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Y a dnmmy v a r i a b l e  ( s e e  Appendix) 
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TWCFPHASE, TWO-COMPONENT STIRLING ENGINE 
W I'IB CONTROLLED EVAPORATION 

C. D. West 

ABSTRACT . .  

I n  a S t i r l i n g - l i k e  engine,  t h e  s p e c i f i c  power can be 
g r e a t l y  increased  by t h e  use of a two-component, two-phase 
working f l u i d .  Theory and experiments have i n d i c a t e d  t h a t  
a two-  t o  t h r e e f o l d  i n c r e a s e  i s  e a s i l y  a t t a i n a b l e .  This  
r e p o r t  shows t h a t  by c o n t r o l l i n g  t h e  r a t e  a t  which t h e  l i q -  
u i d  i s  evaporated i n t o  t h e  expansion c y l i n d e r ,  s t i l l  l a r g e r  
i n c r e a s e s  may be achieved under q u i t e  reasonable  o p e r a t i n g  
condi t ions .  Successfu l  a p p l i c a t i o n  of t h i s  p r i n c i p l e  would 
make i t  p r a c t i c a b l e  t o  o p e r a t e  engines  w i t h  moderate hot-end 
temperatures  and perhaps even w i t h  t h e  very low temperatures  
a v a i l a b l e  from simple nontracking s o l a r  c o l l e c t o r s .  

.+ TNTRODUCTION . 

The evapora t ion  of l i q u i d  f rom. the  h o t  end of a S t i r l i n g  engine fo l -  

lowed by condensat ion a t  t h e  co ld  end i s  recognized t h e ~ r e t i c a l l y l - ~  and 

p r a c t i c a l l y 4 , s  as. a way t o  i n c r e a s e  t h e  s p e c i f i c  power output  of t h e  en- 

gine.  Accord ing . to  t h e  r e l a t i v e  importance of t h e  c y c l i c  and p a r a s i t i c  

components of h e a t  and power, t h e  evapora t ion  may increase  o r  decrease t h e  

o v e r a l l  e f f i c i e n c y  . 
Walker and Agbilsz made an approximate a n a l y s i s  of t h e  e f f e c t s  of 

evaporat ion,  which has  been inva luable  i n  in t roducing  t h e  t o p i c  and i n  

guiding f u r t h e r  work. T h e i r  a n a l y s i s  assumed a cons tan t  molar r a t i o ,  

throughout t h e  cyc le  and throughout t h e  engine,  between t h e  permanent and 

evapora t ive  components of t h e  working f l u i d .  Jn much of t h e  experimental  

work involv ing  evapora t ive  S t i r 1  ing-type cyc le s ,  on the  o t h e r  hand, t h e  

amount of vapor p r e s e n t  is uncont ro l led6 ,7  o r  n o t  d i r e c t l y  measured.8 

It i s  t h e  o b j e c t i v e  of t h i s  r e p o r t  t o  provide a s i m p l i f i e d  a n a l y s i s  

of another  two-phase, two-component cyc le  t h a t  may be a p p l i e d  t o  S t i r l i n g  

machines. This  cyc le  i s  one i n  which t h e  vapor and permanent gas compo- 

n e n t s  a r e  separa ted ;  i t  r e p r e s e n t s  an extreme, bu t  q u i t e  p r a c t i c a l ,  exam- 

p l e  of an evapora t ive  cyc le  t h a t  i s  s i g n i f i c a n t l y  d i f f e r e n t  from t h e  one 



2 ,  

analyzed by Walker and Agbi. F igu re  1 shows t h e  b a s i c  layout .  The gas 

passages  a r e  designed f o r  laminar  flow, so t h a t  p e n e t r a t i o n  of a i r  from 

the  co ld  c y l i n d e r  i n t o  wa te r  vapor i n  the  h o t  c y l i n d e r  i s  by d i f f u s i o n  

only.  D i f f u s i v e  m2ixing i s  a slow process ,  a s  evidenced by a number of 

well-known p r a c t i c a l  consequences, f o r  example the  b l anke t ing  of steam 

condensers by a i r  contaminat ion of t he  steam and a l s o  the  c o n t r o l  of h e a t  

p ipes  by d e l i b e r a t e  admixture of permanent gas. 

In t he  cyc le  d i scussed  he re ,  any vapor pass ing  i n t o  t h e  condenser and 

co ld  c y l i n d e r  i s  supposed t o  condense i n t o  t h e  l i q u i d  phase,  l eav ing  only  

a n e g l i g i b l y  small  f r a c t i o n  of vapor mixed w i t h  the  permanent gas. A s  t h e  

< 
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Fig. 1. Basic  l ayou t  of two-phase, two-component S t i r l i n g  machine. 



3 

c 

co ld  p i s t o n  moves up, it would tend  t o  pas s  a i r  through t h e  condenser and 

i n t o  t h e  h o t  c y l i n d e r  where i t  could m i x  w i t h  the  wa te r  vapor:  t h i s  bulk 
movement of a i r  i n t o  the hot cyl inder is prevented by evaporating water 
i n t o  the hot cyl inder a t  j u s t  the r i g h t  r a t e  t o  r a i s e  the pressure high 
enough t o  keep a l l  the a i r  i n  the remaining volume above the cold p i s ton  
and i n  the condenser. 
t o  keep the  a i r l v a p o r  i n t e r f a c e  from e n t e r i n g  t h e  h o t  c y l i n d e r  i s  subse- 

quen t ly  d r i v e n  i n t o  t h e  condenser, where i t  condenses and i s  removed, by 

the  upward motion of t h e  h o t  p i s ton .  F igu re  2 shows, f o r  a t y p i c a l  case ,  

t he  r e l a t i v e  phasing of t hese  processes :  t h e  upper curves  show how t h e  

volumes of t he  ho t  and co ld  c y l i n d e r s  vary  dur ing  t h e  cyc le ,  wh i l e  t h e  

lower curves  show t h e  t o t a l  mass of vapor i n  t h e  system and t h e  r a t e  of 

evapora t ion  and condensa t ion  needed t o  keep t h e  a i r  conta ined  completely 

w i t h i n  the  co ld  cy l inde r .  

Th i s  e x t r a  wa te r  vapor t h a t  has  been evapora ted  

Ry t h i s  mechanism, t h e  co ld  end of t h e  machine (condenser and com- 

p r e s s i o n  c y l i n d e r )  i s  f i l l e d  w i t h  a i r ,  and w i t h  a i r  only, throughout t h e  

cyc le .  The mass of a i r  i n  t he  engine i s  cons t an t ,  and we assume t h a t  t h e  

co ld  spaces  a r e  a l l  behaving i so the rma l ly  ( h e a t  t r a n s f e r  must be good i f  

t he  condenser i s  t o  work e f f e c t i v e l y ) .  The co ld  space t h e r e f o r e  behaves, 

i n  t h i s  i d e a l  case,  a s  a v a r i a b l e  volume con ta in ing  a f i x e d  mass of gas 

a t  cons t an t  temperature ( i . e . ,  i t  works a s  a gas s p r i n g ) .  No n e t  work i s  

t h e r e f o r e  done on o r  by the  compression p i s t o n  over t h e  whole cycle.  

The expansion p i s t o n  has  the  same p r e s s u r e  a c t i n g  on i t  a s  t h e  com- 

p r e s s i o n  p i s ton ,  bu t  t h e  phase of i t s  motion w i l l  l e ad  t h a t  of t h e  com- 

p r e s s i o n  p i s t o n  by an amount determined by t h e  mechanical d r i v i n g  system 

used. Jn any case ,  un l ike  the  compression space,  t h e r e  w i l l  i n  genera l  be 

a phase d i f f e r e n c e  between p i s t o n  movement and p r e s s u r e  i n  t h e  h o t  space,  

and t h i s  means t h a t  work can be done on t h e  expansion p i s t o n .  

The fo l lowing  s e c t i o n s  of t h i s  paper c a l c u l a t e  approximately the  

p r e s s u r e  r a t i o ,  work ou tpu t ,  h e a t  i npu t ,  and e f f i c i e n c y  of t he  cyc le  de- 

s c r i b e d  he re .  The r e s u l t s  show t h a t  under moderate o p e r a t i n g  c o n d i t i o n s  

a two-phase, two-component cyc le  can have a c y c l i c  ou tput  a t  l e a s t  f i v e  

t imes  g r e a t e r  than  a S t i r l i n g - c y c l e  machine of s i m i l a r  dimensions. 



4 -' 

W 
2 
3 
J 
0 > 
III 
W 
n z 
J 
t 
0 

0 

ORNL-DWG 82-6818 ETD 

EXPANSION 
CY Ll NDER 7 

z 
0 

a > 

a 

n 

v) z 
W 

z 
0 
0 

I TIME (one full cycle) 

F i g .  2. Relative phasing of cylinder volume, mass of vapor, and 
evaporationlcondensation rate. 

. 



5 

MEAN PRESSURE AND PRESSURE RATIO 

For the  condenser and co ld  c y l i n d e r  only t o  be f u l l  of gas a t  tem- 

p e r a t u r e  T ( i . e . ,  n e g l e c t i n g  t h e  r e l a t i v e l y  small  amount of vapor i n  the  
C 

a t  t h e  cold-end t empera tu re ) ,  t h e  p r e s s u r e  must be such t h a t  m i x  t u r  e 

P 

o r  

v C  
Vcd + - 2 (1 + cos  ut)] = MgRgTc 

v C  
P -  (kc  + cos o t )  = M R T . 

2 g g c  

Theref o r e  , 

The mean p res su re  dur ing  t h e  cycle.  Pm, i s  given by 

For a l l  p h y s i c a l l y  r e a l  ca ses ,  k ) 1 and t h i s  i n t e g r a l  i s  a s tan-  
C 

dard  form (e.g.. Ref. 9 ) .  

With t h i s  r e l a t i o n s h i p  i n  hand, i t  i s  convenient t o  express  t h e  time 

dependent p re s su re  a s  a f u n c t i o n  of t he  mean p r e s s u r e  

* A l l  symbols a r e  de f ined  on pages v and v i .  



The r e l a t i o n s h i p s  between the  minimum, maximum, and mean p r e s s u r e s  a r e  now 

obv ions  : 

and 

- 
'max - 'm d k  - 1 ' 

C 

kc + 1 
P /P = p = k  - l .  max min 

C 

WORK OUTPUT 

( 4 )  

( 5 )  

( 6 )  

To f i n d  t h e  work ou tpu t ,  we need only  i n t e g r a t e  around t h e  PV loop  i n  

t h e  expansion 'space 

d t  
dve 

P ( t )  dt Wo = work p e r  cyc le  = 

d t  . - - -- 
k + cos  ot JO C 

- 
2 

W r i t i n  o t  = 8 and expanding the  expres s ion  s i n  ( 9  + 01, t h i  

becomes 

xpr e s 

V e m  P d y  (I' cos  $ s i n  9d9 
+ 

kc + cos  7 1 kc + cos  8 
- 

2 Wo - - 

i on  

The f i r s t  i n t e g r a l  is i d e n t i c a l l y  zero.  The second one can be manipu- 

l a t e d  i n t o  s t anda rd  forms ( s e e  Appendix), y i e l d i n g  a c losed  form s o l u t i o n  
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I 

f o r  t h e  work o u t p u t :  

Wo = PmVen s i n  9 (kc  - q = = - ,  . ( 7 )  

* 
Note t h a t  W depends upon t h e  magnitude of t h e  swept volume i n  t h e  expan- 

s i o n  space, b u t  n o t  on t h e  compression space swept volume. It does, how- 

ever ,  depend upon t h e  r a t i o  of swept t o  unswept volume i n  t h e  compression 

space. 

0 

HEAT INPUT 

I n  o r d e r  t o  make a c a l c u l a t i o n  (which w i l l  be an approximate one 

only) of t h e  h e a t  i npu t  t o  the  cyc le ,  we need t o  know the  maximum and 

minimum va lues  of t he  mass of vapor - or a t  l e a s t ,  t he  d i f f e r e n c e  between 

them, which i s  the  mass of l i q u i d  t h a t  must be evaporated and condensed 

each cyc le .  

'e 
Ved + 2 I1 + cos ( u t  + $11 = M v ( t ) R  T . v e  

For s i m p l i c i t y ,  we s h a l l  neg lec t  Ved ( t h e  volume of t he  evapora tor  and the  

unswept volume i n  the  expansion c y l i n d e r ) .  Using t h e  r e l a t i o n s h i p  between 

t h e  in s t an taneous  p r e s s u r e  and t h e  mean p r e s s u r e  a l r eady  der ived ,  Eq. ( 8 )  

can be r e w r i t t e n  and rear ranged:  

P v d m  1 + cos (ut + $1 m e  c 
( 9 )  

It i s  obvious from Eq. ( 9 ) ,  and from t h e  phys ics  of t he  s i t u a t i o n ,  

t h a t  K V ( t )  i s  zero  when w t  = n - $  ( i . e . ,  a t  t op  dead c e n t e r  of t h e  expan- 

s i o n  p i s t o n ) .  

occur a t  bottom dead c e n t e r ,  because p r e s s u r e  and t h e  volume of t h e  vapor 

a r e  both  changing and w i l l  n o t ,  in p r a c t i c a l l y  u s e f u l  circumstances,  be 

i n  phase wi th  each o t h e r .  To f i n d  t h e  maximum, d i f f e r e n t i a t e  w i th  r e s p e c t  

However, t he  maximum value  of M V ( t )  w i l l ,  i n  gene ra l ,  no t  



t o  time 

-I------__-_- - 

1 4- d dMv 'mVe + cos  ( u t  + $1 
- 

d t  RvTe d t  1 kc + cos u t  1 
PmVe 4 V '  
RvTe 2 

- -  - 
PmVe d V '  

- -  - 
RvTe 2 

This  equa l s  zero ,  and Mv i s  extreme, when t = t '  such t h a t  

s i n  u t '  [l + cos ( u t '  + $11 = ( k c  + cos u t ' )  s i n  ( u t '  + $1 . (10) 

With p a t i e n c e  Eq. (10) can be solved f o r  u t ' ,  t h e  phase angle  a t  which t h e  

mass of vapor i s  maximal ( s e e  Appendix). 

I n s e r t i n g  t h i s  v a l u e  f o r  u t  i n t o  Eq. ( 9 1 ,  and s impl i fy ing  t h e  r e s u l t ,  

y i e l d s  an expres s ion  f o r  t he  maximum mass o f .vapor  p r e s e n t  dur ing  t h e  

cyc le  ( s e e  Appendix f o r  d e t a i l s ) .  

'mVe kc - cos $ 

I f  t h e  change i n  en tha lpy  from the  i n i t i a l  l i q u i d  s t a t e  t o  t h e  satu- 

r a t e d  vapor under t h e  c o n d i t i o n s  of evapora t ion  i s  approximately cons t an t  

and equal t o  L, t he  energy input  per  cyc le  f o r  evapora t ion  i s  equal t o  

L Mv(max). 

J 
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CYCLE EFFICIENCY 

Now t h a t  we have the  work ou tpu t  from Eq. ( 7 )  and t h e  h e a t  input  from 

Eq. ( 1 2 ) ,  i t  i s  p o s s i b l e  t o  c a l c u l a t e  t h e  c y c l i c  e f f i c i e n c y  q. 

R T  n s i n  4 
0 v e  w 

q = - - - -  - k - cos - * i v ( k c - d m .  4 (13) 
C 

L 'in 

By d i f f e r e n t i a t i n g  Eq. (13) wi th  r e s p e c t  t o  4 ,  and s e t t i n g  t h e  r e s u l t  

equal t o  zero,  i t  i s  easy  t o  show t h a t  f o r  any given va lue  of k ( repre-  

s e n t i n g  t h e  r a t i o  of unswept t o  swept volume a t  t h e  co ld  end of t h e  ma- 

c h i n e ) ,  t h e r e  i s  a phase angle 4 t h a t  maximizes the  cyc le  e f f i c i e n c y .  

C 

op t  

and w i t h  t h i s  phase angle,  t he  cyc le  e f f i c i e n c y  i s  maximized 

The phase angle 4 does not maximize the  power output ;  a s  Eq. ( 7 )  shows, 

maximum c y c l i c  power ou tpu t  i s  achieved w i t h  4 = 9 0 ° .  With 4 a d j u s t e d  f o r  

maximum e f f i c i e n c y ,  t h e  power output  W i s  l e s s  than  t h e  maximum by a 

f a c t o r  s i n  4 

opt  

opt 

op t  

&=i 
W = P V  n (kc  -4- . 

kc opt  m e 

NUMERICAL EXAMPLE 

(16) 

As an example, cons ide r  an engine wi th  a c y l i n d e r  swept volume of 

100 x 10-6 m3 (100 c c )  o p e r a t i n g  a t  atmospheric mean p res su re .  Th i s  i s  

t y p i c a l  of many small  . .  f lu idyne  engines  t h a t  have been b u i l t .  

t o  be evaporated,  from an i n i t i a l  temperature of 25OC, i s  wa te r .  The 

maximum p r e s s u r e  i n  the  cyc le  depends on t h e  unswept volume (mainly the  

The l i q u i d  
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condenser) .  

t he  s a t u r a t e d  vapor p r e s s u r e  i s  equal  t o  t h e  peak cyc le  p re s su re ,  o t h e r  

wise t h e r e  w i l l  be condensat ion i n  the  expansion c y l i n d e r  (which i s  as- 

sumed t o  be a t  t he  same temperature  a s  t h e  evapora to r ) .  Table  1 shows 

t h e  major parameters  f o r  v a r i o u s  unswept volumes; i t  i s  assumed t h a t  t he  

evapora tor ,  which must t r a n s f e r  h e a t  t o  the  l i q u i d  water ,  can be made very  

much sma l l e r  than  the  condenser, which must condense steam from a water  

vapor-air  mixture .  Note t h a t  t he  ope ra t ing  temperature  i s  ve ry  low, i n  

t h e  range 110-13OOC. 

The evapora t ion  temperature  must be a t  l e a s t  h igh  enough t h a t  

Table 1. Parameters  f o r  100-cc 
a tm o s ph e r i c e ng ine  s 

Optimum Condenser Peak cyc le  Evaporator phase volume pr  e s su r  e temper a t u r  e a angle  
(deg)  (10-6 m 3 )  (105 Pa) (OC) 

20 

40 

60 

80 

100 

2.45 

1.87 

1.63 

1.50 

1.41 

127 44 

119 56 

114 63 

112 67 

110 71 

With the  informat ion  i n  Table 1, we can c a l c u l a t e  t h e  maximum e f f i -  

c iency from Eq. (15) and t h e  corresponding power output  from Eq. (16). 

The r e s u l t s  a r e  shown i n  Table 2. For comparison, t he  power output  and 

e f f i c i e n c y  of an i d e a l  S t i r l i n g  cyc le  i n  the  same engine have.been calcu- 

l a t e d  from the  Schmidt equat ion  (Ref. 10) and a r e  a l s o  shown. For an 

i d e a l  S t i r l i n g  cyc le ,  t he  e f f i c i e n c y  i s  equal  t o  t h e  Carnot e f f i c i e n c y  and 

does no t  depend on t h e  phase angle  between t h e  expansion and compression 

cy l inde r ;  t h e r e f o r e ,  t he  S t i r l i n g - c y c l e  output  has  been c a l c u l a t e d  f o r  a 

phase angle  of 90°, which maximizes c y c l i c  power. 
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Table 2. Power output  a n d . e f f i c i e n c i e s  of 
100-cc atmospheric engines  . 

Cooler/  Cyc l i c  power output  Cycle e f f i c i e n c y  

volume 
condenser ( J / cyc le  1 (9b) - -aI-.- -----I ----- 
(10-6 m 3 )  Evapora t ive  S t i r l i n g  Evaporative S t i r l i n g  

---- - - - - - - - - -~ ---- 
20 9.2a 2.1 8.9 26 .O 

40 7.9 1.6 6.3 24.0 

60 6.7 1.3 4.9 23 .O 

80 5.8 1.1 4.1 22.6 

100 5.1 1 .o 3.5 22.2 - ----------I_ - -- --------I---- -I--- 

a I f  t h i s  evapora t ive  engine were ope ra t ed  w i t h  a phase 
angle  of 90°, i n s t e a d  of 44O, t he  PV output  would r i s e  t o  
13.2 J / c y c l e ,  and the  c y c l i c  e f f i c i e n c y  would f a l l  t o  6.2%. 

DISCUSSION 

The evapora t ive  cyc le  desc r ibed  h e r e  has  a h ighe r  s p e c i f i c  ou tpu t  

bu t ,  of course,  a lower i d e a l  e f f i c i e n c y  than  t h e  S t i r l i n g  cyc le .  How- 

ever ,  i n  p r a c t i c e  small engines  s u f f e r  very h e a v i l y  from p a r a s i t i c  l o s s e s  

which, i n  one p a r t i c u l a r  case (100 c c  l i q u i d  p i s t o n  machine) were calcu- 

l a t e d  t o  absorb 90% of the  c y c l i c  ou tput  and t o  account f o r  85% of t h e  

h e a t  i npu t .3  Such l o s s e s  reduce the p r a c t i c a l  e f f i c i e n c y  f o r  t h i s  k ind  of 
i, 

engine t o  much below the  Carnot va lue .  The same p a r a s i t i c  l o s s e s  have a 

much sma l l e r  r e l a t i v e  e f f e c t  on t h e  evapora t ive  engine, because of i t s  

h ighe r  c y c l i c  ou tpu t  and h e a t  input ,  and a s  a r e s u l t  t he  o v e r a l l  e f f i -  

c iency  f o r  low-pressure, low-temperature o p e r a t i o n  would a c t u a l l y  be 

h ighe r  w i th  evapora t ion  than  wi thout .  

It' i s  suggested t h a t  f u r t h e r  experimental  i n v e s t i g a t i o n  of t h e  t w o -  

phase, two-component cyc le  would be warranted, a s  a method of o p e r a t i n g  

r e l a t i v e l y  low p r e s s u r e  engines  from a low-temperature h e a t  source,  and 

because of i t s  p o t e n t i a l  a p p l i c a t i o n  a s  a power boos t  method f o r  conven- 

t i o n a l  S t i r l i n g  engines.  
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APPENDIX. DERIVATION OF EQS. (71, (111, AND (12) 

In d e r i v i n g  Eq. (71, t h e  fol lowing i n t e g r a l  must be converted i n t o  

s t a n d a r d  form 

cos e 
de . r k c + cos 0 

From Eq. (3701, p. A-142, R e f .  9 t h i s  i n t e g r a l  may be r e w r i t t e n  a s  

and f o r  a l l  p h y s i c a l l y  r e a l  c i rcumstances k ) 1. In t h a t  case,  t h e  inte-  

g r a l  i s  a s tandard  form [ s e e  Eq. (645) ,  p. A-163, Ref. 91 tak ing  t h e  v a l u e  

2nlv'l - l / k c 2 ,  which i s  t h e  r e s u l t  used t o  d e r i v e  Eq. ( 7 ) .  

C 

'To d e r i v e  Eq. ( ll),  we begin  w i t h  Eq; (10) , 

s i n  o t '  I 1  + cos ( u t '  + $ ) I  = (kc + cos u t ' )  s i n  ( u t '  + +)  (10) 

and s u b s t i t u t e  a dummy v a r i a b l e  Y = ( u t '  + $1)/2, which transforms a. (10) 
i n t o  

s i n  (2Y - $ ) ( 1  + cos 2") = lkc  + cos (2Y - $11 s i n  2Y . 

Expanding t h e  t r igonometr ica l  f u n c t i o n s  of angular  d i f f e r e n c e s  y i e l d s  

(1 + cos 2 Y ) ( s i n  2" cos  $ - cos 2Y s i n  $ 1  

= s i n  2 1  (kc + cos 2Y cos  $ + s i n  2Y sin $ 1  . 
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Mult ip ly ing  o u t  and simp1 i f y i n g :  

kc s i n  2Y + s i n  Q) = s i n  2Y cos  $I - cos 2Y s i n  Q) 

+ s i n  2Y ( k c  - cos Q)) = - s in  Q) (1 + cos 2y)  

s i n  2Y - s in  Q) .. ---- - ---- - 
k - cos 4 ' 

C 
1 + cos 2Y 

By t r i g o n m e t r i c a l  i d e n t i t y ,  t h e  le f t -hand  s i d e  of t h i s  equa t ion  i s  

equal t o  t a n  1 .  Therefore ,  

- s in  Q) -- tan = k - cos Q) ' 
C 

and 

- s in  9 
cos Q) 

R e i n s t a t i n g  t h e  v a r i a b l e  u t '  g ives  , 

= 2y - 0 = 2 t a r 1  (kc-:i:o:T) - Q) ' 

and t h i s  i s  Eq. (11). 

To r each  Eq. (12) from Eq. ( 9 1 ,  we need t o  c a l c u l a t e  

1 + cos ( u t '  + 0 )  
k + cos w t '  

------- 
C 

But, from Eq. (10) 

(11) 

1 + cos ( w t '  + Q)) s i n  ( u t '  + $ 1  
k + cos  u t '  s i n  w t '  
I--- - ----I-- - * 

C 

and t h e  right-hand s i d e  t u r n s  out  t o  be e a s i e r  t o  e v a l u a t e  than  t h e  l e f t -  

hand s ide .  S u b s t i t u t i n g  t h e  same dummy v a r i a b l e  a s  be fo re ,  we want t o  



. 
find 

sin 2Y -_ sin 2Y - - 
sin (2" - $ 1  sin 2~ cos $ - cos 2y sin I$ 

Dividing numerator and denominator by sin 2Y yields 

and substituting the expression already found for tan Y yields 

1 

cos I$ - - 
2 1 -sin 

I -- --- 
k - cos I$ 
C 

cos 4 + 2 

2 (k - cos I$) 
C - -I---I_ - - - 

2kc cos $ - 2 cosa I$ + k a + cosa I$ - 2kc cos I$ -sina I$ 

2 (kc - cos I$) 

C 

and substituting this for the appropriate part of Eq. ( 9 )  yields Eq. (12). 



. 
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