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SOLUTION OF LARGE-SCALE SPARSE LEAST SQUARES 
PROBLEMS USING AUXILIARY STORAGE 

A. George 
M. T. Heath 
R. J .  Plemmons 

ABSTRACT 

Very l a r g e  sparse l i n e a r  l e a s t  squares problems a r i s e  i n  a 

v a r i e t y  o f  a p p l i c a t i o n s ,  such as geodet ic network adjustments, photo- 

grammetry, earthquake s tud ies ,  and c e r t a i n  types o f  f i n i t e  element 

ana lys i s .  Many of  these problems a r e  so l a r g e  t h a t  i t  i s  impossib le  t o  

so l ve  them w i t h o u t  us ing  a u x i l i a r y  s torage devices. 

so massive t h a t  t he  s torage needed fo r  t h e i r  s o l u t i o n  exceeds t h e  

v i r t u a l  address space o f  t h e  l a r g e s t  machines. 

s c r i b e  a method f o r  s o l v i n g  such problems on a t y p i c a l  ( l a r g e )  computer 

and p rov ide  t h e  r e s u l t s  o f  some experiments i l l u s t r a t i n g  t h e  e f f e c t i v e -  

Some problems a re  

I n  t h i s  paper we de- 

ness o f  our  approach. The method inc ludes  an automat ic p a r t i t i o n i n g  

scheme which i s  e s s e n t i a l  t o  t h e  e f f i c i e n t  management o f  t he  data on 

a u x i l i a r y  f i l e s .  

1 
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1 ,  Introduction and Overview 

1.1 Introduction 

I n  this paper a method i s  presented f o r  solving the l i n e a r  l e a s t  

squares problem 

when the m x n matrix A i s  very large and sparse and has f u l l  column 

rank n .  

auxi l ia ry  storage is  essent ia l  regardless of the numerical method em- 

The problems we w i s h  t o  solve a r e  so large t h a t  the use of 

ployed. I n  some cases storage requirements may even exceed the v i r tua l  

address space o f  the l a rges t  machines, and therefore  auxi l ia ry  space 

cannot be managed impl ic i t ly  by a paging algorithm. O u r  approach i s  t o  

break the large problem u p  i n to  smaller subproblems which a re  processed 

sequent ia l ly ,  eventually producing the solut ion t o  the or iginal  problem. 

Such an approach requires a method fo r  par t i t ion ing  the large problem, 

a computational module fo r  processing the subproblems, and an algorithm 

for  managing external f i l e s  containing intermediate r e s u l t s .  I n  the 

remainder of  t h i s  sec t ion ,  a f t e r  g i v i n g  some spec i f i c  examples o f  large- 

scal e 1 ea s t  squares probl ems , we survey possi bl e numerical methods and 

then describe the par t icu lar  technique we have chosen fo r  the computa- 

t ional module. In Section 2 ,  problem par t i t ion ing  and data management 

a re  discussed. Section 3 presents numerical t e s t  r e s u l t s  and observa- 

t ions.  

1 . 2  Examples o f  Large-Scale Least Squares Problems 

In recent years l e a s t  squares problems o f  ever-increasing s i z e  

have a r i sen  with ever-increasing frequency. One reason f o r  this i s  
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t h a t  modern data acquis i t ion technology allows the col lect ion of mass- 

ive amounts of data .  

formulate more and more complex and comprehensive models i n  order t o  

Another fac tor  i s  the tendency of s c i e n t i s t s  t o  

obtain f i n e r  resolut ion and more r e a l i s t i c  de t a i l  i n  describing physi- 

cal systems. Par t icu lar  areas i n  which such large-scale l e a s t  squares 

problems occur include geodetic surveying (Avila and Tomlin [1979], 

Go1 u b  and Plemmons [ 1980]), photogrammetry (Go1 ub , L u k  and Pagano 

[1980]), earthquake s tudies  (Vanicek, E l l i o t t  and Cas t i le  [1979]) , and 

i n  the natural f ac to r  formulation o f  the  f i n i t e  element method (Argyris 

and Bronlund [1975], Argyris e t  a1 [1978]). An example of t r u l y  spec- 

tacu lar  s i z e  i s  the l e a s t  squares adjustment of coordinates ( l a t i t u d e s  

and longitudes) o f  s t a t ions  comprising the North American Datum, t o  be 

completed i n  1983 by the U.S. National Geodetic Survey (Kolata [1978]). 

T h i s  enormous task requires solving, perhaps several times, a l e a s t  

squares problem having six mill ion equations i n  four hundred thousand 

unknowns .  

1 .3  Numerical Methods f o r  Sparse Least Squares 

Several methods have been proposed f o r  solving sparse l i nea r  l e a s t  

squares problems ( D u f f  and Reid [1976], 

[1976]). 

method will  be storage requirements, numerical s t a b i l i t y ,  and conveni- 

Bjorck [1976], Gill  and Murray 

For our purposes the most important q u a l i t i e s  i n  a numerical 

ence i n  u t i l i z i n g  auxi l ia ry  storage.  

The c lass ica l  approach t o  solving the l i n e a r  l e a s t  squares problem 

i s  via the system of normal equations 

T T A Ax = A b. 
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T The n by n symmetric p o s i t i v e  d e f i n i t e  m a t r i x  B = A A i s  f a c t o r e d  us ing  

Cholesky's method i n t o  R R, where R i s  upper t r i a n g u l a r ,  and then x i s  

computed by s o l v i n g  the  two t r i a n g u l a r  systems R y = A b and Rx = y. 

This  a l g o r i t h m  has severa l  a t t r a c t i v e  fea tu res  f o r  l a r g e  sparse problems. 

The Cholesky f a c t o r i z a t i o n  does n o t  r e q u i r e  p i v o t i n g  f o r  s t a b i l i t y  so 

t h a t  t h e  o r d e r i n g  f o r  B ( i . e . ,  column o r d e r i n g  f o r  A) can be chosen 

based on s p a r s i t y  cons ide ra t i ons  alone. 

developed sof tware f o r  determin ing a good o r d e r i n g  i n  advance o f  any 

numerical computation, thereby a l l o w i n g  use o f  a s t a t i c  data s t r u c t u r e .  

T 

T T 

Moreover, t he re  e x i s t s  w e l l -  

Another advantage i s  t h a t  t h e  row o r d e r i n g  o f  A i s  

t h e  rows o f  A can be processed s e q u e n t i a l l y  f rom an 

i n  a r b i t r a r y  order ,  and A need never be represented 

r r e l e v a n t  so t h a t  

a u x i l i a r y  i n p u t  f i l e  

i n  f a s t  s torage i n  

i t s  e n t i r e t y  a t  any one t ime. 

may be numer i ca l l y  unstable.  

mat ion i n  e x p l i c i t l y  forming A A and A b y  and t o  the  f a c t  t h a t  t h e  con- 

U n f o r t u n a t e l y  t h e  nc:mal equat ions method 

This  i s  due t o  t h e  p o t e n t i a l  l o s s  o f  i n f o r -  
T T 

d i t i o n  number of B i s  t he  square o f  t h a t  o f  A. 

A well-known s t a b l e  a l t e r n a t i v e  t o  t h e  normal equat ions i s  prov ided 

by orthogonal  f a c t o r i z a t i o n  (Golub [1965]). An orthogonal  m a t r i x  Q i s  

computed which reduces A t o  upper t rapezo ida l  form 

(1.3) QA = EJ , Qb = k] , 

where R i s  n by n and upper t r i a n g u l a r .  

two-norm, we have 

Since Q does n o t  change the 

(1.4) 



and t h e r e f o r e  t h e  s o l u t i o n  t o  (1.1) i s  obta ined by s o l v i n g  the t r i a n g u -  

l a r  system Rx = y. The m a t r i x  Q u s u a l l y  r e s u l t s  from Gram-Schmidt 

o r t h o g o n a l i z a t i o n  o r  from a sequence o f  Householder o r  Givens transforma- 

t i o n s .  Both t h e  Gram-Schmidt and Householder a lgor i thms process the  

unreduced p a r t  o f  t h e  m a t r i x  A by columns and can cause severe intermed- 

i a t e  f i l l - i n .  The use o f  Givens r o t a t i o n s  i s  much more a t t r a c t i v e  i n  

t h a t  t h e  m a t r i x  i s  processed by rows, g radua l l y  b u i l d i n g  up R, and i n -  

termediate f i l l - i n  i s  conf ined t o  t h e  working row. This  approach, i m -  

plemented w i t h  a good column o r d e r i n g  and an e f f i c i e n t  data s t r u c t u r e ,  

i s  t he  bas i s  f o r  t h e  computational module descr ibed i n  s e c t i o n  1.4. 

Other d i r e c t  non-normal -equat ions methods f o r  sparse l e a s t  squares , 

i n c l u d i n g  those o f  Peters and Wi lk inson [1970] (as implemented by B jo rck  

and D u f f  [1980]) and Hachtel [1976], were considered, b u t  these e l im ina -  

t i o n  methods r e q u i r e  row and column p i v o t i n g  f o r  s t a b i l i t y  as w e l l  as 

s p a r s i t y ,  n e c e s s i t a t i n g  access t o  the  e n t i r e  m a t r i x .  

g r e a t l y  i n h i b i t s  t he  p a r t i t i o n i n g  o f  l a r g e  problems and the f l e x i b l e  

use o f  a u x i l i a r y  storage. 

This  f e a t u r e  

1.4 The Computational Module 

The numerical method we use i s  developed i n  d e t a i l  i n  George and 

Heath [1980]. Our m o t i v a t i o n  i s  t o  combine the  f l e x i b i l i t y ,  convenience 

and low storage requirements of t h e  normal equat ions w i t h  t h e  s t a b i l i t y  

o f  or thogonal  f a c t o r i z a t i o n .  The bas i c  steps o f  t he  a l g o r i t h m  a r e  as 

f o l  1 ows : 

A lgo r i t hm 1 Orthogonal Decomposition o f  A 
T 1. Determine t h e  s t r u c t u r e  ( n o t  t h e  numerical values) o f  B = A A.  
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2. F ind  an o r d e r i n g  f o r  B (column o r d e r i n g  f o r  A )  which has a 

sparse Cholesky f a c t o r  R. 

3. Symbo l i ca l l y  f a c t o r i z e  t h e  reordered B y  generat ing a row- 

o r i e n t e d  data s t r u c t u r e  f o r  R. 

4. 

r o t a t i o n s .  

Compute R by processing the rows o f  A one by one us ing  Givens 

Steps 1 through 3 o f  A lgo r i t hm 1 a r e  the  same as would be used i n  

a good implementat ion o f  t he  normal equat ions method. 

be c a r r i e d  o u t  very  e f f i c i e n t l y  us ing  e x i s t i n g  wel l -developed sparse 

m a t r i x  sof tware (George and L i u  [1979]). I t  i s  impor tan t  t o  emphasize 

t h a t  t he  data s t r u c t u r e  f o r  R i s  generated i n  advance o f  any numerical 

computation, and t h e r e f o r e  dynamic s torage a l l o c a t i o n  t o  accommodate 

f i l l - i n  d u r i n g  t h e  numerical computation i s  unnecessary. The o rde r  i n  

which t h e  rows o f  A a r e  processed i n  Step 4 does n o t  a f f e c t  t h e  s t r u c -  

t u r e  o f  R o r  the  s t a b i l i t y  o f  computing it. Therefore the  rows may be 

accessed from an e x t e r n a l  f i l e  one a t  a t ime  i n  a r b i t r a r y  order .  

suboptimal row o r d e r i n g  t o  reduce the  amount o f  computation associated 

w i t h  i n te rmed ia te  f i l l - i n  d u r i n g  the orthogonal  decomposit ion phase 

was shown t o  be e f f e c t i v e  i n  George and Heath [1980] and i s  used here. 

Thus A l g o r i t h m  1 r e q u i r e s  the  same storage and e x p l o i t s  s p a r s i t y  a t  

l e a s t  t o  t h e  same degree as t h e  normal equat ions,  a l l ows  convenient 

use o f  a u x i l i a r y  storage, and i n  a d d i t i o n  i s  numer i ca l l y  s tab le .  

These steps may 

A 
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2. Decomposition o f  A Using A u x i l i a r y  Storage 

2.1 I n t r o d u c t i o n  

Th is  s e c t i o n  c o n s i s t s  o f  two p a r t s .  The f i r s t  descr ibes an a lgo-  

r i t h m  f o r  f i n d i n g  a column o r d e r i n g  and p a r t i t i o n i n g  o f  A which lends 

i t s e l f  t o  the  e f f i c i e n t  use o f  a u x i l i a r y  storage. 

s l i g h t l y  mod i f i ed  ideas and techniques which have a l ready been descr ibed 

i n  d e t a i l  by George and L i u  [1978], so our  p resen ta t i on  i s  b r i e f  and 

The method uses 

l i m i t e d  t o  showing our  m o d i f i c a t i o n s  and t h e  relevance o f  t h e  scheme t o  

the  l e a s t  squares problem. 

t e x t s  such p a r t i t i o n i n g s / o r d e r i n g s  a r i s e  as a n a t u r a l  by-product o f  t h e  

model l ing procedure ( f i n i t e  element a n a l y s i s )  o r  data a c q u i s i t i o n  (geo- 

desy). 

r e q u i  red. 

It i s  impor tan t  t o  no te  t h a t  i n  some con- 

I n  these cases, t h i s  "preprocessing" a l g o r i t h m  would n o t  be 

The second p a r t  o f  t h i s  s e c t i o n  deals w i th  the u t i l i z a t i o n  o f  t he  

sof tware descr ibed i n  Sect ion 1.4 and the  p a r t i t i o n i n g  prov ided by 

A lgo r i t hm 2 o f  Sect ion 2.2, a long w i t h  f i l e s  on a u x i l i a r y  storage, t o  

so l ve  very l a r g e  l e a s t  squares problems. 

2.2 F ind ing  an Appropr ia te Order ing and P a r t i t i o n i n g  f o r  t h e  Columns o f  A 

I n  the  sequel i t  i s  convenient t o  work w i t h  t h e  symmetric graph 
T associated w i t h  t h e  normal equat ions m a t r i x  B = A A. The graph 

G = (X,E) assoc iated w i t h  B has n nodes xi, i = 1, 2, ..., n,which form 

X, and an edge s e t  E c o n s i s t i n g  o f  unordered p a i r s  o f  nodes w i t h  

{xi, x . } €  E i f  and o n l y  i f  Bij = Bji # 0, i # j. 

correspond t o  t h e  v a r i a b l e s  o f  t he  l e a s t  squares problem; i . e . ,  t o  the  

Thus t h e  nodes xi 
J 

columns o f  A. 

been l a b e l l e d  as t h e  columns of A. 

I m p l i c i t  here i s  t h e  assumption t h a t  t he  nodes o f  G have 

Thus, a r e l a b e l l i n g  o f  t he  nodes o f  
I 
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G corresponds t o  a symmetric permutat ion o f  t he  m a t r i x  B y  o r  equ iva len t -  

l y ,  a column permutat ion o f  A. 

app rop r ia te  permutat ion o f  t he  columns o f  A can be viewed as f i n d i n g  an 

approp r ia te  l a b e l l i n g  f o r  G. 

Given G w i t h o u t  any l a b e l s ,  f i n d i n g  an 

A graph G '  = (X' ,E')  i s  a subgraph o f  G = (X,E) i f  X '  c X and E ' C  E .  

For Y C X, G(Y) r e f e r s  t o  the  subgraph (Y,E(Y)) o f  G, where 

E(Y) = {{u,v) f E(u,v € V I .  

Nodes x and y a r e  s a i d  t o  be adjacent  i f  {x,y) i s  an edge i n  E .  For 

Y c X, t he  adjacent  s e t  o f  Y i s  de f i ned  as 

A p a t h  o f  l e n g t h  R i s  a sequence o f  R edges {xo,xl 1 , {xl ,x21y . . . 
w h e r e a l l  t he  nodes a re  d i s t i n c t  except f o r  p o s s i b l y  xo and xR. 

A graph G i s  connected i f  the re  i s  a path j o i n i n g  each p a i r  o f  d i s t i n c t  

nodes. 

A p a r t i t i o n i n g  P o f  G i s  an ordered c o l l e c t i o n  o f  node se ts  

P 
where Yi fl Y = 0, i f j, and u Yi = X .  

j i =1 

Given a p a r t i t i o n i n g  P o f  G, t he  o n l y  numberings ( l a b e l l i n g s )  we 

w i l l  be concerned w i t h  i n  t h i s  paper w i l l  be compat ib le w i t h  P. That 

i s ,  each Yi i s  numbered consecut ive ly ,  and nodes i n  Yi a r e  numbered 

before those i n  Yi+l. 

A subset Y C X o f  t h e  node s e t  o f  G i s  a separator  o f  G i f  G(X-Y) 

A separator  i s  minimal cons i s t s  o f  two o r  more connected components. 

if no subset o f  i t  i s  a separator.  



9 

AS we shal l  see below, a desirable  column ordering and par t i t ion ing  

f o r  A i s  provided by a nested dissect ion par t i t ion ing  of the graph of B 

(George, Poole and Voigt [1978]). The algorithm we use here can be 

described as follows, where G = (X,E) i s  the graph of B and u i s  a user- 

supplied parameter. 

Algorithm 2 

1.  

2. 

Incomplete Nested Dissection Part i t ioning 

Set V = X, p = 0 ,  and n = 1x1. 
I f  V = fl, go t o  step 4. Otherwise, l e t  G(T) be a connected com- 

ponent of G ( V ) .  I f  IT1 z p ,  s e t  S = T ;  otherwise, f i n d  S a minimal 

separator of G(T) which disconnects i t  i n to  two or  more components of 
P P '  

approximately equal s i ze .  

3 .  Set  V = V - S 

4. 

n = n - ISp \ ,  p = p + 1 ,  and go t o  s t ep  2 .  
P '  

Set  P = ( Y 1 ,  Y 2 ,  ..., Y P I ,  where Y i  = Sp+l -i * 

Apart from the inclusion of the threshold 1~., and the omission of any 

spec i f i c  labe l l ing  s t ra tegy  f o r  each S 

exactly t o  t h a t  described by George and L i u  [1978, pp.  1054-10601, so 

the reader i s  referred there f o r  d e t a i l s .  

i n g  compatible w i t h  ? i s  acceptable,  and the choice of p is  discussed i n  

Section 3 .  

ness" of the dissect ion procedure. An example of a nested dissect ion 

par t i t ion ing  along w i t h  a compatible ordering i s  g i v e n  i n  Figure 2.1. 

our implementation corresponds P '  

For our purposes, any order- 

I t  should be obvious t h a t  1.1 governs the r e l a t i v e  "complete- 

In order t o  avoid unnecessarily complicated notation i n  the follow- 

i n g  sec t ion ,  we assume from now on t h a t  A has been reordered by columns 

and t h a t  the Y i  simply cons is t  of the appropriate consecutive subse- 

quences of the f i r s t  n integers. 

been rep1 aced by thei  r 1 abel s . 
In other  words, the nodes of Y i  have 
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s4 

p = 7  
P = ( Y  Y2, ..., Y 7 1  where Yi = S8-i. 1 ’  

F igure  2.1 An example o f  a nested d i s s e c t i o n  p a r t i t i o n i n g  o f  a graph - 
and an induced numbering o f  i t s  nodes. 

We now def ine  a p a r t i t i o n i n g  R = {Z1, Z2, ..., Z 1 o f  t h e  row P 
numbers o f  A, induced by t h e  column p a r t i t i o n i n g  P,  as fo l l ows .  L e t  

w i t h  Zo = 8. It i s  a l s o  h e l p f u l  t o  d e f i n e  the  column se ts  

The manner i n  which t h e  Zi a r e  de f i ned  above i m p l i e s  t h a t  i n  general ,  

f o r  a sparse m a t r i x  A, i f  the  rows of A a re  permuted so t h a t  those 

spec i f i ed  by Zi appear above those s p e c i f i e d  by Zi+l, then A w i l l  have 
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b lock  upper t rapezo ida l  form, as dep ic ted  i n  F igure  2.2, f o r  t h ree  d iag-  

onal b locks.  

rows of A have been r e l a b e l l e d  so t h a t  t he  Zi c o n s i s t  o f  consecut ive 

i n tege rs  , w i t h  those i n  Zi preceding those i n  Zi+l. We denote t h e  sub- 

mat r ices  o f  A by Ai j, 1 5 i , j 5 p, and our  o b j e c t i v e  i s  t o  f i n d  a form 

f o r  A such t h a t  Aij = 0 f o r  i > j .  

Again, t o  keep the  p resen ta t i on  s imple,  we assume t h a t  t h e  

X 

X 

- 
X 

< 
K ) c  

)c 

)I 

K - 
I 
I 

I 
I 
I 
I 
I ;C I 

I 
I 
I 
I 
I 
I 
I 
I 
I 

X 

x x  

X 

X 
K 

X 
K X 

X 
X 

X 
X 

> 
X 

1 
X 1 

Z1 = {1,2,...,8} 

Z2 = {9,10,...,14~ 

Z3 = {15,16,...,23~ 

A 

F igu re  2.2 A 23 by 9 sparse m a t r i x  A p a r t i t i o n e d  by columns accord ing 

t o  P and t h e  induced row p a r t i t i o n i n g  R .  
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As mentioned e a r l i e r ,  t h i s  process o f  d i s s e c t i o n  o f  t he  problem 

v a r i a b l e s  i n t o  independent subsets may a r i s e  more o r  l e s s  a u t o m a t i c a l l y  

o r  may be c a r r i e d  o u t  by some means o t h e r  than t h e  one proposed above. 

For example, i n  geodesy, observat ions between o r  among c o n t r o l  

p o i n t s  a r e  c o l l e c t e d  and tabu la ted  by geographic reg ion,  so t h e  v a r i -  

ables ( coo rd ina tes )  and observat ions a r e  n a t u r a l l y  arranged i n  a h i e r -  

a r c h i c a l  s t r u c t u r e .  Moreover, automat ic s u b d i v i s i o n  can be implemented 

on the  bas i s  o f  s p e c i f y i n g  l a t i t u d e  and l o n g i t u d e  boundaries as separa- 

t o r s  f o r  t h e  coord inate sets .  For a more d e t a i l e d  d e s c r i p t i o n  o f  t h i s  

process, c a l l e d  Helmert b l o c k i n g  by geodesists,  see Golub and Plemmons 

[1980] and t h e  references c i t e d  t h e r e i n .  

I n  t h e  a n a l y s i s  of s t ruc tu res , the  v a r i a b l e s  i n  t h e  model a re  o f t e n  

subdiv ided accord ing t o  subassemblies, w i t h  each component be ing pro- 

cessed by an i n d i v i d u a l  design group. This  may occur a t  severa l  l e v e l s ,  

l ead ing  t o  "mu1 t i - l e v e l  subs t ruc tu r ing . "  This  p a r t i t i o n i n g  procedure 

together  w i t h  t h e  n a t u r a l  f a c t o r  formulat ion of t he  f i n i t e  element 

method ( A r g y r i s  e t  a1 [1978]) leads t o  a sparse l e a s t  squares problem 

having b lock  upper t rapezo ida l  s t r u c t u r e ,  as i l l u s t r a t e d  i n  F igu re  2.2. 

A spec ia l  case o f  the b lock  upper t rapezo ida l  

b lock  angular  form, where Aij = 0 unless j = i o r  

a r i s e s  n a t u r a l l y  i n  many mathematical programming 

impor tan t  f rom ou r  p o i n t  o f  view i s  t h a t  Weil and 

form i s  the so -ca l l ed  

j = p. Th is  form 

contexts,  b u t  more 

K e t t l e r  [1971] have 

prov ided a h e u r i s t i c  a l g o r i t h m  f o r  permuting a general  sparse m a t r i x  

i n t o  b lock  angular  form. 

contexts  i t  migh t  serve as an a1 t e r n a t e  "preprocessor" ( p a r t i  t i o n  genera- 

t o r )  t o  t h e  one proposed i n  t h i s  sec t i on .  

We have n o t  used t h e i r  a lgo r i t hm,  b u t  i n  some 

Golub and Plemmons C1980-J 
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have e x p l o i t e d  t h i s  b lock  angular  form 

computing orthogonal  decompositions o f  

s t r u c t u r e  i n  connect ion w i t h  

problems a r i s i n g  i n  geodesy. 

2.3 Reduction o f  A Using A u x i l i a r y  Storage 

Before desc r ib ing  i n  d e t a i l  how t h e  p a r t i t i o n i n g  P i s  used i n  

e x p l o i t i n g  a u x i l i a r y  storage, we f i r s t  rev iew t h e  bas i c  computat ional  

procedure, w i t h o u t  any re fe rence t o  the  ac tua l  implementat ion.  For 

de f in i teness ,  we assume \PI  = 3 and t h a t  A has the  form shown i n  

F igure  2.3. 

r e s u l t s  i n  the  generat ion o f  I Y i  I rows o f  t h e  upper t r i a n g u l a r  f a c t o r  R 

o f  A. The computat ion i nvo l ved  i n  the  f i r s t  s tep  i s  dep ic ted  i n  

F igure  2.3, and a l l  t he  o t h e r  major steps a re  s i m i l a r ,  generat ing t h e  

sequence o f  success ive ly  smal le r  mat r ices  A1 , A2 , A3, . . . , A 

f i r s t  step, which t ransforms A = A1 t o  A2, t h e  m a t r i x  [All;A1] i s  r e -  

duced t o  upper t r i a n g u l a r  form us ing  A lgo r i t hm 1 descr ibed i n  sec t i on  

1.4. 

non-nu l l .  

The f i r s t  IY l  I rows o f  t he  r e s u l t i n g  upper t r i a n g u l a r  m a t r i x  a r e  t h e  

f i r s t  I Y 1  I rows o f  R, except t h a t  t he  l a s t  I Y ; /  columns a re  "compressed," 

bear ing  t h e  same r e l a t i o n s h i p  t o  R as A1 does t o  [Al2;Al3]. 

I Y i I  rows o f  t he  upper t r i a n g u l a r  m a t r i x  a re  "expanded" and p u t  on the  

t o p  o f  t h e  second row-block o f  A, y i e l d i n g  A2. 

computat ion i s  dep ic ted  i n  F igu re  2.4, and t h e  f i n a l  s tep  has no spec ia l  

fea tures .  

The computat ion cons is t s  o f  p major steps; t he  i - t h  s tep  

A t  t he  
P '  

1 %  

% 
The m a t r i x  A1 cons is t s  o f  those columns o f  A12 and A13 which are  

(Thus, A1 i s  s imp ly  a "compressed" vers ion  o f  A12 and A13.1 
'L 

'L 
The l a s t  

The nex t  s tep  o f  t he  
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A11 A12 A13 

0 *22 
A23 

0 A33 

yl 

A 2  

Figure 2 . 3  Pic tor ia l  description of the f i r s t  s tep  of the IPI step 

reduction o f  A t o  upper trapezoidal form. 
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R (COMPRESSED) 

Figure 2.4 Depiction of the second step of the block-reduction o f  A 

t o  upper  trapezoidal. form. 
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Y I 1  

h , i  

' ii 

Thus in the general case,  a f t e r  i-1 s teps  o f  the reduction process, 

the matrix A i  will have the form shown in Figure 2.5.  

... 
Ai-l,i+l ... 

Ai,ii+l 

. . . . . . . . . . 

.. 

A i  = 

.... 

.... 

0 

0 

Figure 2 .5  Block s t ruc ture  o f  A i .  
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Note t h a t  s ince we assume t h a t  the rows of Ai a r e  stored on aux i l i -  

ary storage a t  a l l  times, the only storage needed a t  the i - t h  stage of 

the computation is  t h a t  required f o r  the presumably sparse upper  triangu- 

l a r  matrix R i  , where 

Another important practical  observation is tha t  i n  Algorithm 1 o f  

Section 1.4,  and i n  the one tha t  i s  described i n  the sequel, there  i s  

no r e s t r i c t ion  on the order t h a t  the rows of any of the Ai  a r e  stored 

so tha t  any beneficial  row ordering may be used. 

In what follows i t  i s  helpful t o  have names for cer ta in  subsets of 

the rows of Ai. 

columns which in t e r sec t  Yi by ri, and we use Z; t o  denote the remaining 

rows of A i .  

i n  the i - t h  major step of the computation. 

We define the s e t  o f  rows of Ai  having nonzeros i n  

T h u s ,  i t  i s  precisely those rows i n  Ti which a re  involved 

For s impl ic i ty ,  we have not included the r i g h t  hand s ide i n  our 

Figures 2.3-2.5, b u t  we intend tha t  i t  be processed simultaneously w i t h  

the rows of A ,  and carr ied along i n  pa ra l l e l .  

th i s  paper, when we re fe r  t o  processing a ''row of A" o r  an "equation," 

we impl ic i t ly  include the corresponding element of b y  the weight  ( i f  

any), and so on. 

them uniformly ( i . e . ,  t o  avoid d i s t i n g u i s h i n g  between v i r g i n  rows in Ai  

and those tha t  have been transformed), a weight of 1 i s  associated w i t h  

transformed equations. 

In par t icu lar ,  throughout 

Our program allows f o r  weights, and i n  order t o  handle 
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We a r e  now ready t o  descr ibe the  a l g o r i t h m  f o r  reducing A, which 

These f i l e s  may be s to red  on tapes, i nvo l ves  t h e  use o f  f o u r  f i l e s .  

d i sks ,  drums; o n l y  s e r i a l  access t o  t h e  f i l e s  i s  necessary. The f i l e s  

are:  

1. R - f i l e :  

2. C - f i l e :  ( c u r r e n t  - f i l e )  a t  t h e  beginning o f  t h e  i - t h  major 

accepts t h e  rows of R as they a r e  computed. 

s tep  o f  t he  computation, con ta ins  t h e  rows o f  Ai i n  

a r b i t r a r y  order .  
- 

3. Z - f i l e :  d u r i n g  the  i - t h  s tep  o f  t h e  computation, con ta ins  

t h e  rows i n  t h e  s e t  Ti; t h a t  i s ,  those rows o f  

A t h a t  a r e  i nvo l ved  i n  the  computation a t  t h e  

i - t h  major step. 

4. Z ' - f i l e :  a t  t h e  beginning o f  t he  i - t h  step, t h i s  f i l e  i s  empty. 

The C - f i l e  i s  read, and s p l i t  i n t o  the  7 - f i l e  and 

t h i s  f i l e ,  which rece ives  t h e  rows o f  Ai i n  t h e  

s e t  2;. 

formed, the  rows o f  Xii are w r i t t e n  on t h i s  

f i l e ,  and t h e  Z ' - f i l e  becomes the  C - f i l e  f o r  t h e  nex t  

s tep  o f  t he  computation. 

A f t e r  t he  computation o f  R i  i s  per-  

(It now conta ins t h e  rows 

of A i + l  - 1 
Thus t h e  7 - f i l e  i s  a sc ra tch  f i l e ,  and the  r o l e s  of t he  C - f i l e  and Z ' -  

f i l e  a l t e r n a t e  a t  each succeeding major s tep  o f  t h e  computation. 

A lgo r i t hm 3 Block Reduction o f  A t o  Upper T r i a n g u l a r  Form 

For i = 1, 2, ..., p do the  f o l l o w i n g :  

1.  Rewind t h e  C - f i l e ,  7 - f i l e ,  and Z ' - f i l e s .  Read the  equat ions 

. 

from t h e  C - f i l e  one by one, and f o r  each do t h e  f o l l o w i n g :  
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1.1.  If  the equation number i s  in Ti,  wri te  the equation on 

the 7 - f i l e  and record the s t ruc ture  i t  contributes t o  the 
T normal equations matrix H i H i ,  corresponding t o  the 

'L 
matrix H i  E [ A i i [ A i ] .  

1 . 2  If the equation i s  in Z ; ,  wri te  the equation on 

the Z '  f i l e .  
T 2 .  Order the equations so t h a t  H i H i  su f fe rs  low f i l l - i n ,  r e s t r i c t -  

ing the ordering so t h a t  the variables in Y; appear l a s t .  

3 .  Create the data s t ruc ture  fo r  R i .  

4. Rewind the z - f i l e .  Read the equations from i t  and compute R i ,  

a l so  applying the transformations t o  b.  

5. Write the rows of R i i  on the R-f i le  along with the transformed 

elements o f  b .  
% 

6. Write the rows of R i i  on the Z ' - f i l e ,  a long with the transformed 

elements of b .  

7. Reverse the names of the C-f i le  and Z ' - f i l e s .  

I t . should  be c l ea r  t h a t  the combination of the s t ruc ture  recording 

par t  of S t e p  1.1 along with Steps 2 ,  3 ,  and 4 i s  e s sen t i a l ly  Algorithm 1 , 
described in Section 1 .4 .  

the ordering provided by Algorithm 1 so tha t  variables in Y; appear 

The only modification i s  the adjustment of 

l a s t ;  a l l  o thers  remain i n  t h e i r  same r e l a t i v e  posit ion.  

o f  the variables of Y i  t h a t  i s  provided in Step 2 i s  recorded so  t h a t  

The ordering 

the rows of R wri t ten on the R f i l e  can be processed in the correct  

order i n  the back subs t i tu t ion .  (Note t h a t  Algorithm 2 in Section 2.1 

only provided the 'par t i t ion ing  and d i d  not provide an ordering f o r  each . 
Y . . )  

1 
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Z FILE BECOMES . . .** '  

C-FILE FOR THE 
NEXT STEP :*' 

(STEP 7 )  . * *  

STEP iOFTHE ' - 
Z i  ROWS RE DUCTION 

STEPS 2-6 OF THE 
REDUCTION 
PROCEDURE ry 

R ii - 

F igure  2.6 Diagram o f  t he  data f l o w  o f  the  a lgo r i t hm f o r  reducing A 

t o  upper t rapezo ida l  form. 

A t  t he  conc lus ion  o f  t h e  reduc t i on  o f  A t o  upper t rapezo ida l  form, 

a long w i t h  t h e  simultaneous reduc t i on  o f  b, the  rows o f  R and correspond- 

i n g  r i gh t -hand  s i d e  elements (y i n  (1.3) o f  Sec t ion  1 )  w i l l  be on the  

R - f i l e ,  w i t h  t h e  " w r i t e  head" p o s i t i o n e d  a t  t h e  end o f  t he  l a s t  record.  

The f o l l o w i n g  s imple back s u b s t i t u t i o n  i s  then used t o  compute x. 

For i = n, n - 1, ..., 1 do the  fo l low ing :  

1. backspace t h e  R - f i l e ;  

2. read the  i - t h  row o f  R and corresponding r igh t -hand s ide  

. 

element yi and compute xi; 

3. backspace the  R - f i l e .  
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3 .  Numerical Experiments and Observations 

3.1 Introduction 

T h i s  section contains r e su l t s  of some experiments performed using 

an implementation of the algorithms described in Section 1 . 4  and 

Section 2 .  

equations and 400 unknowns up  t o  17,946 equations and 4,554 unknowns) 

and of two d i f f e ren t  types. 

t h a t  would a r i s e  in  the natural fac tor  formulation of the f i n i t e  e le -  

ment method (Argyris and Br'dnlund [1975]), and the second c l a s s  typi-  

f i e s  those ar i s ing  in  geodetic adjustment problems (Golub and Plemmons 

[1980]). The descriptions of the problems we provide include only the 

d e t a i l s  necessary t o  characterize t h e i r  s i ze  and s t ruc ture ;  f o r  impor- 

t an t  infGrmationon the physical origins and t h e i r  mathematical models, 

the reader i s  referred t o  the references. 

Our t e s t  problems are  of various s izes  (ranging from 1,444 

One c lass  of problems i s  typical of those 

3 . 2  Test Problems 

O u r  f i n i t e  element t e s t  problems are  associated with a q by q grid 

small squares, as shown i n  Figure 3.1 w i t h  q = 3 .  2 consisting of (9-1) 

. 

2 Associated with each of the n = q 

associated with each small square are  four equations (observations) 

involving the four  corner gr id  points (var iab les )  of the square. 

the associated coef f ic ien t  matrix i s  n = q 

t ra ted  in Figure 3.1. 

grid points i s  a var iable ,  and 

T h u s ,  
2 2 by m = 4(q-1)  , as  i l l u s -  

Our second set of tes t  problems were a l so  derived from a q by q 

mesh, b u t  of a ra ther  d i f f e ren t  type. 

problems typical of those a r i s ing  in geodetic adjustments. The mesh 

can be viewed as  b e i n g  composed of q2 ' ' junction boxes," connected t o  

The purpose here is  t o  construct 
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F i n i t e  element g r i d  

A 

Figure 3.1 A 3 by 3 f i n i t e  element g r i d  and i t s  assoc iated 16 by 9 

l e a s t  squares c o e f f i c i e n t  m a t r i x  a r i s i n g  i n  the  n a t u r a l  f a c t o r  

formulat ion o f  t he  f i n i t e  element method. 

t h e i r  neighbors by chains o f  l e n g t h  R ,  as shown i n  F igu re  3.2 where 

q = 3 and R = 4. 
2 

5q + Z q ( q - 1 ) ( 3 ( ~ - 1 ) + 1 )  v e r t i c e s  i n  t h e  mesh, TI observat ions associated 

w i t h  each p a i r  of nodes j o i n e d  by an edge ( i n v o l v i n g  f o u r  v a r i a b l e s ) ,  

There a r e  two v a r i a b l e s  associated w i t h  each o f  t h e  
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Figure  3.2 I d e a l i z a t i o n  o f  a 3 by 3 geodet ic  network hav ing connect ing 

survey chains o f  l eng th  4. 

and TI observat ions associated w i t h  each t r i a n g l e  i n  the  mesh ( i n v o l v i n g  

s i x  va r iab les ) .  
2 n = 1Oq + 4q(q-1) (3 (Q- l )+ l )  var iab les ,  and m = 12q2 + Z q ( q - l ) ( l l I I - l )  

observat ions.  I n  t y p i c a l  r e a l  problems II i s  around 5 or 6, so we s e t  

Thus, t h e  associated l e a s t  squares problems have 

R = 5 i n  our  experiments, y i e l d i n g  n = 62q2 - 52q and m = Q(120q 2 -108q). 

I n  our  experiements we s e t  TI = 2, y i e l d  ng m/n 4 f o r  l a r g e  q. 
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3.3 Numerical Experiments 

Since one of ou r  main o b j e c t  

very  l a r g e  problems on computers 

ves i s  t o  prov 

hav ing 1 i m i  t e d  

de a means o f  s o l v i n g  

main storage, our  f i r s t  

experiments i n v o l v e  s o l v i n g  a sequence o f  problems o f  i nc reas ing  s i ze ,  

us ing  a f i x e d  amount o f  a r r a y  s torage.  O f  course, as t h e  problems i n -  

crease i n  s i ze ,  t h e  d i s s e c t i o n  process which prov ides t h e  p a r t i t i o n i n g  

(A lgo r i t hm 2 i n  Sec t i on  2) must be a l lowed t o  proceed f u r t h e r ,  c r e a t i n g  

more b locks.  

Table 3.1. 

Laboratory .  

The r e s u l t s  o f  these experiments a re  summarized i n  

A l l  t e s t s  were made on an IBM 3033 a t  t he  Oak Ridge Nat iona l  

The t imes repo r ted  are  i n  seconds and the  s torage i n  words. 

The f a c t o r  and so l ve  t ime inc ludes  t h e  or thogonal  decomposition t ime  

i n  app ly ing  A l g o r i t h m  1 , together  w i t h  the  f i n a l  back s u b s t i t u t i o n  t ime 

i n  computing the  l e a s t  squares s o l u t i o n .  

inc ludes  1/0 process ing and represents  t h e  t o t a l  amount o f  IBM 3033 t ime 

i n  s o l v i n g  t h e  problem. 

The t o t a l  e lapsed t ime a l s o  

The maximum storage used inc ludes  a l l  a r r a y  storage, s torage f o r  

permutat ions,  bookkeeping, e t c . ,  i n  words on the  IBM 3033. 

Our second s e t  o f  experiments was designed t o  demonstrate t h e  

i n f l u e n c e  o f  t he  b lock  s i z e  l i m i t  p on execut ion t imes and t o t a l  s to rage 

requirements.  

o f  t h e  two c lasses a number o f  t imes, w i t h  d i f f e r e n t  values o f  p, l ead-  

i n g  t o  d i f f e r e n t  values f o r  t he  r e s u l t i n g  number o f  b locks p. 

r e s u l t s  of these experiments a re  summarized i n  Table 3.2. 

We solved one moderately l a rge -sca le  problem from each 

The 
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r 
IMaximum 
s torage 

used 

7,430 

25,367 

32,070 

30,141 

Fac tor  T o t a l  
and s o l v e  elapse( 
t ime i n  t ime  i r  
seconds second: 

1.69 4.69 

7.21 22.77 

22.27 57.69 

46.18 107.40 

Jnknowns Equations 1 b lock: 
P 

1 

1 

3 

7 

- n m 

402 1,512 

1,290 4,920 

2,674 10,248 

4,554 17,469 

1. Geodetic Network 

3 500 

5 1,500 

7 1,500 

9 1,500 

J unc t  i on 
boxes 

9 

'B lock s i z e  
' l i m i t  i n  

words 
u 

2. 

n knowns Equations 

400 1,444 

1,225 4,624 

2,500 9,604 

4,225 16,384 

n m 

Fi n i  t e  Element G r i d  Problems 

Nodes 
A 

20 

35 

50 

65 

I lock s i ze  
i m i t  i n  
words 

u 

500 

1,000 

1,000 

500 

lumber 
) l ocks  

P 

1 

3 

7 

23 

vlax i mum 
torage 
used 

10,029 

30,547 

28,462 

28 , 987 

- a c t o r  
m d  s o l v e  
time i n  
seconds 

3.10 

20.78 

72.98 

142.81 

Tota l  
e l  apsec 
t ime i r  
second! 

5.97 

32.23 

96.10 

208.20 

Table 3.1. Summary o f  t e s t  r e s u l t s  showing s to rage and execut ion  t imes ----- 
f o r  a sequence o f  problems, where the  maximum t o t a l  amount o f  f a s t  

s to rage i s  f i x e d  a t  about 30,000 words. 
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Factor and 
solve time 
in seconds 

17.73 

22.27 

23.66 

27.56 

1 .  Geodetic Network 

n = 2,674 unknowns 

m = 10,248 equations 

Total 
elapsed 
time in 
seconds 

71.40 

57.69 

52.71 

61.80 

!lock size 
1 imi t 

n words 

3,000 

IJ 

1,500 

800 

500 

Number 
blocks 

P 

1 

3 

7 

18 

Maximum 
storage 
used 

73,002 

Block s i z e  
1 imi t 

i n  words 

2,000 

1,500 

1,000 

500 

v 

Total 
Factor and  elapsed 

solve time time i n  
in seconds seconds 

72.58 106.80 

Maxi mum 
storage 
used 

53,858 

32,070 

17,966 

13,699 

2.  F in i te  Element Grid 

n = 2,500 unknowns 

m = 9,604 equations 

Number 
bl ocks 
A 

3 

5 

7 

15 

46,178 

28,462 

68.73 

72.98 

96.00 

96.10 

23,332 I 69.11 I 100.80 

. 

Table 3.2 Summary of r e su l t s  f o r  the solution of a s ing le  problem from 

each class, using d i f f e ren t  levels  of blocking. 
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3.4 Observations 

1 .  In  Table 3.1,  the fac tor  and solve times , as well as the to t a l  

elapsed times, increase in a roughly l i nea r  fashion as the problem 

s izes  go u p  under the cons t ra in t  of a fixed maximum amount of in-core 

storage.  

2 .  For the two problems represented 

solve times a re  r e l a t ive ly  insens i t ive  to  

times gradually increase fo r  the geodetic 

f i n i t e  element gr id .  Also, the maximum s 

a t  f i r s t  and then leve ls  o u t  as the block 

problem. 

n Table 3.2,  the fac tor  and  

the block s i ze  l imi t  1-1. These 

network and o s c i l l a t e  f o r  the 

orage used drops considerably 

s i z e  l imi t  decreases in each 

3. The f a c t  t ha t  f i n i t e  element problems generally r e s u l t  in a 

l e s s  sparse observation matrix than geodetic network problems has the 

obvious r e su l t .  

a re  la rger  fo r  the f i n i t e  element problems. 

In  each of our tab les  the storage and execution times 

4.  One possible disadvantage of the use of our  automatic blocking 

program 

i n i t i a l l y  stored in-core in order t o  apply the nested dissection scheme. 

However, in pract ice  t h i s  would not often be a serious l imitat ion s ince 

some preliminary blocking i s  usually provided f o r  the la rger  problems 

as  a by-product of the modelling procedure ( f i n i t e  element ana lys i s )  or 

data acquis i t ion (geodesy). 

(Algorithm 2 )  i s  t h a t  the e n t i r e  s t ruc ture  of ATA must be 

5. I n  each of our  problems the time required f o r  the automatic 

blocking provided by Algorithm 2 turns o u t  t o  be small in comparison 

t o  the to t a l  elapsed time. 

reported separately in Tables 3.1 and 3.2; however, Algorithm 2 

These automatic blocking times a re  n o t  
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requires only .78 seconds out o f  a t o t a l  elapsed time o f  208.20 seconds 

for our 1 arges t probl em. 

6. Our scheme i s  storage e f f ec t ive .  In each t e s t  problem the 

maximum storage used i s  a modest multiple of the number o f  variables  n .  

In  summary, our numerical experiments demonstrate t ha t  the approach 

taken i n  this paper can be used t o  solve large-scale l e a s t  squares 

problems using a r e l a t ive ly  small amount o f  in-core storage.  
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