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ABSTRACT 

The DOT IV1 code s o l v e s  t h e  Boltzmann t r a n s p o r t  equat ion  i n  two 

dimensions us ing  t h e  method of  discrete  o rd ina te s .  Special techniques  

have been inco rpora t ed  i n  t h i s  code t o  mitigate t h e  effects o f  f l u x  

e x t r a p o l a t i o n  e r r o r  i n  space meshes o f  p r a c t i c a l  s i z e .  

s e n t s  t h e  f l u x  e x t r a p o l a t i o n  models as they  appear i n  DOT I V .  A sample 

problem is  a l s o  presented t o  i l l u s t r a t e  t h e  effects  of  t h e  va r ious  models 

on t h e  r e s u l t a n t  f l ux .  

r e s u l t  as t h e  mesh is  r e f i n e d  i s  a l s o  examined. A d e t a i l e d  comparison 

w i t h  t h e  widely used TWOTRAN 112 code is  repor ted .  The f e a t u r e s  which 

cause DOT and TWOTRAN t o  d i f f e r  i n  t h e  converged r e s u l t s  are completely 

observed and explained.  

T h i s  r e p o r t  pre- 

Convergence of t h e  v a r i o u s  models t o  a s i n g l e  

v i  i 
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I. I N T R O D U C T I O N  

The s o l u t i o n  t o  t h e  Boltzmann t r a n s p o r t  equa t ion  i n  two dimensions 

can be r e a d i l y  obtained us ing  t h e  method o f  discrete o rd ina te s .3  

mond d i f f e rence  technique,  which is u s u a l l y  employed t o  so lve  t h e  differ-  

ence form of t h e  discrete o r d i n a t e s  equat ion ,  produces spur ious  o s c i l l a -  

t i o n s  i n  r eg ions  where t h e  f l u x  g r a d i e n t s  are s t e e p  and the  spatial and 

d i r e c t i o n a l  meshes are coarse.  T h i s  o s c i l l a t i o n  o f t e n  r e s u l t s  i n  t h e  cal- 

c u l a t i o n  of  nega t ive  angular  f luxes .  Various a l t e r n a t e  f l u x  e x t r a p o l a t i o n  

techniques have been developed t o  enhance t h e  s o l u t i o n  s t a b i l i t y  and t o  

remove the negat ive  angular  f luxes .  

an assumption r e l a t i n g  mean f l u x  w i t h i n  an  i n t e r v a l  t o  t h e  boundary va lves ,  

i .e.,  a flux-shape model. 

The dia-  

Each of t hese  techniques is, i n  effect ,  

The use of  a l t e r n a t e  f l u x  e x t r a p o l a t i o n  models leads t o  concerns about 

t h e  convergence of  t h e  va r ious  models t o  a s i n g l e  so lu t ion .  

t h e  s p a t i a l  and d i r e c t i o n a l  meshes are r e f i n e d ,  do a l l  t h e  models produce 

t h e  same s o l u t i o n ?  

That is, when 

T h i s  r e p o r t  p r e s e n t s  t h e  f l u x  e x t r a p o l a t i o n  models as they appear i n  

t h e  DOT I V  discrete o r d i n a t e s  t r a n s p o r t  code. A d i scuss ion ,  w i t h  a sample 

case, of  t h e  convergence of t h e  models t o  a s i n g l e  s o l u t i o n  is  a l s o  pre- 

sen ted .  Comparisons w i t h  t he  widely used TWOTRAN I1 code are a l s o  repor ted .  

The f e a t u r e s  t h a t  make DOT and TWOTRAN d i f f e r  i n  t h e  converged r e s u l t s  are 

discussed.  A d i scuss ion  of  t he  r e l a t i v e  merits of  t h e  use of  zero- 

weight d i r e c t i o n s  i n  angular  quadra tu re  se t  is  presented.  

1 
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11. THE DIFFERENCE FORM OF THE DISCRETE ORDINATES EQUATION 

The f i n i t e  d i f f e r e n c e  r e p r e s e n t a t i o n  o f  t h e  d i s c r e t e  o r d i n a t e s  

equat ions  can be w r i t t e n  as Eq. (1) :2 

N - Wm I urn I (A i  t c  j i t c  , j , m Ai -c , j i -c , j , m) 

tWmlnml(Bi , j t d Y N i  ,j+d,m - Bi ,j-d,Ni ,j--d,m) 

+ ( A i  t c  , j - A i - c  , j ) (%+!,Fli , j ,m++ - am+Ni , j ,m+ ) 
= w v .  .s. ' utWmVi , jN i , j ,m  m i,j i , j , m  , 

where we d e f i n e  

- - 11 dV = // dAdB , 
"i,j i j  

i - d i r e c t i o n  s u r f a c e  area 
. I  

j - d i r e c t i o n  s u r f a c e  a r e a  

quadra ture  weight 

W = //dR , 
m m  
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The r e c u r s i o n  f o r  t h e  a ' s  is  i n i t i a l i z e d  by s e t t i n g  t h e  first a i n  

each rl l e v e l  equal  t o  zero.  For sets of  (p,rl) which are symmetric i n  p, 

t h i s  i n s u r e s  t h a t  t h e  sum of t h e  a's i n  each rl l e v e l  is  zero.  Thus, i f  

Eq. (1) is  summed over  a l l  d i r e c t i o n s ,  t h e  terms i n  c1 w i l l  sum t o  zero ,  

and there i s  no n e t  p a r t i c l e  l o s s  o r  g a i n  due t o  angular  r e d i s t r i b u t i o n  

i n  an  area of  uniform f l u x ,  a proper ty  of  t h e  a n a l y t i c  equat ion.  

The d i r e c t i o n  se t  implied by t h e  p a i r s  of (p,q) is  organized i n t o  

cont iguous s u b s e t s  (11 l e v e l s )  having a common n. The terms con ta in ing  

c1 couple  ad jacen t  d i r e c t i o n s  i n  each rl l e v e l ,  t h u s  account ing f o r  t h e  

effects o f  curved geometry. T h i s  i s  called vlangular flow." S ince  sums 

over  t h e  d i r e c t i o n  set  are used t o  approximate i n t e r g r a l s  over  s o l i d  

angle ,  t h e  c o l l e c t i o n  of p, r l ,  and W are o f t e n  referred t o  as a 

"quadrature  set." 

Following Reference 2 ,  obvious s u b s c r i p t s ,  such as those  desc r ib ing  

t h e  s p a t i a l  dependence of  at ,  are omitted.  

t o  va lues  a s s o c i a t e d  w i t h  t h e  boundary between ad jacen t  i n t e r v a l s ;  e.g., 

F r a c t i o n a l  s u b s c r i p t s  refer 

is the  boundary va lue  between i n t e r v a l s  i and i+ l .  NiA, j , m  
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111. FLUX EXTRAPOLATION MODEL USED I N  DOT I V  

I n  o rde r  t o  s o l v e  Eq. ( l ) ,  a f l u x  e x t r a p o l a t i o n  model r e l a t i n g  t h e  

incoming, outgoing,  and ce l l  average f l u x e s  must be assumed. I n  DOT I V ,  

t h e  a n a l y s t  can choose among a number of models. 

e x t r a p o l a t i o n  models are a v a i l a b l e  i n  DOT I V  and w i l l  be descr ibed i n  t h i s  

s ec t ion .  

The fo l lowing  f l u x  

l i n e a r  (diamond d i f f e r e n c e )  

s t e p  

ze ro  fix-up 

weighted 

theta-weighted 

Linear  can be used as the  primary model, w i th  ei ther z e r o  o r  theta- 

weighted used as an  a l t e r n a t i v e  when t h e  l i n e a r  model r e s u l t s  i n  a nega- 

t i v e  f l u x .  A l l  models except  t h e  z e r o  f ix-up model can be used alone.  

Equation ( 1 )  has been recast i n  t h e  fo l lowing  form f o r  implementation 

i n  t h e  code: 

Equation (7) i s  obta ined  by apply ing  t h e  fo l lowing  r e l a t i o n s h i p  t o  Eq. ( 1 ) :  

.. 
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The r e c u r s i o n  r e l a t i o n s h i p  for the 8, can be obta ined  from Eq. ( 6 )  and 

(8) : 

WmBm = am++ + a+2 

Therefor e 

A. Zero-Weight D i rec t ions  

DOT IV, r e q u i r e s  an i n i t i a l  ttzero-weighttl d i r e c t i o n  a t  t h e  beginning 

of each l e v e l .  TWOTRAN uses a " s t ep  formulat ion" i n  ang le  f o r  t h e  first 

d i r e c t i o n  i n  each Tl l e v e l ,  t oge the r  w i t h  a nonzero weight. The zero-weight 

d i r e c t i o n s  are l o c a t e d  such t h a t ,  phys i ca l ly ,  t h e  angular  flow i n t o ,  

but  not  ou t  o f ,  t h e  i n i t i a l  F.l i n t e r v a l  must be zero.  Th i s  imp l i e s  t h a t  

a1/2 = 0 

"3/2 = - W l P l  

B1 = T I  . 

A s  t h e  w i d t h  of  t h e  angular  i n t e r v a l  approaches ze ro ,  and t h u s  t h e  weight 

approaches zero ,  i t  can be seen  t h a t  t h e  angular  i n t e r v a l  boundary f l u x ,  

approaches t h e  average i n t e r v a l  f l u x ,  N; i .e.,  

N3/2 = N1 . ( 1 3 )  
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Equations (12) and (13) d e f i n e  the  cond i t ions  used i n  t he  d e r i v a t i o n  of 

t h e  zero-weight d i r e c t i o n  equat ions .  If t h e  i n i t i a l  weight is n o t  zero ,  

these same cond i t ions  are then  a r b i t r a r i l y  assumed; t h e  so-ca l led  "step- 

i n i t i a l i z a t i o n . "  The use of  zero-weight d i r e c t i o n s  means t h a t ,  i n  gene ra l ,  

more f l u x e s  must be ca l cu la t ed .  The r e l a t i v e  merits o f  zero-weight direc- 

t i o n s  are d iscussed  i n  Sec t ion  V I  of t h i s  r e p o r t .  

The aforementioned e x t r a p o l a t i o n  models w i l l  now be der ived  from 

Eqs. (7 ) ,  (8), and ( 1 1 ) .  I n  each case, t h e  assumptions concerning t h e  

v a r i a t i o n  o f  the  f l u x  a c r o s s  t he  i n t e r v a l  w i l l  be presented ,  as well as 

the  r e s u l t s .  Obvious in t e rmed ia t e  s t e p s  are n o t  shown. The zero-weight 

d i r e c t i o n  equa t ions  are a l s o  presented.  

I n  each of  the  models presented,  i t  is assumed t h a t  Ni - 
m-5 

Nj,d, 

and N 

c a l c u l a t i o n  i n  an  ad jo in ing  i n t e r v a l .  

are known f l u x e s  e i ther  from a boundary cond i t ion  o r  t he  

1. The Linear  Model 

The l i n e a r  model (diamond d i f f e r e n c e  model) is an  arithmetic mean 

model. 

Assume Nitc = 2 N  - N i *  (14d 

.. 

.- 
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Zero-Weight D i r e c t i o n  

and i+c' Nj+d '  Eqs. ( 1 4 )  can r e s u l t  i n  nega t ive  va lues  f o r  N 

due t o  over -ex t rapola t ion  i n  a r eg ion  wi th  steep f l u x  g rad ien t s .  Nm+ +i 

I n  a r eg ion  where t h e  source is  negat ive  due t o  t r u n c a t i o n  i n  t h e  Legendre 

expansion of  t he  c r o s s  s e c t i o n s ,  nega t ive  f l u x e s  may a l s o  be  ca l cu la t ed .  

The l a t te r  can cause t h e  c e l l  average f l u x  t o  be nega t ive ,  a l s o ,  and i n  

these cases no attempt t o  ttfix-uptt t he  negat ive  f l u x e s  is  at tempted.  

the former case, one of the  negat ive  f l u x  f ix-up models can be invoked t o  

provide a r e s u l t  c l o s e r  t o  t h e  t r u e  p o s i t i v e  f lux .  

i nc lude  z e r o  fix-up and weighted d i f f e r e n c e ,  both of which guarantee  non- 

nega t ive  f l u x e s  i f  a p o s i t i v e  source  is  present .  

I n  

These f ix-up models 

2. The SteD Model 

The s t e p  f ix-up model assumes t h a t  t h e  ex t r apo la t ed  f l u x e s  are equal  

t o  t h e  ce l l  average f l u x .  

Assume N i t c  = N 

Nj+d = N 

N,+$ = N  
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Zero-Weight D i r e c t i o n  

vs + + I T - I I B N ~ ~  
N =  Va T + lulAi, + I r l l B  

(19) 

T h i s  model, when invoked assumes a s t e p  r e p r e s e n t a t i o n  of t h e  f l u x  i n  a l l  

three dimensions. The s t e p  model results i n  very  slow a t t e n u a t i o n  o f  a 

source  w i t h  i n t e r v a l s  of  p r a c t i c a l  s i z e ,  and t ends  t o  always ove res t ima te  

f luxes .  I n  o l d e r  v e r s i o n s  of  DOT, it was used as a negat ive  fix-up. 

3. The Zero Fix-uD 

Unlike t h e  s t e p  moLsl, t he  ze ro  fix-up model cannot  be used as a 

stand-alone model. 

removes the  nega t ive  f luxes .  That  is, the  l i n e a r  model is  assumed i n  t h e  

dimensions t ha t  g i v e  p o s i t i v e  f l u x e s ,  and on ly  the  negat ive  f l u x e s  are set  

t o  zero.  T h i s  leads t o  seven sets of  f ix-up equa t ions ,  rather than  a 

s i n g l e  set as f o r  s t ep .  

T h i s  f ix-up model is a l s o  more s e l e c t i v e  i n  t h e  way i t  

If any f l u x  i s  negat ive ,  i t  is  set  t o  zero ,  and t h e  c e l l  average f l u x  

i s  r e c a l c u l a t e d  assuming t h a t  t h a t  p a r t i c u l a r  f l u x  i s  zero.  

cel l  average f l u x  i s  negat ive ,  t h e  f ix-up a t tempt  is terminated.  

u s u a l l y  imp l i e s  a negat ive  source  o r  boundary f lux .  If t h e  c e l l  average 

If t h e  new 

T h i s  
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f l u x  i s  non-negative, t h e  remaining two f l u x e s  are ex t r apo la t ed  us ing  t h e  

l i n e a r  models. If e i ther  of  these f l u x e s  i s  negat ive ,  t h e  ce l l  average 

f l u x  is r e c a l c u l a t e d  assuming two f l u x e s  are zero.  If the  ce l l  average 

f l u x  i s  p o s i t i v e ,  t he  remaining f l u x  i s  ex t r apo la t ed .  

then  a l l  three boundary f l u x e s  are set  t o  ze ro ,  and t h e  ce l l  averaged 

f l u x  recomputed (assuming t h e  t o t a l  cross s e c t i o n  is no t  ze ro ) .  

If it is negat ive ,  

A set  o f  seven equa t ions  r e s u l t s  from t h e  z e r o  fix-up s t r a t e g y :  

( 1 )  Assume 

Nitc = 0.0 

N j t d  = 2N - N j m d  

Zero-Weight D i rec t ion  

( 2 )  Assume 

(21 1 
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Zero-Weight D i r e c t i o n s  

( 3 )  Assume N i t c  = ZN - N i -c 

Zero-Weight D i r e c t i o n  
. .  
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Zero-Weight Direction 

I' 

.' 

'. 

(5) Assume N i + c  = 0.0 

Nj+d = 2 N  - I4 j -d (32b) 

( 3 2 ~ )  
N tn+$ = 0.0 

Zero-Weight Directions 

Same as Eq. (22) 

( 6 )  Assume N i + c  = 2N - N .  
1 -c 

Nj+d = 0.0 

N = 0.0 rn++ 

Zero-Weight Direction 

Same as Eq. (25) 

(7) Assume N i + c  = 0.0 

Nj+d = 0.0 

= 0.0 
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(37)  

Zero-Weight D i r e c t i o n  

Same as Eq. (31)  

4. The Weighted Model 

The weighted-difference model provides  a smooth t r a n s i t i o n  between 

t h e  l i n e a r  model i n  t h e  case of small mesh spac ing  and t h e  s t e p  model i n  

t h e  large. 

i t e r a t i o n  process  and gua ran tees  a non-negative emergent f l u x  va lue  i f  

t h e  source  term is p o s i t i v e .  The weighted-difference model u ses  t h r e e  

new parameters  t o  i n t e r p o l a t e  between t h e  l i n e a r  and s t e p  models. 

Th i s  smooth t r a n s i t i o n  promotes r a p i d  convergence of  t h e  

Assume 

so t h a t  Ni+c = a 1 N -(+>Ni-, 

N m++ = - c 1 N - (9) Nm-+ 
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Then d e f i n i n g  

.. 

.. 

y i e l d s  

VcJT + x + Y + z 

The va lues  of  a, b, and c are determined by first so lv ing  f o r  t h e  out- 

going boundary f l u x e s  and then,  by examination, choosing these c o e f f i c i e n t s  

t o  ensure  p o s i t i v i t y  of t h e  boundary f lux .  Non-negativity of t h e  f l u x  can 

be assured  

us ing  Eqs.  

by bounding a,  b, and c between 1 / 2  ( l i n e a r )  and 1 ( s t e p )  $and 

(42)  between these l i m i t s .  
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The parameters  os and en i n  Eq. ( 4 2 )  are a r b i t r a r y  and can be 

related t o  prev ious  formula t ions .  

t h e  formula t ion  is equ iva len t  to :  

I n  t h e  1968 v e r s i o n  of TWOTRAN ( x , Y ) ~  

es = en = o 

T h i s  method never gene ra t e s  non-posi t ive r e s u l t s ,  but  w i l l  produce inac-  

c u r a t e  r e s u l t s  f o r  large i n t e r v a l s  w i t h  a source  o r  f o r  long,  narrow 

i n t e r v a l s .  

I n  1969 a Lathrop paper5 had Os = en = 1 ,  but  in-house t e s t i n g  has  

shown t h i s  method t o  lead t o  many degenera te  r e s u l t s  near  zero ,  which 

thwar t  convergence. I n  t h e  1973 v e r s i o n  of DOT 1116, a compromise; 

- - 1 ,  en = 0 was used. 
eS 

T h i s  worked well i n  source-dominated r eg ions ,  

but  gave i n a c c u r a t e  r e s u l t s  f o r  source- f ree  i n t e r v a l s  of  long,  narrow 

shape. The p re sen t  v e r s i o n  of  DOT I V  d i f fe rs  from i ts  predecessor  i n  

t h a t  t h e  m-flow terms ( i .e . ,  terms invo lv ing  N ) are grouped wi th  t h e  

source  term w i t h  a m u l t i p l i e r  of 8 
m-+i 

S' 

Zero-Weight D i r e c t i o n  

j -d V S  + XNimc + YN 

N =  V O T + X + Y  (43) 

The weight ing c o e f f i c i e n t s  a and b are def ined  by Eqs. ( 4 4 ) .  There 

is  no c weight ing c o e f f i c i e n t  f o r  the  zero-weight d i r e c t i o n .  The c o e f f i -  

c i e n t s  a and b are der ived  i n  a similar manner as f o r  Eqs. (42 ) .  

'. 

' I  

.. 
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5. The Theta-Weighted Model 

The theta-weighted model7 -s e s s e n t i a  l y  a specific case of t he  

An a r b i t r a r y  m u l t i p l i e r  is  used t o  avoid weighted d i f f e r e n c e  model. 

degeneracy y e t  t o  use t h e  a c c u r a t e  l i n e a r  model when t h e  source  o r  flow 

from ad jacen t  boundaries  a c t u a l l y  c o n t r o l s  N; 

Values o f  8 ranging from 0.5 t o  0.9 have been tested wi th  s a t i s f a c t o r y  

r e s u l t s .  Apparently any va lue  near  1 ,  but no t  near  enough t o  produce 

numerical  degeneracy, is  acceptab le .  A t  p r e sen t  a va lue  of  0.9 is  used 

i n  DOT I V .  This  g i v e s  r e s u l t s  which are o f t e n  very  similar t o  those  of  

t he  l i n e a r  model w i t h  ze ro  f ix-up and o f t e n  converges fas ter ,  and i s  

t h e r e f o r e  less expensive.  



I V .  SOLUTION TO THE 

The DOT and TWOTRAN series of  

by d i f f e r e n t  teams of  researchers, 

DOT- TWOTR AN DISCREPANCY 

discrete o r d i n a t e s  codes were developed 

each wi th  t h e i r  own ideas concerning 

approximations t h a t  would be inco rpora t ed  i n  t h e i r  code. The DOT codes 

were developed p r i m a r i l y  f o r  use i n  t he  area of  deep p e n e t r a t i o n  sh i e ld ing  

a n a l y s i s ,  which i s  cha rac t e r i zed  by problems wi th  f i x e d  sources ,  h igh ly  

a n i s o t r o p i c  f l u x e s ,  and large f l u x  a t t e n u a t i o n s .  The TWOTRAN codes have 

found t h e i r  largest use i n  r e a c t o r  c o r e  problems, i .e.,  e igenvalue  prob- 

lems, which are u s u a l l y  cha rac t e r i zed  by more i s o t r o p i c  f luxes .  

t h i s  d i f f e r e n c e  i n  o b j e c t i v e s ,  two very  d i f f e r e n t  ph i losophies  were 

adopted. 

Owing t o  

The r e c e n t  TWOTRAN codes o f f e r  on ly  t h e  l i nea r -ze ro  d i f f e r e n c e  model 

( o t h e r  v e r s i o n s  had o t h e r  models) ,  w h i l e  t h e  DOT code provides  t h e  u s e r  

w i t h  a number of d i f f e r e n c e  models t o  choose among, depending on t h e  prob- 

lem a t  hand. TWOTRAN's t rea tment  of t h e  i n i t i a l  d i r e c t i o n  is a l s o  d i f fe r -  

e n t  from t h a t  used i n  DOT. TWOTRAN uses  t h e  s t e p - i n i t i a t i o n  model i n  

ang le  i n  t h e  first d i r e c t i o n  of each rl l e v e l ,  w h i l e  t he  DOT codes tradi-  

t i o n a l l y  use t h e  zero-weight approach. Due t o  these d i f f e r e n c e s ,  DOT and 

TWOTRAN gave d i f f e r e n t  r e s u l t s  t o  many problems,* and t h e  exp lana t ion  i n  

a g iven  case could on ly  be incomplete.  I n  an at tempt  t o  f i n d  any d i s -  

c r epanc ie s  between DOT and TWOTRAN, TWOTRAN's z e ro  f ix-up and s t ep -  

i n i t i a t i o n  f e a t u r e s  were incorpora ted  i n t o  a temporary v e r s i o n  of  DOT. 

A number of X-Y geometry problems were run  i n  both codes without  t he  use 

of f l u x  reba lance .  X-Y geometry was chosen first because t h e  angular  

flow terms are not  p re sen t  i n  t h i s  geometry, and t h u s  t h e  zero-weight 
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d i r e c t i o n s  have 

DOT and TWOTRAN 

no effect. The reba lance  a c c e l e r a t i o n  was omit ted s i n c e  

reba lance  i n  a d i f f e r e n t  manner. I n  a l l  cases DOT and 

TWOTRAN agreed exac t ly .  

The second set of  test  problems was run  i n  R-Z geometry. When DOT 

and TWOTRAN were run  us ing  t h e  l i n e a r  Ifdiamond d i f f e rence"  model they  

once a a a i n  anreed e x a c t l v  wi th  each o the r .  

was c a l c u l a t e d  and i t  became necessary t o  invoke t h e  ze ro  fix-up model 

t h e  codes were i n  g r o s s  disagreement.  After ex tens ive  i n v e s t i g a t i o n  

i t  was found t h a t  there was a basic flaw i n  TWOTRAN. 

However, when a negat ive  f l u x  

I n  the  i n i t i a l  d i r e c t i o n ,  TWOTRAN uses  t he  s t e p  model i n  angular  

space,  which gua ran tees  a p o s i t i v e  f l u x  i n  t h e  angular  dimension, but  not  

n e c e s s a r i l y  i n  t h e  spa t ia l  dimensions. When one of t h e  ex t r apo la t ed  

s p a t i a l  f l u x e s  i s  negat ive ,  t h e  f ix-up equa t ions  are invoked. TWOTRAN 

does not  have a s p e c i a l  set of fix-up equa t ions  f o r  t h e  i n i t i a l  d i r e c t i o n s ,  

where t h e  s t e p  model i n  a n g l e  is  employed. The effects of  t h i s  approxima- 

t i o n  are d iscussed  l a t e r  i n  t h i s  r e p o r t .  The f ix-up equa t ions  are der ived  

assuming a l i n e a r  v a r i a t i o n  of  t h e  f l u x  f o r  t h e  d i r e c t i o n  t h a t  is  not  being 

f i x e d  up. For t h e  i n i t i a l  d i r e c t i o n ,  t h i s  is  i n c o n s i s t e n t  w i t h  t h e  s t e p  

model t h a t  was used o r i g i n a l l y  and leads t o  a term coupl ing t h e  mean f l u x  

t o  a previous  f l u x  t h a t  does no t  e x i s t  [see Eq. (19)  o r  (2211. The va lue  

t h a t  was used by TWOTRAN was t h e  va lue  t h a t  was l e f t  i n  t h e  computer's 

memory by previous c a l c u l a t i o n s .  

t i o n s  do not  i n d i c a t e  what should be used. A c o r r e c t i o n  was made t o  TWO- 

TRAN t o  set  the  undefined f l u x  t o  ze ro  i f  the  f ix-up equat ions  were 

invoked, corresponding t o  t h e  DOT t reatment .  

T h i s  is  obviously i n  e r r o r .  The equa- 

This  brouaht DOT and TWOTRAN 
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back i n t o  agreement. TWOTRAN was run  t o  convergence w i t h  and wi thout  

t h e  c o r r e c t i o n ,  t o  assess t h e  effects of  t h e  e r r o r  ( r e p o r t e d  l a te r ) .  

A d i f f e r e n t  formula t ion  of  t he  ze ro  f ix-up model is  being made a v a i l -  

able i n  DOT I V .  

model i n  t he  first a n g l e  i n  each q l e v e l .  The corresponding equa t ions  

were l i s t e d  previous ly .  Running t h i s  DOT o p t i o n  allowed i s o l a t i o n  of  

the  effects o f  zero-weight d i r e c t i o n s .  The problem chosen was t h e  

20 X 50 R-Z sodium-steel  problem descr ibed  la ter  i n  t h i s  r e p o r t .  The 

r e s u l t s  are presented i n  Table 1 .  The c o r r e c t i o n  t o  TWOTRAN decreased t h e  

emergent f l u x  a long  t h e  bottom of the  mesh by a f a c t o r  of 3.56 a t  t h e  

c e n t e r  l i n e  and 1.65 a t  the  edge. The larger e r r o r  a t  the  c e n t e r  l i n e  is 

due t o  t h e  more f r equen t  use of the  f ix-up model i n  t h i s  r e g i o n  of  t h e  

problem. The use  of zero-weight d i r e c t i o n s  inc reased  t h e  emergent f l u x  a t  

t h e  c e n t e r  l i n e  by a f a c t o r  of 1.10 and decreased i t  by a f a c t o r  of 1.13 

a t  the  edge. However, t h e  leakage from t h e  r i g h t  and bottom boundaries  

of t h e  problem agree w i t h i n  1 percent .  

Zero-weight d i r e c t i o n s  are used r a t h e r  t han  t h e  s t e p  

The f l u x e s  c l o s e r  t o  t h e  source  behave i n  a manner c o n s i s t e n t  w i th  

t h e  f l u x  model being employed. That  is: l i n e a r - z e r o  g i v e s  t h e  smallest 

f l u x  va lues ,  as would be expected by the  n a t u r e  of  t h e  f ix-up model; 

weighted g i v e s  t h e  largest f l u x  va lues ,  as expected,  s i n c e  we know i t  is 

approximately t h e  same as t h e  s t e p  model f o r  c o a r s e l y  meshed problems; 

and theta-weighted f l u x  va lues  l i e  between these models. 

not  t r u e  o f  t he  f l u x e s  f u r t h e r  away from t h e  source ,  i n d i c a t i n g  t h a t  

knowledge of  t h e  behavior of t he  f l u x  model l o c a l l y  does no t  n e c e s s a r i l y  

imply knowledge o f  t h e  behavior of  t h e  f l u x  model over  t h e  e n t i r e  problem. 

However, t h i s  i s  

.. 
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Table 1. TWOTRAN Versus DOT F lux  Comparison f o r  t h e  
F i r s t  Group o f  t h e  R-Z Sodium-Steel Problem 

SOURCE 1 
SODIUM 

STEEL 
Z 

-f 
300 

Code F lux  a t  A F lux  a t  B F lux  a t  C F lux  a t  D 

TWOTRAN I 1  3.07152-18 3.25054-19 3.16834-7 1.00751-7 

TWOTRAN I1 ( co r rec ted ) *  8.63367-19 1.97081-19 2.25276-7 1.13672-7 

DOT I V  (1  inear -zero)  9.53677-1 9 1.73965-1 9 2.00958-7 9.09857-8 

DOT I V  (weighted) 8.68320-1 9 1.41 253-1 9 5.01 178-7 1.99149-7 

DOT I V  (&weighted) 6.42672-1 9 1.20006-19 2.63975-7 1.12762-7 

*DOT I V  g ives  i d e n t i c a l  r e s u l t s  f o r  t h i s  case when t h e  s t e p - i n i t i a t i o n  
mudel i s  used toge the r  w i t h  t h e  co r rec ted  zero  f i x - u p  equations. 
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Therefore,  i t  is imposs ib le  t o  a priori  determine a "conservat ive" f l u x  

model. 

The l i n e a r - z e r o  model tended t o  y i e l d  h igher  bottom leakage than 

e i ther  t h e  weighted o r  theta-weighted models. This  could be a r e s u l t  of 

t h e  s e l e c t i v e n e s s  of t h e  ze ro  f ix-up;  t h a t  is, only  the  f l u x e s  t h a t  need 

t o  be fixed-up are f i x e d ,  w h i l e  t h e  l i n e a r  model is  used i n  t h e  remaining 

dimensions. I n  p r i n c i p l e ,  weighted tends  t o  y i e l d  a h igher  f l u x  than  

l i n e a r  zero ,  s i n c e  i t  uses  t h e  l i n e a r  model f o r  small i n t e r v a l s ,  making 

a smooth t r a n s i t i o n  t o  non-negative va lues  f o r  large i n t e r v a l s .  Examin- 

i n g  the  f l u x  a t  t h e  midplane of t h e  problem, we see t h a t  weighted has 

caused more neut rons  t o  migrate t o  t h e  s i d e  of the  problem and t o  l eak .  

The higher  leakage f l u x  u l t i m a t e l y  lead t o  lower f l u x  a t  t h e  problem 

boundary. 

It should be noted t h a t  t h e  co r rec t ed  l i n e a r - z e r o  model descr ibed  

h e r e i n  is not  t r u l y  c o n s i s t e n t  when used without  zero-weight d i r e c t i o n .  

I n  fac t ,  a c a r e f u l  d e r i v a t i o n  of t h e  ze ro  f ix-up equa t ions  t o  be used 

f o r  t h e  s t e p - i n i t i a l i z a t i o n  d i r e c t i o n s  shows tha t  they are i d e n t i c a l  t o  

t h e  zero-weight equat ions .  T h i s  is  not  equ iva len t  to  s e t t i n g  N = 0,  as 

was done i n  t h i s  s tudy.  I n  a la ter  s e c t i o n ,  i t  w i l l  be s een  t h a t  t h i s  

incons is tency ,  no t  t h e  type of i n i t i a l i z a t i o n ,  is r e s p o n s i b l e  f o r  much of 

the  remaining d i f f e r e n c e  between t h e  l i nea r -ze ro  and co r rec t ed  s tep-  

i n i t i a l i z a t i o n  r e s u l t s  noted i n  t h i s  s ec t ion .  

+ 

.. 
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V. EXTRAPOLATION MODEL EVALUATION 

The convergence of  the  v a r i o u s  f l u x  e x t r a p o l a t i o n  models t o  a unique 

s o l u t i o n  w i t h  ref inement  of t h e  spat ia l  mesh has always been a matter of  

concern t o  u s e r s  of  t r a n s p o r t  codes. It has been t a c i t l y  assumed t h a t  

i f  t h e  mesh is r e f i n e d  u n t i l  t he  maximum i n t e r v a l  is less than  two mean 

free pa ths ,  [TI, i n  any d i r e c t i o n ,  

genera ted  i f  the  source  and incoming 

I n  o r d e r  t o  assess t h e  v a l i d i t y  

nega t ive  f l u x e s  w i l l  no t  be 

boundary f l u x e s  are pos i t i ve .  

of  t h i s  assumption, three small sample 

problems t h a t  have characterist ics similar t o  those  encountered i n  s h i e l d i n g  

a n a l y s i s  and one cel l  e igenvalue  problem were solved on a number of spatial 

gr ids .  Each success ive  mesh was halved u n t i l  a l l  i n t e r v a l s  i n  t he  problems 

were less than  two mean free paths .  I s o t r o p i c  s c a t t e r i n g  was assumed i n  

a l l  cases and an  s8 f u l l y  symmetric quadra tu re  was used. 

ze ro  model wi th  zero-weight d i r e c t i o n s ,  t h e  l i n e a r  ze ro  model w i t h  s tep-  

i n i t i a l i z a t i o n ,  t he  theta-weighted model and t h e  weighted model were a l l  

used i n  t h i s  s tudy.  

three parameter f i t  of t h e  fo l lowing  form: 

The l i n e a r -  

The mesh spacing was ex t r apo la t ed  t o  ze ro  us ing  a 

The r e s u l t s  f o r  t h e  first group leakage oppos i t e  t he  source  ve r sus  mesh 

s ize  and a d e s c r i p t i o n  of each of  the s h i e l d i n g  problems are shown i n  

Figs .  1 through 3. 

I n  a l l  cases, the  weighted model y ie lded  ex t r apo la t ed  leakage f l u x e s  

t h a t  were higher than  those  c a l c u l a t e d  with the  other models. This  is 
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i n  agreement wi th  gene ra l  experience.  

mately the  same r e s u l t ,  a l though the  theta-weighted model sometimes con- 

verges  faster than  e i ther  of t h e  l i nea r -ze ro  models. 

problems are o f t e n  performed us ing  mesh spac ings  corresponding t o  abscissas 

of  5-7 on these p l o t s  t h e  e r r o r  in t roduced  by f i n i t e  mesh spacing can be 

larger than t h e  d i f f e r e n c e  between models. 

t i o n s  such as t h e  "factor-of-two-flux-variation-between-intervalsii r u l e  

are now suspected of  producing poor r e s u l t s .  

The remaining models g ive  approxi- 

Since s h i e l d i n g  

Other mesh-spacing considera-  

As t h e  mesh was r e f i n e d ,  a l l  models except  the  weighted model became 

more d i f f i c u l t  t o  converge. 

free path l i m i t ,  where a l l  models should be so lv ing  t h e  l i n e a r  (diamond 

d i f f e r e n c e )  equa t ions  wi th  no negat ive  f l u x  f ix-up,  could no t  be made t o  

converge. The material d e n s i t i e s  were reduced u n t i l  almost void condi- 

t i o n s  e x i s t e d  and t h i s  phenomenon p e r s i s t e d .  Fu r the r  understanding of  

t h i s  phenomenon can be gained by examining the  l i n e a r  equat ion  f o r  the  

c e l l  averaged f l u x :  

Ca lcu la t ions  wi th  meshes below t h e  two mean 

The source- term i n  Eq. (15) is u s u a l l y  small f o r  t h e  first groups i n  

t y p i c a l  s h i e l d i n g  problems because t h e  m a j o r i t y  of  t h e  source i n  t h e s e  

groups is t h e  self-scatter source ,  and a l s o ,  V is  small as t h e  mesh is  

re f ined .  

t h e  r i g h t  boundary f o r  problems wi th  t o p  o r  bottom boundary sources .  

N 

peaked scattering. These c o n d i t i o n s  lead t o  Eq. (46). 

The Niec term i n  t h e  first groups is small e s p e c i a l l y  near  

The 

term is  u s u a l l y  small i n  t h e s e  groups because of the  forward m-4 



26 

- 
Since  A and B are u s u a l l y  of comparable magnitude, N f o r  some d i r e c t i o n s  

w i l l  be  less than  % N j  - d ,  r e s u l t i n g  i n  a nega t ive  va lue  of Nj+d. 

This  effect  i s  no t  seen  i n  t h e  1-D geometr ies .  It r e s u l t s  i n  t h e  use of 

nega t ive  f ix-up procedures  i n  t y p i c a l  2-D s h i e l d i n g  c a l c u l a t i o n s  no matter 

how f i n e  t h e  mesh becomes. I n  such cases, t h e  converged r e s u l t  depends 

upon t h e  e x t r a p o l a t i o n  model, and convergence of the  i t e r a t i v e  process  

becomes more d i f f i c u l t .  

The emergent scalar f l u x  from the  bottom of t h e  sodium-steel  problem 

is  presented i n  Fig.  4.  The s p a t i a l  o s c i l l a t i o n s  i n  t h e  f l u x  r e s u l t i n g  

from t h e  use of t h e  models based on t h e  l i n e a r  formula t ion  are evident .  

The weighted model however c a l c u l a t e s  a f l u x  shape t h a t  is  smooth and more 

r e p r e s e n t a t i v e  of t h e  phys ica l  s i t u a t i o n ,  but  r e s u l t s  i n  a higher  t o t a l  

leakage from t h e  bottom of  t h e  system. The theta-weighted model calcu- 

lates r e s u l t s  t h a t  are somewhat smoother t han  t h e  l i n e a r  formula t ions  

w i t h  f ix-up,  but  g i v e s  a lower leakage. However, i n s p e c t i o n  of F igs .  1 

through 3 i n d i c a t e s  t h a t  t h e  theta-weighted model gave r e s u l t s  t h a t  were 

c l o s e r  t o  t h e  e x t r a p o l a t e d  ze ro  mesh spac ing  r e s u l t s .  

The ce l l  e igenvalue  problem is  shown i n  Fig.  5. T h i s  problem is  

cha rac t e r i zed  by long narrow i n t e r v a l s ,  which tend t o  cause d i f f i c u l t y  

w i t h  t he  weighted-difference model. 

l i n e a r l y  a n i s o t r o p i c ,  and an  S4 f u l l y  symmetric quadra tu re  set  was used 

f o r  these c a l c u l a t i o n s .  The r e s u l t s  are shown i n  Table  2. 

The s c a t t e r i n g  was assumed t o  be 
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Table 2. The Calcul ted  k-eff f o r  t he  Cell 
Eigenvalue Problem Various Flux Models 

Model k-ef f 

Linear- ze ro  0.9926 

-weighted 0.9897 
Weighted 0.9519 

Linear-zero (TWOTRAN) 0 -9927 

Monte Car lo  0.986 -r- 0.015 

Poin t  f i s s i o n  source convergence of <O .025 
f o r  DOT cases. 

A s  was seen  previous ly ,  t h e  weighted model gave t h e  h igher  leakage, 

which r e s u l t e d  i n  a lower k e igenvalue.  The o t h e r  models gave essen- 

t i a l l y  t h e  same r e s u l t s ,  and are i n  agreement w i t h  t h e  MORSE Monte Car lo  

c a l c u l a t i o n .  

eff 

As t o  which model is  p r e f e r a b l e ,  t h e  s tudy  has shown tha t  t h e  

weighted model converges t o  a h igher  leakage, which is i n  agreement w i t h  

gene ra l  experience.  It is  preferred f o r  sh i e ld ing  c a l c u l a t i o n s  where 

the  maximum leakage is  sought ,  but  i s  u n s u i t a b l e  f o r  e igenvalue problems 

f o r  t h e  same reason. The remaining models g ive  approximately t h e  same 

r e s u l t s .  The theta-weighted model sometimes converges faster than t h e  

l i nea r -ze ro  models, and may be preferred where convergence d i f f i c u l t y  is  

expected. The l i nea r -ze ro  model is  inexpensive,  and i s  a p p l i c a b l e  t o  most 

e igenvalue  problems which are not  expected t o  p re sen t  f l u x  convergence 

d i f f i c u l t y .  



V I .  ZERO-WEIGHT DIRECTION EVALUATION 

A s  s tated earlier i n  t h i s  r e p o r t ,  one of  t he  basic d i f f e r e n c e s  between 

DOT and TWOTRAN is  t h a t  DOT t r a d i t i o n a l l y  r e q u i r e s  zero-weight d i r e c t i o n s  

i n  its angular  quadra tu re  s e t ,  w h i l e  TWOTRAN uses  s t e p - i n i t i a l i z a t i o n .  

TWOTRAN a l s o  uses  a z e r o  f ix-up model t h a t  i s  based on t h e  l i n e a r  extrapo-  

l a t i o n  model, and impl i e s  an  undefined f l u x ,  as d iscussed  previous ly .  

When t h e  ze ro  fix-up equa t ions  are der ived  approximately,  t he  r e s u l t a n t  

equa t ions  are i d e n t i c a l  t o  t h e  equa t ions  f o r  t h e  zero-weight d i r e c t i o n s .  

I n  o r d e r  t o  assess t h e  e f f e c t i v e n e s s  of  zero-weight d i r e c t i o n s ,  a 

s imple  two zone, 21  energy group, R-Z problems were cons t ruc ted .  An i so -  

t r o p i c  boundary source  was app l i ed  a t  t h e  t o p  boundary. Nonreturn bound- 

a r y  cond i t ions  were app l i ed  a t  t h e  r i g h t  and bottom of  t he  problem. An 

S8 d i r e c t i o n  quadra tu re  set from the  TWOTRAN code, w i t h  zero-weight direc- 

t i o n s  added, was used i n  a l l  problems. 

and 420.0 cm i n  he ight .  The t o p  boundary source  i s  i n c i d e n t  on 300.0 cm 

of sodium followed by 120.0 c m  of s teel .  I n  t h i s  case there were 20 

equa l ly  spaced mesh i n t e r v a l s  i n  t h e  radial  d i r e c t i o n ,  20 e q u a l l y  spaced 

mesh i n t e r v a l s  a x i a l l y  i n  t h e  sodium, and 30 e q u a l l y  spaced mesh intervals 

i n  t h e  steel. The s c a t t e r i n g  was assumed t o  be l i n e a r l y  a n i s o t r o p i c .  

The fo l lowing  c a l c u l a t i o n s  were performed: 

The problem was 60.0 cm i n  r a d i u s  

1. Standard DOT I V  l i nea r -ze ro  model with zero-weight d i r e c t i o n s  

2. Standard TWOTRAN l i nea r -ze ro  w i t h  t h e  co r rec t ed  i n i t i a l  ang le  
f ix-up based on t h e  l inear e x t r a p o l a t i o n  model 

3. DOT I V  l i nea r -ze ro  wi th  t h e  s t e p - i n i t i a l i z a t i o n  c o n s i s t e n t l y  
de r ived  

, 
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4. Standard TWOTRAN l i nea r -ze ro  model without  t he  i n i t i a l  ang le  
c o r r e c t i o n .  The r e s u l t s  of  these c a l c u l a t i o n s  are presented 
i n  Figs. 6 and 7. Only the  group one f l u x e s  are presented.  

F igure  6 p r e s e n t s  t h e  scalar f l u x  a long  the  t o p  mesh row i n  t he  

sodium. The zero-weight d i r e c t i o n  c a l c u l a t i o n  and t h e  s t e p  i n  ang le  w i t h  

t h e  c o n s i s t e n t  f ix-up equa t ions  are i n  e x c e l l e n t  agreement. The s tandard  

TWOTRAN models, both w i t h  and without  t h e  c o r r e c t i o n ,  g ive  r e s u l t s  t ha t  

i n d i c a t e  a depress ion  i n  t h e  f l u x  along t h e  c e n t e r  of t h e  c y l i n d e r ;  obvi- 

ous ly  not  phys i ca l ly  c o r r e c t .  

Figure 7 p r e s e n t s  t h e  scalar f l u x e s  i n  t h e  last  i n t e r v a l  i n  t h e  

s teel .  The uncorrected TWOTRAN y i e l d s  r e s u l t s  t h a t  are i n  greatest d i s -  

agreement w i t h  the o t h e r  c a l c u l a t i o n s .  

marred by s p a t i a l  o s c i l l a t i o n .  

A l l  f o u r  models g i v e  poor r e s u l t s ,  

I n  summary, both t h e  zero-weight d i r e c t i o n  model and t h e  s t e p  

i n i t i a l - d i r e c t i o n  model w i t h  a c o n s i s t e n t  f ix-up model g ive  r e s u l t s  t h a t  

are phys ica l ly  accep tab le  near  t h e  source.  

g i v e  p a r t i c u l a r l y  good r e s u l t s  a t  t h e  bottom of  t h e  cy l inder .  

None of t h e  f ix-up models 

These r e s u l t s  seem t o  i n d i c a t e  t h a t  t h e  s t e p  i n i t i a t i o n  model w i t h  

a c o n s i s t e n t  f ix-up is computat ional ly  more c o s t  e f f i c i e n t ,  s i n c e  fewer 

d i r e c t i o n s  need be c a l c u l a t e d  us ing  t h i s  method, and t h e  r e s u l t s  are no 

worse. However, examination of  t h e  quadra ture  sets suppl ied  w i t h  t h e  TWO- 

TRAN code r e v e a l s  t h a t  t h e  i n i t i a l  (and f i n a l ,  due t o  symmetry) direc- 

t i o n s  have large rl va lues  (nea r  1 )  compared t o  a set of equ iva len t  o rde r  

t h a t  would be used i n  DOT. It appears  t h a t  these d i r e c t i o n s  may behave 

l i k e  zero-weight d i r e c t i o n s  which a l s o  have rl va lues  near  un i ty .  

raises the  ques t ion  of  t h e  adequacy of  a g iven  quadra ture  set. 

This  
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An R-Z model of  a SNAP r e a c t o r  was chosen t o  e v a l u a t e  t h e  effect of  

zero-weight d i r e c t i o n s  on e igenvalue  c a l c u l a t i o n s .  T h i s  system is char- 

a c t e r i z e d  by r e l a t i v e l y  h igh  radial  leakage. Four three group, S4P3 

problems were run. The l i nea r -ze ro  model, w i th  and without  zero-weight 

d i r e c t i o n s ,  was used w i t h  t h e  s tandard  DOT and TWOTRAN quadra tures .  The 

r e s u l t s  o f  these c a l c u l a t i o n s  are shown below. Again, t h e  d i f f e r e n c e  i n  

r e s u l t s  from t h e  i n c l u s i o n  of  zero-weight d i r e c t i o n s  was keff 
i n s i g n i f i c a n t .  

DOT TWOTRAN 
Quadra ture  Quadra ture  

With zero-weight d i r e c t i o n s  0.92321 3 0.924330 
Without zero-weight d i r e c t i o n s  0.923685 0.924770 

. _  
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V I I .  CONCLUSIONS 

The DOT I V  discrete o r d i n a t e s  t r a n s p o r t  code a l lows  t h e  u s e r  t o  choose 

among va r ious  f l u x  e x t r a p o l a t i o n  models t o  mitigate the  effects of  over- 

e x t r a p o l a t i o n  e r r o r  i n  s h i e l d i n g  problems. 

these models and t h e  r e s u l t a n t  equa t ions  have been p resen t  i n  t h i s  r e p o r t  

t o  enhance t h e  u s e r ' s  understanding of  t h e  code. 

The assumptions f o r  each of 

A detailed comparison between DOT and TWOTRAN uncovered a model def i -  

c iency  i n  t h e  TWOTRAN code. With t h i s  de f i c i ency  i n  modeling treated 

i d e n t i c a l l y  i n  both codes,  i t  was shown t h a t  DOT and TWOTRAN produced 

i d e n t i c a l  r e s u l t s  f o r  a l l  t h e  problems s tudied .  Thus, t h e  decade-old 

d iscrepancy  was reso lved .  

The s tudy  has  shown t h a t  f o r  t he  problems s tud ied ,  t h e  f l u x  models 

do n o t  converge t o  a s i n g l e  s o l u t i o n  as t h e  s p a t i a l  mesh i s  re f ined .  It 

was a l s o  discovered t h a t ,  regardless of  t h e  degree t o  which t h e  mesh is  

r e f i n e d ,  t h e  nega t ive  f l u x  f ix-up models w i l l  always be needed du r ing  a 

c a l c u l a t i o n .  This  sometimes thwar t s  t h e  convergence of  fine-mesh prob- 

lems. The e r r o r  i n  t h e  converged r e s u l t s  due t o  f i n i t e  mesh spacing may 

be greater than  t h e  d i f f e r e n c e  between f l u x  e x t r a p o l a t i o n  models. T h i s  

is  p a r t i c u l a r l y  t r u e  i n  t h e  range of mesh sizes commonly used i n  

s h i e l d i n g  a n a l y s i s .  

The i n c l u s i o n  o f  zero-weight boundary d i r e c t i o n s  i n  t h e  quadra ture  

set  was shown t o  have no s i g n i f i c a n t  effect  on t h e  converged r e s u l t s  f o r  

t h e  problems s tudied .  
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Since  no e x a c t  s o l u t i o n s  are a v a i l a b l e  f o r  judging t h e  accuracy of  

t h e  va r ious  models i t  may be  a p p r o p r i a t e  t o  seek a model which most con- 

s i s t e n t l y  avo ids  e r ra t ic  behavior as t h e  mesh spac ing  is increased .  I n  

t h i s  and o t h e r  s t u d i e s ,  t h e  theta-weighted model appears  t o  be t h e  b e s t  

choice  t o  achieve  t h i s  end. It converges i n  fewer i t e r a t i o n s  than  t h e  

l i nea r -ze ro  model. The use of  contemporary coding techniques  makes t h e  

execut ion  speed of  t h e  theta-weighted model approximately t h e  same as 

t h a t  of  t h e  l i n e a r - z e r o  model. The d i f f e r e n c e s  i n  t h e  zero-mesh r e s u l t s  

are probably i n s i g n i f i c a n t  compared t o  t h e  mesh s ize  effects.  Thus, 

theta-weighted i s  t h e  appropr i a t e  choice  i n  t h e  absence of i n d i c a t i o n s  t o  

t h e  cont ra ry .  

Weighted was seen  t o  g i v e  smoother f l u x  shapes, and g i v e s  h igher  (and 

thus  conse rva t ive )  leakage c u r r e n t s  f o r  some problems. T h i s  s tudy  has 

shown t h a t  weighted leakage is  not  h igher  f o r  a l l  problems. 

sometimes converges better than  a l l  o t h e r  models. 

However, i t  

The use  of l i nea r -ze ro  should probably be restricted t o  e igenvalue  

c a l c u l a t i o n s  which are t o  be compared t o  o t h e r  l i n e a r - z e r o  r e s u l t s .  The 

o l d e r  l i n e a r - s t e p  model ( n o t  inc luded  i n  t h i s  s tudy)  should no t  be used 

a t  a l l .  
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