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ABSTRACT

The addition of a small torcidal field to the Heliotron E
configuration improves the stability of the n=1 mode and increases the
value of the stability beta critical. Total stabilization of this mode
can be achieved with added toroidal fields between 5 and 15% of the
total field. 1In this situation, the plasma can have direct access to
the second stability regime. For the Heliotron E configuration, the
self-stabilization effect is due to the shear, not to the magnetic
well. The toroidal field threshold value for stability depends
strongly on the pressure profile and the plasma radius.






I. INTRODUCTION

For stellarators vith large aspect ratio, the most reasonable way
to improve their stability properties is to rely on the beta
self-stabilization effect! and find a stable path to the second
stability regime. 1In general, this implies the need for external
control of the rotational transform profilé. Such control can be
achieved by a system of poloidal field coils.??3 This method is now
being implemented in the Advanced Toroidal Fécility (ATF) device.? As
ve show, an alternative way is the combination of slow heating and the
use of the toroidal £field coils which are characteristic of the
Heliotron configurations.®

Ve have studied the effect of the added toroidal field on the
stability of a configuration that models Heliotron E.® Calculations’ 19
of lowv n mode stability for this configuration give beta limits that
range from 1.4 to 2%, depending on the pressure profile. These
theoretical predictions are compatible with the present experimental
results.'’ Due to the high rotational transform, Heliotron E has a very
high equilibrium beta limit. Therefore, as a beta optimization implies
possible trade-offs between equilibrium and stability properties, in
the case of Heliotron E there is room enough for optimization of the
overall beta limit. " In Heliotron E high-beta operation, no use has yet
been made of the toroidal field coils, which can greatly change the
range of the rotational transform.'? It is of great interest to find
out if its present beta capability can be improved by the use of those
coils.

The effect of the toroidal field is quite important. The addition
of a modest toroidal field (a small percentage of the total field)
moves the =1 surface to a region of high shear. The increase of shear
stabilizes the (m=1;n=1) mode, which is the most unstable mode for the
Heliotron E. Due to this stabilizing effect, the critical beta
increases with increasing toroidal field. Moreover, if the toroidal
field is large enough (from 5 to 15% of the total field), the n=1 mode
is totally stabilized, and the plasma can gain stable access to the
second stability regime. The threshold value of the toroidal field for



the total stabilization of the n=1 mode depends strongly on the
pressure profile and minor radius of the plasma. This stabilization
gffect is operative for zero-current equilibria but is not effective
for flux-conserving equilibria. Therafore, in Heliotron E, slow
heating should be more efficient than fast heating.

It is interesting to note that the mechanism for the plasma beta
self-stabilization is, in this case, very different from the case of
ATF. For Heliotron E plasmas, the stabilization is mainly due to the
increase of shear at the =1 surface, instead of the deepening of the
magnetic well. As beta increases, for zero-current equilibrium the
transform at the plasma edge decreases, vwhile the transform at the
magnetic axis increases. This causes the =1 surface to move to a
higher shear region.

Since the shear is the dominant stabilizing effect, a weak
stabilization can be expected only for the resistive instabilities.
This is certainly the case for the 1linear instability. However,
nonlinearly the stabilizing effect 1is more pronounced, and the
saturated level of fluctuations decreases with the added toroidal
field. Thus, an improvement on confinement at finite-beta can also be
expected.

In this paper, we present the results of these studies. In
Sec. II, the equations and methods used are discussed. The numerical
results for the standard Heliotron E configuration are presented in
Sec. IIX. In Sec. IV, the results for the toroidal field effects on
the stability are discussed. Modification of these effects due to the
finite resistivity of the plasma is considered in Sec., V. Finally, in

Sec. VI, our conclusions are presented.



II. STELLARATOR EXPANSION EQUATIONS

The studies presented in this paper are based on the stellarator
expansion! *33 approach to equilibrium and stability of
three-dimensional configurations. For planar axis configurations with
pitch parameter, p = M/lAc (where 1 is the poloidal multipoiarity, Mis
the number of toroidal field periods, and A. is the coil aspect ratio),
close to the pitch value of the Heliotron E, the stellarator expansion
compares favorably with three-dimensional calculations.??'* Therefore,
it is a useful approach for magnetohydrodynamic (MHD) studies.

The stellarator expansion reduces the equilibrium prbblem to the
solution of a Grad-Shafranov type equation,

* dp %) dF * ¥
=« R ZE L IF+F | 2o
Ay v ( + ) o + Ay (1)

for the average poloidal flux function y. Here the average pressure p
and the F = RBC are only functions of Y. The average poloidal flux
function for the vacuum configuration is w:. Ve follow here the same
notation as in Ref. 2, where all the equations and their derivation are
discussed in detail. The effect of the average helical curvature is
included in the F* term, which is given by

] P
F* .- %F <ox|?> , | (2)

where X is thg% maggetostatic potential of the toroidally varying
magnetic field, Bv = UX, the brackets (<>) indicate an average over the
toroldal angle C,

1 Mn
B> = Js £ 4z, (3)



and the tilde (~) denotes toroidally varying quantities. Therefore,
<0 = 0.

Equation (1) is solved numerically by the RSTEQ!® equilibrium
cede. The input is the vacuum magnetic field data, F* and w:, and a
given pressure profile p(y). The equation is solved either by
requiring zero toroidal current in each flux surface or by specifying a
rotational transform profile. In particular, the prescribed rotational
transform profile can be that of the vacuum configuration, in which
case the equilibrium is called flux conserving.

The reduced MHD equations for stellarator configurations were
derived*® by extending the stellarator expansion to the dynamical
evolution problem. They are

]

au 2 - 1 - - -+ BO 3JC - -+ >
o (ot W) -2 (B i) IR E (Faed),

)
(3)
and
g% + ;L . 3p =0, (6)
with
9K _ F* , %)
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vhere VR is the average curvature, the toroidal current density is
1 % %
Jc=§°@-wﬁ’ (8)

the vorticity in the toroidal direction is

U= s, (9

and the poloidal velocity is

> - -
V =9 xZ. (10)

The vorticity and the velocity are expressed in terms of the stream
function ¢.

Here, R, is the major radius and By the vacuum toroidal field at
R = Ry. 5 is the ratio between the resistive time and the poloidal
Alfvén time. The last term in Eq. (4) is nonzero only when resistive
effects are included in the calculation (see Sec. V).

This system of equations is solved by the implicit code FAR.17
Equilibrium flux coordinates (p,9,0) are used. Here, p 1is a
generalized radial variable defined by ¢ = 3092/2, vhere ¢ is the
toroidal flux function. Hereafter, the coordinate p will be normalized
to its value at the plasma edge. The code uses finite differences in
the radial direction and Fourier expansion in the two angular
variables, and can be used for linear or nonlinear calculations. The

numerical scheme is fully implicit for the linear terms.

All results in this paper are from fixed boundary equilibrium and
stability calculations, in which only low n modes have been considered.
Because the instabilities investigated here are basically interchange
modes highly localized in radius, careful convergence studies are
essential. The smallest radial mesh size used in the present
calculations is d8p = 1.25 x 1073, It is interesting to note that for
instabilities close to marginal point, the sensitivity to the radial



mesh size is higher than was expected. We calculated linear growth
rates for several radial meshes with fewer than 100 grid points and
extrapolated the results to zero mesh size using a polynomial in Ap
wvith coefficients calculated by a least-squares fit to the calculated
growth rates [Fig. 1(a)}. For the particular case p = ¢*, shown in
Fig. 1, the extrapolation gives y = 1.104 x 10"2153. Repeating the
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FIG. 1. Comparison between the extrapolation by a least-squares fit
to the numerical linear growth with (a) grids of less than 100 points
(broken line) with (b) to grids with more than 100 grid points
(continuous line). The case with 30 grid points has not been

included in the least-squares fit.



convergence calculation with radial grids between 80 and 800 grid
points [Fig. 1(b)] yields an extrapolated gtowth rate
Yy = 4.712 x 10"‘1;;. There is more than an order of magnitude
variation between the two extrapolated values. This is a systematic
effect, which suggests that caution should then be taken in evaluating
the results of stability calculations based on radial grids vith fever
than 100 grid peints. The growth rates are less sensitive to the
toroidally coupled modes. In our calculations, for a given toroidal
mode number n, we include about 10 poloidal components. However, it is‘
possible to obtain quite accurate results with half this number in most
cases. All of these numerical tequirements are clearly a consequence
of the nature of the instability. They underline that the modes are
essentially interchange modes. ’

The resistive stability calculations do not require such fine
radial grids. Fork the nonlinear, single-helicity calculations, 400
radial grid points were used, and harmonics from the (1;1) to the
(12;12) were included. Further numerical details on the whole approach
are given in Ref. 18.



ITI. HELIOTRCN E STABILITY RESULTS

The Heliotron E device basically consists of a 1 = 2 helical coil
with M = 19 toroidal field periods. The plasma aspect ratio for the

standard configuration is A = 10, and the average plasma minor radius,

d = 20 cm. The configurat;;n also has toroidal field coils, providing
an extra degree of flexibility to the device with effects we study in
Sec. IV. For the present studies, the vacuum field has been calculated
with a single filament coil model.!® The minor radius of the
filamentary helical coil, ay =~ 0.32 m, has been adjusted to yield the
same transform values as does the finite-size coil model.'? The high
aspect ratio and number of field periods cause the rotational transform
to be high (x = 0.5) at the magnetic axis and ¥ = 2.3 at the plasma
edge for the standard configuration. In this section, we consider the
equilibrium and stability properties of this standard configuration.

Due to the large rotational transform, the plasma equilibrium beta
limit is high. If we take the conventional definition of equilibrium
beta critical as the value of beta at which the magnetic axis shift is
one-half of the plasms radius, we obtain a peak beta critical value for
Heliotron E of about 20%. In Fig. 2 the magnetic axis shift as a
function of beta is plotted for different equilibrium conditions. The
volume-averaged equilibrium beta critical depends on the pressure
profile (from <> = 5% to <B8> = 9%) and on whether the equilibrium is
constrained to be flux conserving or zero current.

In comparing our results with previous calculations of Heliotron
equilibrium and stability, it is important to discuss in detail the
question of pressure profile dependence. We have parameterized the

pressure profile in the following way:

_ of
pe(e) = p(0) [M] , (11)

where f is a flux function. In particular, f can be the poloidal flux

function, W, or the toroidal flux function, ¢®. The exponent g is in
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FIG. 2. Magnetic axis shift versus average beta for the Heliotron E
configuration. The results from different pressure profiles and zero-
current equilibria are plotted with a continuous line. The broken

line is for a p = y* profile, flux-conserving equilibrium.

general an integer, but noninteger values have also been considered.
Parameterizations of this type are often used, and commonly f is taken
to be the toroidal flux function or p?, which by definition is
equivalent. For simplicity, we denote the pressure profile given by
Eq. (11) as p = faf. In comparing results for pressure profiles with
f = ¢y with pressure profiles with f = &, note that, at the magnetic
axis

dpg 209 1
dp oy 1(0)

dpw 1

Y [ odosto) . (12)
Y0

Therefore, for both profiles to be the same near the axis, wve

require

1
at(0) = 2a5 [ odor(p) - (13)
0
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In particular, for Heliotron E near the magnetic axis, the profile
p = ¢ is close to the profile p = & (Fig. 3). However, near the =1
surface they are rather different. We can expect these two profiles to
lead to similar magnetic axis shifts but to have very different
stability properties for the (m=1;n=1) mode. Because most of the
previous stability calculations have been done for pressure profiles
proportional to a power of the toroidal flux, we study here the case of
profiles proportional to a2 power of the poloidal flux.

For the standard Heliotron E configuration, the most unstable mode
is the (m=1;n=1), which is resonant at the =1 surface. The linear
instability threshold for the p « y? profile is at the <g> = 1.4%, and
the m=1 component of the n=1 mode is clearly the dominant one. This

result agrees well with previous stability calculations.”’”™® In Fig. 4,
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FIG. 3. Profiles proportional to different powers of the average
poleoidal flux ¢ and toroidal flux §&.
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FIG. 4. Linear growth rate of the n=1 mode versus peak beta for
different pressure profiles. The results for zero-current equilibria
(continuous line) are contrasted with  the results from
flux-conserving equilibria (broken line).

ve have summarized the results for different pressure profiles,
plotting the linear growth rate as a function of beta. As the profile
becomes more peaked at the center, the gradient of p at the =1 surface
decreases and the mode is stabilized. For the p = ¢* profile, when
detailed convergence studies have been performed (see Sec. II), the n=1
instability is limited to a very narrow region in beta
1.8% < <B> < 3.0% with growth rates below 10"315;. From a practical
point of view, we take the mode to be marginally stable for this
profile. In this case, the beta limit is then given by the equilibrium
beta limit, which is <g> = 5%.
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There is no difference in the instability threshold for a
zero-current and a flux-conserving equilibrium. However, the latter
gives higher growth rates for betas above the threshold value.
Moreover, for the flux-conserving equilibrium, there is no indication
of beta self-stabilization effect, which is quite apparent for the
zero-current case. Similar behavior has been found by M. Wakatani!®
using the three-dimensional stability code BETA.2° The second stability
regime for the broader profiles is beyond the beta values for which we
are able to get converged equilibria. For the more peaked profiles,
this is not the case, and as noted above for the p = ¢* profile, the
first and second stability regions merge and the instability is
marginal. Therefore, it is extremely important for the stability of
the n=1 to have both a slow heating system (maintaining zero current)
and a favorable pressure profile. Long pulse heating and the right
combination of gas puffing and pellet injection could lead to
remarkable improvements in the high—beta performance of Heliotron E.
We postpone the detailed study of the beta self-stabilization mechanism
to Sec. VI.
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IV. THE EFFECT OF ADDITIONAL TOROIDAL FIELD ON THE STABILITY OF
HELIOTRON E

We have added 19 circular toroidal field coils to the standard
Heliotron E model described in Sec. III. They are located at the
beginning of each field period. The radius of these coils is
ap = 0.59 m. The toroidal field ripple caused by these coils does not
affect the flux surfaces, at least for the range of toroidal fields
considered here, up to 15% of the total toroidal field.

Adding the external toroidal field to the toroidal field generated
by the helical coils reduces the rotational transform, and the plasma
minor radius increases. In general, we have assumed that a limiter is
used in such a way that the plasma aspect ratio is kept constant, but
ve also have studied the effect of changing the limiter position. The
decrease of rotational transform is illustrated in Fig. 5, where the
rotational transforms at the magnetic axis and at the plasma edge are
plotted versus the relative magnitude of the added toroidal field,
By/Bg. The change of #(0) with By/Bjy agrees well with that calculated
analytically wusing the stellarator expansion and a simple Bessel
function model for the vacuum helical field, which gives

M§? 1 *0

3(0) = (14)

where 8§ = |gv|/B0 and i, is the transform at the magnetic axis for the
standard configuration.

The reduction of the rotational transform with the added toroidal
field results in an increase in the magnetic axis shift at finite beta.
In Fig. 6 the magnetic axis shift for the standard configuration is
compared with a case with By/By = 0.15. The larger shift gives a
deeper magnetic well, as can be seen in the' same figure. The minimum
of [V'(p) - V' (0)]1/V/(0) is also plotted as a function of beta for the
same two configurations. Here, V' is the derivative of the volume
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FIG. 5. Change of the rotational transform at the magnetic axis and
at the plasma edge with the addition of toroidal field.

enclosed by a flux surface with respect to the toroidal flux.
Therefore, with modest toroidal fields the Heliotron E configuration
gains a great deal of flexibility and control on the physics parameters
relevant for equilibrium and stability of the plasma.

The stability properties of the n=1 mode are very sensitive to the
magnitude of the added toroidal field. 1In Fig. 7, we have plotted the

linear growth rate of the n=1 mode as a function of peak beta for
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different values of the toroidal field. These calculations were done
for zero-current equilibria with a pressure profile p =« . Vhen the
added toroidal field is 15% of the total field, the n=1 mode is stable.
As in the case of the standard Heliotron E configuration, the dominant
component of the n=1 mode is the (m=1;n=1). This component, for beta
values near the threshold, is very localized in the radial direction
(Fig. 8). It is then reasonable to assume that the stability
properties of the mode depend mostly on local quantities at the i=1
surface. For a constant beta value, we can plot the local shear and
value of the V" as a function of BT/BO (Fig. 9). Ve can see that as
the linear growth rate decreases, the shear increases, while V" becomes
increasingly positive. There is also a small decrease on the local
pressure gradient as the i=1 surface moves outward. Therefore, since
the overall effect is stabilizing, the shear stabilization has to
dominate. In fact, as the toroidal field increases, the i=1 surface
moves towards a higher shear region, and the shear effect is strong
enough to stabilize the mode.

As the n=1 mode is stabilized by the effect of the toroidal field,
the critical stability beta for this mode becomes higher. All these
effects have been summarized in Fig. 10, where lines of constant n=1
linear growth rate in the beta-B; plane have been plotted. In this
figure also appears the equilibrium beta critical contour (dotted
line). For Bp/By 5 0.15, the beta limitation is due only to
equilibrium failure. In this situation, peak betas well above 10%
could be achieved in the Heliotron E device.

The results shown in Fig. 10 are for a strongly unstable pressure
profile, p = y*. For more favorable profiles, the toroidal field
required to stabilize the n=1 mode is much smaller. For instance, for
the p = ¢y* pressure profile only a 5% increase of the toroidal field is
required (Fig. 11). 1In this case, even higher values of beta could be
attained in the Heliotron device.

The n=1 mode stability is also sensitive to the plasma radius. If
we assume that an ideal limiter is used which reduces the plasma size

by 10%,; the value of the toroidal field required to stabilize this mode
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FIG. 7. Linear growth rate versus peak beta for different values of
additional toroidal field. All results are for gero-current
equilibria with p « ¢? pressure profile.

also is reduced (Fig. 12). This sensitivity is low for the standard
Heliotron E configuration but becomes very important when the toroidal
field is added.

Internal modes for stellarator configurations, when they are
unstable, have growth rates that increase with n. Therefore, we expect
higher n modes to have higher growth rate than the n=1 mode. However,
the numérical results show that their instability threshold is always
very close to the n=1 mode threshold. We have studied the stability of
Heliotron E plasmas to n=2 modes with different toroidal fields. The
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FIG. 8. Change of the (m=1;n=1) component of the n=1 mode for
zero-current equilibria with peak beta 6% and pressure profile p = y?
for different toroidal field values. Note that as the toroidal field
increases, the instability peak shifts outward and narrows in width.

marginal stability contours in the beta-B; plane (Figs. 10 to 12) are
hardly changed by the n=2 modes. This can be seen in Fig. 13, vhere
the linear growth rates at fixed 50 for the n=1 and n=2 modes are
plotted as a function of Bg/By. The instability thresholds for both
modes are practically the same. Therefore, the calculated wmarginal
stability contours for the n=1 mode can be taken as the marginal
stability contours for all n mecdes.

We now return to the problem of beta self-stabilization. Ve can
see from Figs. 10 to 12 that the self-stabilization effect can he
strong enough to totally stabilize the n=1 mode and not merely reduce
the linear growth rate. From the analysis of the stabilization due to
the addition of toroidal field, we have seen that the increase of the
shear at the =1 surface is probably the cause of the stabilization.
This seems to be also the main cause of the beta self-stabilization
effect. As beta increases, the transform changes to maintain zero

current in each flux surface. In doing so, the transform at the
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FIG. 9. Linear growth rate for the same toroidal field scan as in
Fig. 8. The values of the shear and V" at the i=1 surface are also

shown.

magnetic axis increases, that at the plasma edge decreases, and the
whole profile is strongly distorted. This distortion produces an
increase of the shear at the =1 surface. As in the case of the
addition of a toroidal field, the V" stays positive and increasing at
the #=1 surface. Therefore, the second stability region in Heliotron E
has to be due to shear stabilization and not to the magnetic well. It
is also important to notice that as beta increases, the pressure
gradient at the singular surface changes. The way it changes depends
on the pressure profile (Fig. 14). For the most stable profile,
p = ¢*, the change is considerably larger than for the p = y? profile.
This causes the strong differences observed in the stability of the n=1
mode.
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V. RESISTIVE INSTABILITIES

Because the shear is the dominant stabilizing mechanism for the
n=1 mode in Heliotron E, it is important to analyze the effect of the
resistivity on the instability of this mode. The shear has a strong
stabilizing effect on the ideal instabilities, but its effect on the
linear growth rate of resistive instabilities is expected to be weak.
Therefore, the inclusion of resistivity could greatly modify the
picture we have drawn of the stability of Heliotron E and make its
experimental verification very difficult.

First, we reexamine the change of linear stability properties due
to the added toroidal field. If we calculate the linear growth rate
for fixed beta and S values, we see a very veak stabilization
(Fig. 13). This is further confirmation that the shear is the dominant
stabilization mechanism for the ideal mode. VWhile the n=1 ideal mode
is totally stabilized for By/Bj = 0.15, the linear growth rate for the
resistive mode is hardly modified.

The linear growth rate of a resistive instability is not, however,
a good measure of its potential damaging effects to the plasma. For a
resistive instability, it is necessary to study the nonlinear saturated
level to have a relevant measure of the instability. The large aspect
ratio of Heliotron E makes the straight approximation quite
reasonable?! (Fig. 13). This approximation greatly simplifies the
nonlinear calculations.

It is interesting to study the nonlinear 1/1 resistive instability
below the ideal MHD threshold, because this is the regime relevant for
the experiment. Therefore, we consider fixed £y = 1.53% equilibria
vith different values of added toroidal field Bq. For those
equilibria, the (m=1;n=1) linear growth rate for § = 10° is practically
independent of By. It goes from vy = 1.09 x 10'21'hp for By = 0, to
vy = 0.94 x 10"21hp for BT/BO = 0.15. However, the nonlinear saturation
level for the pressure fluctuation is clearly different. 1In Fig. 15

the nonlinear evolution of
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has been plotted. Here, is the {(m3;n) Fourier component of the

Pun
perturbed pressure. Thereéire, E is the rms value of the pressure
fluctuation, which, for practical purposes, can be interpreted as the
rms value of the density fluctuation. We can see that in the linear
regime the evolution of E is similar for both equilibria. However, in
the case of added toroidal field the nonlinearities affect the
evolution at a lower fluctuation level, and the saturation level is a
factor of about 2.5 below the case without the additional toroidal
field. 1In conclusion, the shear stabilization effects; which are weak
for the linear resistive instability, have a stronger effect on the
nonlinear saturated level of the instability. The added toroidal field
is thus expected to have an effect on improving confinement for the
Heliotron E plasmas at high beta.
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VI. CONCLUSIONS

The dominant fixed-boundary n=1 instabilities in Heliotron E
plasmas are interchange modes. Due to the nature of these modes, the
marginal beta calculations require detailed convergence studies with
radial grids finer than 4p = 1072. The stability properties depend
strongly on the pressure profile. They are also sensitive to the
transform profile, and the stability results are different for
zero-current or flux-conserving equilibria. The former have more
favorable stability properties with clear beta self-stabilization. The
self-stabilization effect is due to increased shear at the =1 surface,
instead of the deepening of the magnetic well. Since zero-current
equilibria are more stable, slow increases in the heating power could
be expected to improve the chances of accessing high beta in
Heliotron E. Because the nonlinear resistive stability also improves
under those circumstances, better confinement can also be expected.

The addition of a relatively small toroidal field of about 5 to
15% of the total toroidal field greatly increases the flexibility of
the device. Combining this added toroidal field with slow heating, the
Heliotron E plasmas could gain stable access to the second stability
region. In this way, average beta values of about 5% could be
achieved.

The test of such predictions would be very important for the
validation of the present techniques of calculating equilibrium and
stability. The test is also important because if these results are
correct, they show the existence of 2 new degree of freedom in
designing a nev device, the additional toroidal field. This makes the
choice of number of toroidal field periods and aspect ratio of an

optimal configuration less critical.
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