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ABSTRACT

Propagation of extraordinary mode waves in mnearly parallel
stratified plasmas (magnetic beach geometry) is investigated. Since
the plasma is unable to shield out the right circular component of the
electric field, these waves are very heavily damped. The resonance
region is treated by a boundary layer expansion which reduces the
problem to an integrodifferential system in one dimension. It is
proved analytically that for moderate to high density, waves incident
from the high field side are totally absorbed with no reflected wave.
At very low density some transmission is possible, where the
transmission coefficients are being given correctly by cold plasma
theory. Numerical solution of the integrodifferential system shows
that the power deposition profile can differ significantly from that
predicted from a local WKB theory.






1. INTRODUCTION

In this paper we investigate the propagation and absorption of the
extraordinary electron cyclotron mode in plasmas for which the gradient
in magnetic field strength, VB, is nearly parallel to the magnetic field
lines B (i.e., nearly parallel stratification). Such a configuration
corresponds to wave damping at a magnetic beach as is found primarily in
magnetic mirror geometry.'’? The physics involved is much different
from the situation, extensively studied tokamaks, where VB and n, are
nearly  perpendicular to B (perpendicular stratification).3 Near

cyclotron resonance, w = @ where ® = wave  frequency and

ce’
ch = electron cyclotron frequency, the electron response to the right
circular component E_ of the wave electric field E is very strong, that
is, J_ = OIE/(w ~ ch)]. VWith perpendicular stratification, k,, the
component on the wave parallel to B, is fixed whereas the perpendicular
component k; varies weakly with @, near w = 2,,. Since ] must be
balanced by Y x U xXE = O(kZE) in Maxwell’s equations, the plasma
current shields out the right circular polarized component of E. In the
cold plasma limit, E_ = 0 at cyclotron rescnance. As a result, in
perpendicularly stratified plasmas cyclotron damping is a comparatively
weak finite temperature effect due to Doppler or relativistic broadening
of the cyclotron resonance. However, in parallel stratified plasmas ki

is constant while k; becomes very large near w = @.,. Thus in Maxwell’s

ce
equations, terms O(k%E_) can balance terms O[E_/(w - ch)], and the
shielding out of E_ does not occur. As a result, in parallel stratified

plasma damping of cyclotron waves can be very strong, virtually

independently of temperature.



The feature of strong damping appears at all levels of description.
In the cold plasma model the wave fields are described by a wave

equation of the form

E= —-g-E , (1.1)

wvhere g is the usual cold plasma conductivity tensor and we have assumed
harmonic  time dependence for E o e it The dispersion relation

obtained from Eq. (1.1) for a uniform plasma is of the form

ant + B + cnd) -0 (1.2)
where
2 )
0 Q
-6
[} [\
and
n = ck/w

Thus one of the solutions of Eq. (1.2) for n, (the extraordinary mode
root) has a singularity that occurs at Qce = W, independent of n . For
fixed ny there is an associated cutoff, n; = 0, at lover magnetic field,

Ree < w, given by

wl /u@]
(1.3

2 2 2 pe
(®cedcutofs = (W - wpe)[l - 7
1 "nl



The extraordinary mode propagates on the high magnetic field side of the
cyclotron resonance. As the wave approaches cyclotron resonance, ny
becomes infinite, the parallel phase velocity w/k” vanishes, and the
group velocity turns perpendicular to the magnetic field.

If one assumes the plasma to be purely parallel stratified along =z
[i.e., go(g) = EBO(z), ne(g) = ne(z)], then Eq. (1.1) reduces to an
ordinary differential equation that can be cast in the standard form of

the Budden tunnelling problem?

2 X
[9_.2._1(%[1 +_2)] v-0 , (1.4)

dE &
where & = wz/c and for small values of w%e/w?, nf the quantities k% and

Xy are given approximately by

2 ;252
(2 - wpe/w )nl

2
k2 -1 - (1.5)
0 7wy
2(1 - wbe/w )
2 2yn?
S S| P e Uil W (1.6)
wo Bo SEL 201 - Wl s?y - nf

The solutions to Eq. (1.4) can be expressed in terms of Whittaker
functions, and Stokes parameters giving reflection and transmission
coefficients are easily derived. One finds that for the extraordinary
mode incident on the resonance from the high field side, no reflection

occurs and the fraction of power absorbed is



4

1a12 = 1 - e oXp | (1.7)

Even for quite modest plasma  parameters (e.g., ng = 1012/cm3,
w = 28 Gz, L = [(dB/dz)/B]_l - 20 cm as found in EBT-S or THX-U), the
absorption coefficient differs from unity by less than 1013, Thus the
cold plasma theory predicts complete wave absorption, and since there is
no explicit dissipation mechanism included in the model, the absorption
appears to occur entirely at the point z = 0 where the equation has a
regular singular point. Ve obtain no information about the spatial
absoprtion profile.

Additional insight can be gained by examining the local warm plasma
dispersion for k; at fixed kl' For propagation along By (i.e., kl = 0)

the Maxwellian plasma dispersion relation takes the simple form

(A)Z 1
ki =1 - 25— 2(®) (1.8)
ce Ve

where Vo = (ZTe/me)l/z, £ = (w - ch)/k”ve, and Z2(&) 1is the plasma
dispersion function. Figure 1 ghows solutions of this dispersion
relation as a function of @ . /w for parameters n, = 1012/cm3,
Te = 300 eV, w = 2n x 28 GHz. Below the cutoff and well above the
cyclotron resonance, k; = Im{k;} = 0 and k. = Re{k} agree with the cold
plasma result. As  cyclotron resonance is  approached (i.e.,
w- Q.. - k”ve), some energetic particles become able to satisfy the
Doppler shifted resonance condition v = (w - Rce)/ky and k; begins to

increase. At the cyclotron resonance layer, w = @ the bulk of the

ce’

distribution satisfies the Doppler resonance condition and damping is

very strong, k.

i ~ ke
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Fig. 1. Real and imaginary parts of k versus Q. ./w and z/)\o for
ng = 10'?/cm® , w/2n = 28 GHz, T, = 300 eV. Magnetic field scale length
igs L = 12 cm.



One can estimate the spatial structure of wave absorption by
assuming geometrical optics and integrating k;(z) as given by the local

warm plasma disparsion relation
z
E(z) = E_ exp[i j dE k“(a)] . (1.9)

Using the plasma parameters listed above and assuming a linear magnetic
field variation, 9ce(z) = w(l + z/L), L = 12 cm, one finds that a wave
propagating from 2z = is undamped until 2z < 2.4 cm (i.e.,
Que(z)/w = 1.2, Also, 95%¥ of the incident power is absorbed by
z=08cm (i.e., ch(z)/m = 1.04). Thus the wave 1is completely
absorbed in 1.6 cm, a length comparable to one free space wavelength,
AO = 1.1 cm. In this model the wave power at cyclotron resonance z = 0O
is down from the incident power by 109, 0f course this WKB model would
not show wave reflection even if it were actually present.

Although the local warm plasma WKB model gives an indication of the
power dissipation profile and the spatial structure of E(z), one can, in
fact, bhave little confidence in its detailed correctness. In the first
place, the rapid change in the plasma dispersive properties on the XO
space scale suggests the possible appearance of wave reflection and
indicates the need for a full wave solution for the £fields. In the
second place, the plasma current in the local dispersion relation is
calculated assuming that particles streaming along magnetic field lines
see a wave field of the form E «= exp[i(kv” - w)t] where k” and v, are
constant. However, Fig. 1 shows that k varies significantly on the AO
scale and casts doubt on the very concept of a local wave number, a
fundamentally geometrical optics concept. Also in reality v, varies in

parallel stratified plasmas due to the uVB force. In this paper we



present a self-consistent solution of the Vlasov-Maxwell system avoiding
a WKB approximation for the wave fields and including the nonlocal
icharacter of the plasma current. A similar analysis has been carried
out by Timofeev and Chalkor for the case that UB makes a substantial
angle with B. In this case E_remains small, O(Ve/c), and the damping
is comparatively weak. Howvever, a nonlocal Greens function was found
vhich is indentical to the one that appears in our analysis.

Qur analysis confirms the result of cold plasma full wave theory
that for high field incidence, no wave is reflected, and for moderate to
high density, the incident power is completely absorbed. Furthermore,
ve are able to prove analytically that for a class of distribution
functions satisfying certain assumptions of analyticity and behavior at
infinity in vy, no wave is reflected and the transmitted wave (which
exists only for very lowv density) is the same as given by the cold
plasma model. Numerical solution of the integ;odifferential equation
shovs that for some cases of interest the wave absorption profile
differs significantly from that predicted by finite temperature WKB
theory [Eq. (1.9)]. Even though the pover 1is totally absorbed in a
short distance, the shape of the absorption profile is of considerable
practical importance. This is because the energy gain and velocity
space diffusion experienced by a particle of given energy and pitch
angle are roughly proportional to ]E_]2 evaluated at the point along the

field line 2. at which the Doppler resonance condition is satisfied.

w - ch(zr)

@ (1.10)

vitZ) =



Thus, for example, large v particles that are resonant at large Z, are
strongly scattered by the full, undamped wave field, whereas small v
particles that are resonant near ch(Zr) =  experience only the damped
wvave fields and are not heated. Correct calculation of E_(z) is

essential to correct calculation of quasi-~linear diffusion.

2. WAVE EQUATION IN THE RESONANCE LAYER

We start from the Vlasov equation linearized about a zeroth order

distribution function which is isotropic in velocity space

. aF
inf + v - Uf 4 (e/mc]g x Bo Qxf = «(e/m)g Y —— (2.1)
v/2
and from Maxwell’s equations written as
(2/6?)g x (7 x B) - B = - (4neisu) I fvd , (2.2)

vhere we have assumed time harmonic dependence of all 1linearized
variables of the form exp{iwt), and where the causality condition
requires that the solution be extendible into the domain Re(iw) > 0 or
Imes < O and that the solution tend to zero as Imw » -=~, For simplicity

ve assume an equilibrium magnetic field with only x and z components
By = Bo(x, z)[ﬁ sin a(x, z) + Z cos a(x, z)] = Boﬁotxg z) . (2.3)

We assume that all equilibrium guantities vary slowly with respect to

the free space wavelength c¢/w. Thus, geometrical optics applies except



9

in the immediate vicinity of the furdamental cyclotron resonance vwhere
wave absorption is strong.

The assumption that all equilibrium quantities vary slowly in space
relative to the free space wavelength may be given explicitly by the
requirement that any equilibrium function of space, say c(x, y, z) is of

the form

c(x, ¥y, 2) = C{wa/c, dyw/c, Szw/c) R (2.4)

where 8§ is the usual geometrical optics small expansion parameter. Ve
specify 8 quite specifically shortly. We must assume that the first few
derivatives of B(x, y, z) with respect to x, y, and z are all of order
one in & and in any other small parameters we introduce. Our analysis
depends on the presence of one other small parameter, namely the ratio

of the mean electron thermal speed to the speed of light

OQur earlier study of geometrical optics in plasma at electron cyclotron
frequencies®’® required that £ be small as well as 8. Here we shall be
forced to make specific assumptions relating € and 8 in order to find
nontrivial resonance layer approximations to the system (2.1) and (2.2).
Ve consider two distinct cases. In the first we assume that the ratio
of the electron plasma frequency, Wra to the electron cyclotron

frequency, 9 is zero order in both € and §. In the second low

ce’

density case, which includes Budden tunnelling, we assume wpe/ch small.

The requirement of nontrivial resonance layer equations finally imposes

specific scaling relationships between €, 8§, and w__/®

ve’ Zces Beyond the
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range of these relationships our treatment most likely fails. Before we
start the resonance layer expansion, it 1is convenient to recast the
Vlasov equation in a different form in dimensionless variables. Our
choice of space coordinates, nondimensional relative to the free space
vavelength - as opposed to charateristic equilibrium gradient length -
implies that we have already partially completed the stretching of
variables typical of an inner expansion in a boundary layer theory.
Further, in our coordinates we generally expect geometrical optics
expansions of the form E ~ §0(6§, 8y, 82)expli?® (X, ¥, 2)], where the
space variables are X, y, and Z measured in units of the inverse free
space wave number. Specifically, we introduce nondimensional space and

velocity space variables by the definitions

% = (c/w)z"g , (2.6)

Vo= Vgt (2.7)

and medified distribution functions g(X, u), G(u2/2)

F(g]dy = nOG(g]dg , (2.8)
wvhere

JG(g]dg -1, (2.9)

4me F(v)dy = vthg(g)dg , (2.10)
and ny is the local electron number density. The original

Vlasov-Maxwell system (2.1) and (2.2) becomes
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, s . 2 .. . 3
ing + ew(u - Vg + [e/(mc)]g X By 9.8 = '“be§ 4 — y
du©/2
(2.11)
and
Y x (9%xE) ~E = j du g(u, $)(du)/(iw) = J/(iw) . (2.12)

Ve have effectively assumed in (2.8) that the equilibrium distribution
function is spatially independent. This assumption 1is clearly not
essential but neither is it restrictive since our analysis is finally
localized to the neighborhood of a point on the resonance surface. Ve
take G(u) to be the distribution function at that point.

Proceeding similarly to the analysis of Ref. 6, we introduce

components of u parallel to and perpendicular to BO by the definitions
u = UHBO + U cos ¢(§ X 80] + ql(sin ¢)§ s (2.13)

vhere ¢ is the angle of the gyrophase and we expand g in a Fourier

geries in ¢

€0

g = Z gm(ul, u", g)e1m¢ . (2-14)
M=—=

When we change the independent variables in the Vlasov equation from (X,

u) to (X, Yy uy +$) and when we employ the expansion (2.14), we find

that (2.11) becomes the infinite set of coupled equations
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o mnedin + o+ )+ w0 (gt w 12l

1

+

+2 +1 - -2
ew(pn 8ne2 * On'8ny1 + Op'8p 1 + Oy gnm2)

2 3G [ 0o 1 +1 ~1)]
= W, e By 85+ Zu |E 87" + E & (2.15)
pe 00, i%n ™ 3 l( +°n n !
vhere
Qe = |e|B0/mc >0 , (2.16)
E” = {)0 * g ’ (2-17)
E, = 7iEy, +y x by * E , (2.18)

and OE, m # 0 are first-order spatial differential operators given in
Ref. 7 whose specific form we do not need here. We note, however, that
they contain only spatial gradients of perturbed quantities only in the
directions perpendicular to 50. In direct analog with (2.17) and
(2.18), ve may define the I and * components of any vector, in

particular the current, and

]

3y = [ wyu ggduyau de (2.19)

]

3

[ ule,qduydujde . (2.20)

Examining the Vlasov equation in the form (2.15), we see that for &

small only the n = -1 component is significantly affected by the
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fundamental cyclotron resonance. To leading order in & we find, just as

the nonresonant case,

’ (2.21)

.
gn = 1(60 /w)u” E,
0 pe l8u2/2

and

’ (2.22)

1.7 2
g1 = - -1Lo /(w + @ )]u E,.
+1 7 Mpe ce’| L l8u2/2

from which we obtain [see (2.19) and (2.20)]

= -i(edsa)E, (2.23)
and
J, = -1 [w%e/(w . ch)]E_L . (2.24)

One can verify a postiori that contributions to go and g4 from g_, are
smaller than the terms retained in (2.21) and (2.22). Clearly the forms
(2.23) and (2.24) are exactly the same as given by the cold plasma
conductivity tensor for the nonresonant components.

To proceed, we perform a boundary layer analysis on Eq. (2.15) with
n = -1 in the fundamental cyclotron resonance region. We mix the
methods of the geometrical optics approximation in two space coordinates
perpendicular to VB together with a boundary layer stretching in the
space coordinate along ¥B. A central element of this formal analysis is
the assumption that the medium is approximately parallel stratified on

the resonance surface. That is, we assume that BO and VB, are nearly



14

parallel on the resonance surface. Further, since BO and §BO change
slowly in space, we may take BO and @BO as approximately parallel for
some number of free space wavelengths in the neighborhcod of the
resonance surface. We now start the introduction of our resonance layer
coordinates. For any given point in space (X, ¥, Z) we construct a
straight line normal to the resonance surface from that point to the
resonance surface. Our twvo transverse coordinates are the quantities
(X, ¥, 2z) and n(X, ¥, 2) which parameterize the point on the surface at
the foot of the normal. VWe might take as the third coordinate (ch -
w)/w, which clearly measures the distance along the normal, but in view
of (2.4) ve see that (Q,, ~ w)/w is of order & in the entire resonance
layer. Thus, we introduce the stretched coordinate { by the definition

Ewd = ch - w . (2.25)
Hence, we may parameterize space by the coordinates &, n, and Z.
Provided the fundamental resonance surface be smooth, the equilibrium
quantities are functions of &%, 8n, and 8 only. In this coordinate
system § = 0 is the resonance surface and |§| ~ 1 constitutes the entire
resonance layer region.

The Vlasov-Maxwell system (2.15) and (2.16) exhibits singular
behavior at fundamental resonance only in the coordinate £, and it is
well-behaved in the coordinates £ and n in which it is slowly varying.
Thus, we can employ a geometrical optics approximation in these
coordinates and 3/3& - ikg, a/an ~» ikn, and in view of the approximate
parallel stratification, a perpendicular wave number vector gi is
vell-defined. Hence kl’ wvhich is 0(1), varies slowly in space and is

determined by a limiting procedure of geometrical optics as one



15

approaches resonance. VWhen gl is replaced by igl, we have reduced our
system to one space coordinate ¥ only. If ve differentiate (2.25), we

find

~

ce)

and ve finally define 8 precisely by

~

§ = by TR /0> 0, (2.26)

where 8({, n) is evaluated at & particular point on the resonance

surface. Ve may nov rewrite (2.15) with n = -1 in the form

¥4 179 3G
-i8kg 1 + €u + (m /aa E
! e "2 W 32

= [j%ﬁy X bOVuJ[qlsgﬁ - uuggz) - i“Hkn(BO . §n)—iu"k£(60 . §E)}g_1

+ e(pzlgl +0ligy v 07dg, o o;%g_3) . (2.27)

To leading order we may drop all terms on the right-hand side, as these
terms may be shown, a postiori, to be smaller than the terms retained.
Thus, g_y is determined as the solution of the comparatively simple

equation

9g1

1 2 G
i8kg_¢ + ey 3E " «2qlﬂwpe/ua

3ul/2

E_ . (2.28)
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For E large the first term on the left-hand side of (2.28) dominates,
and we are back to the cold plasma conductivity tensor. We shall
consider only the cases 8/e ~ 1 and &/¢ > 1. For &/¢ small our analysis

most likely does not apply.

It is convenient to make a last change of variables to obtain a

compact representation of the sclution of (2.28). We set

1/2
& = (e/8) £ (2.29)

and we may write the unique causal solution of (2.28) as

(8) " gy = 5 (dsw) L dE/u“)E_(E)exp[i(E’z - 52]/u"} :

so that

2 !
5 - fgg 1 I uldqldu”d¢G(u) 13 d¥ Ew(E)exp[i(grz _ EZ)/u”] .
w (88)1/2 ll“ _wsgn(u” )

(2.30)

We see from (2.23), (2.24), and (2.30) that near resonance J, is of

order E w2

N pe/w’ Jy is of order E|

wge/w, vhile J_ is of order
Em[(wge/m)//é&]. Thus, except when E_ is much smaller than E_or Ey, J_

is much larger than J, and Jy.

We novw turn to Maxvell’s equations. In the resonance layer we

replace v by 51 and we find easily to leading order
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i 1/2 3 12 2
2 (8/8) 5ET(E+k~ 1'% IO (T Y| T 7% ) PR
332 1/2 3 1,2 12
_(5/9)(527] B, + ik, (/)2 momy v B (3 - 1) - e
2
B LI (
wlw + 2.) * !
(o203 V2. L 12 @ 1.2 19
(87¢)? (5er) 2. + s_cored?? omy v B[ - 1) - w2, -
(

2.31)

2.32)

~iJ

2.33)

We have omitted in (2.31)-(2.33) all terms involving spatial derivatives

of equilibrium quantities.

The system (2.31)-~(2.33) simplifies considerably in the lim
small KL' Then Eq. (2.31) describes electron plasma oscillations
Eqs. (2.32) and (2.33) decouple to give the ordinary mode

extraordinary mode, respectively,

2

2 w
81 9“E+ pe .
222 v 11 - —— P JE. = 0 (ordinary mode (2
[a} k2 [ w(w + 20) } ¥ Y o

and

2 [y

81 3E_ +E = - - J (extraordinary mode) . (2

To this order, ordinary mode waves propagating nearly parallel to

magnetic field are completely unaffected by finite temperature.

it of
and

and

.34a)

.34b)

the

For
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arbitrary kl the system (2.31)-(2.33) has two distinct forms depending

on vhether 8/¢ is 0(1) or large. In either case ve may solve (2.31) for
E, to obtain

2@ 5wl )

) 1 z TE kK,E +kE_

hl. S
i . (2.35)
2 2 2
1 - k¥ - wpe/w

Vhen 8/¢ is large, we infer from (2.32)

1
-2 (B + Bk, Jk,
E, = , (2.36)

2 2 2
1 - k¥ - wpe/w

vhich we may solve for E, and finally substitute into (2.33) to obtain

(”a’%f) 2p {1 - wzpe/wz)

- KkJ a'] , (2.37)
3,2 1,9 (
1 - whetu? - Sk
where
3 = i s [~ ig? - £
- fupduy dyy apt? | A€ E_(Byexp| 5 T 5D (2.38)
Uy Y
~wsgn(uy )
and
1\1/2 “&e
K8/g = (fa'é] 5 (2.39)
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so that

3 2 .52 Y2,,2
N CRCALZ (2.40)
Note that Bq. (2.37) reduces to (2.34b) as K 0. The condition for

the validity of the approximations is &8/¢ large, or

wge/gﬁe > ek , (2.41)

and K is a dimensionless constant of order one.

WVhen &/¢ is of order one in 8 or £, we may still employ (2.35), but
wve must reexamine (2.32) and (2.33). Ve see that the left-hand side of
(2.33) 1is nominally of order one while the right-hand side of (2.33) is
of order (wlo/22)E_/(£8)1/2. Thus, in order that both sides of (2.33)

be of the same order of magnitude, we require that

2

V)
8/¢e = L = 0(1) , _gﬁ = KL/e§ = 0(g) = 0(8) . (2.42)
Q

ce

Clearly (2.42) implies that the density is low. The system (2.32) and

(2.33), after substitution of (2.35), then reduces in lovest order to

_L(§%7)2[(1 - 5<)E, + 2le ] )

(t-xf) v B (5 - 1) - i2e_ 0

(2.43)
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A, s o )]

, = ~KLI(E') (2.44)
2 1.2 192
(2 - o) - g%, + (- 1)E,

and again J(&’) is given by (2.38).

The system (2.43) and (Z.44) has two distinct classes of solutions
corresponding to the unsual ordinary (0) and extraordinary (E) modes of
propagation. For the O mode, E; = O and E, is given by (2.43) [or
(2.44)} with E_= 0. For the E mode, both E, and E_ are nonzero while

E_ is given by the result of eliminating E_ from (2.43) and (2.44):
3 )2 2 _ 1.2 '
L(s_g.,.”] E_ + (1 - kl]E_ - (1 -3 kl)KLJ(E,) : (2.45)

while E_1is given by (2.43) once E_ is known. For either X or 0 modes,
E, is given by (2.35). The 0 mode is unaffected by the resonance and we
do not study it further.

In summary, in higher density systems E_ is given by (2.37) while &
and € are constrained by Egs. (2.40) and (2.41), vhile in lower density

systems E_ is given by (2.45) and the physical constraints are (2.42).

3. ANALYSIS OF THE INTEGRAL EQUATIONS

In this section we examine the integrodifferential equations for
the high density, (2.37), and low density, (2.45), cases. We show that
the cold plasma model gives many, but not all, of the properties of the

solutions of (2.37) and (2.45). Ve show that for the high density case
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a wave incident from the high field side is totally absorbed. That Iis,
no wave reflection occurs at resonance. We present in Sec. 4 the
results of numerical solutions of this system given electric field,
energy flux, and energy absorption profiles for different cases. For
the low density case we show that a wave incident from the high field
side suffers no wave reflection but is partially absorbed in and
partially transmitted through the resonance layer. The transmission
coefficient is found to be exactly the same as in the cold plasma model
analysis of Budden tunnelling.? These results are proved with some
precision, In the low density case and for waves incident from the low
field side, our method of analysis fails. But subject to far more
stringent hypotheses and in the spirit of a purely formal proof, we show
that the transmission coefficient for waves incident from the low field
side eguals the transmission coefficient in the case of high field side
incidence. Ve are unable to give any information on the reflection
coefficient. The equality of the twvo transmission coefficients is also
a cold plasma model result. Similar results on the transmission and
reflection coefficients were found at fundamental resonance in a
perpendicularly stratified medium.®

The method of proof we employ is an extension of the techniques
used in the case of a perpendicularly stratified medium.® Ve recast the
integrodifferential equation as an integral equation in which we compare
the solution to that in the cold plasma model. We extend the equations
into the complex plane under the assumption that the solution is
extendible in the complex plane in a particular way. Finally, we show
that within a particular class of functions the integral equation has a
unique solution. Further, this solution has an asymptotic expansion

valid for large argument which matches the solution of the problem in
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the cold plasma model. The method works only for waves incident from
the high field side as only this solution satisfies our hypotheses.
This analysis shows us that for high field side wave incidence, no wave
is reflected and the transmitted wave (which exists only in the low
density case) 1is the same as in the cold plasma model. In the low
density case of low field side incidence, we obtain the transmission
coefficient from a generalized Wronskian relation. We consider reduced
distribution functions vhich are analytic in u, in appropriate domains
and which satisfy other hypotheses. A wide class of distribution
functions is included, but the assumption is restrictive and it is
critical. Without it we cannot obtain the results presented here.
Before we proceed to the two distinct integrodifferential
equations, we obtain 2 few general properties of our system applicable
in either case. Ve recall that our equations possess solutions that are
analytic in the domain Im{w} < 0. In view of the definition (2.25), we
see that we may expect our solutions to be analytic in Im{&} > 0. Since
the solutions must tend to zero as Im{w} » -=, it is tempting to assume
a comparable property of the solutions as Im{&} - +=, This property is,
however, false. The parameter ® occurs in the integrodifferential
equation in other places besides the combination (2.25). Thus,
Im{w} -» -= is not equivalent to Im{&} - +=, Nonetheless our solutions
are analtyic in Im{&} > O, and our method of proof applies only to those
solutions (if any) which tend to zero as Im{&} - +=. In other problems®
where we have calculated numerically those solutions which are large as
Im{E} » +=, we have found that they are not approximately given by the
cold plasma solutions. Thus, we suspect that with the analysis and the
Vronskian relation we have extracted the maximum analytic information

possible.
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We first examine the integral kernel (2.38) that ocecurs in both
problems. After we perform the u and ¢ integrations we may define a

- reduced distribution function

gCuy) = | 6Cuy, wpdupdu de = glouy) (3.1)

normalized and scaled so that
w0

[ gtupawy = [ uleu)ay - 1. (3.2)

.-

The basic integral kernel then becomes

- £
J(&r) = MoE_ = 1 | g(u,,)%lfll [ agz_(Bexp[i(82 - ey ]
- - " ~osgn(uy )
(3.3)
or
E’ £
moe_ = i [ ag_(&)[ au [gou)ru Jexp[1ca? - £y
lo 0
R 1I: age_(&) [ du Tgcuru Jexo[-102 - ey ]
, 0

(3.4)

On a purely formal basis, if we integrate by parts two times with

respect to & we find
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[+

MoE_ = ~E_/28 - (i/4) Jada{[n(a)/z]'/a}'f uy g dduyexp[1(2 - €%y ]
~ 0

©

~(i/4) JQ dE{[E(E)/E]’/E}' J u”g(u")du”exp[-i(f.’2 - 52)/u"]
£ 0

(3.35)

For (3.5) to be valid we require only that E (&) be sufficiently
differentiable that the function and its derivatives do not grow toco
rapidly at infinity and that the integrands be defined at all points on
the path of integration. Ve shall shortly extend the path of §
integration into the complex plane and restrict the class of functions
E (%) so as to assure the validity of (3.5). Ve note in passing that
the first term on the right-hand side of (3.5) gives rise to the usual
cold plasma conductivity.

The properties of the integral kernel M are largely determined by

the properties of the functions
0 = [ duyullgCupdexpinuy) (3.6
0

for n = 1. For a general smooth, but not necessarily analytic,
distribution function In(k) possesses an analytic continuation into
Iim{X} > 0 and for large |[A| and n > 1, and if g(y;) has N integrable

derivatives, then

1T, 01 < Ry NN (3.7)

The estimate (3.7) and analytic continuation into Im{A} > 0 are not

adequate to complete our proof., For a Maxwellian distribution,
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gly) = (1//2n)exp(w% uﬁ), wve may obtain much stronger estimates. In
this case it is easy to shov directly from (3.6) that for any &8 > O,

In(k) is analytic in

larg A - n/2| = |arg(-iN)| < .37}‘ -8 (3.8)

and in that sector and for [A| 2 1,
11,001 < alexp[-8-1023] | , (3.9)

where a and B8 are functions of n and &§. In fact, In(X) is analytic in a
larger domain, but the estimates (3.8) and (3.9) are adequate for our
purposes. If we were to multiply the Maxwellian by any given polynomial
in (w,), (3.8) and (3.9) would still hold with new values of « and B.
In our proofs we assume that (3.8) and (3.9) hold. WVith no great
additional effort we could consider distribution functions g(u;), which
are analytic and which for large luy | satisfy
glyuy) ~ p(u")exp(-lu”|1+7), vy > G, and p(y) a polynomial in uy;. 1In
this case, I (X\) would be analytic in a domain |arg(-iA)| < (n/2) + &’
for some &’ > 0 and would satisfy an estimate there of the form (3.9)
with (--i.)\)Z/3 replaced by (—ik)(Y+1)/(7+2). Ve restrict ourselves to
Maxwellians and the estimates (3.8) and (3.9) although some limited
generalization is possible.

In terms of the function In(k) just introduced, if we change the
variable of integration in (3.4) and (3.5) from § to x = § ~ & and for

simplicity of notation we replace & by {, we obtain
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0
MoE = i I dx B_(x + I_y(-x* - 2xy)

+W
v i J dx E_(x + QI_y(x2 + 2x0) (3.10)
0

and after formal integration by parts,

~E(Z) 0 e (x + Q7 2
MoE = vy ~ I, (-x“-2x0)
(20) (1/4)midx {—7?:777~] 1

> ([E( SR ,
_(1/4)I dx{[~:m$ i )] /(x + c)} /1y(x% + 2xT) .
0 X + C

(3.11)

If E () is analytic in the upper half-plane and grows no faster than a
polynomial in ¢ at infinity, then (3.10) provides an analytic
continuation of the operator M for complex C and (3.10) is justified in
Im{Z} > 0. We next address a change in the path of x integration in
(3.10) and (3.11).

We have examined the analytic functions I,(A), but we see that in
(3.10) and (3.11) the argument of I (M) is the more intricate entity
.t'(x2 + 2x8). In order to apply the estimate (3.9), we must determine
the argument of x* 4 2x{. Ve start by consideration of the simple

analytic function

¥(o) = o(o + 2) , (3.12)

vhere o = o + ig;.

v i We see that on the curves o = 0 and o = -1,

r

In{¢} = 0, while in the curves (o, + 1)2 - o = 1, Re(y} = O (see

Fig. 2). 1In Fig. 2 Im{y} changes sign across a dotted line, while Re{y]}
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Fig. 2. Contours Im{y} = 0 and Re{y} = O in the complex o plane
¢ = oo + 2).

changes sign across a solid line. It is also useful to describe the
curves arg y(¢) = const, which we give in Fig. 3 for Ref{y} > -1. The
curves for Re{o} < -1 are the mirror image of those shown. The curves

arg ¥ = const are all rectangular hyperbolas given by the relation
Zai(cr + 1) = {tan[arg(w)]}(ag - o% + Zar) .

It is easy to shov that for any value of tan[arg(y)] the corresponding
rectangular hyperbolas are asymptotic to lines which make angles of
arg(y) * kn and arg(y) * (k + 1/2)n with the real axis.

The argument of I, may be expressed as

#x, O = 2[0? v 20
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Im{c-};

argy =3w/2 ‘

argy =7w/2

Fig. 3. Contours of arg(¢) = const in complex o plane.

so that
arg $(x, 2) = 2 arg € + arg[v(x/Q)] . (3.12)
Thus, for any € = |C]exp[i arg({l)], in order to obtain the curves of

constant phase of ¢(x, {) in the complex x plane, we add 2 arg({) to the
phase of y as given in Fig. 3 and we rotate Fig. 3 in a positive,
(counterclockwise) sense by an angle equal to arg {. For I real and
positive, Fig. 3 applies. For { pure imaginary, the corresponding
figure (with only critical curves shown) is given in Fig. 4.

For ¢ real and negative, we show the critical lines of constant
phase in Fig. 5. In Figs. 3 through 5 we have adjusted the phase such

that for |x| large arg(¢$) ~ 2 arg Xx.
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We now return to the consideration of the integral kernel given by
(3.10). Since Iil(X) is exponentially bounded by (3.9) in the sector
~n/4 < arg X < 5n/4, it is easy to see from Figs. 3 through 5 that for
all €, Im{C} > 0 it is possible to deform the integrals in (3.10) into
the upper half-plane and yet maintain the argument *2x(x + Q) in the
appropriate sector. In this process each integral in (3.10) or (3.11)
must be treated separately, and each integral yields a distinct contour
of integration. Once we have moved the paths of integration into the
upper half-plane, it is then trivial to integrate by parts twice and
obtain (3.11) as the expression for the integral operator, where it is
understood that the path of integration is in the upper half-plane and
on a contour in which argl{tx(x + 2Z)] is uniformly in the correct sector

and the path of integration is such that

x + €] > K14} . (3.12a)

Additionally, on the paths of integration we may also assume

Ix(x + 20)| 2 Klx||g] . (3.12b)
Thus, on the paths of integration
|14] < @ exv[—ﬁlx|2/3|C|2’3] (3.13)

for some K for all x and all ¢, |T] > 1.

Ve may finally recast our integrodifferential equation in the form

Brr oy [a . b/(ZC,)]E = bMyoF , (3.14)



31

where we have replaced E_({) by E({) and we have defined

MoE = bE/(2Z) + MqoE , (3.15)

and

(1 - khyersy (3.16)

o)
i

b= [(1 - werele - ) (1 - worfl)] (derote) et/ 25732

(3.17a)

In the high density case, a is set to zero since £/8 tends to zero,

while in the low density case, (£/8) is 0(1) and w%e/Q%e is small so
that
1
b= (2 - ) [ues(e2e8)] (/8] 12 (3.17b)

and each factor in (3.17b) is 0(1). In (3.14)-(3.17) we have a unified
form for both the high density and low density cases. We nov examine
(3.14) in Im{Z} > O.

Our proofs require that we distinguish the two cases and we treat
first the high density case in vhich a = 0 and b > 0. Two 1linearly
independent solutions of wu’’ + b/(2Q0)u = O are Cllzﬁil)(/QbC) and
Cl/zﬂiz)(/ibC). Clearly the first solution is exponentially small in
for n >» arg { > O, while the second solution is exponentially large

there. Ve set

uy (0 = /2D (20¢) (3.18a)
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and

uy(2) = £¢1/ 282 (vavy) (3.18b)

wvhere we select £ so that the Wronskian of uq and uy is one. An

integral equation equivalent to the differential equation (3.14) is

E = ug(2) + bug (L) jcdc'uz(c'>nloE - bugy(2) jcdc'u1<c'>uloE

(3.19)

We show that the integral equation (3.19) is well defined and that for
large TE(L) = ul(C)[l + 0(1)]). We will then have shown that a wave
incident from the right-hand (high field) side is totally absorbed,
since ul(C) describes such a wave. Since uz(() is exponentially large
in the upper half-plane, it is not at all obvious that the integrals in
(3.19) are well defined. We wust select a domain in the upper
half-plane, show that for all ¢ there the equation is defined, and then
show that Picard iteration converges. The choice of proper paths of
integration in (3.11) and in (3.19) is essential in this activity.

Ve are finally ready to specify our class of functions. Since we

expect E(L) to behave asymptotically like uy(C), we expect for (L) large

E(T) ~ const vV exp(iv2bl)

The integral operator M oE involves not only the function E but also its

first twvo derivatives. Thus, we define the function norm

|E@] = %25{[|E(c>//cp s B (27832 o |En<c)/;5/2|],e~if2bc,}

(3.20)
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where E() is analytic in the upper half-plane and D is as yet an
unspecified subset of the upper half-plane. Ve prove convergence of
Picard iteration for (3.19) only for |&| > R for some R. Further, wve
require that each point in D have the two contours of integration in the
definition of M; in D as well. Thus, we have a domain whose shape is
indicated in Fig. 6. We finally pick R vhen ve complete our estimates.
Suppose E{Z) has finite norm according to (3.20), then for some C;

>0

| [igomce)] (222 wai < (er/12172)11EL

j | dx | exp[l/Zb(x + Q) - Vg - Blx|1¥ 310123 . (3.21)

If we set

X(x) = |/2b(x + T) - /2bz] - B]x|2/3|g)%/3

ORNL~-DWG 86-2056 FED

DOMAIN D

Fig. 6. Domain of definition of M| in complex ¢ plane. Domain
consists of all points P having two convergent contours of
integration, each point of which lies outside || £ R.
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ve see that

X(x%) = IZbCII/z[lvfl +u - 1] - B'|U|2/3|C|5/6 ,

HH

where §& 8//2b and u = x/. Since |[V1 + u - 1] < 2|u|1/2 we see that

for || large enough, or R large enough, the integral in (3.21) exists

and is clearly independent of E, so that

| 1#y08(0) 1 (e7#208) v <yl 117121772 . (3.22)

We now return to the integral equation (3.19) and we select the path of
integration to be from { to { + i ¢ along a ray parallel to the

imaginary axis. It now follows that

jeo
[ agruy(@mgor(er) | < o4l 1E{1/]¢(3/2 (3.23)
4
and

jee
[ agrug(zmor@ny| < ¢yl 1Bl | [exp2iv2b2y ] 232 (3.24)
4

If wve finally rewrite the integral equation (3.19) as

E(Q) = uy(Q) + Nok (3.25)

then it follows trivially from the definitions and from (3.23) and

(3.24) that

| INoE|| < Csl[E[[/]5]3/2 . (3.26)

Hence for R large enough that CS/R?’/2 < 1, N defines a contractive

mapping and (3.25) possesses a unique solution in the class of functions
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of finite norm given by (3.20). The estimate (3.26) further indicates

that for |{]| large the solution obeys

RO = w @[t +o{1z"33)] (3.27)

and (3.27) applies uniformly in D. Thus, we have shown that the
incoming wave is totally absorbed without any wave reflection.

Ve now turn fto the low density case corresponding to  the
integrodifferential equation given by (3.14) with both a and b nongzero.
Our aim is to recast this equation into a pure integral equation of the
form (3.19). To this end we must select the functions ul(C) and uz(C),
which we take in this case to be splutions of a special case of the

confluent hypergeometric equation

a4 [a v b/(ZE)] u=0,

for which two linearly independent solutions are (see Ref. 7)

U:t = Viu,"z(;Zi/a c) ’
vhere
u = ib/(4/a) . (3.28)

Thus we take

uy = w+u’"2(—21/5c) , (3.29)

for which the asymptotic expansion valid in Im{{} > 0 is

uy = {exp[i/éc ‘U 10g(—2i/é()]}[1 + 0(1/()] : (3.30)
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We note that the choice of functions here is different from that in

Ref. (7), since our functions are analytic in the upper half-plane

instead of being analytic in the lower half-plane as in Ref. (7). The
solution uy is exponentially small as Im{l} - +=.

Ve take as the second solution

U2 = gWMu,l/z(Ziv/aC) ’ (3.31)

where g is chosen so that the Wronskian of u; and uy is one. The
obvious range of validity of asymptotic expansions of Wk,m(z) is the
sector |arg(z)| < m - 8, but the standard integral representations of
these functions indicate that the range of validity of these expansions
is, in fact, |arg(z)]| < %; - &. The lines arg(z) = t%; are Stokes lines

across which the expansions are discontinuous. Thus, in

OCarg T<n~1¢

u, = g{exp[~i/ac . log(Zi/hC)]}[l . 0(1/c)] . (3.32)

If we duplicate the analysis found in Ref. (7) concerning analytic

continuation of Whittaker functions, we find that in w/2 + § < arg L < n

uy = g{exp[—i/ac . 1og(2i/ac)]}[1 . 0(1/c)]

+ h{exp[i/é( fu log(»Zi/hC)]}[l " 0(1/c)] , (3.33)

where the explicit value of h is of no interest here. Except in the
neighborhood of the negative real axis, the term proportional to h is
exponentially small compared wtih the first term. On the negative real

axis, both terms are comparable.
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With ul(C) and uz(C) defined by (3.29) and (3.31), wve may rewrite
the equation (3.14) in the form (3.19). For functions analytic in the

upper half-plane, we define
[IEI] = 26 {[lE(z)l + [E (D] + |E" (D] IeXD(—iMéC)I]} . (3.38)

Ve can nov easily parallel the first proof. Corresponding to (3.22), we

novw find, far more easily,

|(uyomye a8 < gy (Bl 171217, (3.35)
so that
jeoo
|| agrMyomu, (8] < T511E) 1/ (3.36)
4
and
i .
N TR AT RS (3.37)

where (3.36) and (3.37) correspond to (3.23) and (3.24). The integral

operator N for this problem, see (3.35), then satisfies the estimates

[INGE|1 £ &5]IEL|/IE] . (3.38)

Thus, for R > &5, N generates a contractive mapping. Within the class
of functions with finite norm according to (3.34), the

integrodifferential equation has a unique solution and for this solution

E - ul(f:)[l " 0(1/|c|)] . (3.39)
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Now the solution uj corresponds to a wave incident from the high field
side with no reflected wave and with transmitted amplitude
T = exp[—bn/(ZJé)], exactly as in cold plasma theory and geometrical
optics. The energy absorption is 1 - T, and the problem is essentially
what one would find in a cold plasma model.

We next turn to the case of waves incident from the low field side.
We cannot apply the previous analysis since the solution must have the
asymptotic form of wu,, which is exponentially large in the upper
half-plane. In this case we apply a Wronskian relation, and we work on
the real axis only. Ve must hypothesize rather strong conditions on the
solutions. Ye believe the hypotheses are reasonable, but we cannot be
sure that the hypotheses hold. For two solutions of the
integrodifferential equation (3.14), E(Z) and F({), we hypothesize

@

1 - I aZ F(Z)MoE(L) (3.40)

exists and way be treated without concern for convergence problems. Ve

may vrite
C [>-]
Mok = i f dx B()T_q (2 - x%) + i j dx B()I_(x2 - ¢y
- C
and it is then trivial to show that
o
T- f dZ E(Z)MoF(L) . (3.41)
— &0
Since we have the estimate on M1 (3.35) it is quite likely that the

interchanges of integrations implied to obtain (3.41) is valid. If we

return to the differential equation (3.14), we readily conclude
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[F(C)E'(C) - F'(C)E(C)]' = F(LMOE(L) - E(Q)MoF(L)

so that

1im [F(A)E'(A) ~ F' (A)E(A) - F(B)E'(B) + F'(B)E(E)] =0 . (3.42)
A

B

If we nov assume that there is a solution of (3.14) which as { @ -® has

the expansion

i

F(Z) {exp[—i/ﬁt - W log(ZiJéC)]}[l + O(l/lCI)]

. RL{exp[i/ac . p 1og(21/éi)]}[1 . 0(1/;c])] (3.43)

while for € = 4=

F(Q) TL{exp[—i/éC - | log(Zi/éC)]} 1+ 00718y , (3.44)

and if we apply (3.42) with E(Z) as the solution previously obtained for

the high field side incidence problem, we conclude

Ty, = T , (3.45)
where TL is the transmission coefficent for low field side incident

waves. We are unable to offer any information concerning R;, which we

believe must be calculated numerically.
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4. NUMERICAL COMPUTATION OF STRONGLY DAMPED WAVES IN DENSE PLASKAS

In the case of extraordinary mode waves propagating nearly parallel
to the magnetic field or for finite KJ with € and & satisfying the

conditions of Fq. (2.39), the equation for E reduces to the simple form

= kI (L) , (4.1)

where J({) is given by Eq. (2.38) and k is given in (2.39). When the
unperturbed distribution is Maxwellian, G(u) = exp(~u2)/(u)3/2, the
velocity space integrals can be performed and the plasma current

expressed as a convolution integral

KJ (Z) = jc dE E(E) B(EZ - £2) + r dE E(Z) H(EZ - &) (4.2)
- e

where the Green’s function H(x) is

2,
H(x) = | 99 o-ufix/u (4.3)
0 u

The first integral in Eg. (4.2) arises from particles streaming from low
field to high field [i.e., yy < 0 in Eq. (2.38)] whereas the second
comes from u, > 0.

Before presenting the numerical solution of Eq. (4.1), it is of
interest to examine the structure of H(x) and to compare the nonlocal
plasma response given by (4.2) to that predicted by local, warm plasma

theory. Figure 7 shows the real and imaginary parts of H(x). At x =0



41

ORNL-DWG 86-2049 FED
0.4 —
ol /7 e
!
!
— i
x i
= -0.4 |5 —
+ !
1
i
-0.8 H+ —
!
[
!
1
~-{.2 T* ]
]
]
e I T R
0 4 8 12 I6 20
X
Fig. 7. Real part (solid curve) and imaginary part (dashed curve)

of Greens function H(x), Eq. (4.3).

there is a logarithmic singularity [H(x) ~ -ln x - 3v/2 - ni/2 as

x + 0], and for large x there is an asymptotic expansion of the form

3

H(x) ~ exp|- 7 21/3¢1 & /31);:2/3] [

Al1/3
ix

which is exponentially damped and rapidly oscillating for large x. Thus

the nonlocal contribution to the current is mnegligible for l{z -

C2| 2 10. The real part of H gives rise to the dissipative part of the

plasma current, the part in phase with E_. From Fig. 7 ve see that

Re{H} is singular near § = { and so the dissipation is approximately
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local. However, since Re{H} oscillates negative in the approximate
range 0.5 < x < 5.0, it is possible to have local negative dissipation
for some electric field profiles. This is actually found to occur in
the numerical solutions.

The perturbed plasma current as predicted by local, warm plasma
theory in the present scaled variables is obtained by replacing 3/3{ by
ii and treating { as a constant parameter in Eq. (2.38). For a

Maxwellian distribution, one obtains

S10ca1(%) = K %‘i (- e ) (4.4)

where Z(x) is the plasma dispersion function. We now calculate the

perturbed current for an assumed incident wave field of the form

_ o (<0
ED = § skt tho (4.5)

Figure 8 shows the real parts of J(Z) (solid) and Jlocal(C) (dashed) for

an undamped plane wave incident from large ir = 1.0, ki

i = O-Oc At

large values of {, { > 8 both profilegs agree with the cold plasma
result, J a« E ({)/{. For { 2 7 there is a small difference, primarily a
phase shift with J(Z) lagging Jy,.,1. However, if one plots the profile
of power dissipation, Py = Re{g* + J}, shown in Fig. 9, a much more
significant difference is seen. Initially the dissipation is negative,
4.5< £ <7, then the nonlocal dissipation increases more rapidly than
the prediction of local theory. If one takes the incident wave to be
damped, these features of negative dissipation followed by rapid
positive dissipation are increased. This is shown in Fig. 10, where i

was taken to be k = -2 - 0.51. Although the complex K was included in
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Fig. 8. Real part of nonlocal current profile (solid curve) and

local current profile for a specified undamped plane wave electric

field.

Eq. (4.4), the shape of Ph 10ca1(8) is almost unchanged by including
damping. Ve conclude therefore that nonlocal effects can be important
in determining the perturbed current and that these nonlocal effects are
sensitive to the wave field profile in the resonance region.

The numerical solution of the system (4.1)-(4.3) has been carried

out in a previous work® where the same system appeared in the

investigation of ion cyclotron heating in tokamaks. The numerical

methods of solution are discussed in detail in that reference.
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specified undamped plane wave, k = -2.
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Fig. 10. Similar to Fig. 9 except electric field is specified to be
a damped plane wave, k = -2 - 0.51,

Figure 11 shows the real part of E (L) (solid) and, for comparison, the
real part of the solution of the cold plasma equation [Eq. (1.4)] for
the particular case K = 21. Ve remind the reader that in the scaled

variables

2=k (3)""s - (5)7s (4.6)

3 VoL
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Fig. 11. Computed electric field profile E , real part (solid
curve), imaginary part (dashed curve) versus scaled length along the
field ¢ when k = 21. Also shown are the scales in ch/w and Z/)\0 for

the parameter ng, = 2 x 10'%/co’, T = 300 eV, L = 12 cm.

where 5 = dimensional distance along the field from the resonance layer

and for the simple case kl = 0.

w, 2 w2

gt (e

A set of parameters of interest to TMX-U or EBT-S for which K = 21 is a

reasonable value is F = 28 GHz, n, = 2 x 1012/cm3 (wﬁe/mz = 0.2),
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Ty = 300 eV (£ = 0.034) and L = 12 cm. Figure 11 1is identical to
Fig. 1b of Ref. 6 except that is is plotted in our present scaled
variables and also in terms of the free space wavelengths, A = 1.07 cm,
for the above set of plasma parameters. The warm plasma and cold plasma
results are in agreement for large {, { > 8.0. However, for £ < 8 the
amplitude of the warm plasma decreases and a phase shift develops with
the wavelengths of the varm plasma solution decreasing more rapidly than
the cold plasma results.

Figure 12 shows the electromagnetic Poynting flux obtained from
Fig. 11 and the flux obtained from varm plasma, local WKB theory by
integrating k; [Egs. (1.8) and (1.9)]. Ve notice that the Poynting flux

for the nonlocal calculation initially increases as might be anticipated

ORNL-DWG 85-3337R FED
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Fig. 12. Profiles of electromagnetic power flux obtained from
computed full wave electric field and from local WKB calculations.
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from the region of negative Re{H(x)} seen in Fig. 7 and the region of
negative dissipation seen in Figs. 8 and 9. The absorption prediced by
the nonlocal, full wave theory is more rapid than that prediced by WKB
theory. The half power point occurs at about 30% higher magnetic field

in the full wave theory.

5. DISCUSSION

In this paper we have studied the absorption of extraordinary mode
vaves propagating nearly along the magnetic field where the magnetic
geometry has VB nearly parallel to B. In such geometry E_ is not
shielded out by the large electron conductivity, and damping is very
strong. In order to account for the strong damping and the fact that no
well defined K exists, an integrodifferential system is solved.
Assuming & = XO/L and € = Vth/c to be small parameters confines the
resonance interaction to a thin boundary layer near the Roe = W surface
within which the equations can be greatly simplified. In particular,
the ordering used permits the Vi dependence to be separated reducing the
problem to one in v and L. It should be noted that in third ordering
the variation of particle v, due to uVB forces is neglected [these would
enter through order € terms on the right side of Eq. (2.27)]. There is
an additional boundary layer at vy o= 0, p = 0 wvhere upon the first two
terms on the left of Eq. (2.27) vanish. This is of no consequence for
the cases consgidered here since the wave energy is effectively gone by
the point { = 0. Caleculations of quasi-linear diffusion and energy gain
for single particles (such as given by Howard®) have shown that wVB

force is important for single particles mirroring near the resonance
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layer. However, our calculations show that their contribution to the
plasma current does not affect the vave propagation, at least when the
distribution function 1is Maxwellian. Of course in a strongly heated
plasma with a non-Maxwellian group of energetic particles turning near
resonance, this may no longer be true.

The analytic calculations presented in Sec. 3 show that the
complete wave absorption seen in cold plasma theory and in warm plasma
WKB theory for sufficiently dense plasmas also holds kinetically for a
wvide class of smooth equilibrium distribution functions. Also for low
density plasmas for which there can be some transmission through the
resonance, the transmission coefficients for both high and low field
incidence are correctly given by the cold plasma results.

In order to obtain profiles of E_ and pover absorption, it is
necessary to solve the integrodifferential system numerically. Again,
the calculations presented in Sec. 4 confirm the absence of a reflected
wave and the complete absorption of the incident power. For the plasma
paramaters used in the example presented, the nonlocally calculated
pover deposition profile differs quantitatively from a local VKB
calculation. An interesting feature shown in Figs. 10 and 11 is the
negative absorption as the wave first enters the resonance region. This
is to be expected from the form of the Greens function (Fig. 8).
Physically this is the result of particles with v; > 0 having the
correct phase relation to return enexgy to the wave at large , which
had been absorbed from the wave in the region of strong interaction. A
similar effect is seen in other situations where the wave carries a
kinetic energy flux. An example is in minority ion cycloton heating in

perpendicularly stratified plasmas.’®?1°
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In Fig. 11 the absorption is seen to be somewhat more rapid than is
predicted by the local WKB theory. Although there is probably 1little
practical consequence of whether the power is absorbed spatially at
Qee/® = 1.07 versus 1.13, through the Doppler shifted resonance
condition, Eq. (1.10), this translates into a difference in the location
in velocity space at which the wave energy is deposited. The velocity
spéce behavior of the quasi-linear diffusion operator can be very
crucial depending on the location of loss cones or the neoclassical
confinement characteristics of various regions of velocity space. Work
is under way to evaluate the quasi-linear operator for the
self-consistent electric field obtained here. However, because of the
strong damping and the rapid variation of effective kK, the usual
stationary phase methods used to evaluate the guasi-linear operator in

spatially varying plasmas cannot be applied.
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