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A REVIEW OF-STIRLING ENGINE 
MA'IHEWATICAL MODELS 

N. C. J. m e n  F. P. G r i f f i n  

ABSTRACT 

A s  r e q u e s t e d  by t h e  Department of Energy, a review of ex- 
i s t i n g  mathematical  models f o r  S t i r 1  ing engine thermodynamic 
a n a l y s i s  h a s  been performed. Twenty-f i v e  models were i d e n t i -  
f i e d  through e x t e n s i v e  l i t e r a t u r e  search;  19 of t h e s e  were 
publ i shed  i n  s u f f i c i e n t  d e t a i l  f o r  review. Each i n d i v i d u a l  
model 's  assumptions,  l i m i t a t i o n s ,  p r e d i c t a b i l i t y ,  and appl i -  
c a b i l i t y  were a s s e s s e d  by us ing  a two-part review format con- 
s i s t i n g  of model d e s c r i p t i o n  and v a l i d a t i o n .  According t o  
t h e i r  des ign  methods, models were grouped i n t o  f o u r  catego- 
r i e s  by degree  of s o p h i s t i c a t i o n :  approximate ( f i r s t - o r d e r )  
methods, decoupled (second-order) methods, nodal ( t h i r d - o r d e r )  
a n a l y s e s ,  and method of c h a r a c t e r i s t i c s .  The s a l i e n t  charac- 
t e r i s t i c s  of t h e  models were summarized i n  two t a b l e s  f o r  
c r o s s- r e f e r enc e .  

Jn t h e  course of t h i s  review, t h e s e  p o i n t s  were es- 
tab1  ished.  

1. U t i l i z a t i o n  of a d e t a i l e d  des ign  method does n o t  en- 
s u r e  enhanced model performance. There i s  no evidence t h a t  
t h e  e x i s t i n g  t h i r d - o r d e r  a n a l y s e s  a r e  s u p e r i o r  t o  t h e  second- 
o r d e r  methods. 

2.  Model v a l i d a t i o n  i s  l a r g e l y  l i m i t e d  t o  k inemat ic  en- 
g i n e s  w i t h  emphasis on thermodynamic a n a l y s i s .  With increas-  
i n g l y  important  a p p l i c a t i o n s  f o r  f r e e - p i s t o n  S t i r l i n g  engines ,  
i t  i s  h i g h l y  recommended t h a t  dynamic a n a l y s i s  should be in te -  
g r a t e d  i n t o  thermodynamic s tudy  i n  f u t u r e  modeling e f f o r t s .  

3 .  To achieve  an in-depth e v a l u a t i o n  of t h e  i n d i v i d u a l  
model 's  assumptions and v a l i d a t i o n  would r e q u i r e  model acquis i -  
t i o n  and more abundant experimental  d a t a  t h a n  were a v a i l a b l e  
f o r  t h i s  review. 

t h i s  review. Only when a l l  models can be r u n  w i t h  a common s e t  
of input  d a t a  and compared w i t h  wel l -def ined experimental  d a t a  
can a f a i r  o r  v a l i d  comparison be made. 

4 .  The ranking  of t h e  v a r i o u s  models i s  n o t  p o s s i b l e  by 

-- 

1. INTRODUCTION 

As reques ted  by t h e  Department of Energy (DOE), s c r e e n i n g  of t h e  ex- 

i s t i n g  computer programs f o r  S t i r l i n g  engine  a n a l y s i s  has  been performed. 

T h i s  r e p o r t  i s  in tended  t o  provide a u s e r  guide f o r  q u i c k  r e f e r e n c e  t o  t h e  
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e x i s t i n g  computer codes. Only those programs r e l a t e d  t o  thermodynamic 

a n a l y s i s  were reviewed. Although dynamic a n a l y s i s  i s  c r i t i c a l  t o  f r e e -  

p i s t o n  S t i r l i n g  engine  s t u d i e s ,  i t  w i l l  n o t  be d i s c u s s e d  i n  t h i s  r e p o r t .  

Among t h e  e x i s t i n g  computer programs i d e n t i f i e d  (25  t o t a l ) ,  some 19 

were publ i shed  i n  s u f f i c i e n t  d e t a i l  f o r  reviewing;  of t h e s e ,  10 were a l -  

ready e v a l u a t e d ,  most e x t e n s i v e l y  by Martini ,1-4 and t o  a l e s s e r  e x t e n t  by 

U r i e l i 5  and Walker.6 We w i l l  conduct a s ta te -of - the-ar t  review through 

an independent assessment ,  even though i n  t h e  p r o c e s s  of reviewing,  some 

degree  of o v e r l a p  among Oak Ridge Nat iona l  Laboratory ( O R N L ) ,  M a r t i n i ,  

U r i e l i ,  and Walker i s  i n e v i t a b l e .  

n o s e  models reviewed were grouped by t h e i r  engine d e s i g n  methods and 

b a s i c  assumptions f o r  c y c l e  a n a l y s i s .  Four d i s t i n c t  methods were i d e n t i -  

f i e d :  approximate ( f i r s t - o r d e r ) ,  decoupled (second-order) ,  nodal ( t h i r d -  

o r d e r ) ,  and method of c h a r a c t e r i s t i c s .  F i r s t - o r d e r  methods a r e  good f o r  

back-of-the-envelope e v a l u a t i o n s .  Second-order a n a l y s e s  a r e  good f o r  in- 

t e r a c t i v e  des ign  and o p t i m i z a t i o n .  Third-order  methods a r e  v e r y  d e t a i l e d  

and can be used t o  s i m u l a t e  engine o p e r a t i o n  i n  a way t h a t  would be d i f f i -  

c u l t  i f  n o t  imposs ib le  t o  measure e x p e r i m e n t a l l y .  The method of charac-  

t e r i s t i c s  i s  based on t h e  t h e o r i e s  of gas  dynamics. These d e s i g n  methods 

a r e  d e f i n e d  and reviewed i n  Sec t .  2 .  

I n  Sec t .  3 ,  models w i l l  be reviewed one by one accord ing  t o  a pre- 

devised  format  c o n t a i n i n g  two major  p a r t s :  model d e s c r i p t i o n  and model 

Val i d a t i o n .  Model d e s c r i p t i o n  w i l l  f u r t h e r  d i s c u s s  assumptions and 1 i m i -  

t a t i o n s ;  model v a l i d a t i o n  i n c l u d e s  p r e d i c t a b i l i t y  and a p p l i c a t i o n .  Com- 

ments on i n d i v i d u a l  model performance a r e  provided  wherever p o s s i b l e .  Jn 

Sect .  4 ,  two e x t e n s i v e  t a b l e s  t h a t  summarize t h e  s i g n i f i c a n t  f e a t u r e s  of 

t h e  models a r e  p r e s e n t e d  f o r  c ross - re ference .  The t a b l e s  i n c l u d e  informa- 

t i o n  such a s  p r i n c i p a l  i n v e s t i g a t o r ,  a f f i l i a t i o n ,  model c l a s s i f i c a t i o n ,  

code l i s t i n g  a v a i l a b i l i t y ,  model v a l i d a t i o n ,  and r e f e r e n c e s ,  Table  1 SIM- 

marizes  t h e  f e a t u r e s  of seven second-order models, and Table  2 i n c l u d e s  

i n f o r m a t i o n  about t e n  t h i r d - o r d e r  models. 

Conclusions w i t h  recommendations a r e  f u r n i s h e d  i n  S e c t .  5 .  F i n a l l y ,  

a b i b l i o g r a p h y  e s s e n t i a l  t o  model review i s  a t t a c h e d  f o r  f u r t h e r  s t u d i e s .  
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2. REVIEW OF DESIGN METHODS 

. 

. 

The f o u r  i d e n t i f i e d  engine  des ign  methods a r e  f i r s t - o r d e r ,  second- 

o r d e r ,  th i rd-order ,  and t h e  method of c h a r a c t e r i s t i c s .  The d e f i n i t i o n s  

g iven  below a r e  s i m i l a r  t o  those  of M a r t i n i S  and Organ.' ,6 

2.1 F i r s t - O r d e r  o r  Amroximate Design Methods 

F i r s t - o r d e r  d e s i g n  methods a r e  used f o r  back-of-the-envelope S t i r l  ing 

engine  performance p r e d i c t i o n s .  C a l c u l a t i o n  of power output  s t a r t s  w i t h  

an i d e a l  l o s s - f r e e  a n a l y s i s ,  such a s  t h e  Schmidt e q u a t i o n  publ i shed  by 

Mar t in i3  o r  t h e  g e n e r a l i z e d  Beale  number d e r i v e d  by S e n f t . 9  A simple cor- 

r e c t i o n  f a c t o r  i s  t h e n  used t o  f i n d  t h e  brake power output  from t h e  i d e a l  

power output .  S i m i l a r l y ,  brake e f f i c i e n c y  i s  u s u a l l y  computed from a cor- 

r e c t e d  Carnot e f f i c i e n c y .  The c o r r e c t i o n s  f o r  a l l  of t h e  v a r i o u s  l o s s e s  

i n  a S t i r l  ing engine  a r e  c o n s o l i d a t e d  i n t o  g e n e r a l i z e d  c o r r e c t i o n  f a c t o r s .  

These e f f i c i e n c y  and power c o r r e c t i o n  f a c t o r s  a r e  determined from experi-  

ence w i t h  r e a l  engines .  For example, most well-designed S t i r l  ing engines  

achieve  a brake e f f i c i e n c y  t h a t  i s  50 t o  70% of t h e  Carnot va lue .  F i r s t -  

o r d e r  a n a l y s e s  provide  a q u i c k  way t o  e s t i m a t e  t h e  r e l a t i o n s h i p  between 

t h e  o v e r a l l  s i z e  of an engine and i t s  power o u t p u t ,  bu t  they a r e  n o t  very  

u s e f u l  a s  d e t a i l e d  d e s i g n  t o o l s  f o r  S t i r l i n g  engines .  

2.2 Second-Order o r  Decouvled Design Methods 

T h i s  des ign  method b e g i n s  w i t h  a s i m p l i f i e d  c y c l e  a n a l y s i s  t o  d e t e r  

mine a b a s i c  power output  and h e a t  i n p u t .  Var ious  power l o s s e s  a r e  then 

s u b t r a c t e d  from t h e  b a s i c  power c u t p u t ,  and h e a t  l o s s e s  a r e  added t o  t h e  

h e a t  i n p u t  t o  a r r i v e  a t  a n e t  performance p r e d i c t i o n .  "be major improve- 

n e n t  of t h e  second-order methods r e l a t i v e  t o  t h e  f i r s t - o r d e r  design metb- 

ods i s  t h a t  i n d i v i d u a l  l o s s  mechanisms a r e  i d e n t i f i e d  and q u a n t i f i e d .  

Power l o s s e s  can inc lude  f l u i d  and mechanical f r i c t i o n ,  t r a n s i e n t  h e a t  

t r a n s f e r  ( h y s t e r e s i s )  l o s s e s  i n  c y l i n d e r s ,  and gas  leakage  p a s t  p i s t o n  

s e a l s .  Heat l o s s e s  inc lude  d i s p l a c e r  s h u t t l e  l o s s e s ,  w a l l  conduct ion,  and 
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imperfec t  h e a t  t r a n s f e r  i n  r e g e n e r a t o r s .  I n  a l l  second-order d e s i g n  meth- 

ods, i t  i s  assumed t h a t  t h e  energy l o s s e s  a r e  n o t  dependent on each o t h e r ;  

t h a t  i s ,  they a r e  decoupled. 

Second-order d e s i g n  methods may be f u r t h e r  subdivided i n t o  t h r e e  

c a t e g o r i e s  accord ing  t o  t h e  way t h e  v a r i a b l e  gas  volumes a r e  handled i n  

t h e  s i m p l i f i e d  c y c l e  a n a l y s i s :  i s o t h e r m a l ,  a d i a b a t i c ,  and semi-adiabat ic .  

These terms were d e r i v e d  accord ing  t o  h e a t  t r a n s f e r  r a t e  between gas  

spaces  and engine  c y l i n d e r s .  I f  t h e  r a t e  i s  i n f i n i t e ,  i t  i s  i s o t h e r m a l .  

On t h e  o t h e r  hand, i f  t h e  r a t e  i s  z e r o ,  i t  i s  a d i a b a t i c .  Semi-adiabat ic  

i s  t h e  p r o c e s s  somewhere i n  between w i t h  a l i m i t e d  h e a t  t r a n s f e r  r a t e .  

7 

2.2.1 I so thermal  a n a l v s i s  

T h i s  a n a l y s i s  i s  based on t h e  c l a s s i c a l  Schmidt i so thermal  c y c l e ,  

which, by a l lowing  f o r  s i n u s o i d a l  volume v a r i a t i o n s ,  i s  a s l i g h t l y  more 

r e a l i s t i c  form of t h e  i d e a l  S t i r l i n g  cyc le .  A l l  gas  i n  t h e  exparision 

space i s  main ta ined  a t  t h e  h e a t  source tempera ture ,  and a l l  gas  i n  t h e  

compression space i s  main ta ined  a t  t h e  h e a t  s i n k  tempera ture  because in- 

f i n i t e  h e a t  t r a n s f e r  c o e f f i c i e n t s  a r e  assumed. P e r f e c t  r e g e n e r a t i o n  i s  

a l s o  assumed ( i . e . ,  t h e  l o c a l  gas tempera ture  i s  equal  t o  t h e  l o c a l  w a l l  

t empera ture  i n  t h e  r e g e n e r a t o r ,  and t h e r e  i s  no a x i a l  h e a t  c o n d u c t i o n ) .  

A l l  h e a t  i n p u t  t o  t h e  i so thermal  c y c l e  o c c u r s  i n  t b e  expansion space,  and 

a l l  h e a t  ou tput  o c c u r s  i n  t h e  compression space.  A simple c l o s e d  form 

s o l u t i o n  e x i s t s  f o r  t h e  Schmidt cyc le .  

2..2.2 A d i a b a t i c  a n a l v s i s  

The a d i a b a t i c  c y c l e  assumes t h a t  t h e  compression and expansion spaces  

a r e  p e r f e c t l y  i n s u l a t e d .  A l l  h e a t  input  t o  t h e  c y c l e  o c c u r s  i n  t h e  h e a t e r ,  

and a l l  h e a t  ou tput  o c c u r s  i n  t h e  c o o l e r .  Gases l e a v e  t h e  h e a t e r  a t  t h e  

h e a t  source tempera ture  and a r e  mixed p e r f e c t l y  a s  soon a s  they  e n t e r  t h e  

expansion space.  S i m i l a r l y ,  gases  l e a v e  t h e  c o o l e r  a t  t h e  h e a t  s i n k  tem- 

p e r a t u r e  and a r e  mixed p e r f e c t l y  a s  soon a s  t h e y  e n t e r  t h e  compression 

space.  Again, p e r f e c t  r e g e n e r a t i o n  i s  assumed. The a d i a b a t i c  c y c l e  i s  a 

more r e a l  i s t i c  s i m p l i f i c a t i o n  of a S t i r 1  ing engine  t h a n  t h e  Schmidt c y c l e ,  

e s p e c i a l l y  f o r  l a r g e  engines  o p e r a t i n g  a t  h i g h  f r e q u e n c i e s .  However, an 

i so thermal  second-order a n a l y s i s  can be j u s t  a s  a c c u r a t e  a s  an a d i a b a t i c  

. 
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second-order a n a l y s i s  a s  long a s  proper  a d i a b a t i c  l o s s  terms a r e  sub- 

t r a c t e d  from t h e  i so thermal  c y c l e  p r e d i c t i o n s .  S o l u t i o n  of t h e  a d i a b a t i c  

c y c l e  r e q u i r e s  a s imple numerical  i n t e g r a t i o n .  

2.2.3 Semi-adiabat ic  a n a l v s i s  

Semi-adiabat ic  c y c l e s  a l low f o r  nonzero,  f i n i t e  h e a t  t r a n s f e r  coef- 

f i c i e n t s .  The s i m p l e s t  semi-adiabat ic  c y c l e ,  f i r s t  analyzed by Finkel-  

s t e i n , 1 °  accounts  f o r  h e a t  t r a n s f e r  i n  t h e  expansion and compression 

spaces .  The w a l l  t empera tures  of t h e s e  volumes a r e  assumed t o  be c o n s t a n t  

w i t h  r e s p e c t  t o  t ime and equal  t o  t h e  h e a t  source  and h e a t  s i n k  tempera- 

t u r e s ,  r e s p e c t i v e l y .  The h e a t e r ,  c o o l e r ,  and r e g e n e r a t o r  a r e  assumed t o  

behave p e r f e c t l y .  This  semi-adiaba t ic  c y c l e  can a c t u a l l y  r e s u l t  i n  e f f i -  

c iency  p r e d i c t i o n s  t h a t  a r e  lower than  e i t h e r  t h e  p u r e l y  a d i a b a t i c  c y c l e  

o r  t h e  i so thermal  cyc le .  T b i s  i s  caused by i r r e v e r s i b l e  h e a t  t r a n s f e r  

l o s s e s  a c r o s s  t h e  tempera ture  d i f f e r e n c e  between t h e  gas  and t h e  c y l i n d e r  

w a l l s  i n  t h e  compression and expansion spaces .  S o l u t i o n  of t h i s  semi- 

a d i a b a t i c  c y c l e  r e q u i r e s  a simple numerical  i n t e g r a t i o n .  

2.3 Third-Order o r  Nodal Desipn'Methods 
. .  

Third-order  des ign  methods, a l s o  known a s  nodal ana lyses ,  c o n s i s t  of 

t h r e e  b a s i c  procedures :  (1) d i v i d e  t h e  engine i n t o  a network of nodes o r  

c o n t r o l  volumes; (2) s e t  up t h e  d i f f e r e n t i a l  e q u a t i o n s  f o r  c o n s e r v a t i o n  of 

mass, momentum, and energy,  p l u s  e q u a t i o n  of s t a t e  f o r  t h e  working gas;  

and ( 3 )  s o l v e  s imul taneous ly  t h e  system of d i f f e r e n c e  e q u a t i o n s  by some 

adequate  numerical  method. There a r e  two s u b c l a s s e s  under t h i s  method: 

one, most r i g o r o u s ,  and t h e  o t h e r ,  l e s s  r i g o r o u s .  The r i g o r o u s  t h i r d -  

o r d e r  a n a l y s e s  s o l v e  a l l  t h e  e q u a t i o n s  except  f o r  t h e  use of s teady  flow 

c o r r e l a t i o n s  f o r  h e a t  t r a n s f e r  and f r i c t i o n  f low because no c o r r e l a t i o n s  

of u n i v e r s a l  v a l i d i t y  e x i s t  f o r  unsteady flow i n  today ' s  technology. The 

l e s s  r i g o r o u s  t h i r d - o r d e r  models s i m p l i f y  t h e  numerical  computat ions by 

o m i t t i n g  some of t h e  terms from t h e  governing d i f f e r e n t i a l  equat ions .  T t  

- i s  assumed t h a t  c e r t a i n  l o s s e s  can be decoupled from t h e  main c a l c u l a t i o n  

t o  improve t h e  speed of computations.  There a r e  t h r e e  common s i m p l i f i c a -  

t i o n s :  (1) i n e r t i a l  terms a r e  ignored i n  t h e  momentum equat ion ,  b u t  f low 
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f r i c t i o n  terms a r e  r e t a i n e d ;  ( 2 )  b o t h  i n e r t i a l  and flow f r i c t i o n  terms a r e  

ignored,  t h a t  i s ,  t h e  momentum e q u a t i o n  i s  n o t  used and a uniform p r e s s u r e  

i s  assumed throughout  t h e  engine; and ( 3 )  k i n e t i c  energy terms a r e  ignored 

i n  t h e  energy equat ion .  

A l l  of t h e  nodal d e s i g n  methods use f i n i t e  d i f f e r e n c i n g  of t h e  spa- 

t i a l  d e r i v a t i v e s  t o  c o n v e r t  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  t o  a system 

of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  (wi th  only  time d e r i v a t i v e s  remain ing) .  

F.ach c o n s e r v a t i o n  e q u a t i o n  i s  r e p r e s e n t e d  by a d i f f e r e n c e  e q u a t i o n  a t  each 

node. The numerical  methods f o r  s o l v i n g  t h i s  system of o r d i n a r y  d i f f e r e n -  

t i a l  e q u a t i o n s  a r e  d i v i d e d  i n t o  two c a t e g o r i e s :  e x p l i c i t  ( fonvard-d i f fe r -  

encing)  and i m p l i c i t  (backward-differencing)  techniques .  J n  t h e  e x p l i c i t  

i n t e g r a t i o n s ,  t h e  thermodynamic i n f o r m a t i o n  ( such  a s  p r e s s u r e  and tempera- 

t u r e )  a t  a new time i s  computed from time d e r i v a t i v e s  t h a t  were e v a l u a t e d  

a t  t h e  prev ious  t ime. The s i m p l e s t  e x p l i c i t  method i s  t h e  E u l e r  method, 

a l though more a c c u r a t e  techniques ,  such a s  t h e  Runge-Eutta method, may be 

used. E x p l i c i t  t echniques  a r e  sometimes plagued by numerical  o s c i l l a t i o n s  

and i n s t a b i l i t i e s ,  e s p e c i a l l y  i f  t ime s t e p s  a r e  t o o  l a r g e .  'In c o n t r a s t ,  

an i m p l i c i t  i n t e g r a t i o n  i s  always numer ica l ly  s t a b l e .  The i m p l i c i t  method 

s o l v e s  t h e  system of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  by computing t h e  the? 

modynamic i n f o r m a t i o n  a t  a new time from time d e r i v a t i v e s  t h a t  a r e  evalu- 

a t e d  a t  t h e  new time. A l a r g e  m a t r i x  must be i n v e r t e d  a t  each t ime s t e p .  

Recause of t h e  l a c k  of numerical  i n s t a b i l i t i e s ,  i m p l i c i t  i n t e g r a t i o n s  can 

use l a r g e r  t ime s t e p s .  This reduces  computer e x e c u t i o n  t imes ,  b u t  i t  may 

a1 so  reduce t h e  accuracy of t h e  numerical  approximation.  

Third-order  d e s i g n  methods a t tempt  t o  c o n s i d e r  t h e  many d i f f e r e n t  

complex p r o c e s s e s  c o e x i s t i n g  i n  a S t i r l i n g  engine.  J t  i s  hypothes ized  

t h a t  t h e  v a r i o u s  p r o c e s s e s  assumed t o  be decoupled i n  t h e  second-order de- 

s i g n  methods do i n  r e a l i t y  s i g n i f i c a n t l y  i n t e r a c t .  Whether t h i s  assump- 

t i o n  i s  t r u e  remains t o  be seen a f t e r  f u r t h e r  t h e o r e t i c a l  and exper imenta l  

s t u d i e s .  The t h i r d - o r d e r  methods a r e  t h e  most s o p h i s t i c a t e d ,  and by f a r  

t h e  most expensive i n  computer time; h u t  t h e r e  i s  no evidence t h a t  they  

e i v e  t h e  b e s t  r e s u l t s .  J n  f a c t ,  t h e  r e s u l t s  from second-order codes a r e  

a t  l e a s t  a s  good when compared w i t h  experimental  d a t a .  Furthermore,  some 

workers have q u e s t i o n e d  t h e  mathematical  f o u n d a t i o n  of t h e  t h i r d - o r d e r  

methods: i t  i s  b e l i e v e d  t h a t  under c e r t a i n  c i rcumstances  t h e  s o l u t i o n s  
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may converge t o  v a l u e s  t h a t  a r e  mathemat ica l ly  and computa t iona l ly  s t a b l e ,  

b u t  do n o t  correspond t o  a r e a l  p h y s i c a l  s t a t e .  I n  any c a s e ,  more experi-  

mental  d a t a  a r e  r e q u i r e d  f o r  a f a i r  assessment .  

2.4 Method of C h a r a c t e r i s t i c s  

The method of c h a r a c t e r i s t i c s  s o l v e s  systems of n o n l i n e a r  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n s  of h y p e r b o l i c  type by de termining  t h e  c h a r a c t e r -  

i s t i c  c u r v e s  f o r  t h e  equat ions .  The c h a r a c t e r i s t i c  curves  a r e  used t o  

t ransform t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  i n t o  a system of o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n s  t h a t  a r e  v a l i d  o n l y  along t h e  c h a r a c t e r i s t i c  curves .  

This  method h a s  been used s u c c e s s f u l l y  i n  t h e  s tudy  of compressible  gas  

flow and h a s  been a p p l i e d  t o  t h e  a n a l y s i s  of one-dimensional, unsteady 

flow i n  S t i r l i n g  engines .  

In one-dimensional, unsteady flow, t h e  c h a r a c t e r i s t i c  c u r v e s  a r e  i n  

t h e  p o s i t i o w t i m e  p lane  on which t h e  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  

p o s i t i o n  and t ime of t h e  f l u i d  p r o p e r t i e s  ( such  a s  d e n s i t y ,  v e l o c i t y ,  and 

tempera ture)  a r e  n d e t e n n i n a t e  and may, t h e r e f o r e ,  undergo a r b i t r a r y  d i s -  

c o n t i n u i t i e s .  To e s t a b l i s h  t h e  c o n d i t i o n s  f o r  i n d e t e r m i n a c i e s ,  t h e  con- 

s e r v a t i o n  e q u a t i o  s (mass, momentum, energy)  a long  w i t h  t h e  t o t a l  d i f f e r -  

e n t i a l s  of t h e  f l u i d  p r o p e r t i e s  a r e  expressed  i n  m a t r i x  n o t a t i o n  w i t h  t h e  

p a r t i a l  d e r i v a t i v e s  of t h e  f l u i d  p r o p e r t i e s  a s  t h e  dependent v a r i a b l e s .  

The c h a r a c t e r i s t i c  c u r v e s  a r e  found by s e t t i n g  t h e  de te rminant  of t h e  co- 

e f f i c i e n t  m a t r i x  equal  t o  zero .  For  more informat ion  on t h e  theory and 

a p p l i c a t i o n s  of the method of c h a r a c t e r i s t i c s ,  r e a d e r s  should r e f e r  t o  

e x c e l l e n t  books by S h a p i r o l l  and Leipmann and Roshko.12 

The method of C h a r a c t e r i s S i c s  can be a p p l i e d  a t  d i f f e r e n t  l e v e l s  of 

complexity t o  S t i r l i n g  engine  ana lyses .  Jn r i g o r o u s  a n a l y s e s ,  a l l  t h r e e  

c o n s e r v a t i o n  e q u a t i o n s  a r e  solved s imul taneous ly .  I n  approximate analy- 

s e s ,  however, some s i m p l i f y i n g  assumptions a r e  used t o  s o l v e  one of t h e  

c o n s e r v a t i o n  e q u a t i o n s  independent ly .  The two remaining c o n s e r v a t i o n  

e q u a t i o n s  a r e  then  so lved  s imul taneous ly  by t h e  method of c h a r a c t e r i s t i c s .  

. 
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3.  REVIFN OF MODELS 

Assessments of t h e  1 9  models reviewed a r e  presented .  The reviewing 

methodology c o n s i s t s  of model d e s c r i p t i o n  and v a l i d a t i o n .  The model 

d e s c r i p t i o n s  p r e s e n t  f u r t h e r  t h e i r  b a s i c  assumptions and l i m i t a t i o n s ;  

model v a l i d a t i o n  d i s c u s s e s  p r e d i c t a b i l i t y  and a p p l i c a b i l i t y .  Grouping of 

models f e l l  n a t u r a l l y  i n t o  t h e  t h r e e  major  d e s i g n  methods: seven second- 

o r d e r ,  t e n  t h i r d - o r d e r ,  and two methods of c h a r a c t e r i s t i c s ,  

S i x  o t h e r  S t i r l i n g  engine  computer models were i d e n t i f i e d ,  h u t  n o t  

reviewed. Rauchll  h a s  d e s c r i b e d  a model t h a t  i s  based on a second-order 

des ign  method. Berggrenl4 and Andersenls have developed models t h a t  u t i -  

l i z e  t h i r d - o r d e r  d e s i g n  methods. S i r e t t l 6  has  developed a model t h a t  

s o l v e s  t h e  complete s e t  of c o n s e r v a t i o n  e q u a t i o n s  u s i n g  t h e  method of 

c h a r a c t e r i s t i c s .  Vincent  e t  a 1 . l '  of Energy Research and Genera t ion ,  

Inc . ,  g ive  a b r i e f  d e s c r i p t i o n  of a thermodynamic model, b u t  i n s u f f i c i e n t  

d e t a i l s  a r e  provided t o  a l low a review. 

a t  Harwell ,18 and some a r e  thought  t o  e x i s t  a t  P h i l i p s ,  b u t  t h e  a u t h o r s  

of t h i s  r e p o r t  have n o t  acqui red  any documentat ion t h a t  d e s c r i b e s  t h e s e  

models. 

Models have a l s o  been  developed 

3.1 Second-Order Design Methods 

There a r e  seven models i n  t h i s  c a t e g o r y :  one i s o t h e r m a l ,  f i v e  adia- 

b a t i c ,  and one semi-adiabat ic .  

3 .1 .1  Model bv M a r t i n i  (1978) - i so thermal  a n a l v s i s  

mar ti nil^^ h a s  p u b l i s h e d  d e t a i l e d  documentat ion of h i s  second-order 

model. Jn h i s  a n a l y s i s ,  M a r t i n i  assumed t h a t  t h e  time-dependent gas  tem- 

p e r a t u r e s  i n  t h e  expansion and compression spaces  of an a c t u a l  S t i r l i n g  

engine can be expressed  a s  time-averaged e f f e c t i v e  tempera tures .  The ef- 

f e c t i v e  h o t  gas  tempera ture  w i l l  be l e s s  t h a n  t h e  h e a t e r  tempera ture  and 

t h e  e f f e c t i v e  c o l d  gas  tempera ture  g r e a t e r  t h a n  t h e  c o o l e r  tempera ture .  

These tempera tures  were d e r i v e d  from t h e  computed h e a t  t r a n s f e r  c o e f f i -  

c i e n t s  i n  b o t h  t h e  gas  h e a t e r  and gas  c o o l e r  a s  w e l l  a s  from t h e  computed 

h e a t  requirement .  An i t e r a t i v e  procedure i s  needed a s  d e s c r i b e d  i n  g r e a t  

d e t a i l  by M a r t i n i .  



9 

To v a l i d a t e  t h e  model, Mar t in i3  a p p l i e d  h i s  code t o  two r e f e r e n c e  

engines ,  GPU-3 and 4L23, b o t h  of General  Motors (GM).  When compared w i t h  

t h e  experimental  v a l u e s  f o r  t h e  GPU-3 and t h e  v a l u e s  p r e d i c t e d  by GM f o r  

. 

t h e  4L23, M a r t i n i ' s  c a l c u l a t e d  power and e f f i c i e n c y  were found t o  be 

w i t h i n  20% e r r o r  bands, i f  no c o r r e c t i o n  f a c t o r  f o r  flow r e s i s t a n c e  i s  

used,  Considerable  improvement ( reducing  t h e  e r r o r  bands by h a l f )  can be 

made i f  e i t h e r  (1) a c o r r e c t i o n  f a c t o r  of about 2.9 i s  a p p l i e d  t o  t h e  flow 

r e ' s i s t a n c e  c o e f f i c i e n t s ,  or ( 2 )  t h e  computed h e a t  t r a n s f e r  c o e f f i c i e n t s  

a r e  a d j u s t e d  by a f a c t o r  of 0.8. 

3.1.2 Model bv Qvale  (1967) - a d i a b a t i c  a n a l v s i s  

Q ~ a l e ' s l ~ , ~ ~  second-order model i s  based on an  i d e a l i z e d  a d i a b a t i c  

c y c l e  t h a t  h a s  no f r i c t i o n  or s e a l  leakage.  The p r e s s u r e  changes,  mass 

v a r i a t i o n s ,  p i s t o n  d isp lacements ,  and volume changes a r e  a l l  assumed t o  be 

s i n u s o i d a l .  The problem was f o i a u l a t e d  w i t h  p r e s s u r e ,  t empera ture ,  and 

mass a s  t h e  independent v a r i a b l e s ,  Thus, t h e  p i s t o n  d isp lacements  a r e  corn- 

puted v a l u e s  t h a t  depend on t h e  t h r e e  independent v a r i a b l e s .  

a n a l y s i s  i s  more s u i t a b l e  f o r  engine s y n t h e s i s  than  f o r  performance pre- 

d i c t i o n s  of a s p e c i f i c  engine.  

This  type of 

Qvale19  v a l i d a t e d  h i s  model by comparing i t  w i t h  t h e  A l l i s o n  PD-67P. 

experimental  S t i r l i n g  engine.  His p r e d i c t i o n s  f o r  h e a t  i n p u t ,  work out- 

p u t ,  and i n d i c a t e d  e f f i c i e n c y  compare f a v o r a b l y  wi th  t h e  t e s t  d a t a  over  a 

range of engine speed (1500 t o  3000 rpm). 

3 .1 .3  Model bv Rios (1969) - a d i a b a t i c  a n a l v s i s  

Both Rios and Q v a l e  d i d  t h e i r  g raduate  work f o r  P r o f e s s o r  J. La. Smith 

a t  Kassachuse t t s  I n s t i t u t e  of Technology (MIT). P i o s 2 1  expanded Q v o l e ' s  

work on t h e i r  a d i a b a t i c  second-order model. Rios used t h e  same b a s i c  as- 

sumptions a s  Qvole b u t  changed t h e  f o r m u l a t i o n  of t h e  problem so t h a t  

nons inusoida l  p i s t o n  d isp lacements  ( such  a s  those r e s u l t i n g  from crank- 

s h a f t s  w i t h  s h o r t  connec t ing  r o d s )  could be s p e c i f i e d .  

Rios '  g raduate  work was a p p l i e d  t o  S t i r l i n g  r e f r i g e r a t o r s .  However, 

M a r t i n i s  o b t a i n e d  t h e  Rios computer code and modi f ied  i t  t o  s u i t  a S t i r  

l i n g  engine  a p p l i c a t i o n .  M a r t i n i  then  compared t h e  modif ied Rios  case  

w i t h  1 8  d a t a  p o i n t s  from t h e  GM 4L23 engine.  The code o v e r p r e d i c t e d  brake 

power and e f f i c i e n c y  by an average of 24 and 16%, r e s p e c t i v e l y .  
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3.1.4 Model bv Lee e t  a l .  (1981) - a d i a b a t i c  a n a l v s i s  

The Lee e t  a l . 2 z  model of F o s t e r  M i l l e r  A s s o c i a t e s  i s  an a p p l i c a t i o n  

of t h e  Rios a d i a b a t i c  second-order a n a l y s i s .  I n  t h i s  model, a unique 

power l o s s  mechanism was introduced.  T h i s  i s  t h e  c y c l i c  h e a t  t r a n s f e r  

l o s s  ( o r  gas  s p r i n g  h y s t e r e s i s  l o s s )  t h a t  r e s u l t s  from p e r i o d i c  h e a t i n g  

and c o o l i n g  of t h e  working gas  n e a r  t h e  gas-wall  i n t e r f a c e s  i n s i d e  cy l in-  

d e r s ,  manifold spaces ,  connec t ing  tubes ,  and r e s e r v o i r s .  I n  t h e i r  appl i- 

c a t i o n s  t o  t h e  Viking-1 engine,  Lee e t  a l . 2 3  were a b l e  t o  q u a n t i f y  t h e  

c y c l i c  h e a t  t r a n s f e r  l o s s .  Among t h e  f o u r  major power l o s s e s  i d e n t i f i e d  

( a d i a b a t i c ,  c y c l i c  h e a t  t r a n s f e r ,  p r e s s u r e  drop, and h e a t  exchanger  AT) , 
i t  was shown t h a t  c y c l i c  h e a t  t r a n s f e r  l o s s  was ranked second i n  s i g n i f i -  

cance,  c o n t r i b u t i n g  about  one- th i rd  of t h e  t o t a l  power l o s s .  

The Lee e t  a l . 2 2  model was r e f i n e d  and v e r i f i e d  by t h e  Sunpower, 

Inc.  , t h i r d - o r d e r  a n a l y s i s .  For  model v a l i d a t i o n ,  t h e  model compared 

f a i r l y  w e l l  t o  t h e  GPU-3 t e s t  d a t a .  The model o v e r p r e d i c t e d  t h e  brake  

power and brake e f f i c i e n c y  by (15%, provided t h a t  a c o r r e c t i o n  f a c t o r  of 

2.5 was a p p l i e d  t o  f low r e s i s t a n c e .  

3 .1 .5  Models bv Shoureshi  (1982) - a d i a b a t i c  and 
i s o t h e r m a l  a n a l v s e s  

With o b j e c t i v e s  i n  low t e m p e r a t u r e - r a t i o  a p p l i c a t i o n s ,  Shoureshi24 

developed two S t i r l i n g  engine  mathematical  models. Both models a r e  

second-order des ign  methods and a r e  c a l l e d  t h e  complete model and t h e  

simp1 i f  i ed  model. 

The complete model i s  based on Rios '  a d i a b a t i c  second-order a n a l y s i s .  

However, updated c o r r e l a t i o n s  f o r  two impor tan t  l o s s e s  were used: mechan- 

i c a l  f r i c t i o n  and t r a n s i e n t  h e a t  t r a n s f e r  l o s s e s .  For  mechanical f r i c -  

t i o n ,  Shoureshi  developed a c o r r e l a t i o n  t h a t  i s  based on i n t e r n a l  combus- 

t i o n  engine d a t a .  For  t r a n s i e n t  h e a t  t r a n s f e r  l o s s e s  i n  t h e  c y l i n d e r s ,  

Shoureshi  provided an a1 t e r n a t e  approach t h a t  excluded h e a t  t r a n s f e r  en- 

hancement f a c t o r s  a s  o r i g i n a l l y  d e r i v e d  by Lee e t  a l .  ( s e e  S e c t .  3 .1 .4) .  

To achieve  an e f f i c i e n t  o p t i m i z a t i o n  d e s i g n  method and a closed-form 

s o l u t i o n ,  S h o u r e s h i 2 5  developed a s i m p l i f i e d  model. Ihis method i n v o l v e s  

t h e  Schmidt i so thermal  a n a l y s i s  p l u s  a two-step c o r r e c t i o n  f o r  t h e  n e t  

power o u t p u t  and h e a t  i n p u t .  In t h e  f i r s t  s t e p ,  an a d i a b a t i c  c o r r e c t i o n  

. 
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( t h e  c o r r e c t i o n  from Schmidt i so thermal  engine a n a l y s i s  t o  a d i a b a t i c  analy- 

s i s  w i t h  p e r f e c t  components) was in t roduced .  The second s t e p  involved 

d e d u c t i o n s  of a l l  i d e n t i f i a b l e  decoupled l o s s e s .  These l o s s  terms were 

s i m i l a r  t o  t h e  ones used i n  t h e  a d i a b a t i c  a n a l y s i s  of t h e  complete model. 

"he procedure of t h e  f i r s t  s t e p  was t o  d e r i v e  a p p r o p r i a t e  c o r r e c t i o n s  f o r  

t h e  Schmidt i so thermal  work output  w i t h  t h r e e  f a c t o r s :  c o r r e c t i o n s  f o r  

tempera ture  r a t i o ,  phase-angle d i f f e r e n c e  between t h e  d i s p l a c e r  and t h e  

p i s t o n ,  and dead volumes. These f a c t o r s  were obta ined  by comparing t h e  

computed Schmidt work o u t p u t  w i t h  t h a t  computed from t h e  a d i a b a t i c  nnaly- 

s i s  i n  t h e  complete model, which was assumed t o  be a r e f e r e n c e  model by 

Shoureshi .  In a d d i t i o n ,  a c o r r e c t i o n  f o r  Carr.ot e f f i c i e n c y  was determined 

a s  a f u n c t i o n  of tempera ture  r a t i o .  Tn t h e  p r o c e s s  of t h e  second s t e p ,  

v a r i o u s  l o s s e s ,  expressed  i n  closed-form s o l u t i o n s ,  were f u r t h e r  deducted 

from t h e  b a s i c  work o u t p u t  and added t o  t h e  h e a t  i n p u t  t o  o b t a i n  t h e  n e t  

work o u t p u t  and h e a t  i n p u t .  

To v e r i f y  t h e  complete model, Shoureshi24 compared h i s  p r e d i c t i o n s  

w i t h  measurements from t h e  fo l lowing  high-temperature  engines :  P h i l  i p s ,  

A l l i s o n ,  and GPU-3. J t  was shown t h a t  t h e  complete model p r e d i c t e d  engine  

performance w i t h i n  t h e  range of experimental  u n c e r t a i n t y .  S i m i l a r  conclu- 

s i o n s  were claimed f o r  t h e  s i m p l i f i e d  model p r e d i c t i o n s .  

3.1.6 Model bv Heames (1982) - a d i a b a t i c  a n a l v s i s  

Heames e t  a1.26 of Argonne Nat iona l  Laboratory (ANL)  developed a cser -  

o r i e n t e d  S t i r l i n g  engine  a n a l y s i s  code. The computer program c o n s i s t s  of 

f o u r  modules: (1) input  p r o c e s s o r ,  ( 2 )  o u t p u t  p r o c e s s o r ,  ( 3 )  s tandard  

funct ion.  module, and ( 4 )  a n a l y s i s  module. The input  and output  modules 

use a f l e x i b l e  format  t h a t  s i m p l i f i e s  d a t a  e n t r y  arid r e t r i e v a l  f o r  many 

d i f f e r e n t  S t i r l i n g  engine  c o n f i g u r a t i o n s .  The two modules a l s o  provide  

t h e  c a p a b i l i t y  t o  s p e c i f y  m u l t i p l e  computer e x e c u t i o n s  f o r  p a r a m e t r i c  s tud-  

i e s .  The output  module saves  t h e  p a r a m e t r i c  r e s u l t s  on an e x t e r n a l  f i l e  

f o r  u s e r s  w i t h  g r a p h i c s  c a p a b i l i t i e s .  The s t a n d a r d  f u n c t i o n  module i s  a 

l i b r a r y  of subprograms t h a t  p r o v i d e s  t h e  u s e r  w i t h  numercus c o r r e l a t i o n s  

and f u n c t i o n s  t h a t  a r e  used commonly i n  S t i r l i n g  engine ana lyses .  Tn- 

c luded i n  t h e  f u n c t i o n  module a r e  (1) temperature-dependent c o r r e l a t i o n s  

F 
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f o r  t h e  p h y s i c a l  p r o p e r t i e s  of many d i f f e r e n t  f l u i d s  and m e t a l s ;  (2) f r i c -  

t i o n  f a c t o r  and h e a t  t r a n s f e r  c o r r e l a t i o n s  f o r  many d i f f e r e n t  h e a t e r ,  

c o o l e r ,  and r e g e n e r a t o r  c o n f i g u r a t i o n s ;  ( 3 )  engine  h e a t  l o s s  c o r r e l a t i o n s  

such a s  s h u t t l e  h e a t  t r a n s f e r  and c y l i n d e r  w a l l  conduct ion;  and ( 4 )  sub- 

r o u t i n e s  t o  compute c y l i n d e r  volume v a r i a t i o n s  f o r  d i f f e r e n t  t y p e s  of 

c rank  d r i v e  mechanisms. The a n a l y s i s  module c o n t a i n s  t h e  S t i r l i n g  engine  

thermodynamic computations.  A u s e r  w i l l  e v e n t u a l l y  be a b l e  t o  s e l e c t  from 

a number of d i f f e r e n t  thermodynamic a lgor i thms.  ,However, t h e  only  analy- 

s i s  method i n  t h e  p r e s e n t  e d i t i o n  of t h e  computer program i s  based on 

Rios '  a d i a b a t i c  second-order des ign  method. A t a p e  copy and a u s e r ' s  man- 

u a l  f o r  ANL's S t i r l i n g  engine des ign  code w i l l  be a v a i l a b l e  upon r e q u e s t  

through t h e  N a t i o n a l  Energy Software Center .  

ANL's computer code has  been v a l i d a t e d  a g a i n s t  GPU-3 exper imenta l  

engine d a t a .  The computer p r e d i c t i o n s  f o r  i n d i c a t e d  power output  compare 

f a v o r a b l y  w i t h  t h e  experimental  d a t a .  However, t h e  computer program ap- 

p e a r s  t o  o v e r e s t i m a t e  e f f i c i e n c y  by a s  much a s  f i v e  percentage  p o i n t s ,  

e s p e c i a l l y  a t  low engine speeds.  

3.1.7 Model by F e u r e r  (1973) - semi-adiaba t ic  a n a l y s i s  

P h i l i p s  h a s  publ i shed  very  l i t t l e  about t h e i r  S t i r l i n g  engine  model- 

ing a c t i v i t i e s .  However, a paper  by F e u r e r 2 7  of Entwicklungsgruppe S t i r  

l ingmotor  EW-MWM ( # A N / M W M )  , B P h i l  i p s  1 i c e n s e e ,  d i s c l o s e d  t h e i r  semi- 

a d i a b a t i c  second-order a n a l y s i s .  T h i s  c y c l e  i s  an a d i a b a t i c  c y c l e  t h a t  

a l l o w s  f o r  nonzero,  f i n i t e  h e a t  t r a n s f e r  c o e f f i c i e n t s  i n  t h e  c y l i n d e r s ,  

r e g e n e r a t o r ,  rtnd h e a t  exchangers.  The power o u t p u t  and e f f i c i e n c y  a r e  

f i r s t  c a l c u l a t e d  based on t h i s  c y c l e ,  then  a r e  c o r r e c t e d  f o r :  (1) l o s s e s  

due t o  nons inusoida l  c rank  motion, (2 )  r e s i d u a l  a d i a b a t i c  l o s s e s  t h a t  t h e  

s i m p l i f i e d  h e a t  t r a n s f e r  c o e f f i c i e n t s  do n o t  account  f o r ,  ( 3 )  flow f r i c -  

t i o n  l o s s e s ,  ( 4 )  mechanical f r i c t i o n  l o s s e s ,  and ( 5 )  s t a t i c  conduct ion  

l o s s e s .  
4 

I n  h i s  t h e o r e t i c a l  s t u d i e s ,  F e u r e r  showed t h a t  a l l  t h e  l o s s  mecha- 

nisms a r e  phase-angle dependent.  One major c o n c l u s i o n  i s  t h a t  t h e  maximum 

e f f i c i e n c y  and t h e  maximum power o u t p u t  do n o t  occur  a t  t h e  same phase 

angle .  Model v a l i d a t i o n  h a s  n o t  been found i n  t h e  open l i t e r a t u r e  because 

of p r o p r i e t a r y  c o n t r o l s .  

. 
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3.2. Third-Order Design Methods 

There a r e  t e n  models i n  t h i s  c a t e g o r y :  s i x  use l e s s  r i g o r o u s  meth- 

ods,  t h r e e  use most r i g o r o u s  methods, and t h e  s i m p l i f i c a t i o n s  i n  t h e  f i n a l  

one (model by Z a c h a r i a s ,  Sec t .  3.2.10) were n o t  s t a t e d  c l e a r l y .  

3.2.1 Model bv F i n k e l s t e i n  (1975) - l e s s  r i g o r o u s  a n a l v s i s  

A s  a p i o n e e r  i n  S t i r l i n g  engine a n a l y s i s ,  F i n k e l s t e i n  developed a 

t h i r d - o r d e r  method i n  t h e  e a r l y  1960s. T h i s  review i s  based on a more 

r e c e n t  v e r s i o n  publ i shed  i n  1975. 

Finkel  s t e i n '  s Z 8  model i s  a t h i r d - o r d e r  des ign  method, h u t  l e s s  r i g o r -  

ous t h a n  t h a t  of U r i e l i  ( s e e  S e c t .  3.2.71, which w i l l  be d e s c r i b e d  l a t e r .  

F i n k e l s t e i n  made two major assumptions i n  h i s  d e r i v a t i o n  of t h e  governing 

d i f f e r e n t i a l  equat ions .  F i r s t ,  t h e  gas  k i n e t i c  energy term was ignored i n  

t h e  energy equat ion.  Second, t h e  momentum e q u a t i o n  was reduced t o  t h e  

form of an e q u i v a l e n t  o r i f i c e  equat ion .  

F inke l  s t e i n  d i v i d e d  both t h e  engine components and gas  spaces  i n t o  

nodal networks. The nodes were t r e a t e d  as  r e g i o n s  of v a r i a b l e  tempera ture  

and mass. Energy and u a s s  t r a n s f e r  between nodes r e s u l t e d  from t h e  com- 

puted tempera ture  and p r e s s u r e  d i f f e r e n c e s .  A l l  p a t h s  f o r  conduct ion,  

convect ion,  and mass t r a n s p o r t  were included.  F i n k e l s t e i n  used a s p e c i a l  

technique t o  reduce t h e  convergence t ime f o r  f i n d i n g  a c y c l i c ,  s teady  

s t a t e ,  nodal tempera ture  d i s t r i b u t i o n .  T h i s  was accomplished by manually 

a d j u s t i n g  t h e  tempera tures  of each metal  node a t  t h e  end of every p i s t o n  

r e v o l c t i o n  based on n e t  h e a t  balanc'es f o r  t h e  nodes. For  example, i f  a 

nodal h e a t  ba lance  a c r o s s  one p i s t o n  c y c l e  shows t h a t  t h e r e  i s  a n e t  f low 

of h e a t  i n t o  a metal  node, then t h e  tempera ture  of t h e  node is a d j u s t e d  

upwa r d  . 
F i n k e l s t e i n  r e p o r t e d  t h a t  h i s  model has  been v a l i d a t e d ,  h u t  t h e  re- 

s u l t s  a r e  n o t  a v a i l a b l e  f o r  e v a l u a t i o n .  However, h i s  program i s  now corn-- 

n i e r c i a l l y  a v a i l a b l e  f o r  genera l  use on t h e  CDC Cybernet computer system. 

3.2.2 Model bv Tew e t  a l .  (1978) - common u r e s s u r e  a n a l v s i s  

The Tew e t  a 1 . 2 9 , 3 0  model of t h e  Nat iona l  Aeronaut ics  and Space Ad- 

m i n i s t r a t i o n  (NASA) Lewis Research Center  i s  a l e s s  r i g o r o u s  t h i r d - o r d e r  



des ign  method. They used t h r e e  b a s i c  e q u a t i o n s  ( c o n s e r v a t i o n  of mass, 

energy, and e q u a t i o n  of s t a t e )  t o  determine t h e  thermodynamics of t h e  gas  

( tempera ture  and mass d i s t r i b u t i o n s  and p r e s s u r e  l e v e l )  a t  each of 13 

nodes. Severa l  s i m p l i f i c a t i o n s  were used t o  minimize t h e  numerical  in te -  

g r a t i o n  t imes :  (1) t h e  momentum e q u a t i o n  was t o t a l l y  ignored and a common 

p r e s s u r e  throughout  t h e  13 gas  nodes was assumed d u r i n g  each t ime s t e p ,  

( 2 )  k i n e t i c  energy was n e g l e c t e d  i n  t h e  energy equat ion ,  and (3) t h e  t h r e e  

p r o c e s s e s  t h a t  c o n t r i b u t e  t o  gas  tempera ture  changes ( p r e s s u r e  changes,  

gas  mixing, and h e a t  t r a n s f e r )  were t r e a t e d  independent ly .  The numerical  

i n t e g r a t i o n  r e q u i r e d  30 t o  40 p i s t o n  c y c l e s  t o  approach c y c l i c  s t e a d y  

s t a t e  d i s t r i b u t i o n s  of gas  mass and r e g e n e r a t o r  metal  t empera turc .  Pres- 

s u r e  drop,  s h u t t l e ,  and conduct ion  l o s s e s  were accoiinted f o r  by i n c l u d i n g  

t h e s e  c a l c u l a t i o n s  o n l y  dur ing  t h e  l a s t  c y c l e  of t h e  numerical  i n t e g r a -  

t i o n .  In t h e  l a s t  c y c l e ,  t h e  common p r e s s u r e  a t  each t ime s t e p  was as- 

sumed t o  e x i s t  a t  t h e  c e n t e r  of t h e  r e g e n e r a t o r .  The compression and ex- 

pans ion  space p r e s s u r e s  were t h e n  c a l c u l a t e d  by e s t i m a t i n g  t h e  p r e s s u r e  

drops  i n  each c o n t r o l  volume from s t e a d y  s t a t e  c o r r e l a t i o n s  and summing 

t h e s e  p r e s s u r e  drops.  "he n e t  a r e a  enc losed  by t h e  pressure-volcme c u r v e s  

of t h e  compression and expansion spaces  i s  equal  t o  t h e  i n d i c a t e d  work 

o u t p u t .  Thus, t h e  p r e s s u r e  drops  a r e  decoupled from t h e  c a l c u l a t i o n  of 

mass and tempera ture  d i s t r i b u t i o n s ,  bu t  they  do a f f e c t  t h e  work o u t p u t  

p r e d i c t  ions .  

Tew e t  a l . 3 1  compared t h e i r  theory  wi th  experimental  d a t a  from t h e  GEI 

GPU-3 S t i r l i n g  engine.  When t h e  r e g e n e r a t o r  f r i c t i o n  f a c t o r  was i n c r e a s e d  

by f a c t o r s  of 4 . 0  and 2.6 f o r  hydrogen and helium, r e s p e c t i v e l y ,  t h e  model 

o v e r p r e d i c t e d  both brake power and e f f i c i e n c y  by 5 t o  30%. T o m a z i ~ 3 ~  a l s o  

compared t h e  NASA-Lewis model w i t h  experimental  power o u t p u t  d a t a  from t h e  

USS P-40 S t i r l i n g  engine.  For t h i s  comparison, measured f low r e s i s t a n c e s  

were used i n  t h e  model r a t h e r  than  computed ones. The p r e d i c t e d  brake 

power v a l u e s  were c o n s i s t e n t l y  h igh  f o r  a l l  engine speeds (500 t o  4000 

rpm) and p r e s s u r e s  ( 4  t o  15 MPa). 

3.2.3 Model bv Giansante  (1980) - common p r e s s u r e  a n a l v s i s  

Giansante3  of Mechanical Technology, Inc.  (MTI) , a c q u i r e d  NASA- 
Lewis' code and a p p l i e d  i t  t o  t h e  f r e e - p i s t o n  S t i r l i n g  t e s t  engine  b u i l t  

. 
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f o r  DOE. Recause t h e  NASA-Lewis code was developed s p e c i f i c a l l y  f o r  kine- 

m a t i c  type  engines ,  t h e  fo l lowing  m o d i f i c a t i o n s  have been accommodated: 

(1) gas  s p r i n g s  f o r  t h e  f r e e  p i s t o n s  were modeled a s  s e p a r a t e  c o n t r o l  vol- 

umes w i t h  h e a t  t r a n s f e r  and s e a l  leakage,  (2) c e n t e r i n g  p o r t s  f o r  t h e  f r e e  

p i s t o n s  ( t h e s e  e l i m i n a t e  f r e e - p i s t o n  m i g r a t i o n  due t o  s e a l  l eakage)  were 

s imula ted  i n  a way s i m i l a r  t o  t h e  NASA-Lewis method, and ( 3 )  a s u b r o u t i n e  

t o  p r e d i c t  f r e e p i s t o n  dynamics was implemented. Two i n t e r e s t i n g  t y p e s  of 

load  were a l i n e a r  a l t e r n a t o r  and a veloci ty-cubed d i s s i p a t o r .  

MTI compared t h e i r  f r e e - p i s t o n  S t i r l i n g  model wi th  two experimental  

p o i n t s  ( h i g h  and low powers) from t h e i r  DOE 1-kV! Technology Demonstrator 

Engine. In t h e  comparison, t h e  p i s t o n  dynamics ( p o s i t i o n s ,  v e l o c i t i e s ,  

a c c e l e r a t i o n s )  were s p e c i f i e d  i n  t h e  code from experimental  d a t a .  The 

i n d i c a t e d  power and i n d i c a t e d  e f f i c i e n c y  were o v e r p r e d i c t e d  by an average 

of 8 and 55%, r e s p e c t i v e l y .  Unfor tuna te ly ,  t h e  scope of MTI's v a l i d a t i o n  

e f f o r t  was very  l i m i t e d ,  and they  were n o t  a b l e  t o  i d e n t i f y  any s p e c i f i c  

improvements t o  t h e  NASA-Lewis assumptions.  

3 . 2 . 4  Model bv Chiu e t  a l .  (1979) - l e s s  r i g o r o u s  a n a l v s i s  

Chiu e t  a l . 3 4  of General E l e c t r i c  Company (GE) developed a thermody- 

namic program (TDP) t h a t  comprises thermodynamic and dynamic a n a l y s i s  f o r  

f r e e - p i s t o n  S t i r 1  ing engine  a p p l i c a t i o n s .  They (1) d i s c r e t i z e d  t h e  engine 

i n t o  a nodal network, (2 )  conver ted  t h e  d i f f e r e n t i a l  e q u a t i o n s  i n t o  d i f -  

f e r e n c e  e q u a t i o n s ,  and ( 3 )  a p p l i e d  a t r a n s i e n t  f i n i t e - d i f f e r e n c e  i n t e g r a -  

t i o n  scheme. Some key assumptions were t h e  use of s teady  s t a t e  e m p i r i c a l  

c o r r e l a t i o n s  f o r  h e a t  t r a n s f e r  and flow r e s i s t a n c e ,  p l u s  t h e  i d e a l  gas  

law. The c u r r e n t  code has  n o t  i n c o r p o r a t e d  such important  l o s s e s  a s  

s t a t i c  h e a t  conduct ion,  s h u t t l i n g  l o s s e s ,  and t r a n s i e n t  h e a t  t r a n s f e r .  

These l o s s e s  were e s t i m a t e d  manually and c o r r e c t e d  ad hoc. This  l a s t  as- 

p e c t  has  a c l o s e  resemblance t o  second-order methods. 

GE's model has  been v a l i d a t e d  a g a i n s t  a p r o t o t y p e  machine w i t h  t h e  

r e s u l t s  be ing  claimed a s  r e l a t i v e l y  s a t i s f a c t o r y .  I n  f a c t ,  f o r  t h e  h e a t  

i n p u t ,  p r e d i c t i o n s  and t e s t  d a t a  agreed reasonably  w e l l ,  w i t h i n  about 

- +15W. For t h e  i n d i c a t e d  power, t h e  model o v e r p r e d i c t e d  by an  average of 

about 41%; and f o r  t h e  i n d i c a t e d  e f f i c i e n c y ,  t h e  e r r o r  averaged about 37%. 
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GE's p r e d i c t i o n s  could have perhaps been made t o  f i t  t h e  d a t a  b e t t e r ,  b u t  

t h e i r  p o l i c y  was t o  minimize t h e  use of c o r r e c t i o n  f a c t o r s  i n  t h e  h e a t  

t r a n s f e r  and f l u i d  f r i c t i o n  c o r r e l a t i o n s .  

3.2.5 Model by Azetsu e t  a l .  (1982) - l e s s  r i g o r o u s  a n a l y s i s  

The Azetsu e t  a l .35  model, t h e  only  Japanese mathematical  model pub- 

l i s h e d  i n  Engl i sh ,  may be c l a s s i f i e d  a s  a t h i r d - o r d e r  a n a l y s i s .  However, 

i t  i s  l e s s  r i g o r o u s  t h a n  those of U r i e l i  ( S e c t .  3.2.7) o r  Schock ( S e c t .  

3 . 2 . 8 ) .  I n  many a s p e c t s ,  i t  i s  s i m i l a r  t o  t h e  Tew e t  a l .  model, because 

(1) a common p r e s s u r e  throughout a l l  spaces  was assumed, ( 2 )  gas  k i n e t i c  

energy was ignored,  and ( 3 )  t h e  momentum e q u a t i o n  was decoupled from t h e  

o t h e r  equat ions .  A s teady  s t a t e  momentum e q u a t i o n  was used f o r  pressure-  

drop c a l c u l a t i o n s  only .  S i m i l a r i t y  a l s o  h a s  been found i n  t h e  s o l u t i o n  

method and numerical  convergence procedure.  The model was designed t o  

adapt  t o  v a r i o u s  engine  c o n f i g u r a t i o n s ,  o p e r a t i n g  c o n d i t i o n s ,  and thermal  

p r o p e r t i e s  . 
The Azetsu e t  a l .  model was v a l i d a t e d  by a two-piston S t i r l i n g  demon- 

s t r a t i o n  engine,  manufactured and c o n s t r u c t e d  a t  t h e  U n i v e r s i t y  of Tokyo, 

Japan. Good agreement h a s  been o b t a i n e d  f o r  P-V diagrams, c y c l i c  tempera- 

t u r e  v a r i a t i o n ,  i n d i c a t e d  work, and thermal  e f f i c i e n c y .  They a l s o  con- 

c luded t h a t  engine performance was inf luenced  s i g n i f i c a n t l y  by phase a n g l e  

and dead volume. 

? . 2 . 6  Model bv Vanderbrua (1977) - l e s s  r i g o r o u s  a n a l v s i s  

Vanderbrug36 of J e t  P r o p u l s i o n  Laboratory ( JBL)  p r e s e n t e d  a g e n e r a l  

purpose program f o r  S t i r l i n g  engine  a n a l y s i s .  The program, known a s  

S t i r l i n g  Cycle Computer Model (SCCM),  was i n i t i a l l y  des igned  f o r  S t i r l i n g  

engines  i n  underwater  a p p l i c a t i o n s .  This  a n a l y s i s  used a s i r i p l i f  ied b a s i c  

e q u a t i o n  s e t  i n  which t h e  g a s - i n e r t i a l  e f f e c t s  were ignored.  A t t r i b u t e s  

of t h e  SCCM program inc lude  (1) thermodynamic p r o c e s s e s  f o r  each c o n t r o l  

volume a r e  q u a s i  s t a t i c  dur ing  a small  t ime i n t e r v a l ,  ( 2 )  e m p i r i c a l  o r  

t h e o r e t i c a l  c o r r e l a t i o n s  f o r  component performance c h a r a c t e r i s t i c s  a r e  

r e a d i l y  modeled by a lumped p a r a m e t r i c  ( n o d a l )  method, and ( 3 )  user- 

o r i e n t e d  s u b r o u t i n e s  can be assembled f o r  any ' p a r t i c u l a r  p h y s i c a l  systems 

t o  be modeled. 
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IIoehn3' v a l i d a t e d  Vanderbrug's model a g a i  t t h e  i n g l e  JPL experi-  

mental  d a t a  p o i n t  p u b l i s h e d  SO f a r .  The n e t  i n d i c a t e d  power p r e d i c t e d  by 

t h e  SCCM program was only  1% higher  t h a n  t h e  measured v a l u e ,  even though 

t h e  p r e d i c t e d  magnitudes of i n d i c a t e d  power f o r  t h e  i n d i v i d u a l  expansion 

and compression p i s t o n s  were underest iniated by 15 and 32%, r e s p e c t i v e l y .  

Hoehn a l s o  a p p l i e d  a Schmidt a n a l y s i s  t o  t h e  s i n g l e  d a t a  p o i n t .  The 

Schmidt p r e d i c t i o n s  were n e a r l y  a s  good a s  t h e  SCCM model. Therefore ,  

many more d a t a  p o i n t s  a r e  needed f o r  a meaningful e v a l u a t i o n .  

3.2.7 Model by U r i e l i  (1977) - r i g o r o u s  a n a l y s i s  

U r i e l i ' s 3 8  model i s  a r i g o r o u s  nodal a n a l y s i s .  He considered t h e  

f u l l  c o n s e r v a t i o n  e q u a t i o n s  by r e t a i n i n g  t h e  k i n e t i c  energy and t h e  gas  

i n e r t i a  e f f e c t s .  S a l i e n t  f e a t u r e s  c o n s i s t  of (1) piecewise  approxima- 

t i o n ,  t h a t  i s ,  d i s c r e t i z i n g  t h e  engine i n t o  c o n t r o l  volumes of v a r i o u s  

s i z e s  and shapes; (2 )  c o n v e r t i n g  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  i n t o  a 

system of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  by t ransforming  a l l  J i f f e r e n -  

t i a l s  t o  d i f f e r e n c e  q u o t i e n t s  except  f o r  t h e  t ime v a r i a b l e ;  and ( 3 )  solv-  

ing  t h e s e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  us ing  t h e  four th-order  Runge- 

Kut ta  method w i t h  a s t a t i o n a r y  i n i t i a l  c o n d i t i o n .  Also, t h e  model a p p l i e d  

a convergence scheme t h a t  a d j u s t s  t h e  m a t r i x  tempera tures  a t  t h e  end of 

each c y c l e  i n  accordance w i t h  t h e  n e t  h e a t  t r a n s f e r r e d  i n  t h e  c o n t r o l  vol- 

umes. U r i e l i  s t a t e d  t h a t  convergence u s u a l l y  o c c u r s  w i t h i n  t e n  c y c l e s .  

The program, 3 9  w r i t t e n  i n  F o r t r a n  language,  was f u l l y  documented. T t  

i s  e f f i c i e n t  and very  v e r s a t i l e .  I J r i e l i  has  shown t h a t  a minimal number 

of c e l l s  (about 33) c a n  be used s a t i s f a c t o r i l y  t o  f i n d  t h e  performance of 

a p a r t i c u l a r  machine, w i t h  a corresponding s a v i n g  i n  computer time. Also, 

three-dimensional  p l o t s  showi~ig t h e  behavior  of t h e  temperature ,  flow, and 

p r e s s u r e  p r o f i l e s  through t h e  c y c l e  a r e  p o s s i b l e ,  thus  h e l p i n g  t o  provide  

f u r t h e r  i n s i g h t  i n t o  t h e  d e t a i l e d  behavior  of S t i r 1  ing c y c l e  machines. 

l I r ie1  i's model has  been Val i d a t e d  a t  t h r e e  engine o p e r a t i n g  f requen- 

c i e s  of t h e  U n i v e r s i t y  of Witwatersrand (South A f r i c a )  t e s t  engine.40 

When compared w i t h  t h e  experimental  d a t a ,  t h e  model underpredic ted  t h e  

h e a t  t r a n s f e r  r a t e s  i n  t h e  h e a t e r  and c o o l e r  and t h e  power output  by aver- 

ages  of 7, 13, and 40010, r e s p e c t i v e l y .  However, i t  i s  important  t o  note  



t h a t  t h e s e  p r e d i c t i o n s  a r e  f o r  experimental  c a s e s  t h a t  produce very  l i t t l e  

n e t  power. n u s ,  e r r o r s  i n  t h e  n e t  power output  p r e d i c t i o n s  t h a t  a r e  

small  compared w i t h  t h e  h e a t  i n p u t  may appear  r a t h e r  l a r g e  r e l a t i v e  t o  t h e  

small  magnitude of t h e  n e t  power output .  

3 . 2 . 8  Model bv Schock (1978) - r i v o r o u s  a n a l v s i s  

Schock of F a i r c h i l d  I n d u s t r i e s  developed a S t i r l i n g  Nodal Analys is  

Program (SNAP), b u t  f u l l  documentation h a s  n o t  been r e l e a s e d .  However, a 

publ i shed  paper  i s  e x t e n s i v e  enough f o r  review. Schock's model4l i s  a 

r i g o r o u s  t h i r d - o r d e r  des ign  method. He a p p l i e d  t h e  same d i f f e r e n t i a l  

e q u a t i o n s  a s  I J r i e l i ,  b u t  h i s  method of computer modeling was d i f f e r e n t .  

Schock employed a f i n i t e - d i f f e r e n c e ,  expl  i c i t - f o r w a r d  i n t e g r a t i o n  tech- 

nique.  He f u r t h e r  developed a s p e c i a l  scheme f o r  enhanced mathematical  

s t a b i l i t y  and f o r  a c c e l e r a t e d  convergence t o  a s teady  s t a t e  c y c l e .  How- 

e v e r ,  no d e t a i l s  were g iven  i n  t h e  paper .  Furthermore,  t h e  o p t i o n  of an 

i n e r t i a l e s s  gas was provided f o r  a f a s t e r  bu t  l e s s  a c c u r a t e  c a l c u l a t i o n .  

The model has  been a p p l i e d  t o  a f r e e - p i s t o n  S t i r l i n g  engine  b u i l t  by 

Sunpower, Inc . ,  f o r  DOE. Tbe model p r e d i c t e d  (1) no s i g n i f i c a n t  l i f f e r -  

ences  i n  c y c l i c  p r e s s u r e  v a r i a t i o n  between expansion and compression 

spaces;  ( 2 )  nonuniform mass flow r a t e ,  which showed gas  s t reaming o u t  of 

both ends of t h e  r e g e n e r a t o r  a t  c e r t a i n  p a s t s  of t h e  c y c l e ;  and ( 3 )  h i g h l y  

f l u c t u a t i n g  gas  tempera ture  p r o f i l e s  i n  each space.  Jn a d d i t i o n ,  the 

model i s  capable  of c a l c u l a t i n g  c y c l i c  h e a t  f low p r o f i l e s ,  mechanical 

power o u t p u t s ,  and energy b a l a n c e s  i n  t a b u l a t e d  forms o r  three-Gimensional 

p l o t s .  

3 . 2 . 9  Model bv Gedeon (1978) - r i p o r o u s  a n a l v s i s  

I n  a h i g h l y  d e s c r i p t i v e  and i n f o r m a t i v e  paper  on t h e  o p t i m i z a t i o n  of 

S t i r l i n g  c y c l e  machines, Gedeon4= of Sunpower, Inc.  , d e s c r i b e s  an optimi- 

z a t i o n  computer program used f o r  t h e  development and performance evalna- 

t i o n  of Sunpower's 1-kW engine (SPIKE). The computer program c o n s i s t s  of 

two p a r t s :  an  o p t i m i z a t i o n  scheme and a t h i r d - o r d e r  thermodynamic simula- 

t i o n .  J t  i s  t h e  s o l e  i n t e r e s t  of t h i s  review t o  i s o l a t e  and c o n c e n t r a t e  

on t h e  thermodynamic a n a l y s i s .  Gedeon's t h i r d - o r d e r  a n a l y s i s  d i f f e r s  from 

t h e  t h i r d - o r d e r  methods used by most o t h e r  i n v e s t i g a t o r s  i n  two impor tan t  

. 
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a s p e c t s .  F i r s t ,  t h e  working gas  i s  d i v i d e d  i n t o  only  s i x  nodes:  two i n  

t h e  r e g e n e r a t o r  and one each i n  t h e  h e a t e r ,  c o o l e r ,  expansion space,  and 

compression space.  The computed r e s u l t s  changed by only  a few p e r c e n t  

when a d d i t i o n a l  c o n t r o l  volumes were used i n  t h e  a n a l y s i s .  Thus, i t  was 

decided t h a t  t h e  model w i t h  s i x  c o n t r o l  volumes f o r  t h e  working gas  was 

s u f f i c i e n t l y  a c c u r a t e  f o r  t h e i r  o p t i m i z a t i o n  s tudy.  I n  a d d i t i o n ,  a nodal 

network was inc luded  t o  account  f o r  energy p a t h s  i n  t h e  p i s t o n ,  d i s p l a c e r ,  

and c y l i n d e r  w a l l s .  1.osses caused by s h u t t l e  h e a t  t r a n s f e r ,  gas  s p r i n g  

h y s t e r e s i s ,  and w a l l  conduct ion  could a l l  be accounted f o r .  

The o t h e r  major d i f f e r e n c e  i n  Gedeon' s thermodynamic s i m u l a t i o n  was 

h i s  i n t e g r a t i o n  technique.  Gedeon used an  i m p l i c i t  numerical  method 

t o  i n t e g r a t e  t h e  c o n t i n u i t y ,  momentum, and energy equat ions .  J n  i m p l i c i t  

i n t e g r a t i o n s ,  t h e  dependent nodal v a r i a b l e s  a t  a new time a r e  determined 

s imul taneous ly .  T h i s  r e q u i r e s  t h e  i n v e r s i o n  of a l a r g e  m a t r i x  a t  each 

time s t e p .  However, long t ime s t e p s  can be used because i m p l i c i t  i n t e g r a -  

t i o n  techniques  a r e  always numer ica l ly  s t a b l e .  Gedeon's numerical  method 

r e q u i r e d  about 200 t ime s t e p s  p e r  p i s t o n  r e v o l u t i o n  t o  m a i n t a i n  an i n t e -  

g r a t i o n  accuracy of t h r e e  s i g n i f i c a n t  f i g u r e s .  1,osses due t o  gas  l e a k s  

p a s t  p i s t o n  and d i s p l a c e r  s e a l s  were p r o p e r l y  accounted f o r  i n  h i s  mass 

and energy ba lances .  S i m i l a r  t o  o t h e r  i n v e s t i g a t o r s ,  Gedeon inc luded  a 

s p e c i a l  s u b r o u t i n e  t o  a c c e l e r a t e  t h e  convergence of t h e  i n t e g r a t i o n  toward 

a c y c l i c  s teady  s t a t e  s o l u t i o n .  A t  t h e  end of each p i s t o n  c y c l e ,  t h e  

nodal tempera tures  were a d j u s t e d  based on average tempera tures  and n e t  

energy accumulat ion d u r i n g  t h e  cyc le .  A.s teady s o l u t i o n  was found i n  

about t e n  p i s t o n  c y c l e s .  

Hardware development a t  Sunpower, Inc . ,  has  complemented and aug- 

mented t h e  development of t h e i r  computer models. Gedeon c la ims  t h a t  t h e  

agreement between t h e i r  exper imenta l ,  f r e e - p i s t o n  S t i r l i n g  engines  and 

computer p r e d i c t i o n s  i s  w i t h i n  +lo% f o r  a l l  measurable parameters .  No 

f u r t h e r  d e t a i l s  were provided by Gedeon. 

3 . 2 . 1 0  Model by Z a c h a r i a s  (1977) 

T h i s  review was made p o s s i b l e  through an  ORNL t r a n s l a t i o n  of a paper  

w r i t t e n  i n  German by F. Z a c h a r i a s 4 3  of IWIIWM. A f u l l  e v a l u a t i o n  of t h e  
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model was n o t  p o s s i b l e  because few d e t a i l s  about t h e  model were g iven  i n  

t h e  paper .  Tbe model d e s c r i b e d  by Z a c h a r i a s  u t i l i z e s  a t h i r d - o r d e r  des ign  

method. However, i t  was n o t  s t a t e d  whether  a complete s e t  of c o n s e r v a t i o n  

e q u a t i o n s  ( c o n t i n u i t y ,  momentum, energy)  was so lved  o r  i f  t h e  gas  i n e r t i a  

o r  k i n e t i c  energy terms were n e g l e c t e d  i n  t h e  equat ions .  1,ike o t h e r  t h i r d -  

o r d e r  models, t h e  engine was p a r t i t i o n e d  i n t o  a network of c o n t r o l  vol- 

umes. The s t a t e  of t h e  gas  i n  each c o n t r o l  volume was d e f i n e d  by t h r e e  

v a r i a b l e s :  p r e s s u r e ,  t empera ture ,  and mass flow r a t e .  A f t e r  t h e  conser- 

v a t i o n  e q u a t i o n s  were converted from d i f f e r e n t i a l  t o  f i n i t e - d i f f e r e n c e  

e q u a t i o n s ,  they were i n t e g r a t e d  by us ing  an  e x p l i c i t  numerical  technique.  

A s p e c i a l  a l g o r i t h m  was needed t o  a c c e l e r a t e  t h e  convergence of t h e  regen- 

e r a t o r  nodal tempera tures  toward a c y c l i c  s teady  s t a t e  s o l u t i o n ;  b u t  no 

d e t a i l s  were provided.  

Z a c h a r i a s  a p p l i e d  t h e  model t o  a four -cy l inder ,  double-act ing S t i r  

l i n g  engine.  The p r e d i c t e d  gas  tempera tures  and p r e s s u r e s  were p r e s e n t e d  

on three-dimensional p l o t s  a s  f u n c t i o n s  of p o s i t i o n  and t ime. A compari- 

son between model p r e d i c t i o n s  and exper imenta l  measurements was n o t  in- 

c luded i n  t h e  paper .  

3.3 Method of C h a r a c t e r i s t i c s  

Two models were reviewed i n  t h i s  ca tegory .  Both models a r e  based on 

some s i m p l i f y i n g  approximations t h a t  decouple  one of t h e  c o n s e r v a t i o n  

e q u a t i o n s  from t h e  s o l u t i o n  of t h e  o t h e r  two. The f i r s t  model s o l v e s  si- 

multaneously t h e  c o n s e r v a t i o n  equat i0n.s  of mass and momentum. The second 

model i s  based on t h e  s imultaneous s o l u t i o n  of t h e  c o n s e r v a t i o n  e q u a t i o n s  

of mass and energy. 

3.3.1 Model bv Organ (1981) 

Organ', * of Cambridge U n i v e r s i t y  modeled an  alpha-conf i g u r a t i o n  

S t i r l i n g  engine  a s  a s e r i e s  of d u c t s  t h a t  can branch out  i n t o  p a r a l l e l  

p a t h s  and can have g r a d u a l l y  changing flow a r e a s .  The g a s  v e l o c i t y  and 

p r e s s u r e  were assumed t o  be f u n c t i o n s  of a x i a l  p o s i t i o n  and t ime. The 

tempera ture  of t h e  gas ,  however, was assumed t o  depend o n l y  011 p o s i t i o n  

8 



21 

( i . e . ,  t h e  gas  a t  a p a r t i c u l a r  l o c a t i o n  i s  i s o t h e r m a l ) .  The gas  tempera- 

t u r e  d i s t r i b u t i o n  was s p e c i f i e d  a p r i o r i  and was s e t  equal  t o  t h e  h e a t e r  

w a l l  t empera ture  i n  t h e  expansion c y l i n d e r  and h e a t e r ,  t h e  c o o l e r  w a l l  

t empera ture  i n  t h e  compression c y l i n d e r  and c o o l e r ,  and a s t r a i g h t - l i n e  

t r a n s i t i o n  from hot-end t o  cold-end tempera ture  i n  t h e  r e g e n e r a t o r .  For  

t h e s e  assumptions,  t h e  flow i s  d e f i n e d  by t h e  c o n s e r v a t i o n  e q u a t i o n s  of 

mass and momentum. When t h e s e  e q u a t i o n s  a r e  so lved  by t h e  method of c h a r  

a c t e r i s t i c s ,  t h e  c h a r a c t e r i s t i c  c u r v e s  a r e  found t o  be t h e  Mach l i n e s .  Jn 

t h e  p h y s i c a l  p lane  ( p o s i t i o n - t i m e ) ,  t h e r e  a r e  two f a m i l i e s  of Mach l i n e s  

t h a t  p ropagate  e i t h e r  r igh tward  o r  l e f t w a r d  a t  t h e  l o c a l  a c o u s t i c  veloc-  

i t y  r e l a t i v e  t o  a moving f l u i d  p a r t i c l e .  The c o n s e r v a t i o n  e q u a t i o n s  a r e  

i n t e g r a t e d  numer ica l ly  a long t h e  Mach l i n e s .  T h i s  technique e n s u r e s  t h a t  

p r e s s u r e  i n f o r m a t i o n  propagates  through t h e  gas  a t  t h e  speed of sound. 

Organ' a p p l i e d  h i s  compiiter model t o  a S t i r l i n g  machine t h a t  has  

r a t h e r  long h e a t  exchangers  and u s e s  a i r  a s  t h e  working f l u i d .  He pre- 

sen ted  a p l o t  of t h e  Mach l i n e  n e t  f o r  an i n s t a n t a n e o u s  s t a r t u p  t o  4000 

rpm. Some f e a t u r e s  of t h e  s o l u t i o n  p e r t a i n i n g  t o  t h e  i n i t i a l  h a l f  revolu- 

t i o n  of c r a n k s h a f t  motion i n c l u d e :  (1) a f a n  of r a r e f a c t i o n  waves from 

t h e  impulsive withdrawal  of t h e  compression-space p i s t o n ,  ( 2 )  a t r i a n g u l a r  

dead r e g i o n  where t h e  gas  remains u n d i s t u r b e d  f o r  a f i n i t e  p e r i o d  of time 

a f t e r  t h e  i n s t a n t a n e o u s  s t a r t u p ,  and ( 3 )  a s u b s t a n t i a l  change i n  t h e  gra- 

d i e n t  of t h e  Macb l i n e s  a c r o s s  t h e  r e g e n e r a t o r  caused by t h e  tempera ture  

g r a d i e n t  over  t h a t  component. For t h e  c o n d i t i o n s  i n  Organ 's  example, i t  

took about 6 5 0  of c r a n k s h a f t  r o t a t i o n  f o r  t h e  p r e s s u r e  informat ion  t o  

t r a v e l  from one p i s t o n  t o  t h e  o t h e r .  .However, t h i s  angle  would have been 

c o n s i d e r a b l y  s m a l l e r  i f  t h e  h e a t  exchnngers were s h o r t e r ,  t h e  engine speed 

was lower,  o r  t h e  a c o u s t i c  v e l o c i t y  of t h e  working f l u i d  was h i g h e r  ( u s i n g  

helium o r  hydrogen r a t h e r  t h a n  a i r ) .  

Organ a l s o  p r e s e n t e d  a p l o t  of p r e d i c t e d  work o u t p u t  p e r  c y c l e  v s  

engine speed. The n e t  ou tput  was computed by i n t e g r a t i n g  t h e  p r e s s u r e s  a t  

t h e  s u r f a c e s  of t h e  compression and expansion p i s t o n s  ( a f t e r .  a c y c l i c  

s teady  s t a t e  s o l u t i o n  was reached)  wi th  r e s p e c t  t o  t h e  p i s t o n  p o s i t i o n s .  

When Organ compared h i s  p r e d i c t i o n s  w i t h  t h e  work output  p e r  c y c l e  com- 

puted from t h e  i d e a l  Schmidt a n a l y s i s ,  i t  was e v i d e n t  t h a t  t h e  e f f e c t s  of 
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f l u i d  f r i c t i o n  and i n e r t i a  a r e  very  important ,  e s p e c i a l l y  a t  h i g h  engine 

speeds.  

3.3.2. Model bv Larson (1981) 

Larson44 of Cleveland S t a t e  U n i v e r s i t y  has  developed a C h a r a c t e r i s t i c  

Dynamic Energy Equat ions  (CDEE) computer model based on t h e  method of 

c h a r a c t e r i s t i c s .  1,arson formula ted  h i s  a n a l y s i s  i n  terms of t h r e e  v a r i -  

a b l e s :  gas  d e n s i t y ,  v e l o c i t y ,  and tempera ture .  The a n a l y s i s  was s impli-  

f i e d  by decoupl ing t h e  momentum e q u a t i o n  from t h e  c o n t i n u i t y  and energy 

e q u a t i o n s  and n e g l e c t i n g  k i n e t i c  energy i n  t h e  energy equat ion .  Approxi- 

mate e x p r e s s i o n s  f o r  t h e  gas  v e l o c i t y  and i t s  s p a t i a l  d e r i v a t i v e  were de- 

r i v e d  by assuming a s p a t i a l l y  uniform d e n s i t y  and then  c o r r e c t i n g  f o r  t h e  

e f f e c t s  of p r e s s u r e  drop. The approximate v e l o c i t y  e x p r e s s i o n  enabled  

Larson t o  (1) s e p a r a t e  t h e  momentum e q u a t i o n  from t h e  system of s imulta-  

neous e q u a t i o n s  and ( 2 )  compute p r e s s u r e  d i r e c t l y  from t h e  momentum equa- 

t i o n .  The c o n t i n u i t y  and energy e q u a t i o n s  along wi th  t h e  t o t a l  d i f f e r e n -  

t i a l s  of d e n s i t y  and tempera ture  form a system of h y p e r b o l i c  p a r t i a l  d i f -  

f e r e n t i a l  equat ions .  The two c h a r a c t e r i s t i c  curves  f o r  t h i s  system of 

e q u a t i o n s  a r e  t h e  gas  v e l o c i t y  and t h e  gas  v e l o c i t y  m u l t i p l i e d  by t h e  h e a t  

c a p a c i t y  r a t i o .  The c h a r a c t e r i s t i c  d i r e c t i o n s  were used t o  t ransform t h e  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  i n t o  a s e t  of o r d i n a r y  d i f f e r e n t i a l  equa- 

t i o n s  t h a t  a r e  v a l i d  a long t h e  c h a r a c t e r i s t i c  curves .  These e q u a t i o n s  

were so lved  numer ica l ly  us ing  a f o u r t h - f i f t h  o r d e r  Bunge-gutta i n t e g r a t i o n  

technique.  

I , a r s ~ n ~ ~  a p p l i e d  h i s  model t o  t h e  GmT-3 c o n f i g u r a t i o n .  Gas tempera- 

t u r e s  were computer p l o t t e d  a s  a f u n c t i o n  of p o s i t i o n  and crank  angle .  

Pressure-volume diagrams f o r  t h e  compression and expansion cy1 inl iers  were 

a l s o  p r e s e n t e d  f o r  a t y p i c a l  s e t  of o p e r a t i n g  c o n d i t i o n s .  When compared 

w i t h  GPU-3 experimental  measurements, t h e  CDEE model o v e r p r e d i c t e d  power 

output  by no more t h a n  10% over  t h e  e n t i r e  f requency range from 1000 t G  

3500 rpm. However, no d e t a i l s  were provided about t h e  h e a t  t r a n s f e r  and 

f l u i d  f r i c t i o n  c o r r e l a t i o n s  used i n  t h e  model t o  achieve  t b i s  good agree- 

ment. 
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4 .  SUMMARY 
4 

s’ 
I n  t h i s  s t a t e o f - t h e - a r t  review, f o u r  d i s t i n c t  S t i r l i n g  engine  des ign  

methods were i d e n t i f i e d  based on t h e  degree  of s o p h i s t i c a t i o n :  approxi- 

mate ( f  i r s t - o r d e r ) ,  decoupled (second-order) , nodal ( t h i r d - o r d e r )  , and 

method of c h a r a c t e r i s t i c s .  F i r s t - o r d e r  methods a r e  good f o r  p e l  iminary 

system a n a l y s i s .  Second-order methods a r e  good f o r  i n t e r a c t i v e  des ign  and 

o p t i m i z a t i o n .  Third-order  methods a r e  good f o r  d e t a i l e d  s i m u l a t i o n  of t h e  

mass, p r e s s u r e ,  and tempera ture  d i s t r i b u t i o n s  i n  a S t i r l i n g  engine.  The 

method of c h a r a c t e r i s t i c s  f i r s t  de te rmines  t h e  c h a r a c t e r i s t i c  curves  of 

t h e  c o n s e r v a t i o n  e q u a t i o n s  and t h e n  i n t e g r a t e s  t h e  e q u a t i o n s  along t h e  

c h a r a c t e r i s t i c  curves .  T h i s  method can account  f o r  t h e  f i n i t e  v e l o c i t y  of 

p r e s  s u r  e waves. 

A l l  of t h e  engine des ign  methods, except  f o r  f i r s t - o r d e r  a n a l y s i s ,  

were reviewed. The number of models reviewed (19  t o t a l )  i s  approximately 

twice t h e  number reviewed p r e v i o u s l y  by o t h e r s  (10 t o t a l ) .  Among t h e  1 9  

models, 7 a r e  second-order, 10 a r e  t h i r d - o r d e r ,  and 2 use t h e  method of 

c h a r a c t e r i s t i c s .  Rased on a c a r e f u l l y  designed model review format,  fun- 

damental assumptions,  l i m i t a t i o n s ,  and a p p l i c a b i l i t y  of t h e  i n d i v i d u a l  

computer models were d i s c u s s e d .  

For  q u i c k  c ross - re ference ,  Tables  1 and 2 summarize t h e  a t t r i b u t e s  of 

t h e  second- and t h i r d - o r d e r  models. The models a r e  compared iI: terms of 

c l a s s i f i c a t i o n ,  s i m p l i f i c a t i o n ,  code l i s t i n g  a v a i l a b i l i t y ,  and model v a l i -  

d a t i o n .  C l a s s i f i c a t i o n  of t h e  second-order models r e v e a l s  t h a t  a d i a b a t i c  

a n a l y s i s  overwhelms t h e  o t h e r  second-order c l a s s i f i c a t i o n s .  F ive  of t h e  

second-order models use a d i a b a t i c  a n a l y s i s ,  one u s e s  i so thermal  a n a l y s i s ,  

and one u s e s  semi-adiaba t ic  a n a l y s i s .  For , t h e  t h i r d - o r d e r  models, ap- 

proximate a n a l y s e s  ( s i x )  outnumber r i g o r o u s  a n a l y s e s  ( t h r e e )  by a t w o - t o -  

one margin. 



Table 1. Summary of S t i r l i n g  engine mathematical models - second-order design methods 

References Principal  Pie sent Second-order Code 1 i s t i n g  Model 
inves t iga tor  a f f i l i a t i o n  c l a s s i f i ca t ion  ava i l ab i l i t y  Val ida t i o n  

W. R. Martini 

E. B. h a l e  

Martini Engineering Is0 thermal 

Ad i a ba ti c 

Adi aba t i  c 

Adiabatic 

Adi aba t i  c 

Yesa (Ref. 3 )  Yes, GM GPU-3 1, 2,  3 ,  4 
and 4L23 en- 
gines (Ref. 3 )  

Laboratory f o r  
Energetics, Denmark; 
or ig ina l  work done 
a t  MIT 

Not publ ished Yes, Allison 19 ,  20 
PD-67A engine 
(Ref. 19) 

Rios General E lec t r i c  
Company; or iginal  
work done a t  MIT 

Yes, as  modi- 
f i e d  by 
Mart i ni 
(Ref. 3 )  

Yes, GM 4L23 21 
engine, by 
Martini 
(Ref. 3 )  

P. A. 

K. Le 
h) 
P Fo s t e r l i  1 1 e r  

Associates 
Not publ i shed 22, 23 Yes, GM GPU-3 

engine 
(Ref. 22) 

Yes, GM GPU-3, 24, 25 
A 1  1 i son PD-67AD 
and Ph i l ip s  
engines 
(Ref. 24) 

R. Shoureshi Wayne S t a t e  
University 

Yes (Ref. 2 4 )  

yes.b from 
National 
Energy Soft- 
ware Center 

T. J. Heames 

B. Peurer 

Argonne National. 
Laboratory 

Adiabatic Yes, GM GPU-3 26 
engine 
(Ref. 26) 

Unknown; or ig ina l  
work done a t  MAN/ 
MWM, West Germany 

Semi-adiaba ti c Not publ i shed Not publ i shed 27 

a 

bComputei code (on tape) acquired by ORNL. 

Computer code (on a floppy disk)  acquired by ORNL. 
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T a b l e  2 .  Summary of S t i r l i n g  eng ine  mathemat ica l  models - t h i r d - o r d e r  des ign  methods 

Refe rences  
P r  i n c  i pa 1 P r e s e n t  Numerical Code l i s t i n g  Model 

v a l i d a t i o n  i nve s t i ga t o r  a f f i l i a t i o n  simp1 i f  i c a t i o n s  a v a i l a b i l i t y  

T. F i n k e l s t e i n  TCA S t i r l i n g  Engine 
R6D Company 

No gas  i n e r t i a  
o r  k i n e t i c  
energy  

A v a i l a b l e  f o r  
use  through 
CDC Cyberne t  
con pu t  e r 

Yes" (Ref s .  2 
and 29)  

Yes. b u t  no t  
publ i s h e d  

2 8  

R. C. Ter  29,  3 0 ,  3 1 ,  
3 2  

NASA-Lew i s Re s e a r c h  
Cen te r  

Common pres-  
s u r e ,  no kin- 
e t i c  energy  

Yes, GM GPU-3 
eng ine  (Ref.  
3 1 ) .  USS P-40 
eng ine  
(Ref .  3 2 )  

33 

34  

35 

J. E. Giansan te  Mechanical Tech- 
nology, Inc .  

Common pres-  
su re ,  n o  kin- 
e t i c  energy  

Ye,s (Ref.  3 3 )  Li,mited, DOE 
1-kW f ree -  
p i s t o n  eng ine  
(Ref.  3 3 )  

Yes, GE P r o t o  
1 and 2 f ree-  
p i s t o n  e n g i n e s  
(Ref.  3 4 )  

Yes, U n i v e r s i t y  
of Tokyo t e s t ,  
eng ine  (Ref .  
3 5 )  

Limi ted ,  JPL 
Research  En- 
g i n e  (Ref.  
3 7 )  

Yes, U n i v e r s i t y  
of W i  twa t e r s r a n d  
t e s t  eng ine  
(Ref .  4 0 )  

Not publ i shed  W. S. Chiu Genera l  E l e c t r i c  
Company 

No gas  i n e r t i a  
o r  k i n e t i c  
energy  

Common p res -  
su re ,  no kin- 
e t i c  energy  ' 

A. Azetzu  U n i v e r s i t y  of 
Tokyo, J a p a n  

Not publ i shed  

Unknown, o r i g i n a l  
work done a t  J e t  
P r o p u l s i o n  Labora- 
t o r y  

Sunpower, Inc .  ; 
o r i g i n a l  work done 
a t  U n i v e r s i t y  of 
W i  t r a  t e r  s rand .  
S. A f r i c a  

F a i r c h i l d  In- 
d u s t r  i e  s 

Sunpower, Inc .  

T. G. Vanderbrug No gas  i n e r t i a  Yes (Ref .  3 6 )  3 6 ,  3 1  

* .  

Yes (Ref,s. 2 
and 3 9 )  

Rigorous  3 8 ,  3 9 ,  4 0  I. I J r i e l i  

A. Schock 

D. R. Gedeon 

Rigorous  

Rigorous  

Unknown 

Not publ i shed  

Not publ i shed  

Yes. b u t  n o t  
publ i shed  

Yes, Sunpower 
f r e e p i s t o n  
eng ines ,  no t  
publ i shed 

Not pub l i shed  

4 1  

4 2  

F. Z a c h a r i a s  Unknown; o r i g i n a l  
work done a t  MAN/ 
MWM; West Germany 

Not publ i shed  43 

"A copy of e a r l y  NASA-Lewis computer program acqu i red  by ORNL. 
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5 .  CONCLUSIONS WITH RECOMMENDATIONS 

T h i s  s e c t i o n  p r o v i d e s  some broad p e r s p e c t i v e s  and recommendations 

about a n a l y s e s  of S t i r l i n g  engines .  I n  t h e  course  of our  s tudy ,  t h e  f o l -  

lowing were e s t a b l i s h e d :  (1) a s ta te -of - the-ar t  review of S t i r l i n g  engine  

thermodynamic models, ( 2 )  an i n f o r m a t i o n  c e n t e r ,  and ( 3 )  a q u a l i t a t i v e  

comparison between t h e  numerous models. 

P, f u l l  and complete assessment  was n o t  a t tempted  i n  t h i s  r e p o r t  be- 

cause t h e  l i m i t e d  t ime a v a i l a b l e  d i d  n o t  a l low us t o  o b t a i n  a l l  of t h e  

documentation ( e s p e c i a l l y  some of t h e  more obscure i tems  s r c h  a s  t h e s e s ,  

r e p o r t s ,  and l e c t u r e  n o t e s )  r e l a t i n g  t o  some codes. J n  a d d i t i o n ,  d i f f i -  

c u l t i e s  were encountered w i t h  incomplete  d r a f t  r e p o r t s .  Thus, i t  i s  rec-  

ommended t h a t  comprehensive l i t e r a t u r e  surveys  should be cont inued ,  domes- 

t i c a l l y  and abroad a s  w e l l .  For i n s t a n c e ,  OD t h e  domest ic  f r o n t ,  t h e r e  

a r e  numerous companies t h a t  a r e  or have been  o u t s t a n d i n g  i n  S t i r l i n g  en- 

gine des ign ,  a p p l i c a t i o n ,  and manufactur ing;  y e t  t h e i r  documentation i s  

n o t  a v a i l a b l e .  Typica l  companies a r e  Sunpower, Inc . ,  nnd F a i r c h i l d  Indus- 

t r i e s .  For those companies abroad, t h e  s i t u a t i o n  i s  worse.  Jnformat ion  

from many a c t i v e  and l e a d i n g  companies i n  S t i r l i n g  engine  r e s e a r c h  and 

development i s  s c a r c e  or n o t  even r e l e a s e d  because of p r o p r i e t a r y  o r  se- 

c u r i t y  r e s t r i c t i o n s .  Examples inc lude  P h i l  i p s ,  Harwell ,  MAN/MWM, t h e  

French, and t h e  Japanese .  Extens ive  communication, i n f o r m a t i o n  exchange, 

and program c o o p e r a t i o n  may improve t h i s  problem, but  a s  l o n g  a s  t h e s e  

o r g a n i z a t i o n s  see  a commercial o r  m i l i t a r y  f u t u r e  f o r  S t i r 1  ing machines,  

some p r o p r i e t a r y  r e s t r i c t i o n s  a r e  l i k e l y  t o  e x i s t .  

U t i l i z a t i o n  of a d e t a i l e d  des ign  method does n o t  e n s u r e  enhanced 

model performance. According t o  our  review, t h e r e  i s  a t  p r e s e n t  no evi-  

dence t o  c la im t h a t  t h e  e x i s t i n g  t h i r d - o r d e r  and method of c h a r a c t e r i s t i c s  

a n a l y s e s  a r e  s u p e r i o r  t o  t h e  second-order methods. However, i t  should be 

p o i n t e d  out  t h a t  many of t h e  models r e q u i r e d  a r b i t r a r y  c o r r e c t i o n s  f o r  t h e  

f r i c t i o n  f a c t o r  and/or  h e a t  t r a n s f e r  c o r r e l a t i o n s  t o  make t h e  power o u t p u t  

and e f f i c i e n c y  p r e d i c t i o n s  f i t  t h e  v a l i d a t i o n  d a t a  b e t t e r .  Whether t h e s e  

c o r r e c t i o n  f a c t o r s  r e p r e s e n t  weaknesses i n  t h e  models themselves  or weak- 

n e s s e s  i n  t h e  f r i c t i o n  and h e a t  t r a n s f e r  c o r r e l a t i o n s  i s  a q u e s t i o n  t h a t  



27 

must be reso lved .  A f t e r  t h i s  q u e s t i o n  i s  answered, t h e  r i g o r o u s  thermo- 

dynamic models w i l l  be more a c c u r a t e  and more g e n e r a l l y  a p p l i c a b l e .  

C o n t r a d i c t o r y  o p i n i o n s  e x i s t  among t h e  model deve lopers  about d i f f e r  

ences  between t h e  i n t e g r a t i o n  t e c h n i q u e s  used i n  t h e  nodal a n a l y s e s  and 

t h e  method of c h a r a c t e r i s t i c s .  The p o i n t  i n  q u e s t i o n  i s  t h e  speed a t  

which thermodynami c i n f o r m a t i o n  ( p r e s  s u r e ,  temperature ,  e t c .  ) propagates  

through t h e  engine.  As d i s c u s s e d  e a r l i e r ,  t h e  nodal i n t e g r a t i o n s  use a 

system of f i x e d  g r i d s  and uniform time s t e p s  and can be c l a s s i f i e d  i n t o  

two major c a t e g o r i e s :  e x p l i c i t  and i m p l i c i t  techniques.  Tn e x p l i c i t  

( forward-d i f fe renc ing)  techniques ,  thermodynamic informat ion  p r o p a g a t e s  

only  from one node t o  an a d j a c e n t  node dur ing  each time s t e p .  I The node 

spacing and t ime s t e p ,  t h e r e f o r e ,  determine t h e  speed a t  which informat ion  

propagates  through t h e  g r i d  system. The e x p l i c i t  t echniques  a r e  sometimes 

plagued by numerical  i n s t a b i l i t i e s ,  i f  t h e  t ime s t e p s  a r e  improperly 

chosen. Jn c o n t r a s t ,  t h e  i m p l i c i t  (backward-differencing)  technique  i s  

always numer ica l ly  s t a b l e ,  r e g a r d l e s s  of g r i d  spac ings  and t ime s t e p s .  

The i m p l i c i t  technique s o l v e s  t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n s  d e s c r i b i n g  

t h e  s t a t e  of t h e  working f l u i d  by c a l c u l a t i n g  t h e  c o n d i t i o n  of t h e  gas  i n  

each c e l l  a t  a p a r t i c u l a r  t ime from t h e  c o n d i t i o n  of t h e  gas  i n  a l l  o t h e r  

c e l l s  a t  t h a t  time. Consequently,  thermodynamic informat ion  can propagate  

from one end of t h e  engine t o  t h e  o t h e r  dur ing  one t i n e  s t e p .  

Numerical i n t e g r a t i o n s  u s i n g a t h e  method of c h a r a c t e r i s t i c s  a r e  nor- 

mal ly  based on f i x e d  t ime s t e p s  and f l o a t i n g  g r i d s .  "be choice of g r i d  

spacing depends on t h e  c h a r a c t e r i s t i c  curves  c f  t h e  governing e q u a t i o n s .  

Jn  Organ 's  model, i n  which t h e  method of c h a r a c t e r i s t i c s  was a p p l i e d  t o  

t h e  c o n s e r v a t i o n  e q u a t i o n s  of mass and momentum, t h e  nodes a r e  spaced s o  

t h a t  t h e  p r e s s u r e  i n f o r m a t i o n  propagates  a t  t h e  l o c a l  a c o u s t i c  v e l o c i t y  

r e l a t i v e  t o  t h e  l o c a l  gas  v e l o c i t y .  

It may be very  important  t o  account  f o r  t h e  f a c t  t h a t  p r e s s u r e  waves 

propagate  a t  t h e  speed of sound when p r e d i c t i n g  t h e  performance of c e r t a i n  

engines ,  e s p e c i a l l y  ones t h a t  have long h e a t  exchangers and o p e r a t e  a t  

h i g h  f r e q u e n c i e s .  Fowever, t h i s  e f f e c t  may n o t  be very  important  i n  o t h e r  

engines ,  and t h e  nodal i n t e g r a t i o n  techniqnes  may provide s u f f i c i e n t  ac- 

curacy.  This  i s  a dilemma t h a t  w i l l  on ly  be r e s o l v e d  by f u r t h e r  i n v e s t i -  

g a t i o n .  
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We a r e  n o t  i n  a p o s i t i o n  now t o  rank  w i t h  confidence t h e  models r e  
viewed. The only  f a i r  way t o  compare t h e  models would be t o  r u n  a l l  of 

t h e  codes on t h e  same computer and compare t h e i r  p r e d i c t i o n s  w i t h  d a t a  

from well-def ined experimental  S t i r l i n g  engines .  Some work a l o n g  t h e s e  

l i n e s  was begun by ANL.46 However, t h i s  i s  a d i f f i c u l t  t a s k  f o r  t h r e e  

apparent  reasons.  F i r s t ,  every model h a s  i t s  unique a t t r i b u t e s  and may 

a l s o  be a p p l i c a b l e  only  t o  a l i m i t e d  n m b e r  of engine c o n f i g u r a t i o n s .  

Second, a c q u i s i t i o n  of codes would have t o  be l i m i t e d  t o  n o n p r o p r i e t a r y  

codes. F i n a l l y ,  a l a c k  of wel l -def ined  exper imenta l  d a t a  i s  a h indrance .  

Numerous i n v e s t i g a t o r s  have p u b l i s h e d  exper imenta l  d a t a ,  b u t  many of then! 

have n o t  provided enough i n f o r m a t i o n  about  engine dimensions,  parameter  

d e f i n i t i o n s ,  and even t h e  o p e r a t i n g  c o n d i t i o n s  t o  a l low a meaningful COD- 

p a r i s o n  between s i m u l a t i o n  and experiment .  

It i s  obvious t h a t  a l a r g e  v a r i e t y  of thermodynamic models f o r  S t i r  

ling engine  a n a l y s i s  h a s  been developed. They range i n  complexi ty  from 

t h e  simple f i r s t - o r d e r  models up through t h e  r i g o r o u s  t h i r d - o r d e r  and 

method of c h a r a c t e r i s t i c s  models. It does n o t  sew. necessary  t o  deve lop  

any new thermodynamic models. Time and e f f o r t  would be b e t t e r  s p e n t  by 

i n c r e a s i n g  our  unders tanding  of t h e  e x i s t i n g  models. One f i n a l  observa- 

t i o n  i s  t h a t  v a l i d a t i o n  of t h e  thermodynamic models h a s  been l i m i t e d  

main ly  t o  k inemat ic  engines .  When experimental  d a t a  from f r e e p i s t o n  

S t i r l i n g  e n g i n e s  have been used t o  v a l i d a t e  t h e  models, t h e  e x p e r i m e n t a l l y  

determined dynamic parameters  ( such  a s  f requency,  phase angle ,  and p i s t o n  

a m p l i t u d e s ) ,  r a t h e r  than  p r e d i c t e d  v a l u e s  from a s e p a r a t e  f r e e p i s t o n  

dynamics model, have u s u a l l y  been used a s  i n p u t s  t o  t h e  thermodynamic 

models. Analyses  of f r e e p i s t o n  dynamics have been e x p l o r e d  t o  a much 

l e s s e r  e x t e n t  t h a n  those  of S t i r l i n g  engine  thermodynaEics, bu t  i t  i s  an  

a r e a  t h a t  i s  impor tan t  and needs a d d i t i o n a l  s t u d i e s .  
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