a r t i a l l y  sponsored by t h e  Electric Power Research I n s t i t u t e  
and was performed i n  pa r t  a t  ORNL, opera ted  by Union Carbide Corporation under 
Contract  W-7405-eng-26 wi th  t h e  Department of Energy. 

These "high order"  e f f e c t s  are no t  taken i n t o  
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so  f a r .  A s  t h e  two s u b j e c t s  t o  be considered are independent,  they are 
presented  as two sepa ra t e  p a r t s .  

SPECTRAL FINE-STRUCTURE EFFECTS I N  
CROSS SECTION SENSITIVITY ANALYSIS 

In t roduc t ion  

The u l t i m a t e  goal  of c ros s  s e c t i o n  unce r t a in ty  a n a l y s i s  based on 
s e n s i t i v i t y  methodology is t o  re la te  u n c e r t a i n t i e s  i n  performance para- 
meters t o  u n c e r t a i n t i e s  i n  b a s i c  nuc lea r  da t a .  The common p r a c t i c e  i n  
unce r t a in ty  a n a l y s i s  i s  t o  use multi-group formulat ions and t o  apply the  
s e n s i t i v i t y  methodology s t a r t i n g  from t h e  group cons t an t s .  Group sens i -  
t i v i t y  c o e f f i c i e n t s  are generated t o  provide l i n e a r  r e l a t i o n s  between t h e  
pe r tu rba t ion  ( o r ,  a change, i n  genera l )  i n  t h e  performance parameter and 
t h e  unce r t a in ty  i n  any of t h e  group cons t an t s .  

In  t h e  framework of t he  group formulat ion,  t h e  s e n s i t i v i t y  methodo- 
logy i s  f a i r l y  w e l l  e s t a b l i s h e d .  The s i t u a t i o n  is no t  as c lear  wi th  
regard t o  t h e  r e l a t i o n  between t h e  unce r t a in ty  i n  the  b a s i c  nuc lea r  d a t a  
and t h a t  of t h e  group cons tan ts .  

Approaches f o r  r e l a t i n g  u n c e r t a i n t i e s  i n  nuc lea r  da t a  wi th  uncertain-  
ties i n  group cons t an t s  were proposed, f o r  example, by Gandini and 
Sa lva to res l  and by Perey2. 
ga t ing  the  u n c e r t a i n t i e s  from t h e  resonance parameters t o  t h e  group cons t an t s  
and Gandini and Sa lva to res  providedl d e t a i l e d  p r e s c r i p t i o n s .  In  the  reson- 
ance energy range, where t h e  ques t ion  i s  most problematic ,  they propose t o  
a s s o c i a t e  a l l  t h e  u n c e r t a i n t i e s  i n  t h e  nuc lea r  da t a  wi th  t h e  unce r t a in ty  i n  
t h e  corresponding i n f i n i t e  d i l u t i o n  c ross  s e c t i o n .  This  proposal  r e f l e c t s  
t h e i r  assessment1 t h a t  " the  inaccurac i e s  of t h e  s e l f - s h i e l d i n g  c o e f f i c i e n t s  
are seccind-order wi th  r e spec t  t o  those of t h e  i n f i n i t e  d i l u t i o n  c ros s  
sec t ions . "  The above procedure w a s  adopted as t h e  common p r a c t i c e  i n  c ros s  
s e c t i o n  unce r t a in ty  methodology. 

Perey o u t l i n e d  a genera l  approach f o r  propa- 

The s e l f - s h i e l d i n g  c o e f f i c i e n t s  (o r  f - f ac to r s )  account f o r  t h e  e f f e c t  
of t h e  f l u c t u a t i o n s  i n  t h e  neut ron  spectrum, caused by t h e  resonance s t r u c -  
t u r e  of t h e  c ros s  s e c t i o n  i n  an energy scale which is  much f i n e r  than t h e  
group width,  on t h e  group cons tan ts .  A change i n  t h e  resonance parameters 
( a s  w e l l  as i n  t h e  background c ross  s e c t i o n )  a f f e c t s ,  i n  p r i n c i p l e ,  t h e  
f i n e  s t r u c t u r e  d e t a i l s  of t h e  f l u x  spectrum and, through i t ,  a l s o  t h e  group 
cons tan ts .  We s h a l l  r e f e r  t o  these  e f f e c t s  on t h e  group cons t an t s  as 
s p e c t r a l  f i n e  s t r u c t u r e  e f f e c t s  (SFSE). 

In  a r ecen t  study3y4 i t  was found t h a t  SFSE can have a s i g n i f i c a n t  
con t r ibu t ion  t o  t h e  r e a c t i v i t y  worth a s s o c i a t e d  wi th  changes i n  t h e  ampli- 
tude o r  temperature of resonances.  Pe r tu rba t ion  theory express ions  f o r  
r e a c t i v i t y  worth use,  i n  f a c t ,  s e n s i t i v i t y  c o e f f i c i e n t s  of a c e r t a i n  type.  
This observa t ion  appears  t o  be i n  con t r ad ic t ion  wi th  the  asser t ion1  t h a t  
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# 

t he  e f f e c t s  of u n c e r t a i n t i e s  due t o  SFSE are n e g l i g i b l e .  

The purpose of t h i s  work is  t o  i n v e s t i g a t e  t h e  magnitude of SFSE on 
c ross  s e c t i o n  s e n s i t i v i t y  c o e f f i c i e n t s .  A s p e c i f i c  ques t ion  w e  address  
is  whether o r  n o t  i t  is j u s t i f i e d  t o  neg lec t  t h e  propagation of u n c e r t a i n t i e s  
from t h e  b a s i c  resonance parameters t o  t h e  group cons t an t s  v i a  t h e  f - f ac to r  
channels.  

The i n v e s t i g a t i o n  is  system independent and d i f f e r e n t i a l  i n  n a t u r e ;  
w e  i n v e s t i g a t e  t h e  con t r ibu t ion  of u n c e r t a i n t i e s  i n  t h e  parameters of a 
given resonance t o  t h e  unce r t a in ty  i n  t h e  group cons tan ts .  This is  done 
f o r  each of t he  resolved resonances and of s e l e c t e d  unresolved resonances 
of 238U using a simple s ingle-resonance model. 

The r e s u l t s  presented p e r t a i n  t o  a ZPR-6/7 l i k e  assembly. The type of 
t he  assembly e n t e r s  i n t o  t h e  model through the  atomic dens i ty  of 238U and 
the  background c ross  s e c t i o n .  

General Considerat ions 

Consider t he  se l f - sh i e ld ing  approach f o r  t h e  express ion  of group 
cons t an t s .  Using t h e  n o t a t i o n  of Ref. 1, t h e  group cons tan t  of type x 
of i so tope  i, <a? i s  expressed as 

i i f i  < a > = ( J  
X x- x 

where 

U 
P2 

Ui ='J 
x- au 

u1 

is t h e  i n f i n i t e  d i l u t i o n  group cons tan t  

1 
i 
- 
a 
X- 

u, 

o i (u )du  

and 

is t h e  resonance s e l f - s h i e l d i n g ,  o r  f - f ac to r .  In  t h e  above 

L 

du 

u1 

(3)  
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C t i s  the  t o t a l  c r o s s  s e c t i o n  (of a l l  t h e  c o n s t i t u e n t s  of t h e  assembly),  
and Au = u2-u1 is  t h e  group width,  i n  l e tha rgy  u n i t s .  

The change i n  the  group cons tan t  <u$> due t o  a change i n  a given input  
parameter qk i s  

af i  i 
X - -- a<+ auxm i - f  - 

aqk a 

+ ‘xm a ‘k x aqk 

. .  
I f  a ~ , a f i / a q k < < f ~ a u ~ , / a q k ,  X as  suggested f o r  example i n  Ref. 1, then t h e r e  
is a s i m p l e  l i n e a r  r e l a t i o n  between a change i n  t h e  i n f i n i t e  d i l u t i o n  c ros s  
s e c t i o n  (and the re fo re ,  i n  the  b a s i c  nuc lea r  da t a )  and t h e  change i n  the  
group cons tan t .  I f ,  however, t h e  a f i / aqk  t e r m  of Eq. (5) is  no t  n e g l i g i b l e  
( t h a t  is ,  i f  t h e  SFSE are no t  n e g l i g i b l e )  t h e  r e l a t i o n  between a change i n  
t h e  nuc lear  d a t a  and a change i n  t h e  group cons tan t  becomes much more com- 
p l i c a  t ed . 
c ross  s e c t i o n s  of  t h e  ith c o n s t i t u e n t  [ t h a t  c o n t r i b u t e s  t o  u f ( u ) ]  and on 
a l l  t he  o t h e r  c o n s t i t u e n t s  of t he  assembly. This dependence comes via  t h e  
weighting func t ion  1/1 (u) [ s e e  Eq. ( 3 ) ]  

The s e l f - s h i e l d i n g  f a c t o r ,  f i ,  depends i n  p r i n c i p l e  on a l l  t h e  p a r t i a l  

t 

J 

j =1 

where N i  is t h e  atomic dens i ty  of t he  j th c o n s t i t u e n t  and J i s  t h e  t o t a l  
number gf c o n s t i t u e n t s  p re sen t .  Consequently, 

Y 

(7)  

The s c r i p t s  y and n are t o  emphasize t h a t  a change i n  a given input  para- 
meter q can e f f e c t  many d i f f e r e n t  f - f a c t o r s  and t h e r e f o r e ,  group cons tan ts !  

Consider now the  unce r t a in ty  i n  a performance parameter,  R, due t o  

k 

unce r t a in ty  i n  an inpu t  parameter qk. 
t o  t h e  u n c e r t a i n t y  i n  R v i a  many channels--including a l l  group cons t an t s  
t h e i r  corresponding 3fn/aqk are no t  n e g l i g i b l e .  
s e n s i t i v i t y  c o e f f i c i e n t  of performance parameter R t o  the  nuc lea r  parameter 

The unce r t a in ty  i n  qk can’propagate  

Thus i n  gene ra l ,  t h e  Y 

q is: k 
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i We s h a l l  r e f e r  t o  GRx as  the  s e n s i t i v i t y - c o e f f i c i e n t  of t he  performance 
parameter t o  t h e  group cons tan t  and t o  P i q  as the  group cons tan t  s ens i -  
t i v i t y  c o e f f i c i e n t  ( t o  t h e  i n p u t  parameter) .  

Most s e n s i t i v i t y  a n a l y s i s  performed t o  d a t e  d e a l t  wi th  s e n s i t i v i t y  
c o e f f i c i e n t s  t o  group cons t an t s  ( t h e  Gds). 
present  work are the  group cons tan t  s e n s i t i v i t i e s ,  t he  P i q s .  
w e  g e t ,  dropping the  s u p e r s c r i p t  i f o r  t h e  type of i so tope ,  

The sub jec t .ma t t e r  of t h e  
From Eq. ( 5 )  

which w e  s h a l l  express  as  fol lows:  

In  t h e  above, Dxq i s  the  d i r e c t  e f f e c t  of t h e  change i n  the  input  parameter 
on t h e  group cons t an t ,  i . e . ,  t h e  e f f e c t  v i a  t h e  i n f i n i t e  d i l u t i o n  c ros s  
sec t ion ;  Ixq i s  t h e  i n d i r e c t  e f f e c t ,  which is the  e f f e c t  v i a  t h e  s e l f -  
s h i e l d i n g  f a c t o r  ( i . e . ,  SFSE). 
t o  as t h e  re la t ive s e n s i t i v i t y  of the  group cons tan t ,  o r  t h e  " r e l a t i v e  
s e n s i t i v i t y . "  The q u a n t i t i e s  Dxq and I w i l l  a l s o  be  r e f e r r e d  t o  as t h e  
i n f i n i t e  d i l u t i o n  c ros s  s e c t i o n  s e n s i t i v i t y  and t h e  f - f ac to r  s e n s i t i v i t y ,  
r e spec t ive ly .  Our main concern i n  t h e  fol lowing s e c t i o n s  i s  Q,, t h a t  is ,  
t h e  r e l a t i v e  con t r ibu t ion  of t h e  SFSE t o  the  group cons tan t  s e n s i t i v i t i e s .  

The parameter QqEIXq/Dxq w i l l  be r e f e r r e d  

x4 

Model f o r  Analysis  

The i n v e s t i g a t i o n  of SFSE Is performed us ing  a s imple s i n g l e  resonance 
space-independent model similar i n  i ts  genera l  approach t o  t h a t  used i n  
Ref. 3 .  Following is  a b r i e f  d e s c r i p t i o n  of t h i s  model, s t a r t i n g  wi th  a 
l i s t  of assumptions: 

1) 
width. There is  only one resonance per  group. 

Each resonance i s  taken t o  be centered i n  a group having a prescr ibed  

2 )  
Wigner formula. 

The resonance c ros s  s e c t i o n s  are expressed by t h e  s ing le - l eve l  Brei- 

3) 
resonance i n f i n i t e  mass approximation. 

The resonance s a t i s f i e s  e i t h e r  t h e  narrow resonance o r  the  narrow 
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4 )  The s c a t t e r i n g  c ros s  s e c t i o n  of t h e  mixture ,  excluding t h e  resonance 
c ros s  s e c t i o n ,  i s  cons tan t .  Pe r tu rba t ions  i n  t h e  resonance parameters 
do no t  vary t h i s  background c ross  s e c t i o n .  

5) The absorp t ion  c ros s  s e c t i o n ,  excluding t h a t  of t he  resonance, i s  zero.  

6 )  The asymptot ic  f l u x  d i s t r i b u t i o n  i s  taken t o  be  cons tan t  ac ross  the  
group. 
spectrum wi th in  t h e  group. 
ou r  model, i n  view of t h e  f a c t  t h a t  t h e  f l u x  weight ing wi th in  t h e  group 
has  a meaning only  i n  t h e  v i c i n i t y  of t h e  resonance. Thus w e  use 

That i s ,  w e  neg lec t  t h e  1 / E  dependence of t he  f l u x  weight ing 
This should be a f a i r l y  v a l i d  assumption f o r  

f o r  t h e  f l u x  weight ing spectrum, where 

and C i s  t h e  t o t a l  macroscopic background c ross  s e c t i o n .  
b 

I n  t h e  reso lved  resonance energy reg ion  w e  cons ider  each of t h e  238U 
resonances.  In  t h e  unresolved reg ion  w e  examine s e l e c t e d  f i c t i t i o u s  
resonances taken t o  have t h e  average resonance parameters s p e c i f i e d  by 
ENDF/B- IV . 

For each group ( i . e .  , resonance, i n  our  model) w e  c a l c u l a t e  t h e  group 
cons tan t  s e n s i t i v i t i e s  Pxq f o r  cap tu re  ( x ' f )  and f o r  s c a t t e r i n g  (x=nj  
pe r t a in ing  t o  each one of t h e  t h r e e  inpu t  v a r i a b l e s  ry, rn and cb. 
s h a l l  use f o r  q t h e  s u b s c r i p t s  Y, n and b t o  denote these  t h r e e  v a r i a b l e s .  
In  t h e  fol lowing,  t h e  s u p e r s c r i p t  28 ( f o r  i )  w i l l  be omit ted.  

We 

The d i r e c t  and i n d i r e c t  e f f e c t s  of t h e  change i n  t h e  inpu t  v a r i a b l e s  
were c a l c u l a t e d  as t h e  d i f f e r e n c e  between a per turbed and t h e  r e fe rence  
values  of Up and f r e spec t ive ly .  The per turbed  va lues  were c a l c u l a t e d  

x': from t h e  ba.sic d e f i n i t i o n s ,  Eqs. (1) and ( 3 ) ,  with  t h e  va lue  of t h e  inpu t  
parameter s l i g h t l y  va r i ed  (usua l ly  by 1%) from t h e  r e fe rence  va lue .  

Resu l t s  

I n  t h i s  work w e  s h a l l  restrict our  cons ide ra t ion  t o  t h e  s e n s i t i v i t i e s  
of cap tu re  group constants--the group cons t an t s  of most relevance t o  t h e  
con t r ibu t ion  of 238U t o  performance parameters of i n t e r e s t .  All t h e  re- 
s u l t s  p e r t a i n  t o  groups having a width of 0.25 l e t h a r g y  units--a t y p i c a l  
width f o r  many multi-group c ross  s e c t i o n  sets. 
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2 -  

Figures  1 through 4 summarize the  r e s u l t s  ob ta ined  f o r  t he  238U 
reso lved  resonances.  Each po in t  in t h e  f i g u r e s  r ep resen t s  t h e  group 
s e n s i t i v i t y  ( o r  r e l a t i v e  s e n s i t i v i t y )  corresponding t o  the  238U resonance 
the  energy of which is  marked by the  l o c a t i o n  of t h e  po in t .  

- - 
.I1401 - 
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Fig. 1. Re la t ive  S e n s i t i v i t i e s  qu of 
238U i n  ZPR-6/7 Like Assembly. 

yy S e n s i t i v i t i e s  

There i s  a tendency f o r  t h e  i n d i r e c t  con t r ibu t ion  t o  P ( t h a t  due t o  
SFSE) t o  become smaller wi th  energy, re la t ive t o  t h e  d i rec t ' zont r ibu t ion .  
That is ,  the  RVy d a t a  (Fig.  1) e x h i b i t  a genera l  d e c l i n e  as t h e  energy 
of t h e  resonances inc reases .  
terest f o r  f a s t  r e a c t o r s  t h e  SFSE are n e g l i g i b l e ;  above 2 keV is  
smaller than 1%. RVY is  of t h e  o rde r  of 2-3% i n  t he  v i c i n i t y  3'1 keV 
and keeps inc reas ing  s i g n i f i c a n t l y  a t  lower ene rg ie s ;  i n  t he  energy range 
below about 400eV Rry exceeds 10%. Hence i n  t h e  energy range E1400 e V ,  
t he  neg lec t  of t h e  SFSE is  expected t o  l e a d  t o  non-negl igible  e r r o r s .  This 
energy range i s  of importance f o r  thermal and epi thermal  systems. 

It appears  t h a t  i n  t h e  energy range of in- 
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Fig. 2. Group Constant Sensi- Fig. 3 .  Relative Sensitivities 
tivities P 
of 238U in ZPR-6/7 Like Assembly. 

of the Resolved Resonances %n of the Resolved Resonances of 
238u in ZPR-6/7 Like Assembly. Y" 

yn Sensitivities 

Most interesting are the Pyn sensitivities (Fig. 2); they can be 
either positive or negative, depending on the particular resonance para- 
meters. This behavior reflects the fact that Dyn and Iyn are of  opposite 
signs and of widely varying magnitude (see Fig. 3 ) .  Notice that for many 
resonances I R ~  I >>I! 

Table 1 summarizes the Dyn, Pyn and Ryn sensitivities of samples of 
predominantly scattering and of predominantly capture resonances. 
correlation is observed between the yn sensitivities and the type of the 
resonance : 

A strong 

a) 
resonances. 
of the low energy resonances). 

The highest Pyn sensitivities are associated with predominantly capture 
The corresponding SFSE are relatively small (with the exception 

b) 
nances. 

Very large SFSE are associated with the predominantly scattering reso- 
For these resonances \n provides the dominant contribution to Pyn. 

In the case of the Yn sensitivities the SFSE have a negative contri- 
bution. This phenomenon can be explained, qualitatively, as follows: An 
increase in I", tends to increase the amplitude of the total cross section 
(the resonance part of  which being roughly proportional to rn) more than 
that of the capture cross section [which is proportional to rrr/(r  +rn)]. Y 
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Consequently Ct(E) becomes more pronounced re la t ive t o  ay(E) causing an 
inc rease  i n  t h e  se l f - sh i e ld ing  f a c t o r  and thus a nega t ive  Iyn component. 
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Table 1. - S e n s i t i v i t i e s  Dvn, Pyn, 
and Ryn and t h e  E f f e c t i v e  Capture 
Group Constant <u > f o r  a Sample 
of Predominantly &at t e r i n g  
Resonances and a Sample of Pre- 
dominantly Capture Resonances. 

Resonance 
Energy (eV) 

116.8 .454 1.477 .453 .0411 - .go9 
237.2 .447 .631 .446 -.0929 -1.208 
518.3 .321 .242 .321  -.1987 -1.619 
936.6 .147 .091  .147 -.2641 -2. i97 

1522 .3  .089 .043 .089 -.2623 -3.953 
2547.2 .041 .025 .040 -.2089 -6.164 
3856.4 .045 .013 .045 -.2219 -5.928 

6.67 .945 38.05 .944 .598 - .35 
311.2 .955 .1475 .955 . i 5 6  - .18 
454 .1  .981 .0342 .981  .930 - .05 

1533.0 .983 .0027 ' .983 .976 - .008 
2241.0 .940 .0046 .940 .932 - .008 
3015.1 .934 .OOZE .934 .933 - .002 

A s  t h e  Pyn s e n s i t i v i t i e s  are of 
s i g n i f i c a n t  magnitude i t  i s  apparent  
t h a t  f o r  an accu ra t e  unce r t a in ty  analy- 
s i  s t h e  con t r ibu t ion  o f uncertain '  t i e s 
i n  TnS t o  u n c e r t a i n t i e s  i n  t h e  capture  
group cons t an t s  should be accounted 
f o r  and v i c e  ve r sa :  
c ros s  s e c t i o n s  t h e  adjustment of t he  r,s 
capture  group cons tan t  should be 
c o r r e l a t e d  wi th  t h e  adjustment of t h e  rY 
( i n  a d d i t i o n  t o  t h e  T y s ) .  Rea l iz ing  
t h a t  the  SFSE have a very l a r g e  con- 
t r i b u t i o n  t o  t h e  Pyns ( f o r  many of 
t h e  more important resonances 
I Iyn I > Dyn) , i t  is  concluded t h a t  
t h e  neg lec t  of SFSE i n  c r o s s  s e c t i o n  
u n c e r t a i n t y  a n a l y s i s  may no t  be 
j u s t i f i e d  for many problems. 

In  ad jus t ing  

yb S e n s i t i v i t i e s  
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The sys t ema t i c s  of t he  P behavior  can be deduced from Table 2 3 which p resen t s  t h e  s e n s i t i v i t i e s  of samples of predominantly s c a t t e r i n g  
and predominantly cap tu re  resonances.  It is  observed t h a t  t h e  high 
P% values  are a s soc ia t ed  wi th  t h e  predominantly s c a t t e r i n g  resonances.  
Rea l iz ing  t h a t  t h e s e  resonances are t h e  r e l a t i v e l y  l a r g e  ones i t  i s  con- 
cluded t h a t  u n c e r t a i n t i e s  i n  Cb can have non-negl igible  c o n t r i b u t i o n s  
t o  u n c e r t a i n t i e s  i n  t h e  group capture  c ros s  s e c t i o n  and v i c e  versa--the 
adjustment of t he  group capture  c r o s s  s e c t i o n  should be  propagated back 
a l s o  t o  t h e  adjustment i n  t h e  background c r o s s  s e c t i o n .  

Table 2.  - Capture Group Constant 
S e n s i t i v i t i e s  t o  t h e  Background 
Cross Sec t ion  (Pyb) f o r  a Sample 
of Predominantly S c a t t e r i n g  
Resonances and a Sample of P re -  
dominantly Capture Resonances. 

Resonance 
Energy (eV) 

116 .8  
237.2 
518 .3  
936.6 

1 5 2 2 . 3  
2547.2 
3856.4 

311.2 
4 5 4 . 1  

1533 .0  
2241.0 
3015 .1  

.454 1.477 

.447 .631  

.321 .242 

.147 .091 

.oag .043 

.041 .025 

.045 .013 

.945 .14 75  

.955 .0342 

.983 .0027 

.940 .0046 

.934 .0028 

P 
yb 

.496 

.541 

.516 

.481 

.451 

.410 

. 357  

1 .435-1  
4.267-2 
6.55-3 
7.5173 
1.85-3 

Unresolved Resonances 

In  t h e  unresolved resonance 
energy range w e  found t h a t  t h e  Pyy 
s e n s i t i v i t i e s  approach u n i t y  and they 
r e s u l t ,  e s s e n t i a l l y ,  from t h e  d i r e c t  
e f f e c t s  ( R v Y + O ) .  The Pyn s e n s i t i v i t i e s  
are p r e t t y  s m a l l  wi th  t h e  SFSE p lay ing  
t h e  major r o l e .  The PTb s e n s i t i v i t i e s  
are of t h e  o r d e r  of 20X a t  t h e  lower 
ene rg ie s  of t h e  unresolved range,  bu t  
drop t o  below 10% f o r  ene rg ie s  ex- 
ceeding 15 keV. These s e n s i t i v i t i e s  
come e n t i r e l y  from SFSE. 

I n  summary, even though SFSE 
are gene ra l ly  s i g n i f i c a n t l y  lower,  
f o r  t h e  unresolved resonances than  
f o r  t h e  reso lved  ones,  e r r o r s  of t he  
o r d e r  of 10% might be  expected i n  
c e r t a i n  problems due t o  t h e  neg lec t  

of SFSE i n  t h e  unresolved resonance energy range. 

Methods t o  Account f o r  SFSE 

The s i n g l e  resonance model r e s u l t s  do no t  g ive  t h e  o v e r a l l  inaccuracy 
t h a t  might be  introduced i n  s e n s i t i v i t y  a n a l y s i s  of s p e c i f i c  r e a c t o r s  due 
t o  t h e  neg lec t  of SFSE.* These r e s u l t s  i n d i c a t e ,  neve r the l e s s ,  t h a t  SFSE 
are expected t o  b e  s i g n i f i c a n t  enough f o r  c e r t a i n  real  problems so t h a t  i t  
is d e s i r a b l e  t o  have an unce r t a in ty  a n a l y s i s  methodology t h a t  could t ake  
these  SFSE i n t o  account.  

The most s t r a igh t fo rward  way t o  account f o r  SFSE is  t o  use an energy 
mesh which is f i n e  compared wi th  t h e  f l u c t u a t i o n s  i n  t h e  c r o s s  sec t ions .  
Such an  approach might be  j u s t i f i e d  f o r  c e r t a i n  a p p l i c a t i o n s  such as f o r  
thermal r e a c t o r  la t t ices7 b u t  does not  appear t o  be  p r a c t i c a l  f o r  gene ra l  
use.  

*Such weighted e f f e c t s  are being i n v e s t i g a t e d  f o r  t he  ZPR-6/7 us ing  t h e  FORSS 
s e n s i t i v i t y  machinery5, 6. 
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A procedure compatible wi th  t h e  computational c a p a b i l i t y  of f a s t  systems 
i s  t o  propagate u n c e r t a i n t i e s  i n  t h e  b a s i c  nuc lea r  d a t a  through s e l f -  
sh i e ld ing  f a c t o r s  (and v i c e  versa)  i n  a d d i t i o n  t o  t h e i r  propagat ion through 
the  i n f i n i t e  d i l u t i o n  c ros s  sec t ions .  This propagat ion of u n c e r t a i n t i e s  
can use a n a l y t i c  express ions  of t he  form 

derived’ from Eq. (3) .  
t he  c ros s  s e c t i o n  process ing  codes. 

These f - f ac to r  s e n s i t i v i t i e s  could be generated by 

Discuss ion  

Regardless of whether SFSE are t o  be  taken i n t o  account o r  n o t ,  uncer- 
t a i n t i e s  i n  the  nuc lea r  da t a  can be propagated t o  an unce r t a in ty  i n  a 
performance parameter v i a  u n c e r t a i n t i e s  i n  group cons tan ts .  The c a l c u l a t i o n  
of u n c e r t a i n t i e s  i n  performance parameters can b e  performed us ing  a two- 
phase procedure: F i r s t  t h e  nuc lea r  d a t a  u n c e r t a i n t i e s  are propagated t o  
the  group constai i ts  u n c e r t a i n t i e s .  Then the  group cons t an t s  u n c e r t a i n t i e s  
are propagated t o  t h e  unce r t a in ty  i n  the  performance parameters wi th  t h e  
a i d  of t he  s e n s i t i v i t y  c o e f f i c i e n t  t o  t h e  group cons t an t s .  The second 
phase is  t h e  s tandard  procedure i n  s e n s i t i v i t y  a n a l y s i s  t o  da t e .  The in-  
c lus ion  of SFSE i n  t h e  a n a l y s i s  i nc reases  t h e  number of channels through 
which u n c e r t a i n t i e s  can propagate t o  the  group cons tan ts .  Moreover, SFSE 
open channels f o r  t h e  propagat ion of  u n c e r t a i n t i e s  t o  group cons tan ts  per- 
t a i n i n g  t o  i so topes  o t h e r  than t h e  i so tope  the  unce r t a in ty  i n  t h e  nuc lear  
da t a  of which is  being considered.  

More complex is t h e  ques t ion  of c ros s  s e c t i o n  adjustment.  When SFSE 
can be  neglec ted ,  t h e  two-phase procedure can be  reversed.  F i r s t ,  t h e  
i n f i n i t e  d i l u t i o n  c ros s  s e c t i o n s  can be ad jus t ed  us ing  r e s u l t s  of i n t e g r a l  
experiments from many assemblies .  This is ,  i n  f a c t ,  t he  convent ional  pro- 
cedure f o r  c ros s  s e c t i o n  adjustments .  In t h e  second phase, t he  resonance 
parameters can b e  ad jus t ed ,  w i th  t h e  ad jus t ed  i n f i n i t e  d i l u t i o n  c ros s  
s e c t i o n s  playing t h e  r o l e  of t h e  i n t e g r a l  experiment r e s u l t s  i n  the  f i r s t  
phase. 

When SFSE cannot be neglected,  however, c u r r e n t  procedures for t h e  
adjustment of group cons t an t s  can be  appl ied  only  t o  a s i n g l e  assembly. 
i s  r a t h e r  a severe  l i m i t a t i o n  f o r  c r o s s  s e c t i o n  unce r t a in ty  ana lys i s .  
d i f f i c u l t y  may be  overcome e i t h e r  by a d j u s t i n g  t h e  se l f - sh i e ld ing  f a c t o r s  

This  
This  
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along wi th  t h e  i n f i n i t e  d i l u t i o n  c ros s  s e c t i o n s  o r  by adopt ing a more 
gene ra l  procedure: The d i r e c t  adjustment of t h e  b a s i c  nuc lear  parameter 
( i . e . ,  skipping t h e  group cons tan t  adjustment s t a g e ) .  The b a s i s  f o r  t h i s  
one-phase adjustment procedure are  t h e  s e n s i t i v i t y  c o e f f i c i e n t s  S def ined  
by Eq. (8). The r e s u l t i n g  one-phase adjustment procedure i s ,  i n  f a c t ,  t h e  
c o n s i s t e n t  method f o r  da t a  adjustment proposed by Gandini and S a l v a t o r e s l  
modified t o  inc lude  SFSE. It conforms wi th  t h e  d a t a  adjustment philosophy 
proposed by Perey2. 

Rq 

Concluding Remarks 

S p e c t r a l  f i n e  s t r u c t u r e  changes i n  t h e  neutron s p e c t r a  caused by 
changes i n  t h e  nuc lear  d a t a  i n  t h e  resonance energy range can have s i g n i f i -  
can t  e f f e c t s  on the  va lue  of t h e  group cons tan t  s e n s i t i v i t y  c o e f f i c i e n t s  
and thus ,  on t h e  s e n s i t i v i t y  of a performance parameter t o  t h e  nuc lea r  da t a .  
The o v e r a l l  magnitude of SFSE is  s t r o n g l y  problem dependent. It is recom- 
mended t h a t  t he  s e n s i t i v i t y  and u n c e r t a i n t y  ana lyses  methodologies be 
extended t o  inc lude  t h e  c a p a b i l i t y  of tak ing  t h e s e  SFSE i n t o  account.  It 
appears  t h a t  t h e  approach f o r  tak ing  SFSE i n t o  account most compatible wi th  
t h e  e x i s t i n g  computational machinery i s  through f - f a c t o r  s e n s i t i v i t i e s  f o r  
f a s t  r e a c t o r s  and through the  point-energy mesh f o r  thermal la t t ices .  

When SFSE are no t  n e g l i g i b l e ,  t h e  adjustment of group cons t an t s  
becomes more complicated.  It is  poss ib l e ,  however, t o  a d j u s t  t h e  nuc lear  
da t a  d i r e c t l y  us ing  t h e  c o n s i s t e n t  method wi th  SFSE accounted f o r .  It i s  
t h e r e f o r e  recommended t h a t  t h e  f e a s i b i l i t y  of developing t h e  methodology 
and machinery requi red  f o r  a f u l l - s c a l e  a p p l i c a t i o n  of t h e  d i r e c t  adjustment 
of nuc lear  d a t a  w i l l  be  s tud ied .  

I f  developed f o r  p r a c t i c a l  a p p l i c a t i o n s ,  t h e  c r o s s  s e c t i o n  unce r t a in ty  
a n a l y s i s  methodology t h a t  inc ludes  t h e  c a p a b i l i t y  f o r  d i r e c t  adjustment  
of nuc lear  d a t a  could be a very  u s e f u l  a i d  f o r  t h e  eva lua to r s  of nuc lear  
da ta .  For t h i s  computational c a p a b i l i t y  t o  b e  u s e f u l ,  one should a l s o  have 
t h e  d a t a  bases  of u n c e r t a i n t i e s  of nuc lear  d a t a ,  of i n t e g r a l  experiments as 
w e l l  as of methods. Should not  t h e  development of such a computational 
c a p a b i l i t y  and d a t a  bases  be  set as a goal  a s s o c i a t e d  wi th  t h e  p repa ra t ion  
of one of t h e  forthcoming ve r s ions  of ENDF/B, perhaps even of ENDF/B-VI? 

SECOND ORDER SENSITIVITY THEORY 

In t roduc t ion  

The p e r t u r b a t i o n  theory based c r o s s  s e c t i o n  s e n s i t i v i t y  methodologies 
developed i n  r e c e n t  yea r s  are based on l i n e a r  p e r t u r b a t i o n  theory formu- 
l a t i o n s ;  l i n e a r  i n  t h e  sense  t h a t  t h e  f r a c t i o n a l  change i n  t h e  performance 
parameter is  l i nea r  wi th  t h e  f r a c t i o n a l  change i n  t h e  c r o s s  s e c t i o n  ( o r  
input  parameter,  i n  gene ra l ) .  W e  s h a l l  r e f e r  t o  t h e  above as F i r s t  Order 
S e n s i t i v i t y  Theory (FOST). Herb Golds te in  has  r e c e n t l y  poin ted  out8 t o  
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s i t u a t i o n s  i n  which performance parameters  v a r y  s i g n i f i c a n t l y  n o n - l i n e a r l y  
w i t h  c r o s s  s e c t i o n  changes.  A most convinc ing  i l l u s t r a t i o n  f o r  such non- 
l i n e a r  s i t u a t i o n s  i s  t h e  e f f e c t  of changes i n  t h e  c r o s s  s e c t i o n  of  t h e  297 
keV sodium minimum i n  deep p e n e t r a t i o n  problems; G o l d s t e i n  found8 t h a t  
even f o r  q u i t e  modest changes of 5-10% i n  t h e  c r o s s  s e c t i o n  a t  t h e  minimum, 
t h e  c o r r e c t  v a l u e  o f  t h e  s e n s i t i v i t y  c o e f f i c i e n t  d i f f e r s  by 20-50% from . 

t h e  p r e d i c t i o n s  of  t h e  FOST! I n  such " p a t h o l o g i c a l "  o r  non- l inear  s i t u a -  
t i o n s  (which are expec ted  t o  occur  mainly i n  c e r t a i n  deep p e n e t r a t i o n  
problems) ,  G o l d s t e i n  s u g g e s t s 8  t o  c a l c u l a t e  t h e  c o r r e c t  s e n s i t i v i t y  
c o e f f i c i e n t s  u s i n g  t h e  d i r e c t  s u b s t i t u t i o n  approach,  i . e . ,  from t h e  d i f f e r -  
ence  of two d i r e c t  c a l c u l a t i o n s .  

Another p o s s i b l e  approach f o r  t h e  a n a l y s i s  of  non- l inear  problems is  
t o  a p p l y  h i g h  o r d e r  s e n s i t i v i t y  t h e o r y  formula t ions .  The work summarized 
i n  t h i s  p a r t  is  a p r e l i m i n a r y  i n v e s t i g a t i o n  of t h e  adequacy and f e a s i b i l i t y  
of  a p p l y i n g  a Second Order S e n s i t i v i t y  Theory (SOST) f o r m u l a t i o n  f o r  t h e  
a n a l y s i s  o f  t h e  non- l inear  problems. The i n v e s t i g a t i o n  i s  done by compar- 
i n g  . the  p r e d i c t i o n  a b i l i t y  of t h e  SOST and o f  FOST a g a i n s t  t h e  exact r e s u l t  
( a s  c a l c u l a t e d  w i t h  t h e  d i r e c t  s u b s t i t u t i o n  approach)  f o r  a problem of  deep 
p e n e t r a t i o n  i n  sodium, s imilar  t o  G o l d s t e i n ' s  problem8. 

The t h e o r e t i c a l  b a s i s  f o r  t h e  SOST i s  the Second Order  g e n e r a l i z e d  
P e r t u r b a t i o n  Theory (SOPT) r e c e n t l y  d e r i v e d  and summarized i n  a g e n e r a l  
f o r m u l a t i o n  i n  Ref.  9.  A s p e c i a l  case of t h e  SOPT i n  which the v a r i a b l e s  
are t h e  material d e n s i t i e s  h a s  been t r i e d 9  ,lo f o r  s h i e l d  o p t i m i z a t i o n  
s t u d i e s  and found v e r y  u s e f u l  f o r  t h i s  t y p e  of a p p l i c a t i o n .  

I n  the f o l l o w i n g  s e c t i o n  w e  d e r i v e  e x p r e s s i o n s  f o r  a s p e c i a l  case of 
t h e  SOST p e r t a i n i n g  t o  a c e r t a i n  t y p e  of c r o s s  s e c t i o n s .  
SOST f o r m u l a t i o n  i s  t h e n  a p p l i e d  f o r  t h e  a n a l y s i s  of  t h e  e f f e c t  o f  changes 
i n  t h e  c r o s s  s e c t i o n  o f  t h e  sodium 297 keV minimum. 

The r e s u l t i n g  

The SOST Formulat ion 

Consider  a performance parameter  of t h e  form of r e a c t i o n  r a t e  

R = j d x / d E  $ ( r , E )  S*(r,E) - 

where S*(r ,E)  i s  t h e  response  f u n c t i o n  of t h e  d e t e c t o r  measuring R. Suppose 
t h e  p e r t u F b a t i o n  (caus ing  t h e  non- l inear  e f f e c t s )  i s  i n  a s p e c i f i c  c r o s s  
s e c t i o n  t o  b e  denoted h e r e  s imply as a ( E )  ( i . e . ,  w e  i g n o r e ,  f o r  n o t a t i o n a l  
s i m p l i c i t y ,  p o s s i b l e  a n g u l a r  dependence).  We s h a l l  a l s o  assume t h a t  n e i t h e r  
S* n o r  t h e  n e u t r o n  s o u r c e  S depend on u. 

L e t  us  e x p r e s s  the performance parameter  i n  t h e  system i n  which i s  
p e r t u r b e d  as a f u n c t i o n a l  Taylor  series around i t s  v a l u e  i n  t h e  r e f e r e n c e  
s y s  t e m  : 
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where the  f l u x  i s  t h e  s o l u t i o n  of t h e  Boltzmann equat ion  

N H @ ( L A G )  = S(r ,E,G),  

and the  f l u x  pe r tu rba t ion  can be obta ined ,  t o  f i r s t  o r d e r ,  from 

Using t h e  a d j o i n t  func t ion ,  $*, defined by 

the  f i r s t  i n t e g r a l  a t  t he  r i g h t  s i d e  of Eq. (15) can be  expressed as fol lows:  

where <, > s t a n d s  f o r  i n t e g r a t i o n  over  t h e  phase space (L,E,@ and SI (E ' )  
i s  d i r e c t l y  r e l a t e d  t o  the  convent ional  ( i . e . ,  f i r s t  o rde r )  s e n s i t i v i t y  
p r o f i l e .  

L e t  us  t u rn  now t o  t h e  second o rde r  t e r m  of Eq. (15). The second o rde r  
d e r i v a t i v e  of t h e  f l u x  can be obta ined  from the  s o l u t i o n  of t h e  Boltzmann 
equat ion 

Using t h i s  equat ion  and Eq. (18), t he  second i n t e g r a l  a t  t h e  r i g h t  s i d e  of 
Eq. (15) can be . expres sed  as fol lows:  

(21)  
aH + h, Y(r,E,Q;E') > E S2(E';E") 2a(E") - - 

where Y (r ,E,R;E')  
is d i r e c t l y  p r o p o r t i o n a l  to t h e  s e n s i t i v i t y  of t h e  s e n s i t i v i t y  c o e f f i c i e n t  : 

a$(L,E,O)/aa (E') is  t h e  s o l u t i o n  of Eq. (17)  and S2 (E';E") 
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With t h e s e  d e f i n i t i o n s ,  Eq. (15) can b e  conver ted  t o  

- 
6R = R - R = f dE' S I ( E ' ) ~ U ( E ' )  + $/dE'[dE" S2(E' ;E1 ' )6~(E')Ga(E") .  ( 2 3 )  

Consider  now t h e  s p e c i a l  case i n  which t h e  c r o s s  s e c t i o n  p e r t u r b a t i o n  
can b e  expressed  i n  t h e  form 

6a(E) = a f ( E )  ( 2 4 )  

i n  which t h e  shape f ( E )  of  t h e  p e r t u r b a t i o n  is  known ( o r  p o s t u l a t e d )  b u t  
i t s  ampl i tude ,  a, is a v a r i a b l e .  For t h i s  case Eq. (23) can b e  reworked 
t o  t h e  form 

1 
~1 + - S2a2 2 6 R  = 

where 

Si 5 dE' S l ( E ' ) f ( E ' )  s 
and 

S2 E JdE'f dE" S2(E' ;E1 ' ) f (E ' ) f (E")  . 
The s e n s i t i v i t y  c o e f f i c i e n t  

i s  q u a d r a t i c  w i t h  t h e  ampl i tude  of  t h e  c r o s s  s e c t i o n  p e r t u r b a t i o n .  The 
FOST f o r m u l a t i o n  i s  o b t a i n e d  by i g n o r i n g  t h e S 2  t e r m s .  

An Example 

The problem chosen f o r  checking t h e  accuracy  of  t h e  SOST f o r m u l a t i o n  
is  a sodium deep p e n e t r a t i o n  problem i n  which t h e  n o n - l i n e a r i t y  i n  t h e  
performance parameters  due t o  changes i n  t h e  c r o s s  s e c t i o n  a t  t h e  sodium 
297 keV minimum is a n i t i c i p a t e d  t o  b e  r e p r e s e n t a t i v e  of t h e  c lass  of  t h e  
most extreme non- l inear  s i t u a t i o n s  t o  b e  encountered  i n  c r o s s  s e c t i o n  un- 
c e r t a i n t y  a n a l y s i s .  

To reduce  computer memory requi rements  w e  have used a smaller sodium 
assembly t h a n  t h a t  of  Ref.  8 and a p p l i e d  a c o a r s e r  s p a t i a l ,  a n g u l a r  and 
energy mesh f o r  i t s  s o l u t i o n .  The problem u s e s  one-dimensional s l a b  
geometry. A sodium s l a b ,  260 c m  i n  t h i c k n e s s ,  is  s u b j e c t e d  t o  a n  i s o t r o p i c  
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source of 360 keV (monoenergetic) neut rons  loca ted  a t  one of i t s  f aces .  
A ( f i c t i t i o u s )  d e t e c t o r  se t  t o  monitor t h e  f l u x  of neut rons  p e r t a i n i n g  
t o  t h e  next  t o  t h e  lowest  energy group (around 160 keV) is  loca ted  a t  the  
o t h e r  f a c e  of t h e  assembly. Vacuum boundary condi t ions  are  imposed on 
both s i d e s .  

The c r o s s  s e c t i o n  pe r tu rba t ion  considered is of t h e  form of Eq. (28) 
bu t  r e s t r i c t e d  t o  t h e  energy range of t h e  window (around t h e  297 keV 
minimum). The shape of t he  pe r tu rba t ion  i s  def ined  so  t h a t  D(E) -k f (E)  = 
2.8 where O(E) i s  the  sodium t o t a l  c r o s s  s e c t i o n  and 2.8 i s  r e p r e s e n t a t i v e  
of t h e  sodium background c ross  s e c t i o n .  In  o t h e r  words, when ( ~ 1 ,  t he  
sodium window i s  completely f i l l e d  up. Twenty-five energy groups,  spanning 
t h e  energy range from 150 keV t o  360 keV are  used wi th  s i x  of them covering 
the  range of t h e  window. 
S c a t t e r i n g  an iso t ropy  w a s  accounted f o r  us ing  t h e  P1 approximation. The 
c a l c u l a t i o n s  w e r e  performed wi th  SWANI2. 
per tu rba t ions  were introduced i n  the  form of changes i n  t h e  atomic dens i ty  
of a f i c t i t i o u s  material t h e  c ros s  s e c t i o n s  of which are f (E)  and t h e  
dens i ty  of which determines a.  

The c r o s s  s e c t i o n  set was generated from ENDF/B-IV. 

For t h i s  'purpose t h e  c ros s  s e c t i o n  

The s e n s i t i v i t y  c o e f f i c i e n t s  ob ta ined  f o r  t h e  problem under considera- 
t i o n s  are 
t e r m  becomes t h e  dominant one f o r  as exceeding about 0.16. Fig. 5 compares 
the  r e s u l t s  ob ta ined  using t h e  SOST, FOST and d i r e c t  s u b s t i t u t i o n  method 
(considered as t h e  "exact" r e s u l t s ) .  The re la t ive d e t e c t o r  response is 
p l o t t e d  as a func t ion  of t h e  c ros s  s e c t i o n  a t  t h e  297 keV minimum (denoted 
i n  t h e  f i g u r e  by 0) r e l a t i v e  t o  i t s  r e fe rence  va lue  (a,). The correspond- 
ing  a c t u a l  change i n  the  c ros s  s e c t i o n  is descr ibed  by Eq. (24). 
value  of 0.75 o r  1.25, f o r  example, corresponds approximately t o  a of -0.2 
o r  0.2 r e spec t ive ly .  Following are s e v e r a l  observa t ions :  

= 13.17 and s, = -81.09. In  o t h e r  words, t h e  second order  

A a/ao 

1) 
the  FOST ones.  

In the  a/ao range considered,  t h e  SOST r e s u l t s  are more accu ra t e  than 

2 )  As t h e  window becomes more shal low,  t h e  SOST overes t imates  t h e  d e t e c t o r  
reading  whi le  t h e  FOST underest imates  i t .  
the  FOST p r e d i c t s  nega t ive  d e t e c t o r  readings!  A t  t h i s  po in t  t h e  SOST over- 
p r e d i c t s  t h e  reading by about 30%. 

For a/ao values  exceeding 1.23, 

3) 
4% ( a c t u a l l y ,  from about  o t o  4%). In t h i s  range FOST can d e v i a t e  by as 
much as 17% (from -17% t o  +1%). 

In  the  b / a 0  = +lo% range, t h e  SOST formulat ion is  accura t e  t o  w i t h i n  

4 )  I n  the  6a/oo = +20% range; t h e  SOST formulat ion is  a c c u r a t e  t o  wi th in  
11% (from -4% t o  +11%). In  t h i s  range FOST can d e v i a t e  by as much as 70% 
(from +27% t o  -70%)! 

Uncer t a in t i e s  i n  c r o s s  s e c t i o n s  of importance f o r  t h e  design of 
nuc lear  systems are usua l ly  confined wi th in  t h e  10% range and seldom ex- 
ceeding t h e  20% range. It thus  appears  t h a t  SOST does provide an  adequate 
accuracy f o r  c ros s  s e c t i o n  unce r t a in ty  a n a l y s i s .  
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Fig. 5. Relative Detector  Response F/R as a 
Function of t h e  Re la t ive  297 keV N a  Minimum Cross Sect ion 
Change a/o, Calculated Using Three Methods: 
s t i t u t i o n  ("Exact") , SOST and FOST. 

Direc t ,Sub-  

Discussion 

Three t r a n s p o r t  c a l c u l a t i o n s  are requi red  f o r  applying the  SOST for -  
mulation t o  the  example d e a l t  wi th  i n  the  preceeding sec t ion :  One f o r  
t h e  f l u x ,  one f o r  t h e  a d j o i n t  func t ion  and one [Eq.  (17)] f o r  t h e  pe r tu r -  
b a t i o n  i n  t h e  f l u x  Y ( r , E , Q )  - -  with  -/dE' [aH/aa(Ef)]+(r,E,n)f(EI> f o r  t h e  
source  term. To ge t  comparable informati& using t h z  d iFec t  s u b s t i t u t i o n  
approach, one a l s o  needs t h r e e  t r anspor t  ( f l u x )  c a l c u l a t i o n s ;  t he  r e s u l t i n g  
t h r e e  p o i n t s  i n  t h e  6R - c1 space could provide a quadra t i c  expression f o r  
the  r e l a t i o n  between 6R and a. Thus, for t h e  s i n g l e  v a r i a b l e  problem t h e  
SOST does no t  save  computational e f f o r t  r e l a t i v e  t o  the  d i r e c t  s u b s t i t u t i o n  
method . 

L e t  us  consider  now a mul t i -var iab le  problem having n independent input  
v a r i a b l e s .  
cons tan ts  t h e  u n c e r t a i n t i e s  of which i s  t o  be propagated independently 
(and/or which are t o  be  ad jus ted  independent ly) .  
a problem one needs t o  s o l v e  n t r a n s p o r t  equat ions  f o r  t h e  f l u x  pe r tu rba t ion  
due t o  a change i n  each of t h e  n v a r i a b l e s  [ s i m i l a r  t o  Eq. (17)]  i n  addi- 
t i o n  t o  t h e  two r egu la r  f l u x  and a d j o i n t  equat ions.  To cons t ruc t  an n- 
dimensional paraboloid (which is  t h e  equiva len t  of t h e  SOST formulat ion 
f o r  t he  problem) one needs t o  have n(n+3)/2 p o i n t s  i n  the  n-dimensional 
space n e c e s s i t a t i n g  n(n+3)/2 s o l u t i o n s  of t he  t r a n s p o r t  equat ion i n  addi- 
t i o n  t o  t h e  c a l c u l a t i o n  of t h e  r e fe rence  po in t .  It i s  concluded t h a t  f o r  
a comparable degree of accuracy,  t he  SOST has  the  p o t e n t i a l  of sav ing  a 

For example n can s tand  f o r  t h e  t o t a l  number of d i f f e r e n t  group 

To apply the  SOST t o  such 
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large computational effort relative to the direct substitution method. 
The number of extra runs required by the direct substitution method 
relative to the number of runs required by the SOST method for an n- 
variable problem is : 

A s  the number of the performance parameters tp be considered increases, 
the relative advantage of the SOST decreases, but not significantly. The 
reason being that the SOST requires an adjoint function for each performance 
parameter. The flux and flux perturbations, however, are applicable to all 
of the performance parameters. Thus for a problem, involving m performance 
parameters and n independent variables the relative number of extra trans- 
port calculations required by the direct substitution method is 
[n (n+l) -2m] / 2 (n+m+l) . 

Concluding Remarks 

SOST appears to provide satisfactory accuracies for most non-linear 
problems associated with cross section changes encountered in practice. 
The use of higher (than second) order sensitivity theories like the one 
recently proposed by Gandinill is not likely to be desirable--the added 
accuracy provided, say, by a third order formulation is not likely to 
justify the additional computational effort required for its application. 

The SOST formulation addressed to in this work is more efficient than 
the direct substitut5on method. The larger the number of independent 
variables, the larger becomes the advantage of the SOST. The direct sub- 
stitution method can, however, provide a better accuracy over a wider 
range of perturbations and can be applied with existing tools. 

The SOST can be useful for a variety of applications, including the 
study of the effect of specified changes in the system for problems which 
are non-linear, and the estimation of the effect of design changes on 
cross section sensitivity coefficients. It is doubtful, however, that the 
general application of the SOST for cross section uncertainty analysis 
(including the incorporating of the SOST formulation within the uncertainty 
analysis machinery) could be done without significant effort, and whether 
such an effort is justified at present. 
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S E N S I T I V I T Y  THEORY FOR REACTOR THERMAL-HYDRAULICS PROBLEMS 

E. M. Oblow 
Oak Ridge Nat ional  Laboratory  

Oak Ridge, Tennessee 37830 

ABSTRACT 

A s e n s i t i v i t y  theory  based on r e a c t o r  phys ics exper i -  
ence was success fu l l y  developed f o r  a r e a c t o r  thermal-  
hyd rau l i cs  problem. 
o f  non- l inear ,  t r a n s i e n t  heat and mass t r a n s f e r  i n  a t y p i -  
c a l  r e a c t o r  subassembly. S u i t a b l e  a d j o i n t  equat ions f o r  
heat  and f l u i d  f l o w  a r e  presented a long w i t h  methods f o r  
d e r i v i n g  the  sources and boundary and f i n a l  cond i t i ons  f o r  
these equations. Expressions f o r  t he  s e n s i t i v i t y  o f  any 
i n t e g r a l  temperature response t o  problem i n p u t  data a re  
a l s o  presented. The theory i s  app l i ed  t o  a sample problem 
desc r ib ing  the  s teady-state thermal-hydraul ic  cond i t i ons  
i n  a CRBR f u e l  channel. For t h i s  case, s e n s i t i v i t y  coef -  
f i c i e n t s  a re  der ived  f o r  several  thermal response func t i ons  
( i . e .  peak c l a d  and peak f u e l  temperature) f o r  a l l  phys ica l  
i n p u t  data (i .e. t h e  heat t r a n s f e r  c o e f f i c i e n t ,  thermal 
c o n d u c t i v i t i e s ,  e t c . ) .  A t y p i c a l  u n c e r t a i n t y  ana lys i s  f o r  
peak c l a d  and peak f u e l  temperature was a l s o  performed 
us ing  unce r ta in t y  i n fo rma t ion  about t h e  phys ica l  data.  
Conclusions a re  drawn about the  a p p l i c a b i l i t y  o f  t h i s  
approach t o  more general problems and t h e  procedures f o r  
i t s  implementat ion i n  con junc t ion  w i t h  l a r g e  s a f e t y  o r  
thermal -hydraul  i c s  codes a re  out1 i ned. 
compared w i t h  c u r r e n t l y  used response sur face  techniques. 

The new theory i s  der ived  f o r  the  case 

The method i s  a1 so 

I. I n t r o d u c t i o n  

Thermal-hydraul i c s  c a l c u l a t i o n s  p1;l.y an essen t ia l  r o l e  i n  the  design 
and safety  ana lys is  o f  nuc lear  r e a c t o r  systems. 
c a l c u l a t i o n s  has l e d  t o  the  development o f  a v a r i e t y  o f  l a r g e  computer 
code systems which model heat, momentum, and mass t r a n s f e r  problems i n  
g rea t  d e t a i l  (e.g. t h e  RELAP41 code f o r  LWR design work and the  SAS3A2 
and MELT-1113 codes f o r  f a s t  r e a c t o r  s a f e t y  s t u d i e s ) .  Although these 
codes r e a d i l y  p rov ide  s o l u t i o n s  t o  d i f f i c u l t  design problems, the  l a r g e  
number o f  phys ica l  e f f e c t s  they t r e a t  and t h e i r  h igh  running cos ts  make 
them i l l - s u i t e d  t o  a p p l i c a t i o n s  o f  a parametr ic  o r  survey nature.  
p r e c i s e l y  t h i s  l a t t e r  c a p a b i l i t y ,  however, t h a t  i s  needed t o  answer the  
t y p i c a l  s e n s i t i v i t y  quest ions which a r i s e  f r e q u e n t l y  i n  a l l  design and 

The importance o f  these 

It i s  
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sa fe ty  s tud ies .  Such d i f f i c u l t  tasks as assessing conf idence l e v e l s  and 
u n c e r t a i n t i e s  i n  ca l cu la ted  design parameters and determin ing the  e f f e c t  
o f  changes i n  engineer ing data on the  r e s u l t s  o f  leng thy  c a l c u l a t i o n s  a re  
t y p i c a l  o f  the  r e s u l t s  requ i red  f rom any s e n s i t i v i t y  ana lys i s .  
these problems f o r  a complex r e a c t o r  system, i t  i s  essen t ia l  t o  have a v a i l -  
ab le  a s e n s i t i v i t y  methodology t h a t  works w i t h i n  the  e x i s t i n g  design frame- 
work which r e l i e s  so heav i l y  on l a r g e  computer code systems. 

To address 

Cur ren t ly ,  most successful  d e t e r m i n i s t i c  so lu t i ons  t o  the s e n s i t i v i t y  
problem a r e  based i n  one form o r  another on response sur face  methods.4 
I n  t h i s  approach, a small subset o f  the  data f i e l d  needed as i n p u t  f o r  a 
l a r g e  computer run  i s  f i r s t  chosen f o r  study. S p e c i f i c  changes t o  be 
made i n  these data t o  address s e n s i t i v i t y  uest ions a r e  then der ived  from 
a v a r i e t y  o f  experimental design theor ies.2-7 A number o f  a d d i t i o n a l  c a l -  
c u l a t i o n s  a re  then made us ing these a l t e r e d  data se ts  t o  est imate the  
changes which occur i n  the  ca l cu la ted  response o f  i n t e r e s t .  
l a t e d  r e s u l t s  a re  then used t o  cons t ruc t  t he  response sur face  ( i . e .  the  
behavior o f  t he  response as a f u n c t i o n  o f  i n p u t  data)  which i s  f i t  w i t h  
a s imple func t i ona l  form f o r  l a t e r  use. 

These ca lcu-  

With any o f  t he  experimental design theor ies,  a l a r g e  number o f  addi -  
t i o n a l  c a l c u l a t i o n s  a re  i n  general requ i red  t o  map t h e  response sur face 
f o r  even a small data f i e l d  ( t y p i c a l l y ,  50 runs are  needed t o  s tudy the  
e f f e c t s  o f  changes i n  seven i n p u t  data va r iab les ) .  
cos ts  f o r  these s tud ies  so t h a t  they a re  n o t  excessive, fas t - runn ing  
vers ions o f  t he  l a r g e  design codes a r e  u s u a l l y  used (e.g. SAC08 was devel-  
oped f o r  SAS3A s tud ies  and a 12-volume ve rs ion  o f  RELAP49 i s  a v a i l a b l e  
fo r  LWR s e n s i t i v i t y  s tud ies ) .  Despi te the  soph is t i ca ted  theor ies  used 
and t h e  extens ive code development e f f o r t  which has been undertaken, cur-  
r e n t  s e n s i t i v i t y  methods: (a )  a re  s t i l l  l i m i t e d  i n  scope by the  choices 
which must be made beforehand, (b )  r e q u i r e  a g rea t  many t ime consuming 
c a l c u l a t i o n s  and ( c )  s t i l l  r e l y  on approximate methods f o r  c a l c u l a t i n g  
s e n s i t i v i t i e s  whose accuracy may be quest ionable i f  t h e  changes i n  the  
data produce changes i n  the  response which a re  e i t h e r  too  l a r g e  o r  too 
smal 1. 

To l i m i t  computer 

To remedy the  s i t u a t i o n  j u s t  ou t l i ned ,  t h i s  r e p o r t  explores the  pos- 

This  theory  has the  advan- 

s i b i l i t y  o f  app ly ing  the  d i f  r e n t i a l  s e n s i t i v i t y  theory developed f o r  
r a d i a t i o n  t r a n s p o r t  problemsfg t o  the  l a r g e r  s e t  o f  equat ions governing 
the  thermal-hydraul ics  behavior o f  a reac to r .  
tage o f  (a )  be ing g loba l  i n  nature,  i n  t h a t  t he  s e n s i t i v i t y  t o  a l l  data 
used i n  a c a l c u l a t i o n  can be s tud ied  w i t h o u t  a p r i o r i  choices being made 
and (b )  be ing f a s t  and e f f i c i e n t ,  s ince o n l y  one a d d i t i o n a l  s e t  of equa- 
t i o n s  needs t o  be so lved f o r  each response s tud ied.  The o n l y  major sho r t -  
coming of t h i s  theory i s  t h a t  t o  be r e a l l y  e f f i c i e n t  i t  must be r e s t r i c t e d  
t o  f i n d i n g  the  l i n e a r  behavior o f  t he  response sur face i n  the  v i c i n i t y  o f  
a s p e c i f i c  ca l cu la ted  design p o i n t .  
many cases by us ing  h igh  order  i n t e r p o l a t i o n  schemes which combine the  
r e s u l t s  o f  severa l  design p o i n t  c a l c u l a t i o n s .  
ser ious problem and the  theory has been success fu l l y  app l i ed  i n  many f i e l d s  
o f  engineer ing and physics.11-22 Wi th a l l  the  experience t h a t  has been 
acquired us ing  t h i s  theory the advantages o f  t he  approach seem t o  f a r  

This  drawback can be overcome i n  

I n  p r a c t i c e  t h i s  i s  n o t  a 
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outweigh t h e  disadvantages even f o r  problems which a re  i n h e r e n t l y  non- 
1 i near i n nature  . 

The purpose o f  t h i s  paper i s  t o  o u t l i n e  the  development o f  a sensi -  
t i v i t y  theory f o r  a general ,  y e t  t rac tab le ,  problem i n  reac to r  core 
thermal-hydraul ics  and i n d i c a t e  how t h e  theory  can be used w i t h  e x i s t i n g  
codes f o r  more app l i ca t i ons -o r ien ted  research. I n  Sect ion I 1  t h i s  general 
theory i s  developed f o r  a t r a n s i e n t  r e a c t o r  thermal-hydraul ics  problem. 
The connect ion w i t h  the  theory f o r  s teady-state problems i s  made i n  Sec- 
t i o n  111. A general d iscuss ion  o f  t h e  r e s u l t s  o f  a sample s teady-s ta te  
problem a re  discussed i n  Sect ion I V  and conclusions about the  general 
a p p l i c a b i l i t y  o f  t he  method a r e  drawn i n  Sect ion V.  

11. Theory f o r  a General T rans ien t  Problem 

Consider the  problem o f  heat  t r a n s f e r  and f l u i d  f l o w  i n  a representa- 
t i v e  fue l - coo lan t  channel o f  a nuc lear  r e a c t o r  core.  F igure 1 represents  
the  c y l i n d r i c a l l y  symmetric c o n f i g u r a t i o n  o f  a t y p i c a l  r e a c t o r  f u e l  rod  
(which inc ludes  t h e  f u e l  p in ,  gap, and c ladd ing)  surrounded by a coo lan t  
which removes the  f i s s i o n  heat  generated i n  the  f u e l  p in .  I f  we consider  
a problem w i t h  n e g l i g i b l e  a x i a l  heat  f l o w  i n  the  f u e l  and r a d i a l l y  averaged 
f l u i d  p roper t i es  i n  t h e  coo lan t  channel ( i . e .  t h e  use o f  b u l k  f l u i d  proper-  
t i e s ) ,  t h e  f o l l o w i n g  s e t  o f  coupled non- l inear  d i f f e r e n t i a l  equat ions can 
be used t o  represent  the  t r a n s i e n t  heat  and mass balance i n  the  system. 

I n  the  f u e l  rod, t h e  r a d i a l  heat  conduct ion equat ion i s :  

where 

( 2 )  

and p i s  t h e  d e n s i t y  i n  gm/cm3; H = dT i s  t he  en tha lpy  i n  joules/gm; 

k i s  t he  thermal c o n d u c t i v i t y  i n  watts/cm2('C/cm); T( r ,z , t )  i s  t he  f u e l  
temperature as a f u n c t i o n  o f  space and t ime i n  "C; Q( r ,z , t )  i s  t he  nuc lear  
heat  source i n  watts/cm3; q( r ,z , t )  i s  the  heat  f l u x  i n  watts/cm2; O<r<R; -- 
0 2 z ~ L ;  and OLtZtf. 

The boundary and i n i t i a l  cond i t i ons  f o r  t h e  f u e l  reg ion  are:  
% 

T(r,z,O) = - i h4  (3) 
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q(R,z,t) = -kal = h[T(R,z, t ) -Tc(z, t ) ]  
ar r = R  

% 

where T(r ,z)  i s  t h e  s teady-s ta te  temperature p r o f i l e  i n  t h e  f u e l  i n  "C; 
Tc(z , t )  i s  t h e  b u l k  coo lan t  temperature a t  a x i a l  p o s i t i o n  z and t ime t; 
h i s  t he  heat  t r a n s f e r  c o e f f i c i e n t  i n  the  coo lan t  i n  watts/cm2 "C; 
O<z<L; - -  and Oitztf. 

I n  the  coo lan t  channel, the  a x i a l  heat  convect ion equat ion i s :  

a a -[AI, c a t  c pc c PC c T ] + E[WC T ] = ZnRq(R,Z,t) 

( 5 )  

where, A = r(R&x-R2) i s  t he  area o f  t he  coo lan t  channel i n  cm2; pc i s  
t he  coo lan t  dens i t y  i n  gm/cm3; w z ApCVz i s  t h e  coo lan t  mass f l o w  r a t e  i n  
gm/sec; CPC i s  t h e  coo lan t  heat  capac i t y  i n  joules/gm "C; Tc(z , t )  i s  the  
coo lan t  temperature i n  "C as a f u n c t i o n  o f  a x i a l  p o s i t i o n  z and t ime t; 
q(R,z,t) = h[T(R,z, t ) -Tc(z, t ) ]  i s  t h e  heat  f l u x  i n t o  t h e  coo lan t  f rom the  
f u e l  r o d  w a l l  i n  watts/cm2; and h i s  t h e  heat  t r a n s f e r  c o e f f i c i e n t  o f  t he  
coo lan t  i n  watts/cm2 "C. 
coo lan t  channel are:  

The boundary and i n i t i a l  cond i t i ons  i n  the 

% 

Tc(z,O) = T c ( d  (7) 

,-b 

where Tc(z) i s  t he  s teady-s ta te  a x i a l  temperature p r o f i l e  i n  the  c o o l a n t  
and T i  ( t )  i s  t he  i n 1  e t  coo lan t  temperature. 

s o l u t i o n  o f  t he  above equat ions i s  c a l l e d  a system response. 
case i t  i s  convenient t o  d e f i n e  t h i s  response as an i n t e g r a l  averaged 
temperature. 

For sensi  ti v i  t y  purposes, t h e  q u a n t i t y  of i n t e r e s t  r e s u l  ti ng from the  
For t h i s  

p S f l l Z  nr f ( r , z , t ) T ( r , z , t d r d  zd t +jj g ( z , t ) Tc ( z , t ) d zd t ( 9 ) 
r z t  z t  

where f and g a r e  a r b i t r a r y  we igh t ing  func t i ons .  
o r  D i rac  d e l t a  func t i ons  i f  needed t o  d e f i n e  use fu l  r e s u l t s  such as peak 
c l a d  o r  peak f u e l  temperature and o u t l e t  coo lan t  temperature. 

They can be Heavis ide 

The general problem i n  s e n s i t i v i t y  ana lys i s  i s  t o  eva lua te  t h e  r a t e  
o f  change o f  P w i t h  respec t  t o  changes i n  any element, a, o f  t h e  data 
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f i e l d  used i n  Eqs. ( 1 )  and ( 6 )  t o  c a l c u l a t e  P. 
dP/da, the  d e r i v a t i v e  of P w i t h  respec t  t o  a .  
i t  i s  assumed t h a t  a l l  t h e  data g re  f u n c t i o n a l l y  dependent on 
the  coo lan t  o r  f u e l  temperatures. 
f o r  t he  i n p u t  data:  cp(T,a), F ~ ~ ( T c , ~ )  k(T,a), h(T,,d , d T , a )  , Apc(Tc,a) , 
w(Tc,a), and T i ( a ) .  D i f f e r e n t i a t i n g  Eq. (9 )  w i t h  respec t  t o  a we f i n d  t h a t  
t h e  s e n s i t i v i t y  d e r i v a t i v e  dP/da i s :  

That i s ,  we want t o  know 
For t h e  sake o f  g e n e r a l i t y  

That i s ,  we assume the  f o l l o w i n g  forms 
and e i t h e r  

dTc 
= .S/J 2 ~ r f g  d rdzdt  + f l  g dzdt da aa 

r z  t z t  

where, aP/aa, the " d i r e c t  e f f e c t "  term represent ing  t h e  expl  i c i  t dependence 
o f  P on a i s :  

r z t  zt 

and the  remaining two i n t e g r a l  terms i n  Eq. (10) a re  t h e  " i n d i r e c t  e f f e c t "  
terms represent ing  the  i m p l i c i t  dependence o f  P on a through t h e  tempera- 
tu res  which solves Eqs. (1 )  and ( 6 ) .  

o f  r,z, and t and the  behavior  o f  dTc/da as a f u n c t i o n  o f  z and t must be 
known. Both o f  these func t i ons  obey p a r t i a l  d i f f e r e n t i a l  equat ions s i m i l a r  
t o  Eqs. ( 1 )  and ( 6 )  and they are  func t i ons  o f  t he  quan t i t y ,  da whose sen- 
s i t i v i t y  i s  be ing s tud ied .  These equat ions w i l l  be developed i n  the  nex t  
few paragraphs b u t  o n l y  as a p re l im ina ry  s tep  i n  the  development o f  t he  
terms i n  Eq. (10) .  Th is  a d j o i n t  approach i s  t h e  bas i c  s t reng th  o f  sen- 
s i t i v i t y  theory s ince  i t  avoids the necess i ty  o f  having t o  so l ve  equat ions 
f o r  dT/da and dTc/da which depend e x p l i c i t l y  on da (as w i l l  be seen l a t e r ,  
the  a d j o i n t  equat ions a re  independent o f  da).  Such an approach i s  essen- 
t i a l  i f  a l a r g e  number o f  i n p u t  parameters a re  t o  be s tud ied  ( i . e .  i f  a can 
take on many d i f f e r e n t  d e f i n i t i o n s ) .  I t  would become p r o h i b i t i v e l y  expen- 
s i v e  t o  keep r e s o l v i n g  t h e  bas i c  p a r t i a l  d i f f e r e n t i a l  equat ions f o r  dT/da 
and dTc/da over and over again t o  answer a l l  t h e  s e n s i t i v i t y  quest ions 
which cou ld  a r i s e .  

I n  order  t o  evaluate Eq. ( l o ) ,  t he  behavior o f  dT/da as a f u n c t i o n  

As a s tep  toward the  development o f  t he  approp r ia te  a d j o i n t  equations, 
t he  equations which dT/da and dTc/da obey must f i r s t  be der ived. 
done e a s i l y  by d i f f e r e n t i a t i n g  Eqs. (1)  and ( 6 )  w i t h  respec t  t o  a about 
a=ao which represents  a s p e c i f i c  s o l u t i o n  p o i n t  i n  the  response space. 
I n  per forming t h i s  opera t ion  care must be taken t o  no te  those terms i n  t h e  
equat ion which a re  non- l inear  i n  nature.  For such terms, f u n c t i o n a l  
de r i va t i ves10  must be used and i t  should be understood t h a t  t h i s  procedure 
i s  imp l i ed  i n  the  n o t a t i o n a l  shorthand which fo l l ows .  

This  i s  
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Letting 4 f dT/da and x E dTc/da, Eq. ( 1 )  can then be d i f fe ren t ia ted  
with respect t o  a, to  get:  

l a  ak aT 
ar - r [rk + r -- - + 

w i t h  i n i t i a l  and boundary conditions: 

Similarly,  d i f fe ren t ia t ing  Eq. (6) w i t h  respect t o  a gives: 

w i t h  i n i  t i a l  and boundary conditions : 
% 

aTc(z)  
x ( z , o )  = aa 
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In order t o  simplify the notation, the following new functions a re  
def i ned : 

a(wc 1 
S ( z , t )  E 27rR a h  (T-T,) - a [ a (ApCCpC)  aa 

Tc] - & [ A T  aa  c ]  X a t  

a h  h’ z h - (T-T 
r= R 

Using these new functions, the Eq. ( 1 2 )  f o r  the fuel region can be 
rewrit ten simply as:  

w i t h  boundary and i n i t i a l  conditions , 
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Here the  c e n t r a l  boundary c o n d i t i o n  on T ( i . e . y  Eq. ( 4 ) )  was used t o  ge t  
Eq. (27 )  and because of the  l o c a l  temperature dependence o f  k (T)  and 
pc (T )  i t  was poss ib le  t o  w r i t e :  P 

ak aT 9 = a(k4) 
n $ F + k a r  ar 

S i m i l a r  s i m p l i f i c a t i o n s  can be made i n  Eq. (16) t o  ge t :  

w i t h  boundary and i n i t i a l  cond i t ions ,  

Eqs. (25) and (31) now represent  l i n e a r i z e d  vers ions o f  t he  o r i g i n a l  
heat  conduct ion and convect ion equations ( i . e . y  Eqs. ( 1 )  and (641, hence- 
f o r t h  r e f e r r e d  t o  as the  " forward" equat ions) .  It should be noted t h a t  
they a re  no longer  non l inear  equations s ince  a l l  the  phys ica l  constants 
a re  func t i ons  of the  temperatures T and Tc and a re  n o t  f unc t i ons  o f  q~ and 
x. I n  o rder  t o  so lve  such equat ions (which w i l l  n o t  be necessary f o r  t h i s  
theory b u t  migh t  be f o r  o the r  a p p l i c a t i o n s ) ,  t he  forward equat ions must be 
solved f o r  a s p e c i f i c  problem t o  determine the  func t i ona l  dependence on T 
and T of the  constants i n  the l i n e a r i z e d  equat ions.  These l a t t e r  equat ions 
are  the re fo re  coupled t o  the  forward equat ions i n  t h a t  the  former must be 
so lved f i r s t  t o  s e t  up the constants f o r  t he  l a t t e r  case. 

Since the  l i n e a r i z e d  equations o n l y  have source terms t h a t  depend on 
da and t h e i r  s o l u t i o n  i s  r e a l l y  needed o n l y  t o  eva lua te  the  i n t e g r a l  terms 
i n  Eq. ( l o ) ,  i t  i s  f a r  s impler  t o  de f i ne  a s e t  o f  a d j o i n t  equat ions inde- 
pendent o f  da t o  so lve  t h i s  same problem. The a d j o i n t  operators  f o r  Eqs. 
(25) and (31) a r e  e a s i l y  der ived  and what remains t o  be done i n  the  der iva-  
t i o n  i s  t o  i d e n t i f y  appropr ia te  source terms and boundary and i n i t i a l  
cond i t ions  f o r  these new equations. 
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Using t h e  d e f i n i t i o n  o f  an a d j o i n t  operator ,  

/pHqdV = l qH*pdV 
V V 

* 
where p and q are  a r b i t r a r y  func t i ons  and H 
H, we can w r i t e  down equat ions which a re  a d j o i n t  t o  Eqs. (25) and (31) 
a f t e r  some manipulat ions as: 

i s  t he  a d j o i n t  operator  o f  

aT* - 
-pep at 

and 

(34) 

(35) 

The equat ion needed t o  d e f i n e  the  source terms and boundary and i n i t i a l  
cond i t i on2  fo r  these equat ions i s  der ived  as fo l l ows :  ( a )  m u l t i p l y  Eq. 
(25) by T and Eq. (35) by +, i u b t r a c t  t he  two and i n t e g r a t e  over r,z, and 
t; (b)  m u l t i p l y  Eq. (31)  by Tc and Eq. (36) by x, s u b t r a c t  the  two and 
i n t e g r a t e  over z and t; 
together .  The f o l l o w i n g  equat ion r e s u l t s  f rom these operat ions:  

( c )  add the  two equat ions der ived  i n  (a )  and ( b )  

J / j $ S ;  21~rdrdzdt  + f x S Y c  dzd t  =///T*S$Pnrdrdzdt t //IT: Sxdzdt 

r z t  z t  r z t  z t  

dzd t  + fJ2n.RTch$dzdt * 
t //2a R[T* a r  - k$  

z t  U z t  (37)  

L 
- JJ[ pcp $T* I t f  21~rdrdz - / [ ( P c ~ ~ ) ~ x T ~ ]  d t  - f [A(p c c PC )*xT;]if dz 

t 0 Z 0 r z  

where a l l  the  i n t e g r a l s  were evaluated where poss ib le  (us ing i n t e g r a t i o n  
by p a r t s  when necessary). 

Since an a d j o i n t  equat ion which i s  independent o f  da i s  des i red,  
boundary and f i n a l  cond i t i ons  as w e l l  as sources must be chosen t o  e l i m i n a t e  
any terms which con ta in  unknown values o f  $I o r  x. Using t h e  known boundary 
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and i n i t i a l  cond i t i ons  f o r  4 and x, the  fo l l ow ing  cond i t i ons  can be shown 
t o  s a t i s f y  the  des i red  c r i t e r i a :  

* 
TC(Z,t f )  = 0 (38) 

* 
Tc(L, t )  = 0 

* 
T ( r , z , t f )  = 0 

* *  aT* - k - I = h(T -Tc) 
ar r = R  

(39) 

C o l l e c t i n g  terms and r e w r i t i n g  Eq. (39) w i t h  these new cond i t i ons  
gives:  

Since eve ry th ing  on the  r igh t -hand s ide  of Eq. (43) i s  known from 
so lu t i ons  o f  t he  forward o r  ad jo in&  equat ion,  a l l  t h a t  remains i s  t o  
p roper l y  choose the  source terms ST and  ST^. Looking back a t  Eq. ( l o ) ,  
i t  i s  c l e a r  t h a t  t he  le f t -hand s ide  of Eq. (43) can be made equ iva len t  
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t o  the two integrals in E q .  (10) (remembering that  0 E dT/da and x 2 dTc/da) 
i f  the sources for the adjoint equation are  chosen as follows: 

* 
ST = f 

* * 
= g + 2nRh'T 

'Tc 

W i t h  these final definit ions,  Eq. (10) can be recast in terms of 
adjoint functions with each term an expl ic i t  function of a s :  

da = /J/" aa T Z n r d r d z d t  + JJ% Tc d z d t  
r z t  z t  

(45 )  

QJ 1 dz 
* a T c ( z )  

2 ~ r d r d z  + /[ 
A(pcCpc) 'Tc aa t = O  

Z t=O 
+If [ pcp T* -1 aa 

r z  

The terms involving T and T can be evaluated once the forward equations 
( i . e . ,  Eqs. ( 1 )  and ( 6 ) )  ha6e been solved and the adjoint functions T* and 
T t  solve the following s e t  of equations: 

( a )  i n  the fuel region, 
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w i t h  boundary and  f inal  conditions, 

* 
T ( r , z , t f )  = 0 

* *  
a T* = h ( T  -Tc) 

r=R 

( b )  i n  the coolant channel , 

w i t h  boundary and f ina l  t o n d i  t ions , 

* 
T c ( L , t )  = 0 (53) 

W i t h  th i s  derivation of  the ad jo in t  equations completed, the general 
features  of a s ens i t i v i ty  theory f o r  thermal -hydraul i c s  problems begin t o  
become more evident. A s ingle  forward and a s ingle  ad jo in t  problem solution 
i s  a l l  t h a t  i s  needed to  evaluate a l l  the der ivat ives  of the response with 
respect t o  i n p u t  data.  The ad jo in t  equations required a re  independent o f  
da and da appears expl i c i  t l y  only i n  the defining expression for dP/da 
( i . e . ,  Eq. ( 4 6 ) ) .  The ad jo in t  equations, however, do depend exp l i c i t l y  on 
the par t icu lar  response being studied through the source terms in Eqs. (47)  
and (51 ) . 

I t  i s  important t o  a lso note tha t  the ad jo in t  equations a r e  l i n e a r  in 
T* and Tc making them eas ie r  to solve than the nonlinear forward equations. 
They a re  n o t ,  however, independent of the forward equations. In order t o  
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sol ve the adjoint  probl em a.  par t icu lar  forward probl em sol u t i o n  (ca l l  ed 
a design point solution) must be avai lable  to  evaluate the physical con- 
s t an t s  t ha t  go into the ad jo in t  equations. 
on T and TC i s  a double-edged sword--it l inear izes  the ad jo in t  equations 
b u t  a l so  t ies  the solution of the adjoint  equations to  a spec i f ic  design 
p o i n t  solution. 

This dependence of the constants 

Another important point to  observe i s  t ha t  the forward and adjoint  
equations a re  very s imilar  i n  form. 
a r e  very much a1 i ke and the canonical form of the equations ( i  .e.  , hyperbol i c y  
parabol i c y  e t c . )  remains unchanged. 
l inear ized forward equations reversed in time and space w i t h  s l i gh t ly  d i f -  
ferent input data. 
t ha t  solve the forward problem can be used t o  solve i t s  adjoint .  This ob- 
servation strongly suggests t ha t  the method will be applicable fo r  more 
prac t i ca 1 probl ems. 

in te res t ing  to  note tha t  they a re  f inal  value problems. That i s ,  the 
adjoint  functions a re  solved by s t a r t i ng  a t  a f ina l  time a t  the spat ia l  
position of the response function and moving backwards toward the i n i t i a l  
conditions. This f a c t  leads d i r ec t ly  t o  an in te rpre ta t ion  of the ad jo in t  
solutions as  "importance" functions. 
a t  the response and t races  t h i s  value back into the problem phase space 
along paths which include only those physical phenomena which contribute 
to the response. The ad jo in ts  therefore determine the importance of  the 
physical phenomena fo r  the par t icu lar  response under investigation. The 
uni ts  of these functions a r e  "C per jou le  for a temperature response 
defined in  terms of weighting functions f and g which a re  density func- 
t ions per u n i t  volume and time. 
change in "C of the temperature response f o r  one joule  of heat p u t  in to  
any d i f f e ren t i a l  element i n  phase space. They a re  very physical quant i t ies  
and can c lear ly  be studied i n  their own r i g h t  t o  understand the complex 
phenomena occurring i n  any par t icular  thermal-hydraul ics  problem. 

Both  have d i f fe ren t ia l  operators which 

The ad jo in t  equations a re  simply 

The same numerical methods (and possibly the same codes) 

Looking more closely a t  the nature of the ad jo in t  equations i t  i s  a l so  

The ad jo in t  equation sol utions s t a r t s  

In numerical terms they represent the 

111. Theory for a Steady-State Problem 

One further development i s  needed before t h i s  i l l u s t r a t i v e  example of 
a s ens i t i v i ty  theory f o r  thermal -hydraul i c s  problems can be said t o  be 
complete. The item remaining deals w i t h  the  sens i t i v i ty  terms i n  E q .  (46)  
containing the i n i t i a l  conditions for this problem. Typically, the i n i t i a l  
conditions a re  derived from the solution of a su i tab le  steady-state problem. 
The steady-state solution describes the s tab le  conditions which existed i n  
the reactor system pr ior  t o  the i n i t i a t i o n  of  any t rans ien t  event. Insofar 
a s  this steady-state problem i s  the solution t o  Eqs. (1)  and (6)  without 
time derivatives,  i t  a l so  depends on the same i n p u t  data as the t rans ien t  
problem ( i . e . ,  k, c c ,  w,  e t c . ) .  To derive expressions f o r  these additional 
s ens i t i v i ty  terms, gne fur ther  general aspect of s ens i t i v i ty  theory must 
f i rs t  be dea l t  with--the extension of the theory to  cover s ens i t i v i ty  co- 
e f f i c i e n t s  w h i c h  require solutions o f  other  sets of equations. 
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To see clearly how the theory i s  extended, the las t  two terms in Eq. 
(46) ( i .e . ,  those dealing with the derivatives of  the initial conditions) 
can be viewed as the derivative of a new integral  response functians P', 
defined as follows: 

% 

E //[ pcp T * h] acr h r d r d z  ./ [A( pccpc) 'Tc 
Z 

t = O  da 
r z  

'L f-u 
Here 'f(r,z) and Tc(z) are the solutions o f  steady-state forward problems 
which can be derived from Eqs. ( 1 )  and ( 6 )  by i g n o r i n g  the time derivatives. 

I n  the fuel region, the steady-state equation t o  be solved is:  

where 

2, a?(r,i) q ( r , z )  - 
ar 

and 

In the coolant channel, the corresponding equation is: 
%-u 

2, a wH 
az = h R q ( R , z )  

(57) 

(59) 

where 

2, ' L 2 ,  
H(z) = c T (z) 

P C  c 
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and 

% % 

Tc(0)  E Ti 

As before, the derivativeof Eqs. (55)-(61) with respect to  a i s  taken 
t o  derive the Linea ized equations which a?/aa and a?’,/aa solve. Defining 
+ a!t/aa and x = a /aa ,  these new equations can be written down by inspec- 
tion i f  we refer back to  the transient problem equations ( i . e . ,  Eqs. (25)  
and (31 ) )  and ignore a l l  time derivative terms. 

f % 

I n  the fuel region we therefore get: 

where 

and 

In the coolant we get: 



266 

where 

% aT 
x(0) = < 

and 

Again, by analogy w i t h  the t r a n s i e n t  problem, t h e  i n t e g r a l  response 

Looking a t  t h e  t r a n s i e n t  
func t ion  d e r i v a t i v e  dP’lda given by Eq. (54) i,s bes t  evaluated us ing ad- 
j o i n t  f unc t i ons  f o r  t he  s teady-state problem. 
a d j o i n t  r e s u l t s  g iven i n  Eqs. (46)- (53) ,  a s teady-s ta te  expression can be 
der ived by i g n o r i n g  t ime d e r i v a t i v e s  and i n t e g r a l s  as: 

The source terms f o r  the  s teady-state case can be obta ined by comparing 
Eqs. (10) and (54) thereby p roper l y  de f i n ing  f and g f o r  t h i s  case. 
s teady-state a d j o i n t  equat ion i n  the  f u e l  reg ion  i s  then: 

The 
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where 

In  the coolant channel we likewise have: 

where 
'Lk 
T c ( L )  = 0 

The final expression for  dP'/da ( i . e . ,  E q .  (71)) can now be used to  
replace the l a s t  two terms in E q .  (46) .  Because the procedure for  solving 
the transient problem i n  this case also involves the solution of a steady- 
s t a t e  problem, the sens i t iv i ty  coefficients for most of the i n p u t  parameters 
have two terms: one describing the effects  of changes i n  cx on the steady- 
s t a t e  solution ( i . e . ,  the i n i t i a l  conditions for  the t ransient)  and a second 
describing the e f fec t  of these changes on the transient solution. 

I t  i s  interesting t o  note tha t  the procedures for  solving the adjoint 
equations are  now completely the opposite of those which would be used i n  
a forward problem. The adjoint problem solution is  s tar ted a t  a f ina l  time, 
w i t h  the response function as the source and the transient equations are  
solved f i rs t  moving backwards i n  time. When the i n i t i a l  time is  reached the 
transient solution i s  used i n  Eqs. (72)  and (75) as  the source for a steady- 
s t a t e  problem which is  solved next. This reversal of procedures i s  typical 
of a l l  adjoint problems and is  consistent w i t h  the physical interpretation 
of the adjoint solutions as "importance" functions for  a particular f inal  
response. 

The method just used t o  develop a d j o i n t  equations for  the terms i n  
dP/da derived from the solution o f  a steady-state problem is also the general 
approach needed t o  expand any of the derivative terms i n  Eqs. (46) and (71). 
For instance, the heat t ransfer  coefficient i s  generally a complicated 
function of temperature and flow conditions i n  the coolant stream and is  
described by empirical correlations. 
require the solutions t o  momentum balance equations (or simp1 ified approxi- 
mations of them) t o  understand the velocity profiles i n  the coolant channel. 

In many cases , these correl ations 
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These auxiliary equations can also be cast  i n  adjoint form and coupled 
w i t h  the main heat balance adjoint equations i f  sens i t iv i ty  questions con- 
cerning the heat transfer coefficient correlation functions are  to  be 
answered. 

IV. Solution of a Sample Sensi t ivi ty  Problem 

To make the resul ts  of the derivations i n  the preceding sections more 
understandable in a practical sense, a sample steady-state, thermal -hydraul ics 
problem for  the C1 inch River Breeder Reactor ( C R B R )  was devised. A1 though a 
f u l l  transient treatment could have been pursued, i t  i s  more instructive t o  
look in depth a t  the resul ts  of the simpler steady-state problem. The sensi- 
t i v i t y  derivatives for  th i s  case (see E q .  ( 7 1 ) )  a re  very similar i n  form t o  
those for the transient problem (see Eq. (46 ) )  i f  the time functions are  
ignored. 
to the adjoint problem and derive a physical feeling for  these functions in 
th i s  more r e s t r i c t ive  case. 

I t  i s  also easier  t o  show the behavior of the complete solution 

A description of a typical CRBR fuel pin and coolant channel is  given 
i n  Table I ,  along w i t h  some i n i t i a i i z t t i o n  datR for  the steady-state prob- 
lem. The physical input data for  k ,  c and h were a l l  taken to be functions 
of temperature2 and are  given i n  F i g .  9 and Table 11. A small nonlinear, 
ordinary different ia l  equation solution code was written to  solve bo th  the 
forward and adjoint heat balance equations (Eqs. (55)  and  (59)  and Eqs. (72)  
and (75),  respectively). The source term i n  the fuel fo r  the forward 
problem was taken t o  be a cosine distribution axial ly  and f l a t  radially.  
For the adjoint equations, however, the sources were n o t  derived froF the 
in i t i a l  conditions of a transient adjoint equation. The response fo r  the 
steady-state problem was taken to be of the same form as the general response 
function given i n  E q .  ( 9 )  with time behavior ignored. Several typical re- 
sponses such as:  coolant ou t le t  temperature, peak clad temperature, and 
peak and center-1 ine average fuel temperature, were then defined by suitable 
choices of f ( r , z )  and g ( z )  thus providing appropriate adjoint sources. 

The resul ts  of a r u n  w i t h  the typical CRBR data presented are given i n  
F i g .  3.  Here the steady-state temperature prof i le  a t  the center of each 
radial and axial node i s  plotted as a function of space i n  both the fuel 
and  coolant regions. The fuel temperature has the same general cosine 
shape axial ly  as the nuclear heat source and peaks near the center (both 
axial ly  and radial ly)  o f  the pin. The coolant temperature on the other 
hand increases monotonically in the axial direction as more heat enters 
from the fuel rod. The clad temperature, therefore, peaks somewhere near 
the end o f  the coolant channel. 

To investigate the sens i t iv i ty  of the steady-state CRBR temperature 
prof i le  t o  the physical i n p u t  data used, several figures of merit for  the 
temperature distribution were chosen as responses for  study. The two most 
interesting were: 1)  peak fuel temperature, and 2 )  peak clad temperature. 
Adjoint equations for  each of these responses were solved and the resul ts  
were used for  a complete sens i t iv i ty  and  uncertainty analysis of a l l  the 
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Table 1. CRBR Sample Problem Input Specif icat ions 

Fuel Pin (mixed Pu-U oxide) Outer Radius 

Gap (helium and f i ss ion  products) Outer Radius 

Clad ( s t a i n l e s s  s t e e l )  Outer Radius (R)  

Coolant Channel (sodium) Cross Sectional Area (A) 

Coolant Channel Length 

Fuel Pin Power ( Q )  

Power Distr ibut ion 

Coolant Flow Rate ( G )  
I n l e t  Coolant Temperature (Ti) 

% 

Ql 

0.2457 cm 

0.254 cm 

0.2921 cm 

0.359 cm2 

162.6 cm 

2 . 4 2 7 ~ 1 0 ~  watts 

F l a t  Radially and Cosine Axially 

112 gm/sec 

388°C 

Table 11. Physical Data f o r  CRBR Sample Problem 

Clad Thermal Conductivity 0.21 watt/cm2( "C/cm) 

Gap Equivalent Thermal Conductivity 0.002 watt/cm2( OC/cm) 

Heat Transfer Coeff ic ient  Correlation: 
'L 
k 

'L 8 c  h = (7.0 + 0.025 Pe' ) watt/cn2 "C ' 

where 

c 
.L 

k, = 0.66 watt/cm2(0C/cm) 

D = 4A/2nR 
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physica l  i n p u t  
cases i s  shown 
w a t t  represent  

data. The behavior o f  t he  a d j o i n t  f unc t i ons  f o r  these two 
i n  Figs.  4 and 5. Here the  a d j o i n t s  w i t h  u n i t s  o f  "C per  
the  d i f f e r e n t i a l  change i n  the  temperature response i n  "C 

f o r  a d i f f e r e n t i a l  change i n  the  power source i n  wat ts  made a t  t he  center  
o f  each -ax ia l  o r  r a d i a l  ngde p l o t t e d .  

Close i nspec t i on  o f  these a d j o i n t  func t ions  revea ls  a weal th  o f  phy- 
s i c a l  i n fo rma t ion  about the  heat  conduct ion and convect ion processes i n  
t h i s  sample p,-oblem. For instance, i n  t h e  p l o t  o f  the a d j o i n t  f o r  a peak 
f u e l  temperature response (see F ig.  4 ) ,  t he  "importance" o f  a d i f f e r e n t i a l  
u n i t  o f  power p u t  i n t o  the  system a t  any a x i a l  l e v e l  i s  n e g l i g i b l e  unless 
i t  i s  p u t  a t  the l e v e l  where the peak temperature occurs. This  e f f e c t  
i s  p r i m a r i l y  the  r e s u l t  of t he  absence o f  any a x i a l  heat  conduci ton i n  
the f u e l .  Ttw on ly  way power a t  a x i a l  p o s i t i o n s  o the r  than the  one where 
the  f u e l  temperature peaks can in f l uence  the  peak temperature i s  by r a d i a l  
conduct ion fo l lowed by a x i a l  convect ion i n  the  coolant .  
heat  t r a n s f e r  produces very  small temperature increases i n  the  coo lan t  
due t o  the h igh  mass f l o w  r a t e  and the re fo re  o n l y  these very small temp- 
e ra tu re  increases a re  passed from the  coo lan t  t o  the  center  o f  t he  f u e l .  

This mode o f  

OML-IMG 78-3632 

Fig. 3. Steady-State Temperature Prof i le  i n  CRBR Channel.. 
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F i g .  4 .  Adjo int  Temperature P r o f i l e  f o r  Peak Fuel Temperature Response 
i n  CRBR Channel. 
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Fig.  5 .  Adjoint  Temperature P r o f i l e  f o r  Peak Clad Temperature ResponsP 
i n  CRBR Channel. 
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Another example o f  the  usefulness o f  the  a d j o i n t  f unc t i ons  i s  ob- 
ta ined  f rom ana lys i s  o f  F ig .  5. Here t h e  "importance" o f  a d i f f e r e n t i a l  
u n i t  o f  power i s  zero f o r  a l l  a x i a l  p o s i t i o n s  downstream from the  peak 
p o s i t i o n  ( t h e  peak occurs a t  a x i a l  i n t e r v a l  18) .  Again, because there  
i s  no a x i a l  conduct ion i n  the  f u e l ,  any power source downstream from the  
peak c a l d  temperature can o n l y  i n f l u e n c e  t h e  c l a d  temperature through 
coo lan t  convect ion.  Since the  coo lan t  f lows i n  o n l y  one d i r e c t i o n ,  a 
downstream power source has no i n f l u e n c e  on the  c l a d  o r  any o t h e r  r e g i o n ' s  
temperature. 
a l though the  sca le  i n  t h i s  f i g u r e  makes i t  more d i f f i c u l t  t o  see. 

These comments a l s o  apply  t o  t h e  r e s u l t s  g iven i n  F ig .  4 

The f a c t  t h a t  a l l  upstream d i f f e r e n t i a l  power sources have equal 
importance i s  a r e s u l t  o f  t h e  f a c t  t h a t  a t  s teady-state power p u t  i n t o  
the  f u e l  w i l l  even tua l l y  be t r a n s f e r r e d  t o  t h e  coo lan t .  Th is  power w i l l  
produce about t h e  same temperature r i s e  i n  t h e  coo lan t  across an a x i a l  
mesh i n t e r v a l  i f  wcpc i s  f a i r l y  constant,  as i t  was f o r  t h i s  case. The 
h igher  importance o f  a power source a t  t he  a x i a l  p o s i t i o n  o f  t h e  peak 
c l a d  temperature ( i .e . ,  a x i a l  i n t e r v a l  18) i s  due t o  the  f a c t  t h a t  bo th  
conduct ion and convect ion processes i n  t h i s  a x i a l  i n t e r v a l  can e f f e c t  
t he  c l a d  temperature as opposed t o  convect ion a lone a t  a l l  upstream 
p o s i t i o n s .  

It i s  a l s o  i n t e r e s t i n g  t o  observe t h a t  t h e  abso lu te  magnitude o f  the  
importance a t  t h e  peak a x i a l  p o s i t i o n  (about 0.015 "C per  w a t t )  f o r  
t h i s  response i s  about two orders o f  magnitude lower  than the  h ighes t  
importance va lue i n  F ig .  4. 
t he  peak c a l d  temeprature (561°C) i s  about a f a c t o r  o f  f o u r  lower than 
the  peak f u e l  temperature (1940°C) and second, the  number o f  a x i a l  l e v e l s  
t h a t  can i n f l u e n c e  the  peak c l a d  temperature i s  about 20 compared t o  e f -  
f e c t i v e l y  o n l y  one f o r  t he  peak f u e l  temperature. This  l a t t e r  c o n d i t i o n  
has the  e f f e c t  o f  spreading o u t  t he  t o t a l  importance and the re fo re  low- 
e r i n g  i t s  absolute va lue a t  any one a x i a l  o r  r a d i a l  p o s i t i o n .  

This  i s  t h e  r e s u l t  o f  two e f f e c t s .  F i r s t ,  

Cont inu ing on t o  t h e  nex t  phase o f  t h e  study, t he  forward and 
a d j o i n t  s o l u t i o n s  were used t o  evaluate the  expression f o r  dP/da (Eq. 
(71) )  and a f u l l  s e n s i t i v i t y  ana lys i s  was performed f o r  t he  CRBR problem. 
A smal l  code was w r i t t e n  t o  per form the  i n t e g r a l s  needed and several  
responses o f  i n t e r e s t  were s tud ied.  Some of t he  r e s u l t s  obta ined a re  
summarized i n  Table 111. It should be noted t h a t  t he  column labe led  
s e n s i t i v i t y  con ta ins  the  evaluated d e r i v a t i v e s  dP/da mu1 t i p 1  i e d  by a/P 
t o  form a l o g a r i t h m i c  d e r i v a t i v e  (dP/P)/(da/a) which i s  commonly r e f e r r e d  
t o  as the  s e n s i t i v i t y  o f  P t o  a. I n  add i t i on ,  i t  should be c l e a r  t h a t  
a was used o n l y  symbo l i ca l l y  i n  t h e  d e r i v a t i o n s  t o  represent  any of t h e  
data t h a t  were being s tud ied.  The s e n s i t i v i t y  r e s u l t s  repo r ted  f o r  each 
i n p u t  parameter were obta ined by de f i n ing  
p a r t i c u l a r  parameter, thereby reducing t h e  expression f o r  dP/da t o  o n l y  
the  one o r  two terms i n v o l v i n g  t h a t  parameter. For ins tance the  sensi-  
t i v i t y  o f  peak f u e l  temperature t o  t h e  nuc lear  heat  source, &, would in -  

t i e s  thus obta ined a r e  known as " i n t e g r a l  s e n s i t i v i t i e s "  and can be thought 
o f  as t h e  percent  change ( p o s i t i v e  o r  negat ive)  i n  the response f o r  a 1% 
increase i n  the  sca le  (i .e. magnitude) o f  t h e  i n p u t  parameter. I n  o the r  

t o  be a sca le  fac to r  f o r  t h a t  

vo lve  d e f i n i n g  a = bo (a sca le  f a c t o r  o r  t h e  power) i n  Eq. (71) and 
s e t t i n g  a l l  terms except the  one f o r  a /act  equal t o  zero. The s e n s i t i v i -  
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app l ica t ions ,  ~1 can be al lowed t o  be a f u n c t i o n  ( i  .e. t h e  s p a t i a l  behavior 
o f  o ( r ,z ) )  and a " s e n s i t i v i t y  p r o f i l e "  can be de f ined as a s p a t i a l  dens i ty  
f u n c t i o n  us ing func t i ona l  d e r i v a t i v e  no ta t i on .  

Looking a t  t he  r e s u l t s  presented i n  Table 111, i t  i s  easy t o  see how 
the  p a r t i c u l a r  behavior o f  each o f  t h e  a d j o i n t  func t ions  shown i n  Figs. 4 
and 5 g ives r i s e  t o  the  repor ted  s e n s i t i v i t i e s  o f  each o f  t he  i n d i v i d u a l  
i n p u t  parameters. The parameters w i t h  the  l a r g e s t  s e n s i t i v i t i e s  i n  abso- 
l u t e  magnitude a re  those which by and l a r g e  a f f e c t  t he  temperature p r o f i l e  
i n  reg ions o f  h igh  importance f o r  t h i s  problem and those t h a t  have small 
s e n s i t i v i t i e s  on l y  a f f e c t  unimportant reg ions.  
source d i r e c t l y  a f f e c t s  the  heat balance i n  t h e  f u e l  region, bo th  the  
peak c l a d  and peak f u e l  temperatures a re  very s e n s i t i v e  t o  it. 
other  hand, the  heat  t r a n s f e r  c o e f f i c i e n t  and c l a d  thermal c o n d u c t i v i t y  
have very l i t t l e  e f f e c t  on these two responses because they have a r e l a -  
t i v e l y  minor e f f e c t  on the  s teady-state temperatures i n  the  fue l  rod. 
I n  general, a dramatic d i f f e r e n c e  i n  s e n s i t i v i t y  from one case t o  another 
( i .e .  f o r  f u e l  and gap conduc t i v i t y )  i s  a r e f l e c t i o n  o f  l a r g e  d i f f e rences  
i n  the  value o f  the  a d j o i n t  func t ion .  

Since t h e  nuc lear  heat  

On t h e  

Table 111. Typical S e n s i t i v i t y  Results f o r  CRBR Test Problem 

Response Parameter 

Peak Clad Temperature Coolant I n l e t  Temperature 

Heat Source (561°C) 

Cool ant  wc 

Clad Thermal Conduct iv i ty  

Coolant Heat Transfer Coe f f i c i en t  

Fuel and Gap Conduct iv i ty  

PC 

Peak Fuel Temperature Heat Source 

Fuel Thermal Conduct iv i ty  

Gap Thermal Conduct iv i ty  

Coolant I n l e t  Temperature 

Coolant wc 

Coolant Heat Transfer Coe f f i c i en t  

(1940T)  

P C  

S e n s i t i v i t y *  

.69 

.31 

-.29 

-.009 

-.006 
- 
. a9 

-.45 

-.37 

.23 

-.06 

-.005 

Parameter** Response*** 
Uncer ta in ty  (%) Uncer ta in ty  (%) 

10 7.7 

5 

10 

20 

30 

5 

15 

30 

10 

10 

30 

14 

*Can be in te rp re ted  as the per  cent change i n  the response function f o r  a 1% increase i n  the system parameter. 

**Estimated standard dev ia t i on  f o r  parameter. 

***Calculated standard dev ia t i on  f o r  response assuming no co r re la t i ons  between parameter uncer ta in t ies.  

For t h i s  case, t he  most dramatic e f f e c t  present  appears t o  be the  
s e n s i t i v i t y o f  bo th  t h e  peak f u e l  and peak c l a d  temperature responses t o  
the  thermal c o n d u c t i v i t y  i n  the  f u e l - c l a d  gap reg ion  ( t r e a t e d  i n  t h i s  - 

case w i t h  an equ iva len t  gap conductance). Since there  i s  such a l a r g e  
temperature change across t h e  gap (about 500°C; see F ig.  3 ) ,  i t  i s  n o t  
s u r p r i s i n g  t h a t  t he  peak f u e l  temperature i s  very s e n s i t i v e  t o  the  gap 
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conductivity. Even though the gap is very small, the large temperature 
drop t h a t  occurs crossing i t  i s  almost 30% of the change over the whole 
fuel rod. This resul ts  i n  a gap sens i t iv i ty  which i s  close to 30% of the 
heat source sens i t iv i ty  for  this response. On the other hand ,  the gap 
conductivity has l i t t l e  e f fec t  a t  steady-state on the amount of heat get- 
t i n g  out of the fuel into the coolant ( the total  amount generated will 
always be conducted into the coolant) and therefore has l i t t l e  e f fec t  on 
the peak clad temperature. 
coolant properties o r  d i rec t  changes i n  the heat source i t s e l f .  

This response i s  affected mostly by clad 

In addition to  the i r  usefulness i n  the foregoing discussion of rela- 
t ive  importance of data and heat transfer mechanisms, sens i t iv i ty  deriva- 
t ives can also be used to formulate a f i rs t  order perturbation theory. 
T h i s  theory i s  based on establishing an anlaytic relationship between the 
response and the i n p u t  data. The simplest form for  this relationship is  
derived from a f i r s t  order Taylor ser ies  expansion of the response about 
a particular calculated design point, symbolized by the vector of a l l  i n -  
p u t  data a t  a particular point Eo.  This relationship, written out t o  
second order accuracy, i s :  

where [ d P / d ~ ( v ) ] ; = ; ~  i s  the vector of derivatives for each separate a of 
i n p u t  data f i e l d  evaluated a t  E = E o ;  Z ( v )  i s  the vector o f  f i n i t e  changes 
i n  the i n p u t  data as  a function of the problem phase space ( i . e .  space 
and time); P( t i0 )  i s  the response evaluated a t  ao; and P(ao + E )  is  the 
response evaluated w i t h  the altered i n p u t  data s e t .  

Rearranging, this expression can be cas t  into a l inear  perturbation 
theory form as follows: 

where E, i s  the vector of sens i t iv i ty  coefficients each element of  which 
has the form ( d P / P ) / ( d a i / a i )  and (e) is  the fractional perturbation 
vector w i t h  elements (Sai /a j )  as a function o f  the problem phase space. 

The usefulness of E q .  (78) as a perturbation theory expression has 
already been pointed o u t  i n  Table I11 where the sens i t iv i t ies  were inter-  
preted as a percentchange in P for a percent increase i n  a. In th i s  case 
the fractional change vector has only one element which i s  constant ( i .e .  0.01) 
for the particular ~1 being looked a t  and the sens i t iv i ty  coefficient vec- 
tor i s  the total  sens i t iv i ty  fo r  tha t  particular a ( i . e .  !sa d v ) .  
other applications i t  is  possible t o  estimate the change i n  the response 
caused by any arbi t rary change i n  the input data f i e ld  us ing  Eq. (78). 
The limitation of  this formula is  the range w i t h i n  which P i s  a l inear  

For 
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function of the i n p u t  data ( i . e .  close t o  the calculated design p o i n t  a t  
which P (a,) and the sens i t i v i t i e s  are  evaluated). 

cal nature of  the i n p u t  data base as forming anensemble of f i n i t e  (and  
hopefully small) perturbations of the data about E o .  Since most of the 

deviation of the distribution function of G, about i t s  nominal value, ~1 , 
and correlations between the different  i n p u t  data can be p u t  in to  E q .  y78) 
to formulate a f i r s t  order uncertainty theory. This i s  done by squar ing  
Eq .  (78) and taking i t s  expectation value over the correlated ensemble of 
s t a t i s t i c a l  i n p u t  data variations, t o  get: 

W i t h  these comments i n  mind, i t  i s  possible t o  consider the s t a t i s t i -  

i n p u t  data are  experimentally derived, information about the standard - 

where, up i s  the s t a n d a r d  deviation i n  the response; C i s  the  correlation 
matrix w i t h  elements along the diagonal representing the standard deviations 
i n  the i n p u t  data and off-diagonal lements representing the correlations 
between the i n p u t  data; and S and ZFr a re  the total  sens i t iv i ty  vector 
and i t s  transpose. For the simple case of uncorrelated input data, C 
will be a diagonal matrix of standard deviations. 

To i l l u s t r a t e  the use of Eq. (79 ) ,  a very crude estimate was made of 
the uncertainties i n  the input data for  the CRBR problem, under the assump- 
tion of no data correlations.  The estimated standard deviations of some 
of the i n p u t  parameters are  given i n  Table I11 along w i t h  the standard 
deviation i n  the responses result ing from these uncertainties. 

Form these resul ts  i t  is  c lear  that  the major data uncertainty con- 
tr ibuting to  the 7.7% uncertainty i n  the peak clad temperature response 
is the 10% uncertainty i n  the coolant i n l e t  temperature. The f ac t  t h a t  
20-30% uncertainties ex i s t  in the conduction and convection properties of 
the fuel and coolant are of l i t t l e  concern because of t he i r  low sens i t i -  
v i t ies .  On the other hand, for  the 14% uncertainty i n  the central fuel 
temperature almost n o t h i n g  b u t  the 30% uncertainty in the gap conductivity 
and the 15% uncertainty i n  the fuel conductivity i s  of much concern. 
shou ld  be noted that  these resul ts  a re  expected to  be strongly influenced 
by the nature of the correlations which ex is t  between the data. A more 
refined uncertainty analysis would require careful evlauations' of the 
uncertainties of a l l  data of s ignif icant  importance i n  this problem. 
Despi t e  the crudeness of the current analysis,  these resul ts  underscore 
the need to take both the uncertainty and sens i t iv i ty  resu l t s  into account 
in analyzing the uncertainty i n  any particular response. Since sens i t iv i -  
ties are i n  general problem and response dependerit care must be taken i n  
using this information properly. 

I t  

V.  Summary and Conclusions 

The extension of reactor senst t ivi  ty theory t o  non-1 inear thermal - 
hydraulics problems was successfully outlined i n  this paper. These 
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developments p rov ide  the  framework f o r  a powerful  new approach t o  ana lyz ing  
both the  physics and s a f e t y  aspects o f  LWR and FBR designs. The theory 
has severa l  s t rong po in ts  which were h i g h l i g h t e d  i n  reac to r  s e n s i t i v i t y  
app l i ca t i ons .  F i r s t ,  f o r  a l a r g e  i n p u t  data base, t he  use o f  a d j o i n t  
func t ions  t o  develop a s e n s i t i v i t y  theory  a l lows a l l  t he  data t o  be 
anlayzed us ing  o n l y  a s i n g l e  forward and a d j o i n t  r u n  f o r  each system 
response f u n c t i o n  being s tud ied.  This tremendous savings i n  computer 
t ime compared w i t h  c u r r e n t l y  used response sur face methods i s  a s t rong 
i n c e n t i v e  t o  apply  the  a d j o i n t  approach whenever poss ib le .  Second, the  
a d j o i n t  func t ions  o f f e r  s t rong phys ica l  i n s i g h t  i n t o  the  processes which 
occur i n  any p a r t i c u l a r  problem, making a p o t e n t i a l l y  black-box code some- 
what more understandable. Last, t he  same usefulness o f  s e n s i t i v i t y  coef -  
f i c i e n t s  i n  fo rmu la t i ng  a l i n e a r  pe r tu rba t i on  theory  and a theory  f o r  un- 
c e r t a i n t y  ana lys is  i s  a l s o  present.  

For more general app l i ca t i ons  several  o the r  b e n e f i t s  o f  t h e  method 
are  a l s o  apparent. For instance, t he  a d j o i n t  equat ions f o r  non- l inear  
forward problems a re  l i n e a r ,  making them eas ie r  t o  so lve.  I n  add i t ion ,  
the  form o f  these a d j o i n t  equations and t h e i r  boundary and f i n a l  condi-  
t i o n s  s t r o n g l y  resemble the  forward equations. 
poss ib le  t o  use the  same computer codes and numerical methods t o  so lve  both 
the  forward and a d j o i n t  equations. A t e s t  o f  t h i s  theory should now be 
poss ib le  w i t h i n  the  framework o f  an e x i s t i n g  thermal-hydraul ics  o r  sa fe ty  
code. 

This  makes i t  conceptua l l y  

While the  b e n e f i t s  o f  reac to r  s e n s i t i v i t y  theory appear f o r  the  most 
p a r t  t o  apply  t o  thermal-hydraul i c s  problems , some a d d i t i o n a l  compl icat ions 
must be overcome i n  t h i s  new app l i ca t i on .  The l e a s t  worrisome o f  these, 
a l though i t  s t i l l  must be d e a l t  w i th ,  i s  t h e  tendency o f  t h e  s o l u t i o n  o f  
non- l inear  equations t o  behave i n  a more non- l inear  fash ion  as a f u n c t i o n  
o f  i n p u t  parameter v a r i a t i o n .  
a l i n e a r  theory i n  pe r tu rba t i on  app l i ca t i ons .  
w i th  non- l inear  reac to r  physics problems o f f e r s ' t h e  p o s s i b i l f t y  o f  us ing 
m u l t i p l e  forward and a d j o i n t  runs and h igh  order  i n t e r p o l a t i o n  schemes t o  
map o u t  non- l inear  response surfaces. The d e r i v a t i v e s  around a s i n g l e  
design p o i n t  a v a i l a b l e  f rom a s i n g l e  a d j o i n t  run a c t u a l l y  make i t  poss ib le  
t o  more e f f i c i e n t l y  choose the  data f o r  the  new c a l c u l a t i o n s  ( i . e .  a steep- 
e s t  descent approach us ing  the d e r i v a t i v e s  t o  f rom a mult i -phase space 
grad ien t )  . 

This f a c t o r  makes i t  more d i f f i c u l t  t o  apply  
Here, however, some experience 

More o f  a problem i s  the  f a c t  t h a t  the a d j o i n t  problem requ i res  the  
s o l u t i o n  o f  t he  forward problem t o  determine i t s  i n p u t  data base. 
means t h a t  i n  a d d i t i o n  t o  sav ing the  forward problem s o l u t i o n  a t  a l l  p o i n t s  
i n  phase space, the  behavior o f  a l l  phys ica l  data which depend on t h i s  
s o l u t i o n  ( i . e .  a l l  non- l inear  data)  must a l s o  be saved as a f u n c t i o n  o f  
phase space. This means t h a t  e s s e n t i a l l y  t he  whole forward s o l u t i o n  path 
i n c l u d i n g  a l l  model changes f o r  t he  data must be saved f o r  an a d j o i n t  ca l -  
c u l a t i o n .  A t  bes t  t h i s  w i l l  be a l a r g e  bookkeeping problem and f o r  a p p l i -  
ca t ions  w i t h  some l a r g e  computer codes i t  might  w e l l  n u l l i f y  t h e  i nhe ren t  
advantages o f  the  a d j o i n t  approach. 

This  
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A f u r t h e r  problem i s  the  i n h e r e n t  d i v e r s i t y  o f  phys ica l  constants  
T h i s  r e s u l t s  i n  needed i n  a thermal-hydraul ics  o r  s a f e t y  c a l c u l a t i o n .  

a l a r g e  number o f  terms o f  d i f f e r i n g  form i n  t h e  expression f o r  t h e  sen- 
s i t i v i t y  c o e f f i c i e n t .  
physics app l i ca t i ons ,  t he  thermal-hydraul ics  problem i s  an order  o f  magni- 
tude l a r g e r .  
and a d j o i n t  equat ions w i l l  t he re fo re  have t o  be l a r g e r .  <On t h e  r e l a t i v e  
sca le  o f  these l a r g e r  thermal-hydraul ics  and s a f e t y  codes, t h e  a d j o i n t  
approach i s  s t i l l  c o s t  e f f e c t i v e  and t h i s  s e n s i t i v i t y  code scale-up o n l y  
poses problems o f  a t h e o r e t i c a l  na ture .  
l i t t l e  d i f f i c u l t y  w i t h  t h i s  coding problem. 

Compared t o  the  expressions which a r i s e  i n  r e a c t o r  

The s e n s i t i v i t y  code t h a t  u t i l i z e s  the  r e s u l t s  o f  forward 

I n  p r a c t i c e  the re  should be 

On balance, i t  appears t h a t  t he re  w i l l  be s i g n i f i c a n t  p r a c t i c a l  
thermal-hydraul  i c s  and s a f e t y  problems f o r  which a d j o i n t  s e n s i t i v i t y  
theory can be used p r o f i t a b l y .  
d e r i v i n g  the  a d j o i n t  equat ions f o r  these more p r a c t i c a l  cases w i l l  be 
explored. An e f f o r t  w i l l  be made t o  use more symbolic n o t a t i o n s  and il- 
l u s t r a t e  the  approach f o r  t h e  case o f  adding p o i n t  k i n e t i c s  and momentum 
balance equat ions t o  the  heat  balance equat ions.  
expanded problem w i l l  more c l e a r l y  de l i nea te  those areas i n  which t h e  
a d j o i n t  theory w i l l  o r  w i l l  n o t  be successfu l .  I n  t h e  meantime p r a c t i c a l  
a p p l i c a t i o n s  w i t h  s p e c i f i c  computer codes w i l l  be undertaken t o  t e s t  t h e  
theory on a case-by-case bas is .  

I n  a f u t u r e  paper an eas ie r  approach t o  

The s o l u t i o n  t o  t h i s  
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ABSTRACT 

The adjustment of group cross-sections f i t t i n g  integral 
measurements i s  viewed as a process of uncovering theoretical 
and/or experimental negligence errors t o  b r i n g  s t a t i s t i ca l  
consistency to  the integral and different ia l  data so tha t  
they can be combined to  form an enlarged ensemble, based on 
which a n  improved estimation of the physical constants can 
be made. An approach w i t h  three steps i s  suggested and i t s  
formalism of general val idi ty  i s  developed. I n  step one, 
the data of negligence error is  extracted from the given 
integral and different ia l  d a t a .  The method of extraction 
is  based on the concepts of prior probability and information 
entropy. I t  automatically leads to  vanishing negligence 
error as the two se t s  of data are  s t a t i s t i c a l l y  consistent. 
The second step i s  to  identify the sources of negligence 
error and adjust  the data by an amount compensating the 
extracted negligence discrepancy. And i n  the l a s t  step 
the two data se t s ,  already adjusted to  mutual consistency, 
a re  combined as a single unified ensemble. 
methods of s t a t i s t i c s  can then be applied t o  reestimate 
the physical constants. A simple example is shown as a 
demonstration of the method. 

Standard 

I .  INTRODUCTION 

The adjustment of group constants f i t t i n g  integral measurements 
consists of two parts.  One i s  the calculation of the sens i t iv i ty  matrix 
relating the integral quantit ies to  the different ia l  ones. The other is  
the treatment of uncertainties and errors .  The former i s  a problem of 
reactor physics and has been formulated on relat ively sound grounds 
through the development of the theory of generalized pertubation. The 
l a t t e r  i s  largely a problem o f  application of s t a t i s t i c s  and i s  s t i l l  
re la t ively loose i n  structure.  Considerable disagreement exis ts  among 
special is ts  i n  how to  assess properly the errors of the group constants 
and adjust them accordingly. 
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In a recent paper1 by the author, the inadequacy of current 
approaches to the problem i s  pointed out and ideas of a new approach 
based on Bayesian principle and information entropy are  discussed. 
Considerable refinements and developments on these ideas have been 
carried o u t  since then. A rather complete scheme of t h i s  new approach 
i s  now established and the general formalism of the methodology worked 
out. These resul ts  will  be reported i n  this paper, as an updated 
revision of the quoted ear l ie r  work. 

My basic view of the problem and ideas of the approach are  f i rs t  
reviewed i n  Section 11. Following that  a method i s  devised to  implement 
these ideas. For c l a r i t y  of presentation, the method i t s e l f  i s  des- 
cribed fo r  a simple case. 
r e a l i s t i c  problems are subsequently worked o u t  i n  Section 111. 
simple example i s  shown i n  Section IV t o  demonstrate the method. 

Necessary generalizations of tha t  t o  
A very 

I I .  FUNDAMENTALS 

A.set of group constants calculated via a theoretical model from 
basic cross-section data, when used t o  calculate certain integral 
parameters may not agree w i t h  the experimentally measured values. The 
question is  how t o  adjust  the group constants to  new values compatible 
w i t h  the integral measurements. 
adjustment to  be made is  a consequence of the observed discrepancy. 
there is  no discrepancy, why should any adjustment be made? T h u s ,  
whatever adjustments eventually made must be deduced or inferred from 
the observed discrepancy. Therefore, the r e su l t  of data adjustment 
necessarily depends on the assessment of discrepancy by the person who 
is making the adjustment. However, since the discrepancy is never 
abso lu te  b u t  always probable i n  na ture ,  the  assessment o f  i t  i s  h i g h l y  
susceptible to one's subjective bias. 
major reasons for  the divers i ty  i n  current approaches t o  the problem. 
I w i l l  therefore f i r s t  address to this issue. 

I t  i s  important t o  notice here tha t  any 
I f  

T h i s  i n  my opinion i s  one of the 

/ ,  The discrepancy may originate i n  two different  ways: (1 )  s t a t i s t i c a l  
uncertainties,  arising from finiteness of the data ensemble; and ( 2 )  
negligence errors* arising from some negligence i n  experiments (e.g. , 
calibration) or  i n  theory (e.g. , approximations). 
due t o  the f i r s t  cause (called henceforth a s t a t i s t i c a l  discrepancy), 
i t  will decrease and  eventually disappear as the s t a t i s t i c s  improve w i t h  
more data collection. 
be corrected, although unification o f  the data se t s  can be made for  a 
reestimation w i t h i n  s t a t i s t i c a l  uncertainties. On the other hand, i f  
i t  is due t o  the second cause (called henceforth a negligence discrepancy), 
the discrepancy will always be there regardless of any improvement o f  

If  a discrepancy i s  

B u t  fo r  given data se t s ,  this discrepancy cannot 

* To avoid possible confusion, the term systematic error  used i n  r e f .  1 
i s  replaced by negligence error .  
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the s t a t i s t i c s .  However, i f  the negligence error is  uncovered and 
corrected accordingly, the discrepancy will be removed. A s t a t i s t i c a l  
discrepancy may appear among the affected parameters i n  an uncorrelated 
or correlated way, while a negligence discrepancy due to a single source 
of error  necessarily appears among the affected parameters i n  a completely 
correlated (systematic) manner. A simple example is  that  when the d i s -  
agreement between a total  cross-section (an integral measurement) and 
the sum of different ia l  cross-sections (different ia l  measurements) i s  
due to  a negligence error ,  th i s  i s  an error i n  normalization affecting 
a l l  the data by a systematic shift .  
s t a t i s t i c a l  one or not i s  usually checked by the s t a t i s t i ca l  consistency 
of the two se ts  of data: 
deviations. A s t a t i s t i ca l  discrepancy can be handled i n  a well-defined 
and straightforward way via the standard methods of s t a t i s t i c s  for  
combination and propagation of uncertainties. I t  i s  the treatment of 
negligence error tha t  bears ambiguity and i s  often disputable. I t  
shou ld  be pointed out tha t  the commonly adopted term adjustment makes 
sense only when two se ts  of data are not s t a t i s t i c a l l y  consistent so 
tha t  they need to  be "adjusted" t o  become consistent. Otherwise one 
merely puts two consistent distributions on top of each other to  make a 
reestimation based on the enlarged ensemble and nothing needs t o  be 
adjusted a t  a l l .  

Whether the discrepancy i s  a 

for example, agreement w i t h i n  standard 

Currently there are ,  generally speaking two approaches to  the 
problem of resolving the discrepancy. One293 i s  t o  regard the integral 
and different ia l  data as experimental measurements of the same physical 
constants, since the former can be related to  the l a t t e r  through the 
sens i t iv i ty  matrix. The adjustment i s  then simply done by f i t t i n g  the 
two se ts  of data simultaneously with the "adjusted" group constants. 
T h i s  approach implies tha t  the discrepancy i s  s t a t i s t i ca l  i n  nature. 
However, unless the discrepancy l i e s  w i t h i n  s t a t i s t i c a l  uncertainties, 
i t  does not seem proper to  exclude the possibi l i ty  of a negligence 
error.  Namely the two se t s  of data may not be interpreted as measure- 
ments of the same physical constants because of the possible negligence 
error  indicated by the s t a t i s t i c a l  inconsistency. With the discrepancy 
assumed s t a t i s t i c a l ,  this method shou ld  always reduce the uncertainties 
of the adjusted group constants from those of the original group 
constants because of the increase i n  data ensemble. T h i s  would not be 
reasonable i f  the two data se t s  are  n o t  s t a t i s t i c a l l y  consistent. To 
remedy this drawback, a user of the method has to  a l t e r  (enlarge) the 
covariance (or dispersion, or e r ror )  matrices of the data se t s .  
amount of a l te ra t ion ,  of course, depends again on his own assessment of 
the discrepancy. 

i s  to  use only the integral measurements in determining the adjusted 
group cross-sections. 
original group constants are  regarded as due to  some negligence error 
which is  just being corrected through t h i s  adjustment procedure. 
However, contrary to the f i r s t  one, this method would not be appropriate 
i f  the discrepancy does l i e  w i t h i n  the s t a t i s t i c a l  uncertainties, 

The 

Another adopted approach4, somewhat counter to  the preceding one, 

The differences between the adjusted and the 
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because i t  then does no t  use i n  t h i s  case a l l  o f  t h e  cons is ten t  data.  
Furthermore, s ince  t h i s  method cannot apply  t o  the  case o f  having more 
group constants t o  be adjusted than i n t e g r a l  parameters being f i t t e d  t o ,  
one has t o  decide on which subset o f  t h e  group constants i s  respons ib le  
f o r  t h e  discrepancy. The o ther  de f i c iency  o f  the method i s  t h a t  i f  t h e  
i n t e g r a l  measurements c a r r y . l a r g e  u n c e r t a i n t i e s  the  deduced adjustments 
may be u n r e a l i s t i c a l l y  la rge .  

The approach t h a t  I s h a l l  suggest i s  based on the  view t h a t  because 
o f  t h e  probable r a t h e r  than absolute na ture  o f  t he  discrepancy, t he  
assessment o f  it, which d i r e c t l y  a f f e c t s  t h e  subsequent adjustment, 
should make use o f  as much as poss ib le  s t a t i s t i c s  p r i n c i p l e s  so t h a t  
sub jec t i ve  b ias  may be reduced. 
i n fo rma t ion  es tab l i shed p r i o r  t o  the  under tak ing o f  data adjustment i s  
c e r t a i n l y  n o t  regarded as a b ias  and should by a l l  means be inc luded 
i n t o  the  data t o  s t a r t . )  
comprising both o f  t he  two preceding methods as l i m i t i n g  cases i n  the  
proper respec t i ve  l i m i t s .  
th ree  steps. 
"data" o f  negl igence discrepancy. The second i s  t o  t r y  t o  understand 
where t h i s  ex t rac ted  negl igence e r r o r  may come from, namely t o  i d e n t i f y  
t he  sources o f  the  e r r o r  ( t h e o r e t i c a l  o r  exper imental) .  
negl igence e r r o r  has been expla ined away (cor rec ted  f o r )  , the i n t e g r a l  
and d i f f e r e n t i a l  data a re  necessar i l y  i n  s t a t i s t i c a l  agreement. They 
can now be i n t e r p r e t e d  as measurements o f  t h e  same constants.  Step 
th ree  i s  t he re fo re  t o  u n i f y  the  two cons is ten t  sets  o f  i n t e g r a l  and 
d i f f e r e n t i a l  data by the  standard method o f  data combination. The 
outcome o f  s tep two must bear u n c e r t a i n t i e s  l a r g e r  o r  equal t o  those 
o f  t he  income, w h i l e  the  outcome o f  s tep  th ree  must be l ess  unce r ta in  
than those o f  t he  income. 
w h i l e  s tep  two i s  most ly  a problem o f  physics r a t h e r  than mathematics. 
Since negl igence e r r o r s  and s t a t i s t i c a l  u n c e r t a i n t i e s  a r e  due t o  
d i f f e r e n t  causes, a separat ion o f  t he  two helps i n  s o r t i n g  o u t  entangle- 
ment and i n  de f i n ing  the  r i g h t  problem. 
e r r o r  t h a t  can be corrected, n o t  t h e  s t a t i s t i c a l  u n c e r t a i n t i e s  which 
cannot be improved u n t i l  more da ta  a r e  co l l ec ted ,  one may r u n  i n t o  t h e  
t r a p  of i n t roduc ing  a f i c t i t i o u s  c o r r e c t i o n  t o  compensate f o r  poor 
s t a t i s t i c s  if the  two a r e  n o t  handled separate ly  as suggested here. 

(It goes w i thou t  saying t h a t  a d d i t i o n a l  

It w i l l  be seen t h a t  my method tu rns  ou t  

I n  my approach o f  data adjustment the re  a re  
The f i r s t  i s  t o  e x t r a c t  f rom the  g iven data an est imated 

A f t e r  t h e  

Steps one and th ree  i n v o l v e  o n l y  s t a t i s t i c s ,  

Since i t  i s  t h e  negl igence 

To work o u t  t he  bas ic  fo rmu la t i on  o f  the  problem, we f i r s t  cons ider  
f o r  convenience and c l a r i t y  a very s imple case. 
independent experiments at tempt ing t o  measure t h e  same phys ica l  parameter. 
I f  the  two repo r ted  data, y + 6 and x 5 6x a re  n o t  cons i s ten t  w i t h i n  
t h e i r  standard dev ia t i ons  despi!e t h e  c la imed s u f f i c i e n c y  o f  s t a t i s t i c s ,  
one would t h i n k  t h a t  t he re  i s  some negl igence e r r o r ,  which may be caused 
by some negl igence i n  e i t h e r  one o r  both o f  t h e  experiments. We s h a l l  
consider t h e  ques t ion  o f  how t o  est imate t h i s  negl igence e r r o r ,  5 6  

Le t  the re  be two 

w i t h  no o the r  in fo rmat ion  than the  g iven data. g '  

F i r s t  - o f  a l l ,  we have no d i r e c t  measurement (data)  o f  t he  negl igence 
e r r o r  g. From the  r e p o r t e d d a t a ,  we can deduce the  d i f f e r e n c e  between 
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them as g = y - x w i t h  an unce r ta in t y  o f  6 g  = ( 6 :  + 6 $ ) l l 2 .  However, 
+ 6 cannot be i d e n t i f i e d  w i t h  f u l l  conf idence as a measurement of 

t he  negl igence e r r o r .  
s t a t i s t i c a l l y  cons i s ten t  and we have no evidence zt a l l ,  based on t h e  
data ava i lab le ,  t h a t  t he re  e x i s t s  an e r r o r .  The quest ion o f  negl igence 
e r r o r  would no t  a r i s e  i n  such a case a t  a l l  and we should the re fo re  
- conclude w i t h  f u l l  conf idence t h a t  t he re  i s  no negligence e r r o r ,  namely 
g &xg = 0 + 0 ins tead o f  g - + 69. However, i f  I g l  >> 6g, i t  would seem 
reasonable t o  regard g 5 6 as a measurement o f  & Tg. I n  t $ i s  sense 

r e l i a b l e  tFe con jec ture  i s  depends on how s i g n i f i c a n t  t he  d i f f e r e n c e  i s  
between the  repor ted  data.  Since the  conjectured data i s  a l l  what we 
have f o r  es t imat ing  c + S  , we have t o  have a method o f  i nco rpo ra t i ng  
i n t o  the  es t imat ion  proce iu re  the  r e l i a b i l i t y  o f  the  conjecture.  
the  data g were a genuine measurement o f  g we would have t h e  data 
d i s t r i b u t i o n  f u n c t i o n  as 

9 -  g 
The reason i s  t h a t  i f  l g l  < t he  two data a re  

we c a l l  g + 6g the  "conjec ? ured data" o f  t he  negligence e r r o r .  How 

If 

and cou ld  s imply apply t h e  maximum l i k e l i h o o d  p r i n c i p l e  t o  p ( g [ s )  t o  
est imate S.  
we assume a p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  o f  B as the  f o l l o w i n g  

To take  i n t o  cons idera t ion  t h e  r e l i a b i l i t y  o f  t h e  con jec ture  

which peaks a t  S = 0, namely zero negl igence e r ro r ,  
dence parameter measuring the  sub jec t i ve  conf idence 

w i t h  A as a c o n f i -  
on non-negligence. 

The ac tua l  d i s t r i b u t i o n  f u n c t i o n  o f  the  data g i s  then g iven by the  
j o i n t  d i s t r i b u t i o n  f u n c t i o n  o f  g and g a s  

The va lue o f  t he  conf idence parameter A i s  a p r i o r i l y  unknown and should 
be determined i n  such a way t h a t  i t  r e f l e c t s  on t h e  r e l i a b i l i t y  o f  t h e  
conjectured data, namely the  r e l a t i v e  va lue o f  l g l  and 6g. 
A should t u r n  ou t  small so t h a t  t he  es t imat ion  o f  g i s  dominated by t h e  
h i g h l y  s i g n i f i c a n t  ( t h e r e f o r e  r e l i a b l e )  conjectured da ta .g  5 69. 
o ther  hand f o r  l g l  5 6g, A should approach i n f i n i t y  so t h a t  zero n e g l i -  
gence e r r o r  i s  guaranteed through the  complete dominance o f  t h e  assumed 
d i s t r i b u t i o n  p(7jlA). 
p r i o r  d i s t r i b u t i o n  i n  Bayesian s t a t i s t i c s 5 ,  except t h a t  A i s  t o  be 
determined p o s t e r i o r l y .  The choice o f  a normal d i s t r i b u t i o n  f o r  p (g lA )  

I f  I g l  >> 6g, 

On the  

There i s  an obvious resemblance o f  p (B l1 )  t o  t h e  

* It w i l l  become c l e a r  w i t h  eq. (10) t h a t  g f 6 
as an independent data f o r  any cons is ten t  ca lcusat ion .  

i t s e l f  cannot be used 
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was argued i n  re f .  1 w i t h  t h e  idea o f  i n fo rma t ion  entropy, where A can 
be regarded as a Lagrange m u l t i p l i e r .  
the  Appendix f o r  completeness. 
p o s t e r i o r l y  j u s t i f i e d  by i t s  convenience i n  use and the  s u r p r i s i n g l y  
s imple y e t  very  reasonable r e s u l t s  i t  leads to .  
recognize t h a t  t h i s  choice o f  p(q1A) s a t i s f i e s  t h e  requirement o f  t he  
formulat ion,  eq. ( 3 ) ,  being i n v a r i a n t  under any 1 i nea r  t rans format ion  
o f  t he  va r iab le ,  which, a l though looks  t r i v i a l  i n  t h i s  very s imple 
example of on ly  one va r iab le ,  becomes an impor tant  c o n d i t i o n  i n  t h e  
case o f  m u l t i - v a r i a b l e s  i n  Sect ion 111. 

This  argument i s  reproduced i n  
This  choice f o r  p(?JlA) w i l l  a l so  be 

It i s  impor tant  t o  

I n  the  j o i n t  d i s t r i b u t i o n  p(g,glA) o f  eq. (3 ) ,  g and S are  random 
var iab les  and A i s  a parameter. 
determined by app ly i  ng the  maximum 1 i kel  i hood p r i  n c i  p l  e t o  p (g  ,?jl A). 
However, on l y  g i s  known and 
depends on t h e  choice o f  A. 
o f  ?j by i n t e g r a t i n g  p(g,?Jlh) over  
t o  determine the  most probable value, A, o f  the  conf idence parameter, A .  
A more formal way o f  present ing t h i s  i s  t o  use Bayes theorem5 and r e -  
arrange eq. (3 )  t o  the  f o l l o w i n g  form: 

I f  both g and g w e r e  given, A cou ld  be 

i s  t o  be estimated, t he  outcome o f  which 
We the re fo re  consider  a l l  poss ib le  values 

t o  - f i n d  p(g lA) ,  which can be maximized 

P(gYTlA) = P(!3lF)P(FIA) = P(FlgYA)P(glx)  ( 4 )  

where 

i s  the  d i s t r i b u t i o n  f u n c t i o n  o f  f o r  a g iven g 

3 

and A ,  and 

3 

i s  t he  d i s t r i b u t i o n  f u n c t i o n  o f  g f o r  a g iven conf idence parameter A. 
The most probable va lue X o f  t h e  conf idence parameter i s  determined i n  
terms o f  g and 6 
p(g1A). The d i s k b u t i o n  f u n c t i o n  p(g lA)  regarded as a f u n c t i o n  o f  A 
f o r  a g iven  g has two maxima as shown i n  F ig.  (1) .  One i s  a t  A = X 
where X i s  g iven  by t h e  c o n d i t i o n  

by app ly ing  the  maximum l i k e l i h o o d  p r i n c i p l e  t o  

o r  
- 

and the  o the r  being asymptot ic a t  A = a. 
absolute maximum. 
t h e  asymptot ic maximum a t  A = 03, and f8r I g l  

I f  l g l  > 6 , A = A i s  t he  
As l g l  approaches 6 t he  maximum i t  X approaches 

6g i t  disappears f rom 
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the positive x region and moves into the unphysical negative X region. 
T h u s ,  f o r  l g l  < 6 the absolute maximum switches to  A = 01. 

9’ 

A 
Figure (1 )  

The most probable value of the confidence parameter i s  therefore given by 

This resu l t  i s  remarkably simple and i n  the limits of 191 2 6 and 
Igl >> 6g gives exactly what we hope for .  

both the x2-value of p (g  A )  of eq. (6) and the minimum x -value of 
p ( g , g l h )  of eq. ( 4 )  equal t o  exactly one. !de will see i n  Section I I I  
that  for  the multi-variable case these X2-values will always turn ou t  
equal t o  the number of degree o f  freedom. Thus  the method of determining 

9 

I t  i s  worth pointir out that  the condition on x, e?. (7a) ,  makes 
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- x by magimizing the  l i k e l i h o o d  f u n c t i o n  o f  p ( g l h )  i s  cons i s ten t  w i t h  a 
x - t e s t  on t h e  proposed d i s t r i b u t i o n  f u n c t i o n  p(g,glX).  

e r r o r  ex t rac ted  can be t r e a t e d  c o n s i s t e n t l y  as an independent q u a n t i t y  
i n  data adjustment. More s p e c i f i c a l l y ,  l e t  us consider  as an example 
the  case when y 5 i s  be l ieved t o  be a more r e l i a b l e  data and any 
poss ib le  negl igence e r r o r  i s  a t t r i b u t e d  t 9  th? measurement of x + 6x. 
We then t ry  t o  a d j u s t  the  data x 5 6, t o  x - + 6, by adding 

2 

A very impor tant  advantage o f  t h i s  approach i s  t h a t  t he  negl igence 

& Tg-to i t , 

x = x + g =  1. 
2 2  52.L) 

(Y-XI 

( l o a )  
o therwise 

2 2 1 /2  
f o r  IY-x 1L(6x+6yY) 

2 1 /2  - "1 

otherwise 

( l o b )  c 
I t  i s  a consis tency check t h a t  when 1~ - X I  5 (6' + 62)1/2, namely no 
s t a t i s t i c a l  inconsis tency,  x = x and 6, = 6,. 
t he  case had we used g 5 6 
To check f o r  cons is tency t a a t  t h e  ad jus tea  da ta  x + 6x i s  always i n  
agreement w i t h  the  o ther  data y 2 6y, we c a l c u l a t e t h e  d i f f e r e n c e  between 
the  two, 

T h s  d u l d  n o t  have been 
ins tead o f  t~ + Tg as-the-negl igence e r r o r .  

It i s  easy t o  see t h a t  It1 < 6 . Now t h a t  t h e  adjusted da ta  
s t a t i s t i c a l l y  cons i s ten t  wiTh 
measurements o f  t h e  same phys ica l  parameter. They can thus be combined 
f o r  an es t ima t ion  o f  the  va lue of t he  phys ica l  parameter as 

+ ix i s  
5 6y, we can regard them as two- 

(12a) 

6 * I n  response t o  t h e  work o f  r e f .  1 , Gandini 
n a t i o n  of x, a x2- tes t ,  however apparent ly  n o t  t o  t h i s  proposed d i s t r i -  
b u t i o n  f u n c t i o n  p(g ,gl A). 

suggested f o r  t h e  determi-  
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2 - 2  1 /2  6 = i 6 / ( 6 y  + 6 x )  
P X Y  

2 The most severe adjustment occurs as Iy - X I  >> (6, + 6:)'/2 i n  which 
J .. 

case we have 

2 2 1 / 2  i + i 2 + (26, + (Sy) - x y -  

Now t h a t  we have completed step one of extracting the "data" of 
the negligence discrepancy, we consider next step two of w h a t  t o  do 
w i t h  i t .  Obviously one should t r y  t o  analyze a l l  sor ts  of poss ib i l i t i es  
in an attempt to  explain away the negligence discrepancy. This, as 
remarked before, i s  mainly a problem of physics rather than mathematics, 
and is  basically common to a l l  d i f ferent  approaches to  data adjustment. 
I t  will involve complicated and painstaking analyses, as much as 
possible, of a l l  experimental d a t a  and theoretical models used. 
t h i s  sense my approach i s  not real ly  of any fundamental confl ic t  t o  
other suggested or adopted approaches. 
single out step one and three specif ical ly  and suggest a different  route 
on the treatment of s t a t i s t i c s  involved.) The laborious exploration of 
the sources of negligence error may end up w i t h  one o f  the following 
results. The f i r s t  one i s  that  a source is discovered and the correction 
can be expl ic i t ly  calculated. I n  t h i s  case one simply adds i n  the 
corrections to  remove the negligence discrepancy. The other possibi l i ty  
is  that  a source of error  i s  identified b u t  one cannot compute the 
correction expl ic i t ly  or estimate i t  accurately. 
meterize the correction due to  the identified or highly suspected source 
of error ,  f i t  i t  to the extracted data of negligence discrepancy and 
subsequently remove i t  from the data. 
a f t e r  a l l  these e f for t s ,  none of the sources can be identified.  T h i s  
i s  unlikely to  happen and we real ly  should not stop u n t i l  something is  
found. However one s i tuat ion may actually occur i n  practice. Namely 
a f t e r  a l l  the e f for t s ,  s t i l l  some negligence discrepancy i s  l e f t  
unexplained; and one knows that  whatever negligence l e f t  must be asso- 
ciated w i t h  a certain subset of the data because they are  particularly 
d i f f i c u l t  t o  check and a l l  the other data have been carefully examined. 
In such a case one would assign the negligence discrepancy to  the 
"unclean" subset and adjust  the subset i n  the way described i n  eq. (10).  
A particularly l ikely case i s  that  when a l l  the integral experiments 
have been examined very carefully w i t h o u t  any error uncovered and no 
obvious mistake i n  any different ia l  experiment has been noticed. Then 
the error must be in theory, e i ther  i n  the group constant calculation 
or  the sens i t iv i ty  matrix calculation. B u t  one may n o t  have any better 
theoretical model or computational approximation available than what i s  
used. I n  t h i s  case we can adjust  the group constants as described i n  

( In  

The main difference i s  tha t  I 

Then we can para- 

The l a s t  possibil i ty i s  that  
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eq. (10) and de f i ne  the  adjusted group constants as the  fudged group 
constants associated w i t h  the  t h e o r e t i c a l  model o r  approximat ion.  These 
fudged group constants should o f  course be updated when b e t t e r  models o r  
more data become ava i l ab le .  

A f t e r  a l l  t h e  adjustments* ( co r rec t i ons )  o f  t h e  data a re  done so 
t h a t  t h e  induced adjustments f i t  t h e  ex t rac ted  data o f  negl igence d i sc re -  
pancy t o  a s t a t i s t i c a l l y  accepted l e v e l ,  namely o f  a x2 smal le r  than the  
number o f  degree o f  freedom, a l l  i n t e g r a l  and d i f f e r e n t i a l  data a i e  now 
s t a t i s t i c a l l y  cons is ten t .  One can then make a f u r t h e r  adjustment by 
s imply u n i f y i n g  a l l  t he  data and rees t imate  the  bes t  values o f  t h e  para- 
meters as descr ibed i n  eq. (12).  Th is  l a s t  s tep  i s  undisputable and 
s t ra igh t fo rward ,  and w i l l  no t  be discussed here. 

111. GENERAL METHODOLOGY 

Now we consider  necessary genera l i za t i ons  o f  t he  above adjustment 
procedure t o  a r e a l i s t i c  s i t u a t i o n ,  where we have 

G '  o r  G: a m component vec to r  o f  group constants,  G '  being the  
v a r i a b l e  and G t h e  data, 

Q: a m by m p r e c i s i o n  matr ix**  associated w i th  G, 
I :  a k component vec tor  o f  i n t e g r a l  measurements, 
R :  a k by k p r e c i s i o n  m a t r i x  associated w i t h  I ,  
S: a k by m s e n s i t i v i t y  m a t r i x  t h e o r e t i c a l l y  r e l a t i n g  

t h e  group constants t o  t h e  i n t e g r a l  measurements. 

L e t  g be t h e  m-component vec to r  of "conjectured data' ' o f  t h e  n e g l i -  
gence discrepancy. 
G and I can be w r i t t e n  as 

The j o i n t  p r o b a b i l i t y  dens i t y  p(g,G' IG,I) f o r  g iven 

1 p(g,G'IG,I)a exp - F [ ( S ( g +  G ' )  - I )TR(S(g+ GI)  - I )  + (GI - G)TQ(G' - G ) ]  

(14) 

From which one .can der ive,  by us ing  Bayes Theorem p(g,G') = p(G' Ig )p(g) ,  
t h e  p r o b a b i l i t y  dens i t y  p(glG,I)  as 

T T  -1 T p(gIG,I)a exp - 3 [ (S(g  + G) - I )T (R  - R S ( S  RS + Q) S R)(S(g + G) - I ) ]  

* The adjustment i n  s tep  one i s  r e a l l y  co r rec t i on ,  w h i l e  i n  s tep  th ree  
i t  i s  r e a l l y  u n i f i c a t i o n  o f  cons i s ten t  data and should no t  be c a l l e d  
adjustment. 

**A p r e c i s i o n  m a t r i x  i s  t he  i nve rse  o f  t h e  covar iance o r  e r r o r  o r  
d i spe rs ion  ma t r i x .  

(15) 
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From th is  probability function one can deduce the conjectured data and 
i t s  precision matr ix  as 

%-l T g = R  S R I - G  
'L 'L'L v = R - R ( R  + Q ) - %  

where 

i s  a m by m matr ix ,  which i s  not reversible i f  k < m because of the S 
being a non-squar matrix. For the moment we will ignore the non- 

of the method. 
i n  eqs. ( 1 )  and ( 2 )  a re  now generalized to  

inversabili ty of 8 for  k < m and l a t e r  j u s t i fy  the general appl icabi l i ty  
The two probability density functions p ( g l g )  and p(T1A) 

The route of generalizing p(pl~)  i s  chosen to  preserve the invariance of 
the (posterior) j o i n t  distgibution p ( g l T ) p ( g l A )  under any l inear  trans- 
formation of the variables . The most probable value of A and the best 
estimate 7 j  w i t h  i t s  precision matrix v are  found i n  complete analogy t o  
eqs. ( 7 )  and ( 9 )  of the previous case of a single variable as 

( 2 W  T 
- 

A n = ( m ) ( g  VS) 
or 

(22)  

( 2 3 )  

- 
g = g / ( 1  + XI = (1  -n (gTvg) - ' )g  

v = (1  + X>V = V / ( I  -n(gTvg)- ' )  
- 

T where n i s  the rank of the matrix V and g Vg > n i s  assumed. 
gTVg < n ,  X is  inf in i te .  
c ia tea  w i t h  e i ther  the group constants G or the integral measurements I .  
I n  the l a t t e r  case one simply redefines the m-component vector g by 
multiplying i t  w i t h  the sens i t iv i ty  matrix S t o  transform i t  t o  a 
k-component vector, 

If  
The negligence discrepancy, g ,  may be asso- 

g = I - S G  (24) 

* The function p(glX) suggested i n  re f .  1 does n o t  include V .  
fomulation i s  therefore not invariant and should be revised t o  th i s  
one. 

That 
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S i m i l a r l y ,  t he  m by m p r e c i s i o n  m a t r i x  V i s  a l so  transformed t o  a k by 
k one, 

And t h e  r e s t  o f  t h e  formulae remain t h e  same. 
v = R - RS(R + Q ) - ' s ~ R  (25) 

I f  t h e  negligence e r r o r  i s  i n  I, we see from eqs. (24) and (25) 
I n  t h i s  case t h a t  no i nve rs ion  o f  any s i n g u l a r  m a t r i x  i s  invo lved.  

whether m < k o r  m > k i s  i r r e l e v a n t .  However, i f  t h e  negligence e r r o r  
i s  i n  G ,  we see i n  eq. (16) R-1 i s  s ingu la r  and thus undefined f o r  m > k. 
I n  such a case we a re  fac ing  the  problem o f  having m group cross-sections 
sub jec t  t o  consistency cor rec t ion ,  w h i l e  the re  a re  on ly  k l e s s  than m 
cons t ra in ts .  How do we s e l e c t  t he  G I s ?  Obviously the re  i s  o n l y  a sub- 
space o f  G ,  spaced by t h e  k l i n e a r  combinations o f  G I s  s p e c i f i e d  by the  
s e n s i t i v i t y  m a t r i x  S, t h a t  can be a f f e c t e d  by the  consistency check. 
The quest ion i s  then how t o  de f ine  the  o ther  m - k l i n e a r  combinations. 
Th is  leads t o  t h e  quest ion o f  d e f i n i n g  o r thogona l i t y  cond i t ions ,  which 
i s  equ iva len t  t o  ma t r i x  d iagona l iza t ion .  We see i n  e . (17) t h a t  both 

zero eigenvalues w h i l e  Q having a l l  p o s i t i v e  eigenvalues. The diago- 
n a l i z a t i o n  o f  each o f  the  two i s  unique on ly  i f  we r e s t r i c t  t h e  
d iagona l iz ing  m a t r i x  t be orthonormal. However w i t h  an orthonormal 

because t h e  two i n  general do no t  commute. But  i f  we do n o t  use an 
orthonormal d iagona l iz ing  mat r ix ,  t h e  two can be d iagonal ized simul- 
taneously and uniquely .  Th is  unique t ransformat ion i s  then t h e  one t o  
de f i ne  t h e  p j $ e r  m - k l i n e a r  combinations o f  t he  m G I s .  F i r s t  o f  a l l ,  
Q1/* and Q' can be un ique ly  de f ined because Q i s  a r e a l  symmetric and 
p o s i t i v e  d e f i n i t e  ma t r i x .  Th is  can be e a s i l y  seen by d 'agona l iz ing  Q. 
Thus we can t ransform Q t o  t h e  u n i t  m a t r i x  by us ing Q t h e  t rans-  

which i s  again a r e a l  symmetric mat r ix .  Now we can d iagona l ize  Q-'/2# 
Q-1/2 and t h e  u n i t  m a t r i x  simultaneously. 
unique and t h e  t rans format ion  mat i x  i s  orthonormal, namely the  or tho-  
normal m a t r i x  d iagona l i z ing  Q-1/2fiQ-1/2. Therefore both ?! and Q can 
be d iagonal ized by t h e  unique m a t r i x  D such t h a t  

r e a l  symmetric matr ices 1 and Q can be diagonalized, w having m - k 

d iagona l iz ing  ma t r i x ,  w and Q cannot be d iagonal ized simultaneously 

format ion ma t r i x .  Under t h i s  t rans format ion  goes t o  Q -772$Q-1/2 

This  d iagona l i za t i on  i s  

-1 T (D  QD-' = u n i t  m a t r i x  

( D - l  )TRD-' = r, a diagonal m a t r i x  w i t h  (26b) 
m - k zero eigenvalues 

where 
1/2 D = UQ 

un i  ue orthonormal m a t r i x  d iagona l i z ing  the  symmetric m a t r i x  and is Q- f7&Q-192 

Applying t h e  t rans format ion  D t o  G renders the  p r e c i s i o n  m a t r i x  V 
i n  eq. (17) t o  t h e  diagonal from r / ( l  + r) which vanishes i n  t h e  sub- 
space spanned by the  l a s t  m-k vectors of  D. The t rans format ion  w i l l  a l s o  

5 
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remove the singularity of R-' i n  eq. (16) and leave the l a s t  k - m 
components of Dg f i n i t e  b u t  undetermined. 
new bases Dg, the probabi 1 i ty  densit ies p (  Dg I Dg) and p(  Dgl A )  transformed 
from eqs. (19) and (20) will cover only the subspace spanned by the 
f i r s t  k components of Dg and Dg. The  l a s t  m - k components disappear 
from p(Dg1Qg) and p(Dg1A) entirely.  T h u s  ye reach $he conclusion that  
i f  we use G = DG as the bases, then only (G1,G2, ... G k )  will be related 
to  the k integral measurements. All the other e ' s  are  completely 
decoupled from 1 ' s  and t h u s  carry no information a t  a l l  on the negligence 
discrepancy . 

Therefore i n  terms of the 

In step two, i f  we need t o  parametrize a correction on G for  a 

In tha t  case i n  addition to  f i t t i n g  the parametrized 

certain identified source of negligence error  t o  f i t  the data of negli- 
gence dispepancy, the parametrization may unavoidably a f fec t  the l a s t  
m - k of G I s .  
correction to  the negligeFce discrepancy Dy, we mus t  a t  the same time 
f i t  t o  the l a s t  m - k of GIs. 
removed, a l l  of the GIs will be unified with the integral measurements 
for  a f inal  reestimation of the group constants. If  the parametrized 
correction is made on I ,  there is  no complication because no inversion 
of any singular matrix is  encountered. 

After the negligence discrepancy is 

IV. EXAMPLE 

To get more i n s i g h t  of the method of Section 111, we demonstrate 
i t  by expl ic i t ly  working o u t  a very simple example. Measurements of 
partial  cross-sections, amo - + E,,,, a re  checked by a measurement of the 
total  cross-section no + E .  For simplicity we assume only two ao and 
tha t  the theoretical reiation between the integral and different ia l  
data is  simply n = a1 + a2. I f  we f i n d  tha t  

there i s  an indication of some negligence error.  The  experimentalists 
believe t h a t  the total  cross-section experiment is  very clean and the 
par t ia l  cross-section experiment is  subject t o  possible errors i n  
identifying different  nuclei, missing counts o f  multi-body events, too 
h i g h  an energy threshold i n  a detector for  certain reactions and so on. 
The negligence error  is t h u s  most l ikely i n  the partial  cross-sections. 
We then have the problem of having two data to  adjust ,  while there is 
only one constraint. We shall t ry  t o  extract  the negligence discre- 
pancy and cas t  i t  in to  the diagonal representation. 

Using the notions of Section 111, we have 

* T h i s  separation of the to t a l  space in to  two "orthogonal" subspaces 
also f a c i l i t a t e s  the handl ing o f  negligence errors i n  both G and I 
simultaneously. 
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s = ( l y  1 )  

To work ou t  the d i  
diagonalizing Q-1&Q-1/2, which from eq. (18) equals 

onalizing matrix D = u Q ' l 2 ,  we f i r s t  calculate u by 

The orthonormal matrix u i s  easi ly  found as 

and D as 

Applying this transformation of bases t o  the quantit ies i n  eq. (29), 
we readily find the i r  redefined transformed forms as 

G = ( E ~  2 + 2)-1/2 (JJl O + 9 / E l  u2° + UZ0 +E2 )i Q = (a p) 
2 (33) 

I = Q 0  ; R = 1 / ~  
s = ( ( E ,  2 + E 2 2 ) 1 y  0)  

P l u g g i n  the above redefined quantities in to  eq. (18) the redefined 
matrix 1 is  equal t o  
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The conjectured data of negligence discrepancy and its precision matrix 
in this new representation are, from eqs. (16) and (17), 

9 =  
undetermined 

I \ fi ni te constant 
(35) 

where A and 6 are defined in eq. (28). Since the second component of g 
in eq. (35) is undetermined yet finite with a zero precision as shown 
in eq. (36), only the linear combination a,' + u O can sense any 
negligence discrepancy. This is a trivial resulf. What is not trivial 
is that the other linear combination in G of eq. (33) i s  uni uel specified 
by the diagonalization. Now we can substitute eqs. (35) an bt3-f! 6 into 
eqs. (21) to calculate the confidence parameter X 

where n equals one because the rank of V is one. 
out that because of the invariance of the formulation of the method 
under linear transformations, built in via the prior probability 
p(g1h). Had we 
used the original definition of G, we would have still obtained the 
same result. 

It should be pointed 

The value of X is independent of the bases chosen. 

Finally, we obtain the data of negligence discrepancy as 

where 1 ~ 1  - > 6 is assumed otherwise both of them vanish. 
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APPEND I X 

Here we shall present the argument for the proposed prior probability 
of eq. (2) based on the concept of information entropy. 
in information theorx (Shanon's theorem7) states that under rather 
general requirements of an appropriate definition of a measure of 
information, such as additivity and continuity, the existence and 
uniqueness of the measure can be proven. 
information entropy, is shown to be 

A basic theorem 

This unique measure, called 

i SI = -I P. Rn P 
1 i 

where i stands for the ith outcome. (A nice discussion of the theorem 
is given in the book by Khinchin8.) The most unbiased and therefore 
most reasonable probability distribution function is obtained by maxi- 
mizing this information entropy SI. If no information is available at 
all, maximizing SI gives a uniform distribution independent of i. 
However, if there is information available (either theoretical or 
experimental ), the information is imposed mathematically as auxiliary 
constraints. 
unbiased probability distribution function compatible with the con- 
straints. 
value F of a quantity f is measured 

And SI is maximized conditionally to give the most 

An especially interesting case is when the expectation 

<f(x)> = I Pi f(xi) = F 
i 

The conditional maximum leads to 

Pi = P(xi) = normalization exp[-xf(xi)] (A3 1 

where X is the Lagrange multiplier that can be determined through eq. 
(A2) in terms of the expectation value F. A familiar example of this 

system, X turns out to be l/kT and P(Xi) the partition function of the 
familiar Maxwellian form. For further discussions and illustrations, 
readers are suggested to consult references 9,10 and 6.There is a well- 
known ambiguity as one goes from a discrete distribution to a continuous 
one; namely, the prior distribution may not invariant with respect to 

case by requiring the (posterior) joint probability distribution 
p(g,glX) be invariant under linear transformations. This is actually 
an unavoidable consistency condition on the formulation of the method. 

~ case is classical statistical mechanics where f is the energy of a 

transformation of its distribution variables R . This is resolved in our 

In the auxiliary condition, eq. (AZ), if we keep specifying higher 
order moments, the result will be like expanding the logarithm of the 

* It is crucial for the proof that the least informative distribution 
is defined to be the uniform one. 
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probability function in a Tayler series. 
way of constructing a probability function in terms of its moments. 
Usually the importance (in informativeness) of the moments is to 
decrease with the order of the moments. The moments can only be 
determined posteriorly when measurements are taken. 
idea to the prior probability distribution for the negligence discre- 
pancy. 
to the data. 
dence on non-negligence, the mean value of gmust be set at zero to mean 
non-negligence. 
depends on how consistent statistically the two sets o f  data are and 
therefore is a priorily unknown. 
<(?j - 0)2> = D, the moment D is an unknown parameter. 
unbiased distribution is therefore according to eq. (A3) 

Thus, we could regard it as a 

Now we apply this 

Since the prior probability p(glX) represents our confi- 
The second moment indicates our confidence, which 

Thus in the auxiliary condition, 

Let us assume that only the first two moments will be sensitive 

The most 

which is eq. (2). 
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SENSITIVITY THEORY FOR DEPLETION ANALYSIS* 

M. L. Williams, J. R. White, J. H. Marable, E. M. Oblow 
Oak Ridge National Laboratory 
Oak Ridge, Tennessee, USA 

ABSTRACT 

This study discusses a general perturbation theory for 
two of the common approximations used in burnup analysis. 
this text these types are called the uncoupled and the coupled 
formalisms. The distinction lies in how the interaction 
between the nuclide and neutron fields is treated. It is 
shown that based on the coupled approximation three adjoint 
equations (for the flux shape, the flux normalization, and the 
nuclide density) are required to fully develop a perturbation 
theory which accounts for the coupled variations in the neu- 
tron and nuclide fields, arising from variations in initial 
conditions and nuclear data. The adjoint equations are derived 
in detail using a variational principle. 

In 

A sensitivity methodology is established which seeks to 
estimate the change in various computed quantities when the 
input parameters to the burnup calculation are varied. The 
perturbation expressions are used to define sensitivity 
coefficients for responses that depend on the coupled inter- 
action between the neutron and nuclide fields. The relation 
between coupled and non-coupled sensitivity theory is illustrated. 

I. INTRODUCTION 

The area of nuclear engineering known as burnup analysis is concerned 
with predicting the long-term isotopic changes in the material composition 
of a reactor. Analysis of this type is essential in order to determine 
optimum fissile loading, efficient refueling schedules, and a variety of 
operational characteristics that must be known to ensure safe and economic 
reactor performance. Burnup physics is unique in that it is concerned not 
only with computing values for the neutron flux field within a reactor 
region, but also with computing the time-dependent behavior of the nuclide- 
density field. 
linearly, and solving the so-called burnup equations is quite a formidable 
task which must be approached with approximate techniques. 

*Research sponsored by the U.S. DOE Division of Reactor Research and 

In general the flux and nuclide fields are coupled non- 

Technology under contract W-7405-eng-26 with the Union Carbide Corporation. 
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It is the purpose of this paper to summarize the development of 
various methodologies that allow extension of sensitivity theory to 
include depletion analysis. 
cations can be found in the list of references. 

Details of different derivations and appli- 

The specific approaches discussed in the present study are the time- 
continuous, coupled case; the uncoupled case; and the time-discontinuous 
coupled case. 

11. THE NONLINER SYSTEM OF BURNUP EQUATIONS 

The purpose of this section is to review the burnup equations, 
expressing them in the operator form which will be followed throughout 
this study. We are interested in the interaction between the neutron 
flux field and the nuclide density field, both of which change with time 
and both of which influence the other. 

A material reactor region is completely described by its nuclide 
density vector, which is defined by 

- N(1,t) = (Ni(G,t), N2(G,t), ..., Nn(G,t)) (1) 

where N. (?,t) = atom density of nuclide i at position 1 and time t. 
1 

While in operation, the reactor volume will also contain a population 
of neutrons whose distribution is described by the neutron flux field @(^p) ,  
where 

A 
A 

p = vector in the 7-dimensional phase space of (1, t, R ,  E). 

Note that the phase space over which N is defined is a subdomain of 
p-space. 

- 

Given an initial reactor configuration that is described by N (1) at 
t = 0, and that is exposed to the neutron flux field f o r  t > 0, ai? future 
reactor configurations, described by the nuclide field N(?,F) , will obey 
the nuclide transmutation equation (Bateman equation)* 

- 

where 
- R is a cross section matrix whose elements are - 

(;,E) = microscopic cross section and yield data for 
production of nuclide i by nuclide j ,  and 'ij 

0 = -0 = absorption cross section for nuclide i ii ai 

indicates integration over x,y, . . .  . X,Y, - .  * [  1 
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- D is a decay matrix whose elements are - 
= decay constant for decay of nuclide j to nuclide i, and 'ij 

Aii = -A. = total decay constant for nuclide i 
1 

- C(?,t) is an external source of nuclides, accounting for refueling, 
control rod motion, etc. 

We will find it convenient to define a transmutation operator by 

- a N(l,t) = bl(@,o,A)~(;,t) + C-(;,t) . 
- at - (4) 

The neutron flux field is assumed to obey the homogeneous time- 
dependent transport equation expressed by (as usual for depletion analysis, 
the delayed neutrons and time derivative of the flux are ignored), 

where 

o is the total cross-section vector, whose components are the -t 
total microscopic cross sections corresponding to the 
components of - N, 

o is the differential scatter cross-section vector, 
-S 

VU is the fission-production cross-section vector, -f 
and 

x(E) = neutron fission spectrum. 

Defining the Boltzmann operator in the indicated manner, 
B = B[N(r,t),o(r,E)], - - Eq. (5) becomes 

B ( y @ ( h  = 0 * ( 6 )  

Equation (6) is homogeneous and thus at any given time will have 
nontrivial solutions only for particular values (an infinite number) of 
- N. 
of the components of N which will be designated the control nuclide Nc. 
Also, we will expressthe B operator as the sum of a fission operator 
and a loss plus inscatter operator: 

To simulate the effect of control-rod motion, we will single out one 



302 

B = L - X F  , 

so that Eq. (6) becomes 

[L(N,Nc) - W,NC)]@(P) = 0 , 

where 

A = - -  ' - instantaneous lambda mode eigenvalue. 
keff 

The value for Nc is usually found indirectly by adjusting its magnitude 
until X = 1. The concentration of the control nuclide is thus fixed by 
the eigenvalue equation and does not need to be considered as an unknown 
in the transmutation equation. 

An alternate method of solving Eq. ( 6 )  is to directly solve the 

For both of these techniques, 
lambda mode eigenvalue equation (given - N, A is sought from Eq. 8).  In 
this case X may o r  may not equal one. 
only the flux shape can be found from Eq. (8), i.e., Eq. (8) alone is 
not sufficient to fix the normalization of the flux. We will find it 
convenient to write @(p)  as the product of a time-dependent normalization 
factor and a shape function which,is the solution to Eq. (8), normalized 
to unity: 

The magnitude of @(t) is determined by fixing the power output of the 
reactor to be constant: 

In this study, the system of coupled, non-linear equations given by 

The equa- 
Eqs. (4), (8), and {lo)  is referred to as the time-continuous burn-up 
equations, because the flux is a continuous function of  time. 
tions expressed in matrix notation are: 

where ci stands for any arbitrary nuclear data used in the calculation. 
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111. SENSITIVITY THEORY FOR COUPLED NEUTRON/NUCLIDE FIELDS 

The desired end result of virtually all design calculations is an 
estimated value for some set of reactor performance parameters. 
such parameter will be called a "response" in this study. 
of burnup analysis, the generic response will be an integral of the flux 
and nuclide fields; i.e., it is mathematically a functional of both 
fields, which in turn are coupled through the respective field equations. 
As an example, the desired response may be the final 239Pu mass at shut- 
down (a pure nuclide response); it may be the time-integrated damage to 
some non-depleting structural component (a flux response); or it may be 
some macroscopic reaction rate (a nuclide and flux functional). These 
functionals all take the general form of 

Each 
For the case 

R 

In these expressions h is a "realization vector" which can have the 
form of a cross section orof some unit vector which determines the 
response of interest. A discussion of some explicit forms for response 
functionals and their associated realization vectors appears in ref. 1. 

It is the goal of sensitivity analysis to find the effect that vary- 
ing some nuclear data parameter (e.g., a cross section, a decay constant, 
a branching ratio, etc.) will have on the response R. This will be 
accomplished by defining a "sensitivity coefficient" for the data in 
question, which will relate the percent change in R to the percent change 
in the data. 

For example, let a be a nuclear data parameter contained in either 
or both the B and the M - operators. 
given by 

Then the sensitivity of R to a is 

6R/R = Sa(p) a (p) + second-order terms . [ ^ " " ^ I p  
For small 6ayAwe obtain the familiar linear relation between 6R/R 

and 6a/a, with Sa(p) serving as the sensitivity coefficient at position 
p in phase space. A' change in the value of c1 in general will perturb 
both the nuclide and flux fields in some complex manner, depending on 
the specific &a(; ) .  

A 

Treating the response as an implicit function of a ,  N, $, and @, - 
the differential of R to first order is 

aR aR aR A$ + - A @  + - a@ AR = -Aa + - [E a$ 
It is important to realize that the variations in a ,  $, 0 ,  and N 

are in general - not independent. 
tions about some reference state described by E q .  (11). 
the perturbed expressions, E q .  (11) reduces to 

This can be seen by considering perturba- 
After linearizing 
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0 

F 

aM - 
- N  a@ - 

In theory  t h e  above system of  equat ions could be solved and AR es t imated 
us ing  Eq. (14).  In  r e a l i t y  t h i s  i s  no t  p r a c t i c a l  s i n c e  t h e  "source" on 
t h e  r ight-hand s i d e  of  t h e  equat ion depends on a .  Ins t ead ,  it i s  much 
more e f f i c i e n t  t o  use  t h e  a d j o i n t  system t o  def ine  s e n s i t i v i t y  c o e f f i -  
c i e n t s  independent of t h e  p a r t i c u l a r  d a t a  being per turbed .  

I V .  TIME-CONTINUOUS ADJOINT EQUATIONS 

Consider t h e  fol lowing inhomogeneous system o f  equat ions ,  a d j o i n t  (a) t o  
Eq. (15):  

Note t h a t  t h e  "ad jo in t  source" ( i . e . ,  t h e  second term on RHS) depends only 
on t h e  response of  i n t e r e s t .  This  s p e c i f i c  form f o r  t h e  source  was chosen 
f o r  t h e  fol lowing reason:  mul t ip ly  Eq. (15) by (r*y P*, N*) and Eq. (16) 
by (AI), A O Y  AN>; i n t e g r a t e  over  R, E ,  and V;  and subtract: 

aR ] = o .  a R  
+ [g AI) + % A @  + - A N  a N  - 

- R , E , V  

Defining N*(t=Tf) = 0, Eq. (17) can be i n t e g r a t e d  over  time and 
s i m p l i f i e d  us ing  Eq. (14) t o  

and thus  

(a)ll*rf i n d i c a t e s  an a d j o i n t  ope ra to r ,  def ined  by [fLgJp = [gL*f]p. 
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Having defined the appropriate sensitivity coefficient, the depletion 
sensitivity and uncertainty analyses proceed as in the well known static 
case. 

We have shown that for the time-continuous case, the appropriate 
adjoint equations are quite easy to derive - they are simply the equa- 
tions arising from transposing the linearized forward system, and then 
taking the adjoint operator for each matrix element. 
have been derived earlier by Lewins;2 and more recently Harris3 has 
applied related equations to analysis of fuel cycle cost. 
complex reactor depletion studies these equations are not practical, 
since the flux shape equation (space-energy dependent) must be solved 
at every instant in time. In reality this is not done; instead, 
suitable approximations are made. Two methods which appear most 
attractive for depletion sensitivity analysis will be discussed next. 

Similar equations 

However, for 

V. UNCOUPLED PERTURBATION THEORY FOR THE NUCLIDE FIELD 

The uncoupled perturbation formalism assumes that the flux and 
nuclide fields can vary independently about the reference state (this does 
not exclude a coupled, non-linear calculation to determine the reference 
state). Mathematically, this amounts to neglecting the off-diagonal terms 
in Eq. (15). The adjoint system is then described by a diagonal matrix, 
and hence there is no coupling between the various adjoint functions. 
we further assume that the response of interest depends explicitly only 
on the nuclide field, then the sensitivity coefficient becomes 

If 
1 

where - N* obeys the final value problem 

- 
This equation has been derived by Gandini4 for the case when R is a 

delta function in time. 
and uncertainty analysis, see references 5 and 6 .  

For application of the methodology to sensitivity 

VI. SENSITIVITY THEORY FOR COUPLED NEUTRON/NUCLIDE FIELDS: 
"QUASI STATIC" FORMULATION 

A s  previously stated, the adjoint equations in (16) cannot be solved 
economically because the time scale for the flux calculation has the same 
hierarchy as the calculation for the nuclide field. In realistic burn-up 
calculations, solving the transport (or diffusion) equation accounts for 
the majority of computing cost; and therefore the usual procedure is to 
solve a "quasi-static depletion" (not to be confused with quasi-static 
kinetics) problem, rather than the time-continuous problem. 

The quasi-static problem is formulated by breaking the time domain 
into a number of "broad-time intervals": 
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Over each broad interval, it is assumed that the flux does not change 
with time: 

Note the discontinuity in the flux at each time boundary. The ith shape 
function is found by solving Eq. (8) at t = ti, and the normalization is 
determined by E q .  (10) at t = ti. 

Over each broad time interval, the nuclide field is computed from the 
transmutation equationwith the initial condition for the interval set equal 
to the final value for the previous interval: 

The nuclide field is continuous across the time boundaries. 

This procedure is employed by virtually all space-energy dependent 
depletion codes; and therefore to be consistent, the adjoint burnup 
equations should also be derived from the quasi-static formulation. 

For the derivation, we will use a variational technique described 
by Pomraning7 and Stacey. * 
equations are treated as constraints on the response and as such are 
appended to the response functional using Lagrange multipliers. We will 
specifically examine the case in which the shape function is obtained by 
solving the lambda mode eigenvalue equation, rather than the case in 
which $ is obtained from a control variable ("NC") search. 
are quite similar, the only difference being that the latter has a "k- 
reset." 

With this method, the quasi-static burnup 

The two cases 

(See reference 9 for details.) 

Let us consider the following functional 

K[N, $y ai, a, A ,  hl = R[N, Qi, Oi, hl 
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where 

T = number of broad i n t e r v a l s  i n  t h e  q u a s i - s t a t i c  c a l c u l a t i o n ,  
A 

N .  = N ( r , t . ) ,  and 
-1 - 1 

* 
N*(;,t), I'*(p), P .  a r e  t h e  Lagrange m u l t i p l i e r s .  

1 1 - 

Expanding t h e  per turbed  func t iona l  K' about t h e  unperturbed s t a t e ,  and 
neg lec t ing  second-order terms, w e  ob ta in  

If w e  can f o r c e  t h e  q u a n t i t i e s  a K / a N ,  - aK/a$ , ,  a K / a Q i ,  a K / a X i  t o  vanish ,  
then (see re f .  9) 

The condi t ions  which make K s t a t i o n a r y  t o  v a r i a t i o n s  i n  t h e  ind ica t ed  
v a r i a b l e s  are given below: 

cl N l  1 

[Jli -f -i R , E , V  

i 2 .  - - L*(~N.) - = Q; , a t  t = t 

where 

* A 3 R  Li+l * 
Qi(p) = - + ai/+ 

ti 

- N * ( G , t )  R(a) - - N(;,t)dt - QiPi zf gi - ai aJl, 

A t  t h i s  po in t  i s  should be noted t h a t  Eqs. (29) and (8) r e q u i r e  t h a t  t h e  
f l u x  shape func t ion  be orthogonal t o  t h e  a d j o i n t  source,  i . e . ,  

* 
= 0 , a t  a l l  ti . ['i QilR,E,V 
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I t  i s  e a s i l y  shown t h a t  t h i s  condi t ion  impl ies  

which f i x e s  t h e  va lue  of  "a". For most cases of p r a c t i c a l  i n t e r e s t ,  t h i s  
term i s  zero.  
r a t i o ,  then  r rarr  w i l l  van ish .  

For example i f  R i s  b i l i n e a r  i n  $i and ai ,  o r  i s  a b i l i n e a r  

* A  

= o ,  a K  
3 '  - axi  = Lr i (P )  F ( z i )  $ i ] Q , E , V  

* A  

which f o r c e s  Ti(p) t o  be orthogonal t o  t h e  f i s s i o n  source a t  t = ti. 

toge the r  with t h e  time boundary condi t ions  

- N*(Tf) = 0, a t  t = T f '  
and 

(33) 

* A +  
A 

- N*(r,t;) = - N * ( r , t . )  1 - * a 
( L  - XF)$i + Qi Pi gf a t  ti, i # f c34) 

-1 

The above expression s p e c i f i e s  a IIjump condi t ion" on t h e  nuc l ide  a d j o i n t .  

In  summary, w e  have shown t h a t  t h e r e  e x i s t  a d j o i n t  equat ions  corresponding 
t o  t h e  nuc l ide  t ransmutat ion equat ion,  t o  t h e  f lux-shape equat ion ( t r a n s p o r t  
equat ion) ,  and t o  t h e  power-constraint  equat ion.  In  a d d i t i o n ,  w e  have found 
t h a t  it i s  convenient t o  a s c r i b e  a d d i t i o n a l  r e s t r i c t i o n s  on t h g  a d j o i n t  f i e l d s - -  
namely, t h a t  r l  be orthogonal t o  t h e  f i s s i o n  source and t h a t  N be d iscont inuous  
a t  each time boundary. 
equat ions  which conta in  t h e  unperturbed forward va lues  f o r  N ,  ti, and Qi. 
app ropr i a t e  a lgor i thm f o r  so lv ing  t h e s e  equat ions  i s  given r n  r e fe rence  9.  

The a d j o i n t  f i e l d  equat ions  are couplgd, l i n e a r  
An 

A s  an example of  a d a t a  s e n s i t i v i t y  c o e f f i c i e n t ,  cons ider  t h e  hypo the t i ca l  
d a t a  a(r,E). The s e n s i t i v i t y  c o e f f i c i e n t  f o r  a i s  
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VII. SUMMARY 

Sensitivity coefficients have been obtained for responses which are 
functionals of both the neutron and nuclide fields, as encountered in 
depletion analysis. 
order perturbation expressions containing various "adjoint functions,'' 
which are computed independently of any specific data perturbation. 
Equations for the adjoint functions were derived for several formulations 
of the burnup equations. 

The sensitivity coefficients are defined using first- 

The technique for depletion sensitivity analysis appears to have 
potential in assessing uncertainties in depletion related responses, and 
in relating changes in beginning of life composition to changes in per- 
formance parameters at end of life. The latter case could be useful in 
fuel cycle optimization and in design scoping studies. 
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EXPECTATIONS FOR ENDF/.B-V COVARIANCE FILES: COVERAGE, 

STRENGTH AND. LIMITATIONS* 

F. G. Perey 
Oak Ridge National Laboratory 

Oak Ridge, Tennessee 37830 U.S.A. 

ABSTRACT 

The concept of the estimated data covariance files of ENDF/B is 
explored in detail. The relationship between uncertainties and "possible 
mistakes" is discussed in order to avoid likely misunderstanding concern- 
ing the use of the data covariance files. 
weaknesses of the ENDF/B-V data covariance files are mentioned. 

Some perceived strengths and 

INTRODUCTION 

It has long been perceived that an important contribution to the 
uncertainties we should associate with the results of most neutronic 
calculations arises from the uncertainties in the nuclear data used as 
input. The Cross Section Evaluation Working Group, CSEWG, several years 
ago decided to investigate the possibility of improving its method of 
communication with users in the area of the estimated uncertainties in 
the evaluated data files it produces. Until ENDF/B-IV the only method 
the evaluators had available to them for communicating such information 
was through the documentation of the evaluations. During the preparation 
of ENDF/B-IV a subcommittee was appointed to.make recommendations in this 
area. The initial effort was directed toward a standardization of the 
reporting method in the documentation. It was only after considerable 
debate that the concept of incorporating the information with the "data 
files" on the tape was approved. 
influenced this decision. The first one was that the dominant features 
of the uncertainties are the correlations in the data and these are not 
easily handled in the documentation. The second one was that the uncer- 
tainty information needs to be processed together with the differential 
data to obtain the uncertainties in the quantities of interest to the 
users. It has been a major goal of the Data Covariance Subcommittee of 
the CSEWG, of which I am the current chairman, to develop a formalism 
whereby the evaluators could communicate the uncertainties in their 
evaluations in such a way that they could be readily processed. 

There were two major factors which 

For 

* 
Research sponsored by the Division of Reactor Research and Technology, 
U. S. Department of Energy, under contract W-7405-eng-26 with the 
Union Carbide Corporation. 
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ENDF/B-IV only three general purpose evaluations were released with some 
covariance files, C, N, and 0. These were prepared at Oak Ridge and Los 
Alamos and very little pressure was exerted on evaluators to avail them- 
selves of this new facility to report estimated uncertainties. Much 
additional work went on at both Los Alamos and Oak Ridge to generate 
more of these files for ENDF/B-IV, but much of it was in-house effort to 
investigate the potential usefulness of this kind of data. 
conclusion reached at both Los Alamos and Oak Ridge was that the concept 
of these files was quite sound and worth the effort put into them. 
Consequently, much pressure is being put to bear upon the evaluators of 
ENDF/B-V to contribute covariance files with their evaluations. 
pleased to report that the response has been very good and it is the 
purpose of this paper to share some of our expectations concerning the 
ENDF/B-V covariance files. 

The general 

I am 

THE CONCEPT OF DATA COVARIANCES 

It has been tacitly assumed for the many years that the subject has 
been under consideration within the CSEWG that a major problem was the 
representation of the uncertainty data in the files. 
problem of representation had to be overcome and it has taken a lot of 
effort within the Data Covariance Subcommittee to develop a solution to 
it since there was no procedent to guide us. 
describing the formats and procedures adopted for ENDF/B-V1 in order to 
represent the estimated uncertainties in the evaluated data. We shall 
not go here into the details of these formats. They were based upon a 
thorough analysis of the methods used to obtain estimated uncertainties 
in the results of experiments (including their correlations), the evalua- 
tion process, and by giving full consideration to the fact that the data 
need to be processed. 

Certainly this 

A report is available 

It has been our experience with the CSEWG community of measurers, 
evaluators and users that even though the concept of "errors" in exper- 
imental and evaluated data seems to be very familiar to all, many diffi- 
culties tend to arise when their meaning and uses are discussed. 
only motivation for providing in ENDF/B a quantitative and precise 
measure of the uncertainties in the evaluated data was the perceived 
need for such data in order to use evaluations to achieve meaningfully 
and credibly some specific and useful goals. During the early discus- 
sions within the CSEWG some strong reservations were expressed by many 
members about this new endeavor because of fears that the data may be 
misused. 
but we find some justification for concern in this area in view of the 
apparent sharp differences of  opinion as to what the uncertainty data 
mean and can be justifiably used for. A survey of the literature indi- 
cates that these diverging opinions are not specific to the CSEWG mem- 
bers, but are quite general throughout the nuclear community. With the 
impending release of ENDF/B-V and the fairly large amount of covariance 
files it will contain, the Data Covariance Subcommittee of the CSEWG has 

The 

Of course the CSEWG cannot prevent the data from being misused, 
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the responsibility to attempt to clarify the situation. 
cation we cannot provide the comprehensive treatment that this subject 
requires and we will do so elsewhere.2 
thoughts and make a few suggestions which we believe will help greatly. 

In this communi- 

We will only share here some 

Very early in the discussions within the CSEWG about data uncertain- 
ties we discovered that many misunderstandings could be alleviated if we 
were very careful about the terminology we use. Since uncertainties are 
such a frequent occurrence in daily life (they underly practically all 
of our activities) we have acquired a common vocabulary to deal with 
them which is familiar to everyone. Therefore, when discussing uncer- 
tainties, very few people feel any compulsion to define exactly what I 

they mean when they use words which may have several different meanings, 
the exact meaning being often clear only from the context in which the 
words are used. 
ties occur because we have not yet learned to identify which meaning 
must be applied to each word. For this reason we have found it more 
convenient to use very technical terms not used in the common language 
and to avoid words which have several different meanings substituting 
for them synonyms which are less ambiguous. This is the reason we 
decided to use the term "estimated data covariances" instead of "esti- 
mated errors." You will find the covariance files occasionally still 
referred to as "error files" as they were originally called. We think 
that the use of the word "error," by itself or with qualifiers, is very 
frequently the cause of misunderstandings and should be banned from any 
technical discussion where it is possible to interpret it in two totally 
different ways: as uncertainty o r  mistake. These synonyms should be 
used instead as the case may be. 
to use the word mistake in our work. 
often be used with qualifiers. 
are either "known mistakes" o r  "suspected mistakes . I f  

known remedy for mistakes - they must be eliminated (i.e., corrected). 
This is clearly possible for "known mistakes" in many cases. 
clearly not possible to correct "suspected mistakes" which still remain 
unidentified, and unfortunately often many known mistakes also cannot be 
corrected because of lack of  appropriate data to do so. The subject of  
"suspected mistakes" is a very important one which unfortunately we 
cannot fully explore here and in any event is totally irrelevant to our 
discussion o f  the concept of "estimated data covariances" since these 
deal with uncertainties and not mistakes. In fact, we will show that 
the covariance information is only valid if no mistakes, known or sus- 
pected, have been made in obtaining them. 

Many misunderstandings with respect to data uncertain- 

We have unfortunately many occasions 
The word mistake should also very 

There is only one 
Mistakes fall into two categories: they 

It is 

We shall now indicate what the covariance files are purported to be. 
In the covariance files the evaluator provides a measure of the uncertainty 
in the data. What is exactly the meaning of uncertainty? 
assigned to the value of a quantity is related to how confident we are, 
on the basis of the information available, that this value corresponds to 
the unknown true value. In the process of "deriving" the value of the 
quantity from whatever specific information we have we must often make 
some assumptions because the information is in some sense incomplete since 

The uncertainty 
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it does not allow us to deduce the true value. It does not make any 
.sense to think that these assumptions are right o r  wrong on the basis of 
the information we have, and all we can do is assign to them a degree of  
plausibility. 
is, in a direct way, a measure of the "completenessf1 of the information 
we have. 
theory to designate these levels of confidence o r  degree of plausibility. 
The estimated values of the data and its uncertainty can be used to 
define an estimated probability density function for the "true value" 
of the quantity which we do not have. The job of the evaluator is to 
assemble all of the information available about the quantities of 
interest and use it to estimate the joint probability density function 
for their values. 
many of the uncertainties impact upon several of  the quantities and 
therefore lead to important correlations. 
the estimated expectation values and estimated covariances corresponding 
to this joint probability density function. 

The degree of plausibility associated to these assumptions 

It is perfectly natural to use the language of probability 

We say joint probability density function because 

The evaluated files contain 

We have just described the evaluations without introducing the idea 
of mistakes o r  the concept of probabilities based upon frequency distri- 
butions as is done in statistics and will discuss briefly these points. 
It is clear that we can make mistakes in our evaluation work; if we do, 
then the evaluations are wrong and we must correct these mistakes. The 
important point to remember is that the uncertainties in the file are a 
quantitative statement based upon the completeness of the information 
available to the evaluator and in no way whatsoever correspond to a 
statement he makes about his o r  anybody else's actual o r  suspected 
mistakes. 
ing mistakes is totally wrong. It is evident to anyone familiar with 
the experimental techniques and evaluation work that f o r  practically all 
of the important data in most applications the dominant uncertainties do 
not arise from the "counting statistics." The uncertainties related to 
the finite number of "events" recorded in most of  the experiments are 
usually very small compared to the uncertainties in the various assump- 
tions which must be made to extract from the experiment an estimate of 
the value of  the quantities of interest. 
today to experimentalists and evaluators on probability theory deal with 
statistics and define probabilities as a frequency distribution. 
therefore not surprising that most experimentalists feel quite comfortable 
about the handling of uncertainties related to the frequency of observed 
events in the experiments and almost always state quite explicitly the 
uncertainties coming from counting statistics, the so-called "statistical 
error." 
possible about these uncertainties, they do not deal with mistakes and 
their numerical values can be very precisely calculated. 
uncertainties arising from other sources, the assumptions which must be 
made in order to reduce the data, and for which almost universally they 
use the term "estimated systematic errors," much confusion occurs. 
seems quite readily accepted that in some sense probability theory is 
capable of dealing with them since they are expressed quantitatively as 

Therefore to interpret or use the files as a statement concern- 

Most of the books available 

It is 

It is usually perceived that there are few misunderstandings 

Concerning 

It 
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standard deviations of some probability density functions. 
here is usually viewed as totally different from the one of "statistical 
errors" and is thought to represent merely some opinion as to the possible 
correctness of the assumptions and in a direct sense deals with possible 
mistakes. 
uncertainty to these estimated uncertainties. Of course, no one denies 
that personal opinions are entitled to consideration and respect if they 
are based on factual evidence. We believe, however, that the notion of 
personalistic probability belongs to the field of  psychology and has no 
place in our evaluations. 
require that we should make use, not of anybody's personal opinions, but 
rather the specific factual data on which those opinions are based. 
appears that very few people seem to be aware that there is a fully con- 
sistent way to treat these problems within probability theory. 
theory3 deals with logical inferences which can be made on the basis of 
limited o r  incomplete information, is closely related to decision theory, 
and is fully rigorous. Although most workers in the field of nuclear 
data and its applications do not appear to know the formal aspects of 
this theory, much of what they do, in particular in experimental and 
evaluation work, is an attempt to apply it in specific circumstances. 
In many areas such as experimental measurements, because of  long experi- 
ence with this activity, we feel quite confident about how to proceed 
and assign uncertainties on the basis of the specific information avail- 
able in the experiment. We feel that the uncertainties we quote are 
reasonable, i.e. logical; any knowledgeable experimentalist we think 
would come essentially to the same conclusion. 
appropriate to call these uncertainties a st.atement of personal opinions 
since they are the conclusions which any experienced worker would reach. 
In the area of evaluation, since this activity is much more recent, we 
have not developed yet such a confidence about how to proceed and in 
general have not paid much attention to methodology. The consequence is 
that uncertainties tend to be more perceived as a statement of personal 
opinion and are formally on much less secure grounds. It is, we think, 
for this reason that much confusion occurs concerning the possible 
meaning and uses of uncertainties in evaluations. We believe that the 
situation could be very much improved, and probably will in the future 
as we pay more attention to methodology. 
vicious circle to the extent that since uncertainties in experimental 
data, as provided by experimentalists, were not used in a formal way we 
have not demanded that experimental uncertainties be reported in an 
unambiguous manner, and as a consequence they usually are not. We hope 
that as we pay more attention to methodology and indicate more clearly 
t o  experimentalists what i s  needed to do credible evaluation with 
generally believable uncertainties the situation will improve. 

The situation 

There is also the perception that one should assign a large 

Objectivity and credibility in our evaluations 

It 

This 

It is therefore not 

We have been caught in a 
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COVARIANCE FILES OF ENDF/B-V 

A number of covariance files have already been turned in for ENDF/B-V. 
In the table below is shown the list of files which had been received by 
the last CSEWG meeting in June 1978 for the general purpose evaluations. 
In addition t o  these we expect for the fissile and fertile nuclides 232-Th7 
233-U, 235-U, 238-U, and 239-Pu covariance information on <, the fission 
spectrum, the fission, capture and inelastic cross sections. All of the 
dosimetry cross sections of ENDF/B-V will also have some covariance files. 

General Purpose Evaluation Covariance Files f o r  ENDF/B-V 

E 1 ement Content 

1 H  33; 2 

6Li 33;1,2,105,<1 MeV 
1 OB 33;1,2,107,780,781 

C 33;1,2,3,51-68,91,102-4,107 

4N 33;1,2,4,102,103,107 
6 0  33;1,2,4,103,107 

19F 33;1-4,16,51,52,102,1037107 

3Na 32;151.33;1;4,16,51-68,91,102,103,107 

2 7 ~ 1  33;1,2,4,16,102,103,107 
Si 
Cr 

Fe 
Ni 
Pb 

232Th 
23311 

235u 

23811 

239Pu 

24OPu 

24 1 Pu 

242Pu 
24 1 h  

7Np 

33;l-4,52,61,103,107 
33~1-4 ,16 ,17 ,22 ,28 ,51 -897917102-107  

32;151.33;1-4,16,22,28,51-76,91,102-107 
33~1,2,4,16,22,28,51-767917102-10471077111 

33~1-4,16,17,51,52,64,102 

33;18,102.31;452 

31;452.33;18,102 

31;452.33;18,102,inelastic 

31;452.33;18,102 

31;452.32;151.33;18,102 

31;452.33;18,102 

33;1,2,4,16,18,102.32 
33;1,2,4,16,18,102.32 

33; 18.32 
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The covariance files of ENDF/B-V are currently undergoing review 
within the Data Covariance Subcommittee of the CSEWG, and it is hoped 
that they will be released at the same time as the "data files" or 
shortly afterward. 
the strengths and weaknesses of the covariance files at this time. 
comments are very general and should be valid for most covariance files 
of ENDF/B-V. 
after review of the files is completed. 

We shall now discuss briefly our own perception of 
These 

More specific comments will be released by the subcommittee. 

The major strength of the covariance files of ENDF/B-V will be their 
very existence, establishing a precedent. They represent an unambiguous 
statement of the uncertainties, including the important correlations in 
the data which arise from these uncertainties, as "perceived" by the 
evaluators who did the evaluations. Until now the best that could be 
done in this area was to collect various opinions as to how good the data 
were likely to be from people who usually had not done the evaluations or 
when they had the statements were likely ambiguous in particular concern- 
ing the correlations which were consequently often ignored or very poorly 
treated. Although most cross sections of ENDF/B-Y will not have uncer- 
tainty estimates in the files, it is hoped that there will be some for 
many of the most important cross sections of interest in fast reactor 
applications. Unfortunately, we perceive many more weaknesses in these 
files than strengths. 
they focus on various areas where specific improvements should be sought 
and will likely be made in future versions. In our mind, as we have 
gathered from comments made to us by most evaluators who have attempted 
to generate these covariance files, the most important contribution which 
these files are likely to make has already been made!! We refer to the 
fact that they point out a number of general weaknesses in our overall 
evaluation effort. They have caused evaluators to ask in a more directed 
way a number of questions which in the past, in our opinion, remained too 
aften unworded, such as: 
and theories used in evaluation? 
these uncertainties? How do we establish credible evaluations in the 
face of these uncertainties? Are we getting from 
experimentalists and "data compilers" the necessary information to per- 
form rational evaluations? We believe that many of these questions, 
which are only now being more precisely formulated as a result of  attempt- 
ing to generate the covariance files for the evaluations, if we find 
satisfactory answers for them, will transform both experimental and evalu- 
ation work from an art into a science and reduce considerably the subject- 
ivity currently used in obtaining recommendations for applied purposes. 
This effort, if we pursue it, will make for much more credible evaluations. 

In a sense this is a strength of these files since 

What are really the uncertainties in the data 
Upon what hard evidence do we base 

By what methodology? 

There are obvious weaknesses to these files of ENDF/B-V which can be 
stated prior to their complete review. There will not be any uncertainty 
estimates for two important classes of data: 
tions. This deficiency of the files will limit in many cases their use- 
fulness since in only few applications can sensitivity to angular and 
energy distributions be properly neglected. As far as we have been able 
to ascertain from communications from most evaluators, they do not feel 

angular and energy distribu- 
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conf ident  about t h e  unce r t a in ty  assignments.  They are o f t e n  f e l t  t o  be 
l i t t l e  more than  f 'guesses" i n d i c a t i n g  t h a t  a t  t h i s  s t a g e  w e  are dea l ing  
mostly wi th  "subject ive" o r  "personal p r o b a b i l i t i e s  . I 1  

poin ted  ou t ,  t h e  opinion of  expe r t s  i s  q u i t e  va luable ,  bu t  w e  are r e a l l y  
only i n t e r e s t e d  i n  "opinions" which can be o b j e c t i v e l y  s u b s t a n t i a t e d  on 
t h e  b a s i s  of  t h e  information a v a i l a b l e .  When eva lua to r s  s t a t e  t h a t  t h e i r  
covariance f i l e s  a r e  a t  t h i s  s t a g e  "mostly guesses," t hey  are i n  fact  
t e l l i n g  us  t h a t  they  a r e  no t  s u r e  they  correspond t o  t h e  f a c t s .  
t h e r e f o r e  suspec t  t h a t  many mistakes may have been made. If such i s  t h e  
case, then  they  can be used with very  l i t t l e  confidence.  However, as we 
have very  s t r o n g l y  made t h e  p o i n t  before ,  they  should be co r rec t ed  f o r  
t h e s e  mistakes before  they  a r e  used and no t  i n t e r p r e t e d  as being them- 
se lves  s ta tements  about p o s s i b l e  mistakes. During t h e  review process  of 
t h e  f i l e s ,  t h e  Data Covariance Subcommittee w i l l  endeavor t o  e l imina te  as 
much as p o s s i b l e  t h i s  element of "personal p robab i l i t y ' '  from t h e  f i l e s  by 
at tempting t o  secure  some s o r t  o f  "consensus" of e x p e r t s .  
t h i s  i s  a very u n s a t i s f a c t o r y  s i t u a t i o n  which i s  almost unavoidable u n t i l  
we ga in  more experience with t h e  concept of  d a t a  covariances .  We caut ion  
t h e  u s e r s  of t h e  d a t a  t o  beware of t h e  q u a l i t y  of  t h e  d a t a  i n  t h e  covar i -  
ance f i l e s  and r e f r a i n  from t r e a t i n g  them as hard facts upon which s t r o n g  
conclusions can be based. 
and taken more as an i n d i c a t i o n  of t h ings  t o  come. 

A s  we have a l r eady  

We should 

We r e a l i z e  

A t  t h i s  s t a g e  they  should be used very cau t ious ly  

CONCLUSIONS 

After s e v e r a l  years  of  d i scuss ion  wi th in  t h e  CSEWG, a somewhat exten-  
s i v e  set  of  es t imated  d a t a  covariance f i l e s  desc r ib ing  some of  t h e  uncer- 
t a i n t i e s  i n  t h e  recommended c ross  s e c t i o n s  w i l l  be r e l e a s e d  with ENDF/B-V. 
Even though much work has gone i n t o  them, they  are not  expected t o  be free 
from mistakes. The concept of  q u a n t i f i e d  u n c e r t a i n t i e s  i n  eva lua ted  d i f -  
f e r e n t i a l  d a t a  i s  r a t h e r  new and it i s  l i k e l y  t o  p re sen t  some problems t o  
use r s  j u s t  as it has  t o  eva lua to r s .  
t h e  q u a l i t y  o f  t h e  f i l e s  w i l l  be such t h a t  s t r o n g  conclusions can be based 
upon them. 
a p p r a i s a l  of t h e  concept of u n c e r t a i n t i e s  i n  many a spec t s  of  appl ied  neu- 
t r o n i c s ,  i n  p a r t i c u l a r  i n  connection wi th  "methods" and " i n t e g r a l  da ta . "  
This  r e a p p r a i s a l  should al low us t o  ga in  a b e t t e r  percept ion  o f  t h e  r o l e  
which ou r  d i f f e r e n t  types  of information p l ay  i n  achiev ing  a goal  such as 
t h e  design o r  performance a n a l y s i s  of  r e a c t o r s .  

We do not  expect a t  t h i s  s t a g e  t h a t  

However, w e  hope t h a t  t h e i r  appearance w i l l  assist i n  a re- 
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FUEL-MOTION UNFOLDING BASED ON 
POINT DETECTOR RESPONSES 

Patrick J.  McDaniel 
Steven A. Wright 

Sandi a Laboratories 
Albuquerque, New Mexico, USA 

ABSTRACT 

The detection of fuel-motion i n  a fast-reactor fuel 
t e s t  assembly u s i n g  in-core point detectors requires an 
extensive data-analysis system t o  in fe r  fuel movements from 
detector responses. 
inverted us ing  noisy data. This procedure i s  inherently 
unstable, b u t  i t  can be s tabi l ized by applying singular- 
value analysis and appropriate physical constraints. 

fo r  this problem. 
tent  manner and applies the known constraints t o  provide 
reasonable resolution on fuel mass movements w i t h i n  a test 
assembly inside the Sandia SPR-I11 reactor. 

The detector-response kernels must be 

An unfolding code, MOVUN, has been written specifically 
I t  t r ea t s  the in s t ab i l i t i e s  i n  a consis- 

I NTRODUCT I OM 

As part of the Nuclear Regulatory Commission's program of f a s t  
reactor research, Sandia Laboratories is  developing an in-core fuel- 
motion detection system. 
the capabili t ies of this system, a ser ies  o f  experiments will  be conducted 
i n  Sandia's SPR-I11 reactor. A t e s t  assembly containing positions fo r  
up t o  37 fuel p ins  has been designed and will  be placed i n  the central 
cavity of this reactor. 
upper two-thirds are movable and may be held fixed w i t h  gaps of up t o  
15 cm between the upper and lower portions. 
number of a rb i t r a r i l y  shaped fuel voids t o  be introduced into the tes t  
assembly. In this manner the actual fuel positions can be mechanically 
measured for direct comparison w i t h  the positions determined by the in- 
core fuel-motion detection system. 

t o  develop detector response kernels fo r  this system. 
results of this analysis, the da ta  available from an in-core system can 

In order t o  provide an accurate assessment of 

The fuel p i n s  have been manufactured so that the 

T h i s  will allow a large 

A previous paper' has dealt  with the computational procedures used 
Based on the 
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be characterized as a small signal r i d i n g  on a large background. 
the absolute noise i n  the fission-couple detectors developed f o r  th i s  
system i s  very small, the  signal-to-noise ra t io  available for fuel-motion 
detection is  not very good due t o  the large background. Therefore, the 
inversion procedure used t o  calculate fuel-motion must expl ic i t ly  con- 
s ider  the noisy data and f i l t e r  this noise i n  some manner. 
has been developed t o  t r e a t  this problem based on a singular-value analy- 
s i s  of the response matrix. 

Though 

An algorithm 

In addition t o  being able t o  f i l t e r  the noisy data,  information 
from a number of physical constraints i s  available t o  a s s i s t  i n  unfold-  
i n g  r e a l i s t i c  fuel movements. The most obvious constraint  i s  conserva- 
tion of fuel mass. Dur ing  the course of the experiment the to ta l  fuel 
mass s h o u l d  remain constant. A second constraint is t h a t  negative fuel 
densit ies are not possible. A t h i r d  constraint ,  related t o  the second 
one, i s  that fuel densities must be less  than some maximum. Incorpor- 
ation of these constraints into the  analysis procedure precludes physi- 
cally unreal is t ic  fuel movements. 

Based on these techniques, i t  has been possible t o  unfold computer- 
simulated data w i t h  reasonable accuracy. Obviously, actual experimental 
data are the real test of the analysis procedure, b u t  the simulations 
conducted so f a r  will provide a powerful tool fo r  analyzing the actual 
experiments. The code developed for  this analysis has been called MOVUN 
fo r  Movement UNfolding. 

ANALYSIS PROCEDURE 

The different ia l  response of an in-core detector t o  signals gener- 
ated by fuel movements can be represented by1 

N 

k= 1 

where 

A R  is  the different ia l  detector response, 

6 P k  is the fuel movement w i t h i n  the  k t h  subvolume of the t e s t  
assembly, 

K k  is the kernel f o r  the detector response due t o  fuel movement 
w i t h i n  the k t h  subvolume. 
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Note i t  has been assumed tha t  the t e s t  assembly volume may be 
divided in to  N subvolumes which cover a l l  possible locations that  can 
contain fuel. 

I f  M such equations, one for  each detector, are combined, th i s  can 
be written i n  matrix form as 

[ARIMxl = [KIMxN [6p lNX1 

In this equation the [AR] vector is  known and the [Sp] vector is t o  be 
determined. To do th i s ,  the matrix [KJ must be inverted. 
[K] is derived from a real physical response that  is  not sin ular,  an 
inversion process of t h i s  type i s  known t o  be very unstable.g9394 That 
i s ,  small errors i n  the data will generally produce large errors i n  the  
sol u t i  on. 

However, since 

In order to  avoid this problem we have used the fol lowing techniques. 
F i r s t ,  each equation is  weighted w i t h  the inverse e r ro r  expected i n  the 
measured detector response. 
measurement has the same absolute uncertainty. The result ing matrix i s  
factored w i t h  a singular value decomposition algorithm5 t o  give 

T h i s  scales the data vector so tha t  each 

where 

[U] is  unit-orthogonal of order M ,  

[SI is diagonal w i t h  i ts elements order from largest  i n  the f i r s t  
row t o  smallest i n  the N t h  row and zero i n  the N + 1 s t  t o  
Mth row, 

[VT] is unit-orthogonal of order N, 

and the primes on [ A R ' ]  and [K'] indicate the original quantit ies scaled'  
by the e r ro r  estimates. 

Now the [U] matrix can be inverted by multiplying by its transpose. 
T h i s  is a s table  process due t o  the characterist ics o f  a unit-orthogonal 
matrix. In doing this we have reduced the dimensionality of the [S][VT] 
matrix from M (the number of detectors) t o  N ( the number of fuel sub- 
volumes). I t  can be shown tha t  this procedure is equivalent t o  f i n d i n g  
the leas t  squares solution t o  Equation 3.5 A l s o ,  since [S][VT][b] is  
an N vector and i t  i s  equal t o  the M vector [UT][AR'], the l a s t  (M-N) 
elements o f  [UJT [AR'] must represent the residuals obtained when Equation 
3 is  solved i n  a least-square sense. Thus i f  the vector [GI i s  defined as 
CUIT I A R ' ]  then, 
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2 M N \ 

Recognizing t h i s  f ac t ,  i t  i s  now possible t o  t r e a t  the in s t ab i l i t y  
problems generated by the inversion process. 
vector are s t a t i s t i c a l  quant i t ies ,  each w i t h  an e r ro r  estimate of 1.0, 
due t o  the scaling by inverse errors.  
gi ven by 

The elements of  the [ A R ’ ]  

Thus the sum-of-residuals-squared, 

R2 = Gf , 
i=N+1 

will also be a s t a t i s t i c a l  quantity. I t  can be shown6 that  the expected 
value for  R2 is  (M-N) for  this problem. Now i f  the detector response 
kernels represent a real physical system, as they do, the actual value 
obtained fo r  R2 will be very much smaller than i t s  expected value. T h i s  
i s  the condition t h a t  causes the in s t ab i l i t i e s  i n  the inversion process. 
We a r e  i n  fac t  trying t o  f i t  the measured data much more accurately than 
i t  warrants, based on i t s  known errors .  Relaxing the accuracy we are 
trying t o  obtain i n  f i t t i n g  the measured data s h o u l d  overcome these i n -  
s t a b i l i t i e s ,  and provide a r e a l i s t i c  f i l t e r  for  the inversion process. 

The procedure is rather straightforward. We neglect the l a s t  row 
of the [VT] matrix and add the square of the corresponding element o f  
the [GI vector t o  R2. 
expected value. I f  R2 is  less  t h a n  i t s  expected value the process is  
repeated on the next row of [VT]. I f  R2 is  now greater than i t s  expected 
value, the l a s t  row of [VT] t ha t  was deleted, must be retained. Note 
that as each row of [VT] i s  deleted, the value of R2 must be increased by 
1.0 t o  allow f o r  the increase i n  the expected e r ro r  due t o  us ing  fewer 
basis functions fo r  the solution space. 

keep R2 less than i t s  expected value, the matrix inversion can proceed. 
The matrix [SI is inverted by t a k i n g  the reciprocals of each of i t s  
elements. 
gives the f i l t e r ed  solution fo r  [6p],  

The new value o f  R2 can be compared w i t h  i t s  

When [VT] has been reduced t o  the minimum number of rows that  will  

Then the vector [GI is multiplied by [SI-’ and [VRR]. T h i s  
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where [VR] is  the matrix IV] w i t h  the appropriate zero columns generated 
d u r i n g  the s tabi l izat ion process. 

T h i s  procedure produces the best estimate of fuel movement based 
s t r i c t l y  on the noisy data measured by the detectors. However, additional 
physical constraints are available t o  improve this estimate. For the 
SPR-111 experiments, a t  l ea s t ,  fuel mass must be conserved and there 
ex is t s  upper and lower bounds on the amount of fuel i n  each volume b i n .  

The conservation of mass constraint i s  eas i e s t  t o  apply. This 

In the algorithm used by MOVUN, i t  is  
constraint can be written as an equation t h a t  says the sum of the fuel 
density changes must be zero. 
applied p r io r  t o  performing the s i n g u l a r  value decomposition of  the re- 
sponse matrix. An orthogonal transformation is applied t o  the response 
matrix that  reduces the number of independent parameters (fuel-density 
changes) by one. 
solution space. 
t o  this reduced solution space also. 
transformation is applied t o  the solution in this reduced space t o  obtain 
a best estimate fo r  the fuel -density changes. This procedure conserves 
fuel mass t o  machine accuracy and somewhat reduces the work involved in 
the matrix factorization process. 

The singular value analysis is performed on this reduced 
The maximum density change constraints are then applied 

Then the inverse of the orthogonal 

The bounding constraints are treated by noting t h a t  they are actually 
inequalit ies.  That i s ,  for  example, the fuel i n  each volume b i n  must be 
greater than or equal t o  zero. 
s ingular  value analysis indicates some negative fuel densit ies,  then some 
of these s h o u l d  be, i n  actual i ty ,  zero fuel densit ies.  The densities i n  
these subvolumes may be set  t o  zero, and the effect  of this change on the 
solution, i n  the value obtained for R2, calculated. The optimum solution 
would appear t o  be the one that  minimizes the increase i n  R2 due t o  
increasing some fuel densit ies t o  a zero o r  positive value. Lawson and 
Hanson’ have developed an algorithm t h a t  f inds  this minimum increase i n  
R2 very eff ic ient ly .  
code to  perform this operation. 

I f  the f i l t e r ed  solution obtained from 

T h i s  algorithm has been incorporated i n t o  the MOVUN 

The resulting solution s a t i s f i e s  some of the inequality constraints 
exactly and produces the minimum increase i n  R2 (the sum of the squared 
residuals f o r  the detector equations) possible. 

T h u s  the basi c algorithm proceeds i n  four steps. F i r s t ,  the solu- 
t ion  space is  reduced by applying the conservation of mass constraint; 
second, a best estimate fo r  the fuel movement i n  the reduced space is 
obtained from singular value analysis; t h i r d ,  this solution is  perturbed 
t o  meet the bounding constraints and increase leas t  squares error by the 
m i n i m u m  amount possible; and f inal ly  the estimated fuel movement is  trans- 
formed back i n t o  the full  solution space. 
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COMPUTATIONAL RESULTS 

In order t o  t e s t  the MOVUN code and estimate the e f fec ts  of measure- 
m e n t  errors on the resolution obtainable by an in-core system, a number 
of computer simulations have been r u n .  
described fo r  the RHOPER code’ and simulated detector responses can be 
generated. Errors can be introduced in to  these responses t h a t  are typical 
of expected measurement errors .  T h i s  data can then be unfolded by MOVUN 
t o  obtain an estimated fuel movement. Finally, this fuel movement can be 
compared w i t h  the actual fuel movement, t o  determine the accuracy of the 
technique. 

A specified fuel movement can be 

T h i s  type of computer ex eriment was run f o r  the fuel movement 
described in a previous paper.? Basically, the upper two-thirds of seven 
p i n s  were moved upward 8 cm t o  produce a voided region i n  the middle of 
the p i n s .  
lated w i t h  MOPER. These responses were perturbed w i t h  normally distribu- 
ted errors  having a standard deviation of 2% o f  the to ta l  signal.  
unfolded results fo r  this  problem are presented i n  Figure 1. 
twelve fuel volumes were chosen to-represent  the fuel movement. For this 
problem each volume b i n  measured 6.4 cm3 w i t h  a nominal density of 
8.5 gm/cm3, and the maximum density obtainable was s e t  a t  17.0 gm/cm3. 
The estimated errors i n  the unfolded fuel densit ies were approximately 
18 grams per volume b i n ,  o r  one-third of the s t a r t i ng  density fo r  volumes 
i n i  t i  a1 ly cont ai n i  ng  fuel . 

The anticipated detector responses f o r  this movement were calcu- 

The 
Note that  

As the magnitudes of the errors i n  the actual detector signals can 
only be estimated.at  this time, this par t icular  fuel movement was r e r u n  
w i t h  a number of different e r ror  estimates. 
more general measure of system capabili ty an 
ra t io  was defined 

In an attempt t o  obtain a 
average signal-to-noise 

M c (F)2 
i=l  

S N R ~ ~ ~  - - i M 

where 

Error estimates were chosen t o  be I%,  2%, and 3% of t o t a l  measured 
detector signals. 
ratios o f  4.2, 2.2, and 1.7, respectively. 
i n  Figure 2 ,  mass resolutions of the order of 10 t o  20 grams should be 
obtainable i n  a 6.4 cm3 volume. 

is the estimated e r ro r  i n  hRi. 

The results o f  these computer experiments are presented i n  Figure 2. 

These estimates correspond t o  average signal-to-noise 
Based on the data presented 
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CON CLUS IONS 

The application of l i nea r  perturbation theory t o  generate detector  
response kernels and the u n f o l d i n g  of the  measured responses for in-core 
detectors appears very feasible .  Singular value analysis and the appli-  
cation of simple physical constraints  can produce adequate fuel movement 
information, i f  the detector  s ignals  are  reasonably accurate. 

. estimates f o r  detector  signal accuracy indicate  fuel mass resolutions of 
10-20 grams. 

Best 
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SENSITIVITY OF LWR FUEL CYCLE COSTS TO UNCERTAINTIES 
I N  DETAILED THERMAt CROSS SECTIONS 

J .  M. Ryskamp, M. Becker, and D. R. Harris 
Rensselaer  Poly technic  I n s t i t u t e  

Troy, New York U.S.A. 

ABSTRACT 

Cross s e c t i o n s  averaged over  t he  thermal energy ( < 1  o r  2 eV) group 
have been shown t o  have an  important economic r o l e  f o r  l igh t -water  
r e a c t o r s .  Cost imp l i ca t ions  of thermal c ros s  s e c t i o n  u n c e r t a i n t i e s  a t  
t h e  few-group level were r epor t ed  ear l ier .  
t h a t  c o s t s  are s e n s i t i v e  t o  a s p e c i f i c  thermal-group c r o s s  s e c t i o n ,  i t  
becomes d e s i r a b l e  t o  determine how s p e c i f i c  energy-dependent c ros s  
s e c t i o n s  inf luence  f u e l  cyc le  cos t s .  Multigroup cross-sec t ion  s e n s i t i v -  
i t y  c o e f f i c i e n t s  vary  wi th  f u e l  exposure. By changing the  shape of a 
c ros s  s e c t i o n  displayed on a view-tube through an i n t e r a c t i v e  graphics  
system, one can compute t h e  change i n  few-group c r o s s  s e c t i o n  us ing  t h e  
exposure dependent s e n s i t i v i t y  c o e f f i c i e n t s .  With t h e  changed exposure 
dependent few-group c r o s s  s e c t i o n ,  a new f u e l  cyc le  c o s t  is  computed 
by a sequence of ba tch  dep le t ion ,  co re  a n a l y s i s ,  and f u e l  ba tch  c o s t  
code modules. Fuel  cyc le  c o s t s  are gene ra l ly  most s e n s i t i v e  t o  c r o s s  
s e c t i o n  u n c e r t a i n t i e s  near  t h e  peak of t h e  hardened Maxwellian f l u x .  

When i t  has  been determined 

INTRODUCTION 

An i n t e r a c t i v e  system has  been developed a t  RPI t o  analyze t h e  sen- 
s i t i v i t y  of water r e a c t o r  f u e l  cyc le  parameters and c o s t s  t o  uncer ta in-  
t ies  i n  nuc lea r  d a t a .  The s e n s i t i v i t i e s  of few-group c r o s s  s e c t i o n s  t o  
u n c e r t a i n t i e s  i n  d e t a i l e d  thermal nuc lea r  d a t a  ( r e f e r r e d  t o  as Path A) 
are determined by methods presented  i n  t h i s  paper.  A sequence of ba tch  
dep le t ion ,  core  a n a l y s i s ,  and f u e l  cycle  cos t  codes ( r e f e r r e d  t o  as 
Path B) determines t h e  changes i n  f u e l  cyc le  parameters and c o s t s  f o r  
changes i n  few-group microscopic  c ros s  s e c t i o n s ,  i n  f i s s i o n  y i e l d s ,  and 
decay da ta .  These Pa th  B methods and r e s u l t s  are discussed i n  d e t a i l  
i n  our  o t h e r  paper presented  a t  t h i s  w0rkshop.l 

Cross s e c t i o n s  averaged over  t he  thermal energy ( < 1  o r  2 eV) group 
have been shown t o  have an important  economic r o l e  f o r  l igh t -water  
 reactor^.^,^ 
and c o s t s  are sensi t ive t o  a s p e c i f i c  thermal-group c ross  s e c t i o n ,  i t  
becomes d e s i r a b l e  t o  determine how s p e c i f i c  energy-dependent c ros s  sec- 
t i o n s  in f luence  f u e l  cyc le  parameters and c o s t s .  A c ross  s e c t i o n  can be 

When i t  has  been determined t h a t  f u e l  cyc le  parameters 
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modified and viewed e a s i l y ,  a long w i t h  t h e  base  c r o s s  s e c t i o n ,  f l u x ,  
a d j o i n t ,  and s e n s i t i v i t y  c o e f f i c i e n t ,  wi th  t h e  a i d  of Rensse laer ' s  
I n t e r a c t i v e  Graphics Analysis  System (RIGAS) 4 .  
changed exposure-dependent thermal-group c r o s s  s e c t i o n ,  a new f u e l  cyc le  
c o s t  i s  computed by t h e  sequence of Pa th  B code modules. We can there-  
f o r e  o b t a i n  t h e  change i n  f u e l  cyc le  c o s t  f o r  d i f f e r e n t  f u e l  cyc le  
op t ions  induced by a change i n  t h e  shape of a d e t a i l e d  thermal  c r o s s  
sec t ion .  This  type of a n a l y s i s  on thermal c ros s  s e c t i o n  u n c e r t a i n t i e s  
can b e  used t o  i n d i c a t e  d i r e c t i o n s  f o r  worthwhile improvements i n  
thermal nuc lea r  d a t a  and methods. 

Af t e r  computing t h e  

METHODS FOR COMPUTING THERMAL REGION SENSITIVITY COEFFICIENTS 

Path  A analyses  examine t h e  s e n s i t i v i t i e s  of few-group microscopic  
c r o s s  s e c t i o n s  t o  changes i n  b a s i c  nuc lea r  da ta .  These s e n s i t i v i t i e s  
have two components, one a s soc ia t ed  d i r e c t l y  wi th  t h e  nuc lea r  d a t a  
change and one a s soc ia t ed  wi th  t h e  change i n  f l u x  r e s u l t i n g  from t h e  
change i n  nuc lea r  d a t a .  This  change i n  f l u x  a f f e c t s  few-group micro- 
s cop ic  c ros s  s e c t i o n s  f o r  o t h e r  r e a c t i o n s  as w e l l  as f o r  t h a t  o r i g i n a l l y  
changed. S e n s i t i v i t i e s  of thermal group c ross  s e c t i o n s  t o  u n c e r t a i n t i e s  
i n  mult igroup cross s e c t i o n s  can b e  c a l c u l a t e d  by d i r e c t  and by pe r tu r -  
b a t i o n  methods. Each method h a s  advantages and disadvantages.  

i 
r G  I n  t h e  d i r e c t  method the  change i n  thermal-group c r o s s . s e c t i o n  u 

i n  t h e  
r g  

The f l u x  cal- 

t o  t h e  few- 

i s  t h e  unce r t a in ty .  

of nuc l ide  i and r e a c t i o n  tvpe  r cont ingent  on a change 6 u l 1  
multigrouP Cross s e c t i o n  ui' 

r '  changed case c a l c u l a t i o n  f r o 6  t h e  base  case c a l c u l a t i o n .  
c u l a t i o n  i s  performed once wi th  base  multigroup c ross  s e c t i o n s .  
f l u x  is  used t o  co l l apse  t h e  multigroup cross-sec t ions  u1 
group cross-sec t ion  u' rG . 
multigroup c r o s s  s e c t i o n  ai: + 8 0 ' - , ~ ,  where 6ail 

The few-group cross s e c t i o n  u is then  computed aga in  w i t h  t h i s  changed r G  f l u x .  By s u b t r a c t i n g  t h e  changed va lue  from t h e  base  va lue ,  one de te r -  
mines t h e  microscopic  c ros s  s e c t i o n  s e n s i t i v i t y  c o e f f i c i e n t s  

i s  computed d i r e c t l y  by s u b t r a c t i n g  t h e  

This  

The f l u x ' i s  computed ?gain w i %  a changed 

r gi r g  

D i  

i' i 
r ' g  &'rG 

i '  i 

a 

60 U 
r G  r ' g  

e c t  methods are conceptual ly  simple bu t  r e q u i r e  a ne1 f l u x  c 1 c u l  a- 
t i o n  f o r  each d a t a  change, which can be  p r o h i b i t i v e l y  expensive when 
several s e n s i t i v i t i e s  must be computed. Direct methods, however, are 
n o t  l i m i t e d  t o  s m a l l  c ros s  s e c t i o n  u n c e r t a i n t i e s .  

Pe r tu rba t ion  methods p e r m i t  c a l c u l a t i o n  of many s e n s i t i v i t y  coe f f i -  
c i e n t s  from a p r a c t i c a b l e  number of forward and a d j o i n t  c a l c u l a t i o n s .  
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Indus t ry  codes could be used f o r  t h i s  purpose i f  they  w e r e  capable of 
computing a d j o i n t  s o l u t i o n s ;  however, they do no t  have t h i s  c a p a b i l i t y .  
The FASTT code, t o  be  descr ibed  la ter ,  w a s  w r i t t e n  t o  perform t h e  f l u x  
and a d j o i n t  c a l c u l a t i o n s  i n  t h e  thermal energy reg ion  and combine these  
t o  y i e l d  the  requi red  s e n s i t i v i t y  c o e f f i c i e n t s .  Pe r tu rba t ion  methods 
are l i m i t e d  t o  s m a l l  changes, towever, y i e l d i n g  p a r t i a l  d e r i v a t i v e s  
ao:G/aoi' i n s t e a d  of  6 0 : ~ / 6 0 ~  . 

r ' g  r ' g  
Few-group cross-sec t ions  are usua l ly  determined i n  LWR design by 

so lv ing  inhomogeneous equat ions ,  

f o r  t h e  p o s i t i o n ,  d i r e c t i o n ,  and energy dependent neut ron  f l u x  $(L,E,E) 
i n  a u n i t  c e l l  o r  o t h e r  reg ion  of a r e a c t o r .  The source S i n  t h e  ther -  
m a l  energy region has  t h e  shape of neutrons slowing down from h ighe r  
energ ies .  I f  thermal nuc lear  d a t a  are changed, t h e  t r a n s p o r t  ope ra to r  
L w i l l  change, and t h e  f l u x  w i l l  change as requi red  by t h e  t r a n s p o r t  
equat ion.  To f i r s t  o rde r ,  t h e  change i n  f l u x  i s  g iven  by t h e  equat ion 

6L$ + L6$ = 0 (3) 
i 
r G '  

It is customary t o  compute few-group microscopic c r o s s  s e c t i o n s ,  u 
by r e a c t i o n  rate averaging,  i i  <o c $>, 

( 4 )  oi = r 

G 
rG Ei<$> 

Here t h e  symbol < f >  
i n  t h e  reg ion ,  over  t h e  energy band G, and over  a l i  d i r e c t i o n s .  
t h e  ce l l  averaged concent ra t ion  f o r  nuc l ide  i. 

rep resen t s  t h e  i n t e g r a l  of f(r ,E,&) over  p o s i t i o n  
? is  G 

i The change i n  few-group c ross  s e c t i o n  u can be computed d i r e c t l y  
by c a l c u l a t i o n s  using Eqs. q. and 4 bo th  w i t 6  and without  t h e  change i n  
multigroup c ross  s e c t i o n  u i  , 

G 

r ' g  

The Kronecker d e l t a  6 . i l  i s  equal  t o  1 when i = i ', and 6 
t o  1 when r = r ' ;  bo th  are equal  t o  zero otherwise.  
t o  as the  d i r e c t  technique.  Using Eq. 4 ,  a f t e r  t he  t e r m s  i n  Eq. 5 have 

is equal  
This  1s r e f e r r e d  rr' 

been placed on t h e  common denominator 
o r d e r  , 

and expanded, g ives  t o  f i r s t  

i i i-i <(orC 'OGC ) 6 p G  
+ 

G 
2 < $ >  
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From t h i s  express ion  w e  can see t h a t  i f  i # i ' o r  r # r ' ,  t h e  f i r s t  
t e r m  is  zero and t h e  change i n  few-group cross-sec t ion  r e s u l t s  from 
t h e  change i n  f l u x  a lone .  

Pe r tu rba t ion  theory  is  app l i ed  as fol lows;  t h e  equat ion  a d j o i n t  
t o  Eq. 2 is  

L+@+ = s+ Y (7) 

where t h e  ope ra to r  L+ has  t h e  usua l  l i n e a r  a d j o i n t  proper ty  

(8) 
+ + +  <x YLd)'G = <L x ,d)>G 

Commas are introduce$ a t  t i m e s  i n  t ese equat ions  t o  d e l i m i t  ope ra t ions ,  
e .g . ,  t h e  ope ra to r  L ope ra t e s  on x b u t  n o t  on $. Using t h e  last  two 
equat ions  w e  f i n d  

9 

By comparing t h e  f i r s t  term of t h i s  express ion  wi th  t h e  l a s t  t e r m  i n  
Eq. 6 ,  we choose t h e  a d j o i n t  source ,  

i -i + = ar(E)C i i (r)- arGC 
'ir 

From Eqs. 3, 9 and 10 w e  o b t a i n ,  

Using t h e  a d j o i n t  w e  have elminated t h e  need t o  compute t h e  change i n  
f l u x .  Using Eq. 11, Eq.  6 becomes 

i' i' + 
<6ii,6rrt6artC $>G <$irYGL@>G 

= - (12) 

G 
r G  Ei<$ > p<+> 

G 
i t  i' 

The change 6L i s  j u s t  C 6orl(E)  f o r  a r e a c t i o n  c ross -sec t ion  change. 

One forward f l u x  c a l c u l a t i o n  and one a d j o i n t  f l u x  c a l c u l a t i o n  
s u f f i c e  t o  y i e ld .$he  dependence of  t h e  group cross-sec t ion  
s m a l l  changes 60 (E) as a r b i t r a r y  func t ions  of energy. For a r e a c t i o n  
c r o s s  s e c t i o n  change, we are a c t u a l l y  i n t e r e s t e d  i n  t h e  s e n s i t i v i t y  
c o e f f i c i e n t  def ined  by t h e  p a r t i a l  d e r i v a t i v e ,  

ai  on a l l  
1 r G  
r '  
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I n  a r r i v i n g  a t  t h i s  equat ion  i t  w a s  assumed t h a t  t h e  c ross -sec t ion  w a s  
per turbed  s l i g h t l y  only  i n  group g.  

The s e n s i t i v i t i e s  of thermal-group average c ros s  s e c t i o n s  t o  
changes i n  d e t a i l e d  energy-dependent c ros s  s e c t i o n s  i n  t h e  thermal 
range are ca l cu la t ed  by t h e  code FASTT. This  code combines s e l e c t e d  
f e a t u r e s  of t h e  thermal neutron t rea tments  i n  LASER5 and LEOPARD6 t o  
compute both  t h e  multigroup neutron f l u x  and a d j o i n t ,  then combines 
t h e s e  t o  y i e l d  the  r equ i r ed  s e n s i t i v i t i e s .  S e n s i t i v i t y  c o e f f i c i e n t s  
computed by both t h e  d i r e c t  and pe r tu rba t ion  methods are shown i n  
Table 1. The results ag ree  wi th  reasonable  accuracy, t hus  confirming 
both methods. 

THERMAL REGION CALCULATIONS: THE FASTT CODE 

Cross s e c t i o n s  averaged over  t h e  thermal energy ( < 1  o r  2 eV) group 
p lay  an important r o l e  i n  computational methods f o r  l igh t -water  reac- 
t o r s .  The thermal-group c ross  s e c t i o n s  are computed i n  r e a c t o r  ce l l  
programs by cod5 modules t h a t  can be c l a s s i f i e d  as being l i k e  SOFOCATE 
o r  l i k e  THERMOS . I n  t h e  former case the  emphasis is  on t h e  neut ron  
energy spectrum wi th  s i m p l i f i e d  s p a t i a l  t rea tments  when t h e s e  are in-  
cluded a t  a l l .  I n  the  l a t te r  case t h e r e  i s  a more balanced t rea tment  
of s p a t i a l  and spectral e f f e c t s ,  b u t  t h e r e  i s  a corresponding penal ty  
i n  running t i m e .  Because a l a r g e  p a r t  of t h e  power r e a c t o r  i n d u s t r y  
u t i l i z e s  SOFOCATE i n  the  form included as a module i n  ce l l  codes l i k e  
LEOPARD6 and CHEETAH9, and because t h i s  approach is  s impler ,  less cost-  
l y ,  and hence, s u i t e d  f o r  s e n s i t i v i t y  a n a l y s i s ,  t he  FASTT code t o  be 
descr ibed  u t i l i z e s  t h i s  approach. 

7 

Neutrons slowing down i n  the  moderator from ene rg ie s  above 1 o r  2 e V  
This  equat ion i s  solved provide the  t r a n s p o r t  i n t o  t h e  thermal 

i n  LWR design f o r  t he  o rde r  of 1 0  o r  10 energy p o i n t s  o r  groups using 
s p a t i a l  c a l c u l a t i o n s  of g r e a t e r  o r  lesser accuracy. Codes so lv ing  t h i s  
problem are reasonably complex, and t h e i r  a d j o i n t  ve r s ions  could be 
complex a l so .  For tuna te ly ,  we  have developed a technique f o r  computa- 
t i o n  of a d j o i n t s  using forward codes. The a d j o i n t  source,  o(E)C(r) - 
CJ E, appropr i a t e  t o  t h e  p re sen t  app l i ca t ion  r e q u i r e s  a p a r t i c u l a r  
t ransformat ion  f o r  s o l u t i o n  wi th  conventional methods. 

range* 

G 

The r e a c t o r  parameters ca l cu la t ed  by FASTT and t h e  procedures used 
t o  determine them are similar t o  those  i n  o t h e r  i ndus t ry  type  codes. 
The microscopic c r o s s  s e c t i o n s  read by FASTT must be Doppler broadened 
t o  t h e  proper temperature.  D. E .  Cullen e t  a1." have presented a com- 
par i son  of Doppler broadenin methods i n  t h e  thermal energy range. W e  
have chosen t o  use t h e  LASER 35 group s t r u c t u r e  wi th  an upper cu tof f  
of 1.855 e V  i n  o r d e r  t o  inc lude  t h e  e f f e c t s  of t h e  Pu-240 resonance. 
The FASTT code i s  q u i t e  gene ra l  and can run wi th  any group s t r u c t u r e .  

5 



Table 1. Comparison Between Direct and P e r t u r b a t i o n  Methods for t h e  Green County PWR at  
Middle of Exposure (1% changes for Direct Method) 

SENSITIVITY COEFFICIENTS 

Energy Midpoint U-235(n,f) Boron(n,y) Pu-240(n,y) 
of Group(eV) Direct P e r t .  Direct P e r t .  Direct 

.001139 ,003081 .003091 ,005888 .005885 .000487 ,000491 

P e r t .  

.036685 .086202 .086267 .088536 .088541 .015800 ,015799 

.165080 ,058685 .058711 .063540 ,063545 ,015564 .015566 

.295940 ,003922 .003934 .003631 .003635 .001028 .001031 

,564090 

1.047 700 

1.237200 

1.790500 

W 

6 
.015874 -015877 .013222 .013224 w .011168 .011176 

.000140 .000147 .000309 .000310 .042377 .042540 

.004546 ,004546 

.000916 .000923 

,0057 22 .005723 ,034977 .034980 

,003094 .003089 .001170 .001171 
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The s imples t  model of neutron thermal iza t ion  y i e ld ing  r e s u l t s  of 
s u f f i c i e n t  accuracy i s  t h a t  which treats t h e  r e a c t o r  core  as a free 
proton gas ,  neg lec t ing  chemical binding. 
model t h e  protons are assumed t o  be i n  thermal equi l ibr ium wi th  a Max- 
well-Boltzman energy d i s t r i b u t i o n .  FASTT can compute s c a t t e r i n g  cross-  
s e c t i o n s  using the  f r e e  proton model o r  t h e  Nelkin12 model, i n  which 
t h e  chemical binding is accounted f o r  by a set of d i s c r e e t  molecular 
f requencies .  In  FASTT only t h e  downscattering p a r t  of t he  ke rne l  i s  
ca l cu la t ed  and s to red .  The upsca t t e r ing  i s  ca l cu la t ed  as needed from 
the  condi t ion  of d e t a i l e d  balance,  

I n  t h i s  Wigner-Wilkinsll 

where M i s  t h e  Maxwellian f l u x  

E -E / kT M(E) = - 
(kT)2 e 

The FASTT code has  t h e  op t ion  t o  read i n  any s c a t t e r i n g  k e r n e l  i n  the  
proper  group s t r u c t u r e .  

The u n i t  c e l l  c o n s i s t s  of  t h e  c y l i n d r i c a l  f u e l  p e l l e t ,  a c y l i n d r i -  
cal annular  c l ad  reg ion ,  and a coolant  reg ion  between f u e l  rods.  A 
modified Amouyal-Benoist-Horowitz method def ined  by Strawbridge is  used 
t o  calculate t h e  s p a t i a l  v a r i a t i o n  of f l u x  wi th in  the  p in  ce l l .  
fuel-to-moderator f l u x  r a t i o  and t h e  clad-to-moderator f l u x  r a t i o  are 
computed by FASTT a t  each energy group. The macroscopic c ros s  s e c t i o n s  
are then  computed wi th  r e spec t  t o  t h e  moderator. 

The 

I n  FASTT w e  have included the  s p a t i a l  f l u x  dependence wi th  t h e  use 
of f l u x  r a t i o s  and are t h e r e f o r e  ab le  t o  s impl i fy  t h e  l i n e a r  t r a n s p o r t  
equat ion  (Eq. 2) t o  

Ct(E)$(E) - I C  (E'+E)$(E')dE' = S(E) , S 

where t h e  slowing down source S(E) from energ ies  above t h e  thermal 
range is uniform i n t o  t h e  e f f e c t i v e  p i n  ce l l .  This  forward ba lance  
equat ion  can b e  solved by i t e r a t i o n ,  

6 

The i n i t i a l  f l u x  (P(O) is assumed t o  be a Maxwellian d i s t r i b u t i o n ,  
g 

which i s  normalized so t h a t  t h e  spectrum averaged absorp t ion  equa s t h e  
t o t a l  source.  

equals  t h e  source  IS 

td FASTT renormalizes  each i terate  f l u x  so t h a t  I C  $ ag 
i n t o  t h e  thermal group. Convergence i g  very  

g g  
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r ap id ;  i n  f a c t ,  even t h e  f i r s t  i terate  may be  adequate f o r  some sens i -  
t i v i t y  s t u d i e s .  

Earlier i t  w a s  shown t h a t  few-group s e n s i t i v i t i e s  are r e a d i l y  com- 
puted i n  terms of s o l u t i o n s  t o  t h e  forward and a d j o i n t  t r a n s p o r t  prob- 
l e m s .  The d i f f i c u l t y  i s  t h a t  i ndus t ry  codes f o r  t h e  thermal  energy 
range do not  have a d j o i n t  c a p a b i l i t y .  For tuna te ly ,  a method has  been 
developed f o r  computation of t h e  thermal a d j o i n t  us ing  forward codes 14 . 
The a d j o i n t  equat ion corresponding t o  the .  forward equat ion  f o r  t h e  
e f f e c t i v e  uniform ce l l ,  Eq. 1 6 ,  i s  

Mult iply t h i s  by M(E) , and r e p l a c e  M(E)C (E+E') by i t s  d e t a i l e d  ba lance  
equ iva len t  from Eq .  14. Then S 

c ~ ( E ) $ ( E )  - I C ~ ( E ~ - + E E ) + ( E ~ ) W  = M(E>s+(E> Y (20) 

$(E) = $+(E)M(E> (21) 

where t h e  a u x i l i a r y  func t ion  +(E) is def ined  by 

Eq. 20 h a s  t h e  s t r u c t u r e  of a forward equat ion ,  so t h e  a d j o i n t  $+ can 
be computed porn any code t h a t  s o l v e s  t h i s  forward equat ion .  Here a 
source  M(E)S (E) is  used, and f h e  a u x i l i a r y  func t ion  $(E)  is  d iv ided  
by M(E) t o  y i e l d  t h e  a d j o i n t  $ ( E ) .  

I t  is  requ i r ed  t h a t  t he  s c a t t e r i n g  func t ion  C (E'+E) a c t u a l l y  obeys 
d e t a i l e d  balance.  
S c a t t e r i n g  of thermal neutrons from o t h e r  nuc l ides  usua l ly  i s  taken  t o  
be  monoenergetic, i n  which case t h e  d e t a i l e d  balance equat ion  i s  satis- 
f i e d  au tomat ica l ly .  

I n  LWR codes t h i s  i s  so f o r  hy8rogen s c a t t e r i n g .  

A s  w a s  no ted  earlier 
averaged cross -sec t ion  CT 

This  source  i s  p o s i t i v e  f o r  some groups and nega t ive  fo rgo the r s .  
convenient t o  f u r t h e r  t ransform the  a d j o i n t  equat ion  as fol lows:  

t he  a d j o i n t  source appropr i a t e .  f g r  the, Group 
f o r  i so tope  i i n  reg ion  j is o'C? - akc l  . 1 

It i s  

I 

Sub t rac t  C + C from both 
ag sg 

s i d e s ,  then  mul t ip ly  by -1. 

The source t o  t h i s  balance equat ion  i s  non-negative. 
t o  a forward equat ion  as developed previous ly ,  

Now convert  t h i s  
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where t h e  a u x i l i a r y  func t ion  I). is  
g .  

FASTT calculates t h e  a u x i l i a r y  func t ion  $ by t h e  i t e r a t i o n  technique 
descr ibed  earlier,  and s i n c e  t h e  source aEproximates t h e  Maxwellian, 
convergence is  even f a s t e r  f o r  t h e  a u x i l i a r y  func t ion  than f o r  t h e  for -  
ward f lux .  

The s e n s i t i v i t i e s  of  thermal group average c ros s  s e c t i o n s  t o  
changes i n  d e t a i l e d  energy-dependent c ros s  s e c t i o n s  i n  t h e  thermal 
range can be ca l cu la t ed  from t h e  f l u x  and proper  a d j o i n t .  The macro- 
s cop ic  s e n s i t i v i t y  c o e f f i c i e n t  i s  computed from 

The microscopic s e n s i t i v i t y  c o e f f i c i e n t s  f o r  a change i n  a few group 
c ross  s e c t i o n  f o r  nuc l ide  i and r e a c t i o n  type r,  induced by a change i n  
multigroup c ross  s e c t i o n  f o r  nuc l ide  i' and r e a c t i o n  type r ' ,  are cal- 
cu la t ed  by 

Here V .  r e f e r s  t o  t h e  volume of reg ion  j, and M r e f e r s  t o  t h e  moderator. 

We are a l s o  i n t e r e s t e d  i n  determining t h e  change i n  a few-group 
c ross  s e c t i o n  f o r  a change i n  the  shape i n  the  d e t a i l e d  c r o s s  s e c t i o n .  
Using the  d e f i n i t i o n  of  microscopic s e n s i t i v i t y  c o e f f i c i e n t ,  w e  f i n d ,  

J 

i' 
where the  f r a c t i o n a l  changes i n  CJ are inpu t  q u a n t i t i e s .  For example, 
we may wish t o  i n v e s t i g a t e  the  effe8ts of an unce r t a in ty  i n  the  1/17 com- 
ponent of a c ross  s e c t i o n  o r  i n  a resonance parameter.  The c ross  sec- 
t i o n  can be modified and viewed e a s i l y ,  along wi th  t h e  base  c ros s  sec- 
t i o n ,  f l u x ,  a d j o i n t ,  and s e n s i t i v i t y  c o e f f i c i e n t ,  wi th  t h e  a i d  of 
Rensse laer ' s  I n t e r a c t i v e  Graphics Analysis  System (RIGAS) 15. 

Some s e n s i t i v i t y  c o e f f i c i e n t s  have l a r g e  v a r i a t i o n s  wi th  exposure 
due t o  se l f - sh i e ld ing  and t h e  hardening of t h e  f l u x  spectrum as 
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plutonium b u i l d s  up. Even l / v  c r o s s  s e c t i o n  s e n s i t i v i t y  c o e f f i c i e n t s  
have l a r g e  v a r i a t i o n s  wi th  exposure i n  c e r t a i n  energy reg ions ,  prima- 
r i l y  due t o  f l u x  dipping a t  plutonium resonances.  Therefore ,  t he  f r ac -  
t i o n a l  changes i n  ui 
changes are compute8 a t  each exposure t i m e  s t e p ,  they  can be  used i n  
t h e  Path B code sequence as inpu t  t o  t h e  f u e l  dep le t ion  module 
FASTCELL16. 
d i f f e r e n t  f u e l  cyc le  op t ions  induced by a change i n  the  shape of a 
d e t a i l e d  thermal c ros s  sec t ion .  Thus we have the  necessary  t o o l s  t o  
i n v e s t i g a t e  f u e l  cyc le  cos t  imp l i ca t ions  to  improvements i n  ENDF d a t a  
sets. 

from Eq. 28 w i l l  vary wi th  exposure.  Once these  
G 

We can t h e r e f o r e  o b t a i n  the  change i n  f u e l  cyc le  cos t  f o r  

COMPUTED SENSITIVITY COEFFICIENTS 

The s e n s i t i v i t y  of  f u e l  cyc le  c o s t s  t o  uniform thermal-group c r o s s  
s e c t i o n  changes wi th  exposure were determined f o r  t h e  40 n u c l i d e s  in-  
cluded i n  the  FASTCELL f u e l  dep le t ion  module. Path B s e n s i t i v i t y  
c o e f f i c i e n t s  f o r  1985 are shown i n  Table  2 f o r  both p re s su r i zed  and 
b o i l i n g  water r e a c t o r s  and f o r  two back end f u e l  cyc le  a l t e r n a t i v e s .  
Nuclides wi th  s e n s i t i v i t i e s  less than  .006 are n o t  l i s t e d .  Pu-239 and 
U-235 have t h e  l a r g e s t  s e n s i t i v i t i e s ,  followed by H ,  Pu-241, and U-238. 
F i s s ion  products  and s t r u c t u r a l  materials have much smaller s e n s i t i v i -  
t ies.  S e n s i t i v i t y  t o  t h e  Pu-240 thermal  capture  c r o s s  s e c t i o n  t u r n s  
o u t  t o  be s m a l l  because of t he  high worth of t he  Pu-241 produced from 
neutron capture  i n  Pu-240. 

The s e n s i t i v i t i e s  of thermal-group average c ros s  s e c t i o n s  t o  
changes i n  d e t a i l e d  energy-dependent c r o s s  s e c t i o n s  i n  the  thermal 
range are ca l cu la t ed  by the  FASTT code. Figure 1 shows t h e  energy 
dependent Pu-240 capture  s e n s i t i v i t y  c o e f f i c i e n t  pe r  u n i t  energy a t  
t h r e e  d i f f e r e n t  exposures.  This  f i g u r e  i l l u s t r a t e s  t h e  importance of 
s e l f - s h i e l d i n g  e f f e c t s  wi th  exposure.  (Analogous e f f e c t s  are observed 
wi th  Pu-239). The reg ion  of  t h e  1.058 e V  resonance i s  much more i m -  
p o r t a n t  a t  beginning of exposure.  The Maxwellian reg ion ,  however, be- 
comes more important  towards the  end of exposure. This  s h i f t i n g  of 
importance occurs  because as t h e  Pu-240 b u i l d s  up i n  the  p i n  ce l l ,  t h e  
f l u x  d i p s  a t  t h e  resonance. Since t h e r e  i s  less f l u x ,  a change i n  a 
resonance parameter w i l l  pe r tu rb  the  few-group cross-sec t ion  less than  
i t  would have at beginning of exposure.  
ence of s e n s i t i v i t y  c o e f f i c i e n t s  i l l u s t r a t e s  t h e  importance of consider-  
i n g  t h e  f u e l  cyc le  as a whole, r a t h e r  than  cons ider ing  any s i n g l e  t i m e .  

This  s t r o n g  exposure depend- 

Figure 1 of  ou r  o t h e r  paper i n  t h i s  proceedings i l l u s t r a t e s  t h e  
Pu-239 f i s s i o n  c ross -sec t ion ,  a d j o i n t ,  and s e n s i t i v i t y  c o e f f i c i e n t  as 
a func t ion  of energy. The c ross -sec t ion  i s  more than  f i v e  t i m e s  as 
l a r g e  a t  i t s  0 .3  e V  resonance than a t  t h e  Maxwellian peak; y e t  i t s  de- 
t a i l e d  s e n s i t i v i t y  i s  about 50% l a r g e r  a t  t h e  Maxwellian peak than  a t  
t h e  resonance. This  illustrates t h e  importance of t h e  hardened 



339 

Table 2.  Fuel  Cycle Cost S e n s i t i v i t y  t o  Thermal Group 
Cross-Sections f o r  1985 

BWR PWR - 
Recycle Throwaway Recycle Throwaway 

Pu-239 ( n , f )  

Pu-239 (n,y> 

U-235 (n , f>  

U-235 (n,y> 

H (n,y> 
Pu-241 (n , f )  

Pu-241 (n,y> 

U-238 (n,y> 

F i s s i o n  Product 
Lump (n,y> 

B 

Xe-135 (n,y) 

Z r  h , Y >  

Nd-143 (n,y> 

Rh-103 (n,y) 

Pu-240 (n,y> 

Eu-153 (n,y) 

-. 522 

,439 

- ,387 

.210 

.125 

- .094 

,068 

.033 

.037 

.017 

.019 

.018 

.008 

.005 

,004 

-.688 

.578 

-.578 

.232 

.169 

-. 1 2 3  

.080 

,151 

.052 

.024 

.025 

,024 

.011 

.012 

.005 

-. 560 -.753 

,478 .619 

-. 384 -.568 

.208 

,095 

-.099 

.073 

,037 

.035 

.024 

.020 

.011 

,019 

.008 

.009 

.004 

.232 

.135 

- .130 

.089 

.147 

.049 

.045 

.029 

.015 

.027 

.011 

.020 

.006 

Maxwellian energy range f o r  thermal-group c ross  sec t ions .  

SUMMARY 

Cross s e c t i o n s  averaged over  t he  thermal energy group have been 
shown t o  have an important economic r o l e  f o r  l ight-water  r e a c t o r s .  
Pu-239 and U-235 have t h e  l a r g e s t  s e n s i t i v i t i e s  (Path B), followed by 
H ,  Pu-241, and U-238. F i s s ion  products  and s t r u c t u r a l  materials have 
much smaller s e n s i t i v i t i e s .  

The methods used t o  compute t h e  s e n s i t i v i t y  of few-group c ross  
s e c t i o n s  t o  uncertainties i n  b a s i c  nuc lear  d a t a  have been presented 
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Montague BWR a t  D i f f e r e n t  Exposures. 
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and have been implemented i n  the  FASTT code. Multigroup c r o s s  s e c t i o n  
s e n s i t i v i t y  c o e f f i c i e n t s  (Pa th  A) vary wi th  f u e l  exposure.  A s t r i k i n g  
f e a t u r e  of ou r  thermal ana lyses  has  been t h e  (usua l ly)  overwhelming 
importance of t h e  hardened Maxwellian energy region.  
Pa th  B ana lyses  i n d i c a t e  t h a t  i t  is  very important t o  analyze the  f u e l  
cyc le  as a whole, r a t h e r  than t o  consider  one t i m e  on ly .  

Both Path A and 
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THE LINEARITY ASSUMPTION I N  ADJUSTMENT PROCEDURES 
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ABSTRACT 

A numerical experiment was devised t o  i l l u s t r a t e  the  
application of t he  cross-section adjustment code ISPRAD. The 
experiment r e l a t e s  t o  the  Pavia shielding experiment, which 
consis ts  of an i ron  block i r rad ia ted  by a f i s s ion  p l a t e  a t  the  
end of the  thermal column of the  Pavia reac tor .  A s e t  of f i v e  
idea l  act ivat ion detectors  was postulated,  and t h e i r  response 
functions and s e n s i t i v i t y  p ro f i l e s  were evaluated f o r  th ree  
posi t ions i n  the  i ron block. The "experimental" values of t he  
response functions were generated with a modified cross-section 
s e t .  In the  first t e s t  the experimental act ivat ions were 
obtained by increasing CS, the  i ron t o t a l  cross sect ion i n  
group 6, by 0.6%. The assumed cross-section uncer ta in t ies  were 
lo%,  and the  e r rors  of the  in tegra l  da ta  1%. The given cross- 
sect ion s e t  was successively adjusted by one, two, ..., f i f t e e n  
in tegra l  data. The adjustment of Ts was progressively enhanced, 
but while most other  adjustments p rac t i ca l ly  disappeared, a 
s ign i f icant  secondary peak pers is ted throughout. This f a i l u r e  
was a t t r ibu ted  t o  the  non-linear dependence of  the  act ivat ions 
on the  cross sect ions.  A second t e s t ,  i n  which the  change i n  Zj 

was only 0.17%, resul ted i n  a perfect  reproduction of the  
modified se t .  The f u l l  t ex t  elaborates on the  analyses of the  
two t e s t s ,  on a procedure t o  check the  v a l i d i t y  of the  l i n e a r i t y  
assumption, and on a proposed procedure t o  handle cases i n  which 
the  l i nea r i ty  c r i t e r i o n  f a i l s .  

INTRODUCTION 

The code ISPRAD (ISpra PRocedure f o r  cross-section ADjustment) incor- 
porates a standard adjustment prescr ipt ion,  which is  b r i e f l y  described i n  
the  Appendix. The present version does not include correlat ions.  A numeri- 
ca l  experiment was devised t o  i l l u s t r a t e  the  application of t he  code. The 
present contribution describes t h i s  experiment and discusses the  r e su l t s .  
The main point i n  the  discussion concerns the  l i n e a r i t y  assumption, upon 
which most adjustment procedures are based. 

The numerical experiment r e l a t e s  t o  t h e  Pavia shielding experiment, 
which consis ts  of an i ron  block i r rad ia ted  by a f i s s ion  p l a t e  a t  the  end 
of the  thermal column of the  Pavia reactor .  This assembly was approximated 
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by a one-dimensional plane-geometry model, which, together with 15-group 
cross sections, was used as input in the necessary calculations. 

A set of five ideal activation detectors was "invented:' and their 
response functions and sensitivity profiles (for the 15 group total cross 
sections) were evaluated at three positions in the iron block. The assumed 
detectors were all of a constant (10 barn) capture cross section. Detector 1 
was .flat. The threshold of detector 2 coincided with the lower energy boun- 
dary of group number 12. And detectors 3,  4 and 5 had their thresholds at the 
lower energy boundaries of groups 9, 6 and 3 ,  respectively. 

A direct-flux ANISN calculation yields the angular flux distribution 
in the assembly, of course, and the activations of the five detectors at 
each and every space division. Thus, from such a run with the given cross- 
section set we obtain the calculated values of the response functions of 
each detector at each of the three positions. 

To evaluate the sensitivity profile of a detector, we need the direct 
flux (obtained from the above-mentioned ANISN run), and also the adjoint 
flux in the assembly with the detector as source. 

+ +  
Let S = S(x,v) be the actual neutron source distribution &n+the 

assembly (the fission-plate source in our case), and let D = D(x,v) be 
the detector "distribution". Then the direct and adjoint fluxes that we 
need are, respectively, the solutions of the two equations 

HJ, = S ,  H'J,' = D. (1) 

Now, the detector's response is obviously 

(2) 
t R = <J,D> = ... = <$ S>, 

-t -t where <...> denotes integration over all six variables (x and v). Consid- 
ering any perturbation in the assembly, and denoting 

it is a straightforward matter to show that the corresponding variation of 
the response function is given by 

(41 6R = -<$odHJ,> t. -<J,$I-IJ,p . 
In our particular study we are interested in the detector's sensitivities 
to the iron total cross sections, and therefore 

6H$ = 6CJ, . (5) 

Thus the sensitivities in which we are interested are given by 

6R/6C g = -/daxld2G$i(z,fi)J,g(z,B) . . . . g = 1,2 ,..., 15 (6) 

where the space integration obviously refers to the iron block only. 
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The code SWANLAKE, t h e  input  f o r  which c o n s i s t s  of t h e  d i r e c t  and 
a d j o i n t  f l uxes  and t h e  given c ross - sec t ion  s e t ,  eva lua te s  t h e s e  i n t e g r a l s  
( a s  wel l  as t h e  o t h e r  i n t e g r a l s  which e n t e r  i n t o  t h e  expressions of  t h e  
d e t e c t o r ' s  s e n s i t i v i t i e s  t o  a l l  t h e  c r o s s  s e c t i o n s  i n  t h e  given s e t ) ,  
and thus  genera tes  t h e  complete s e n s i t i v i t y  p r o f i l e  of  t h e  d e t e c t o r  which 
was used as source i n  t h e  c a l c u l a t i o n  of t h e  a d j o i n t  f l u x .  

To apply ISPRAD we a l s o  needed experimental  va lues  of t h e  response 

The c l e a r  advantage of  such "games", from t h e  
func t ions .  
f i e d  c ros s - sec t ion  s e t s .  
viewpoint of t e s t i n g  t h e  code, i s  t h a t  i n  each case  we know beforehand 
what adjustments t o  expect .  

These were generated by d i r e c t - f l u x  runs  of  ANISN with modi- 

A s  a l r eady  mentioned, i n  t h e  f i r s t  t e s t s  of  t h e  adjustment code t h e  
t o t a l  c r o s s  s e c t i o n s  only  were modified,  and they  a lone  were allowed t o  
be ad jus t ed .  Thus i n  each run of ISPRAD t h e r e  were 15 parameters t o  be 
ad jus ted  i n  o rde r  t o  improve t h e  f i t  between t h e  ca l cu la t ed  and "experi-  
mental" values  of t h e  response func t ions .  

RESULTS AND DISCUSSION 

In t h e  f i r s t  t e s t  c 6 ,  t h e  macroscopic t o t a l  c r o s s  sec t ion  i n  group 6 

This  may seem a r a t h e r  small modi f ica t ion ,  
(32<Es110 keV), was modified from i t s  "given" va lue  of 0.3258 t o  
0.32776 cm-1, i . e .  by 0 .6%.  
but  modifying t h e  t o t a l  c r o s s  sec t ion  a lone  amounts t o  j u s t  modifying 

the cap tu re  c ros s  s e c t i o n ,  and t h e  corresponding modi f ica t ion  of t h e  
l a t t e r  i s  from 0.00054 t o  0.0025 cm-1, which i s  q u i t e  s u b s t a n t i a l .  

Unless otherwise s t a t e d ,  t h e  c ros s - sec t ion  e r r o r s  i n  a l l  ISPRAD 
runs were always A f = l O % ,  and those  of  t h e  "experimental" response func- 
t i o n s  were A;=I%. 

In  t h e  f i r s t  run t h e  given t o t a l  c ros s  s e c t i o n s  were ad jus ted  by 
j u s t  one i n t e g r a l  datum, t h e  experimental  a c t i v a t i o n  o f  d e t e c t o r  1 a t  
p o s i t i o n  1 (100 cm from t h e  i ron-block face  touching t h e  f i s s i o n  p l a t e ) .  
The r e s u l t i n g  adjustments  ( i n  %) a r e  shown as t h e  do t t ed  curve i n  Fig.  1. 

Compared with t h e  0.6% modif ica t ion  of  1 6 ,  l e t  a lone  with t h e  10% 
e r r o r  allowed t o  each t o t a l  c ros s  sec t ion ,  it i s  seen t h a t  t h e  ad jus t -  
ments are  indeed very  small. 
func t ion  and i t s  experimental  va lue  i s  e x c e l l e n t .  Regarding t h e  I7shape" 
of  t h e  do t t ed  curve,  however, not  much can be s a i d .  I t  i s ,  as it should 
be, p ropor t iona l  t o  t h e  s e n s i t i v i t y  p r o f i l e  of response func t ion  ( l l ) ,  
i . e .  "pos i t ion  1, d e t e c t o r  1". 

The f i t  between t h e  r eca l cu la t ed  response 

In f u r t h e r  runs  of  ISPRAD t h e  given c r o s s  sec t ions  were success ive ly  
ad jus ted  by two, t h r e e ,  four  and f i v e  i n t e g r a l  d a t a ,  a l l  r e l a t i n g  t o  t h e  
d e t e c t o r s  a t  p o s i t i o n  1, namely by t h e  experimental  values  of  a c t i v a t i o n s  
(11) and (12),  t hen  by t h o s e  Jf a c t i v a t i o n s  ( la) , ,  (12) and (13),  e t c .  

f i e  dashed curve i n  Fig.  1 shows t h e  adjustments r e s u l t i n g  from d a t a  on 
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(11) ,  (12) and (13);  and t h e  f u l l  
curve gives  t h e  adjustments  by a f l  
f i v e  d e t e c t o r s  a t  p o s i t i o n  1. 

h 

H 
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0.2 5 
w 
E I- ln 
=I 3 

4 
n 

$ 0.1 
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I I I I 
5 10 15 

g 

Fig.  1. The r e l a t i v e  t o t a l -  
c ros s - sec t ion  adjustments by d a t a  
g n e r a t e d  by inc reas ing  t h e  given 
% by 0 .6%.  
t o  t h e  adjustment by j u s t  one da- 
tum, t h e  "experiment a1 response 
(11);  t h e  dashed curve t o  t h e  ad- 
justment by (11) , (12) and (13);  
a n d t h e  f u l l  curve r e f e r s  t o  t h e  ad- 
justment by a l l  f i v e  responses  a t  
p o s i t i o n  1. 

The do t t ed  curve r e f e r s  

We n o t i c e  t h a t  t h e  adjustment 
of C6 i s  p rogres s ive ly  enhanced, 
as was t o  be expected, and t h a t  i n  
t h e  case of adjustment by a l l  t h e  
d a t a  a t  p o s i t i o n  1, a l r eady  reached 
more than  h a l f  t h e  a c t u a l  modifica- 
t i o n  of  t h i s  parameter.  A t  t h e  
same time, most o t h e r  adjustments  
decrease t o  a mere "noise" l e v e l ,  
except f o r  a spur ious  secondary peak 
a t  C q .  

The next  s t e p  was t o  a d j u s t  t h e  
given s e t  by a l l  d a t a  of  p o s i t i o n s  
1 and 2 (150 cm from t h e  f i s s i o n  
p l a t e ) ,  namely by 10 i n t e g r a l  d a t a .  
The r e s u l t s  a r e  shown . in  Fig.  2 
( t h e  dashed curve) .  
ment of  16 i s  over 0 . 5 % ,  almost i t s  
f u l l  "nominal" va lue .  The second- 
a r y  peak a t  C9 has -disappeared, and 
except f o r  a C 7  adjustment of  0.13%, 
it seems t h a t  we now have a r a t h e r  
s a t i s f a c t o r y  r econs t ruc t ion  of  t h e  
modified c ros s - sec t ion  s e t  with 
which t h e  experimental  a c t i v a t i o n s  
were generated . 

Now t h e  a d j u s t -  

F i n a l l y  t h e  c r o s s  s e c t i o n s  were 
ad jus ted  by a l l  15 i n t e g r a l  d a t a ,  i . e .  by t h e  experimental  a c t i v a t i o n s  
of  a l l  d e t e c t o r s  a t  p o s i t i o n s  1,  2 and 3 (125 cm from t h e  f i s s i o n  p l a t e ) .  
However, expec t ing  t o  f u r t h e r  improve t h e  r econs t ruc t ion  o f  t h e  modified 
s e t ,  we a c t u a l l y  ob ta in  t h e  adjustments  shown by t h e  f u l l  curve i n  Fig.  2 .  
The adjustment of  16 has somewhat decreased t o  0.46%, t h a t  of C7 has 
doubled, and a high peak of 0.33% appears  a t  14. 

Now, t h e  adjustment o f  t h e  15 t o t a l  c r o s s  s e c t i o n s  by 15 i n t e g r a l  
d a t a ,  whatever t h e  adjustment a lgori thm, i s  unique, and should j u s t  
reproduce t h e  modified s e t .  Furthermore, t h i s  r e s u l t  should be inde-  
pendent of t h e  assumed e r r o r s  A;. 
AG=0.25% ( ins t ead  of  1%) we f i n d  t h e  absurd adjustments  shown by t h e  
dash-point  curve i n  Fig.  2 .  

But on r epea t ing  t h e  l a s t  run  wi th  

This  seemingly s t r i k i n g  f a i l u r e  of  our adjustment procedure i n d i -  
cates t h a t  something r a t h e r  fundamental must have been overlooked, and 
an obvious susp ic ion  i s  a f a i l u r e  of  t h e  l i n e a r i t y  assumption over  t h e  
range o f  modi f ica t ion  o f  1 6 .  
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Fig. 2 .  The r e l a t i v e  t o t a l -  
cross-sect ion adjustments by d a t a  
g n e r a t e d  by inc reas ing  t h e  given 

The dashed curve re- 
& r s  t o  t h e  adjustment by a l l  d a t a  

a t  p o s i t i o n s  1 and 2 ;  t h e  f u l l  curve 
to t h e  adjustment by a l l  15 d a t a ,  

a t  p o s i t i o n s  1, 2 and 3; and t h e  
dash-point curve r e f e r s  t o  t h e  ad- 
jlstment by a l l  15 d a t a ,  but  with 
a l l  A; reduced t o  0.25% ( ins t ead  
d t h e  s tandard  1 % ) .  

by 0.6%. 

d c-6. The tangent  t o  t h e  (11) curve 

1.( 
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Fig.  3 .  The dependence of  ac- 
t i v a t i o n  (11) on Zbc. The dashed 
l i n e  i s  t h e  tangent  t o  t h e  curve 
a t  t h e  g iven- l ib ra ry  va lue  o f  1 g C .  

Let u s  then  cons ider  Fig.  3,  
which shows . the  dependence o f  a c t i -  
va t ion  (11) on c 6 .  The curve is  
a l s o  t y p i c a l  of t h e  behaviour of  
t h e  o the r  a c t i v a t i o n s  as func t ions  
a t  t h e  po in t  corresponding t o  t h e  

given va lue  of 1 6 ,  i . e .  t h e  po in t  a t  which t h e  s e n s i t i v i t i e s  a r e  c a l -  
culated, i s  a l s o  shown. I t  i s  evident  t h a t  l i n e a r  adjustment over t h e  
range up t o  t h e  modified va lue  of  C 6  i s  i n c o n s i s t e n t  with our "experi- 

mental" a c t i v a t i o n s ,  generated with t h i s  va lue  by ANISN. I t  i s  thus  
not  s u p r i s i n g  t h a t  we have f a i l e d  t o  r econs t ruc t  t h e  nominal c ross -  
s e c t i o n  modi f ica t ion .  
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a d j u s t  t h e  cross s e c t i o n s  we a l r eady  
o b t a i n  a reasonable  r e c o n s t r u c t i o n  of 
t h e  modified s e t ,  and t h e  adjustment 
by a l l  15 i n t e g r a l  d a t a  y i e l d s  y e t  a 

. .  . .  margina l ly  b e t t e r  r econs t ruc t ion ,  

,,.: .'..,, ; .. . . . . .  . . .  . . .  . . .  . . .  . . .  . . .  . . .  . . .  . . .  

. .  

CONCLUDING REMARKS 

Reported above were j u s t  p re-  
l iminary  r e s u l t s .  Nevertheless ,  
we may comment on s e v e r a l  important 
problems t h a t  a r i se  with r e s p e c t  t o  
c ros s - sec t ion  adjustment i n  genera l ,  
and t o  t h e  d i scuss ion  o f  which even 

In o rde r  t o  v e r i f y  t h i s  argument, t h e  complete set  n f  c a l c u l a t i c n s  

6 

been repea ted  with l lexperimentall l  a c t i v a t i o n s  generated by a C 6  mod- 
Notice 

t h a t  t h i s  modi f ica t ion  i s  3 .5  t imes smal le r  than  t h e  pre-:rious one. The 
r e s u l t s  a r e  summarized i n  Fig.  4 .  The do t t ed  curve shows t h e  t o t a l -  
c ros s - sec t ion  adjustments by t h e  5 d a t a  a t  p o s i t i o n  1, t h e  dashed curve 
t h e  adjustments by t h e  10 d a t a  a t  p o s i t i o n s  1 and 2 ,  and t h e  f u l l  curve 

E p r e s e n t s  t h e  adjustment o f  t h e  given se t  by a l l  15 d a t a ,  a t  p o s i t i o n s  
1, 2 and 3 .  

' i c a t i o n  of  -0.17%, which j u s t  corresponds t o  s e t t i n g  C?=O. 

Another problem, which i s  a t  l e a s t  j u s t  as important ,  arises i f  
and when it t u r n s  out  t h a t  t h e  l i n e a r i t y  assumption i s  d e f i n i t e l y  in -  
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v a l i d .  A most reasonable  procedure,  l engthy  and t ed ious  as it might be, 
wuld  be t o  reduce,  by a cons t an t  f a c t o r ,  a l l  dev ia t ions  o f  t h e  exper- 
inental  va lues  of  t h e  i n t e g r a l  q u a n t i t i e s  from t h e i r  corresponding va lues  
a l c u l a t e d  with t h e  given set  of  c r o s s  s e c t i o n s .  In o t h e r  words, t o  re- 
pace t h e  vec to r  c by ac ,  with a<1, i n  t h e  adjustment p r e s c r i p t i o n .  The 
r e s u l t i n g  ad jus t ed  c ros s - sec t ion  se t  should then  be considered as a 
given set ,  and be r e -ad jus t ed ,  again s u b s t i t u t i n g  aft' f o r  c f  i f  nece- 

ssary. 
set s a t i s f a c t o r i l y  reproduces t h e  G f s .  
w l i d i t y  of  t h e  l i n e a r i t y  assumption i n  each s t e p  w i l l  obviously be 
guaranteed. 

These s t e p s  would be repeated u n t i l  t h e  nth-adjusted c ros s - sec t ion  
With t h e  a ' s  small enough, t h e  

A l a s t  comment r e f e r s  t o  a problem of  g r e a t  p r a c t i c a l  s ign i f i cance ,  
mmely t h a t  of t h e  optimal number of i n t e g r a l  d a t a  necessary t o  a d j u s t  a 
cross-sect ion s e t  i n  a given t y p i c a l  adjustment problem, As we have j u s t  
rot iced,  i f  t h i s  number i s  too  small, then  t h e  adjustments  on ly  r e f l e c t  
the na tu re  o f  t h e  s e n s i t i v i t i e s  (and whenever c r o s s  s e c t i o n s  a r e  ad jus ted  
ly j u s t  one datum, t h e  adjustments  a r e  exac t ly  propor t iona l  t o  t h e  sen- 
s i t i v i t y  p r o f i l e  of  t h e  s i n g l e  i n t e g r a l  q u a n t i t y ) .  On t h e  o t h e r  hand, 

we have seen t h a t  i n t e g r a l  d a t a  above a c e r t a i n  number may be redundant.  
In  designing i n t e g r a l  experiments,  such as t h e  sh i e ld ing  experiment t h a t  

Wf? have considered,  t h i s  i s  c e r t a i n l y  an important problem. However, it 
=ems t h a t  more numerical experiments are  necessary  i n  order  t o  i n t e l l -  
igent ly  d i s c u s s  t h e  problem of t h e  o p t i c a l  number and t h e  na tu re  of  t h e  
B s i r a b l e  i n t e g r a l  d a t a .  
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APPENDIX: THE ADJUSTMENT PRESCRIPTION 

n 

Consider a given c ross - sec t ion  s e t  a i ,  i=l, ..., N ,  where N = 
(number of energy groups)x(number of  p a r t i a l  c r o s s  sec t ions  considered)x 
@umber of i s o t p e s ) ,  and a s e t  of meapred  responses  of  va;ious d e t e c t o r s  
( i n  a t y p i c a l  sh i e ld ing  experiment) r j ,  j = l , , . . , n ,  
s e c t i o n  u n c e r t a i n t i e s ,  and A&- t h e  experimental  e r r o r s  o f  t h e  measured 
responses .  

Let Aoi be t h e  c ros s -  

Fur ther ,  denote  t il e c a l c u l a t e d  va lues  of t h e  response func t ion  
b/ r j  ( 6 )  * 

Now, i f  a i  a r e  t h e  (unknown) ad jus ted  c r o s s  sec t ions ,  we denote  
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t h e  dimensionless  c ros s - sec t ion  adjustments  by 

and s i n c e  r . ( a )  should be t h e  '.'true" va lues  of t h e  response func t ions ,  
w denote  t h e i r  dimensionless  dev ia t ions  from t h e  corresponding exper- 
inental  va lues  by 

I 

A A 

(A. 2) Yj = ( r j  (a) - r j  / A r j  . I; 

We f u r t h e r  denote  t h e  (nega t ives  of  t h e )  d e v i a t i o n s  o f  t h e  c a l c u l a t e d  
responses  from t h e  experimental  v a l u e s . b y  

A A  h 

Cj= - ( r j  ( ~ ) - r j ) / A r j .  

The s e n s i t i v i t y  matr ix  i s  def ined  as 

A 

where t h e  d e r i v a t i v e s  a r e  evaluated a t  x=O (a=o). 
assumption, i . e .  t h e  assumption of a l i n e a r  dependence of t h e  response 

h c t i o n s  on t h e  c r o s s  s e c t i o n s ,  

Then t h e  l i n e a r i t y  

reduces,  i n  mat r ix  no ta t ion ,  t o  

The adjustment procedure then  b o i l s  down t o  t h e  fol lowing condi- 
t i o n a l  minimum: t o  f i n d  t h e  v e c t o r s  x and y which minimize t h e  form 

sub jec t  t o  t h e  c o n s t r a i n t  o f  equat ion (A.6). 

The s t r a igh t fo rward  s o l u t i o n  of t h i s  problem i s  

x=A(I+Ai) - I C ,  y= - ( I+Ai)  -1,. 
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FIRST AND HIGHER ORDER PERTURBATION TECHNIQUES AND THEIR APPLI- 
CATION I N  SYSTEBI ANALYSIS AND DATA ADJUSTMENTS. 

A. Gandini 
CNEN-CSN Casaccia, Rome ( I t a l y )  

ABSTRACT 

Owing t o  t h e i r  a b i l i t y  t o  allow with r e l a t i v e l y  l imi t ed  e f f o r t  t o  
account f o r  and analyze t h e  more or l e s s  complex processes which a r e  
involved when an a l t e r a t i o n  i s  induced i n t o  a given system, per turba t ion  
methods i n  genera l  and general ized per turba t ion  methods i n  p a r t i c u l a r  
have been encountering an increasing i n t e r e s t  among reac to r  phys i c i s t s .  
Most appl ica t ions  of t hese  methods have been so  far charac te r ized  by li- 
near  approaches. I n  t h e  present  paper, t h e  scope and limits of t hese  li- 
near  approaches a r e  discussed and second or higher  order  ones a r e  propo- 
sed i n  some s i g n i f i c a n t  cases .  

For what concerns the  mult iplying systems a t  c r i t i c a l  condi t ions f o r  
func t iona ls  l i n e a r  with t h e  flux a r e  genera l ly  conside- 

e x p l i c i t  methods adopting higher mode eigenfunctions a r e  i l l u s t r a -  
which r a t i o s  of 
r ed ,  
t e d ,  whereas higher  order  general ized per turba t ion  techniques a r e  pro- 
posed f o r  time-dependent and source problems. 

~~~~ ~ 

INTRODUCTION 

Per turba t ion  methods i n  genera l ,  and general ized per turba t ion  theo- 
r y  (GPT) methods i n  p a r t i c u l a r ,  have been playing a major r o l e  i n  seve ra l  
f i e l d s  of mult iplying and non-multiplying systems. An effort of t h i s  kind 
seems highly j u s t i f i e d  under many r e spec t s ,  i n  p a r t i c u l a r :  

1 -  

2 -  

3 -  

by t h e  need f o r  a f u l l  a n a l y t i c a l  comprehension of t h e  physical  phe- 
nomena occuring i n  a r eac to r  system a l s o  i n  connection with in t e r r e -  
l a t e d  e f f e c t s ;  
by t h e  need of a more accurate  co r re l a t ion  between i n t e g r a l  and d i f -  
f e r e n t i a l  da t a  so  t h a t  a more adequate procedure may be adopted i n  
cases  where t h e  adjustments r e s u l t  too  high f o r  a l i n e a r  approach, 
e spec ia l ly  i n  cases i n  which t h e  second order  s e n s i t i v i t i e s  re- 
s u l t  s i g n i f i c a n t l y  high, as may occur i n  
when t h e  o p t i c a l  d i s tances  between t h e  r e a l  sources and t h e  de t ec to r s  
a r e  l a r g e ;  
by t h e  need i n  c e r t a i n  circumstances t o  adopt e x i s t i n g  non-linear 
programming techniques i n  r eac to r  (core  , blanket  and s h i e l d )  optimi- 
za t ion  problems f o r  which quadrat ic  ( o r  higher o rde r )  s e n s i t i v i t y  
c o e f f i c i e n t s  should also be known. 

propagation experiments 
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Most appl ica t ions  of t hese  methods have been so  far charac te r ized  
by l i n e a r  approaches. I n  t h e  present paper t h e  scope and limits of t hese  
l i n e a r  approaches a r e  discussed and second or higher order ones a r e  pro- 
posed i n  some s ign i f i can t  cases.  

PERTURBATION METHODS FOR CRITICAL SYSTEM 

The quan t i t i e s  which a re  of major i n t e r e s t  i n  r eac to r  physics ana lys i s  
at c r i t i c a l  conditions f a l l  genera l ly  within th ree  main ca tegor ies :  

1 - Those given by r a t i o s  of quan t i t i e s  l i n e a r  with t h e  r e a l  neutron f luxes ,  
as reac t ion  r a t e  r a t i o s ,  breeding r a t i o s ,  e t c .  

2 - Those given by r a t i o  of quan t i t i e s  l i n e a r  with t h e  r e a l  and ad jo in t  
neutron f luxes ,  as r e a c t i v i t y  coe f f i c i en t s  and prompt neutron l i f e t i m e s .  

3 - Those given by func t iona ls  of t h e  neutron flux dens i ty  d i f f e r e n t  from 
those described above, as, f o r  example, t h e  doubling time of t h e  c r i -  
t i c a l  mass of a r eac to r  system. 

I n t e g r a l  quan t i t i e s  of t h e  f irst  category may be assumed t o  have t h e  
general  form ( i n  multigroup no ta t ion ) :  

- b+(_g) representing assumed vec tor  func t ions ,  ‘$(a t h e  neutron f lux density 
s a t i s f y i n g  t h e  equation 

and < > i n d i c a t i n g  in t eg ra t ion  over t h e  space va r i ab le s  4: 
I n t e g r a l  q u a n t i t i e s  of t h e  second category may be assumed of t h e  

form: 

3 ( 3 )  

?c 
where 9 represents  t h e  ad jo in t  f l u x , x a s s i g n e d  matrix operators and ‘f 
a zero, f i rs t ,  e t c .  order approximation of t h e  f lux a l t e r e d  by system 
parameter va r i a t ions  ( i n  r e a c t i v i t y  expressions inherent i n  matrices x) .  

Q u a n t i t i e s  of t h e  t h i r d  category may be assumed t o  have t h e  form 
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F('f) - denoting a most general dependence on the flux y.  
* A perturbatiog introd2ced into a given system generally gives rise 

to changes23 , S& ,s$ df,sx of Y , &:fT$ ,de leading to changes SR, 
55 and (bF of R, 3 and F, respecively. In view of such parameter altera- 
tions, it is the object of perturbation methods to allow the evaluation 
of the consequent changes in these integral quantities, to first or higher 
order of approximation, avoiding the direct calculation of the perturbed 
fluxes and, if possible, explicitly in terms of unperturbed functions. 

First order evaluations of the variations 6R/R and 5f/3'&an be obtained 
by means of the generalized perturbation theory (GPT) methods 
a l s o  be used to account, to first order, for the altered density z. Since 
these GPT g&hods imply, in their derivation, the neglecting of a second 
order term , there is generally no possibility to further improve their 
accuracy when this is requested. The only practical ways to obtain signi- 
ficant second and higher order terms appear then:consist in methods expres- 
sing perturbatively the altered real and adjoint fluxes to be adopted di- 
rectly in Eqs. (l), ( 3 ) ,  or (b), which after all is a standard procedure 
in classical perturbation theory. 

, which may 

The Standard Method 

In order to obtain the expressions giving the flux sy3n terms of 
the perturbed parameters, the "standard method" is derived 
since it leads to perturbative expressions analogous to those relevant to 
the classical quantum mechanics. If we assume that the perturbation does 

, so called 

R In case of quantities of the second category, this perturbation is 
assumed independent, in general, of the parameter changes which may 
be inherent (as in reactivity expression) in operator bc and on which - 
depends, 

For comments and ample bibliography on these methods, see Ref. /L/ 
For instance, considering the second order expression 

7 
- 

-s - 
obtained from Eq. (1) , the GPT methods resul neglecting the coeffi- 
cient (1 - &<+if>/<$if > 
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not alter the criticality, and limiting here our attention to second or- 
der terms, we may obtain the expression: 

where 

- h Is an assigned vector characterizing the flux normalization criterion 
(to be satisfied before and after the perturbation and implying, for in- 
stance, the conservation of the total reactor power) 

*m and $?? represent the real and adjoint n-th eigenfucntions, respec- 
tively, and satisfy the equations 

( A, being the n-th eigenvalue) and the normo-orthogonality relation 

If no particular flux normalization is imposed as in the course of reacti- 
vity or reaction rate studies, Eq. (5) reduces to 
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If, f o r  i n s t ance ,  a f lux  expansion up t o  t h r e e  harmonics i s  considered, 
t h e r e  would be only s i x  terms<> t o  be ca l cu la t ed  i n  e i t h e r  expression 
( 5 )  o r  (13). S impl i f ied  formulations of t h i s  kind may be of i n t e r e s t  i n  
opt imizat ion problems i n  which l a r g e  material changes may occur ,  o r  i n  
problems of (second-order) adjustments of nuclear  data t o  f o r c e  s ta t i s t i -  
c a l  consistency with measured i n t e g r a l  parameters given by r a t i o s o f  fun- 
c t i o n a l s  l i n e a r  with t h e  neutron f lux.  I n  a l l  then cases ,  i n  f a c t ,  a l l  
t h e  material  dens i ty  changes, o r  t h e  nuclear  d a t a  adjustments,  should 
amount t o  a change 
c r i t i c a l i  t y  . 

of t h e  Boltzman opera tor ,  which does not a l t e r  t h e  

The above method i s  based on t h e  knowledge of t h e  higher  mode eigen- 
funct ions $,,, and 4: 
evaluated by t h e  method proposed by S a i t o  and2Katsuragi which can be ex- 
tended t o  any order  of  e igenfunct ions des i red  . I n  t h e  most genera l  case ,  
given t h e  real  source 

and of t h e  eigenvalues 1, . The e q u a n t i t i e s  can be 3 

and t h e  system 

< . . , , . . . 

where 

t i>  
(2 being a u n i t  v e c t o r ) ,  funct ion f, i s  shown t o  converge, f o r  i*-, 
t o  t h e  n-th rea l  eigenvalue **. An analogous procedure may be obtained 
with respec t  t o  t h e  n-th ad jo in t  e igenfunct ion.  It i s  i n t e r e s t i n g  t o  no- 
t i c e  t h a t  t h e  recur ren t  system (151, apa r t  from t h e  r i -normalizat ion coef- 
f i c i e n t  A,,, , resembles those  adopted f o r  t h e  ca l cu la t ion  of t h e  i n t e -  
g r a l  importance func t ion  i n  t h e  GPT methods. Therefore,  e x i s t i n g  methods 
f o r  t h e  ca l cu la t ion  of t h i s  l a t t e r  func t ion  can be adapted, with l i t t l e  

- < f l  
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e f f o r t ,  t o  t h i s  new purpose. 

PERTURBATION METHODS FOR TIME DEPENDENT AND SOURCE PROBLEMS 

Let us genera l ly  consider an i n t e g r a l  quant i ty  ( o r  de t ec t ion )  of t h e  
type  

(17 )  
'I 

(t, ,t, 
present ing t h e  p a r t i c l e  dens i ty  s a t i s f y i n g  t h e  equation 

being t h e  time of de tec t ion ,  g+ and assigned vec to r ,  and E re -  

& and 2 being an assigned l i n e a r  mat r ix  opera tor  and t h e  rea lqsource ,  
respecively.  By repeated use of t he  the-dependent  GPT methods 
lowing expression may be obtained5 re levant  t o  a per turba t ion  L t k  i n  t h e  
time i n t e r v a l  ( t, , t, ) :  

t h e  f o l -  

where 

pi i s  t h e  generic  i - t h  ( j = 1, . . . , I) parameter charac te r iz ing  matrix &, 
and funct ions E* , E* C c s a t i s f y  t h e  equat ions:  c 

4,j ' 7; ' -/<j 

Y 
(with c = 0 f o r  t>t, ) 
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I f ,  as i s  t h e  case with most sh i e ld ing  problems, t h e  source i s  t h e  ti- 
me-independent, s o  r e s u l t  a l s o  t h e  dens i ty  c. If a l s o  t h e  per turba t ion  sdc 
2s assumed the- independent ,  Eq.  (19) may be transformed i n t o  t h e  f o l l o -  
wing : 

T 

Y are given by t h e  expression: J I Y  
where y/ , y,,. Y/l,j c c  

J - -  
c 
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and satisfy the equations: 

with 

Alternatively, if a perturbation expression of sc is preferred, which 
is desirable when a large number of functionalsQ have to be studied on 
the some system (and/or the number of parameters pi 
instance by adopting the so called consistent method ) ,  the following 
expression may be used (always limiting our attention to the third order): 

is reduced, for 
6 

,-(11 -(a> C and T(’’ satisfying the equations C -/i ’ -/ilj -/i, j, K 

(35 1 
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si.. 
t o  account f o r  poss ib l e  r e p e t i t i o n s  of equal  indexed terms. A t  s teady s t a t e  
condi t ions ,  which i s  t h e  case of i n t e r e s t  i n  sh i e ld ing  studies,  t h e  t h e -  
-der iva t ives  i n  t h e  above equations may be set equal t o  zero.  

being t h e  Kronecker’s symbol. The c o e f f i c i e n t s  1/# are introduced 

The above method g iv ing  t h e  dens i ty  v a r i a t i o n  sc i n  terms of t h e  
per turbed parameters i s  mandatory i f  higher  order  terms a r e  requested 
and d i r e c t  changes of vec tor  g+ a r e  a l s o  considered. I n  f a c t ,  i n  t h i s  case 
it i s  not poss ib le  t o  apply t h e  higher  order  formulations for b Q  as given 
by Eq. (19) [ or (26)], s ince  t h e  source s* represents  t h e  f i n a l  condi t ion 
of func t ion  cy; t he re fo re ,  i t s  change would inf luence  d i r e c t l y  a l l  t h e  
o t h e r  higher  osder a u x i l i a r y  func t ions .  I n  o the r  words, accounting f o r  t h e  
v a r i a t i o n  $5 would make t h e  method i m p l i c i t ,  whereas w e  are looking f o r  
e x p l i c i t  forms. I n  t h e s e  cases t h e  only way out  of  t h i s  d i f f i c u l t y  c o n s i s t s  
adopting t h e  above method. For ins tance ,  t o  second ordern we would obta in :  

If of Eq. (18) results the- independent ,  so t h a t  t h e  system i s  a t  s teady 
s t a t e  condi t ions,  t h e  above expression may also be wr i t t en :  
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with w + .given by Eq. (33). 
- 

FIRST AND SECOND ORDER ADJUSTMENTS 

Once an expresssion f o r  SQ, f o r  instance of t h e  type given by ex- 
pression (39) o r  ( 2 6 )  ( l imi ted  here t o  second order)  i s  ava i lab le ,  the  

a l s o  f o r  second order terms a t  l e a s t  i n  r e l a t i o n  t o  a few parameters, i . e .  
those affected by l a r g e r  var ia t ions .  If w e  consider t h e  f r a c t i o n a l  changes 

yaj ( i  = 1, ...., I )  of t h e  i n t e g r a l  and differen- 
t i a l  parameters , respectively (with respect t o  i n i t i a l  va lues) ,  these re- 
s u l t  s a t i s f y i n g  t h e  (second order)  constraints  

problem a r i s e s  of adopting adequate adjustment methods 7 which may account 

( j  = 1 ,...., J) and y 
.=i 

si,; and S ; ; ~  representing first and second order s e n s i t i v i t i e s ,  res- 
p e c t i  e l  - m- tes Ye; y ’’ a r e  avai lable ,  t h e  following recurrent  scheme may be conside- 
red f o r  l i n e a r i z i n g  t h e  constraints :  

I #  
obtainable by t h e  methods described previously. Assuming estima- 

(41) 

S t a r t i n g  with a l i n e a r  approach f o r  obtaining - 0  y!; I, and adopting i t e r a -  
t i v  l y  t h e  same standard l i n e a r  techniques already avai lable ,  t h e  value *cm7 should converge rapidly t o  t h e  bes t  estimators . 
YCI *i 
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THE USE OF ERROR FILES IN UNCERTAINTY ANALYSIS AND DATA 
ADJUSTMENT 

M. M. Chestnutt * *  and A. K. McCracken * 
* *  Imperial College, London 

*AEE Winfrith, Dorset 

ABSTRACT 

Some results are given from uncertainty analyses on 
Pressurised Water Reactor (PWR) and Fast Reactor Theoretical 
Benchmarks. 
are shown to be significantly reduced by the use of ENDF/B 
data covariance files and recently published few-group 
covariance matrices. 

Upper limit estimates of  calculated quantities 

Some problems in the analysis of single-material 
benchmark experiments are discussed with reference to the 
Winfrith iroii benchmark experiment. Particular attention 
is given to the difficulty of making use of very extensive 
measurements which are likely to be a feature of this type of 
experiment. 
are shown. 

Preliminary results of an adjustment in iron 

1. INTRODUCTION 

The use of sensitivity analysis to predict uncertainties in 
calculated quantities - so-called uncertainty analysis - has until 
recently been inhibited by the lack of adequate information on the 
accuracy of cross-section data used in calculations. Despite this, 
estimates had perforce to be made of the accuracy of  calculation of 
some quantities; in this situation there has been a natural tendency 
to make pessimistic assumptions in order to arrive at a safe upper 
limit f o r  the estimated standard deviation on calculated quantities. 
In many cases these overestimates proved acceptable to designers but 
there is clearly an economic incentive to limit as far as possible the 
element of overdesign implicit in such "upper limit" methods. 
section 2 we consider the improvement achieved by the use of up-to-date 
information on the probability distributions of errors on basic data. 

In 

The other principal use of sensitivity analysis, which might 
reasonably be called consistency analysis, is the comparison of  
calculation with measurement in benchmark experiments in order to 
assess the adequacy of calculational methods and data. 
may be carried out in a single material o r  in an assembly of materials 
intended to simula.te, at least approximately, a typical reactor 

The experiments 
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environment of i n t e r e s t .  The extreme g e n e r a l i t y  of t h e  former type  of 
experiment sugges ts  t h a t  ex tens ive  measurenent a t  a11 e n e r g i e s  i s  
rcquii-ec! i n  vrder  t o  be c e r t a i n  t h a t  one can pass  comment on t h e  whole 
range of  c ross -sec t ions  which may be of i n t e r e s t  i n  a wide v a r i e t y  of 
p r a c t i c a l  environments. I n  s e c t i o n  3 some problems of t h e  a n a l y s i s  of 
such an  experiment a r e  considered. 

2. UNCERTAINTY ANALYSIS I N  THE0RF;TICAL BENCHMARKS 

Given t h e  Oak Ridge programmes ANISN and SWANWCE o r  t h e i r  equ iva len t s ,  
unce r t a in ty  a n a l y s i s  on s p e c i f i c  design parameters  can be c a r r i e d  out 
provided information can be found on t h e  e r r o r  d i s t r i b u t i o n s  of d a t a  used 
i n  t h e  ca l cu la t ions .  Such informat ion  has  not  always been easy t o  f i n d  
i n  convenient form al though much e x p e r t i s e  w a s  possessed by i n d i v i d u a l  
data e x p e r t s  and cross -sec t ion  measurers. 
Schmidt has  been a u s e f u l  source of e r r o r  e s t ima tes  f o r  f a s t  r e a c t o r  
ma te r i a l s .  It made q u i t e  c l e a r  which a r e  independent ly  measured and 
which a r e  der ived  c ross - sec t ions ,  but  no at tempt  w a s  made t o  cons ider  
s u b l e t i e s  l i k e  energy-dependent c o r r e l a t i o n s  and t h e i r  e f f e c t i v e  energy 
range. Thus - (and t h i s  i s  much b e t t e r  than  no informat ion)  - one has  
t o  make use  of  t h e  fol lowing t y p i c a l  s ta tement  f o r  t h e  t o t a l  c ross -sec t ion  
of  i ron : -  "This g ives  an o v e r a l l  accuracy of about 5% above 1.5 MeV. 
Below 1.5 MeV i t  should be s l i g h t l y  more accurate ."  

The 1966 eva lua t ion  of 

An upper bound i s  e a s i l y  e s t a b l i s h e d  f o r  t h e  u n c e r t a i n t y  induced by 
such e r r o r  e s t ima tes  i n  a c a l c u l a t e d  quan t i ty  R. 

Let A i ,  X i ,  T i  be group c ross - sec t ions  of independent ly  measured 
absorption, non-elastic and total cross-sections. 

Let UAiy UN,iy UNi, be sensitivities of R to absorption, inelastic 
and elastic cross-section derived from SWANW(E. 

m e n :  - SR = 6 {zAi g~~ + z sx + zTi 6 T ~ )  
R X i  i 

Squaring and t a k i n g ' t h e  expec ta t ion  o f  equat ion (1) g i v e s  f o r  an u p p e r l i m i t :  

i f  t h e  c o r r e l a t i o n  c o e f f i c i e n t s  between groups i and j f o r  t h e  group cross- 
s e c t i o n s  a r e  taken as uni ty .  
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Source 

Similar attempts can be made to find a lower limit by setting rij = 0 
but these are much more subjective depending on the group structure 
chosen and are of little practical importance to a designer. 

1 

Equation (3) has been applied to the calculation of uncertainties 
in the iron displacement rate in the pressure vessel of a typical PWR 
caused by oxygen cross-section errors, and the activation rate of sodium 
in the heat exchanger of a fast breeder reactor caused by sodium cross- 
section errors using data uncertainties from Schmidt's compilation. 
These two calculational benchiiark problems were posed respectively by 
Hehn 
and 2 summarise the essential configuration. 

and Barre 3. The latter is not generally available and tables 1 

Table 1. Spherical Shield Geometry 
for Fast Reactor Benchmark 

1 Source and 1 Heat 
Lateral Shield 'Odium Exchanger Medium I 

Mixture Number 1 2 3 

Volume Fractions 
Steel 0.53 0 0.15 
Sodium 0.47 1.0 0.85 

Sodium 0 . 01 045 0.02223 0.01890 
I ron  0.03200 0 0 . 00906 

24 Atoms/cm3 x 10 

Nickel ~ 0 . 00423 0 I 0.00120 
Chrome I 0 . 00860 i o  ' j 0.00243 

9 

I Sodium : 5  

Inner 
Radius (cm) 

236 9 5 

236.51 

416.5 

916.5 
966.5 

Outer 
Radius (cm) 

236.51 

416.5 

916.5 

966.5 
1016.5 

Thickness 
(cm) 

0.01 

179.99 

500 

50 
50 

Mixture 
Number 

Table 2. Composition of Shield 
f o r  Fast Reactor Benchmark 
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b '  Diagonals 
Total 
Max C 

These calculations were carried out in 42 groups by ANISN and a 
direct comparison of the above simple method with more sophisticated 
methods was 'achieved by generating the 42-group 
from the ENDF/B data covariance file for oxygen ' which is generally 
available. The full error 
file for sodium is not yet available but condensed I5 group information 
for both sodium and iron is given in a compilation of covariance matrices 
(Drischler and Weisbin 5, which has recently appeared. Use was made of 
these matrices by approximate collapsing of the 42 group sensitivities 
into I5 groups according to the recipe:- 

orrelated error matrix 

2.7 
2.9 
- 

z = u t  P z i pi i P 

Diagonals 
Tot a1 
Max 

(4 1 

I 

30 - 17(30) i , Uncertainties in 
40 - - 1 activation-rate of Na 
- - 57(100) , in Fast Reactor heat- 1 

! exchanger caused by 
; uncertainties in Na data. 
Benchmark of Barre i 

:;here Zp, zpi  are respectively the collapsed broad group sensitivity and 
the sensitivity of a fine group contained within the broad group to 
cross-section type p, and U, Ui are broad and fine group lethargy widths. 
This type of collapsing is, of course, approximate, but it is seen below 
that for oxygen it gives results which are not disturbingly different 
from those given by the more accurate 42-group treatment, and short of 
a complete new I5 group sensitivity analysis makes the best use of the 
available information for sodium. These results are summarised in 
table 3. 

Table 3. Uncertainties on Calculated Reaction Rates 
caused by Data Uncertainties 

i Relative standard deviation % 
a 15 group 

matrices 

1 I Quantity 

2.1 
3.0 

a 
b Contains only contributions from the diagonal elements of covariance 
c Calculated according to equation (3) matrices 
d Figures in brackets are with diagonals normalised to the first column 

42 group sensitivities collapsed into 15 groups 
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The differences between columns 1 and 3 in table 3 are largely 
caused by the different error assignments which are not detailed here. 
For ease of comparison the figures in brackets in column 3 have been 
scaled to agree with the diagonal components of column .I. 
agreement .aetween the approximate 15-group collapsed treatment and the 
more exact 42-group treatment for oxygen in the first case gives 
confidence that the 15-group treatment for sodium is not seriously 
incorrect. The above figures do no more than quantify approximately 
the magnitude of the safety factor (or overdesign factor) involved in 
the use of upper-limit estimates. 
error files in uncertainty analysis can reduce the uncertainty quoted 
to a designer by up to a factor 2 or more - in some cases (though by no 
means all) this could represent a considerable economic gain. 

The reasonable 

Quite clearly the use of correlated 

3 .  ANALYSIS OF SINGLE MATERIAL BENCHMARK EXPERIMENTS 

The simplest form adjustment of calculational data to give consistency 
between calculation and experiment requires an adjoint calculation and a 
perturbation for each measurement included in the process. The use of 
many channel spectrometers in such an experiment can therefore require 
prohibitive amounts of computation unless some simplifying treatment can 
be found. In the Winfrith iron benchmark experiments, for example, 
threshold detectors, hydrogen-filled proportional counters and an NE213 
organic liquid scintillator have been used in each of four measuring 
positions. 
this is collapsed into-500 channels for the analysis. Further 
collapsing is of course possible until a manageable number of channels 
is reached; this is tantamount to admitting that one can not use very 
detailed information and that it should not have been measured in the 
first place. 

This raw data amounts to thousands of channels of information - 

There appear to be three alternative methods of dealing with this 
problem. If we ignore, for simplicity of notation, uncertainties due to 
absolute sensitivity of detector counting, source calibration, and energy 
calibration of spectrometers we can write:- 

for the function to be minimized where: 

Ci, Mi are respectively the calculation of the ith quantity and its 
measurement;Xj, Tj, Aj are respectively the independently-derived j 
group non-elastic total and absorption c r o s s - s e c t i o n ~ i , 6 ) t ~ j , O T j , 6 ) , j  
are respectively the weights (inverse variances) of the i measurement 
and the cross-sections indicate in group j. (Equation (5) corresponds 
to the further simplification that the group cross-sections for a given 
variable are independent - this in no way affects the arguement). 

th 
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I f  aij is the reaction cross-section of  detector i in energy group j 
we require simply to carry out an adjoint calculation with source 
H i  = aij f o r  each value of i (ie each detector). 
detectors becomes very large interpolation could be tried: thus one 
might carry out an adjoint ANISN and a SWANLAKE calculation for every 
tenth o r  twentieth detector and attempt to interpolate the cross-section 
sensitivities given by SWANLAKE to give an approximate sensitivity for 
every channel. 

As the number of 

A similar approach would be to carry out a limited number of 
adjoint calculations for Ht - 1 with corresponding SWANLAKE calculations. 
In this case one would be interpolating the sensitivity of group f lux 
to the calculational data. 

J -  

The success of  the above approaches would depend on something that 
the authors have not investigated, i.e. the smoothness or otherwise of 
the sensitivities given by SWANLAKE with the variation of spectrometer 
channel chosen as adjoint somce. The successful implementation of 
such a method, if it is possible, leads to an essentially simple 
method of  data adjustment and derivation of the dispersion relations of 
the adjusted data. There is, however, a clear risk of introducing 
unacceptable approximations for the sensitivities 
interpolation can not be guaranteed. 

if accurate 

An alternative approach which has been adapted f o r  the Winfrith 
iron benchmark experiment uses an approximate adjoint source in an 
iterative procedure - in this case the approximation causes little 
apprehension, f o r  convergence to the most probable solution can be 
guaranteed. In equation (51, noting that Ci - Mi is constant, and 
that bCi = E. aij 6@j where @ .  is the f lux in group j, we can make the approximaJtion : J 

This suggests immediately f o r  choice of adjoint source: 

H': = 2 W .  (Ci - Mi)aij 
1 i J 

Now putting: 

we find: 
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a r e  expressed i n  terms of SA,, bXk, 6% and the  no ta t ion  
2 )  i s  used t h e  objec t  funct ion f o r  minimization becomes; 

and t h e  first i n t e r a t i o n  adjustments &Ak, bxk, 6Tk a r e  immediately found 
f o r  example: 

The de r iva t ion  of t h e  d ispers ion  r e l a t i o n s  f o r  t h e  ad jus t ed  cross-sect ions 
r e q u i r e s  a f u r t h e r  SWANLAKE ca lcu la t ion  and a d j o i n t  ANISN ca lcu la t ion  i n  
which a strategem similar t o  t h e  above i s  adopted i n  t h e  choice of an 
a d j o i n t  source, A t  t h i s  s t age  t h e  v a r i a b l e s  and t h e i r  d i spers ion  
parameters are updated and new ANISN and. SWANWCF; c a l c u l a t i o n s  are 
c a r r i e d  out  f o r  t h e  next  i t e r a t i o n .  

The above exposi t ion r ep resen t s  a considerable  s i m p l i f i c a t i o n  of 
t h e  procedure adopted i n  p r a c t i c e  - but i t  conta ins  a l l  t h e  e s s e n t i a l s  
of t h e  method needed t o  opt imise a l a r g e  number of da t a  v a r i a b l e s  using 
information from a very l a r g e  number of de tec tors .  

The number of i t e r a t i o n s  requi red  i s  now being inves t iga t ed  but 
worthwhile adjustments and improvements i n  t h e  agreement of ca l cu la t ion  
and measurement have a l ready  been achieved a f t e r  two cyc les  of 
i t e r a t i o n  i n  an a n a l y s i s  which t akes  account of a l l  known sources  of 
uncer ta in ty  i n  t h e  measurements and the  ca lcu la t ions .  

Figure 1 shows t h e  adjustments achieved i n  t h e  i r o n  i n e l a s t i c  
cross-sect ion a f t e r  one i t e r a t i o n  i n  an e a r l y ,  s l i g h t l y  s impl i f i ed ,  
ana lys i s .  The i r o n  group cross-sect ions were der ived from t h e  UK 
da ta  l i b r a r y  DFN go8 which is  e s s e n t i a l l y  t h e  same as t h a t  of ENDF/E3 
above 840 KeV. The r a t h e r  l a r g e  f r a c t i o n a l  changes a t  energ ies  
near  t h e  threshold  are not  reproduced a t  higher  energies.  
necessa r i ly  i n d i c a t e  that t h e  cross-sect ions a t  these  energ ies  a r e  
s a t i s f a c t o r y ;  i t  r e f l e c t s  t h e  l a c k  of s e n s i t i v i t y  of  t h e  experiment 
t o  these  cross-sections.  This can be seen i n  f i g u r e  2 which shows 
t h e  i n e l a s t i c  cross-sect ion s e n s i t i v i t i e s  given by SWANw(E f o r  t he  
" t o t a l  experiment de tec tor"  with cross-sect ion def ined by equation ( 7 ) .  
(Since t h i s  time s p e c i a l ,  r a t h e r  lengthy ,  measurements have been made 
with an organic  l i q u i d  s c i n t i l l a t o r  spectrometer t o  inc rease  t h e  amount 
of  experimental information a t  energ ies  up t o  10 MeV). 

This does not  
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Fig. 1. Group I n e l a s t i c  Cross-sections before 
and a f t e r  Adjustment 

Figure 3 shows the compositeunfolded spectrum at  a penetrat ion of 
76 cm of i r o n  and the  spectrum predicted by ANISN before and a f t e r  
the 1 - cycle adjustmefit - a worthwhile improvement i n  f i t  is obtained. 
Figure 3 shows one other  fea ture  of t h i s  type of experiment which 
meri ts  a t t e n t i o n ;  the  accuracy of the  energy ca l ibra t ion  of the 
spectrometers may be important. L i t t l e  can be done when the  spectrum 
is  rapidly f luc tua t ing  near 27 KeV and some deresolution is perhaps 
indicated here. Above 860 KeV, however, there  is a rapid monotonic 

decrease i n  f lux  with energy and we f ind w/ F l c 5  f o r  the  

amplification of flux uncer ta in t ies  caused by ca l ibra t ion  errors .  
We a r e  not ye t  sure  what influence t h i s  has on the adjustment procedure 
but allowance has been made f o r  i t  i n  the l a t e s t  s e r i e s  of i t e r a t i o n s .  
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INFLUENCE O F  CROSS-EXCTION S'I'RUCIUTZE ON UNFOLDED NEUTRON SFECTRA 

C. Ertek,  M.F. Vlasov, B. Cross,  P.M. Smith 
Internat ional  Atomic Energy Agency 

Vienna, Austria 

ABSTRACT 

The influence of  cross-section s t ruc ture  on neutron spectra  
unfolded by multiple f o i l  act ivat ion technique, SAND-I1 case,  
has been studied. For three react ions with evident s t ructure  i n  
neutron cross-section above t h e  shold: 
and 32S(n,p)32P, two remarkably d i f f e ren t  sets of evaluated da ta  
were selected from the  available evaluations; one s e t  of  da ta  
was %mooth", the  s t ructure  having been averaged over by a smooth 
curve; the other set w a s  %harptf with s t ruc ture  given i n  detai l .  
These da ta  were used i n  unfolding procedure together with other 
react ions,  the same i n  both cases (as well as input spectra  and 
measured react ion rates) .  
calculat ions l e s s  i t e r a t i o n  s teps  were needed t o  unfold the neutron 
flux spectrum with the s e t  of  %harptt data. I n  case of ttsmoothtt 
da ta  i t  was d i f f i c u l t  t o  obtain an agreement between measured and 
calculated a c t i v i t y  values even by increasing the number of i tera- 
t ion  steps. Contrary t o  expectations, considerable deformation of 
unfolded neutron flux spectrum has been observed i n  the case of the 
ttsmoothtt da ta  set. 

27A1 (n , a)24Na, 3 1 P( n , p ) 3 1 S i  

It was found tha t  during unfolding 

This work has been performed within the ImA programme on standardiza- 
t i on  of reactor  rad ia t ion  measurements, one of the  important objectives of 
which i s  assistance t o  laborator ies  i n  member s t a t e s  t o  implement the 
multiple f o i l  act ivat ion technique f o r  neutron spectra  unfolding, an espe- 
cially useful technique f o r  in-pile neutron measurements. The importance 
of t h i s  method, e.g. f o r  radiat ion damage s tudies  i s  well recognized [1,2]. 

I n  order t o  unfold a neutron spectrum, the following information i s  
required: 

a) measured saturat ion activit ies of the i r r ad ia t ed  detector  f o i l s ;  

b) a set of energy-dependent neutron cross-sections f o r  each f o i l ;  

c )  

The ENDF/B Dosimetry f i l e  i s  finding increasing use as a reference 

a computer programme f o r  unfolding spectra  using an input spectrum 
and da ta  noted i n  (a) and (b). 

cross-section da ta  set; 
metry reactions. 

however, i t  does not include some important dosi- 
Therefore, the I A E A  Nuclear Data Section has i n i t i a t e d  an 
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a c t i v i t y  t o  evaluate these ad.ditiona1 reactions. It i s  hoped tha t  t h i s  
expanded f i l e  wi3.1 form a bas i s  f o r  an international3.y recommended data 
se t  f o r  neutron dosimetry applications. 

'fie I A K A  Seibersdorf Laboratory, with the support of the  S E A  Computer 
Section, i s  current ly  invol.ved i n  the intercomparison of available computer 
programmes f o r  spectrum unfolding t o  recommend the best  one ( o r  a few) f o r  
general use. For the time being, the SAND-I1 [3] and CRYS'I'AL BALL [4] 
progrcammes have been implemented [5-73. 
consideration and preparation have been s ta r ted  t o  implement the STAYSL[?J 
unfolding code. 
ized l e a s t  squares method by J.T. Routti [IO]. 

The RFSP-Jll1 [S) programme i s  under 

"he SNULII programme has been compared w i t h  a new general- 

A s  a par t  of these a c t i v i t i e s ,  we plan t o  invest igate  re la ted  problems 
such as the influence of input spectra. on the solution spectrum, consisten- 
cy of measured react ion r a t e s ,  e f f e c t s  o f  s t ructure  i n  the energy-dependent 
neutron cross  sect ions on the shape of the unfolded spectrum, etc .  As the  
first s tep,  we have studied the influence of  cross-section s t ructure  on 
spectra. unfolded with the SAIVD-I1 programme. 
(RJR) type spectrum w a s  chosen. 

The pressurized water reactor  

Three react ions (27Al(n,a)24Na, 31P(n,p)31Si and 32S(n,p)32P) with 
evident energy dependent. cross-section s t ruc ture  were selected. 
reaction two s e t s  of the evaluated data,  
smooth curve) and "sharp" ( s t ruc ture  given i n  d e t a i l ) ,  were taken from the 
available evaluations and converted, where necessary, i n t o  SAND.11 format. 
The cross  sections together with the response functions i n  a Watt neutron 
spectrum are given i n  fig. 1-6. Jn addition t o  these three react ions,  seven 
other react ions,  with iden t i c a l  evaluations i n  both 'lsmoothll and "sharp11 
cases, were used t o  unfold the PWR type neutron spectrum. The saturat ion 
a c t i v i t i e s  calculated with t h i s  spectrum were compared with the measured 
ones. This comparison i s  given i n  Table 1 ,  from which i t  can be seen, tha t  
f o r  the 31P(n,p)31Si reaction, the deviatjon of  the measured f rom the cal- 
culated a c t i v i t y  i s 4 7 $  i n  the %moothfl case, while i t  i s  only 0.5% i n  the 
"sharp" case . 

For each 
(s t ruc ture  ave rqed  by 

For the 32S(n,p)32P react ion t h i s  deviation is&-6$ and -3% respective- 
Less than 0.1% deviation i s  observed i n  both cases f o r  27Al(n,a)24N~ ly. 

reaction. 
i n  the llsmoothll case as compared t o  1.5% i n  the case o f  %harp" data. 
Increasing the number of  the i t e r a t i o n  s teps  i n  the case of llsmoothll da t a  
does not decrease the f i n a l  deviation of the measured from calculated 
act ivi ty .  

The overal l  standard deviation of  the  measured a c t i v i t i e s  is-3$ 

A t  first, one might expect t ha t  sharp s t ruc ture  i n  the cross-section 
would perturb the smooth shape of the unfolded spectrum; 
r y  t o  expectations,  considerable deformation of the  unfolded neutron flux 
spectrum has been observed i n  the case of  the  %mooth" da ta  set i n  the 
energy range from 2.2 MeV up to-6 MeV as shown i n  fig. 8. 
t o  explain i n  d e t a i l  the  observed resul ts .  

sections,  are preferable. A t  the same time these results suggest, t ha t  

however, contra- 

It i s  d i f f i c u l t  
However, i t  i s  clear tha t  the 

data,  which more accurately represent the measured neutron c ross  
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smoothing of the input cross-section data should be done very caref'ully 
i n  order t o  avoid introducing d i s to r t ions  of the type seen i n  t h i s  work. 
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Table 1 RESULTS OBTAINED AFTER 1 2  ITERATIONS (  SMOOTH^^) 

Deviation of 
Measured from 

Calculated Activity 
(Percent) 

Saturated Measured Saturated C a l -  R a t i o  Measured 
F o i l  Reaction Activity a l a t e d  Activity t o  Calculated 

(DPS/Nucleus) (DPS/Nucleus) Act ivi t ies  

1.7133-24 

6.836E-23 
4.9363-24 
1.7273-26 

4.0843-2 3 

7 836E-27 
1.4743-26 

3 . 9973-26 

1 . 8253-26 

1 . 2813-28 

1.734E-24 
3 . 9743-26 
6.839-23 
4.9363-24 
1 7493-26 
1.8223-26 

1 . 2813-28 
7 324E-27 

4.0653-23 

1 . 5643-26 

0 . 9880 
1.0057 
0 9996 
1*0001 
0.9877 
1.0019 
1 . 0047 
1~0000 
1.0699 
0.9425 

/ 
Standard Deviation of  Measured Act ivi t ies  (Percent) 

RESULTS OBTAINED AFTER 12 ITERATIONS (rY3HARPttl 

1 7 133-24 
3 9973-26 

4 9 3 63-24 
1. 7273-26 

6 . 836E-23 

1,8253-26 
4.084E-23 

7 . 8363-27 
10474E-26 

1 2813-28 

-1 . 20 
0.57 

-0.04 
0.01 

-1.23 
0.19 
0.47 
0 000 
6.99 

-5.75 
3.08 

1.733E-24 
3 9733-26 

4.9343-24 
1 7383-26 
1.7713-26 
4 0643-23 
1 . 515~-26 

1 . 283~-28 

6 . 837E-2 3 

7.7963-27 

0 . 9883 
1.0061 
0 9999 
1.0004 
0.9938 
1.0305 
1.0049 
0.9727 
1.0052 
0 . 9981 

-1.17 
0.61 

-0.01 
0.04 

-0.62 
3.05 
0.49 

-2.73 
0.52 

-0.19 
Standard Deviation of  Measured Act iv i t ies  (Percent) 1.47 
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Fig. 6. 32S(n,p)32P response i n  Watt spectrum. 
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