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UNIFIED CREEP-PLASTICITY CONSTITUTIVE EQUATIONS FOR 
2-1/4 C y 1  MO STEEL AT ELEVATED TEMPERATURE* ' 

D. N. Robinson R. W. Swindeman 

ABSTRACT 

. 

Unified creep/plasticity constitutive equations are 
provided for 2-114 Cr-1 Mo steel in a post-weld heat-treated 
condition. These equations are recommended for trial use 
in inelastic design analyses for breeder reactor components 
at high temperature. The range of applicability of the 
equations is approximately 250 to 600°C in temperature and 
strain rates not in excess of about 0.04/min. The model is 
multiaxial and nonisothermal and accounts for both rate- 
dependent plasticity and creep. The results of several cal- 
culations based on the unified equations are included to 
provide a test of the correct implementation of the model 
and to demonstrate the predictive capability of the model. 
Also, a discussion is included regarding general properties 
of solutions to structural problems when employing the uni- 
f ied equations. 

Keywords: viscoplasticity, constitutive equations, 
high-temperature plasticity, creep, structural analysis, 
rate sensitivity, time dependency. 

1. INTRODUCTION 

The purpose of this report is to document for trial use the Oak Ridge 

National Laboratory (ORNL) unified equations for the liquid-metal fast 
breeder reactor (LMFBR) steam generator material 2-1/4 Cr-1 Mo steel. 

The model parameters have been determined to represent the elevated-tem- 
perature behavior of a vacuum arc remelted (VAR) heat of 2-1/4 Cr-1 Mo 

steel (heat 56448) in a 40-h post-weld heat-treated (PWHT) condition. 

An exact specification of the material composition and heat treatment, 

as well as the results of numerous characterization tests, are found in 

*Work performed under DOE/OBTP AF 15 40 10 3 ,  Task No. OR-1.1, High- 
Temperature Structural Design Technology. 
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Refs. 1 and 2.  The chosen h e a t  and post-weld h e a t  t rea tment  are proto-  

t y p i c a l  of t h e  LMFBR steam genera tor  material and condi t ions .  

A s  t h e  p re sen t  d a t a  base  is  l a r g e l y  exp lo ra to ry  and thus  somewhat 

l i m i t e d ,  t h e  range of a p p l i c a b i l i t y  of t h e  model as s p e c i f i e d  h e r e  is  

l imi t ed  t o  about 250 (482)  t o  600°C (1112'F) i n  temperature  and s t r a i n  

rates below about 0.04/min. This  range inc ludes  most important thermal  

t r a n s i e n t s  r e l a t i n g  t o  LMFBR steam genera tor  design.  

A complete m u l t i a x i a l  and nonisothermal s p e c i f i c a t i o n  of t h e  cons t i -  

t u t i v e  model i s  presented  w i t h  numerical  va lues  f o r  each of t h e  material 

parameters.  A s  previous ly  d iscussed ,  t h e  ORNL u n i f i e d  equat ions  are of 

t h e  Bailey-Orowan type  and make use of t h e  earlier experimental  and theo- 

re t ical  work of several au tho r s  inc luding  R i c e ,  Ponter  and Leckie ,  

Mitra and McLean, Lagneborg, and Onat. The r e l a t i o n s h i p  wi th  those  

works has  been d iscussed  a t  l e n g t h 3  and w i l l  no t  be repea ted  here .  

5 

A s  t h e  u n i f i e d  model admits  a n a l y t i c a l l y  d i f f e r e n t  mathematical  de- 

s c r i p t i o n s  i n  va r ious  r eg ions  of t h e  state guidance is pro- 

vided f o r  numerical ly  smoothing a c r o s s  t h e  boundaries  of t h e s e  reg ions .  

The smoothing procedure descr ibed  h e r e i n  is intended p r imar i ly  as a n  

example; it w a s  used w i t h  s a t i s f a c t o r y  r e s u l t s  i n  implementing t h e  uni- 

f i e d  equat ions  i n  t h e  ORNL f i n i t e  element code PLACRE by W. K. Sa r to ry  

of o m .  
The r e s u l t s  of several c a l c u l a t i o n s  are given f o r  two reasons  - 

f i r s t ,  t o  provide a convenient check on t h e  c o r r e c t  implementation of t h e  

u n i f i e d  equat ions  i n  a s t r u c t u r a l  a n a l y s i s  code, and, second, t o  f u r n i s h  

f u r t h e r  comparisons w i t h  experimental  d a t a  t o  demonstrate t he . accu racy  

of t h e  model i n  r ep resen t ing  both rate-dependent p l a s t i c i t y ,  on t h e  one 

hand, and creep  behavior  on t h e  o t h e r .  Included i n  t h e s e  c a l c u l a t i o n s  

i s  a two-bar r a t c h e t t i n g  problem. For comparison, t h e  r e s u l t s  of t h e  

corresponding two-bar experiment have been presented  i n  Ref. 9 and i n  an  

appendix of NE s tandard  F 9-5T1' where they  are used as v e r i f i c a t i o n  of 

t h e  F 9-5T a-reset opt ion  f o r  2-1 /4  Cr-1 Mo steel. 

introduced i n  F 9-5T i s  bu t  a time-independent s p e c i a l i z a t i o n  of t h e  

The a-reset op t ion  

. 

t 

time-dependent recovery mechanisms b u i l t  i n t o  t h e  u n i f i e d  equat ions .  
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Also presented  are s o l u t i o n s  t o  two p r o t o t y p i c a l  s t r u c t u r a l  problems, 

one i l l u s t r a t i n g  t h e  r e d i s t r i b u t i o n  of stress during c reep  of a th ick-  

wal led cy l inde r  under cons tan t  i n t e r n a l  p re s su re  and t h e  second involving 

t h e  (nonradia l )  response of a cy l inde r  subjec ted  t o  a thermal shock. 

F i n a l l y ,  a d i scuss ion  is given of t h e  genera l  p r o p e r t i e s  of s o l u t i o n s  

of s t r u c t u r a l  problems when employing t h e  ORNL u n i f i e d  c o n s t i t u t i v e  equa- 

t i o n s .  

i n i t i a l  stress and state f i e l d s ,  uniqueness of s o l u t i o n ,  and shakedown 

are discussed.  

Such ques t ions  as t h e  s e n s i t i v i t y  of s o l u t i o n s  t o  t h e  p re sc r ibed  
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2 .  THE UNIFIED EQUATIONS FOR 2-1/4 Cr-1 MO STEEL (PWHT) 

The c o n s t i t u t i v e  equat ions  recommended i n  NE s tandard  F 9-5T1' f o r  

2-1/4 Cr-1 Mo steel are c l a s s i c a l l y  based and rest on t h e  assumption t h a t  

t h e  i n e l a s t i c  s t r a i n  can be decomposed i n t o  two a d d i t i v e  c o n t r i b u t i o n s ,  

one t i m e  independent ( p l a s t i c i t y )  and one t i m e  dependent (c reep) .  Ex- 

per imenta l  evidence does no t  gene ra l ly  support  t h i s  assumption, however, 

and sugges ts  r e p r e s e n t a t i o n s  i n  which c reep  and p l a s t i c i t y  are charac- 

t e r i z e d  as occurr ing  s imultaneously and i n t e r a c t i v e l y  ( u n i f i e d ) .  The 

c o n s t i t u t i v e  equat ions  presented  i n  t h i s  s e c t i o n  are u n i f i e d  i n  t h a t  

sense.  

A complete s ta tement  of t h e  u n i f i e d  equat ions  f o r  VAR h e a t  56448 of 

2-1/4 Cr-1 Mo steel i s  as fol lows.* 

P 

I" ; F 5 0 o r  F > 0 and S.  .E. < 0 
ZJ z j  - 

a i j  
2phEij - r - ; G Go and S .  .a > 0 6 ZJ i j  

G = G ,  

G Go o r  S..ci. .  c 0 
Z J  Z J  - - 

*Following t h e  usua l  Ca r t e s i an  t enso r  n o t a t i o n ,  repea ted  s u b s c r i p t s  
imply summation. 
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= R F B .  
0 

r = RP+ ; ro 

t h e  e f f e c t i v e  stress ' i j  Here, & denotes  t h e  i n e l a s t i c  s t r a i n  rate,  i j  
ij), and S t h e  d e v i a t o r i c  stress.* ( i . e .  , ci j  - - Sij  - a 

ij 
The s t a t e  v a r i a b l e s  are  a and IC; however, t h e  scalar threshold  

(Bingham) stress, K, i s  taken t o  be cons tan t  K = 0.82 k s i  because of 

t h e  almost t o t a l  absence of i s o t r o p i c  hardening i n  t h i s  a l l o y  i n  t h e  

PWHT condi t ion .  

A l l  of t h e  c h a r a c t e r i z a t i o n  t e s t i n g  w a s  conducted on t h e  i s o t r o p i -  

f 
i j  

2 

c a l l y  s a t u r a t e d  material, which w a s  obtained by cyc l ing  over fou r  t o  

f i v e  cyc le s  a t  t h e  test  t empera tu re . lY2  

ters appearing i n  E q s .  (2.1) through (2.8) are: 

Numerical va lues  f o r  t h e  parame- 

- 
p = 3.61 x l o 7 ;  p = 1-1 exp (-81) , . . . . (h) 

n = 4 ,  
rn = 7.73 , 
B = 1 .5  , 
R = 9.0 x exp (02) , . . . . . -. . . (ks i /h )  

H = 1.37 x , . . . . . . . . . . . . (ks i /h )  

G = 0.14 , 
0 

with  

e 2  = 40,ooo ( i / 8 i i  - i / e >  . (2. l o )  

Here, 0 i s  t h e  abso lu te  temperature  i n  Kelvin (K).+ 

parameter 'values  are c o n s i s t e n t  wi th  phys ica l  u n i t s  of ksi '  f o r  stress 

and h f o r  t i m e .  

A s  noted,  t h e  o the r  

*This formulat ion i s  given i n  t h e  contex t  of i n f i n i t e s i m a l  s t r a i n .  
I n  t h e  case of f i n i t e  s t r a i n ,  t h e  equat ions  should be i n t e r p r e t e d  as 
r e l a t i n g  t h e  Euler  rate-of-deformation t e n s o r  t o  t h e  Cauchy stress. 11 

'6.895 MPa = 1 k s i .  

f ° F  = 9/5 (K - 273) + 32. 



6 

The i n e q u a l i t i e s  i n  Eqs. (2.1) through (2.8) d e f i n e  boundaries  a c r o s s  

which t h e  flow [Eq. (2 .1)]  and evo lu t iona ry  [Eq. (2 .2)]  equat ions  change 

form discont inuous ly .  Although t h e  i n e l a s t i c  s t r a i n  E and t h e  state 

v a r i a b l e  a , .  remain cont inuous,  t h e i r  rates of change are i d e a l i z e d  as 

having p o s s i b l e  d i s c o n t i n u i t i e s .  

nomena such as h e s i t a t i o n  pe r iods  i n  c reep  (or  stress r e l a x a t i o n )  follow- 

ing  p a r t i a l  stress reduc t ions  and t h e  r a p i d  readjustment  of i n t e r n a l  

state (dynamic recovery)  t h a t  accompanies remobi l iza t ion  of d i s l o c a t i o n s  

under reversed  s t r e s s i n g .  

rect modeling of c y c l i c  response t h a t  is  so  important i n  breeder  r e a c t o r  

a p p l i c a t i o n s .  Of course ,  t h e r e  i s  s t r o n g  precedent  i n  app l i ed  mechanics 

f o r  i d e a l i z i n g  boundaries  of r ap id  change as a n a l y t i c  d i s c o n t i n u i t i e s ,  

e .g . ,  as i n  c l a s s i c a l  p l a s t i c i t y .  

ij 

zr7 
This  permi ts  modeling of observed phe- 

The la t te r  has  a d i r e c t  bear ing  on t h e  cor- 

For numerical  purposes t h e  d iscont inuous  state boundaries  can be 

smoothed as fol lows.  A smooth s p l i n e  func t ion  P(x) is  f i r s t  def ined  on 

(-1,l) according to* 

; - l < x * O  - -  P(x) = (1 + x ) 2 / 2  

P(x) = 1 - (1 - x ) 2 / 2  ; 0 x 1 

P(x) = 0 ; x e - 1  

- -  
(2.11) 

(2.12) 

(2.13) 

P(x) = 1 ; x > l .  (2.14) 

The func t ion  F i n  Eqs. (2.3) and (2.1) can then  be  rep laced  by F def ined  

by : 

(2.15) 

where W1 is  a smoothing width s e l e c t e d  by t h e  a n a l y s t  and t h e  angular  

b racke t s  denote  

-- 

*Note t h a t  smoothness can be  c a r r i e d  t o  h igher  d e r i v a t i v e s  i f  nec- 
e s sa ry .  
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. 

and 

(2.17) 

ij The use  of Eq. (2.15) appropr i a t e ly  smoothes t h e  d i s c o n t i n u i t y  i n  6 
a c r o s s  S .E = 0 and, as w e l l ,  e l imina te s  each of t h e  i n e q u a l i t i e s  ap- 

pear ing  i n  t h e  flow l a w ,  Eq. (2.1).  
ij ij 

The d iscont inuous  n a t u r e  of & i n  Eq. (2.2) can be  smoothed by f i r s t  ij 
r ep lac ing  t h e  sharp G cu to f f  by a gradual  one, e .g . ,  

and then  c a l l i n g  

s .  .a.. 
G = (G' - Go)P ( - ) + G o .  

Equations (2.7) and (2.8) may then  be w r i t t e n  

H h = h  = -  
GB 

(2.18) 

(2.19) 

(2.20) 

'(2.21) 

and 

r = r  = R P + ,  (2.22) 
0 

so  t h a t  t h e  evolu t ionary  l a w ,  Eq. (2.2), reduces t o  a s i n g l e  express ion  

providing a smooth t r a n s i t i o n  ac ross  S .a = 0 i n  t h e  s ta te  space and, 

once aga in ,  no i n e q u a l i t i e s .  
ij ij 

A s  befo re ,  W2 is  a smoothing width chosen by t h e  user .  Values f o r  

W1 and W2 used i n  t h e  f i n i t e  element code PLACRE i n  conducting most of 

t h e  ana lyses  r epor t ed  i n  t h e  fol lowing s e c t i o n  w e r e  

w1 = w2 = ( k s i 2 )  = 0.475 ( m a 2 )  . 



3. CALCULATED RESULTS USING THE UNIFIED EQUATIONS 

Severa l  c a l c u l a t i o n s  based on t h e  foregoing  c o n s t i t u t i v e  r e l a t i o n s  

have been made and t h e i r  r e s u l t s  are included i n  t h i s  s e c t i o n .  It is  

suggested t h a t  a t  least some of t h e s e  r e s u l t s  be reproduced t o  v e r i f y  

t h e  c o r r e c t  implementation of t h e  c o n s t i t u t i v e  model i n t o  a given analy- 

sis code. Comparative experimental  r e s u l t s  are shown wi th  some of t h e  

c a l c u l a t e d  r e s u l t s  as a measure of t h e  p r e d i c t i v e  accuracy of t h e  model. 

F igure  1 shows p r e d i c t i o n s  ( s o l i d  l i n e s )  of s t a b l e  h y s t e r e t i c  loops 

generated over a s t r a i n  range of approximately 20.32% a t  s t r a i n  rates of 

0.04, 0.004, and 0.0004/min and a t  538°C (1000°F). Also shown i s  a sam- 

p l i n g  of experimental  d a t a  f o r  t h e  same cond i t ions  and spanning t h e  range 

of s t r a i n  rates. The model is  seen t o  cap tu re  t h e  v i s c o p l a s t i c  s t r a i n -  

rate dependence a t  t h e  r e fe rence  temperature  538°C (1000°F) very  w e l l .  

This  i s  not  unexpected as d a t a  of t h i s  type  w e r e  used as p a r t  of t h e  

d a t a  base  i n  c h a r a c t e r i z i n g  s t r a i n - r a t e  dependency. ” 2’ l 2  

The s t r a i n  rate 0.004/min is  considered fast i n  LMFBR technology. 

The model, as cha rac t e r i zed  he re ,  t hus  a l lows  f o r  a n  o rde r  of magnitude 

above t h a t  s t r a i n  rate. 

A comparison of p red ic t ed  and observed creep-time curves  correspond- 

ing  t o  a stress range of about 55-103 MPa (8-15 k s i )  and a temperature  

of 538°C (1000°F) i s  shown i n  Fig.  2. The creep curves  show a r e l a t i v e l y  

s h o r t  t r a n s i e n t  c reep  per iod  followed by steady-state creep.  

d i c t i o n s  gene ra l ly  show higher  i n i t i a l  c reep  rates i n  t h e  t r a n s i e n t  

pe r iod ;  however, t h e s e  are known t o  be  s t rong ly  dependent on t h e  loading  

ramp rate. This  w a s  no t  known p r e c i s e l y  i n  t h e  experiments.  

ramp rate i n  t h e  p r e d i c t i o n s  w a s  taken as 0.06%/h. 

The pre- 

The loading 

Measured and p red ic t ed  secondary c reep  rate and t o t a l  c reep  s t r a i n  

compare very w e l l  i n  Fig.  2. Once aga in ,  regard ing  t h e  secondary creep 

rate, good agreement is  t o  be expected i n  as much as steady-state creep  

d a t a  were included as p a r t  of t h e  c h a r a c t e r i z a t i o n  d a t a  base.  l 2  It is, 

of course ,  e s s e n t i a l  t h a t  s t eady- s t a t e  c reep  rates be represented  accu- 

r a t e l y  i n  c o n s t i t u t i v e  equat ions  f o r  LMFBR a p p l i c a t i o n s .  Addi t iona l  

evidence demonstrat ing t h e  appropr i a t e  modeling of secondary c reep  rates 
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Fig. 1. Modeled (solid lines) and experimental (dots) stable hys- 
20.32% at various strain rates. The temperature teretic loops for A E  

is 538°C (1000°F). (6.895 MPa = 1 ksi) 

at both the reference temperature 538°C (1000°F) and at 510°C (950°F) is 

shown in Fig. 3 .  

Because most critical structural problems related to the design of 

LMFBR components are nonisothermal, it is necessary that the thermo- 

mechanical behavior of the structural alloys of interest be appropriately 
modeled. 

tures - such as those referred to earlier in the case of secondary creep - 

To this end, both isothermal tests at several fixed tempera- 
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creep-time curves  f o r  the ind ica t ed  stress levels a t  538°C (1000°F). 
(6.895 MPa = 1 k s i )  
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Fig.  3. Steady-state  creep rate v s  stress a t  538°C (1000°F) and 
510°C (950°F). So l id  l i n e s ,  modeled; d o t s ,  experimental .  (6.895 MPa = 
1 k s i )  

and t r u l y  nonisothermal tests have been included as p a r t  of t he  da t a  

base  f o r  t h e  u n i f i e d  equat ions.  An example of t h e  type  of nonisothermal 

experiment used i s  shown i n  Fig.  4 .  Here, a u n i a x i a l  specimen i n i t i a l l y  

a t  811 K (538°C - 1000°F) and zero stress i s  cons t ra ined  a x i a l l y ;  t h e  

temperature  is then  cycled a t  a rate of 50"C/min (90°F/min) between t h e  

i n i t i a l  temperature  811 K (538°C - 1000°F) and 573 K (300°C - 572°F). 

This  c y c l e  causes  apprec i ab le  y i e l d i n g  and g ives  r ise  t o  t h e  s t a b l e  hys- 

teretic loop ind ica t ed  by t h e  d o t s  i n  Fig.  4 ;  t h e  s o l i d  l i n e  r e p r e s e n t s  

t h e  p red ic t ed  response.  Data of t h i s  type  w e r e  included i n  t h e  s e l e c t i o n  
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a t  %5OoC/min. (6.895 MPa = 1 k s i )  

of t h e  material parameters  i n  t h e  Arrhenius forms of E q s .  (2.9) and 

(2.10). The p r e d i c t i o n  of t h i s  test  i s  q u i t e  s a t i s f a c t o r y  and provides  

a use fu l  r e s u l t  f o r  checking t h e  proper  implementation of t h e  nonisother-  

m a l  a s p e c t s  of t h e  u n i f i e d  model. 

F igure  5 shows t h e  p red ic t ed  r e d i s t r i b u t i o n  of hoop ( c i r cumfe ren t i a l )  

stress w i t h  t i m e  i n  an  i n t e r n a l l y  p re s su r i zed  c y l i n d e r .  The c y l i n d e r  

dimensions are p r o t o t y p i c a l  of LMFBR steam genera tor  tubes ,  having an  

inner  r a d i u s  of 4.06 mm (0.16 i n . )  and a n  o u t e r  r a d i u s  of 6.35 mm (0.25 

i n . ) .  

p r e s s u r i z a t i o n  of 25.17 MPa (3.65 k s i )  followed by a hold pe r iod  a t  t h a t  

The loading  h i s t o r y  c o n s i s t s  of a 10 s ramp up t o  an  i n t e r n a l  

pressure .  The temperature  is  cons tan t  a t  566°C (1050°F). F igure  5 shows 

t h e  p red ic t ed  d i s t r i b u t i o n  of hoop stress a t  several t i m e s  fo l lowing  

p r e s s u r i z a t i o n  (zero  t i m e  denotes  t h e  end of t h e  loading  ramp). The 
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(6.895 MPa = 1 k s i )  



14 

behavior  appears  t y p i c a l ,  e x h i b i t i n g  an  i n i t i a l l y  r ap id  r e d i s t r i b u t i o n *  

of stress followed f i n a l l y  by a stress d i s t r i b u t i o n  e s s e n t i a l l y  cons tan t  

i n  t i m e  (e.g. ,  t h a t  l a b e l l e d  l o 8  s ) .  

about 4 5  MF'a ( 6 . 5  k s i )  i s  ind ica t ed  a t  a r a d i u s  of roughly 5 . 2  mm (0.20 

i n . ) .  

Note t h a t  a reference s tress  of 

Despi te  t h e  apparent  s i m p l i c i t y  of t h e  problem depic ted  i n  Fig.  5 ,  

it  i s  one t h a t  exempl i f ies  t h e  p o t e n t i a l  numerical  s t i f f nes s  of t h i s  

class of c o n s t i t u t i v e  equat ions .  The simultaneous presence of a rela- 

t i v e l y  f a s t  t r a n s i e n t  and a slowly vary ing  s t eady- s t a t e - l i ke  response 

can,  wi th  some governing equat ions  and under some i n t e g r a t i o n  schemes, 

l ead  t o  s e r i o u s  numerical  i n s t a b i l i t i e s  and/or  r e q u i r e  extended use  of 

very  s m a l l  (and c o s t l y )  i n t e g r a t i o n  s t e p  s i z e s .  No such d i f f i c u l t i e s  

were encountered he re  nor  w a s  a s p e c i a l  s t i f f  i n t e g r a t o r  used. 

The most common s t r u c t u r a l  problem a s s o c i a t e d  wi th  LMFBR steam gen- 

e r a t o r  design t h a t  n e c e s s i t a t e s  d e t a i l e d  i n e l a s t i c  a n a l y s i s  i s  t h a t  of 

a cy l inde r  (p ipe)  under inhomogeneous thermal t r a n s i e n t  loading.  Such 

problems rise i n  connect ion wi th  p o t e n t i a l  r e a c t o r  scrams and o t h e r  ab- 

normal shutdowns. A good experimental  approximation t o  t h e  behavior  i n  

such s i t u a t i o n s  - inc luding  creep-enhanced r a t c h e t t i n g  - and one i n  

which t h e  stresses and s t r a i n s  are d i r e c t l y  measurable,  is  t h e  two-bar 

r a t c h e t t i n g  test .  

2-1/4 Cr-1 M o  steel (PWHT) under a variety of thermal shock conditions. 

I n  t h e s e  tests,  two u n i a x i a l  specimens are t e s t e d  s imultaneously i n  two 

se rvocon t ro l l ed  e l e c t r o h y d r a u l i c  machines which are l inked  toge the r  i n  

such a way t h a t  t h e  sum of t h e  loads  i n  both  b a r s  is  he ld  cons t an t  (main- 

t a i n i n g  equ i l ib r ium) ,  whi le  t h e  ex tens ion  of t h e  two b a r s  is  kept  t h e  

same (maintaining compa t ib i l i t y ) .  I n i t i a l l y ,  an  equal  a x i a l  stress is  

app l i ed  t o  bo th  b a r s .  Then, t h e  temperature  i n  b a r  1 is ramped downward 

from t h e  maximum temperature ,  T t o  a minimum, T . Subsequently,  

t h e  temperature  i n  b a r  2 i s  ramped downward whi le  t h e  temperature  i n  

b a r  1 is kept  a t  T . Afte r  b a r  2 reaches  t h e  minimum temperature ,  

both b a r s  are hea ted  toge the r  t o  T . The temperature  i s  then  he ld  

A series of two-bar testsgy1'  w e r e  conducted us ing  

max ' min 

min 

max 

*The i n i t i a l  rate of stress r e d i s t r i b u t i o n  depends s t r o n g l y  on t h e  
loading  t i m e .  Following a less r a p i d  load up t h e  i n i t i a l  r e d i s t r i b u t i o n  
would l i kewise  be less rap id .  
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cons tan t  a t  T f o r  a prescr ibed  t i m e  i n t e r v a l  and t h e  sequence i s  re- 

peated.  The response of t h e  two b a r s  roughly s imula t e s  t h e  behavior  of 

material elements a t  t h e  inner  and ou te r  r a d i i  of a cy l inde r  (pipe)  under 

analogous condi t ions .  

max 

One of t h e s e  tests ( t e s t  A 1  i n  Ref. 9) i s  included i n  Appendix A of 

Ref. 10 as evidence t o  s u b s t a n t i a t e  t h e  use  of t h e  or-reset opt ion  i n  

thermal t r a n s i e n t  ana lyses  involving t h i s  a l l o y ,  and fur thermore,  t o  

demonstrate t h e  q u a l i t a t i v e l y  i n c o r r e c t  p r e d i c t i o n s  made by t h e  cons t i -  

t u t i v e  equat ions  of Sec t .  4 of Ref. 10 i n  t h e  absence of t h e  a-reset pro- 

cedure.  A p r e d i c t i o n  of t h a t  test us ing  t h e  u n i f i e d  equat ions  is  given 

here ,  and t h e  r e s u l t s  are shown i n  F igs .  6 and 7. The cond i t ions  of t h e  

test are T = 538°C (1000"F), Tmin = 300°C (527OF), t h e  i n i t i a l  stress max 
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Fig.  6. Pred ic ted  s t a b l e  s t r e s s ( t o t a 1 )  s t r a i n  r a t c h e t t i n g  cyc le  
f o r  two-bar test A 1  i n  Refs. 9 and 10. (6.895 MPa = 1 k s i )  
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Fig .  7 .  P red ic t ed  and experimental  r a t c h e t t i n g  s t r a i n  v s  c y c l e s  
f o r  two-bar test  A 1  of Refs.  9 and 10. 

is 58.6 MF'a (8.5 k s i ) ,  t h e  temperature  ramp t i m e  i s  10 min i n  each case, 

and t h e  hold t i m e  a t  Tmax i s  11.5 h .  

Figure 6 shows t h e  p red ic t ed  s t r e s s - ( t o t a l )  s t r a i n  response f o r  each 

of t h e  b a r s  over one complete cyc le .  The cyc le  shown is  t y p i c a l  of a l l  

cyc le s  a f t e r  about t h e  f i r s t  t h r e e ,  dur ing  which t h e r e  i s  a s m a l l  amount 

of t r a n s i e n t  adjustment .  The stress peaks and t h e  genera l  shape of t h e  

s t r e s s - s t r a i n  response i n  Fig.  6 compare favorably  wi th  t h e  experimental  

r e s u l t s  of Ref. 9. A key f e a t u r e  of t h e  p red ic t ed  r e s u l t s  is  t h a t  t h e  

peak stresses and t h e  r a t c h e t t i n g  s t r a i n  p e r  cyc le  remain e s s e n t i a l l y  

cons tan t .  F igure  7 shows t h e  r a t c h e t t i n g  s t r a i n  v s  cyc le s  f o r  t h e  cal- 

c u l a t i o n  and t h e  experiment;  bo th  show a b a s i c a l l y  cons t an t  r a t c h e t t i n g  

rate and q u i t e  good agreement. The p r e d i c t i o n  j u s t  s l i g h t l y  overes t imates  

t h e  r a t c h e t t i n g  s t r a i n .  

I n  c o n t r a s t  t o  t h e  f e a t u r e s  of Figs .  6 and 7 ,  c a l c u l a t i o n s  made us ing  

t h e  kinematic  hardening model of Ref. 10 wi thout  t h e  a-reset o p t i o n  are 
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q u a l i t a t i v e l y  d i f f e r e n t  and inva r i ab ly  p r e d i c t  s a t u r a t i o n  of r a t c h e t t i n g  

a f t e r  a few cyc le s ,  t hus  s u b s t a n t i a l l y  underest imat ing t h e  r a t c h e t t i n g  

s t r a i n .  The u n i f i e d  equat ions  p r e d i c t  t h e  c o r r e c t  q u a l i t a t i v e  response 

w i t h  good accuracy and without  t h e  ad hoc a-reset opt ion .  

earlier, t h e  a-reset procedure i s  bu t  a time-independent i d e a l i z a t i o n  of 

t h e  recovery mechanisms inherent  i n  t h e  u n i f i e d  theory.  

A s  i nd ica t ed  

The f i n a l  c a l c u l a t i o n  i s  t h a t  of a p ipe  under thermal r a t c h e t t i n g  

condi t ions .  

t h e  e i g h t h  i n  a series of p ipe  thermal r a t c h e t t i n g  and creep-fat igue 

f a i l u r e  tests (TT-8) and aimed a t  a s ses s ing  design a n a l y s i s  methods and 

f a i l u r e  c r i t e r i a .  The TT-8 test is  proposed f o r  t e s t i n g  i n  t h e  Thermal 

Trans ien t  F a c i l i t y  a t  t h e  Energy Technology Engineering Center .  The 

a pr ior i  p r e d i c t i o n  given he re  w i l l  provide an e x c e l l e n t  check* on t h e  

u n i f i e d  equat ions  upon completion of t h e  experiment. 

This  c a l c u l a t i o n  w a s  made i n  connect ion wi th  t h e  design of 

The dimensions of t h e  TT-8 p ipe  are 12.7 mm (0.50 i n . )  i n  w a l l  th ick-  

n e s s  and a 178-mm (7-in.) i n s i d e  diameter .  The assumed cond i t ions  are 

genera l ized  plane s t r a i n  and uncoupled thermomechanical behavior.  Ther- 

m a l  and mechanical p r o p e r t i e s  f o r  2-1/4 C r - 1  Mo s teel  o the r  than those  

inhe ren t  i n  t h e  c o n s t i t u t i v e  equat ions  were taken from t h e  NucZear Sys- 

tems Materials Handbook. 
The mechanical loading  cond i t ions  f o r  TT-8 are an a x i a l  end load 

of 0.60 MN (135,000 l b )  w i th  zero i n t e r n a l  pressure .  The o u t e r  su r f ace  

of t h e  p ipe  i s  taken t o  be i d e a l l y  thermally in su la t ed .  

m a l  shock h i s t o r y  a t  t h e  i n s i d e  p ipe  su r face  i s  as follows: from a uni- 

form maximum temperature  T = 538°C (1000"F), t h e  inne r  su r face  i s  

r a p i d l y  cooled a t  a rate of 33"C/s (60"F/s) t o  a temperature  Tmin = 260°C 

(500OF); i t  i s  then  rehea ted  a t  S6"C/h (100"F/h) back t o  t h e  hold t e m -  

p e r a t u r e  of 538°C (1000°F) f o r  a 16-h hold pe r iod ,  completing t h e  cyc le .  

This  r e p r e s e n t s  a severe thermal t r a n s i e n t  loading  condi t ion  t h a t  w i l l  

be  repea ted  t o  f a i l u r e  i n  t h e  TT-8 tes t .  The stress pa th  ( i n  circumfer- 

e n t i a l  v s  a x i a l  stress space) followed by elements a t  both  t h e  inne r  and 

The c y c l i c  ther -  

max 

*Comparison of p red ic t ed  and measured r a t c h e t t i n g  ra te  provides  a 
v a l i d  check on t h e  u n i f i e d  c o n s t i t u t i v e  equat ions .  Comparison of pre- 
d i c t e d  and actual cyc le s  t o  f a i l u r e  involves  unce r t a in  f a i l u r e  cr i ter ia  
and should not  be used as a d i r e c t  assessment of t h e  u n i f i e d  equat ions .  
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o u t e r  su r faces  i s  nonrad ia l ,  providing a good test of t h e  c o n s t i t u t i v e  

equat ions  and a n a l y s i s  procedures.  

F igures  8 and 9 show t h e  p red ic t ed  a x i a l  s t r e s s - s t r a i n  behavior  a t  

Shake- t h e  extreme inner  and o u t e r  elements of t h e  p ipe ,  r e s p e c t i v e l y .  

d m  t o  a r e p e t i t i v e  h y s t e r e t i c  loop occurs  a f t e r  only t h r e e  o r  four  

cyc le s ,  w i th  t h e  peak stresses remaining cons t an t  t h e r e a f t e r .  

n i t u d e s  of t h e  stress peaks are c r i t i c a l  i n  t h e  de te rmina t ion  of creep 

damage us ing  t h e  ASME recommended damage accumulation r u l e  of l i n e a r  

t ime-f rac t ions .  Unfortunately,  stress measurements are no t  p o s s i b l e  i n  

t h e  p ipe  w a l l ,  a s  they  are i n  t h e  two-bar tests d iscussed  earlier,  and 

cannot be  compared w i t h  p r e d i c t i o n s .  

t u r e  i s  t h e  s t r a i n  a t  t h e  o u t e r  s u r f a c e  of t h e  p ipe .  F igure  10  shows 

t h e  p red ic t ed  a x i a l  s t r a i n  a t  t h e  o u t e r  s u r f a c e  a g a i n s t  t i m e .  Again, a 

t r a n s i e n t  response of t h r e e  o r  fou r  c y c l e s  i s  ev iden t ,  a f t e r  which t h e  

r a t c h e t t i n g  rate becomes e s s e n t i a l l y  cons tan t  a t  about 0.02%/cycle.  

The mag- 

The  only d i r e c t l y  comparable fea-  

ORNL-DWG 82-6227 ETD 
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Fig.  8 .  Pred ic t ed  a x i a l  stress vs a x i a l  s t r a i n  f o r  i nne r  p ipe  ele- 
ment of TT-8 experiment.  (6.895 MPa = 1 k s i )  
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Although t h e  h y s t e r e t i c  loops  of F igs .  8 and 9 cannot be compared 

t o  experimental  r e s u l t s ,  they  w i l l  be  u s e f u l  f o r  comparing w i t h  calcu- 

l a t e d  r e s u l t s  ob ta ined  us ing  o t h e r  f i n i t e  element codes. 
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4 .  GENERAL PROPERTIES OF SOLUTIONS USING THE UNIFIED EQUATIONS 

Much a t t e n t i o n  has  been pa id  i n  t h i s  and i n  p a s t  w r i t i n g s  t o  t h e  

materials a s p e c t s  of t h e  u n i f i e d  equat ions ,  t o  t h e i r  d e t a i l e d  p r e d i c t i o n s  

of observed behavior ,  and t o  t h e i r  co- re la t ionship  wi th  phys ica l  and 

m e t a l l u r g i c a l  models. However, a l s o  important from t h e  s tandpoin t  of 

conducting s t r u c t u r a l  ana lyses  are t h e  continuum a s p e c t s  of c o n s t i t u t i v e  

equat ions  r e l a t i n g  t o  well-posed s t r u c t u r a l  problems and well-behaved 

s t a b l e  s o l u t i o n s  t o  t h e s e  problems. For example, i t  is  of importance t o  

t h e  s t r u c t u r a l  a n a l y s t  t o  know how s t rong ly  h i s  s o l u t i o n  t o  a given s t ruc -  

t u r a l  problem, based on a given set of c o n s t i t u t i v e  r e l a t i o n s h i p s ,  is  

inf luenced by t h e  assumed i n i t i a l  stress and i n e l a s t i c  state f i e l d s .  

Looked a t  another  way, he must know whether t h e  s o l u t i o n s  t o  two s t ruc -  

t u r a l  problems, whose his tograms and cond i t ions  are i d e n t i c a l  except  f o r  

t h e  i n i t i a l  stress and s t a t e  f i e l d s ,  even tua l ly  converge o r  perhaps even 

diverge.  I f  t h e  l a t t e r  i s  t r u e ,  he must s e r i o u s l y  a s k  whether t h e  real 

s t r u c t u r e  being modeled behaves i n  t h a t  way o r  whether t h e  c o n s t i t u t i v e  

r e l a t i o n s h i p s  be ing  used are inappropr ia te .  I f  t h e  s t r u c t u r e  does be- 

have i n  t h a t  way, t h e r e  is  l i t t l e  hope f o r  d e t a i l e d  s t r u c t u r a l  a n a l y s i s  

as  a u s e f u l  t o o l  because it i s  gene ra l ly  impossible  t o  know t h e  i n i t i a l  

stress and i n e l a s t i c  state d i s t r i b u t i o n ;  indeed, t h e  s t r u c t u r e  i s  usua l ly  

analyzed be fo re  it i s  b u i l t .  

s t r u c t u r e s  undergoing i n e l a s t i c  deformation, p a r t i c u l a r l y  a t  e l eva ted  

temperature ,  do have a fad ing  memory of t h e i r  i n i t i a l  stress and s ta te ,  

and even tua l ly  respond uniquely t o  a given loading  and temperature  h i s -  

t o ry .  This  being t h e  case, it makes sense t o  r e q u i r e  t h a t  mathematical  

models of s t r u c t u r a l  behavior a l s o  possess  such p r o p e r t i e s .  

For tuna te ly ,  t h e r e  is  evidence t h a t  real 

In  t h i s  s e c t i o n ,  we  i n v e s t i g a t e  some of t h e  genera l  p r o p e r t i e s  of 

s o l u t i o n s  of s t r u c t u r a l  problems t h a t  can be expected when us ing  t h e  ORNL 

u n i f i e d  c o n s t i t u t i v e  equat ions .  To t h a t  end, an  express ion  r e l a t i n g  con- 

d i t i o n s  f o r  two d i s t i n c t  s o l u t i o n s  w i l l  f i r s t  be  der ived .  This  expression 

w i l l  be  used subsequent ly  i n  demonstrating genera l  p r o p e r t i e s  of solu- 

t ions .  
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For small changes i n  stress a t  cons tan t  s ta te ,  Eqs. ( 2 . 1 )  through 

(2.8) s a t i s f y  t h e  condi t ion*  

do. .dE. > 0 ; a = cons t .  
ZJ zj - ij ( 4  1) 

Simi la r ly ,  f o r  small changes i n  t h e  state a t  cons tan t  stress, those  equa- 

t i o n s  s a t i s f y  

da. .d6 < 0 ; a = cons t .  ( 4  - 2) 
Z,J ij - ij 

Following analogous arguments t o  those  of Pon te r , ”  u se  i s  made of 

Eqs. (4.1) and ( 4 . 2 )  i n  de r iv ing  an express ion  t h a t  l i n k s  t h e  cond i t ions  

a t  two gene r i c  p o i n t s  i n  t h e  state space (a a..). W e  cons ider  a 

s t r a i g h t - l i n e  pa th  between t h e  two p o i n t s  (a’ “,“1 .) and (a? a2 ), t h a t  

i s  t o  say,  w e  cons ider  a pa th  f o r  which (daij,daij) has  a f i x e d  d i r ec -  

t i o n .  The monotonic progress  of t h e  po in t  (a 

be cha rac t e r i zed  by 

ij’ 
ijy ij zj ’  ij 

.) a long  t h e  pa th  can i j 

( 4  3) a = o1 + A(dj - 5 1 .) ij ij i3 

and 

( 4 . 4 )  a = a1 + A(aZj - a 1 .) y ij ij id 

where A i n c r e a s e s  monotonically f r o m  zero t o  one, i .e. ,  

O < A < l a n d d A > O .  - -  ( 4 . 5 )  

The d i f f e r e n t i a l s  doij and daij a t  some p o i n t  on t h e  pa th  are then  

doij = dA(a? z j  - 0’ ij ) ( 4 . 6 )  

and 

daij = dA(a:j - ij ) . ( 4 . 7 )  

Mult iplying Eq. (4.6) by dCij and Eq. ( 4 . 7 )  by dGij and making use  of 

~~ 

*Equation (4.1) i s  equ iva len t  t o  t h e  extended form of Drucker’s 
s t a b i l i t y  p o s t u l a t e  ( i n  t h e  s m a l l ) .  
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Eqs. (4.1) and (4.2) ,  w e  ge t  

(aij 2 - o1 . ) d k .  .dA > 0 
i j  ZJ  - 

and 

(4.8) 

(4.9) 
( a i j  2 - a1 .)d& . .dA < . o  . 

i d  Z J  - 

Adding Eqs. (4.8) and (4 .9) ,  we  have, corresponding t o  any po in t  a long 

t h e  s t r a i g h t - l i n e  pa th ,  

[ (aij - o1 .)diij - ( a i j  - al .)d&. .] dh - > 0 . (4.10) ’ 2 

i d  i d  Zd 

I n t e g r a t i o n  along t h e  pa th  then  y i e l d s  

(4.11) 

where k1 and i2 are t h e  i n e l a s t i c  s t r a i n  rates, and G1 and h2 are t h e  i j  i j  i j  i j  
rates of change of i n e l a s t i c  state a t  t h e  r e s p e c t i v e  state p o i n t s  

( o i j , a !  .) and (02 j ,a2  ). 

q u a n t i t i e s  a t  two gene r i c  p o i n t s  i n  state space.  

Equation (4.11) relates t h e  p e r t i n e n t  f i e l d  23 ij 

Equal i ty  i n  Eq. (4.11) holds  when t h e  state p o i n t s  co inc ide  ( i . e . ,  

Z J  { j  i j  i j  i j  i j  
ij 

2 when 0 . .  = u1 and a2 = a1 ), which, i n  t u r n ,  impl ies  t h a t  i2 = i1 
and & 2  = c1 

circumstance t h a t  k 2  = h: and i2 = i1 = 0. Examining Eqs. (2 .1)  

through (2.8), we  see t h a t  t h e s e  cond i t ions  imply a2 

o? # atj .  The cond i t ion  i2 = k :  = 0 corresponds t o  shakedown which 

w i l l  be  f u r t h e r  d i scussed  later i n  t h i s  s ec t ion .  

A l t e rna t ive ly ,  e q u a l i t y  holds  under t h e  r a t h e r  s p e c i a l  ij’ 
i j  z j  i j  i j  

= a’ bu t  a l low ij i j  
z j  i j  z j  

A convenient s t a r t i n g  po in t  i n  t h i s  d i scuss ion  of genera l  p r o p e r t i e s  

of s o l u t i o n s  is ,  as discussed earlier, t h e  ques t ion  of convergence of 

s o l u t i o n s  of s t r u c t u r a l  problems t h a t  d i f f e r  only i n  t h e i r  i n i t i a l  condi- 

t i o n s .  W e  cons ider  two problems i n  which t h e  s t r u c t u r e s  are i d e n t i c a l  

and each i s  subjec ted  t o  an i d e n t i c a l  loading  and temperature  h i s t o r y  

f o r  time t > 0. In  one case, t h e  i n i t i a l  stress d i s t r i b u t i o n  is  given 

by 0: .(x ,O) and t h e  i n i t i a l  i n e l a s t i c  state d i s t r i b u t i o n  is  given by 

aij(xk,O). 
stresses u1 (xk,t), t h e  i n e l a s t i c  state f i e l d  a! (xk,t), t h e  i n e l a s t i c  

Zd k 
L e t  t h e  s o l u t i o n  of t h a t  problem be represented  by t h e  

i j  z j  
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s t r a i n  rates E1 ( z k , t ) ,  and t h e  displacement rates fi!(z 
second problem, l e t  t h e  i n i t i a l  stress and s ta te  d i s t r i b u t i o n s  be  

u2 ( z k , O )  ‘and a2 ( z k , O )  , r e s p e c t i v e l y ,  and t h e  corresponding s o l u t i o n  

t). In  t h e  i j  z k’ 

be denoted by aij $ j  (zk,t), a. 2 .(zk,t), ;? . ( zk , t ) ,  and f i%(zk, t ) .  i j  

zd 2s 
The d i f f e r e n c e  i n  t h e  stress f i e l d s  (a? - a1 .) is  s e l f  e q u i l i b r a t -  z j  ij 

ing  because each stress f i e l d  i s  i n  equ i l ib r ium wi th  t h e  same loads .  

Furthermore, t h e  d i f f e r e n c e s  i n  t h e  t o t a l  s t r a i n  rates ( e 2  
t h e  displacements  rates (fiz - fi:) are k inemat i ca l ly  admissible* s i n c e  

t h e  t o t a l  s t r a i n  rate as t h e  sum of t h e  e l a s t i c  s t r a i n  ra te  E? 
thermal s t r a i n  rate and t h e  i n e l a s t i c  s t r a i n  rate i i .e. ,  

- SI.) and 
i j  il 

Z 
e i j ,u i  - 1  ‘ 1  and e i j ,&z  ‘ 2  are each k inemat ica l ly  admiss ib le .  Here, w e  t ake  

the 
7-j’ 

ij’ i j ’  
.e 

e i j  = + 6 i j  + iij . (4.12) 

The p r i n c i p l e  of v i r t u a l  work then  states: 

r 

(aij - aij) 1 ( e i j  ‘ 2  -. . ) d v  = o . J 2  V i a  (4.13) 

Making use  of Eq.  (4.12) i n  E q .  (4 .13) ,  t h e r e  r e s u l t s  

- C (a2 - 0 1 . ) ( a k z  2 - a i z ) d V  + i j k Z  ij ij 

)dV = 0 , (4.14) - a 1 .)(“j - E 1  
is i j  

i n  ’the f i r s t  t e r m  are t h e  e las t ic  cons t an t s  i n  Hooke’s i j k Z  where t h e  C 

l a w . ?  A s  t h e  temperature  h i s t o r i e s  i n  t h e  two problems are i d e n t i c a l ,  

t h e  thermal s t r a i n  rates f; do no t  c o n t r i b u t e  t o  Eq. (4.14). Combining i j  

*By k inemat ica l  a d m i s s i b i l i t y  i t  is  meant t h a t  t h e  s t r a i n  rates are 
compatible,  i .e . ,  d e r i v a b l e  from t h e  displacement rates, and t h a t  t h e  
displacement rates s a t i s f y  t h e  kinematic  boundary condi t ions .  

pe ra tu re .  For f u l l  i so t ropy ,  t h e r e  are only two independent e las t ic  
cons t an t s ,  say E and v. The reason f o r  r e t a i n i n g  t h e  f u l l  C i j k z  here  
i s  no t  t o  achieve  f u l l  g e n e r a l i t y  b u t  only f o r  convenience of no ta t ion .  

?Here t h e  e las t ic  cons t an t s  Ci jk z  are taken t o  be func t ions  of t e m -  
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Eqs. (4.14) and (4.11),  t h e r e  r e s u l t s  

Denoting t h e  i n t e g r a l  i n  Eq. (4.15) by I, we w r i t e  

(4.16) 

The f i r s t  term i n  t h e  i n t e g r a l  I r e p r e s e n t s  t h e  e las t ic  complemen- 

t a r y  energy of t h e  stress d i f f e r e n c e  (a2 - u1 ) and serves as a conve- ij ij 
n i e n t  scalar measure of t h e  stress d i f f e r e n c e  i n  t h e  two so lu t ions .  The 

second term can be  viewed s i m i l a r l y  as a measure of t h e  d i f f e r e n c e  i n  t h e  

i n e l a s t i c  states (ajj - ct .). Thus I, which is  a p o s i t i v e  d e f i n i t e  quan- 

t i t y  and zero only when a = a1 and ct2 = a' everywhere i n  t h e  s t ruc -  ij ij ij ij 
t u r e ,  p rovides  an i n t e g r a t e d  measure of t h e  d i f f e r e n c e  i n  t h e  two solu- 

t i o n s .  Equation (4.16) states t h a t  I can only decrease i n  t i m e  o r  re- 

main cons t an t ,  i .e . ,  t h e  s o l u t i o n s  cannot d iverge  under t h e  un i f i ed  

equat ions .  

1 
$3 

Equa l i ty  i n  Eq. (4.16), i . e . ,  I = 0, corresponds t o  e q u a l i t y  i n  Eq. 

(4.11) being s a t i s f i e d  over  t h e  e n t i r e  volume of t h e  s t r u c t u r e .  

on t h e  d i scuss ion  earlier i n  t h i s  s e c t i o n ,  t h i s  occurs  when a2 ij = a ij 
and u 2  = ct everywhere, i .e.,  t h e  same cond i t ion  f o r  I = 0. This  says  

t h a t  I = 0 only when I = 0 ,  o r  t h a t  t h e  two s o l u t i o n s  cont inue  t o  con- 

verge u n t i l  they  co inc ide  and remain i n  coincidence t h e r e a f t e r .  

Based 
1 

1 
ij ij 

A s  a l s o  ind ica t ed  earlier, an a l t e r n a t i v e  condi t ion  f o r  e q u a l i t y  i n  

Eq. (4.11) i s  &! = &' and i 2  ij = i1 ij = 0 .  Although Eqs. (2 .1)  through z j  ij 
(2.8) permit iij = 0 i n  c e r t a i n  r eg ions  of t h e  s ta te  space,  i t  i s  not  

gene ra l ly  p o s s i b l e  f o r  t h i s  t o  be  s a t i s f i e d  throughout t h e  e n t i r e  volume 

of a loaded s t r u c t u r e . *  However, wi th  & ? .  = 4' and i2 = i1 = 0 i n  
Zd ij ij ij 

~~~~ ~ 

*Equations (2 .1)  through (2.8) permit ti. = 0 only when t h e  e f f ec -  
t i v e  stress i s  below t h e  threshold  K ,  i .e . ,  wien J 2  < K (F < 0 ) ,  and a t  
p o i n t s  where p a r t i a l  stress reduct ions  have occurred.  Under t h e  l a t t e r  
cond i t ions ,  = 0 only  f o r  a f i n i t e  t i m e .  ij 
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i s o l a t e d  r eg ions  and u2 = u’ and a2 = a’ elsewhere,  w e  can have ij ij . ij ij 
e q u a l i t y  i n  Eq. (4 .16 )  and have I = 0 w i t h  I # 0. I n  o t h e r  words, i t  

is  hypo the t i ca l ly  p o s s i b l e  t o  have convergence of t h e  s o l u t i o n s  every- 

where except  i n  i s o l a t e d  r eg ions  where i2 = E’ = O.* These s p e c i a l  

c i rcumstances are of no p r a c t i c a l  importance and t h e r e f o r e  w i l l  no t  be  
ij ij 

discussed  f u r t h e r .  

Thus, i t  can be  s t a t e d  gene ra l ly  t h a t  the two solutions, having in;- 
tially different stress and state conditions, eventually converge in the 
sense of Eq. (4.16) under the ORNL unified equations. This  a f f o r d s  some 

comfort t o  t h e  s t r u c t u r a l  a n a l y s t  t h a t  h i s  assumed, and no doubt errone-  

ous,  i n i t i a l  cond i t ions  may neve r the l e s s  l ead  t o  t h e  c o r r e c t  stress and 

s t r a i n  f i e l d s .  

It is  of i n t e r e s t  a t  t h i s  p o i n t  t o  b r i e f l y  compare some o t h e r  w e l l -  

known c o n s t i t u t i v e  r e l a t i o n s  i n  t h e  p re sen t  contex t .  For example, f o r  

an  elastic p e r f e c t l p p l a s t i c  model Eq. ( 4 . 2 )  i s  t r i v i a l l y  s a t i s f i e d ,  o r  

equ iva len t ly  t h e  second t e r m  i n  Eq. (4 .11)  vanishes  because a = 0. 

The remaining t e r m  of Eq. ( 4 . 1 1 ) ,  a l t e r n a t e l y  d e r i v a b l e  d i r e c t l y  from 

Drucker’s  p o s t u l a t e ,  l e a d s  t o  a development f o r  p e r f e c t  p l a s t i c i t y  s i m i -  

l a r  t o  t h a t  given above f o r  t h e  u n i f i e d  model, showing t h a t  s o l u t i o n s  t o  

s t r u c t u r a l  problems d i f f e r i n g  only i n  t h e i r  i n i t i a l  stress d i s t r i b u t i o n  

converge. However, f o r  t h e  p e r f e c t l y  p l a s t i c  model, t h i s  ho lds  t r u e  

only  f o r  cont inued p l a s t i c  deformation; under shakedown cond i t ions ,  t h e  

shakedown stress state is gene ra l ly  dependent on t h e  assumed i n i t i a l  . 

stress f i e l d .  

ij - 

Going a s t e p  f u r t h e r  t o  t h e  l i n e a r  kinematic  hardening p l a s t i c i t y  

model, we have ct # 0. I n  t h i s  case, Eq. ( 4 . 2 )  cannot be shown t o  be  

v a l i d ,  and it appears  t h a t  no gene ra l  s ta tement  can be made i n d i c a t i n g  

convergence of s o l u t i o n s  i n  t h e  sense considered above. However, i t  i s  

expected t h a t  f o r  t h e  l i n e a r  kinematic  hardening model modified by t h e  

a-reset opt ion  of NE s tandard  F 9-5T,1° a s ta tement  analogous t o  Eq. (4 .2 )  

can be made and t h a t  convergence can be  demonstrated. Proof i s  l e f t  t o  

f u t u r e  work. 

ij 

*This i s  e n t i r e l y  analogous t o  t h e  s i t u a t i o n  i n  c lass ical  p l a s -  
t i c  i t y  . 
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Returning t o  t h e  cons ide ra t ion  of t h e  u n i f i e d  equat ions ,  w e  observe 

t h a t  Eqs. (4.15) and (4.16) imply t h a t  i f  t h e  i n i t i a l  condi t ions  i n  t h e  

two i d e n t i c a l  and i d e n t i c a l l y  loaded s t r u c t u r e s  are t h e  same, then  both 

I = 0 and I = 0 f o r  a l l  t i m e ,  i .e . ,  t h e  s o l u t i o n s  always remain i d e n t i c a l .  

I n  o the r  words, there i s  a unique solution, under the unified equations, 
corresponding t o  a given se t  of i n i t i a l  conditions, loading, and tempera- 
ture histories.  Uniqueness may be  an assured  proper ty  of t h e  real world,  

bu t  i t  must be demonstrated i n  t h e  case of mathematical  i d e a l i z a t i o n s  

of real behavior.  

Many important s t r u c t u r a l  problems r e l a t e d  t o  t h e  design of LMFBR 

components involve c y c l i c  his tograms of temperature  and loading.  

t h i s  reason it  is  of i n t e r e s t  t o  cons ider  i n  some d e t a i l  t h e  p r o p e r t i e s  

of c y c l i c  s o l u t i o n s  when employing t h e  ORNL u n i f i e d  c o n s t i t u t i v e  equa- 

t i o n s .  This  can be addressed by i n t e r p r e t i n g  Eqs. (4.11) and (4.16) i n  

a s l i g h t l y  d i f f e r e n t  way. Here, in s t ead  of cons ider ing  two i d e n t i c a l  

s t r u c t u r e s ,  we  cons ider  only one t h a t  is subjec ted  t o  a pe r iod ic  loading  

and temperature  h i s t o r y .  Ca l l ing  t h e  per iod  of loading  T, t h e  s o l u t i o n s  

designated (1) and (2) i n  Eqs. (4.11) and (4.15) can be i d e n t i f i e d  wi th  

cond i t ions  a t  t i m e  t and t + T, r e spec t ive ly .  

u (x,,t) and u : ~  

a c1 (z,,t) and a 5 a i j ( x k , t + ~ ) .  With t h i s  i n t e r p r e t a t i o n ,  a l l  t h e  

arguments behind Eq. (4.11) and those  lead ing  up t o  Eq. (4.16) remain 

v a l i d .  

For 

That i s  t o  say,  u1 E i j  
u .(x,,t+T) and s i m i l a r l y  w i t h  t h e  i n e l a s t i c  s ta te  

$ j  $3 

i j  - i j  i j  

A s  t h e  s t r u c t u r e  responds t o  t h e  c y c l i c  loads ,  t h e  i n t e g r a l  I w i l l  

decrease,  according t o  Eq. (4.16), whenever e q u a l i t y  i n  Eq. (4.11) i s  

no t  s a t i s f i e d  a t  a l l  p o i n t s  i n  t h e  s t r u c t u r e .  A s  t h e  q u a n t i t y  I cannot 

become nega t ive  and t h u s  cannot cont inue t o  decrease  i n d e f i n i t e l y ,  it i s  

expected t h a t  t h e r e  w i l l  be  a t i m e ,  corresponding t o  t h e  passage of n 
cyc le s ,  t h a t  e q u a l i t y  i n  Eq. (4.11) w i l l  be  s a t i s f i e d  everywhere, i .e . ,  

f o r  t > nT, I = 0 and I becomes cons tan t .  

A s  i n  t h e  earlier convergence argument, t h e  only meaningful set of 

condi t ions  lead ing  t o  = 0 i s  u i j  = u1 and a2 = a1 everywhere i n  t h e  i j  i j  i j  
s t r u c t u r e ,  corresponding t o  I = 0. H e r e ,  t h i s  means t h a t  u ( zk , t )  = 

u (x,,t+r) and a (z,,t) = a (x,,t+T) f o r  t > nT. I n  o t h e r  words, the 

s tress  and ineZastic s ta te  f i e l d s  also become periodic with period T. 

i j  
i j  i j  i j  
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This further impZies that  a Z i m i t  cycZe is inevitabZy reached i n  the 
s ta te  space (oij’aij) for  t > m. I n t u i t i v e l y ,  i t  would s e e m  necessary 

t h a t  such a l i m i t  cyc l e  be  reached a f t e r  a s u f f i c i e n t l y  l a r g e  number of 

loading  cycles .*  The p red ic t ed  response of TT-8, depic ted  i n  Figs .  8, 

9, and 10, provides  a good example of a c y c l i c a l l y  loaded s t r u c t u r e  

reaching a state l i m i t  cyc l e  (not shown) al though t h e  s t r e s s - s t r a i n  re- 

sponse c l e a r l y  has  no t .  

A s  i nd ica t ed  earlier,  o2 = o1 and c i 2  = cil imply t h a t  k’? = E’ i j  i j  i j  i j  z j  ij’ 
so t h a t  t h e  i n e l a s t i c  s t r a i n  r a t e  f i e l d  a l s o  becomes pe r iod ic .  A s  we 

are cons ider ing  t h e  case where gene ra l ly  6 
i n e l a s t i c  s t r a i n s  f o r  t > n-r, which themselves may become p e r i o d i c ,  cor- 

responding t o  a cond i t ion  of a l t e r n a t i n g  i n e l a s t i c  deformation, o r  non- 

p e r i o d i c  l ead ing  t o  a cond i t ion  of incremental  i n e l a s t i c i t y  o r  r a t c h e t -  

t i n g .  The former may u l t i m a t e l y  lead  t o  a low-cycle f a t i g u e  f a i l u r e  i n  

t h e  s t r u c t u r e .  The l a t t e r ,  exemplif ied i n  F igs .  8,  9, and 10, may 

even tua l ly  l ead  t o  f a i l u r e  r e s u l t i n g  from unbounded deformation. 

# 0, t h e r e  are cont inuing  i j  

A s  noted be fo re ,  a second set of cond i t ions  t h e o r e t i c a l l y  s a t i s f y i n g  

e q u a l i t y  i n  Eq. (4.11) i nc ludes  E ?  = k1  = 0,  corresponding t o  shake- 

down. A l s o  as argued earlier,  t h i s  cond i t ion  cannot p r a c t i c a l l y  be sat- 

i s f i e d  everywhere i n  t h e  s t r u c t u r e  under t h e  u n i f i e d  equat ions .  

shakedown i n  t h e  s t r i c t  sense cannot occur;  however, a pseudo-shakedown 

state can be reached as r e l a t i v e l y  l a r g e ,  short- term p l a s t i c  deformations 

g ive  way t o  creep deformations under cont inued loading.  More on t h e  

sub jec t  of shakedown and t h e  ex tens ion  of c l a s s i c a l  shakedown theorems 

re la t ive t o  t h e  u n i f i e d  equat ions  i s  p r e s e n t l y  being inves t iga t ed  and 

w i l l  be t h e  s u b j e c t  of a f u t u r e  r e p o r t .  

z j  i j  

Thus, 

A s p e c i a l  case  of t h e  pe r iod ic  loading  is  t h a t  of cons tan t  e x t e r n a l  

l oads  and a cons tan t  temperature d i s t r i b u t i o n .  I n  t h i s  case ,  t h e  stress 

and i n e l a s t i c  state f i e l d s  even tua l ly  become cons tan t  i n  t i m e .  With hij 
and t h e  e l a s t i c  s t r a i n  rate everywhere equal  t o  zero,  t h e  t o t a l  i j  

“This i s  no t  gene ra l ly  t h e  case i f  t h e  i n e l a s t i c  s t r a i n  i t s e l f  i s  
included as a state v a r i a b l e ,  which i s  e f f e c t i v e l y  t h e  case f o r  l i n e a r  
kinematic  hardening p l a s t i c i t y .  
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s t r a i n  rate is, according t o  Eqs. (2.1) through (2.8), 

(4.17) 

and depends only on t h e  i n e l a s t i c  state a,.. Moreover, a t  s teady  s ta te ,  
Z J  

t h e  stresses (J (or  d e v i a t o r i c  stress S.  .) and a are a l s o  d i r e c t l y  ij 23 ij 
r e l a t e d  through Eq. (2.1) so  t h a t  t h e  response i s  equiva len t  t o  nonl inear  

v i scous  behavior .  
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5. SUMMARY AND CONCLUSIONS 

A m u l t i a x i a l ,  nonisothermal s ta tement  of t h e  OWL u n i f i e d  cons t i t u -  

t i v e  equat ions  has  been presented  wi th  material parameters  s p e c i f i e d  f o r  

a VAR h e a t  (hea t  56448) of 2-1/4 Cr-1 Mo steel  i n  a 40-h PWHT condi t ion .  

This  h e a t  and cond i t ion  were s e l e c t e d  as be ing  p r o t o t y p i c a l  of LMFBR 

steam genera tor  material and condi t ions .  S p e c i f i c  r e s u l t s  of cha rac t e r i -  

za t ion  t e s t i n g  have no t  been included nor  has  a d e t a i l e d  d e s c r i p t i o n  of 

t h e  procedure through which t h e  model parameters  w e r e  determined from 

t h e  t es t  r e s u l t s .  These t o p i c s  have been covered i n  prev ious  publ ica-  
t i o n s .  1 3 2  , 12916 

The u n i f i e d  equat ions  have a l r eady  been implemented i n t o  t h e  ORNL 

f i n i t e  element code PLACRE and exerc ised  t o  a l i m i t e d  degree.  It is  

a n t i c i p a t e d  t h a t  wi th  t h e  pub l i ca t ion  of t h i s  r e p o r t  , t h e  u n i f i e d  equa- 

t i o n s  may f i n d  t h e i r  way i n t o  some of t he  l a r g e r ,  user -or ien ted  codes 

such as MARC o r  ABAQUS. Only then  can t h e  equat ions  be r e a l i s t i c a l l y  

exerc ised  and a meaningful assesspent  be made regard ing  t h e i r  even tua l  

adopt ion i n  NE s tandard  F 9-5T.l' 

A number of c a l c u l a t e d  r e s u l t s  us ing  t h e  u n i f i e d  c o n s t i t u t i v e  equa- 

t i o n s  have been given ranging from p r e d i c t i o n s  of simple u n i a x i a l  behav- 

i o r  t o  t h e  complex m u l t i a x i a l ,  nonisothermal response of a cy l inde r  (pipe)  

under thermal t r a n s i e n t  condi t ions .  It is  recommended t h a t  several of 

t h e s e  r e s u l t s  be reproduced t o  v e r i f y  c o r r e c t  implementation of t h e  uni- 

f i e d  model i n t o  a given a n a l y s i s  code. 

A conspicuous omission i n  t h i s  r e p o r t  i s  t h a t  of m u l t i a x i a l  test re- 

s u l t s  i n  support  of t h e  m u l t i a x i a l  concepts  embedded i n  t h e  OWL u n i f i e d  

theory.  

i c a l l y  determinate  stress states and independent ly  measured s t r a i n s  are 

i n  despera te  need f o r  a s ses s ing ,  no t  on ly  t h e  u n i f i e d  equat ions ,  bu t  any 

m u l t i a x i a l  formulat ion,  inc luding  t h e  F 9-5T1' c o n s t i t u t i v e  equat ions .  

With t h e  r ecen t  development of a p r e c i s i o n ,  high-temperature,  m u l t i a x i a l  

extensometer a t  ORNL,I7 such experiments are j u s t  now g e t t i n g  under way. 

Resu l t s  of t hese  experiments w i l l  be  presented  i n  a subsequent r e p o r t .  

Pre l iminary  a n a l y s i s  of some b i a x i a l  r e s u l t s  show favorable  support  of 

t h e  ORNL u n i f i e d  model. 

Qual i ty  high-temperature,  m u l t i a x i a l  experiments involv ing  stat- 
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A l s o  d i scussed  i n  t h i s  r e p o r t  are genera l  p r o p e r t i e s  of s o l u t i o n s  

t o  s t r u c t u r a l  problems when us ing  t h e  ORNL u n i f i e d  c o n s t i t u t i v e  equat ions .  

Conclusions drawn from t h a t  s tudy may be summarized as fol lows.  

0 The stress and i n e l a s t i c  state f i e l d s  corresponding t o  a given 

loading  and temperature  h i s t o r y  even tua l ly  become independent 

of t h e  i n i t i a l  cond i t ions  of stress and i n e l a s t i c  state (fading 

memory). 

0 The stress and i n e l a s t i c  s ta te  f i e l d s  are unique f o r  given i n i -  

t i a l  cond i t ions  and a given loading  and temperature h i s t o r y .  

0 Per iod ic  loading and temperature  h i s t o r i e s  even tua l ly  l ead  t o  

p e r i o d i c  stress and i n e l a s t i c  state f i e l d s .  A l i m i t  cyc l e  i n  

t h e  state space is  assured.  

0 Constant loading  and temperature  even tua l ly  l ead  t o  a steady- 

state response equ iva len t  t o  nonl inear  v i scous  behavior .  

. 
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