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ABSTRACT 

The basic p r o p e r t i e s  of  c u r v i l i n e a r  coord ina te s  are reviewed. 

Some a p p l i c a t i o n s  t o  t h e  d e s c r i p t i o n  of three-dimensional magnetic 

confinement geomet r i e s  are cited. The n o t a t i o n  used here attempts t o  

be c o n s i s t e n t  w i t h  the l i t e r a t u r e ,  and the  r e l a t i o n  t o  d i f f e r e n t i a l  

geaue t ry  is  stressed. 

I .  

V 
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1 .  CURVILINEAR COORDINATES 

Let any po in t  P be denoted by i ts  C a r t e s i a n  c o o r d i n a t e s  

Then, provided t h e  t r ans fo rma t ion  of  t h e  

c o o r d i n a t e s  xi = xi (u l  ,+,u3) has  a unique and d i f f e r e n t i a b l e  i n v e r s e  

ui = ui(x1,x2,x3),  t he  c u r v i l i n e a r  coord ina te s  of P a r e  de f ined  as 

- ( x , y , z )  = (x,  ,x2,x3) 0 

(u ,  

The s u r f a c e s  ui = ci ,  where ci = c o n s t a n t ,  are c o o r d i n a t e  

su r faces .  The curve  a long  which a p a i r  o f  s u r f a c e s  ui = ci and u j  = c j  

i n t e r s e c t  is a I+ coord ina te  curve ( w i t h  i f j f k ) .  Thus, f o r  

example, c o o r d i n a t e  curve is a curve a l o n g  which 9 and u3 are 

c o n s t a n t  bu t  a long  which u1 v a r i e s  ( see  F ig .  1).  

a u1 

I 

2. COVARIANT AND CONTRAVARIANT BASIS VECTORS 

Consider t h e  p o s i t i o n  v e c t o r  r' = x j r j  t o  t h e  p o i n t  P ,  where f j  are 

t h e  or thogonal  u n i t  C a r t e s i a n  c o o r d i n a t e  vec to r s .  The covari-  basis 

v e c t o r s  gi a re  d e f i n e d ' a s  

- ar' 
e+i =au, ' (1) 

S i n c e  t h e  d e r i v a t i v e  is taken  a long  the  ui c o o r d i n a t e  curve ( i .e. ,  w i t h  

u and % held  f i x e d ) ,  di i s  t h e  t angen t  v e c t o r  t o  t h e  ui curve  through 

P (see Fig .  2 ) .  Note t h a t  Qi and e j  are gene ra l ly  not or thogona l  

v e c t o r s  ( i . e . ,  f o r  i f j ,  di Zj # O )  n o r  are they  u n i t  v e c t o r s  (i..e., 

f 1 ) .  e+i ei 

v e c t o r s  normal t o  t h e  ui c o o r d i n a t e  su r faces :  

j 
-b 

The c o n t r a v a r i a n t  basis  v e c t o r s  Zi are def ined  as the  -b 

1 
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S i n c e  e+i is  t a n g e n t i a l  t o  t h e  s u r f a c e s  of c o n s t a n t  u j  and Uk, and 

Qi is normal t o  t h e  cons t an t  u i  su r f ace ,  it fo l lows  t h a t  &i 8j = 0 
-* f o r  i + j. I n  fac t ,  s i n c e  ei = (axk/aul)l+k, where t h e  summation 

convent ion on repeated i n d i c e s  is implied,  we  f i n d  upon apply ing  t h e  

Thus, Qi and e'j are r e c i p r o c a l ,  o r  a d j o i n t ,  vec to r s :  

8, e'j = % j  ( 3 )  

I n  p a r t i c u l a r ,  for any c y c l i c  permutat ion ( i , j , k ) ,  J3q. ( 3 )  i m p l i e s  

+2 x e+3)-' = (Vu, vu2 x Vu3)-' w i l l  be shown t o  be where 6 5 (e" e 

t h e  Jacob ian  of t h e  t ransformat ion  from Cartesian coord ina te s  t o  

c u r v i l i n e a r  coord ina te s  (u,) . Taking t h e  c r o s s  product  of gi and Zj 
and us ing  Eq. ( 4 )  y i e l d s  

, 

$i = g-1/2+ -+ e j  x ek . ' . (5) 
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Thus, Eqs. ( 3 )  and ( 5 )  imply 

sg = Q, x &* $3 

which shows t h a t  6 is, indeed, t h e  Jacobian.  

Using t h e  a d j o i n t  r e l a t i o n  given i n  Eq. ( 3 ) ,  it  is possible  t o  
+ 

decompose any v e c t o r  A i n  terms of t h e  basis v e c t o r s  gi or gi: 

where 

-b + 
Ai = A * @ = A  vu i  

and 

(8a) 

. .  

The c o e f f i c i e n t s  Ai or A i  a re  the  c o n t r a v a r i a n t  components o r  t h e  

cova r i an t  components of A ,  r e s p e c t i v e l y .  I n  Eq. (71, and in what 
+ 

fo l lows ,  summation ove r  repea ted  i n d i c e s  is  implied. 
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3 .  VECTOR OPERATORS I N  CURVILINEAR COORDINATES 

For any scalar func t ion  4, t he  g r a d i e n t  o p e r a t o r  V# is  de f ined  as 

where 

Equat ing  c o e f f i c i e n t s  o f  dui i n  Eq. (9) y i e l d s  t he  c o v a r i a n t  components 

of va: 8, v# = avau , .  Thus, u s ing  Eq. (7) y i e l d s  

A mnemonic f o r  Eq. (11)  is ob ta ined  by s e t t i n g  = ui, from which t h e  

i d e n t i t y  Vui = Vui results. 

. .  Now,  c o n s i d e r  t h e  v e c t o r  i d e n t i t i e s :  

and  . 

v x e'i = v x (VUi)  = 0 . ( 12b) 
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+ 
Then, us ing  Eq. (7 )  i n  t h e  form A ='(g1/2Ai)(g'1/28i), together w i t h  

Eq. ( 12a) , y i e l d s  t h e  c u r v i l i n e a r  formula. for  the  divergence opera tor :  

. .  . .  . ,  

Using Eqs. (7 )  and (12b) y i e l d s  t h e  c u r l  o p e r a t o r  

4. 

or ,  us ing  Eq. ( 4 1 ,  

+ 1  aAj+ 
A ' i jk aui ek 

1 .  

F i n a l l y ,  t h e  Laplac ian  o p e r a t o r  A@ G V ( V @ )  can  be obta ined  by us ing  

Eq. (13) w i t h  Ai = (a@/auj)Vui Vuj. Denoting e'i e'j E gij  y i e l d s  
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4 .  METRIC TENSOR AND DIFFERENTIAL GEOMETRY RELATIONS 

The d i f f e r e n t i a l  a r c l e n g t h  ds2 d; d$ can be w r i t t e n  [ u s i n g  

Eq. (1011 

where the  c o v a r i a n t  metric t e n s o r  components are 

- +  + 
g i j  = ei e j  = g j i  . (17) 

A l t e r n a t e  and u s e f u l  forms f o r  gij f o l l o w  from t h e  v a r i o u s  forms f o r  

gi. For example, g i j  may be computed from t h e  fo l lowing  r e l a t i o n :  

Using g i j ,  t h e  c o v a r i a n t  base v e c t o r s  Zi may be l i n e a r l y  decomposed i n  

terms of t h e  c o n t r a v a r i a n t  base v e c t o r s  ai:. . 

gj ,  which was in t roduced  i n  Eq. (151, S i m i l a r l y ,  u s ing  g i j  = ei + 

y i e l d s  

The gij ma t r ix  is the  i n v e r s e  o f  t h e  metric t e n s o r  gij, s i n c e  from 
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Eq. ( 3 )  Note t h a t  when 

6 f 0 ,  g i j  can  be computed i n  terms of  t he  metric t e n s o r  elements by 

e'j = 6 i j '  = C g i s  Q$ 0 ga = c gikgkJ . 
k, a k 

us ing  Eq. (5) t o  e x p r e s s  Qi and e'J in terms o f  t h e  a d j o i n t  vec to r s .  

Equation (19a) c a n  be used t o  e x p r e s s  t h e  Jacob ian  i n  terms o f  

gij. From Eq. (61, n o t e  t h a t  

Theref o re ,  

g = l d e t  gijl . (21) 

Now, t h e  element of the  l i n e  segment dgi a long  t h e  coord ina te  

curve ui i s  g i v e n  by 

(Here, there i s  no i m p l i e d  summation.) The element of  s u r f a c e  area dZi 

d i r e c t e d  normal t o  t he  coord ina te  s u r f a c e  ui = c o n s t a n t  is 
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Using Eq. (5) , t h i s  becomes ( w i t h  i, j ,  k compr is ing  a c y c l i c  t r i p l e t )  

difi = &@dujduk . (24a)  

Note from Eq. (23) t h a t  

F i n a l l y ,  t he  element of volume is g iven  by 

du3 
a? 

aul 
dV = - 

5. TOROIDAL DIFFERENTIAL GEOMETRY 

L e t  (R,@,Z) b e  a c y l i n d r i c a l  coord ina te  system, w i t h  @ t h e  

toroidal  angle ,  R t h e  major r a d i u s  measured from t h e  c e n t e r  of t he  

t o r u s  bore,  and Z t h e  he igh t  measured from t h e  t o r u s  midplane. Then, 

Now, l e t  (u ,  ,I+, u3) r e p r e s e n t  a n  a r b i t r a r y  f l u x  c o o r d i n a t e  system, and 

cons ide r  t h e  map ( R , @ , Z )  -+ (u 1 , 5 , ~ 3 ) *  The metric . elements  

g i j  = (@//sui) ( a t / a u j )  are r e a d i l y  eva lua ted  from Eq. (261, n o t i n g  



9 

. 
c) e. 

u n i t  v e c t o r  or thogonal  t o  r and Z .  Thus, 

Using E q .  (6) f o r  t h e  J a c o b i a n  y i e l d s  

6. APPLICATION TO MAGNETIC GEOMETRY 

Now c o n s i d e r  t h e  MHD equ i l ib r ium e q u a t i o n s ,  which determine t h e  

magnetic f l u x  c o o r d i n a t e  geometry.' Let u1 = p ( f l u x - s u r f a c e  l abe l ) ,  

9 = 8 ( p o l o i d a l  a n g l e ) ,  and u3 = 5 ( t o r o i d a l  angle) b e  c y c l i c  f l u x  

coord ina te s .  From the  p r e s s u r e  ba lance  equa t ion  

+ +  
V p = J x B  , (29) 

-b + + 
n o t e  t h a t  B Vu1 = J Vu1 = 0. Thus, from V B = 0 i n  c u r v i l i n e a r  

coord ina te s  y i e l d s  

from which 
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., . 

and 

S i n c e  B2 and B3 must be p e r i o d i c  f u n c t i o n s  o f - t h e  a n g l e s  9 and 

rl = -x0u3 + @'u2 + %u1 , 9 , u 3 ) ,  where 6 is a p e r i o d i c  f u n c t i o n  o f  

x ( u l )  and  @ ( u l )  a r e  ( w i t h i n  numerical  - f a c t o r s )  t h e  p o l o i d a l  

u3, 

(U2,U3); 

and t o r o i d a l  magnetic f l u x e s ,  r e s p e c t i v e l y ,  o u t s i d e  o r  enc losed  by t h e  

s u r f a c e  u1 = c o n s t a n t ;  and 'p r ime denotes  Waul. For example, t h e  
+ 2 n  + 

t o r o i d a l  f l u x  is QT(ul )  E 1'' B d 4  = dul 1 du2& B f331 where 
0 

d 5  is  g i v e n  i n  Eq. ( 2 3 ) .  Using Eq. ( 3 1 b ) .  i t  f o l l o w s  t h a t  

+(u1)  = 2 n  IU1 du1Q0 = 2 n @ ( u l ) .  Note t h a t  only t h e  s e c u l a r  p a r t  o f  rl 

c o n t r i b u t e s  t o  t h e  enc losed  f lux .  
+ 

Using t h i s  form f o r  rl, t he  c o n t r a v a r i a n t  r e p r e s e n t a t i o n  f o r  B 

b e come s 

It is always p o s s i b l e  t o  e l i m i n a t e  t h e  l a s t  term i n  Eq. (32a)  by a 

change of v a r i a b l e s  (e.g. ,  $ = u2 + { / a 0 ,  

primed c o o r d i n a t e s ,  t h e  magnetic f i e l d  l i n e s  

magnetic surface, s i n c e  d u i / d u j  E B2/B3 = 

u s  - i ( u , ) u j  = c o n s t a n t ) .  Here, i ( u l )  i s  t h e  

= u3). Then, i n  t h e  

are s t r a i g h t  on each 

x'/@* = i ( u l >  ( i . e . l  

r o t  a t  i o n a l  t r a n s  f orm * 
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which is t h e  change i n  p o l o i d a l  a n g l e  f o r  each u n i t  change i n  t o r o i d a l  

angle.  I n  t h i s  s t ra ight  l i n e  system, Eq. (32a)  r educes  t o  

+ 
B = B2Z2 + B3Z3 

w i t h  B2 = x’/& ‘and B3 = a’/&. Note t h a t  the  cova r i an t  components 

Bi = B ei can  be r e a d i l y  expressed i n  terms o f  B1 by t a k i n g  t h e  i n n e r  

product  o f  Eq.  (32b) w i t h  ei, y i e l d i n g  

+ +  

+ 

where g i j  is  t h e  metric tensor.  T h i s  r e l a t i o n  w i l l  be subsequently 

used t o  determine t h e  metric elements. 

Le t  u s  d i g r e s s  momentarily and compare these r e l a t i o n s  w i t h  t h e  
+ 

well-known expres s ion  f o r  B i n  a n  axisymmetric to rus :  

where Jil = (Vul V 8  x VC)-’, I Vsl = R’l ( 5  i s  t h e  geometric t o r o i d a l  

a n g l e ) ,  and 95 Vul = 05 V B  = 0. Here, F ( u l )  = RBT i s  a f l u x  

VUl = 0. (Sometimes, t h e  func t ion  by v i r t u e  of J Vul = V x B 

r a d i a l  c o o r d i n a t e  u1 = x i s  used, s o  t h a t  x’ = 1.0.) Apparently,  

+ + 

Eq. (33a) d o e s  no t  r e p r e s e n t  s t r a i g h t  f i e l d  l i n e s  u n l e s s  

6 R‘2 = f ( u l )  , which is not  g e n e r a l l y  t h e  case. However, comparing 

w i t h  Eq. (32a)  , n o t e  t h a t  n = -x’5 + <6 R - 2 > e  F ( u l )  8 + 5,  where 
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= F ( u l )  .fE (6 R’2 - <& R-2>e)d8,. 4’ = <& R’2>e F ( u l ) ,  and < A > e  E 

(27rJ-l 3’ A de.  Thus, t ransforming  t o  t h e  a n g l e  . 
0 

. .  

The Jacob ian  i n  t h i s  s t ra ight  f i e l d  l i n e  system is  G’ = R2<G R - 2 > e .  

I n  t h i s  c o o r d i n a t e  system, du1dO2d~  = ( G 0 ) - l d 3 x  - R’2d3x; hence, 

u1 - 1 IT2d3x - 1 Bv V$d3x. Thus, the s u r f a c e  c o o r d i n a t e  u1 is  

p r o p o r t i o n a l  t o  t h e  vacuum magnetic f l u x ,  which is nea r ly  a n  adiabatic 

i n v a r i a n t . 2  Also no te  t h a t  t h e  s a f e t y  f a c t o r  q ( u l )  G 

@’/x’ = <a R - 2 > e F ( ~ l ) / ~ #  = F(ul)<Rm2(B V e ) ” > ,  r e d u c e s  t o  i ts 

well-known va lue  rBT/RB i n  t h e  large aspect r a t i o ,  c i r c u l a r  s u r f a c e  

l i m i t .  

+ 

P 

+ 
Now c o n s i d e r  the c a l c u l a t i o n  of t h e  c u r r e n t .  S ince  J Vu, = 0 

+ -b 

and V J = 0 ,  t h e  c o n t r a v a r i a n t  form f o r  J f o l l o w s  i n  analogy with 

Eq. (32a)  : 

= J2Z2 + J3g3 , 

where 
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1 0 ( U i )  and J O ( u l )  a re  the  p o l o i d a l  and t o r o i d a l  c u r r e n t  d e n s i t i e s ,  

r e s p e c t i v e l y ,  and v is an a r b i t r a r y  p e r i o d i c  f u n c t i o n  of 02 and u3. 

(The Hamada cho ice  of c o o r d i n a t e s  makes v = 0 ,  b u t  t h i s  unnecessar i ly  

r e s t r i c t s  t he  J a c o b i a n  t o  be cons t an t . )  
+ +  

Next, t he  Zk components of Ampere’s law V ‘ x  B = J y i e l d ,  us ing  

Eq. ( 1 4 b ) ,  

So lv ing  Eq. (35) u s i n g  J1 = 0 and Eqs. (34b ,c)  y i e l d s  

where 

and 
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% = - I +  A 
au3 

-b 

Here, 4 is  the  scalar magnetic p o t e n t i a l  ( B  = V 4  i n  the  absence of 

i n t e r n a l  c u r r e n t s  I’ = J’ = 0 ) .  Let 

where 4 can be  chosen t o  be a p e r i o d i c  f u n c t i o n  of  9 and u3. (Any 

s e c u l a r  part  of (J can be absorbed i n t o  t h e  f l u  f u n c t i o n s  I and J.) 

Then, t h e  c o v a r i a n t  decomposition of B becomes 
+ 

where B = - v  - J’9 + I’u3. [See Ref. 3 ,  where g = -I, I i s  t h e  

parameter  J , and B* = -v .  I n  Ref. 3 4 = 0 ,  which g i v e s  a s p e c i a l  v a l u e  

f o r  the Jacobian, as shown i n  Eq. (43) .I 

Equat ing  Eq. ( 3 2 ~ )  w i t h  Eqs. (36a-c) y i e l d s  

and 
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Recall t h a t  B2 = x*/& and B3 = @ * / &  [These are Eqs. (16)-(18) o f  

Ref. 1 .I These e q u a t i o n s  de te rmine  t h e  f l u x  c o o r d i n a t e s  once v, J ,  I ,  

and I$ are prescr ibed .  For example, t he  metric elements gij may be 

eva lua ted  i n  term o f  (R,t$,Z) u s i n g  Eq. ( 2 7 ) .  Then, Eqs. (38a-c) a re  

t h r e e  coupled partial  d i f f e r e n t i a l  equa t ions  f o r  the i n v e r s e  

equi l ibr ium c o o r d i n a t e s  (as  a f u n c t i o n  of  t h e  f l u x  c o o r d i n a t e s ) .  These 

equa t ions  form t h e  basis o f  a v a r i a t i o n a l  moment method f o r  o b t a i n i n g  

i n v e r s e  e q u i l i b r i a .  [See  Ref. 4 f o r  a two-dimensional s o l u t i o n  o f  Eq. 

( 1  1) ; Ref. 5 g e n e r a l i z e s  t h i s  method t o  three dimensions.] 

F i n a l l y ,  l e t  us  determine v from t h e  p r e s s u r e  ba lance  Eq. ( 2 9 ) .  

Note t h a t  Vp = a l p * ,  where prime denotes  Wap, and 

(J x B) ai x e‘j = J i B j  - J j B i .  Taking t h e  gi components o f  Eq. (29 )  

and. u s ing  Eqs. ( 3 )  and (4 )  y i e l d s  

+ +  

For  i = 2 o r  3 ,  t h i s  y i e l d s  a t r i v i a l  i d e n t i t y ,  s i n c e  B’ and J1 both  

vanish.  For i = 1 ,  Eq. (39)  y i e l d s  

+ 
6 p *  = I*@’- J’x* - 6 B , (40) 

+ 
where @3 V = x*a/au ,  + (s*a/au3. 

f i e l d  l i n e  y i e l d s  a s o l u b i l i t y  c o n s t r a i n t :  

I n t e g r a t i n g  t h i s  equat ion  over  a 
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where V ’  = I1 &du2du3 z <@. 

magnetic d i f f e r e n t i a l  equa t ion  f o r  u: 

S u b t r a c t i n g  Eq. (41) from (40) y i e l d s  a 

e + 
B V u =  p O (  Jg - l ) ,  (42) 

which is Eq. (12) o f  Ref. 1 .  [To see t h a t  t h i s  is a l s o  Eq. (23) i n  

Ref. 3 ,  it s u f f i c e s  t o  no te  t h a t  f o r  Ref. 3 ,  $ = ( I J  - I)/&. In 

gene ra l ,  I B12 = B2B2 + B3B3 = g-li2( x’J - QOI) + B V$ o r  
+ 

It should  b e  no ted  t h a t  t h e  equ i l ib r ium Eqs. (38a-c) and (40) can  

be obta ined  from v a r i a t i o n a l  p r i n c i p l e s .  For example, t h e  v a r i a t i o n  of 

t h e  Lagrangian6  

L =  I ($- p) dV 

+ 
w i t h  r e s p e c t  t o  t h e  f l u x  c o o r d i n a t e s  ( p , 8 , 5 ) ,  when B i s  w r i t t e n  i n  t h e  

c o n t r a v a r i a n t  form g iven  by Eq. (32b) .  y i e l d s  

-b + - xOJ V< Q’J V B  - p’ = 0 

\ 

and 

+ 
J * V p = O  , 
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. 

+ + 
wi th  J = V x B .  Equat ions  (45a ,b)  a r e  t h e  only n o n t r i v i a l  components 

of  t h e  p r e s s u r e  ba lance  equat ion ,  s i n c e  B Vp = 0 i s  b u i l t  i n t o  

Eq. (32b) .  Equation (44) c a n  a l s o  be used t o  o b t a i n  t h e  

three-dimensional i n v e r s e  equ i l ib r ium equat ions :  

+ 

and 

ag a%! - - = o  a e  ac  (.46b) 

These e q u a t i o n s ,  w i t h  t h e  cova r i an t  components Bi g i v e n  by Eq. ( 3 2 ~ )  

i n  terms of  t h e  metric c o e f f i c i e n t s ,  c a n  be used t o  de te rmine  t h e  

i n v e r s e  equ i l ib r ium (i .e. ,  t h e  real c o o r d i n a t e s  x’ i n  terms *of f l u x  

coord ina te s )  . 
F i n a l l y ,  a n o t h e r  v a r i a t i o n a l  p r i n c i p l e 7  minimizing 

+ 
w i t h  respect t o  @, v, and p when B i s  expressed i n  cova r i an t  form 

[Eq. (37b) ]  y i e l d s  V B = B Vp = 0 and t h e  equ i l ib r ium equat ion  
+ 

+ + + 
B V V  + J’B V0 - I’B V c  + p’ = O p (48) 
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-b 
which is a generalization (to systems where B is not straight) of 

Eq. (40). 
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F I G U R E  C A P T I O N S  

F I G .  1 .  Curvilinear coordinate surfaces (ui  = ci)  and coordinate 

curves i n  the neighborhood o f  the point P(x,y,z). 

+i F I G .  2 .  Covariant and contravariant bas is  vectors  (8, and e , 
respectively)  a t  the point P(x,y,z). 

. 
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