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PREFACE 

The proposal documented in this report was submitted to the U.S. Departrncmt 

of Energy (DOE) in September 1985. It was reviewed by a panel of fusion experts 

who were generally favorably disposed toward the proposal. The pariel observed 

that the arguments in the proposal did not prove that the device would operate as 

suggested; it was, of course, the object of the experimental program to address that 

issue. 

Although DOE was apparently also favorably disposed toward the proposed ex- 

periment, a limited fusion budget precluded the possibility of proceeding in the near 

term. For this reason, the proposal is issued here as a technical memorandum, so 

that the information collected will be available should a later, more favorable fund- 

ing climate allow reopening of the issues raised in the EBS program plan. Some of 

this material was published in the ELMO Bumpy Square Statu3 Aeport (ORNL/TM- 

9110) in October 1984 and is included here only for purposes of completeness. Other 

sections provide an abundance of new material not available elsewhere. 

R. A. Dory 

February 1986 
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ABSTRACT 

The ELMO Bumpy Square (EBS) concept consists of four straight magnetic 

mirror arrays linked by four high-field corner coils. Extensive calculations show 

that this configuration offers major improvements over the ELMO Bumpy Torus 

(EBT) in particle confinement, heating, transport, ring production, and stability. 

The components of the EBT device at Oak Ridge National Laboratory can be re- 

configured into a square arrangement having straight sides composed of EBT coils, 

with new microwave cavities and high-field corners designed and built for this ap- 

plication. The elimination of neoclassical convection, identified as the dominant 

mechanism for the limited confinement in EBT, will give the EBS device substan- 

tially improved confinement and the flexibility to explore the concepts that produce 

this improvement. 

The primary goals of the EBS program are twofold: first, to improve the physics 

of confinement in tproidal systems by developing the concepts of plasma stabilization 

using the effects of energetic electrons and confinement optimization using magnetic 

field shaping and electrostatic potential control to limit particle drift, and second, 

to develop bumpy toroid devices as attractive candidates for fusion reactors. 

This report presents a brief review of the physics analyses that support the EBS 

concept, discussions of the design and expected performance of the EBS device, a 

description of the EBS experimental program, and a review of the reactor potential 

of bumpy toroid configurations. Detailed information is presented in the appendices. 

ix 





1. INTRBDTJCTION 

1.1 RACKGROUND 

The ELMO Bumpy Torus (EBT) concept was developed in the 1970s to test 

the idea of stabilizing a multiyle-mirror plasma through the use of electron rings, 

while eliminating end losses by closing the device into a toroid. It was expected to 

overc,ome both the end losses of a simple mirror system and the instability inherent 

in a simple bumpy torus. 

The EBT device a t  Oak Ridge National Laboratory (ORNL) demonstrated 

the existence of a quiescent mode of operation in which the plasma was stabilized 

by hot electron rings and the confinement was better than that in single mirrors 

of comparable size. Although these design goals were successfully achieved, the 

confinement properties of the EBT device remained limited by major radial losses 

of particles and energy. 

During the last few years, improved diagnostics permitted better measurements 

of plasma parameters on EBT, and detailed theoretical calculations helped to iden- 

tify and quantify the important heating and transport mechanisms. The underlying 

physics that limited the performance characteristics was attributed to poor parti- 

cle confinernent, caused by toroidal effects inherent in the circular torus. These 

effects caused substantial direct particle losses, convective losses (because of asym- 

metric equipotential surfaces), an inefficient geometry for electron cyclotron heating 

(ECH), and less than optimal ring formation. 

The ELMO Bumpy Square (EBS) configuration, developed at ORNL by L. W.  

Owen in 1982, is one of several concepts (including the Andreoletti torus, the twisted 

racetrack, and the snakey torus) proposed to solve the problems of the EBT. As 

discussed a.t the '1J.S.-Japan Workshop on Advanced Bumpy Torus Conccpts in July 

1983 ,' common features of these devices include improved particle confinement or 

improved centering of drift orbits, redwed neoclassical step size, reduced loss cane 

or direct particle loss, and increased confinement efFiciency. Detailed studies of 

these concepts show that the reconfiguration of the EBT device from a torus into 

a square, with stronger magnetic fields a t  the corners, is feasible and is the logical 

direction for further investigation. This judgment was confirmed in the report of 

the Magnet,ic Fusion Advisory Committee Stibpanel IX, which stated: 

Among the configurations which offer the improvements described above, 
the EBS has errierged as the one that can be developed most rapidly and 
with the smallest budget.. , , Based on contributions of the EBT program to 

1 



2 Introduction 

fusion dtveloprnent as a. whule, as well as thc reactor development potential, 
the Panel rwommcnds that the program be carried out even in constrained 
budget case.. . . 

The selection of the EBS concept for experimental testing was based on three 

factors: 

o its ability to  address and resolve critical issues in a cost-effective manner, 

B its potential contributions to  the physics and technology of fusion as a whole, 

and 

B its intrinsic desirability as a reactor configination. 

'l'he plan presented in this report was developed by ORNL staff members in 

collaboration with scientists arid engirieers from the universities, industrial groups, 

and laboratories listed in Table 1. 

Table 1. Organizations collaborating on EBS g ~ ~ p ~ s a l  
___ ___ __ __ __ ___ I_ _ _ _ _ _ _  __ 
Oak 1Lidge National Laboratory 

Auburn University 

Rensselaer Polytechnic IJniversity 

Science Applications international Corp. 

Applied Microwave Plasma Concepts, Inc. 

JAYCOR Corp. 

TRW, Inc. 

University of Texas 

hlcDonnel1 Douglas Astronautics Co. 

New York University 

University of W isconsin 

The reconfiguration of the EBT device into an EBS is summarized in Sect;. 1.2. 

The physics advantages of the EBS configuration are briefly discussed in Sect. 1.3, 

arid Sect;. I .4 describes the projected performance. The reactor aspects of bumpy 

toroids are addressed in Sect. 1.5, and the coritributions of the EBT program to 

thc development of fusion are siirnmarized in Sect. 1.6. Section 1.7 describes the 

organization of the remainder of the report. 

1.2 c ONFXG URATIBN 

A conceptual design has been completed for EBS, involving removal of the EBT 

device and reeonfiguration of its components. Plan views of the existing EEIT device 

a n d  of the EBS experiment are shown in Fig. 1. 
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((7) EBT ( b )  EBS 

Fig. 1. Top view of the EBT configuration left) and the EBS reference eonfigu- 

EBS, which will require new corner coils and microwave cavities. There will be 14 standard cavities 
and 6 instrumented cavities for diagnostics. 

ration (right). The  diagram shows how the existing E L T mirror coils will be used in the sides of 

The straight sides of EBS are composed of EBT coils, four on each side, installed 

between new microwave cavities. The straight sections are connected by high-field 

corners, which will be designed and built for EBS. 
The engineering analysis presented in this report is based on corners consisting 

of half-width EBT coils, constructed using the design and engineering drawings 

developed for the original EBT coils to generate a field with negligible field ripple. 

This approach minimizes engineering cost and construction time, but it entails 

substantial operating costs for electricity. As described in the appendices, two 

alternatives that would reduce operating costs have been studied. The first calls 

for more copper in the corner coils, and the second calls for superconducting wire 

(already on hand) and requires dewar fabrication and refrigeration. A final decision 

will be made following more detailed analysis. 

The EBS device has been planned to make maximum use of the facilities de- 

veloped to  support the EBT experiment. As shown in Fig. 2, EBS will be placed 

in the lead-walled enclosure formerly occupied by EBT. A new substructure will 
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be installcd follom ing removal of the EBT device, and a new iiiicrowavc duct, a n d  

vaciiuin manifold will be provided. Because cacti sot of eight corner coils will bc  

powered by a 3-3.4W generator, an additional 12  MW of power will be r e q u i r d .  

The power distribution and cooling water systems will  be modified to ineet this 

requirement. 

ORNL DdG 85 2480 FFU 

1" 

Pig. 2 Plan view of am EHS dcvice within the lead-walled hiolaagical shield 
enmclosm-9 originally used for EBS'T. 

Instruinentat,icn and control (I&C) systems and the microwave network used for 

EBT can be adapted to E M  with minimal changes. Diagnostics, data acquisition 

systems. and computer systems will also be  removed from EBT arid leinstal1i.d on 

ERS. 

The capi ta l  investment involved in the reconfiguration of hBT into EBS i s  

minimal The estimated construction cost is $4 million (as of September 1985). 

No critical elements, in terms of new or ongoing component research arid devcl- 

oprnent, are required for the EBS device. Design, fabrication, and assembly ran I)r 

carried out using available technology. 
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I I I I I I I - 
EBT- I / S  

- ( a )  

I .3 PHYSICS CONSIDERATIONS 

The results presented in this report show that the EBS configuration offcrs 

distinct advantages over EBT in particle confinement, heating, transport, ring pro- 

duction, and stability. These results may be summarized as follows. 

1. The drift orbits for all classes of particles (trapped, passing, and transitioxial) 

are better centered in EBS than in EBT, as shown in Fig. 3. 
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Fig. 3. Drift orbits (dashed lines) and f d / B  contours (solid 

lines) in the reference midplane of EBT top) and EBS (bottom). 
Deeply trapped (v l i /v  = O ) ,  extreme passing I v ~ ~ / v  = I ) ,  and transitional 
particles near the boundary between the trapped and passing zones (most 
poorly confined drift orbit) are shown. Transitional particle orbits were 
absent from EBT (;.e., the worst orbit did not close within the volume) but 
are reasonably well contained in EBS. 
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3, Tlic. orhits of dwply trappcd paTtic1w ( 7 1  1 ’  0) ar id  the. corc  prr 

siirf‘accls ( I  d l  L3 coritours) almost coincidc. in L n S  a11d art\ ceIitc3rcd on the. rriirior 

axis (sce k’ig. 3 ) .  Because there is little radial shift in major radius, the hot electron 

rings will be well centered (i.e., they will form in nearly axisynimetric fields) and 

will experience less of the radial broadening that occurred in ERT. This should 

make it easier to  form an average magnc>tic well and thus to  provide strong MHD 

stabiliLation at  higher pressures and pressure gradients. 

3. The velocity-space loss region for transitional particles (those near the bound- 

ary between tliv trappt~d and passing zones) at high cncrgy is greatly reduced, which 

produces improved volurrie utilization, as shown in Fig. 4.  This also provides an 

increased radius of confined plasma, a significant reduction in direct particle losses, 

more nearly sy~xirnetric potential surfaces, and increased microwave heating e f i  

cicncy. For an isotropic distribution, more than 95% of the particlcs arc confined 

(vs -50qcl in EBT). 

4. The combination of nearly concentric particle orbits and sinall radial displace- 

ments in the high-field corners rediices the neoclassical dzguszve losses b j  an order 

of riiatgnitude, as shown in Fig. 5. Monte Carlo calculatio~is shon7 that symmetric 

potential surfaces dccreasp convectzve losses to an 0rdr.r of magnitude below those 

obtained with the asymmetric potential surfaces of EB‘l’, as shown in Fig. 6. The 

thcory supporting these conclusions is presented in Appendix 10. which proyidos a 

kinetic thcory of the formation of the potential by the action of the warin electron 

tail population. This theory predicts both the 30? asymmetry of the equipotcntials 

in EBT and a reduction by a factor of 100 in the asymmetry for EBS. 

5. The neocla5sical confiriement time T improves with the glohal mirror ratio 

Aft:. which is the ratio between the field in the corners BCOrrlCr and the fii.ld in  

the straight sides or midplane B r n , d ,  as T - h1;. This relationship is shmv~i in 

Fig. 7.  The ability to  change Bcorner arid BinlCj provides a valuablt rrieans of testing 

ricocla5iical  confinemcvit over a wide rangc of conditions in a singlc dc: ict’. 

6. Bccause of the high B,,,,,, and the relatively wcak ciirxatiirc them (about 

half of the curvature in the straight side%), the corc heta limit is largely detcrmincd 

b y  the ring-core interaction 1i.e.. the Le(. Van Darn Eelson (LI’UN) limit, in the 

straight sc~t ions ,  not by ballooning modes in the. cornws (provided Af(; L 41, as 

shown in Fig. 8. The narrower ring (resulting from the reduced broadeiiing) will 

lower thc  beta for LVDN motlt.s, putting thc threshold (100-k6.V rings) at jj,, arrrl - 
1 2 ‘ f .  which is enrrgetically possible in EBS. In futurc device\. rings at ahout 

4 0 0  keV would be required t o  raise /jv.arrI, to thc -105% range, or. alternatively, 
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Fig. 4. Volumetric efficiency curves for EBT and 
EBS as a function ofpitch angle at the limiting flux line 
in the midplane. These show containment of more than 95% 
of the particle in EBS, compared with - 50% in EI3T. (That 
is, the direct loss fraction is less than 5%) in EBS a n d  - 50%) 
in EBT for vacuum fields.) 
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Pig. 5. Particle transport coeffirient D,as a function of colli- 
siomdity v/flofor EBT and EBS. Similar curves arc obtained for U T ,  
M,, and f i ~  with the same ratio of improvement in EWS over that. in EBT. 
[Note that ~(EBS)/T(FRT) -4 D!EBT)/D(EBS) - 5 15.1 

multiple-frequmcy heating could be applied to raise the ring width and the EVDN 

beta value 

7 .  Heating cEciency is much improved in EBS because the heating zone i s  well 

separated from the transitional particle zone. Losses of ECH power are a fartor of 5 

to 10 lower than in EDT, in which the heating effect was mainly concenkratcd near 

the transition boundary between trapped and passing particles, where drifts were 

mast severe. The diEerPncc3 i s  shown in Fig. 9. 

8. The EEBS concept i s  a step toward a reactor design in the regime leading to 

nttracafzve fusion reactors, as described in a recent study (OItNE/TM-93Xl) The 

improvement in transport resulting from orbit control leads to an overall size that 

is a factor of 2 to 3 smaller than that of earlier EBT designs, as  shown in Fig. 18. 

M O ~ C U V ~ T ,  a recent assessment' of all the candidates for fusion reactors has shown 

that. the EBS shares with tokamaks, stellaratom, tandem mirrors, reversed-field 

pinches, etc., the pmpcrty of adequate confinement to produce energy at a cast 

comparable to that of fission energy. 
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Y f  

Y V 

X lin.) 

Fig. 6. Potential surfaces (left) and Monte Carlo results (right) for (top) 
symmetric potentials and (bottom) asymmetric potentials. For symmetric po- 
tentials, only diffusive processes me present; for asymmetric potentials, strong E x B 
drift (convection) is evident. For similar plasma parameters, ditfusion lifetimes improve 
by an order of nnagnitudr. 
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Fig. 8 "  Stability boundaries in EBS for several val- 
ues of MG. Beta values here are scaled to the Lee Van Dam 
threshold .O, = 2Ar,/Rc, where Ar is the ring radial width amd 
R, is the field line radius of curvature in the ring region. Here, 

Bc = A I P O  and B I H  = P . I H / P O .  
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Fig. 9. Heating zone (pitch angle for particles turning at resonance) for (a) 
EBT and (b) EBS. 
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m 

Fig. 10. Trend to smaller EBT reactor systems, which is 
exploited by EBS. Relative dimensions of EBT reactor configurations 
are  shown, with corresponding yews of development. 
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1.4 PERFORMANCE PROJECTIONS 
- 
1 I i c  performance of the El3S configuration is predictrd to  bc a subs t an t i a l  irri- 

provcrrirmt over that of‘ thc EBT de.vice, as shown by the comparison of performance 

parameter5 in Table 2 .  

Table 2, K B T  a i d  projected ERS performanice data 
~~- 

Y’cctron temperature, eV 

_. ~~~~ ~~ ~ ~ 

EBS 
~- ~ -~ 

EBT __ _ _ _ _ ~ ~  

1 O l 2  1013 

20 55 

80 in bulk populat,ion, 1000 

400 in warm population 

50 500 

c0.25 5 30 

< 1  > 2  

0.1 1--2, phase 1 

4 8, phasc. 2 

The amount of power delivered to the confined plasma in EBS should be three 

to five times highcr than that in EDT, using the same sources: additional LCH 

sources are available at ORNL.  ‘rht> EBS plasma density should not be lirriitctf by 

power availability and m a y  therefow approach the microwave cutoff density. The> 

plasma electrons should reach a temperatiire near 1 keV, with the plasma ions a t  

about half that (allowing for charge-exchang? losses) until additional ion heating 

i5 applied. Energy confinement times will be in the tens of milliseconds, and bcta 

values m i l l  br about 1 2%.  

In it sccontl pxperinicntd phaw, EBS would bc operated with the field in tlic 

cavities (BTlrlg) reduced to about half the nominal 7 kG in order to achieve highcr 

beta valiic>\ for testing stability. The field in the corners (Bcorner) would be held 

at full value. 22 25 k(;, so that  the 28-GHz microwaveswould continue to heat the 

bulk plasma. \vliilr. 18-(;Mz powcr woulcl be used to  form thc rings using sccontl 

harmonic heating. In this phase. beta values are predicted to be about 4 8%. 

Mucli of the improvcrrit-Tit in pcrforrnance results from the substantial rcduc- 

tion in LBS of parasitic lossw of energy, as shown by the puwer flow diagram in 

Fig. 11. Th rcdiiccd Ioqses arise from scveral factors, which arc discussed in detail 

in Chap. 2. A bricf surrirnary of these factors follows 
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Fig. 11. Schematic power flow diagram for EBS and EBT. Parasitic 
side losses are substantially reduced in EBS. T h e  numbers are percentages of the 
microwave source output  power; EST data are enclosed in circles and EBS da ta  in 
squares. 

e Improved heating efficiency leads to a strong reduction in direct losses. 

0 A reduction in orbit shifts leads to reduced asymmetry in the ambipolar poten- 

tial, which in turn leads to a large reduction in convection losses. 

e Improved orbit centering reduces the heat conduction coeficients for ions and 

electrons. 

e Operat,ion at  higher density reduces the proportion of losses from charge ex- 

change. 

These factors have been considered self-consistently using the WHIST toroidal 

transport code with benchrnark tests using EBT data. The WHIST runs incorporate 

radially resolved analysis of ion and electron thermal and particle transport from 

neoclassical processes, including self-consistently calculated ambipolar potential, 

and,  a.nalysis of neutral particle gas feeds, ionization rates, and charge-exchange 

losses. 

The resulting performance curves are shown in Figs. 12 and 13. Figure 12 shows 

contours in the plane of average density vs average temperature for the regions 

a.ccessible with varied amounts of microwave power absorbed in the plasma ( P a b s ) .  

Figure 13 shows the resulting beta values obtained with full-field operation. 
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Fig. 12. WHIST code plasma operation contours. 
T h e  contours show the amount of power t h a t  must be delivered 
to a confined plasma in order to achieve operatioil at any  point 
in  the  plane of average density vs  temperature.  'The entire area 
is predlcted t o  be accessible with the available power, subject t o  
limitation by cutoff a t  a density of 1013 a n p 3 .  
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1.5 REACTOR ASPECTS OF BUMPY TOROIDS 

A reccnt study by Sheffield et a1.2 has determined the general properties of 

fusion reactors that could be economically competitive with fission reactors under 

circumstances conjectured for the next century. This study shows that supercon- 

ducting systems with an aspect ratio less than 15 and with a ratio of magnetic field 

in the plasma to  maximum field in the coils of about 0.5 must have the following 

characteristics to represent attractive reactor candidates: 

e beta. values of about IO%, 

e thermal transport less than 0.3 rn2+s-1, and 

e recirculating power less than 15%. 

Two additional characteristics greatly ease the design, operation, and Inaintexiance 

of a practical fusion plant: 

0 simple coil and blanket geometry and 

I s t eady-s t ate operation. 

The bumpy toroid concept, as represented by the bumpy square and several variants, 

has the potential to fulfill all of these criteria, and it has the simplest geometry of 

any steady-state confinement system. 

At present, the most critical issues to  be addressed in reactor studies are opti- 

mization of ring heating, to reduce the sustaining power needed in the new improved 

confinement geometxies, and further reduction of the (effective) toroidal aspect ra- 

tio of the device. In the last three years, improvements in field design have led 

to reduction of this parameter from 60 to 30 to <15, which is at the edge of the 

attractive reactor regime for this configuration. 

The generic reactor studies at ORNL3 have identified the scale of reactors with 

superconducting coils that should be competitive with alternative power sources 

in the future. A simple model can be used to  obtain scaling formulae for the key 

engineering and technology parameters ( R / a ,  b/a ,  a,/a, p,,,  PF) of these attractive 

devices. A rearrangement of the criteria for a self-sustaining D-T plasma then 

permits us to  relate the required (0) and x E  t o  these engineering and technology 

parameters and obtain 
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where R / u  i s  the aspect ratio, b / u  is the ellipticity, aw is the wall radius (= a i 

0.2 an), p , ,  is the neutron flux to  the first wall (in megawatts per square meter), 

PF is the fusion power (in megawatts), and fa is the fraction of alpha po~7er lost 

by thermal diffusion. 

In the simple model, which approximates well the more detailed calculation 

of the generic reactor model, we consider a reactor with electric power outpi t  

P, = 1200MW(e),agrossthermalpowerPt - 3 7 5 0 M W ( t ) , a n d P ~  3378MW(t). 

The reactor is a simple torus with an average radial build from the plasma to the 

outside of the coils of t = 2 m. The average mass density is p 5600 kg . m '. The 

reactor material volume is given by 

M,  E 27r2R[(a +- b) t  + t 2 ] p  (kg) . (3) 

The unit cost is taken to be 100 $/kg (direct and indirect), and the fusion island cost 

for an attractive reactor is $1000 million (in 1984 dollars). With these assumptions, 

we use Eq. (3) to  find the minor radius, 

t 
-___ - ( m ) .  

30 
2(1  + b /u )  (4) 

Thus, we may calculate a, R,  a,, and p,, as functions of R / a  and b / a .  For the 

bumpy torus, 

where (r is the average plasma minor radius, allowing for the bumpiness, and A4 is a 

factor defined as M ~ 1 for a simple bumpy torus such as EBT and as M 1 A46 for 

a bumpy square, where Mc; is the global mirror ratio. The better confinement of 

the square configuration is obtained at a smaller aspect ratio (Ria) than that of the 

torus (e15 for EBS vs ?30 for EBT). As an example, we take Rla - 15, b / u  = 1.5, 

Bp ~ 6 T, R ~ 11.5 I n ,  CL - 0.78 m, a,/a : 1.26, and pwn : 5 M W . m  '. For these 

values, with T e k  - 20 keV and (q5/Te) 3 (as typically observed in bumpy tori), we 

find from Eqs. (1) and (2) that we need ( p )  2 10% and x E  c<, 0.3 rn2 . s - - ' ,  where the 

volume-average beta (/?) is the plasma pressure iiormalizcd to  the average magnetic 

field B, and xE: is the average radial thermal diffusivity in the mirror cell. 
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Theoretically, an ElUS should attain t,his beta level. From Eq. (5), the expected 

0.1 m2 . s I ,  which leaves a margin on tlicrrrial diffusivity for this case is x E  
confiriemcnt of a factor of 3. 

The results of these calculations for a range of effcctive aspect ratio values are 

plotted in Fig. 14, along with corresponding curves for other fusion confinement 

schemes. It can be seen that the physics capability of EBS devices to be attractive 

reactors is on the same order as that of other devices. 
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Fig. 14. Neoclassical predictions for attractive reactors. T h e  EBS margin of 
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Thc is5ucs to  be resolved experimentally arc. thcrefore, the following: 

e To what extent does x E  ma.tch classical predictions? 

e What is the level of 4/Te  and can it be varied profitably? 

e What ( p )  level can be sustained with good confinement? 

e Can rings be produced efficiently at an average field of 6 T? 

1.6 CONTRIBUTIONS OF BUMPY TOROIDS TO THE FUSION 

REACTOR PROGRAM 

The contributions of the EBT program to  the development of fusion cover a 

broad range. including 

e ECH physics and technology, 

e nonaxisyrnmetric transport (anbipolar potential), 

e heavy-ion beam diagnostics, 

e s t,eady-s tate plasma-wall interaction, 

e stabilization of plasmas by hot electrons and physics of very high temperature 

plasmas, and 

m steady-state, modular reactor concepts. 

The EBS program will allow continued contributions in these areas and will also 

advance research in the following areas: 

e kinetic stabilization of plasmas by hot electrons in systems with higher pressures 

and pressure gradients, 

e control of the ambipolar potential, 

e effect of high fields on confinement, 

e rf-driven transport, 

e advanced configuration design, and 

e improved coupling of ECH to plasma. 

The EBT program has been a major driver for the development of a number of 

physics areas, including: 

e stabilization by energetic particles, 

e three-dimensional equilibrium, stability, and traxisport (including ambipolar 

electric fields), and 

e ECH. 
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For example, in the area of stability theory, EBT provided the major impet,us 

for extensive studies of the spatial stability properties of energetic-particle plasmas. 

These studies have been fruitful in extending the fundamental theory of stability 

and in obtaining fusion-relevant stability criteria for EBT devices, mirrors, and 

tokamaks. Also inspired by EBT was the development of a new variational principle 

and of detailed eigenmode analyses valid in the previously unexplored regime of 

modes that grow on the hot electron curvature drift time scale. The EBT device 

served as the motivation for generalization of the gyrokinetic equa,tion to arbitrary 

frequencies and relativistic energies. These theories were applied to EBT and have 

productive applications to both mirrors and tokamaks. 

1.7 OR,GANIZATION OF THE REPORT 

Chapt'er 2 of this report presents a description of the experimental program 

proposed for the EBS device, arid Chap. 3 is an overview of the existing and required 

facilities. The 

opportunities for collaboration with the fusion communit,y are addressed in Chap. 5. 

The appendices present a great deal of information gained during studies of 

EBS. Detailed discussions of magnetics: single-particle drift orbits, nurrlerical cal- 

ciilations of neoclassical transport coefficients, field ripple effects in the corners, and 

Resources, cost, and schedule are briefly addressed in Chap. 4. 

field error calculations are presented in Appendices 1---3. Appendix 4 includes I -1' 1sc11s- 

sions of the MHD equilibrium properties and single-particle orbit characteristics of 

EBS, extensions of closed-line magnetic equilibrium theories, vacuurri field approxi- 

rIia.tions, a qiialitative discussion of the modifications produced by high-beta rings, 

estimates of the parallel electric fields from parallel currents, arid the connection of 

single-particle drift orbits tJo equilibrium via the drift, kinetic equations. 

Discussions of the charact'eristic instability modes associated with the square 

configuration, and their parallels in other confinement, devices, are given in Ap- 

pendices 5 7. In particular, the limitations in core plasma beta that result from 

ballooning modes (in corners) are analyzed using an MHD formalism in Appendix 6 

and a generalized kinetic energy principle in A4ppendix 7 .  

The conceptual design of the EBS device is summarized in Appendix 8 .  The 

results of the reactor assessments for advanced bumpy torus configurations, which 

include the favorable prospects for EBS, are discussed in Appendix 9. Appendices 

10-12 present some new results on symmetrization of the potential and the resulting 

improvements to the transport. Finally, Appendix 13 is an analysis of alternativc 

corner coils for EBS. 



2. RESEARCH PROGRAM 

The principal objectives of the research program, suinniarized below, are dis- 

cussed further in Sect. 2.1. The research program is described in detail in Sects. 2.2 

2.5. 

Stabilization of toroidal plasmas by energetic electron rings. It is 

known both theoretically and experimentally that plasma stability is enhanced by 

“magnetic wells” or “reversed grad-23.’’ Energetic electron rings provide magnetic 

wells when the ring energy. or beta, is sufficiently high. In EBT, stabilization from 

ring effects occurred even before the beta value for average well formation was 

reached. Thc EBS experiment should have substantially higher beta than EBT 

because of improved heating cfficiency and particle confinement; it should therefore 

provide both a clearer test of the principles of stabilization and the capability to 

explore the severity of possible limitations, such as unstahlc coupling between the 

ring and toroidal plasmas. 

Reduction of thermal losses by drift optimization. In toroidal confine- 

ment devices, the particle and energy losses can be controlled by shaping of the 

Iiiagnctic fie13 geometry and by radial electric fields. The ERS is the first fusion 

device in which detailed optimization of drift orbits has been incorporated ab znztzo 

to control transport. A key factor in assessing and understanding the effcctiveness 

of orbit irnprovernrnt is the ability to vary the degrec of optimization in EBS by 

changing thc relative magnetic fields of the corners and sides and by changing the 

electric potential through sclective heating of particle subpopulations. 

Evaluation of reactor prospects for bumpy systems. The bumpy torus 

has long prcscnted the prospect of an attractive fusion reactor because of its simple 

f i c ~ l d  structure arid inherently steady-state nature. Its drawbacks have been twofold. 

The first is that ,  in the circular toroidal form, any reduction of the effwts of toroidal 

curvature rcqiiired a large major radius and system output. This problmn is sub- 

stantially reduced in the EUS concept and is subject to furtlicr irnprovcment. The 

sccond drawback has been the need for a continuour feeding of power t o  the rings, 

which is also reduced by better particle confinement in EBS. Both of these improve- 

ments are brought about by the isolation of the toroidal curvature in the corners, 

which leaves the system sides at an effectively infinite aspect ratio. 

2 0 
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2.1 PRINCIPAL OBJECTIVES 

2.1.1 Stabilization of Toroidal Plasmas by Energetic Electrons 

The beneficial effect on stability of rings generated by ECH has been observed 

in EBT, in the Nagoya Bumpy Torus (NBT) in Japan, and in a variety of mirror 

devices. This observation has led to interest in using energetic electron rings as a 

means to stabilize toroidal devices (such as tokamaks, stellarators, and heliacs) and 

open-ended devices. Although simple MHD theory predicts instability in mirror 

geometry, the experiments and more sophisticated theory that incorporates kinetic 

effects have encouraged pursuit of the ring stabilization idea. 

The EBS device provides a simple geometry for testing this concept, and gener- 

ation of rings with sufficiently high beta seems assured. Data from the early Canted 

Mirror Facility (CMF) showed that rings in symmetrized geometry could have Val- 

ues of beta twice those achieved in EBT, with its curved mirror sectors and lack 

of symmetry. Moreover, the SM-1 device showed that multiple-frequency heating 

could further enhance the ring beta, and theory suggests that  symmetrization will 

reduce the ring thickness in EBS, which also supports the expectation of higher 

beta values. 

An important question about stability persists: Are the rings adequately decou- 

pled from the toroidal plasma at  higher frequencies in the range of the hot electron 

precessional drift frequency? The negative-energy drift wave is expected to couple 

to background plasma waves or dissipation mechanisms when the diamagnetic well 

is deep enough to reverse the hot electron drift velocity. A key task for the EBS 

expt4ment would be to determine the extent to which this coupling affects ring 

stabilimt,ion of the toroidal plasma. The issue is complicated; if the ring beta is too 

high, then an instability could occur, with consequences that are not predictable 

wit,h the linear theory now available, and at lower beta values, windows of insta- 

bility are predicted. However, with control of profiles it appears possible to avoid 

these windows and achieve average well formation or to provoke them in order to 

assess their importance. 

In summary, EBS offers the opportunity to test the physics of ring stabilization 

in a device in which the rings can be produced and controlled in the presence of a 

well-confined toroidal plasma. 
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2.1.2 Reductioii of Plasma Thermal Losses by Orbit Optimization 

The principle of orbit optiniization has been adopted into the open-ended coil- 

finement systems program; in the toroidal systems program. it represents an avenue 

for improving the conventional tokamak concept. 

The EBS device is a striking example of the benefits to be gained by optimizing 

particle drift orbits, and it provides a very simple geometry in which to calculate 

and test the principle. Theoretical calculations have been made of the reduced 

dispersion in magnetic drift orbits for transitional and passing particles and of 

the near-perfect symmetrization of trapped-particle orbits. In EBS, the scparation 

between the electron cyclotron fundamental resonance zone arid the trapped-passing 

transitional region would reduce the direct losses of cyclotron heating power by 

about an order of magnitude below those in EBT. 

Symmetrization of the ring electron orbits in ERS would produce a more sym- 

rnctric ambipolar potential. This would lead to still further centcring of all the 

particle orbits and to reduction of convective losses. Expcrirrients in EBT dernon- 

strated that the structure of the potential contours is strongly affccted by the de- 

tails of ring formation, such as the geometry of the cyclotron resonance surfaces. 

In toroidal systerm,, as well as open-ended devices. the exploitation and control of 

the potential are now recognized as critical factors in the development of adequate 

confinenlent. Thus, EBS can supply important information on these factors to thc 

rckit of the fusion program. 

In  addition to  the reductions in dircct and convective losses, there is a tenfold 

rt.diictiori in residual diffusive losses in EBS as a result of the improved orbits 

.Inother kcy feature of the proposed experiments in EBS is the strong depcri- 

dc~ricc. of the loss processes on the ratio of the magnetic fields in the corners to thow 

i n  t l i c >  ccriters of the mirror sections. The ability to change this ratio provide5 both 

c~spcrirnental fiexibility to select the desired amount of orbit optimization and tlic. 

opportunity to verify the importance of improved orbits. 

2.1.3 Evaluation of the Reactor Prospects of Bumpy Toroidal Systems 

A sequence of experiments on improved bumpy toroids is described in Sect. 2.5. 

The philosophy behind this sequence is to  move in small but significant steps to- 

ward a system with improved confinement and higher bcta at a smaller overall 

effective toroidal aspect ratio. Other possible lines of development, summarizcd in 

Appendix 9, show that there are many approaches to the challenge of improving con- 

finement and performance. Most of the collateral approaches depend on the same 
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principles of improvenient, and optimization, and t,he course of fiitiire dcvelopment, 

can bcst be determined aft>er experimental results have validated the concepts. 

Earlier physics and engineering analyses and cost sensitivity studies show t,hat 

bumpy torus reactors with &,,, of 6-lo%, output power of 1200-1700 MW (e), 

wall loadings of 1-2.5 MW/m2, and a recirculating power fraction (including ring- 

sustaining power and all other reactor auxiliaries) of 10-15% are possible. The 

advantages identified in earlier EBT reactor studies as important properties of 

bumpy toroids have been recognized and adopted by proponents of other confine- 

ment schemes. Among these are the steady-state nature of EBT devices, which 

strongly reduces the requirements on materials and structures, and the simple mod- 

ular nature of the coil systems, which provides ease of accessibility and maintenance. 

Recent reports4j5 have collated the relevant ingredients for an assessment of 

bumpy toroid reactors. However, the orbit improvement properties of the bumpy 

square are not fully integrated into these reports. The first of these reports4 in- 

cludes some analysis of the generic effects of confinement improvement, presented 

as “aspect ratio enhancement.” These led to a credible reactor concept with an as- 

pect ratio of about 25. This is higher than the desirable values calculated in recent 

generic assessments of attractive fusion reactor systems, but it does not include the 

optimizat.ion offered by the bumpy square concept and related ideas. The more 

recent estimates presented in the second report5 bring the effective aspect ratio of 

bumpy square reactors down to less than 15 and the wall loading up to the range 

from 2 to 4 MW/m2, values that are competitive with the optimistic possibilities for 

other confinement schemes and wit.h the requirements for attractive fusion reactors. 

2.2 STABILITY AND FLUCTUATION MEASUREMENTS 

The goal of thr  EBS expcrirriental program is to make the measurements that 

are essential to validate the. EBS prcmises. The first of these prcmises is that the 

energy density of the rings will be higher in the nearly lincar geometry and that 

thc strongrr rings will result in greater stahility for the core plasma. The second is 

that the orbit optimization in EBS will result in reduced transport, which will be 

manifest in enhanced parameters for the core plasma. 

The initial csperiiricnts will use a few relatively simple diagnostic devices. Later 

in the program, advanced rneasuremcnts will  use more sophisticated devices that 

can answer more detailed questions about the plasma. 
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Thc. first question to be addressed is that of ring formation. Ring diamagrictisrri 

can be used to  infer the stored energy; it will be measured with multiplc-turn loop5 

wound directly on the device cavities. Well-known technique.; for integrating the 

loop signals and compensating for the effects of nearby rings will be used in deter- 

mining the stored energy in the rings. The current observed in simple ionization 

chambers will serve to  demonstrate the formation of energetic electrons, via the 

X rays produced by the hot electrons. 

Correlation of the ring measurements with density measurements, which can be 

made with a single-channel interferometer, can be used to investigate the connection 

between the presence of rings and the enhanced confinement. Variation of the field 

strength will change the location of the resonant surface and, therefore, the location 

and stored energy of the ring. This technique for varying the ring parameters can 

be used to investigate the interplay between ring and core parameters. Conversely, 

the core parameters can be changed by varying the mirror ratio, that is, the ratio 

between the field in the corners to  that in the center of a cavity. Both techniques 

can be used to investigate the ring-core interaction. 

The presence of fluctuations can be determined with magnetic or electrostatic 

probes, by observation of the phase shift of a microwave interferometer, or with 

Langmuir probe.;. All of these techniques are sensitive to  fluctuations in the outer 

portion of the plasma and give only limited data. However, these data can be used 

with more advanced measurements to investigate the premise that the rings stabilize 

the plasma that lies within them. 

The next level of diagnostics will use devices that  can determine the energy 

and/or  spatial distribution of the ring electrons. An array of hard X-ray detectors 

would bc ideal for this purpose. A single detector, optimized for the intermediate- 

energy (5- to  50-keV) rings, would be used to  investigate the “feed populat,ion” from 

which the high-energy electrons are formed. Germanium detectors are well suited 

to  this t a sk .  Time-resolved measurements of the synchrotron emission will show 

the fluctuations in ring temperature or denrity. 

The spatial distribution of the hot electrons in the midplane can be measured 

with thrcc types of beam probes. A heavy-ion beam probe, used primarily for deter- 

mining potential distributions, will give both direct arid indirect measurements of 

the hot electron spatial location. Direct riieasiirements employ multiple ionization of 

the primary ions, which requires high-energy electrons. Indirect measurements use 

the connection between the hot electron population and the peaks in the potential 

profiles. 
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A second beam probc systcm uses hravy atoms as internal targets for prodiir- 

ing characteristic X rays. A detector that scans the source region of the X rays 

delineates the region populated by energetic electrons. 

A third beam probe, using Zeeman spectroscopy, will be used to determine the 

magnetic field in the vicinity of the hot electron distribution, thereby giving a direct 

measurement of the field modification. The ability to modify the vacuum field is of 

central importance to the bumpy torus concept. 

Skimmer probes can be used to provide additional information on the location 

of the hot electrons. As a material object enters the hot electron distribution, it 

removes a portion of that distribution. Thus, a correlation of the stored energy as 

a function of skimmer position gives a measurement of the spatial distribution of 

the hot electrons. 

2.3 PLASMA CONFINEMENT MEASUREMENTS 

For budgetary reasons, EBS experiments will begin with the essential minimum 

of diagnostics needed to establish that the hot electron rings are stronger than in 

EBT, that, a quiescent regime of operation exists, and that, confinement is substan- 

tially better than in EBT. When these points h a w  been established, additional 

diagnostics will be attached and activated so that more detailed measurements arid 

correlations can be made. Figure 15 is a diagram of the available diagnostics as 

they were installed on EBT. Table 3 lists the planned diagnostics for EBS. 

2.3.1 Initial Measurements 

The premise that orbit optimization will result in enhanced confinement can be 

validated by measuring the core plasma parameters. Initial measurements madc 

with simple diagnostics can provide crucial information. 

A single-channel interferometer, which measures the line integral of the plasma 

density, will  quickly determine whcther the density in EBS is higher, producing 

improvcd orbit characteristics, than in EBT. It will also tell whether the range of 

neutral density for the T-mode is extended in EBS. 
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Table 3. Diagnostic facilities for EBS 

Rings Warm plasma 

Diamagnetic loops 

Ionization chamber 

Initial operation 

Thermocouple arrays in mirror throats 

Toroidal pickup coils 

Single-channel interferometer 

Langmuir probes 

RF probes 

Residual gas analyzer 

After 1 year 

Single-channel bremsstrahlung 

Single-channel synchrotron 

Visible and ultraviolet spectrometers 

Single-channel soft X-ray detectors 

emission system (cavity and coil nidplanes) 

Heavy-ion beam probe 

Magnetic loop probes (in one 

corner sect ion) 

After 2 years 

Bremsstrahlung array Mu1 tichannel interferometer 

Zeeman splitting probe Thomson scattering system 

Intermediate-energy brems- 

strahlung detector 

Internal target X-ray 

source probe 
- .. ._.. .. _- ....._. . ._--...._...I ...... 

A second benefit of increased density would be enhanced attenuation of neutral 

atoms and molecules. Spectroscopic measurements can provide evidence for the 

depletion of neutrals, particularly if the plasma can be scanned radially to permit 

the use of Abel inversion techniques. 

The best, and most direct, measurement of the symmetry of the electrostatic 

potential requires a heavy-ion beam probe; however, plans are to defer the expense 

of installing this diagnostic until later in the program. In the earlier stages, some 

indication of the potential symmetry will be given by Langmuir probes, which can 

be used on the midplane of a cavity and in the coil plane of the existing split mirror 
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coils. With probes in both locations, it will be possible to rrieasiirc the potential 

distribution in the outer portions of the plasma and to obtain evidence of axial 

variation as well. 

Plasma losses are expected to  be asymmetric in the corner regions, where the 

plasma will scrape off on the inside. In the straight sections, losses should be 

symmetric. Several of the existing EBT coils have provisions for thermocouples 

to measure temperature in the coil throats. The symmetry of that temperature 

distribution will serve as a measure of the symmetry of the plasma losses. 

The sensitivity of EBS to field errors will be checked with an electron beam 

probe. During plasma operation, a monitor of toroidal current (e.g., a toroidal 

pickup loop) will be used. The level of toroidal current will indicate the presence 

and severity of global field errors, which can be compensated by using external coils 

to induce errors of the opposite sign. 

2.3.2 Advanced Measurements 

A second type of toroidal current is of particular interest in EBS. Pfirsch- 

Schluter currents are expected to  peak near the transitions between corners and 

straight sections. The spatial variation of these currents should he determined with 

simple forms of magnetic probes. The variations in the magnitude and distribution 

of these currents will furnish excellent opportunities for a collaboration between 

experiment and theory to elucidate the transport and stability properties of EBS. 

As described in Appendix 10, the electrostatic potential in EBS is expected to 

be much more symmetric than that in EBT. This will be checked with a heavy-ion 

beam probe. 

In EBS, the effects of the toroidal curvature on the potential profile can be 

checked in stages by using plates to isolate the plasma being measured. For example, 

it will be possible to change the effective configuration from a straight multiple 

mirror, with no toroidal effects, to  a multiple mirror that has curved end sections, 

with some toroidal effects, to a full torus, with full toroidal effects. 

2.4 HEATING MECHANISMS AND GEOMETRY 

The magnetic geometry of EBS, which results in improved drift orbits, has 

the added benefit of improving the heating efficiency. The particles that are most 

efficiently heated are thosc that turn near the resonant field location. For large 

values of the global mirror ratio MG,  these particles have pitch angles much smaller 
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than the loss cone angle, so that heating takes p1ac.e far from t,he loss regimi, in 

pitch angle space. 

The improved heating efficiency should have a measurable effect on the electron 

distribution function. In EBT, the absence of warm electrons, as measured with 

a soft X-ray detector in the coil throat, was one of the principal clues to the con- 

finement problem that resulted from drift orbit effects. In EBS, however, particles 

should be able to penetrate to the mirror throat regions, and beyond, without en- 

countering the loss cone. Thus, a measurable population of warm electrons can he 

expected in the mirror throats, and the density of this population will serve as a 

measure of the increased heating efficiency. 

Another related benefit of the EBS geometry results from the deeoupling of the 

field strengths in the corners and the straight sections. Although the field strength 

in EBT could be varied, which changed the geometry of the ring and the resonant 

surface, this variation also changed the mirror ratio between the resonant field and 

the field for particles in the loss cone. Thus, it was very difficult to separate heating 

effects from confinement effects. In EBS, where the confinement is principally due 

to the field in the corners, changes in heating efficiency with local geometry (e,g., 
ring size, resonant field locaton) can be more easily studied, 

The EBS device also offers several attractive prospects for advanced heating 

techniques. For example, multifrequency heating, which was shown to be effective 

in a linear geometry, can be used t,o good advantage on EBS to enhance the ring pa- 

rameters. Two frequencies, 27.7 and 28.0 GHz, are already available from gyrotrons 

in separate tube sockets at the EBS site. A demonstration of the effectiveness of 

two-frequency heating could be used to make a case for increasing the nunher  of 

awilable frequencies. 

Off-resonant heating, in which the incident power does not encounter a resonant 

surface, is also an interesting prospect €or EBS. This technique has been demon- 

strated in linear systems. Upper off-resonant heating results in higher energies for 

the ring electrons and in a greater energy spread. These changes, particularly the 

energy spread, are useful in alleviating ring rnicroinstabilities, such its whistlers. 

Lower off-resonant heating reduces the ring stored energy by increasing the pitch 

angle for ring particles. This is not an appealing prospect in open-ended devices, 

but it may be very useful in controlling the distribution fiinction in a torus. 

The modular nature of EBS makes it easy to install multiple antennas for ion 

cyclotron heating (ICH). Initial experiments are likely to use slow-wave launch, with 

power provided by a variety of high-power: transmitters, which are already in place 
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and operational. Thcsc experiments are attractive because they permit the uw of 

s i rn p 1 er an t  win as without Far  a day s h ie 1 d s . 

2.5 ADVANCED BUMPY TOROID EXPERIMENTS 

A sequence of experiments that leads from the initial EBS experiment toward 

a reactor is outlined in this section, and a possible EBS reactor configuration is 

described. 

The nearer-term configurations are designed to permit experiments with larger 

global mirror ratzo, larger core plasma beta, and larger minor radius. The means 

for extending the range of these important physics parameters is a step-by-step 

approach that maximizes the use of existing hardware. 

A wider range of global mirror ratio than that of the initial E B S  configuration 

can be achieved in two ways. The one that requires the minimum modification uses 

trim coils in the mirror cells adjacent to the corners (i.e., in the transition cells). 

These trim coils counteract the 1/12 fringing fields of the corner coils so that for 

all values of Mc, the field in the transition coils is more like the field of the other 

mirror cells. (Withoiit, trim coils, this can be accomplished only for a limited range 

of Mc, values.) This method of increasing Mc; also involves lower magnetic field 

B in the straight sides. This offers the possibility of raising the core plasma beta, 

u hich will allow tests of the beta limits associated with stability. 

Achieving high beta by lowering B in the sides increases M c  and hence the 

diffusive lifetime. T h u ,  if nl' is limited by the diffusive lifetime, then at comparable 

power levels n T  should be higher than in the initial EBS experiments. Lowering B 

by a factor of 2 to  3 (and taking no credit for the increased lifetime) should increase 

core beta by a factor of 5 to 10. 

The heating technique for exploring high beta uses existing 28-GHz microwave 

sources. The fundamental resonances would be placed in the parts of the transition 

coils nearest the corners. This type of heating is advantageous because it minimizes 

microwavc cutoff problems and because the entire device can be heated by illurni- 

nating only the transition cells adjacent to two diagonally opposed corners. The 

magnetic field can be adjusted so that the resonance is far enough from the lossy 

region of phase space to make the heating inefficiencies that occurred in EBT in- 

significant. Because the magnetic scale lengths are comparable to those of the initial 

EBS configuration, heating efficiency (absorbed power) should be comparable. 
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The high-beta experiments will also require the 18-GHz or 10.6-GHz microwave 

sources to heat the rings in the straight sides. Because the density at  the ring 

position should be somewhat less than the central value, microwavecutoff should not 

be as much of a problem as usual for these lower frequency microwaves. Nonetheless, 

this problem depends to some extent on profile, and it may be necessary to start 

at low density and use gas puffing (and the long lifetime of the rings, 2 0.1 s )  to 

avoid it. 

Exploring the full range of MG with lower B in the sides requires a comparably 

low frequency for the microwaves leg. ,  10.6 GHz) to produce the same local heating 

geometry as that in the initial EBS experiments. This is attractive because lower 

frequency microwave sources are more readily available and generally less expensive. 

There are, however, lower bounds on the frequency because of microwave cutoff. 

To take full advantage of the high MG at low B,  28-GHz micrpwaves will proba- 

bly be needed to  provide upper off-resonant heating. This technique, proven on the 

ELMO and CMF devices, raises the hot electron temperature (e.g., by a factor of 7 

in the CMF), which makes it possible to  achieve high ring beta without increasing 

the ring density to levels near the plasma core density. This avoids the hot electron 

interchange mode, which occurs (as demonstrated theoretically and experimentally) 

when the ring density is comparable to the core plasma density. Upper off-resonant 

heating might also be useful to sustain rings in high-beta experiments. 

The second way of achieving higher Mc, is by using elliptical coils in the corners. 

The long axes of these coils would be vertical. This configuration reduces the 

variation in field line length due to toroidal effects (important for passing particles) 

without requiring significantly more coil power, and it allows full magnetic field in 

the sides. 

Larger minor radius can be obtained through another modification. With the 

elliptical coils providing higher Mc,, fewer coils are needed for the straight sides, 

and a somewhat lower “local” mirror ratio can be tolerated in the individual mirror 

cells. (Particle orbits arid the associated lifetime improve with MG, number of 

mirror cells, and the “local” mirror ratio of individual cells.) For a fixed separation 

between corners, fewer cells per side (and perhaps a lower local mirror ratio) allow 

an increase in the diameter of the coils in the straight sides and hence in the plasma 

diameter. 



3. FACILITY SYSTEMS 

The detailed conceptual design report for the reconfiguration of EBT into EBS 

has been given elsewhere.6 In this section, some of the engineering drawings and 

equipment specifications for carrying out this project are presented. 

3.1 OVERVIEW 

The EDS project will provide for the complete disassembly of the existing EBT 

device, demolition of its substructure, and assembly of new and existing components 

to form a square configuration. The 24 EBT mirror coils will be salvaged; 16 of them 

will be installed between new cavity sections, as shown in Fig. 1 .  The connecting 

corner sections forming the vacuum vessel will be toroidal sectors, each with eight 

new mirror coils half the size of the EBT coils. 

Each set of corner coils will be powered by a 3-MW generator, so that an 

additional 12 MW of power will be required. The power distribiition system and 

cooling water system will he modified to accommodate the additional needs. ,4 new 

device substructure and a new microwave duct and manifold will be installed. 

The instrumentation and control (I&C) systems and the microwave waveguide 

network from EBT will be installed on EBS without changes, except as required 

to adapt to the new configuration. The biological shield, which is shown in Fig. 2, 

will also remain unchanged. Figure 16 is an elevation view of the EBS device in the 

shielded enclosure, and Fig. 17 is a typical elevation cross section. The relation of 

the vacuum vessel to the flux surfaces is shown in Fig. 18, which also illustrates the 

construction of the corners. 

Because EBS is chiefly a reconfiguration of the existing EBT device, the capital 

investment involved is minimal. No critical elements are required by EBS ( *  ix., no 

new or ongoing component research and development must be successfully com- 

pleted). Design, fabrication, and assembly require only existing technology, and no 

particular element takes precedence over the others. 

3.2 MECHANICAL SYSTEMS 

3.2.1 Vacuum System 

The vacuum pumping system for EBS will be essentially the same as that for 

EBT. A new vacuum manifold will be required to match the square configuration; 

32 



ORNL-DWG 86-2656 FED 

ADJUSTABLE IRIS 

DlSTR I BUTION 

VACUUM PUMP 

Fig. 16. Elevation view of EBS. 

w w 



34 Facili ty Systems 

ORNL-D'NG 84 3182 F E D  

MICROWAVE DISTRIBUTION MANIFOLD - 
FLEXIBLE WATER LINE 

MIRROR COIL CONDUCTDR CODLING COUPLING 

ADJUSTABLE IRIS MIRROR C A V l l Y  

WATER DISTRIBUTION SUPPLY RISER 
WATER OlSTRlBUTlON RETURN RISER- 

/ MIRROR COIL OUTER'NINOING 

~ .... .... .. 

V A C U U M MAN I F 0 LO 

FlELO CORRECTION COILS 
LOCATION ENVELOPE 

\WATER DISTRIBUTION SUPPLY MANIFOLD 

SUBSTRUCTURE 

M I R R O R  COILBUS 

WATER DISTRIBUTION 
RETURN HEADER AND 
COILSUPPORT POST 

Pig. 17. Cross section of typical elevation of EBS. 

flanges on the new manifold will mate to the three turbomolecular vacuiim pumps 

and one cryogenic pumping system already installed. The I&C for the pumping 

system will be unchanged, as will the mechanical foreline and tank roughing pumps. 

A total of 14 new cylindrical aluminum standard cavities, shown in Fig. 19, and 

6 box-shaped diagnostic cavities, shown in Fig. 20, will make up the vacuum vessel 

in combination with the mirror coil cases. The diagnostic cavities have large cover 

plates on four sides to simplify the installation arid removal of diagnostics. 

3.2.2 Cooling System 

The cooling system for the mirror coils will be modified to accommodate the 

heat load imposed by the new corner coils. The number of cooling water paths 

will increase from 288 to 532, which increases the requirements for water flow (at 

4 gal/min) from about 1200 gal/min to about 2100 gal/min. The existing cooling 

water manifolds for the mirror coils will be modified and reinstalled. The cooling 
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system for the corner coils is shown in Fig. 21. New manifolds will be fabricated 

the corners. The cooling systems for the 28-GHz, 200-kW, cw gyrotrons will 

require rrio dific at ion. 
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3.2.3 Vacuum Vessel Support Structure 

Figure 21 also shows the support structure for the corner coils. Each corner 

assembly and rnirror coil case will be directly supported on a stand bolted to  the 

floor. The individual stands will then be coupled by a concrete collar to distribute all 

centering and out-of-plane magnetic forces over the centerline span of the machine. 

3.3 ELECTRICAL SYSTEMS 

3.3.1 Magnet System 

One of the four split mirror coils from EBT will be installed on each side of 

EBS. The coils on each side of the square are in series with one another and with 
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Fig. 19. Detail of standard microwave cavity. 

the coils on the opposite side of the square; they are powered by two dc generators 

in series with a combined rating of 700 V and 7140 A. 

Each corner assembly contains eight coils, each of which consists physically of 

half a straight-side mirror coil (two pancake coils instead of four). The eight coils 

are series connected and are in series with the opposite corner; they are powered 

by two dc generators in series with a combined rating of 700 V and 8750 A. The 

positive and negative copper bus around the machine is in close parallel alignment 

to cancel stray field effects. 

Space is providcd for error field correction coils. Four continuous vertical and 

four continuous horizontal coils will be located on 45" planes out from the machine 

cen terlinc. 

As shown in Fig. 18, space is provided for trim coils next to the corner coil 

assemblies. One circular coil, twice the diameter of a mirror coil, can be mounted 

inside each of the eight transition cavities to  align the hot electron ring position, if 

needed. This location optimizes the function of the trim coils while avoiding space 

conflicts with other machine systems. 
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Fig. 20. Detail of instrumented diagnostic microwave cavity. 

3.3.2 Microwave Systems 

The microwave manifold will be a 10-cm-diam copper duct square configured 

to  match the coil-cavity arrangement. The manifold will connect to  each straight- 

side cavity section through a 10-cm-diam port that has an adjustable iris to control 

power distribution. The system is shown in Figs. 16 and 17. Input power from one 

'or both gyrotrons will be fed into the square manifold at a single point and split 

for symmetric distribution at the ports. 

3.3.3 RF Sources 

No changes in the rf sources will be required for EBS, other than a Ininor 

rerouting of ducts to  fit the square geometry. New duct flanges will be required at 

the cavity interfaces. The following sources of rf power are in place and operational. 

a Two 28-GHz, 200-kW, cw gyrotrons. Each gyrotron is powered by a supply 

consisting of two stacked, variable-voltage, regulated supplies. The beam sup- 

plies have a rating of 100 kV at 1.0 A, and the gun supplies are rated at 40 kV 
at 1.0 A. 

e Five transmitters, all capable of cw operation at the following levels: 

a. 2 to 30 MHz, 100 kW, 
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b. 

c. 

d .  

e.  

2 to 30 MHz, 200 kR', 
175 to  215 MHz, 50 k W ,  
2 to 30 MHz, 20 k W ,  and 

30 to  60 MHz. 20 kW. 

3.3.4 Instrument at ion and Con t rols 

hlost of the needed I&C systems for EBS already exist. Additions will be made 

primarily in thc cooling and generator control systems. The vacuiini instrumenta- 

tion systems exist arid will be installed directly on ERS without change. 



4. RESOURCES, COST, AND SCHEDULE 

4.1 RESOURCES 

Experiments on the EBT device made use of an extensive set of computer 

equipment, plasma diagnostics, and machine facilities. Most of these assets will 

be suitable for use on the EBS device. Altliough many of the diagnostics and other 

components have been lent to other experiments (which is a testament to their 

utility), they are, in principle, recallable and thus available for the EBS program. 

Brief descriptions of these assets fobllow. 

4.1.1 Computers 

Many of the EBT diagnostics used dedicated computers for data acquisition and 

experiment control. These L‘diagnostic’7 computers were connected to larger VAX 

computers used for data storage and rapid analysis. These, in turn, were linked 

through a DCA 355 to the Fusion Energy Division’s central PDP-10 computer. 

Terminals and monitors were used to control machine and diagnostic operation, to 

provide analysis capability in staff offices, to provide word processing and graphics, 

and to enable after-hours computing from remote locations. These assets include 

the following: 

2 VAX computers 511 terminals with monitors 

5 PDP-11 computers 5 hard-copy units 

1 DCA-355 1 Versatec printer 

4.1.2 Diagnos ties 

A record of the diagnostic complement on EBT wa.s maintained on one 0f the 

word processing devices. One of the latest of these is shown in Fig. 15. 

4.1.3 Machine Facilities 

Two motor-generator (MG) sets, comprising four generators, were used on EBT 

to provide up to  PO MW. Another pair of MG sets that can provide up to 12 MW 

was refurbished using EBT furids but has not been used. The buswork necessary to 

deliver power from these sets to the EBS site is in place, and the control circuitry for 

regulating their output has been designed and partially construct>ed. The available 

power is more than adequate for EBS. 
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.4 closed-cycle demineralized water system is in place at the EBS site. I t  is 

cori~iccted to  a cooling tower with a 50-MW capacity, ensuring the removal of the 

heat generated by the experiment. 

Available power supplies and microwave tubes can provide power at 10.6, 18, 

27.7, and 28 GHz. This rnix of frequencies allows a very interesting range of ex- 

periments. Although it is unlikely that all of the microwave power would be used 

simultaneously, it is possible to provide roughly 500 kW of heating to the plasma 

using the available sources (two 200-kW, 28-GHz tubes; four 15-kW, l8-GHz tubes; 

and three 15-kW, 10.6-GHz tubes). 

About half this amount of continuous heating in the ion cyclotron range of 

frequencies is available (one 100-kW, 5- to 30-MHz transmitter; one 20-kW, 5- to 

30-MHz transmitter; one 200-kW, 5- to 15-MHz transmitter; one 20-kW, 30- to 

GO-MHz transmitter; and one 1.5-k W, 1- to 200-MHz transmitter).. 

4.2 COST AND SCHEDULE 

The cost of the EBS project is $4 million (as of September 1985). The estimated 

completion date is 24 months after project approval. 



5. PROGRAM COLLABORATION 

The program for EBS is expected to involve significant collaboration, both 

experimental and theoretical, with individuals and groups outside ORNL. Inter- 

national collaboration, especially with the Japanese, is expected, as is involvement 

of staff from U.S. industry, universities, and national laboratories. The effectiveness 

of the planned collaboration can be predicted from the collaborative program for 

EBT. 

The EBT program involved extensive collaboration with the Japanese, primarily 

with the NBT group at Nagoya. There were personnel exchanges, data workshops, 

collaborative experiments, and many overseas telephone conversations between the 

EBT and NBT groups. This collaboration should continue for the new program. 

Various industrial groups planned experiments, built equipment, transported it 

to Oak Ridge for installation on EBT, and participated in experiments. This type 

of involvement will be actively sought and encouraged for EBS. 

Innovative theoretical work, which has had a profound effect on the course of 

bumpy torus research, has been done by individuals a t  other national laboratories 

and in university and industry settings. The program 0x1 EBS is expected to be 

interesting enough to result in continued involvement of this nature. 
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The EIYO ~~~~~ Sq iua~e  (ESS) is formed bj four I inear a r r a y s  cjf 

solenoid. The EBS is sh n t,a have s i n g l e - p a r t i c l e  confinement 
pro,per@ies t h a t  a r e  dist,iinctly superior to t.hose of B s t a i l d a d  EBT 
consisting of a to ro ida l l y  linked a r ray  of circular miwar coils- 
S p e c i f i c a l  ly, EBT--I/S is ~~~~~r~~ to EBS ~ Q ~ f ~ ~ u ~ ~ ~ ~ ~ i ? ~  Raving 24 
mirror sectars with EBT---I/S mirror coi ls  i n  t h e  s ides of the square .  
Each corner i s  formed by eight new circular or elliptical coils d h a t  
generate a field with negligible edge ripple, so that trapping i n  local 
minima in the corners does n o t  occur. 

simple magneth  i ~ r u r s  I inked by $0" sections of a high-fie! d toroidal 

The EB§ i s  one member of a class of closed f i e l d  l i n e  devices,  
cai I I ed bumpy polygons, i n wh i eh improved eonf i nemenk r e s u  I t s  f ro  
IocaIizing t h e  unavoidable toroidal curvature i n  regions (vertices o 
t h e  polygon) where t h e  magnetic f i e l d  i s  much stranger than t h e  average 

i n the m i  rror sectors c p r i s i n g  the sides, In B bumpy polygon 
umber of s ~ m ~ ~ t r ~  planes  i eqisal to  t h e  number of sides or 

v e r t i c e s  sf the  polygon, and the  nil  ber af fieid periods i s  t w i c e  this 
number. I n  a sense, t h e  bumpy square is a compromise betaween the 
desirability sf a high degree of reflection symmetry (as i n  EBT) and  
the  necessity of having the we\ I -cen tered  drift orbits and pressure 
surfaces e x h i b i t e d  b j  the bumpy ract?tmcl<# t r i a n g l e ,  square, etIc., far 
the best, plasma ~~r~~~~~~~~~ Since the vertices of t he  ~ ~ ~ ~ g ~ n  have 
tihe I//? f i e l d  characteristic aP a toroidal salenoid, t h e  magne t i c  f i e l d  
i n  t he  two mirror sectors adjacent t o  each vertex (transition sectors) 
i s  not ~ x ~ ~ y ~ m ~ t ~ i ~ ~  unlike t h e  nearly ~ x i ~ y ~ ~ e t r i ~  f i e l d  in t h e  other 
sectors comprising t h e  sides.  Far t h i s  reason, mong others, one s s w l d  
I ike t o  m ~ x  imise t he  number af ax isyrnmetric mirror sectors and minimfme 
t h e  number of transition sec tors .  E 5 i s  no t  only a reascsnsble 
empsom i se b e t  een ~ y m ~ e t r ~  and confin ment,  but it also has  t h e  added 
prac t ica l  advantage of' fitting nicely ( w i t h  24 seetors) into i ihe 
existing EBT-I/S enclosure. Hence, a reconfiguration of EElT-I/S into 
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a n  EBS w o u l d  n o t  n e c e s s i t a t e  a d e m o l i t i o n  and r e c o n s t r u c t i o n  of the  
e n c l o s u r e ,  a s  wou ld  a 24-sec to r  bumpy r a c e t r a c k ,  fo r  example.  

I n  a d d i t i o n  t o  t h e  s u p e r i o r  c o r e  p lasma c o n f i n e m e n t  p r o p e r t i e s  
e x h i b i t e d  by EBS, a number of o t h e r  p o t e n t i a l l y  u s e f u l  and i m p o r L a n t  
a d v a n t a g e s  can  b e  c i t e d .  The  h o t  e l e c t r o n  r i n g s  t h a t  a r e  necessa ry  f o r  
rnacl-ostabi I i t y  i n  EBS, j u s t  as i n  E T j  a r e  e x c e e d i n g l y  c e n t e r e d ,  
s i n c e  t h e y  a r e  farmed i n  a n e a r - a x i s y m m e t r i c  f i e l d ,  For t h e  same 
a n i s o t r o p y  i n  EBS, t h e r e  s h o u l d  be I i t t l e  or none of  t h e  r a d i a l  
b r o a d e n i n g  o f  t h e  r i n g  t h a t  o c c u r s  i n  EBT-I/S because of d i s p e r s i o n  i n  
t h e  m a g n e t i c a l  i y  c o n f i n e d  t r a p p e d  p a r t i c l e  d r i f t  o r b i t s .  Hence, it may 
be e a s i e r  t o  form a n  a v e r a g e  m a g n e t i c  we1 I i n  EBS. The geomet ry  of t h e  
ESS c o n f i g u r a t i o n  s u g g e s t s  t h e  possi b i  I i t y  of i n t e r e s t i  n g  
h e a t i n g  t e c h n i q u e s  t h a t  W O U I ~  n o t  be p r a c t i c a l  i n  a s t a n d a r d  LOT. 
Access  a t  t h e  c o r n e r s  p e r m i t s  a l o n g  p a t h  l e n g t h  far n e u t r a l  
beam i n j e c t i o n ,  and t h e  l a c k  of m a g n e t i c  nioment c o n s e r v a t i o n  a t  t y p i c a l  
beam e n e r g i e s  s h o u l d  q u i c k l y  i s o t r o p i z e  t h e  hot i o n  d i s t r i b u t i o n .  
( S i m u l t a n e o u s  co- and c o u n t e r i n j e c t i o n  i s  n e c e s s a r y  so as n o t  t o  d r i v e  
a p a r a l l e l  c u r r e n t  i n  t h e  p lasma.)  I n  a n  EBS t h a t  u t i l i z e s  a n  
EBT-S-I ike m a g n e t i c  f i e l d  (1 P i n  t h e  mirror c a v i t i e s ) ,  slow wave i o n  
c y c l o t r o n  r e s o n a n c e  h e a t i n g  (ICRH) and  604Hz e l e c t r o n  c y c l o t r o n  
vesonance h e a t i n g  (ECRH) can be l a u n c h e d  from t h e  h i g h - f i e l d  c o r n e r s  
w i t h  t h e  r i n g s  s u s t a i n e d  by 2 8 4 H z  s e c o n d  h a r m o n i c  h e a t i n g .  

we1 I 

u s i  ng v e r y  

p a r a l  le1  

In F i g .  1.1 t h e  i n n e r m o s t ,  o u t e r m o s t ,  and  c e n t r a l  m a g n e t i c  f i e l d  
I i n e s  i n  ERS c o n f i g u r a t i o n s  w i t h  c i r c u l a r  (top) and e l  I i p t i c a l  (bottom) 
co i l s  i n  t h e  c o r n e r s  a r e  d i s p l a y e d .  i n  
each s i d e  i s  a p p r o x i m a t e d  by two c i r c u l a r  f i l a m e n t s ,  and  each of t h e  
e i g h t  co i l s  i n  each c o r n e r  i s  a p p r o x i m a t e d  by a s i n g l e  c i r c u l a r  or 
e l  1 i p t i c a l  f i l a m e n t .  (On ly  t h o s e  f i  l a m e n t s  x i t h i n  a single f i e l d  
p e r i o d  are  d i s p l a y e d . )  The s e c t o r  l e n g t h  or  c o i l  s p a c i n g  i n  t h e  s ides  
i s  40 cm, and  t h e  a n g u l a r  s p a c i n g  i n  t h e  c o r n e r s  i s  (90/7)". The major 
r a d i u s  of t h e  c o r n e r  s e c t i o n s  i s  44.2 em, w i t h  t h e  a x i s  of each  c o r n e r  
s e c t i o n  d i s p l a c e d  r a d i a l l y  o u t w a r d  by 2.5 crn from t h e  a x i s  of t h e  
s i d e s .  T h i s  d i s p l a c e m e n t  i s  n e c e s s a r y  to  form t h e  r i n g s  i n  t h e  
t r a n s i t i o n  s e c t o r s  o n  t h e  same f l u x  I i n e s  o n  w h i c h  t h e y  a r e  f o r m e d  i n  
t h e  a x  i s y m m e t r i c  s e c t o r s .  D e p e n d i n g  upon t h e  s t r e n g t h  of  t h e  
s o l e n o i d a l  f i e l d  i n  t h e  c o r n e r s ,  t h e  t r a n s i t i o n  s e c t o r  l e n g t h  i s  
t y p i c a l l y  l a r g e r  (by 3 t o  5 cm) t h a n  t h e  l e n g t h  of- t h e  o t h e r  s e c t o r s .  

Each of  t h e  -F i ve  FBT-I/S c o i l s  
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Fig. 1.1. The innermost, autermost, and centra 1 magneti e 

f i e l d  lines i n  EBS configurations with circular (top) and 
el I i ptica I (bottom) coi Is i n  the  corners. 



A l t e r w i t i t e i y ,  a "trim c o i l "  i n  each  t r a n s i t i o n  sector  i s  r e q u i r e d  7 , ~  

l i n c  up a l l  o f  t i ~ c  r i n g s  i f  t h e  r e l a t i v e  fields i n  t h c  c o r i i e ; ~  arJ  
side:; ar-L t o  be v a r i e d .  (It w i l l  be shown later- t h a t  th is  is a ver) 
d e s ; r a b l e  featui-p of  Lhe EBS c o n f i g u r a t i o n  t h a t  permits a ratlrei. broad 
v a r i a t i o n  of t,he c o r i f i n e m e n t  p r o p z r t i e r -  of t h e  d e v i c e . )  

M s 9 n e t i c  f i e l d  I i n e s  ( d o t t e d )  a r e  s h w n  i n  moi-c d c h i  I i r 1  

f 1 9  1 9 ,  a l o n g  n i t h  mob-€3 contours (sol id) i n  t h e  e q u a i u r i a l  p l a n e  of 

LUS. 
of t,hc cornw3 d i s c u s s e d  above r e s u l t s  i n  t i l e  s y y m r n z t r i 7 a t i o n  o f  iliod 3 
i n  t l tu  I l l i d p l a n e  of t h e  bransition sector v i t h  r e s p e i  t o  t.he rnachil;e 
a x i s  ni- t h e  InagneLiic f i e l d  I ines .  It i s  a lso  Seeil i n  t h e  cori-ic:+ 
scc "s ion  gr-aph t h a t  there  i s  no s i g n i f i c a n t  f i e l d  r i p p l ? ,  even OP Lhp 
o u t z r i i r o s t  f l u x  1 inc:  Zhai  just g r a r e s  t h e  coil cases i n  t h e  equaLcrr ta 
p l a n c  o f  t h e  u i r r o r  c a v i t i e s .  

F i g .  1.3, t h e  r r o r m a l i z c d  magne t i c  f i e l d  st,i-engt,h is p i c i i e d  i i \  

a f u n c l i o n  of a r c  l e n g t h  a l o n g  t hc  c c n t r a l  f i e l d  l i n e  i n  FRS for t 7 . 2  

The c a v i t y  mirx? i-at io i.; til:, 

r a d i u s  snd  s p a c i n g .  The global mirror r a t i o  i s  d e f i n e d  as t h e  i - a t i o  QS 
3 xt, t h e  c o r n e r s  i.o 8 = h! a t  t h e  c e n t e r  of t h e  = n p l  I " 1  b r b l i c e  1 - 1 7  s e c t u r  
r r i i dp lane .  P r e s e n t l y  a v a i  l a b l e  m s t o r - g e n e ~ a t o r  s e t s ,  c u o l  i n g  t c 'wer  

c a p a c i t y ,  and e !  PcLr-on c y c l o t r o n  h e a t i n g  (EG-,.I> f r e q u e n c i e s  t h a t  C U U ~ C J  

hc d e d i c a t e d  to EBS p e r m i t  a variation of MG E 3 5 :!:th c i i c i i l 2 r  L O ~ I S  

i i i  b t ~ e  co~-ners.  I h e  upper limit corresponds Lo a n  TI?\ -1 I i k n  f i c ' d  
(18 CHr) i n  t h e  sides and t h e  maximum f i c l d  (R 3 T> i n  t h e  c o r r i ~ ~ s .  If 
e l !  i p t . i c a l  toi Is w r e  used i n  t h e  eoriicrs ( s c e  F i g .  1 1 ,  hot.!,orrr), ihL i7 

g l o b a l  mirror r a t i o  wsblb be l i m i t e d  t o  ?A,; '?"J 4.7, a ; t ' i  ap 
additions! 8 o f  dc  p v e r  required to o b t a i n  MG M 6 ( s i n c e  t h e  t . h r r i  

I c r i g t b  i s  a p p r h h i r n a t e l y  two-thirds l a r g e r  t h s n  t h a t ,  for  t h e  C i r - c G l a ,  

coi Is) 

I n  p a i - t i c u l s r ,  one  observcs t h a t  t h e  sinal I out,wr:rd rd isp lacei i ,  

- 1  

- 
1r1 

e s  of t h e  "globalP: mirro;.+ r a t io  MG. 
a 5  t t i a t  i n  FBT-I/S (E 1.88) a n d  i s  d e t e r m i n e d  by L L -  LIIZ mean I I 

- - s c  

imum 

!+!e n c x  i u l - r i  from magne"tcs to  B d i s c u s s i o n  of s i n y i c  pni-t , icl  L 

d r i f t  oi-D;Ls and plasma pressure sur faces  i n  LHS. tor' t h e  i 
c o n f i y r , l a t i u n  r r i t h  c i r c u l a r -  c o i l s  i n  t h e  corners a n d  UG 4, F ig .  1 . '  

sh ,>i , ;  c i i r ~  p lasma pre~surc contours arid erttwiie p a s s i n g  pi-$; C I  e 
( Id , /  - V )  d r i f t  o rb i t s  i n  t h e  Tefei-ence s e c t w  m i d p l a n e .  For a sii iali  

minor r a d i u s ,  i l  is  seen t h a t  t h e  pressure e o n t o u r s  ai-c c i7r t ,~rcd 31, 

x M -1 . b  Clll, a 1 niai;t. e r c s s  for a I arge m i  nor r a d  i us, t h e  c o n t a r s  3re  
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X (rn) 

F ig .  1.2. Mod-5 c o n t o u r s  ( s o l i d )  a n d  magnetic f i e l d  lines 
(dotted) i n  t h e  e q u a t o r i a l  p l a n e  of an EBS C o n f i g u r a t i o n  pj i i t lh 

c i r c u l a r  cai 1s i n  t h e  co rne rs .  Smal I ou tward  d i s p l a c e m e n t  o f  t h e  
corners (top) symmetxize t h e  mod-B i n  t h e  transition secti"r 
(rniddte). T h i s  allows r i n g s  t o  form on the same f l u x  l i n e s  oil 
whish they a re  formed i n  t h e  axisyrnmetr ic s e c t o r s  (bottmn), 
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Fig.  1.3. The normalized m a g n e t i c  f i e l d  s t r e n g t h  i s  p l a t t e d  
along t h e  c e n t r a l  f i e l d  l i n e  i n  EBS for two values of t h e  global 
mirror r a t i o  MG; MG = 4 (top) and MG = 6 (bo t tom) .  
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F ig .  1 . 4 .  For an EBS configuration with circular coils in the 
corners and a global mirror ratio B p l ~  M 4, core plasma pressure 
surfaces (contours of constant da/B> are shown a t  the tap and 
passing particle drift orbits (contours of constant 4 da/B) are 
shown at the bottom. 
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e x a c t l y  eesrbered o n  t h e  m i n o r  axis ( x  M 0). A l t h o u g h  n o t  shown, t h e  
d r i f t  o r b i t s  for  t r a n s  t i o n a l  p a r t i c l e s  t h a t  t u r n  i n  t h e  c o r n e r s  a r e  
alsa approx ima t , c l y  c r c u l a r ,  u n l i k e  t h o s e  i n  EBT-I/S t h a t  t e n d  t o  be 
w f a i "  banana o r b i t s  sh f t e d  2;s t h e  i n s i d e  of  t h e  t o r u s .  

Ihe  u t i l i t y  of t h e  l o n g i t u d i n a l  i n v a r i a n t ,  J, p l o t t e d  as a f u n c t i o n  
0.1" m d i u s  i n  .the e q u a t o r i a l  p l a n e ,  i s  i l l u s t r a t e d  i n  Fig.  1.5. The 
v a r a i a t i o n  w i t h  p i t c h  a n g l e  o f  t h e  r a d i a l  p o s i t i o n  of  t h e  minimum of J, 
R J M ~ N .  i s  a u s e f u l  measiiae of  d r i f t  o r b i t  c e n t e r i n g  and d i s p e r s i o n  i n  
t h e  p lasma i n t e r i o r .  I n  a d d i t i o n ,  i f  i t  h a s  been d e t e r m i n e d  t h a t  t h e  
d r i f t  o rb i ts  ai-e a p p r o x i m a t e l y  c i r c u l a r ,  t h e n  l e v e l  l i n e s  an J 
d e t e r m i n e  t i l e  c e n t e r  and  t h e  d i a m e t e r  (or a p p r o x i m a t e  a r e a )  of a g i v e n  
d r i f t  o r b i t  w i t h o u t .  t h e  n e c e s s i t y  o f  c o m p u t i n g  J o v e r  t h e  e n t i r e  
r e f e r e n c e  p l a n e .  I n  Fig.  1.6 c u r v e s  of RJMJ-N (U,,/V), w i t h  V,,/V d e f i n e d  
at, t h c  midplane c e n t e r ,  a r e  shown for EBS w i t h  c i r c u l a r  or  e l  I i p t i c a l  
coi Is i n  t h e  c o r n e r s  and compared t o  t h e  c u r v e  for EBT-I'/S. Also n o t e d  
by an at-rcw i s  t h e  r a d i a l  p o s i t i o n  o f  t h e  minimum of  $ d&/R f o r  each  
c ~ s e ,  S e v e r a l  p o i n t s  s h o u l d  b e  n o t e d  i n  t h e s e  g r a p h s .  For E13S, I i t t l e  
o r  n o  d i s p e r s i o n  is  a p p a r e n t  u n t i l  t h e  m i d p l a n e  V,,/U i s  l a r g e  enough 
for  the p a r t i c l e  tn t u r n  i n  t h e  c o r n e r s .  The peak o f  t h e  t r a n s i t i o n a l  
p a r t i c l e  R , ~ M X N  is much I Q W W  and  i t s  w i d t h  much smaller t h a n  f o r  
EBT-I/S. Also, because t h e  g l o b a l  mi r ror  r a t i o  MG i s  l a r g e r  t h a n  t h e  
c a v i t y  r a t i o  i n  EBT-I/S, t h e  peak o c c u r s  a t  l a r g e r  V,,/V, where  
t h e r e  a r e  fewer p a p t i c i e s  (assuming c o n s t a n t  d e n s i t y  along f i e l d  
I i n e s )  . L i  kelaise,  t h e  c e n t e r i n g  o f  p a s s i n g  p a r t i c l e s  i s  much b e t t e r  i n  
EO'S t h z n  i n  EBT--l/S. P e r h a p s  most s t r i k i n g  i n  EBS i s  t h e  improvemen t  
i n  t h e  c e n t e r i n g  of t h e  core p lasma p r e s s u r e  c o n t o u r s  (U 5 $ d&/M 
c o n t o u r s ) ,  d e n o t c d  by UNTN. 1 -  The  s c a l i n g  of  U M ~ N  w i t h  MG i s  also v e r y  

f a v o r a b l e ;  U~~IN 0: ( M G ) - ' * ~ ~  w i t h  c i r c u l a r  c o i l s  i n  t h e  c o r n e r s  and 

orbit, c e n t e r i n g  is a l s ~  s e e n  t o  s c a l e  a s  a n  i n v e r s e  pnxer  af 
WJMIN ( v ~ ~ / v  = a: (Id($ -a-25 ( c i r c u l a r )  a n d  a (MG) -O*' (el I i p t i c a  
These e f f e c t s  a r e  a direct r e s u l t  of c o n c e n t r a t i n g  t he  toroidal 
c u r v a t u r e  i n  t h e  h i g h 4  c o r n e r s  o f  EBS, The r e a s o n  t h a t  e l  I i p t i c a l  
coils g ive  b e t t e r  r e s u l t s  t h a n  c i r c u l a p .  c o i l s  i s  a p p a r e n t  i n  F i g .  1.1. 
A n  i m p o r t a n t  e f f e c L  of t h e  h i g h - f i e l d  c o r n e r s  i s  t o  m i n i m i z e  t h e  
d i f f e r e n c e  i n  l e n g t h  between t h e  i n n e r  and o u t e r  f i e l d  l i n e s .  T h i s  is 
o b t a i n e d  most e f f i c i e n t l y  by v e r t i c a l  f a n n i n g  i n  t h e  corner:';, r a t h e r  
t h a n  by a r a d i a l  c o m p r e s s i o n  o f  t h e  f l u x .  Hence, c o r n e r  c o i l s  w h i c h  
a r e  elongated v e r t i c a l  l y  a r e  e x p e c t e d  t o  be s u p e r i o r  t o  c i r c u l a r  co i  Is 
i n  c e n t e r i n g  d r i f G  o r b i t s  a n d  p r e s s u r e  s u r f a c e s ,  as i n d e e d  t h e y  a r e .  

- 

mirror 

UMIN (MG, 1-1 .5 w i t h  e l  l i p t i c a l  coi ls. E x t r e m e  p a s s i n g  p a r t i c l e  d r i f t  
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Fig.  1.5. RJFJ~IN is  a u s e f u l  measure of d r i f t  o rb i t  dispersion 
i n  t h e  plasma i n t e r i o r .  I t  r e p r e s e n t s  t h e  r a d i a l  distance Prom the  
m i n o r  axis o f  the c e n t e r  of t h a t  d r i f t  o r b i t  (for a particular 
p i t c h  ang le)  wh ich  has t h e  l a r g e s t  inward sh i f t  toward  the  majar 
axis of the torus. 
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R J M ~ N  (V,,/V) and t h e  r a d i a l  position of the  minimum 
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Fig. 1.6. 

of g d l / B  : u IN for  EBT-I/S and EBS w i t h  c i r c u l a r  and elliptical 
coi Is i n  the corners fo r  two values of the global mirror r a t i o .  
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However, a s  ment ioned p r e v i o u s l y ,  t h e  dc  power r e q u i r e m e n t s  i n c r e a s e  
w i t h  e l o n g a t i o n  far copper c o i l s .  A f i x e d  amount of dc pswer for t h e  
co rne rs ,  t h e r e f o r e ,  sets an upper l i m i t  on t h e  e l o n g a t i o n  f o r  a g i v e n  
d e s i r e d  global mirror r a t i o .  It s h o u l d  be stressed t h a t  e l l i p t i c a l  
c o i l s  a r e  n o t  necessary t o  t e s t  t h e  EBS concept.  If an EBS w i t h  
c i r c u l a r  c o i l s  i n  t h e  c o r n e r s  per fo rms as p r e d i c t e d ,  t h e n  t h e  c i i - c u l a r  
coils can be l a t e r  r e p l a c e d  w i t h  e l l i p t i c a l  ones i n  a second phase of 
t h e  exper imen t .  I n  f a c t ,  a s taged  exper iment  such a s  this i s  t h e  mask 
d e s i r a b l e  a l t e r n a t i v e  because it m i n i m i z e s  schedule,  i n i t i a l  cost, and 
risk, as well as p e r m i t t i n g  a range  of o p e r a t i n g  f i e l d s  i n  which 
nesclassikal t r a n s p o r t  r a t e s  can be v a r i e d  by a s  much a s  a f a c t o r  of 4 
(d i scussed  l a t e r ) .  

For t h e  cases  cons ide red  i n  Fig. 1.6, t h e  v o l u m e t r i c  e f f i c i e n c y  or 
f i  I I ing f a c t o r  fo r  EBT-I/S is  compared t o  t h a t  f o r  EBS i n  Fig.  1.7. 
The v o l u m e t r i c  e f f i c i e n c y  r e f l e c t s  t h e  conf inement  of p a r t i c l e s  a t  a 
l a r g e  m i n o r  r a d i u s  co r respond ing  t o  t h e  l i m i t i n g  f l u x  l i n e s  wh ich  j u s t  
graze t h e  c o i l  t h r o a t .  I t  i s  p a r t i c u l a r l y  u s e f u l  a s  a measure of 
d i r e c t  p a r t i c l e  l o s e s  caused by uncon f ined  d r i f t  o r b i t s  
i n t e r c e p t  t h e  wal Is of t h e  vacuum chamber. The v o l u m e t r i c  e f f i c i e n c y  
i s  d e f i n e d  as t h e  r a t i o  of t h e  area  of t h e  d r i f t  o r b i t  t h a t  passes 
t h r o u g h  t h e  l i m i t i n g  f l u x  l i n e  i n  t h e  m idp lane  for a g i v e n  p i t c h  a n g l e  
t o  t h e  area  i n t e r c e p t e d  by t h e  l i m i t e r .  The l i m i t e r  i s  t a k e n  to be a 
c i r c l e  i n  t h e  m idp lane  d e f i n e d  b j  p r o j e c t i n g  t h e  c o i l  t h r o a t  a l o n g  f l u x  
I i nes .  I n  F ig .  1.7 V,,/V is d e f i n e d  a t  t h e  c e n t e r  of t h e  r e f e r e n c e  
sector midp fane.  As seen i n  F ig .  1.6 i n  t h e  RJMIN curwes, t h e  w i d t h  of 
$he b r a n s i t i o n a l  p a r t i c l e  nnotchR in F i s  much smaller and much 
~ a ~ ~ ~ ~ r  for  EBS t h a n  for  EBT-I/S. The pass ing  p a r t i c l e  v o l u m e t r i c  
e f f i c i e n c y  is  also four t o  f i v e  t i m e s  a s  large for EBS, S i n c e  t h e  
p a p t i c l e s  w i t h  V,,/V 5 0.7 are t r a p p e d  i n  a near -ax isymmet r ic  f i e l d  i n  
E E ,  these is no d i s p e r s i o n  i n  F u n t i l  p e n e t r a t i o n  i n t o  t h e  1/R f i e l d  
of t h e  c o r n e r s  beg i  n s  t o  occu r .  

F i g u r e  1.8 shows the e f f e c t  on  F of d e f i n i n g  V,,/V on  t h e  l i m i t i n g  
f l u x  l i n e ,  r a t h e r  t h a n  a t  t h e  midp lane c e n t e r .  In these curves, for 
example, p a r t i c l e s  w i t h  V,,/V = 0 a r e  t r a p p e d  i n  the  m i d p l a n e  and d r i f t  
on a mad-B c o n t o u r  i n  t h e  midplane, whereas i n  Fig. 1.7 such  p a r t i c l e s  
have a p p r e c i a b l e  VI,  a t  t h e  l i m i t i n g  f l u x  l i n e  ( s i n c e  B at t h e  m idp lane  
l i m i t i n g  f l u x  l i n e  is less t h a n  El,,, where V , , / V  i s  d e f i n e d ) .  
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F i g u r e  1.8 i - c f l e c t s  t h e  f r a c t i o n  of t h c  a v a  
( d e f i n e d  by t h c  l i m i t i n g  f LIX l i n e s )  w i t h i n  which  
p i t c h  a n g l e  3 r e  c o n f i n e d .  Ihe q u a n t i t y  Floss = 
w i t h  V,,/V d e f i n c d  as i n  F i  . 1.8, i s  t h e  -- d i r e c t ;  
i s o t r o p i c  d i s t r i b u t i o n  i n  t h e  vacuurn magnet ic  

- 
Iable  p lasma volutne 
p a r t i c l e s  of a g i v e n  

f i e l d .  The c u r v e s  i n  
F i q .  1.8 show FLUS N" 47% f o r  t h e  EBT-XIS vacuum f i e l d  
for- EBS. 

and FLOSS < 5% 

In t h i s  s e c t i o n  we d i s c u s s  and c a n p a ~ e  a n  approx imate  d i f f u s j o n  
s t e p - s i  ze and nonresana n t  e I ectron transport, coef f i c i enbs f o r  EBT--i/S 
and  EBS c o n f i g u r a t i o n s .  F i g u r e  1.9 shows i s o m e t r i c  p la ts  of t h e  squat-e 
of  a d i f f u s i o n  step-size a s  f u n c t i o n s  o f  k i n e t i c  energy and midp lane  
V,,/V. The step-sire i s  d e f i n e d  as 

where vy is t h e  v e r t i c a l  d r i f t  v e l o c i t y  induced by t o r o i d i c i t y ,  QB i s  

t h e  p o l o i d a l  d r i f t  f requency  due t o  t h e  bumpy magnebic f i e l d ,  and f i ~  i s  
t h e  p o l o i d a l  E X B/B2 drift freqiJency due t o  t h e  amb ipo la r  e l e c t r i c  
f i e l d .  V and ClB a r e  f u n c t i o n s  of  p a r t i c l e  k i n e t i c  e n e ~ g y  and p i t c h  Y 
angle, and is  c h a r a c t w i z e d  by t h e  parameter 

f o r  EDT-I/S. Hem (RB/R,:) i s  t h e  r a t i o  of  t h e  magnet ic t o  electric 
f i e l d  s c a l e  lengths. and fis a r e  

c a l c u l a t e d  from t h e  g r a d i e n t  of t h e  l o n g i t u d i n a l  i n v a r i a n t  J, e v a l u a t e d  
a t  a r a d i a l  p o s i t i o n  n m T  t h e  h u t  e l e c t r o n  r i n g  i n  t h e  re fe rence  sector  
midp lane.  te rms (AX>* i n  Fig .  1.8 and H AX)'^ (MaxyJell ian) i n  
k i g .  1.10 have been no rma l i zed  t o  un iby  at, their r ; e s p e c t i ~ e  maxima for 
EBl-I/S. Hence, t h e  results f o r  EBS ape r e l a t i v e  t o  i,Iiose for EBT-I/S. 
Note t h a t  for EBS i s  ext remely  m a l  I for V,,/\d ,$ 8.8, r e f l e c t i n g  

t h e  smaI I d i s p e r s i o n  of t r a p p e d  parrticle d r i f t  o r b i t s  about, t he  average 
d r i f t  s u r f a c e .  

I n  F F ~ .  1.9, \I =- 3 i s  assumed, and v 
0 ,Y 
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N o n r e s o n a n t  e l e c t r o n  p a r t i  c I  e and energy  t r a n s p o r t  c o e f f  i e i  e n t s  
for EBT-I/S and EBS have been e v a l u a t e d  and compared i n  F igs.  1.11 3rd 

1.12. The c o e f f i c i e n t s  a r e  g i v e n  i n  r e f s .  1 and 2 i n  t e r m s  of" 
i n t e g r a l s  o v e r  energy  and p i t c h  a n g l e .  A p a r t i c l e -  a n d  
e n e r g y - c o n s e r v i n g  BGK cot 1 i s i o n  o p e r a t o r  i s  assumed. R a t h e r  t h a n  us ing 
a p p r o x i m a t e  a n a l y t i c  e x p r e s s i o n s  fa r  V and Qg, we e v a l u a t e  t h e s e  
q u a n t i t i e s  n u m e r i c a l l y ,  as d i s c u s s e d  above.  The l o n g i t u d i n a l  i n v a r i a n t  
J a n d  t h e  bounce or t r a n s i t  t i m e  T a r e  e v a l u a t e d  f o r  each p i t c h  a : i ~ l ~ "  
by i n t e g r a t i n g  a l o n g  f i e l d  l i n e s  i n  t h e  vacuum m a g n e t i c  f i e l d .  The 
d r i f t  v e l o c i t y  ( i n  t e r m s  of m i d p l a n e  m a g n e t i c  f i e l d  B M ~ )  

Y 

i s  t h e n  decomposed i n t o  v e r t i c a l  and p o l o i d a l  components to  g e t  V and 
flB a s  f u n c t i o n s  of V, , /V .  F i g u r e  1.11 shows t h e  p a r t i c l e  t r a n s p o r t  
c o e f f i c i e n t  Dn a s  a f u n c t i o n  of C O I  I i s i o n a l i t y  u/Q0 f o r  EBT-I/S a ~ d  
EBS. 
f r e q u e n c y  

Y 

H e r e  u i s  t h e  col I i s i o n  f r e q u e n c y  and $2, i s  p o l o i d a l  p r e e e c p '  33 son 

S i m i l a r  c u r v e s  a r e  o b t a i n e d  for DT, K,, and KI, w i t h  t h e  r a t i o  of t h e  
t r a n s p o r t  c o e f f i c i e n t  fo r  EBS t o  t h a t  for EBT-I/S a p p r o x i m a t e l y  the 
same i n  each case.  I n  Fig.1.12 t h e  r a t i o  of Dn f o r  EBT-I/S Lo D,, for 
EBS is p l o t t e d  as a f u n c t i o n  o f  t h e  g l o b a l  mirror r a t i o  i n  T h i s  
c u r v e  shows t h e  s t r i k i n g  r e s u l t  t h a t  n e o c l a s s i c a l  t r a n s p o r t  i n  FBS 
s h o u l d  improve as t h e  i n v e r s e  s q u a r e  of  MG ( i  . e . ,  c o n f  inernent L ime 
s h o u l d  i n c r e a s e  as I@). F o r  t h e  c o n f i g u r a t i o n  w i t h  c i r c u l a r  c o i l s  i n  
t h e  c o r n e r s ,  a v a i l a b l e  dc  power and ECH f r e q u e n c i e s  s h o u l d  permi t ,  a b o u t  
a f a c t o r  of 4 v a r i a t i o n  i n  t h e  n e o c l a s s i c a l  t r a n s p o r t  r a t e s  ( s i n c e  i t  
is  p o s s i b l e  to v a r y  MG from a b o u t  3 t o  6) .  

EBS. 

1.6 CONCLUSION 

The r e s u l t s  discussed i n  th is  r e p o r t  i n d i c a t e  t h a t  a 
--. r e c o n f i q u r a t i o n  of t h e  EBT-I/S d e v i c e  i n t o  an  EBS o f f e r s  t h e  v e r y  
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c o n f i g u r a t i o n  w i t h  c i r c u l a r  c o i  i s  i n  t h e  c o r n e r s  a n d  MG M 4 .  
S i m i l a r  a r e  o b t a i n e d  for DT, K n ,  a n d  KT, ~ i t h  = h e  r a t i o  of 
the t r a n s p o r t  c o e f f i c i e n t  f o r  i B S  to t h a 5  ioi- EBT- I /5  api)ror  ~rnzt;l;/ 
t h e  same i n e a c h  c a s e .  

c u r v e s  
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F i g .  1.12. E6S t r a n s p o r t  c o e f f i c i e n t s  a r e  s e e n  t o  i m p r o v e  
r o u g h l y  as t h e  i n v e r s e  s q u a r e  of  t h e  g l o b a l  mirror r a t i o  For 
t h e  c o n f i g u r a t i o n  w i t h  c i r c u l a r  c o i  Is i n  t h e  c o r n e r s ,  a v a i l a b l e  dc 
power a n d  ECH f r e q u e n c i e s  s h o u l d  o e r r n i t  about, a f a c t . n r  nf 4 

Mc. 
I ~ . . -  - . - - - - ,  - I  . 

v a r i a t i o n  i n  t h e  n e o c l a s s i c a l  t r a n s p o r t  r a t e s .  
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e x c i t i n g  p o s s i b i  I i t y  of (1) o b t a i n i n g  a n  o r d e r  of  m a g n i t u d e  improvement  
i n  t h e  n e o c l a s s i c a l  c o n f i n e m e n t  t i m e ,  (2) u s i n g  i n t e r e s t i n g  new h e a t i n g  
t e c h n i q u e s  t h a t  w o u l d  n o t  be p o s s i b l e  i n  a s t a n d a r d  bumpy t o r u s ,  
(3) s i g n i f i c a n t l y  i m p r o v i n g  ECH e f f i c i e n c y  a n d  energy  c o n f i n e m e n t  
t h r o u g h  b e t t e r  c e n t e r i n g  of d r i f t  o r b i t s ,  (4) t e s t i n g  n e o c l a s s i c a l  
s c a l i n g  by v a r y i n g  t h e  e f f e c t i v e  a s p e c t  r a t i o  v i a  t h e  g l o b a l  mirror 
r a t i o ,  and (5) i m p r o v i n g  s t a b i l i t y  by f o r m i n g  t h e  hot e l e c t r o n  r i n g s  i n  
a a x i s y m m e t r i c  g e o m e t r y  t h a t  i s  more  f a v o r a b l e  t o  o b t a i n i n g  a n  
a v e r a g e  m a g n e t i c  w e l l  t h a n  i n  t o r o i d a l  g e o m e t r y .  Each of t h e s e  
p o s s i b i l i t i e s  c a n  be i n v e s t i g a t e d  i n  an EBS i n  w h i c h  t h e  c o r n e r s  a r e  
c o n s t r u c t e d  w i t h  EBT-I/S ha If-coi Is ( e i g h t  p e r  c o r n e r ) ,  t h e  s i d e s  use  
EBT---I/S f u l  I c o i  Is, and p r e s e n t l y  a v a i  l a b l e  m o t o r - g e n e r a t o r  s e t s ,  
c o o l i n g  t o w e r  c a p a c i t y ,  and ECH f r e q u e n c i e s  a r e  u t i  I i z e d .  

n e a r l y  
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2. RIPPLE EF'FECTS IN ELBdD BUMPY SQUARE 

N .  A .  Uckan 

The a l l o w a b l e  magn i tudes  of t h e  magne t i c  f i e l d  r i p p l e  i n  t h e  
h i g h - - f i e l d  t o r o i d a l  s o l e n o i d s  (corners )  of t h e  ELMO Bumpy Square (EBS) 
a r e  c a l c u l a t e d .  The enhanced t r a n s p o r t  c o e f f i c i e n t s  assoc ia ted  w i t h  
t h e  r i p p l e - i n d u c e d  d r i f t s  a r e  compared w i t h  t h e  ELMO Bumpy Torus  (EBT) 
neoc I a s s  i ca I d i f f u s i o n  coef  f i c i e n t s .  

2.1 INTRODUCTION 

The EBS geometry c o n s i s t s  of I i n e a r  segments of s i m p l e  mirrors 
t h a t  a r e  I i nked  by s e c t i o n s  of h i g h - f i e l d  t o r o i d a l  s o l e n o i d s  (corners )  
a s  shown i n  F i g .  2.1. I n  t h i s  c o n f i g u r a t i o n  t h e  t o r o i d a l  e f f e c t s  a r e  
l o c a l i z e d  i n  t h e  c o r n e r s .  For an e x p e r i m e n t a l - s i z e  d e v i c e  ( s i m i l a r  i n  
s i z e  t o  an EBT-S), EBS has been shown to  have s i n g l e - p a r t i c l e  
conf inement  p r o p e r t i e s  and p lasma volume u t i 1  i z a t i o n  t h a t  a r e  
d i s t i n c t l y  s u p e r i o r  to  those  of a s t a n d a r d  EBT of comparable 
s i ze . '  Numerical  ly  c a l c u l a t e d  t r a n s p o r t  c o e f f i c i e n t s  (from 
s i n g l e - p a r t i c l e  d r i f t  o r b i t s )  i n d i c a t e  t h a t  t h e  n e o c l a s s i c a l  
con f inement  t i m e  s h o u l d  be a f a c t o r  of  5 t o  15 l a r g e r  [depending on t h e  
g l o b a l  mirror r a t i o  MG = Bcorner /I3 ' d  e (midplane)]  for  t h e  EBS than  for 

an EBT of comparable s ize. ' ,*  
I n  o r d e r  f o r  n e o c l a s s i c a l  l o s s e s  to  be dominant, r i p p l e - i n d u c e d  

losses from t h e  t o r o i d a l  s o l e n o i d  s e c t i o n s  (corners )  s h o u l d  be smal l e r  
t h a n  t h e  n e o c l a s s i c a l  l osses  from t h e  s t r a i g h t  s e c t i o n s .  The r i p p l e  i s  
produced by t h e  f i n i t e n e s s  of t h e  number of c o i l s  i n  t h e  c o r n e r s .  T h i s  
r i p p l e  w i l  I i n t r o d u c e  a d d i t i o n a l  , p a r t i c l e  t r a p p i n g  and, i f  l a r g e  
enough, may be t h e  main f a c t o r  d e t e r m i n i n g  t h e  t r a n s p o r t  o f  p a r t i c l e s  
and energy i n  t h e  r e g i o n  of low c o l l i s i o n  f r e q u e n c i e ~ . ~  I n  t h e  
phenomenon known as r i p p l e  t r a p p i n g ,  t h e  p a r t i c l e s  become t rapped  i n  
the f i e l d  minimum between c o i l s  (between c o i l s  t h a t  produce t h e  
t o r o i d a l  s o l e n o i d  f i e l d  i n  t h e  co rne rs )  t h a t  a r e  l o c a l i z e d  i n  t h e  
t o r o i d a l  d i r e c t i o n  and exper ience  a u n i d i r e c t i o n a l  t o r o i d a l  d r i f t  t h a t  
l eads  t o  t h e  r i p p l e  d i f f u s i o n .  A similar phenomenon o c c u r s  i n  o t h e r  
t o r o i d a l  c o n f i g u r a t i o n s  (i .e. ,  tokamaks). We n o t e  t h a t  t h e  r i p p l e  
t r a p p i n g  a f f e c t s  o n l y  a r e l a t i v e l y  s m a l l  g roup  of p a r t i c l e s ,  namely, 
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F i g .  2.1. Geometry o f  a n  EBS conf igura t ion  (top v i e w  o f  coil 
a r r a n g e m e n t ) .  
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t h o s e  w i t h  v,, ( p a r a 1  le1 v e l o c i t y )  so smal l  t h a t  t hey  can be t r a p p e d  i n  
t h e  r i p p l e .  

In genera l ,  t h e  r i p p l e  m o d u l a t i o n  6 (magnitude of f i e l d  r i p p l e )  
v a r i e s  bo th  r a d i a l l y  and p o l o i d a l l y .  The p o l o i d a l  v a r i a t i o n  has t h e  
e f f e c t  of r e d u c i n g  or: comp le te l y  e l i m i n a t i n g  t h e  r i p p l e  we1 I dep th  on  
the  i n s i d e  o f  t h e  t o r o i d a l  s e c t i o n s ,  w i t h  t h e  p r e c i s e  degree of  
r e d u c t i o n  depending on  t h e  shape of t h e  c o i l s  and t h e  p o s i t i o n  of t h e  
plasma w i t h i n  t h e   oils-.^^^ For s i m p l i c i t y ,  we w i l  I n e g l e c t  t h e  
p o l o i d a l  v a r i a t i o n s ,  w i t h  t h e  r e s u l t  of o v e r e s t i m a t i n g  t h e  r i p p l e  
e f f e c t s  . 

I n  o u r  examples we w i l  I c o n s i d e r  an EBS c o n f i g u r a t i o n  whose s i d e s  
a r e  c o n s t r u c t e d  from EBT-I/S mir ror  c o i l s  ( f i v e  mirror c o i l s  p e r  s i d e  
w i t h  a mirror r a t i o  of ~ 1 . 9 )  and whose c o r n e r s  a r e  90" s e c t i o n s  of a 
t o r o i d a l  s o l e n o i d  i n  wh ich  t h e  f i e l d  is  produced by (1) f o u r  EBT-I/S 
mirror c o i l s  or (2) e i g h t  h a l f - s i z e  EBT-I/S c o i l s  p e r  co rne r .  
F i g u r e s  2.2 and 2.3 show t h e  innermost,  c e n t r a l ,  and ou te rmos t  magnet ic  
f i e l d  l i n e s  i n  t h e  e q u a t o r i a l  p l a n e  for  t h e s e  two cases, r e s p e c t i v e l y .  
The i n n e r  and o u t e r  f i e l d  l i n e s  a r e  d e f i n e d  by t h e  c l e a r  bore  i n  t h e  
throat of  a mirror c o i l  i n  t h e  s i d e s .  The c e n t r a l  f i e l d  l i n e  d e f i n e s  a 
m ino r  axis or magnet ic  axis of t h e  d e v i c e .  

2 .2  MAGNETIC FIELD IdODIL 

F i g u r e s  2.4 and 2.5 show t h e  magnet ic  f i e l d  s t r e n g t h  as a f u n c t i o n  
o f  a r c  l e n g t h  a l o n g  t h e  magnet ic  axis of  a four- and e i g h t - c o i l  pe r  
c o r n e r  EBS, r e s p e c t i v e l y .  The on -ax i s  mirror r a t i o  i n  t h e  s i d e s  i s  
seen t o  be 1.9, and t h e  g l o b a l  mirror r a t i o s  [Bcorner/Bside (m i d p I a ne) ] 
fa r  t h e s e  p a r t i c u l a r  cases a r e  3.4 and 3.85, r e s p e c t i v e l y .  I n  bo th  
cases t h e  co rne r  c o i  Is have t h e  same to ta l  number of ampere-turns. 
A l though  t h e  f i e l d  r i p p l e  is  apparen t  for a f o u r - c o i  I p e r  c o r n e r  case 
(Figs. 2.2 and 2.4), t h e  r i p p l e  i s  p r a c t i c a l l y  z e r o  for  most of t h e  
plasma c r o s s  s e c t i o n  fo r  an e i g h t - c o i l  p e r  c o r n e r  case (Figs. 2.3 and 
2.5). A v a r i a t i o n  of  f i e l d  r i p p l e  as a f u n c t i o n  of no rma l i zed  r a d i u s  
i s  shown i n  Fig.  2 .6  for bo th  cases  and is  summarized i n  Tab le  2.1. 

For h i g h - f i e l d  t o r o i d a l  corners ,  a s i m p l e  model for t h e  magnet ic  
f i e l d  i s  
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F ig .  2.2 Magnetic f i e l d  l i n e s  i n  t h e  q u a t o r i a l  p l a n e  of a n  FCS 
. i i t h  a f o u r - c c i l  c o r n e r .  Each side of  t h e  EES c o n f i g u r a t i o n  c o n s i s t s  
o f  a I i n e a r  a r r a y  of F i v e  EBT-b/S mirror c o i  Is, and t h e  coi-nzrs a r c  
formed by 99" sections of toroidal solcnoids i n  :iik;ch t h e  f i e l d  i s  

p r o d u c e d  by four EBT-I/S init-t-or coi Is. Current i n  s k r a i g h t  s e c t i o n  
c ~ i  Is i s  7.25 kA and i n  t h e  corner  co i  Is 9 kA. 
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Fig. 2.3. Magnetic field lines i n  the equatorial plane o f  a n  EBS 
with eight coils per corner. The corner field i s  produced by eight 
ha I f-size (ampere-turns) EBT-I/S coi Is. Tota 1 ampere-turns are the 
same as in Fig. 2.2 .  
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F i g .  2.4. Magnet ic f i e l d  s t r e n g t h  as a f u n c t i o n  of 
along t h e  magnetic axis f o r  a f o u r - - c o i l  p e r  corner EES (F ig.  

a r c  length 
2.2) .  
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f i g .  2.5. Magnetic f i e l d  strength as a function o f  arc length 
along t h e  magnetic axis for an eight-coi I pe r  co rne r  EBS ( F i g .  2.3.). 
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F i g .  2.6. V a r i 8 t i o n  o f  r i p p l e  amplitude 6 as a function of radius 
for (a)  four c o i l s  per corner (sol i d  line) a n d  (b) eight c o i l s  per 
corner (dashed I i ne). 
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T a b l e  2 .1.  R i p p l e  v a r i a t i o n  i n  t h e  c o r n e r s  of EBS 

Norrna I i zed  
r a d  i usa 

Ripple a m p l i t u d e s ,  X 

F o u r - c o i  I / c o r n e r  E i ght-eo i I / c o r n e r  

-1.0 
-0.5 
0.0 

-to. 5 
1-1.0 

3.5 
2.5 
4.0 

~ 2 5 . 0  
a. 5 

0 
0 
0 

NO 
~ 0 . 5  

% e r e  a is  t h e  l a s t  f i e l d  l i n e  t h a t  j u s t  g r a z e s  t h e  coil t h r o a t  i n  t h e  
s t r a i g h t  s e c t i o n s  ( a  11 cm). 
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where 1“ and Q a r e  polar c o o r d i n a t e s  i n  t h e  m ino r  cross s e c t i o n  af t h e  
corners ,  (8 i s  t h e  angu la r  c o o r d i n a t e  ( t o r o i d a l  an le) a l o n g  t h e  
magnetic axis of  t h e  corners ,  E ‘.T r/R, is t h e  i n v e r s e  aspec t  r a t i o  of 
t h e  toroidal c o r n e r  If?, is t h e  major r a d i u s  of t h e  co rne r ) ,  N i s  t h e  
number of c s i  Is  i n  t h e  c o r n e r s  (a fou r -ca i  I p e r  c o r n e r  case cor responds 
t o  an N = 12-co i l  t o r u s  and an e i g h t - c o i l  per c o r n e r  case cor responds 
Lo an N -= 28-co i l  torus), and &(r,a) i s  t h e  r i p p l e  w e l l  dep th  
(modu la t ion) ,  d e f i n e d  as 

( see  F ig .  2 . 1  for  d e f i n i t i o n s ) .  The r a d i a l  component of  B, necessary 
t o  satisfy V * B 7: 0, (on t h e  o r d e r  o f  8, N EjB, sin N+)” 
Thus, t h e  f i e l d  s t r e n g t h  i n  t h e  co rne r  i s  approx ima te l y  

is smal I 

The t h r e s h o l d  energy is  d e f i n e d  as t h e  energy above wh ich  
p a r t i c l e s  execute  more t han  one bounce m o t i o n  i n  a r i p p l e  b e f o r e  b e i n g  
s c a t t e r e d  out, o f  t h e  loss r e g i o n  (vI, < 6’&vL) a s s o c i a t e d  w i t h  r i p p l e s  
(Fig. 2.8). P h i s  energy can be o b t a i n e d  by s e t t i n g  

“ i , f f(scatteri  ng) = -r(hounce) (2.4a) 

Of 

v,f f (seatter ing) = v(bounce) , (2.4b) 

where 
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C0IL.S (Bmin) 

F i g .  2.7. Definitions of field max ima and minima in the corner. 
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F i g .  2.8.  (a)  R i p p l e  loss r e g i o n  and  ( b )  c r i t i c a l  e n e r g i e s .  
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u(bounce) = (6)'" = - vN (&)In . 2xR0 (2.5b) 

Here  vgo i s  t h e  90" eo1 I i s i o n  f requency ,  v i s  t h e  p a r t i c l e  speed, L i s  
t h e  l e n g t h  of t h e  r i p p l e  w e l l  (L = 2rRO/N), and t h e  f r a c t i o n  o f  
p a r t i c l e s  t h a t  i s  r i p p l e  t rapped  i s  equal t o  @ ) I R .  Combin ing 
Eqs. (2.5a) and (2.5b) i n  Eq.  (2.4b), we have 

wh ich  g i v e s  t h e  t h r e s h o l d  energy ( tempera ture)  a s  ( i n  cgs  u n i t s  w i t h  
t e m p e r a t u r e  i n e l  ec t ron -vo l  ts) 

For t h e  f o u r - c o i  I 
mid-lO1* em3 d e n s i t y  
30 eV (10 eV) a t  t h e  

/2 
(8 X 10-13ne)1/2 (ev) . 

pe r  c o r n e r  case, c o n s i d e r i n g  p lasmas w i t h  
and Ro 40 cm, t h e  t h r e s h o l d  energy i s  a b o u t  
plasma c e n t e r  (edge). For t h e  e i g h t - c o i l  p e r  

c o r n e r  case, Tth 
magn i tude  l a r g e r  a t  t h e  plasma c e n t e r .  

125 eV a t  t h e  plasma edge and i s  s e v e r a l  o r d e r s  of 

2.3.2 Critical hergy 

The c r i t i c a l  energy is  d e f i n e d  a s  t h e  energy above wh ich  p a r t i c l e s  
w i l  I r e a c h  t h e  w a l l  i f  they  a r e  t r a p p e d  i n  t h e  r i p p l e .  When a p a r t i c l e  
i s  t r a p p e d  i n  a r i p p l e  (T > Tt.,), i t s  g u i d i n g  c e n t e r  d r i f t s  a l o n g  a 
c o n t o u r  of c o n s t a n t  B. Because mod-8 c o n t o u r s  a r e  n o t  c l o s e d  i n  a 
t o r o i d a l  f i e l d ,  t h e  p a r t i c l e s  a r e  n o t  c o n f i n e d  u n l e s s  t h e y  a r e  
s c a t t e r e d  o u t  of t h e  r i p p l e  loss r e g i o n  b e f o r e  they  can r e a c h  t h e  wal I .  
Thus, t h e  c r i  t i c a  I energy can be de te rm i  ned by s e t t  i ng 

T e f f ( s c a t t e r i n g )  = - r ( d r i f t )  = a / v d r i f t  , 
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w h e r e  

cT - 108 T-feL (cm/s) ' d r i f t  E ~ R R , -  B (gauss)  R, (cm) 

For ions t h i s  g i v e s  a c r i t i c a l  ene rgy  ( i n  c g s  u n i t s  w i t h  T i n  
e I e c t r o n - v o l  ts) o f  

(2.10) 

The c r i t i c a l  ene rgy  is a f a c t o r  of (mi/.,)'& ( 2  4.5  f o r  a 
h y d r o g e n  p I asma) I a r g e r  f o r  e I e c t r o n s .  Aga i n, c o n s i  d e r  i n g  t h e  f o u r -  
c o i l  p e r  c o r n e r  case ,  T * , i  (r = 0) = 600 eV and T* , i  (r = a) 2 250 eV. 
C o r r e s p o n d i n g  e l e c t r o n  t e m p e r a t u r e s  a r e  h i g h e r  (by a f a c t o r  o f  ~ 4 . 5 ) .  
F o r  a n  e i g h t - c o i  I p e r  c o r n e r  case,  T* , i  (r = a) 1 . 5  keV and 
T*,i ( r  = 0) >> T * , i  (r = a ) .  

The c r i t i c a l  e n e r g y  d e f i n e d  by Eq. (2.10) is  fo r  a z e r o  e l e c t r i c  
f i e l d .  i n  t h e  p r e s e n c e  of a f i n i t e  e l e c t r i c  f i e l d ,  i f  t h e  p a r t i c l e s  
ape t r a p p e d  i n  t h e  r i p p l e  and i f  t h e i r  ene rgy  exceeds  t h e  energy  g i v e n  
by Eq. (2.10) (T > T * ) >  t h e  p a r t i c l e  o rb i t s  a r e  n o t  n e c e s s a r i l y  open 
because o f  t h e  E X B p r e c e s s i o n a l  d r i f t ,  w h i c h  b a l a n c e s  t h e  v e r t i c a l  
( t o r o i d a l )  d r i f t . 5  The s h i f t  i n  p a r t i c l e  d r i f t  o r b i t s  i s  

w h e r e  

(2.11) 

(2.12) 

w i t h  R c  -:. - (3  +4'n 8/8r)-'. For p a r t i c l e  o r b i t s  t o  b e  c l o s e d ,  Ax L a/2, 
or, c o n v e r s e l y ,  f o r  p a r t i c l e s  t r a p p e d  i n  t h e  r i p p l e  t o  d r i f t  t o  t h e  
wal I ,  

Ax a / 2  . (2.13) 
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C o m b i n i n g  Eqs. (2.11) and (2.13) g i v e s  a c r i t i c a l  ene rgy  i n  t h e  
p r e s e n c e  of a n  e l e c t r i c  f i e l d  above w h i c h  p a r t i c l e s  w i l  I r e a c h  t h e  
w a l  1 :  

(2.14) 

Far weak r i p p l e s ,  .rRc i n  t h e  c o r n e r  i s  v e r y  l a r g e  ( a p p r o a c h e s  
i n f i n i t y ) .  W i t h  a p p r o x i m a t e l y  E fil f @ / j E ,  where  &E i s  t h e  e l e c t r i c  
f i e l d  s c a l e  l e n g t h  ( w h i c h  i s  on t h e  o r d e r  of  p lasma r a d i u s ) ,  Eq. (2.14) 
r e d u c e s  t o  

(2.15) 

H e r e  E i s  t h e  i n v e r s e  a s p e c t  r a t i o  (E N 1/3-1/5). Thus, o n l y  i f  
T,E 2 (S-S)A+ w i  I I p a r t i c l e s  be d i r e c t l y  los t .  

From Eqs.  (2.10) and (2.14) we d e f i n e  fo r  ions 

T c r i t ,  i = max(T, i ; T,E) 

and for e l  e c t r o n s  

(2.16a) 

(2.16b) 

2 . 4  RIPPLE-ENHIUIJCEa DIF'FUSIONSI 

From t h e  c r i t i c a l  e n e r g i e s  ( T t h ,  Tc r i t )  d e f i n e d  e a r l i e r  we can s e e  
t h a t  t h e  r i p p l e  c o l l i s i o n a l i t y  r e g i m e  can be d i v i d e d  i n t o  t h r e e  
regions, a s  shown i n  F i g .  2.9. The u p p e r  c o l  I is ion f r e q u e n c y  p o i n t  
(u  > V N ~ ~ ~ / R , ) ,  above  w h i c h  t r a n s p o r t  l o s s e s  d i m i n i s h  t o  z e r o ,  i s  t h e  
p o i n t  a t  which t h e  p lasma p a r t i c l e  t e m p e r a t u r e  d e c r e a s e s  below t h e  
t h r e s h o l d  e n e r g y  (T < T t h ) .  I n  t h e  m i d d l e  r a n g e  o f  t h e  c o l  I i s i o n a l  i t y  
r e g i m e  (pvG/Ra < LJ < VN~~'~/R,,  where  p i s  t h e  g y r o r a d i u s ) ,  t r a n s p o r t  
c o e f f i c i e n t s  s c a l e  as I)-' because t h e  p a r t i c l e s  a r e  s c a t t e r e d  out of 
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F i g .  2 . 9 .  R i p p l e  col I i s ional  i t y  r e g i m e  
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t h e  loss r e g i o n  b e f o r e  t h e y  can  dr i f t  o u t  o f  t h e  d e v i c e .  To convey t h e  
sp i r i t  o f  s i m p l e  d i f f u s i o n  e s t i m a t e s ,  we g i v e  a r o u g h  p i c t u r e  of  t h e  
random w a l k  p r o c e s s .  

- 
I h e  a v e r a g e  s t e p - s i z e  t a k e n  by a r i p p l e - t r a p p e d  p a r t i c l e  i s  

6 

u9Q 
e ,$ - e- (Ax)s V d r i f t  e f f  - ! 'dr i f t  (2.17a) 

The f r e q u e n c y  w i t h  w h i c h  s u c h  s t e p s  a r e  t a k e n  i s  

The f r a c t i o n  of  p a r t i c l e s  p a r t i c i p a t i n g  i n  t h i s  r i p p l e  t r a p p i n g  i s  

6 - 1'2 . f - 6  (2 .17~)  

Thus, t h e  d i f f u s i o n  c o e f f i c i e n t  a s s o c i a t e d  w i t h  r i p p l e  t r a p p i n g  i s  

3 . 4  2 
N ' " d r i f t  

F i n a l l y ,  i n  t h e  absence  of  e l e c t r i c  f i e l d s ,  a t  
f r e q u e n c i e s  (u  < pvF/Roa), t h e  p a r t i c l e  t e m p e r a t u r e  
c r i t i c a l  ene rgy ,  and a l l  p a r t i c l e s  t r a p p e d  i n  t h e  r 
t h e  wa l  I w i t h o u t  b e i n g  s c a 5 t e r e d  o u t  of t h e  
c o r r e s p o n d i n g  d i f f u s i o n  c o e f f i c i e n t  i s  

2 D N u90a . 

(2.18) 

very low c o l  I i s i o n  
i n c r e a s e s  above t h e  
p p l e s  w i  I 1  d r i f t  t o  
loss r e g i o n .  The 

(2.19) 

We compare t h e s e  r i p p l e - e n h a n c e d  d i f f u s i o n  c o e f f i c i e n t s  w i t h  t h e  
c o n v e n t i o n a l  EBT n e o c l a s s i c a l  d i f f u s i o n  c o e f f i c i e n t s  t o  d e t e r m i n e  t h e  
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a l l o w a b l e  r a n g e  f o r  t h e  m a g n i t u d e  o f  t h e  f i e l d  m o d u l a t i o n s  ( r i p p l e s ) .  
l h e  n e o c l a s s i c a l  d i f f u s i o n  c o e f f i c i e n t  f o r  EST i s  g i v e n  by 

In t h e  col I i s i o n l e s s  regime 

(2.20) 

(2.21) 

For D6 < DNC, t h a t  is ,  

we f i n d  

63F2 < (L$Q2 

or 

6 < ( L / / Q ) A ' 3  . ( 2 . 2 2 )  

For u/R N 0 1, t h e  m a g n i t u d e  of t h e  r i p p l e  we1 I d e p t h  should b e  
6 < 4.bX i n  o r d e r  f o r  r i p p l e  losses n o t  t o  b e  d o m i n a n t .  For v e r y  low 
coI I i s i o i  f r e q u e n c i e s  ( i i /n  2 O.OI), o n e  r e q u i r e s  6 < O 2%. We s e e  from 
t h i s  example  thz+, fop :be f o u r - c o i  1 p e r  c o r n e r  c a s e  t h e  r i p p l e  l o s s e s  
wi I I d o m i n a t e .  I 'o~,:ier, f o r  t h e  e i g h t - c o i  I p e r  c o r n e r  c a s e  t h e  o v e r a l  I 
e n h a n c c d  losses d ~ e  bo r ? p i e  w i  I ~ h a v e  a n e g l i g i b l e  e f f e c t  on p lasma 
c o n f  i nemer i. 
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N .  A .  Uckan, D. K .  Lee, and  T. Uckan  

A c l o s e d  f i e l d  l i n e  d e v i c e ,  s u c h  as a n  ELMO Bumpy T o r u s  (E8T) or 
a n  ELIXI Bi.~nipy S q u a r e  (€BS), i s  v e r y  s e n s i t i v e  t o  s m a l l  p e r t u r b a t i o n s  i n  
t h e  m a g n e t i c  f i e l d .  N u m e r i c a l  c a l c u l a t i o n s  of f i e l d  e r r o r s  due  t o  
s i n g l e - c o i l  m i s a l i g n m e n t s  i n d i c a t e  t h a t  the  f i e l d  l i n e  c l o s u r e  i s  most 
s e n s i t i v e  t o  a n g u l a r  m i s a l i g n m e n t s  of t h e  c o i l s  i n  b o t h  EBT a n d  EBS. 
Errors i n  a b s o l u t e  s p a t i a l  p o s i t i o n s  a r e  f o u n d  t o  have very s m a l l  
e f f e c t s ,  p r o v i d e d  t h e r e  i s  n o  c a r r e s p m d i n g  a n g u l a r  m i s a l i g n m e n t .  
S t a t i s t i c a l  a n a l y s i s  of e r r o r s  from N c o i l s  (where  N = N, + N,, w i t h  N, 
t h e  t o t a l  number of c a i  Is i n  s t r a i g h t  s e c t i o n s  a n d  Nc t h e  t o t a l  number 
of  c o i l s  i n  h i g h - f i e l d  c u r v e d  c o r n e r  s e c t i o n s ) ,  assuming  t h e  e r r o r s  i n  
a l l  N coi I a l  i gn rnen ts  a r e  r a n d o m l y  d i s t r i b u t e d  i n  a. G a u s s i a n  f a s h i o n ,  
i s  f o u n d  t o  b e  i n  r e a s o n a b l e  ag reemen t  w i t h  t h e  n u m e r i c a l  c a l c u l a t i o n s .  

A s p e c i f i c  examp le  for an EBS c o n f i g u r a t i o n  i s  g i v e n .  Each s i d e  o f  
t h i s  EES c o n f i g u r a t i o n  c o n s i s t s  o f  a l i n e a r  a r r a y  of f i v e  EBT-S c o i  Is, 
and t h e  c o r n e r s  a r e  f o r m e d  by 90" s e c t i o n s  h a v i n g  e i g h t  h a l f - s i r e  
( o n e - h a l f  number of t u r n s )  EBT-S c o i l s  w i t h  a r a t i o  of c u r r e n t s  
Icorner / ls ide 2 1.2-1.4.  C a l c u ! a t i o n s  i n d i c a t , e  t h a t  i! m i s a l i g n m e n t  of  
1 cm i n  o n e  c o i  I y i e l d s  a n  e r r o r  SB/B < lo-', w h e r e a s  a m i s a l  i g n m e n t  of  
I* i n  o n e  c o i  I o r i e n t a t i o n  r e s u l t s  i n  an e r r o r  ~ B / B  N lo4 .  
C o r r e s p o n d i n g  e r r o r s  i n  EBT-S a r e  6B/B < lo--" for  1 em m i s a l  i g n m e n t  of  
o n e  c o i l  a n d  SS/S N lo4 f o r  1" m i s a l  i g n m e n t  o f  o n e  c o i l  O r i e n t a t i o n .  

An i d e a l  ELMO Bumpy S q u a r e  (EUS) is  a c l o s e d  f i e l d  l i n e  s y s t e m  
w i t h  zero r o t a t i o n a l  t r a n s f o r m  and  n o  t o r o i d a l  c u r r e n t ,  c h a r a c t e r i s t i c  
o f  a n  i d e a l  ELM0 Bumpy T o r u s  (EBT). T h i s  c u r r e n t - f r e e  e q u i  I i b r i u m  
c o n f i g u r a t i o n  is  s e n s i t i v e  t o  t h e  s y s t e m  m a g n e t i c  f i e l d  a s y m r n e t r i c s  
( p e r t u r b a t i o n s ) ,  If l a r g e  enough, t h e s e  f i e l d  p e r t u r b a t i o n s  o r  f i e l d  
e r r o r s  (SB/B) c a n  causei4 (1) f i e l d  l i n e s  t o  s p i r a l  o u t  of t h e  
e o n f  i n e m e n t  volume, t h e r e b y  d e g r a d i n g  c o n f i n e m e n t ;  (2) e s t a b l  i s h m e n t  OP 
k o r o i d a  I c u r r e n t  and t h e r e f o r e  enhanced f I u c t u a t i o n s ;  and  (3) 
d i s t o r t i o n  of e q u i p o t e n t i a l s  o f  t h e  a m b i p o l a r  p o t e n t i a l  we1 I .  

I n  p r a c t i c e ,  t h e  f i e l d  e r r o r s  a r e  u n a v o i d a b l e  due t o  smal I c o i l  
m i s a l i g n m e n t s  d u r i n g  i n s t a l  l a t i o n ,  i m p e r f e c t i o n  i n  coi I w i n d i n  
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H e r e ,  we (1) d e s c r i b e  t h e  n u m e r i c a l  scheme used  i n  t h e  e v a l u a t i o n  o f  
b o t h  68/8 a n d  f i e l d  l i n e  c l o s u r e ,  (2) d i s c u s s  w h i c h  c l a s s e s  of  
p c t - t u r b a t i o n s  ( s p a t i a l  or  a n g u l a r )  a r e  d o m i n a n t ,  a n d  (3) d e s c r i b e  t h e  
s t a t i s t i c a l  a n a l y s i s  of  e r r o r s  f r o m  a1 I c o i  Is. 

As p o i n t e d  o u t ,  t h e  f i e l d  e r r o r s  c a n  a r i s e  from many d i f f e r e n t  
s o u r c c s :  c o ;  I m i s a l  i g n m e n t ,  i m p e r f e c t  w i n d i n g  e f f e c t s  i n  a c o i  I ,  
m a g n e t i c  f i e l d s  frm b u s w o r k  and  l e a d s ,  and  f i e l d  p e r t u r b a t i o n s  d u e  t o  
t h e  p r e s e n c e  o f  m a g n e t i c  m a t e r i a l s .  A l t h o u g h  a l l  t h e s e  s o u r c e s  c a n  
c a u s e  s i g n i f i c a n t  e r r o r  f i e l d s ,  we w i l  I d i s c u s s  o n l y  t h e  f i r s t  e f f e c t  
i n  t h i s  p a p e r .  We w i l l  e v a l u a t e  t h e  amoun t  6R t h a t  a f i e l d  l i n e  
c e n t e r e d  a t  t h e  m a g n e t i c  a x i s  ( s t a r t i n g  i n  t h e  coi I t h r o a t )  m i s s e s  
c o n n e c t i n g  w i t h  i t s e l f  when f o l l o w e d  o n c e  a r o u n d  t h e  t o r u s .  For 
pe i . f ec t  c o i l s  i n s t a l l e d  w i t h  no  m i s a l i g n m e n t ,  t h i s  number s h o u l d  b e  
fer-u.  N e  n o t e  t h a t  t h e  c h o i c e s  of m a g n e t i c  a x i s  and c o i l  t h r o a t  
l o c a t i o n  f o r  t h e  s t a r t i n g  p o i n t  h a v e  t o  d o  w i t h  t h e  f a c t  t h a t  f i e l d  
e r r o r s  w i l l  be m o r e  c r i t i c a l  i n  r e g i o n s  of  l a r g e  m a g n e t i c  f i e l d  and  
t a r 9 2  r a d i  i of c u r v a t u r e 1 3  [(6B/B) N p/Rc N (BRC)-', w h e r e  p i s  t h e  
g y r o r a d i u s  and  Kc  i s  t h e  r a d i u s  o f  c u r v a t u r e ] .  Shown i n  F i g .  3.1 i s  
Lhe g e o r i i c i r y  o f  a n  FRS c o n f i g u r a t i o n  i n d i c a t i n g  t h e  c o i  I a r r a n g e m e n t s  
and c o o r d i n a t e  s y s t e m  u s e d .  An EBS c o n f i g u r a t i o n  has  f o u r  s y m m e t r i c  
p l a n e s  and  e i g h t  f i e l d  p e r i o d s .  S p e c i f i c  c o i l s  i n v o l v e d  i n  t h e  
ca I c u l  a t  i o n s  w i t h  
t i g .  3.1.  

I n  o u r  examp 
a r e  c o n s t r u c t e d  
s i d e  c o i  Is s u c h  
a i o r o i d a  I sol eno  

n o n e  f i e l d  p e r i o d  a r e  d e s i g n a t e d  by A t h r o u g h  G i n  

e s  we w i l l  c o n s i d e r  a n  EBS c o n f i g u r a t i o n  whose s i d e s  
f r o m  EBT-S mirror c o i l s  ( f i v e  m i r ro r  c o i l s  p e r  
a s  A ,  B,  a n d  C) and  whose c o r n e r s  a r e  90" s e c t i o n s  o f  
d i n  w h i c h  t h e  f i e l d  i s  p r o d u c e d  by e i g h t  h a l f - s i z e  

EET-S c o i l s  pei- c o r n e r .  F i g u r e  3 .2 shows m a g n e t i c  f i e l d  l i n e s  i n  t h e  
e q u a t o r i a l  p l a n e  ( X - - Y  p l a n e )  w i t h  s p e c i f i c  d i m e n s i o n s .  T h e  mirror 
sccioi- l e n g t h  (or t h e  c o i  I s p a c i n g )  i n  t h e  s i d e s  i s  I,.,, = 40 cm, and  t h e  
m a j o r  r a d i u s  o f  t h e  c o r n e r  s e c t i o n s  is Rcorner 2 44 cm, w i t h  t h e  a x i s  

2.5 crii from t h e  a x i s  o f  t h e  s i d e s .  T h i s  d i s p l a c e m e n t  and t h e  l e n g t h  o f  
t h e  t r a n s i t i o n  s e c t o r  (Lrr) a r e  a d j u s t e d  so t h a t  t h e  r i n g s  i n  t h e  
t , r . a l r s i t i on  s e c t o r  ( t h e  s e c t o r  c o n n e c t i n g  t h e  s i m p l e  m i r ro r  f i e l d  t o  a 
1 /R  v a r y i n g  t o r o i d a l  f i e l d )  form o n  t h e  same f l u x  l i n e s  as i n  t h e  
a x i s y r m e t r i c  s e c t o r - s .  D e p e n d i n g  o n  t h e  r a t i o  of t h e  c u r r e n t s  i n  t h e  

N o f  e a c h  c o r n e r  s e c t i o n  d i s p l a c e d  r a d i a l  ly  o u t w a r d  by (A s h i f t ) c o r n e r  - 
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l 
A 

F i g .  3 , l .  Geometry of a n  EBS c o n f i g u r a t i o n  i n d i c a t i n g  t h e  coil 
arrangements (top view).  Coordinate system used is  shown (X and Y axes  
are  i n d i c a t e d ;  Z-axis points out of t h e  paper -right-hand coordinate  
system). S p e c i f i c  coils i n v o l v e d  i n  t h e  calculations A through G a r e  
i n d i c a t e d ,  which r e p r e s e n t  t h e  c o i l s  i n  one f i e l d  period. I n  a n  EBS 
t h e r e  a r e  f o u r  symmetry p lanes  and e i g h t  f i e l d  periods. 
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F i g .  3 .2 .  M a g n e t i c  f i e l d  l i n e s  i n  t h e  e q u a t o r i a l  plan:: (X-Y 
p l a n e )  o f  a n  F9S a r e  shown f o r  o n e  q u a d r a n t .  A t h r o u g h  G coi Is and  
t h e i r  mi r ror  i i i iages G' t h r o u g h  A '  a r e  shown a l o n g  with T p e c i f i c  
dimensions used i n  t h e  c a l c u l a t i o n s .  Her-e L, mirror. sector I:::gt,h, 
L T ~  -- t r a n s i t i o n  s e c t o r  l e n g t h ,  RcOrner = r a d i u s  o f  t h e  corper, and 
('shift) corner  = ( c e n t e r  of coi I D - c e n t e r  o f  coi I A )  = XDo - XA0. 
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c o r n e r  c o i l s  t o  t h e  c u r r e n t s  i n  t h e  s t r a i g h t  s e c t i o n ,  t h e  t r a n s i t i o n  
s e c t o r  l e n g t h  i s  t y p i c a l l y  l a r g e r  ( ~ 2  t o  4 cm) t h a n  t h e  l e n g t h  of t h e  
mi r ror  s e c t o r s .  I n  o u r  

example,  we have  Icorner/ Is ide c! 1.4 and  L T ~  N 42 cm. 
I n  n u m e r i c a l  c a l c u l a t i o n s ,  t h e  mi r ror  c o i l s  ( i . e . ,  c o i l s  A ,  B, and 

C> a r e  a p p r o x i m a t e d  by two c i r c u l a r  f i l a m e n t s ,  and t h e  c o r n e r  c o i l s  
( i . e . ,  ca i l s  D, E, F, and  G) a r e  a p p r o x i m a t e d  by a s i n g l e  c i r c u l a r  
f i l a m e n t .  The f i e l d  l i n e  g e o m e t r y  shown i n  F ig .  3.2 i s  c a l c u l a t e d  w i t h  
f i n i t e  c o i l  d i m e n s i o n s  f r o m  EFFI, w h i c h  do n o t  d i f f e r  from t h o s e  of 
c i r c u l a r  f i l a m e n t  a p p r o x i m a t i o n . 6  The code  e v a l u a t e s  B ( S X ,  6Y, SZ) i n  
a co i l  p l a n e  by i n t e g r a t i n g  t h e  f i e l d  l i n e  e q u a t i o n s  t h r o u g h  one  f u l l  
p e r i o d  a r o u n d  t h e  m a c h i n e  (360" i n  @). T h e o r e t i c a l  l y ,  6R v a n i s h e s  for  
t h e  i d e a l  p o s i t i o n s  a n d  o r i e n t a t i o n s  of t h e  co i ls .  A c t u a l  n u m e r i c a l  
r e s u l t s  o b t a i n e d  from t h e  code  u s u a l  l y  r a n g e  from lo-' to  lo-'' cm for  
Ial. T h e r e f o r e ,  t h e  a c c u r a c y  of t h e  code  seems s u f f i c i e n t  fo r  t h e  
p u r p o s e  of t h e  p r e s e n t  s t u d y .  

T h e r e  a r e  f i v e  d e g r e e s  of f r e e d o m  a s s o c i a t e d  w i t h  each c o i l :  t h r e e  
f o r  t h e  p o s i t i o n  of t h e  c o i  I c e n t e r  and two f o r  t h e  a n g l e s  of t h e  c o i  I 
p l a n e .  The f i v e  c o r r e s p o n d i n g  coi I e r r o r s  a r e  d e n o t e d  by AX, AY, AZ, 
A9, and A$, w h e r e  8 i s  t h e  a n g l e  be tween  t h e  Z - a x i s  and  t h e  p r o j e c t i o n  
of t h e  c o i  I no rma l  t o  t h e  X-Y p l a n e ,  and  4 i s  t h e  a n g l e  between t h e  
c o i l  p l a n e  ( w h i c h  i s  c o p l a n a r  w i t h  t h e  Z -ax i s )  and  t h e  X - a x i s  i n  t h e  
X-Y p l a n e  (F ig .  3.3). 

T a b l e  3.1 l ists t h e  f i e l d  l i n e  d i s p l a c e m e n t  6R o b t a i n e d  w i t h  o n l y  
o n e  co i l  p e r t u r b e d  and w i t h  o n l y  t h e  e r r o r  i n v o l v e d  i n  c o i l  p o s i t i o n  or 
o r i e n t a t i o n .  The  f i e l d  l i n e  d i s p l a c e m e n t  i s  measured i n  t h e  c e n t e r  of  
t h e  c o i l  p l a n e  of t h e  A co i l  (X-Z p l a n e  w i t h  co i l  c e n t e r  a t  X = X A ~ ,  
Y = 0, Z = Z A ~  = 0) .  F i g u r e s  3.4 and 3.5 show d i r e c t i o n s  and r e l a t i v e  
m a g n i t u d e s  of f i e l d  l i n e  d i s p l a c e m e n t  i n  a c i r c l e  of r a d i u s  11 cm 
( r a d i u s  of t h e  c l e a r  b o r e  u n d e r  t h e  co i l )  i n  t h e  co i l  p l a n e  f o r  AQ = 1" 
and  f o r  A+ = lo ,  r e s p e c t i v e l y .  

The r e s u l t s  of t h e  c a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  f i e l d  l i n e  
c l o s u r e  is  most s e n s i t i v e  t o  a n g u l a r  misal i g n m e n t  of  t h e  c a i  Is (A9 and 
A+). I n  t h e s e  cases,  a n  assumed a n g u l a r  e r r o r  of  1" causes  
SB/B 2.22 X l o4 .  We n o t e  t h a t  i n  EBT-S a s i m i l a r  a n g u l a r  
m i s a l i g n m e n t  o f  1" (Ae or &)) c a u s e s  s i m i l a r  e r r o r  f i e l d s  

O f  equa l  s i g n i f i c a n c e  i s  t h e  e f f e c t  of t h e  e r r o r s  i n  8 and 4, 
w h i c h  a r e  e s s e n t i a l l y  o r t h o g o n a l ;  A0 c a u s e s  a v e r t i c a l  d i s p l a c e m e n t  of 

For Icorner/Is;de N 1.2-1.4, L T ~  N 42-44 cm. 

( ~ B / B  N 2 . 2  x 
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F ig .  3 .3 .  Two . ~ n g l e s  of  t h e  coil p l a n e .  O r i e n t a t i o n  of  X ,  ?, and 
Z c s o r d i n a t x s  a r e  shown, w i t h  t h e  same orientation as i n  Figs. 3.1 and 
3 . 2 ,  
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Table 3.1. Results of perturbations to one coil? 

Coi I F i  e I d  I i ne d isp I acement 
per turbed Perturbation (mm> 62 (mm) dB/B 

A8 = 1" B O  -2.02 2.22 x lod 
A$ = 1" -2. a1 M O  2.22 x lo4 

A($ = 1" -1.21 0 9.54 x 10" 
A9 = 1" M O  -1.17 9.22 X 10" 

A X = l c m  1.1 x 0 8.67 X lov7 
AY = 1 crn 6.2 x lo3 0 4.89 X 

A Z = l c m  0 1.7 X 1.34 X 
AIfI = lo4 3.4 x lo4 0 2.68 X lo4 

a Field I ine displacement is measured i n  the center of the A coi l  plane 
(X-Z plane). Calculated lack of f i e l d  line c losure  aZ(SX,  62) and 
corresponding field error SB/B = l&l/C,  where C is the circumference 
( f i e l d  line length) 
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F i g .  3.4. Apro plot showing t h e  direction and relative ~~~~~~~~~ 

of f i e l d  line displacements i n  t he  plane of A co i l  for 
largest magnitude i s  2.82 mrn a t  t h e  co i l  c e n t e r  (0,B). 

= 1". The 
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Fig. 3.5. Arrow plat showing t h e  d i r e c t i o n  and re la. t ; ive magnitude 
The of f i e l d  line displacements i n  t h e  p l a n e  of A co i l  for A+ = 1". 

l a ~ g e s t  magnitude is 2.81 mm a t  t h e  coil center (0,O). 
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the field lines (Fig 3 .4 ) ,  and A+ causes a horizontal displacement of 
the f i e l d  lines (Fig 3.5). 

Errors in abso ute position are much less sensitive, provided 
there is no corresponding angular rnisal ignment. 

IS OF 

In the previous section, we. determined that the dominant 
misalignment contributions to field errors were in the two angles 8 and 
4. Since the proper determination of angular alignment w i l l  require 
fairly stringent positional alignment a l s ,  we w i l l  discuss only the 
angular- errors and assume that nonclosure of field lines arising from 
positioning errors i s  small relative to the angular ones. 

First, we w i l l  consider only the varia%ions i n  8. The total 
number of coils in the sides i s  N, = 20 (five coi ls  per side) and i n  
corners Nc = 32 (eight co i l s  per corner). For one coil (side or 
corner), we have the expression 

SBJB = c,ao . 

If we assume that the errors in a l l  20 straight-side coils are 
distributed normally w i t h  one Gaussian distribution and that the errors 
in a l  I 32 corner coi Is are distributed normally with another Gaussian 
distribution (both of which have a mean error of zero and an rrns error 
of e,,,), then the problem is exactly equivalent to the one-dimensional 
random w a j k  problem. Each magnet error A0 contributes a step-size 
(6Z)j to a f i e l d  line, where j = s(side), c(corner). For small 

individual displacements, the problem can be treated as a linear 
superposition of steps of varying size and direction with an rms 
step-size determined by Orms. For N steps, the rms displacement 

then, 
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where (E$.,&)c = (Or,,)s is  taken,  
S ince t h e  

e~r"ors i n  Q, and 8 cause t h e  same magnitude change i n  68/13 ( i .e . ,  
Cg = C+, from Tab le  3.1) b u t  a r e  perpendicu lar  i n  direction, t h e  
express ion for t h e  t o t a l  f i e l d  e r r o r  i s  simply 

The same arguments apply  for  e r r o r s  i n  t h e  4 d i r e c t i o n .  

h i c h  y i e l d s  

where c.$,.?~ i s  t h e  rms error i n  +. The above expession i s  v a l i d  i f  t h e  
errors i n  Ip and 0 are uncorre la ted,  which s e e m  t o  be t h e  most 
reasonable assumption t o  make. F i n a l l y ,  i f  we assume the  rms errors i n  
the C$ and 8 d i r e c t i o n s  to be equal, then 

From T a b l e  3.1 we have 
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Thus, 

_. 2.17 x lo3 e,,, , B =  

where @,,, i s  expressed i n  degrees. 
The q u e s t i o n  remains,  wWhat i s  t h e  i n h e r e n t  66/B t h a t  can be  

t o l e r a t e d ? w  (That  is, w h a t  i s  t h e  f i e l d  e r r o r  i n h e r e n t  t o  t h e  d e v i c e  
c o n s t r u c t i o n  w i t h o u t  qlobal c o r r e c t i o n ? )  I n  t h e  EBT-S d e v i c e  t h e  
i n h e r e n t  f i e l d  e r r o r  i s  6B/B 3 5 X lo4,  wh ich  can be c o r r e c t e d  t o  a 
level of 6B/B 10" w i t h  t h e  global f i e l d  e r r o r  c o r r e c t i o n  
coi 1s.' , 3  # 7  T h a t  is, t h e  g l o b a l  f i e l d  c o r r e c t i o n  c o i l s  c o r r e c t  8% of 
t h e  i n h e r e n t  d e v i c e  f i e l d  error  i n  EBT-S. (He n o t e  th is o c c u r s  o n l y  
when t h e  8B/B ? 7 X lo4 plasma p r o p e r t i e s  s t a r t  t o  degrade.7) Based 
on t h e  EBT-S and t h e  f a c t  t h a t  c o i l  a l i gnmen t  e r r o r s  
produce f a i r l y  u n i f o r m  f i e l d  e r r o r s  a c r o s s  t h e  plasma ( F i g s .  3.4 and 
3.5) ,  we assume t h a t  s i m i l a r  l e v e l s  of f i e l d  e r r o r s  (8E3/8 lo4)  will 
be r e q u i r e d  i n  EBS and t h a t  t h e  global f i e l d  e r r o r  corn-ection c o i l s  can 
c o r r e c t  80% of t h e  i n h e r e n t  d e v i c e  f i e l d  e r r o r .  Thus, t h e  i n h e r e n t  
f i e l d  e r r o r  c r i t e r i o n  ( t h a t  is, f i v e  t i m e s  t h a t  for t h e  n e t  f i e l d  error 
SB/B 5 X w i  I1 y i e l d  t h e  r e q u i r e d  v a l u e s  for O,,,. S o l v i n g  

we have 

erms = 0.23" . 

S i n c e  t h e  t r e a t m e n t  here  i s  s t a t i s t i c a l  i n  n a t u r e  (as  is  t h e  
a l i g n m e n t  of t h e  c o i l s ) ,  t h e  a c t u a l  SB/B is  n o t  s p e c i f i e d  e x a c t l y  by a 
s p e c i f i e a t i o n  o f  @,,,. Rather,  i t  has a Gaussian d i s t r i b u t i o n ;  t h e  
p r o b a b i l i t y  t h a t  6B/B w i l  I be l e s s  t h a n  5 X 1Q4 i s  about 68%, and the 
p r o b a b i l i t y  t h a t  it w i l l  be l e s s  t h a n  10" i s  o v e r  95 When c o r r e c t e d  
w i t h  g l o b a l  c o r r e c t i o n  c o i l s ,  t h e  p r o b a b i l i t y  t h a t  SB/B w i I  I be l e s s  
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than  loA is about 88% and t h e  p r o b a b i l i t y  t h a t  it will be less than  
2 X lo4 i s  more than 95%. 

Because d r i f t  o r b i t s  i n  EBS a r e  much b e t t e r  centered than those i n  
EBT-S, t h e  e f f e c t  of f i e l d  e r r o r s  on p a r t i c l e  o r b i t  d isplacement might  
be expected t o  be more pronounced i n  E8S than  i n  EBT-S. I n  t h i s  
regard, i f  we choose t o  be more p e s s i m i s t i c  i n  t h e  f i e l d  e r r o r  
c r i t e r i o n  i n  EBS than i n  EBT-S, we can assume t h a t  t h e  inherent  f i e l d  
e r r o r  should n o t  exceed 6R/B 2 X lo4 ( i n s t e a d  of 6B/B 5 5 X lo4). 
Under t h i s  p e s 1  rn i s t  i c assumption, 

Or,,(pessimistic) 0.1 . 
W i t h  t h i s  va lue  o f  Or,,, t h e  p r o b a b i l  
less t h a n  4 X loA is g r e a t e r  than 95%, 
i s  less than 8 X lo3. 

t y  t h a t  i n h e r e n t  5B/B w i  
and when it is  corrected,  

I be 
SB/B 
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4. INTRODUCTION TO MAGNETIC EQUILIBRIA AND SINGLE- 
PARTICLE ORBITS IN THE SQUARE COEJOFIGURATION 

OF EBT - A  TUTORIAL 

C. L. H e d r i c k  and L. W .  Owen 

H e r e  we d i s c u s s  t h e  i d e a l  magnetohydrodynami c (MHD) magne t i c  
equ i  I i b r i u m  p r o p e r t i e s  and s i n g l e - p a r t i c l e  o r b i t  c h a r a c t e r i s t i c s  of t h e  
square  c o n f i g u r a t i o n  o f  ELMO Bumpy T o r u s  (EBT). The i n t e n t  i s  t o  make 
t h i s  a s p e c t  of t h e  t h e o r y  a c c e s s i b l e  t o  t h o s e  u n f a m i l i a r  w i t h  t h e  
genera l  a s p e c t s  of EBT t h e o r y .  I n  p a r t i c u l a r ,  we a t t e m p t  t o  i n c l u d e  
s u f f i c i e n t  d e t a i l  t o  enab le  t h e  i n t e r e s t e d  reader  t o  rep roduce  t h e  
a n a l y t i c  development w i t h o u t  excess i ve  e f f o r t .  Recogn iz ing  t h a t  many 
w i l  I n o t  have t h e  t i m e  or i n c l i n a t i o n  for such an  e f f o r t ,  most of  t h e  
main  f e a t u r e s  a r e  d i scussed  b r i e f l y  i n  t h e  i n t r o d u c t i o n .  The more 
fo rma l  developments, a s  w e l l  a s  what we have found  to  be u s e f u l  
i n t e r p r e t a t i o n s  of t h e  mathematics, a r e  con ta ined  i n  t h e  body of t h e  
t e x t .  So as n o t  t o  obscu re  t h e  b a s i c  arguments undu ly  w i t h  a l g e b r a i c  
d e t a i l ,  l eng thy  mathemat ica l  developments have been r e l e g a t e d  t o  
appendixes. 

4 . 1  INTRODUCTION 

For any magne t i c  con ta inmen t  c o n f i g u r a t i o n ,  one b e g i n s  by 
examin ing  i t s  i d e a l  MHD e q u i l i b r i u m  and s i n g l e - p a r t i c l e  con ta inmen t  
p r o p e r t i e s .  Here  we examine t h e s e  p r o p e r t i e s  f o r  t h e  square' 
c o n f i g u r a t i o n  of  EBT (see Fig .  4.1). The e q u i l i b r i u m  and o r b i t  
p r o p e r t i e s  form t h e  b a s i s  for  t h e  wh igher -o rde rw  c a l c u l a t i o n s  of 
t r a n s p o r t ,  hea t ing ,  and s t a b i  I itj. 

The s t a r t i n g  p o i n t  far o u r  a n a l y s i s  i s  a c a l c u l a t i o n  of t h e  
p r e s s u r e  s u r f a c e s .  As i s  wel I known for c losed  I i n e  s c a l a r  p ressure ,  
t h e  p r e s s u r e  s u r f a c e s  a r e  t h e  same as s u r f a c e s  of c o n s t a n t  $ d&/B 
[ r e f .  21. I n  Appendix 4A t h e  Grad-Lor tz  algorithm3-' used t o  c a l c u l a t e  
f i n i t e - b e t a ,  t e n s o r  p r e s s u r e  equ i  I i b r i a  for  t h e  hot e l e c t r o n  r i n g s  i s  
extended t o  p e r m i t  f i n i t e  c o r e  be ta  (assumed ma I 1  compared t o  r i n g  
be ta ) .  I t  is  a g a i n  found t h a t  t h e  c o r e  s c a l a r  p r e s s u r e  i s  c o n s t a n t  on  
c o n s t a n t  $ &/B s u r f a c e s .  

For vacuum magnet ic  f i e l d s ,  a n a l y t i c  a p p r o x i m a t i o n s  a r e  deve loped 
far $ da/8 i n  d e t a i  I .  In a m i d p l a n e  of one of t h e  mirror cells 
ccxnposing t h e  s i d e s  of t h e  square,  t h e  p ressu re  c o n t o u r s  a r e  found t o  
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Fig.  4.1. Circular (EBT-I/S) and square (EBS) configurations of 
EBT . 
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be s h i f t e d  c i r c l e s  ( s h i f t e d  toward t h e  emajar ax is ” ) .  The pressure is, 
af course, cons tan t  a long f i e l d  l i n e s ,  so t h a t  t h e  e n t i r e  pressure 
s u r f a c e  is s h i f t e d  inward f rom t h e  a x i s  of t h e  co i l  c o n f i g u r a t i o n .  

The inward s h i f t  fo r  t h e  square c o n f i g u r a t i o n  i s  q u a l i t a t i v e l y  
s i m i l a r  t o  t h a t  o b t a i n e d  for  t h e  c i r c u l a r  EBT c o n f i g u r a t i o n .  For both  
c o n f i g u r a t i o n s  t h e  s h i f t  decreases w i t h  i n c r e a s i n g  l o c a l  mirror r a t i o  
(or bumpiness) and number of mirror ce l  Is. The square c o n f i g u r a t i o n  
e x h i b i t s  an a d d i t i o n a l  inverse dependence on  t h e  g loba l  mirror r a t i o  
( ra t i o  of  t h e  maximum B on-axis i n  t h e  corners  to  t h e  minimum 3 on-axis 
i n  t h e  s ides) .  Th is  dependence of t h e  square c o n f i g u r a t i o n  on g loba l  
mirror r a t i o  is what is e x p l o i t e d  i n  reduc ing  t h e  inward s h i f t  of  t h e  
pressure  s u r f a c e s  (and t h e  inward s h i f t  of pass ing and t r a n s i t i o n a l  
p a r t i c l e  o r b i t s ) .  

Slaving d iscussed t h e  shift of  t h e  pressure sur faces  i n  t h e  absence 
of r i n g s ,  we q u a l i t a t i v e l y  d iscuss  how 4 dk’/B (and hence t h e  core 
pressure) is changed when t h e  h o t  e l e c t r o n  r i n g s  produce a s u b s t a n t i a l  
change i n  $ dl’/B. 

Preparatory  t o  cons ider ing  s i n g l e - p a r t i c l e  orbits, we f i rst make 
an e s t i m a t e  of t h e  r a t i o  of t h e  p a r a l l e l  e l e c t r i c  f i e l d  t o  t h e  
perpend icu la r  e l e c t r i c  f i e l d .  To do t h i s  we f i rst use e q u i l i b r i u m  
c o n s i d e r a t i o n s  t o  determi ne t h e  p a r a  I I e l  c u r r e n t .  Us ing  Spi  t z e r  
c o n d u c t i v i t y ,  we o b t a i n  an es t imate  of t h e  p a r a l l e l  e l e c t r i c  f i e l d .  We 
f i n d  t h a t  E,,/E, i s  p r o p o r t i o n a l  t o  ve/wce and i s  i n v e r s e l y  p r o p o r t i o n a l  

t o  eAQL/T. Since ve/wce is  so smal I (e .g. ,  lo4 t o  lo”), we conclude 
t h a t  t h e  p a r a l l e l  e l e c t r i c  f i e l d  is n e g l i g i b l e  and t h a t  t o  a h i g h  l e v e l  
of approx imat ion t h e  p o t e n t i a l  is cons tan t  a long f i e l d  l i n e s .  

The connect ion between t h e  MHD f l u i d  equat ions and s i n g l e - p a r t i c l e  
o r b i t s  is prov ided by t h e  k i n e t i c  equat ion.  I n  Sect. 4.4 the  MHD 
r e l a t i o n  between pressure and $.da/B i s  redeveloped us ing t h e  d r i f t  
k i n e t i c  equat ion.  The average o v e r  v e l o c i t y  space and a f i u x  t u b e  a r e  
shown t o  lead to  3 x V $ U / B .  Then 4 d4/B i s  i n t e r p r e t e d  as a k i n d  of 
average d r i f t  sur face .  This k i n e t i c  approach a l s o  permi ts  a t rea tment  
of c e r t a i n  nonideal  e f f e c t s ,  which can u s u a l l y  be o m i t t e d  for magnet ic 
equi 1 i b r  i a  ( b u t  n o t  for t r a n s p o r t )  because of quasi neutra I i t y  . 

The t rea tment  of o r b i t s  i s  d i v i d e d  i n t o  two major p o r t i o n s :  (1) 
a n a l y t i c  and qual i t a t i v e  d i s c u s s i o n s  and (2) d iscuss ion  of numerical 
r e s u l t s .  I n  t h e  q u a l i t a t i v e  s e c t i o n  we discuss t h e  mot ion of low- and 
high-energy p a r t i c l e s .  The high-energy p a r t i c l e s  a r e  f u r t h e r  
subd iv ided i n t o  trapped, passing, and t r a n s i t i o n a l  p a r t i c l e s .  For t h e  
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extreme limits of p i t c h  a n g l e  (vII = 0 and Y,, = v ) ,  s i m p l e  exp ress ions  
a r e  g i v e n  for d e t e r m i n i n g  t h e  d r i f t  o r b i t s  for a l l  ene rg ies .  

The t r a p p e d  p a r t i c l e s  t h a t  e x i s t  i n  t h e  n e a r l y  ax i symmet r i c  s i d e s  
have d r i f t  o r b i t s  wh ich  a r e  c i r c u l a r ,  w i t h  v i r t u a l l y  no shi f t  r e l a t i v e  
t o  t h e  c o i l  a x i s .  Pass ing  p a r t i c l e  o r b i t s  a r e  a l s o  c i r c u l a r  i n  cross 
s e c t i o n  b u t  a r e  s h i f t e d  inward. The t r i c k  of  i n t r o d u c i n g  " r e v e r s e  
t o r o i d a l  c u r v a t u r e 8  i n  t h e  t r a n s i t i o n  between t h e  s i d e s  and t h e  c o r n e r s  
t o  f u r t h e r  reduce  th is s h i f t  i s  d i scussed  i n  a q u a l i t a t i v e  way. The 
q u a l i t a t i v e  b e h a v i o r  of high-energy t r a n s i t i o n a l  p a r t i c l e s  ( t h e  worst 
c o n t a i n e d  p a r t i c l e s )  i s  d iscussed.  The a n a l y t i c  argument for 
n e g l e c t i n g  a c l a s s  of p a r t i c l e s  t h a t  have been f o u n d  t o  be s m a l l  
n u m e r i c a l l y  ( for two decades) i s  d iscussed.  (The i r  number is  
exponent ia  I ly m a  I I .) 

I n  Sec t .  4.6 nunier ical  r e s u l t s  of orb i t  c a l c u l a t i o n s  a r e  presented  
for b o t h  t h e  square  and c i r c u l a r  EBT c o n f i g u r a t i o n s .  The n e a r l y  
c i r c u l a r  c h a r a c t e r  of t h e  o r b i t s  sugges ts  an a p p r o x i m a t i o n  t h a t  i s  
e q u i v a l e n t  t o  t h e  s t a n d a r d  a s p e c t  r a t i o  expans ion  far a c i r c u l a r  EBT. 
U s i n g  t h i s  app rox ima t ion ,  numer ica l  es t imabes of t h e  s tep -s i ze  for  
d i f f u s i o n  as a f u n c t i o n  of energy and eos ine  of t h e  p i t c h  ang le  a r e  
g i v e n  for  bath t h e  square  and c i r c u l a r  c o n f i g u r a t i o n s ,  Numerical  
e s t i m a t e s  of t h e  n e o c l a s s i c a l  I i f e t i m e s  far both t h e  square  and 
c i r c u l a r  c o n f i g u r a t i o n s  a r e  g i v e n .  The square  1 i f e t i r n e  i s  typically an 
o r d e r  of  magn i tude l a r g e r  t h a n  t h a t  of t h e  c i r c u l a r  c o n f i g u r a t i o n .  

Fundamental t o  t h e  a n a l y s i s  
conserved: 

& + v  * j = o .  a t  

of any plasma i s  that,  charge be 

(4.1) 

As shown i n  Appendix 4A, this concept,  t o g e t h e r  w i t h  t h e  f l u i d  p ressu re  
(or momentum) ba I ance e q u a t i o n  

j X B  = v p  
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and V * E3 = 0, leads  i n  s teady  s t a t e  t o  t h e  requ i remen t  t h a t  t h e  
p r e s s u r e  p is  a f u n c t i o n  of This  means t h a t  t h e  s u r f a c e s  o f  

ssure can be de te rm ined  by d e t e r m i n i n g  t h e  s u r f a c e s  of 

t h e  p ressu re  and d l r / ~  a r e  c o n s t a n t  a l o n g  f i e l d  I i n e s  
0, wh ich  follows by d o t t i n g  Eq.(4.2) w i t h  B], it 

s u f f i c e s  t o  de te rm ine  c o n t o u r s  of c o n s t a n t  $ d l / B  i n  some s u r f a c e  wh ich  
c u t s  a l  I t h e  f i e l d  I i nes .  For conc re teness  we w i  I I choose this s u r f a c e  
t o  be a m idp lane  of one of t h e  a p p r o x i m a t e l y  i d e n t i c a l  mi r ror  cells 
t h a t  make u p  a sid of t he  square  c o n f i g u r a t i o n .  

d$/B a n a l y t i c a l l y  we make use of a p p r o x i m a t i o n s  t o  
the  magne t i c  f i e l d  of t h e  square  c o n f i g u r a t i o n  of EBT. We assume t h a t  
t h e r e  a r e  N mirror cells per s i d e  and t h a t  a l l  t h e s e  cells a r e  
i d e n t i c a l  excep t  for  t h o s e  a d j o i n i n g  t h e  c o r n e r s .  I n  t h e  i d e n t i c a l  
mirror c e l l s  t h e  magne t i c  f i e l d  o n - a x i s  i s  t a k e n  t o  be Bo i n  t h e  
m i d p l a n e s +  Under t h e  c o i l s  where t h e  i d e n t i c a l  c e l l s  j o i n ,  t h e  
magne t i c  f i e l d  is g i v e n  by M ~ 3 0 ,  where M L  i s  t h e  l o c a l  mirror ra t io .  

For t h e  mirror cells a d j o i n i n g  t h e  co rne rs ,  t h e  magne t i c  f i e l d  
an-ax is  i s  a g a i n  t a k e n  to be Bo i n  t h e  m idp lane .  Where a s i d e  j o i n s  a 
corner ,  the magne t i c  f i e l d  i s  t a k e n  t o  be MGB~, where hAc i s  t h e  g l o b a l  
mirror ra t i o .  W i t h i n  t h e  c o r n e r s  we approx ima te  t h e  magne t i c  f i e l d  by 
t h a t  of a toraida! s o l e n o i d  ( t h a t  is, c a n s t a n t  a l o n g  c i r c u l a r  f i e l d  
I i n e s  and h a v i n g  a l / R  dependence a c r o s s  f i e l d  I i nes) .  

As shown i n  Appendix 4B t h e  c o n t r i b u t i o n  t o  cf dB/B from a s i n g l e  
h a l f - c e l  I i s  

d4'/B. 

To c a l c u l a t e  

where: C i s  t h e  d i s t a n c e  between a midplane and an a d j a c e n t  coil p l a n e  
for a mirror c e l  I and 

M - 1  6 = burnpi ness parameter z - M + l  

w i t h  

M zz mirror ratio . 
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The r a d i u s  in t h e  m idp lane  i s  denoted by rs. 
The c o n t r i b u t i o n  of a14 f o u r  s i d e s  t o  $ dE/B i s  g i v e n  by 

2(N - 1)(1 - ~ L ) L  
" s i d e  = '1 oo 

(4 

The f i r s t  t e r m  i n  Eq. (4.4) comes f r o m  t h e  2(N - 1) i d e n t  
h a l f - c e l l s  p e r  s i d e ,  whereas t h e  l a s t  t e r m  comes from t h e  
h a l f - c e l  Is p e r  s i d e  t h a t  a r e  a d j a c e n t  t o  co rne rs .  

The c o n t r i b u t i o n  t o  $ d l /B  from a single c o r n e r  is  g i v e n  by 

I n  t h e  corners ,  

so t h a t  for X,/Ro << 1, 

4) 

ca I 
two 

(4.5) 

To r e l a t e  X ,  i n  a c o r n e r  to  r 0  i n  a s i d e  we make use of  c o n s e r v a t i o n  of 
magnet ic  f l u x .  The f l u x  w i t h i n  a c i r c l e  of r a d i u s  rs i n  t h e  s i d e  i s  
g i v e n  approx ima te l y  by vrsBo. As t h i s  f l u x  t u b e  passes i n t o  the 
co rne r ,  i t s  r a d i u s  i s  reduced because of t h e  s t r o n g e r  magnet ic  f i e l d .  
In t h e  c o r n e r  t h e  f l u x  i s  g i v e n  approx ima te l y  by WZMGEIO.  E q u a t i n g  

t h e s e  e x p r e s s i o n s  for  t h e  f l u x  we f i n d  t h a t  r, = i - , / M c l R .  I n  t h e  
e q u a t o r i a l  p lane, r, = Xc and r5 = X, such t h a t  

2 
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Combining Eqs. (4.7) and (4.8), we f i n d  that  the  contr ibution t o  
f dl/S from a I I four sides i s  

From Eqs. (4.4) and (4.10) we f i n d  t h a t  

+- 

(4.10) 

(4.11) 

The contours of constant 5 de/B a r e  readi ly obtained 2 from 
Eq. (4.11) i f  we r e w r i t e  it i n  a form t o  emphasize r: = X$ + ys and X,. 
Thus, 

~ 2 ,  + ys 2 + ~EX, = CI = constant , (4.12) 

(4.13) 
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where 

(4.14) 

(4.15) 

E q u a t i o n  (4.13) is t h e  e q u a t i o n  of  a c i r c l e  s h i f t e d  inward  ( toward  t h e  
m a j o r  a x i s )  by < (F ig .  4.2). 

The inward  s h i f t  o f  t h e  p ressu re  s u r f a c e s  for  t h e  square  
c o n f i g u r a t i o n  i s  qual  i t a t i v e l y  q u i t e  s i m i l a r  t o  t h a t  wh ich  o c c u r s  for 
t h e  c i r c u l a r  c o n f i g u r a t i o n  of EBT. For example, t h e  s h i f t  i s  reduced 
by h a v i n g  a l a r g e r  number of  mirror c e l  Is (aspec t  r a t i o  i n  t h e  c i r c u l a r  
c o n f i g u r a t i o n ) .  The ma jo r  d i f f e r e n c e  i s  t h e  appearance o f  t h e  global 
mirror r a t i o  MG. 

The a d d i t i o n a l  dependence on  g l o b a l  mirror r a t i o  p e r m i t s  
c o n s i d e r a b l y  b e t t e r  c e n t e r i n g  of  t h e  plasma, For example, i f  ML = 2 so 
t h a t  6~ = 1/3, N = 6, and WIG = 4, t h e n  

8.05 1. (4.16) 

For ML = 2, L i s  approx ima te l y  equal t o  t h e  coil r a d i u s ,  wh ich  i n  t u r n  
is comparable to  t h e  plasma r a d i u s .  Phus, </L i s  approx ima te l y  (by a 
f a c t o r  of 2) t h e  r a t i o  of t h e  sh i f t  t o  the r a d i u s .  

To t h i s  p o i n t  we have o m i t t e d  t h e  e f f e c t  of t h e  h o t  e l e c t r o n  r i n g s  
on 4 d e / B .  We n e x t  c o n s i d e r  t h e  q u a l i t a t i v e  e f f e c t s  of a s u b s t a n t i a l  
hot e l e c t r o n  r i n g  on  t h e  p r e s s u r e  s u r f a c e s  far t h e  c o r e  plasma. As 
shown i n  Appendix 4A, t h e  c o r e  p r e s s u r e  s u r f a c e s  cor respond 
(app rox ima te l y )  t o  t h e  s u r f a c e s  of c o n s t a n t  $ dl?/B. 

Because t h e  magnet ic  f i e l d  o f  a h o t  e l e c t r o n  r i n g  fa l l s  o f f  
r a p i d l y  w i t h  d i s t a n c e ,  t h e  p r imary  e f f e c t  i s  on t h e  f i e l d  i n  t h e  s i d e s  
of t h e  square  c o n f i g u r a t i o n .  The e f f e c t  of  t h e  h o t  e l e c t r o n  r i n g s  o n  
f d l / B  f o r  a s i n g l e  mirror c e l l  i s  i l l u s t r a t e d  i n  F i g .  4.3. For t h e  
s u b s t a n t i a l  r i n g  shown it w i l l  be no ted  t h a t  t h e  s l o p e  of d l / B  i s  
steepened fo r  t h e  i n s i d e  h a l f  of the r i n g  and r e v e r s e d  o n  t h e  o u t e r  
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O R N L - D W G  8 4 C - 3 1 7 5  FED 

Y 

Fig.  4.2. P r e s s u r e  s u r f a c e  i n  t h e  midp lane of one of  t h e  mirror 
c e l  Is composing t h e  s i d e s  of t h e  square  c o n f i g u r a t i o n .  S ince  p ressu re  
i s  c o n s t a n t  a l o n g  f i e l d  l i n e s ,  t h e  p ressu re  s u r f a c e  fol lows f i e l d  
I ines, c o n t r a c t i n g  i n  c r o s s - s e c t i o n a l  a rea  i n  r e g i o n s  o f  h i g h e r  
magne t i c  f i e l d .  For both c i r c u l a r  and square  c o n f i g u r a t i o n s  i s  
reduced w i t h  i n c r e a s i n g  l o c a l  mirror r a t i o  (bumpiness) and number of 
mirror c e l  I .  The a d d i t i o n a l  dependence of F, on  global mirror r a t i o  for  
t h e  square  c o n f i g u r a t i o n  i s  e x p l o i t e d  t o  reduce t h e  inward shif t  of t h e  
p ressu re  s u r f  a ce . 
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ORNL-DWG84-3476 FED 

rs, MIDPLANE MINOR RADllJS 

F i g .  4.3. $ de/B vs m i n o r  r a d i u s  i n  t h e  m i d p l a n e  when s u b s t a n t i a l  
The d e p a r t u r e  from t h e  vacuum c u r v e  (dashed) o c c u r s  r i n g  b e t a  o c c u r s .  

a t  r a d i i  where  r i n g  p r e s s u r e  e x i s t s .  
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h a l f  of t h e  r i n g .  We can exp ress  
c o n t r i b u t i o n  t o  4 d l / B  f r o m  a s i n g  
midp lane r a d i u s  rg, 

t h i s  formal ly by expanding t h e  
e h a l f  mirror c e l  I abou t  some 

(4.17) 

and n o t i n g  t h a t  Ui(t-5) i s  s i m p l y  r e l a t e d  t o  t h e  s l o p e  ( e s p e c i a l l y  a t  
t h e  r e l a t i v e l y  l a r g e  r a d i i  occup ied  by t h e  r i n g ) .  

To de te rm ine  t h e  c o n t o u r s  of 4 d&/B we c o u l d  now proceed to  r e p e a t  
t h e  t y p e  of a n a l y s i s  t h a t  l e d  from Eq.  (4.3) t o  Eq. (4.14). To g a i n  a 
q u a l i t a t i v e  unders tand ing  we need o n l y  n o t e  t h a t  we wou ld  a g a i n  o b t a i n  
an  e x p r e s s i o n  f o r  $ d $ / B  s i m i l a r  t o  Eq. (4.11) excep t  t h a t  the 
c o e f f i c i e n t  of rz would  i n v o l v e  Ul;(r$ i n s t e a d  of t h e  f a c t o r  a r i s i n g  

-1. L The e q u a t i o n  for t h e  p r e s s u r e  from Eq. (4.3): -$- 2 Bn 
con tou r  wou ld  a g a i n  bt? t h a t  of  a c i r c l e  s h i f t e d  by c. 
Eq. (4.14) we wou I d  o b t a i  n 

I n  p l a c e  of 

(4.18) 

By r e f e r r i n g  t o  F i g .  4.3 we see t h a t  Eq. (4.18) i n d i c a t e s  t h a t  t h e  
c o n t o u r s  of pressure ,  whi l e  app rox ima te l y  c i r c u l a r ,  would n o t  be 
c o n c e n t r i c ,  P roceed ing  from s m a l l  r a d i u s  t o  la rge ,  t h e  inward  s h i f t  of 
t h e  c o n t o u r s  wou ld  be reduced a s  one encountered  t h e  s t e e p e r  g r a d i e n t s  
i n  UW] a s s o c i a t e d  w i t h  t h e  i n n e r  h a l f  of t h e  r i n g s .  On t h e  o u t e r  h a l f  
of  t h e  r i n g s ,  where Ub has t h e  opposite s i g n  from t h e  vacuum value, t h e  
s h i f t  wou ld  be ou tward  i n s t e a d  of inward. 

Near  t h e  peak i n  t h e  ring pressure,  where U i ( r 0 )  2 0, t h e  a n a l y s i s  
l e a d i n g  t o  Eq. (4.18) f a i l s  s i n c e  it i s  necessary t o  r e t a i n  &(r$) 
o m i t t e d  i n  Eq. (4.17). However, t h e  s i t u a t i o n  is a fami I i a r  one wh ich  
produces banana- or crescent-shaped c o n t o u r s  i n  $ d&/B (for an  a n a l y s i s  
of a simi l a r  topology see Appendix 4F). The s i m p l e s t  e x p e c t a t i o n  for 
t h e  c o r e  p ressu re  a c r o s s  t h e  s e p a r a t r i x  ( l a r g e s t  banana) i s  t h a t  i t  be 
c o n s t a n t .  Thus, we expec t  t h a t  t h e  c o r e  p r e s s u r e  w i  I i show a f l a t  spot 
near t h e  peak of a we1 I-developed r i n g  p ressu re .  
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4.3 ELECTRIC FI 

As i n d i c a t e d  i n  Append ix  4A, t h e  Lortz and  m o d i f i e d  G r a d - L o r t z  
a l g o r i t h m s  for c o m p u t i n g  c o r e  s c a l a r  p r e s s u r e  e q u i  I i b r i a  ( i n  t h e  
p r e s e n c e  o f  a n i s o t r o p i c  r i n g s )  use  t h e  r e l a t i o n  

j = V $ X W p  

w h e r e  j and p a r e  c o r e  plasma q u a n t i t i e s  a n d  $ i s  d e f i n e d  a s  

(4.19) 

(4.20) 

The zero i n  L' i s  c o n v e n i e n t l y  t a k e n  t o  b e  one  of t h e  symmetry  p l a n e s  
w h i c h  passes  t h r o u g h  t h e  c e n t e r  of a s i d e  or wh ich  p a s s e s  t h r o u g h  t h e  
c e n t e r  of a c o r n e r .  I he m a g n e t i c  f i e l d  i s  normal  t o  t h e s e  p l a n e s ,  and 
i n  t h e s e  p l a n e s  any p a r a l l e l  component  o f  c u r r e n t  v a n i s h e s .  

We w i  I I b a k e  $ t o  b e  
zero i n  t h e  c e n t e r  of a c o r n e r .  We w i l l  also t a k e  b h i s  as t h e  z e r o  i n  
t o r o i d a l  a n g l e  + e  U s i n g  t h e  same a p p r o x i m a t i o n s  for t h e  m a g n e t i c  f i e l d  
used  e a r l i e r  ( c i r c u l a r  f i e l d  l i n e s ,  e t c . ) ,  we f i n d  t h a t  

I t  is  c o n v e n i e n t  t o  f i r s t  f o c u s  o n  a c o r n e r .  

I T  I T  - < & < - .  4 - '  4 

Reca I I i n g  t h a t  B (x 1/R we f i n d  t h a t  

(4.21) 

(4.22) 

W i t h i n  a co rne r  t h e  p r e s s u r e  i s  a f u n c t i o n  of  m i n o r  r a d i u s  SO t h a t  

(4.23) 
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I n s e r t i n g  Eqs. (4.22) and (4.23) i n t o  (4.19) and making use o f  

A 

$R X e,, = -54 s i n  0 = -b s i n  0 

where 8 i s  p o l o i d a l  angle,  we f i n d  t h a t  i n  a c o r n e r  

(4.24) 

(4.25) 

The p a r a l l e l  c u r r e n t  a p p e a r i n g  i n  Eq. (4.25) has a s i m p l e  
i n t e r p r e t a t i o n .  I n  t h e  c e n t e r  of a c o r n e r  (Q, = 0), t h e  c u r r e n t  i s  
p u r e l y  poloidal and t h e  l i n e s  of j a r e  c i r c l e s .  As we move away from 
t h e  c e n t r a l  symmetry p lane,  t h e  c u r r e n t  is s t i l l  a c o l l e c t i o n  of 
approx ima te l y  c i r c u l a r  f i l a m e n t s ,  b u t  t h e  c i r c l e s  a r e  no  l onger  
p e r p e n d i c u l a r  to  B. These cocked c i r c u l a r  f i laments  of c u r r e n t  have 
components p a r a \  le1 t o  B which  a r e  l a r g e s t  i n  magn i tude a t  t h e  top and 
bottom (0 = +.rr/2) and z e r o  i n  t h e  e q u a t o r i a l  p l a n e  (Q = 0 , ~ ) .  As iQ, i s  
changed from z e r o  t o  kr/4 (where t h e  c o r n e r s  j o i n  t h e  s i d e s ) ,  this 
c o c k i n g  of t h e  c u r r e n t  r e l a t i v e  t o  t h e  magne t i c  f i e l d  i nc reases .  The 
maximum r a t i o  of t h e  magnitude of t h e  para1 le1 t o  p e r p e n d i c u l a r  
c u r r e n t s  o c c u r s  a t  Q, = f i f 4  and i s  

S i n c e  t h e  c e n t r a l  p l a n e  of a s i d e  has j , ,  = 0, it follows from 
c o n t i n u i t y  t h a t  t h e  s i d e s  must undo t h e  c o c k i n g  t h a t  o c c u r s  i n  t h e  
ends. I n  o t h e r  words, t h e  i n c r e a s e  i n  t h e  magn i tude of  j,, t h a t  o c c u r s  
i n  t h e  c o r n e r s  as one moves away from t h e  c e n t e r  of a s i d e  must be  
r e v e r s e d  somewhere i n  t h e  s i d e s .  

It follows from Eq. (4.19) t h a t  t h e  p a r a l l e l  c u r r e n t  i n  t h e  s i d e s  
o c c u r s  because V$ and V p  a r e  n o t  copara l  le1 (except  a t  t h e  c e n t r a l  

p l a n e  where $ = g  4 dL'/B). The reason t h e y  a r e  n o t  copara l  le1 i s  t h a t  
whereas < i s  ve ry  n e a r l y  symmet r ic  abou t  t h e  a x i s  of  t h e  bumpy c y l i n d e r  

1 
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the pressure s u r f a c e s  a r e  s h i f t e d  away from t h e  axis (e.g., inward 
toward  t h e  major axis). As i n d i c a t e d  i n  Appendix 4C, th is leads t o  two 
t y p e s  of  a x i a l  v a r i a t i o n  of t h e  p a r a l  l e l  c u r r e n t .  Une t y p e  of 
variation i s  s i n u s o i d a l  and o c c u r s  i n  t h e  c i r c u l a r  EBT c o n f i g u r a t i o n .  
The second t y p e  of a x i a l  v a r i a t i o n  i s  approx ima te l y  linear i n  arc 
l eng th .  T h i s  second t y p e  of  v a r i a t i o n  is c a n c e l l e d  by d i s t r i b u t e d  
toroidal e f f e c t s  i n  t h e  c i r c u l a r  c o n f i g u r a t i o n .  ~n t h e  s q u a r e  
canf iguratiori, t h e  second t y p e  of a x i a l  v a r i a t i o n  c o n t i n u e s  t o  b u i  I d  up 

ns t h e  end. The two t y p e s  o f  a x i a l  v a r i a t i o n  along 
as t h e  behav io r  i n  a C Q Y ~ W ,  a r e  i I I u s t r a t e d  i n  

- 

u n t i l  t h e  s i d e  j o  
t h e  s ide ,  as we1 

Because of f 
of e i e c t r i e  f i e l d  

F ig .  4 .4 .  
n i t e  r e s i s t i v i t y  t h e r e  wi 1 I be a p a r a l  le4 component 
a s s o c i a t e d  w i t h  t h e  p a r a !  Sel c u r r e n t .  T h a t  is, t h e  

amb ipo la r  potential w i l l  va ry  a l o n g  t h e  f i e l d  l i n e s ,  It i s  t h u s  of 
sme i n t e r e s t  t o  est,imate E,,/E,. 

To e s t i m a t e  E,, we use t h e  r e l a t i o n  

where t h e  S p i t z e r  c o n d u c t i v i t y  i s  g i v e n  by 

(4.26) 

(4.27) 

and v, is t h e  e l e c t r o n  Coulomb co1 I i s i o n  f requency .  To estimate EL %e 
note t h a t  t h e  r a d i a l  v a r i a t i o n  i n  t h e  p o t e n b i a l  i n  EBT---I/S (and many 
o t h e r  t o r o i d a l  dev i ces )  is comparable to  T.  T h a t  is, 

(4.28) 

where a i s  the p l a s m a  radius and ti i s  comparable $0 u n i t y  ( e . ~ . ,  w i t h i n  
a Pew F a c t o r s  of 2). 

From =j X B =I V p we est imat:: t h a t  
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- 

1, ARC LENGTH 

Fig. 4.4. Variat ion o f  B and j,, vs a r c  length 1. The osci I latory 
p a r t  of j,, (so l id  curve) also occurs for t h e  c i rcu lar  configuration. 
The other p a r t  of j,, occurs i n  polygonal configurations such a s  t h e  
square.  The zeros i n  j,, occur a t  symmetry planes. 
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(4.29) 

nl, 
j , ,  = kk, N k - 2aB ’ (4.30) 

where k i s  t h e  r a t i o  of  j,, t o  j, (e.g., l k l  < ~ r / ’ 2 ) .  Combining 

Eq. (4.30) w i t h  Eqs.  (4.28) and (4.291, we o b t a i n  

so t h a t  

or  

(4.31) 

(4.32) 

Maw ve/fc, is a very  mal 1 number. For example, u s i n g  EBT-S-I i ke  
parameters  o f  n = 10l2 cm3 and T, = 100 eV, ue i s  t e n s  t o  hundreds of 
k i l o h e r t z ,  whereas the  e l e c t r o n  c y c l o t r o n  f requency  i s  t e n s  of 
9 i 9% h e r t z .  Thus, 

since ue Q n / ~ , 3 * ~ ,  even for r e a c t o r  c o n d i t i o n s  ue/fce is  
O(10” - 1 P ) .  
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From t h e  above we conc lude (1) t h a t  t h e  e l e c t r o n  c o n d u c t i v i t y  
a l o n g  f i e l d  l i n e s  does  not p e r m i t  s u b s t a n t i a l  v a r i a t i o n  of t h e  
p o t e n t i a l  a l o n g  f i e l d  l i n e s  and (2) t h a t  assuming t h e  p o t e n t i a l  i s  
c o n s t a n t  a l o n g  f i e l d  I i n e s  i s  an exce l  l e n t  app rox ima t ion .  

As an a s i d e  we n o t e  t h a t  t h e s e  p a r a l l e l  e l e c t r i c  f i e l d s  can lead  
to az imu tha l  components of t h e  e l e c t r i c  f i e l d .  For t h e  bumpy t o r u s  
c o n f i g u r a t i o n  t h i s  can lead  t o  c o n v e c t i o n  - c a l l e d  P f i r s c h - S c h l i t e r  
d i f f u s i o n  i n  tokamaks and s t e l  l a r a t o r s .  However, t h i s  p a r t i c u l a r  form 
of t r a n s p o r t  app l  ies  p r i m a r i  ly to ve ry  c o l d  end-col I i s i o n a l  plasma 
c o n f i g u r a t i o n s  i n  which t h e  mean f r e e  p a t h  is s m a l l .  For a d e n s i t y  and 
tempera tu re  comparable to  t h a t  found i n  EBT-I/S, t h e  t r a n s i t  
f r e q u e n c i e s  a r e  such  t h a t  ueTb 5 2 X 10". Thus, p a r t i c l e s  exper ience  
ve ry  few c o l l i s i o n s  p e r  t r a n s i t  of a one-ha l f  f i e l d  p e r i o d .  The 
t e r t i a r y  E0 X l 3  d r i f t s  from t o r o i d i c i t y  a r e  o p p o s i t e l y  d i r e c t e d  a c r o s s  
symmetry p l a n e s  and, hence, cance l  o v e r  a f u l  I f i e l d  p e r i o d  (e.g., two 
h a l v e s  of a s i d e  or t h e  two h a l v e s  a d j a c e n t  t o  a co rne r ) .  E s t i m a t e s  of 
t h e  d i sp lacemen t  p e r  t r a n s i t  of a h a l f  p e r i o d  a r e  very s m a l l  and 
c o n s i d e r a b l y  s m a l l e r  when t h e  c a n c e l l a t i o n  over a f u l l  p e r i o d  i s  taken  
i n t o  account .  

4.4 KINETIC TREA'I" 

We now connect  t h e  f o r e g o i n g  f l u i d  t r e a t m e n t  w i t h  p a r t i c l e  d r i f t  
m o t i o n  v i a  t h e  k i n e t i c  equa t ion .  Our s t a r t i n g  p o i n t  i s  t h e  d r i f t  
k i n e t i c  equat ion7 f o r  s p e c i e s  j :  

where C. r e p r e s e n t s  s c a t t e r i n g  by Coulomb cot 1 i s i o n s ,  microwave f i e l d s ,  
e t c . ,  as w e l l  a s  t h e  p a r t i c l e  sou rce  (e .g. ,  i o n i z a t i o n  of n e u t r a l s ) .  
The d r i f t  v e l o c i t y  i s  g i v e n  by 

J 

(4.35) 

M u l t i p l y i n g  Eq. (4.34) by d3v and i n t e g r a t i n g  (!&e Appendix 4D) 
yields 

I '  
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a n  --i+ a t  w . (ilj<vl,>j:) 

(4.36) 

vihere we have assumed t h a t  f -  i s  isotropic t o  l a w s t  o r d e r .  The 
d c n s i t y ,  p r e s s u r e ,  and v e l o c i t y  s p a c e  a v e r a g e  of v , ,  a r e  d e n o t e d  by n 

p j ,  and < ~ , ~ > j .  We n o t e  fop f u t u r e  r e f e r e n c e  t h a t  t h e  factor  

m u l t i p l y i n g  P p  i n  Eq. (4.36) a r i s e s  from t h e  v e l o c i t y  s p a c e  a v e r a g e  o f  
t h e  V3 and c u r v a t u r e  dr i f ts .  

He  n o t i c e  t h a t  i f  we m u l t i p l y  Eq. (4.36) by e -  and sum over 

s p e c i e s ,  we o b t a i n  t h e  c h a r g e - c o ~ s e r v a t i o n  e q u a t i o n  [Fq .  ( 4 .1 ) ] .  The 
first term i n  Eq. (4.36) l e a d s  t o  t h e  t i m e  d e r i v a t i v e  of t h e  charge 
d e n s i t y ,  whereas  t h e  second  t e r m  l e a d s  t o  t h e  d i v e r g e n c e  o f  t h e  
parallel c u r r e n t .  The r e m a i n i n g  terms, w h i c h  a r i s e  from T D  V f ,  lesd 
t o  t h e  d i v e r g e n c e  o f  the  p e r p e n d i c u l a r  e w r e n t .  

J 
j J  

j 

J 

Now t h e  t e r m  i n v o l v i n g  <vll> i n  Eq, (4.36) c a n  b e  w r i l t e n :  

A 

where  we h a v e  used  b = B / B  and  V * B = 0. S i n c e  n j ,  < v , , > j ,  and I3 a re  

s i n g l e  v a l u e d ,  t h i s  s u g g e s t s  t h a t  we d i v i d e  Eq. (4.36) by B and 
i n t e g r a t e  o v e r  1. T h i s  yields 

where 
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(4.39) U E t j g .  dl' 

As shown i n  Appendix 4E, Eq. (4.38) can be w r i t t e n  i n  t h e  form 

(4.40) 

We now m u l t i p l y  Eq. (4.40) by e .  and sum o v e r  s p e c i e s .  Assuming J s teady  s t a t e  we o b t a i n  

where 

and we have assumed quas i  n e u t r a l  i t y  so t h a t  

(4.41) 

(4.42) 

and t h e  t e r m s  i n v o l v i n g E  X B van ish .  
E q u a t i o n  (4.41) can be r e w r i t t e n  a s  

A 

( V p X V U )  b = O .  (4.4) 

S i n c e  n e i t h e r  V p  n o r  VU have components i n  t h e  d i r e c t i o n  of $, we can 
equal  Iy we1 I w r i t e  Eq. (4.44) as 
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v p  X V U  ':: 0 , (4.45) 

w h i c h  means t h a t  t h e  g r a d i e n t  of p i s  i n  t h e  d i r e c t i o n  of t h e  g r a d i e n t  
of U. T h a t  is, t h e  p r e s s u r e  can  be w r i t t e n  a s  a f u n c t i o n  of  
I J  E $ dk'/B. (As a n  a s i d e  we n o t e  t h a t  it i s  possible t o  e s t i m a t e  t h e  
s i z e  of t h e  t e r m s  i n v o l v i n g  t h e  c h a r g e  d e n s i t y .  For &/T of o r d e r  
u n i t y  a n d  a s p e c t  r a t i o  of o r d e r  10, t h e s e  terms a r e  o n  t h e  o r d e r  
1% ...--- i f  o n e  i n c l  udes bumpi ness.)  

T r a c i n g  t h e  o r i g i n  of  E q .  (4.45) we see t h a t  t h e  f a c t o r  
m u l t i p l y i n g  V p  i n  Eq. (4.41) came frm t h e  f l u x  t u b e  a v e r a g e  of t h e  
v e l o c i t y  space a v e r a g e  of t h e  c u r v a t u r e  a n d  W B  dr i f t s  ( b u t  -no&. t h e  
E X B d r i f t ) .  We a r e  t h u s  l e d  t o  w r i t e  Eq.  (4.41) i n  t h e  form 

(4.46) 

~ h e r - e V ~  i s  t h e  a v e r a g e  of  t h e  m a g n e t i c  d r i f t s .  Th is  f o r m u l a t i o n ,  t h a t  
t h e  pt-esssure i s  c o n s t a n t  o n  an a v e r a g e  d r i f t  s u r f a c e ,  i s  p o t e n t i a l l y  
u s e f u l  for d e a l  i n g  w i t h  d e v i a t i o n s  from t h e  a s s u i n p t i o n s  made h e r e i n  
(e.  9 "  , ~n a n i  soti-op i c p r e s s u r e  tensor) . 

E q u a t i o n  (4.46) a l s o  allows u s  t o  d r a g  an a n a l o g y  t o  t o r o i d a l  
systems w i t h  r o t a t i o n a l  t r a n s F o r m s .  For s y s t e m s  w i t h  a l a r g e  f r a c t i o n  
of p a s s i n g  p a r t i c l e s  and  r o t a t i o n a l  t r a n s f e r ,  t h e  d o m i n a n t  m o t i o n  
p e r p e n d i c u l a r  t o  t h e  m i n o r  a x i s  of t,he t o r u s  i s  p r o v i d e d  by VII * V f .  
The "average p a r t , i c l e "  t h e n  is, t o  l a w e s t  o r d e r ,  c o n f i n e d  t o  a f l u x  
s u r f a c e .  FOP" t h e  closed l i n e  s y s t e m s  w i t h  no r o t a t i o n a l  t r a n s f e r  
d i s c u s s e d  he re ,  t h e  a v e r a g e  d r i f t  s u r f a c e  p lays t h e  same r o l e  as t h e  
f I IIX s u r f a c e  - both a r e  t h e  s u r f a c e s  fol lowed by % n  a v e r a g e  pa rP t i c l  e .  

Thus, i n  both cases,  it is n a t u r a l  t o  assume t h a t  a l  I m a c r o s c o p i c  
e q u i  l i b r i u m  q u a n t i t i e s  a re ,  t o  lowest o r d e r ,  c o n s t a n t  o n  t h e  s u r f a c e s  
fa1 lowed by t h e  a v e r a g e  p a r t i c l e .  D e t e r m i n i n g  t h e  n e x t - o r d e r  e f f e c t s  
(e .g . ,  t h r o u g h  t r a n s p o r t  c a l c u l a t i o n s )  demands t h a t  o n e  c o n s i d e r  t h e  
d e v i a t i o n s  from t h e  a v e r a g e .  That, is, o n e  m u s t  know t h e  d e t a i  Is of  
s i n g l e - p a r t i c l e  m o t i o n  ( d i s c u s s e d  q u a l  i t a t i v c l j l  i n  t h e  n c x t  sect , ion).  

1 
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4.5 SI 1x3 - BASIC m Y I s  IDEAS 

I n  this s e c t i o n  we d i s c u s s  t h e  q u a l i t a t i v e  behav io r  of c e r t a i n  
I i m i t i n y  cases and g i ve ,  where p o s s i b l e ,  s i m p l e  f o r m u l a s  far  
c a l c u l a t i n g  d r i f t  mo t ion .  

We b e g i n  w i t h  relativelgr cool p a r t i c l e s .  From t h e  e x p r e s s i o n  POP 
t h e  d r i f t  v e l o c i t y  g i v e n  i n  Eq. (4.35), we see  t h a t  i f  m v 2 / 2  is 
s u f f i c i e n t l y  small ( e . g . ,  mv2/2  < < I & l )  t h e n  t h e  daminant d r i f t  m o t i o n  
is  p r o v i d e d  by t h e  E X B d r i f t .  These r e l a t i v e l y  coo l  p a r t i c l e s  d r i f t  
on p o t e n t i a l  s u r f a c e s ,  T h i s  fo1 lows from 

wh ich  s t a t e s  t h a t  PD h a s  no component p e r p e n d i c u l a r  to t h e  p o t e n t i a l  
s u r f a c e .  

We b e g i n  N i t h  
deep ly  t r a p p e d  p a r t i c l e s  - p a r t i c l e s  w i t h  v,, = 0 i n  a midp lane  of  one 
of  t h e  mirror c e l l s  mak ing  up t h e  s i d e s  of t h e  square  c o n f i g u r a t i a n .  
For t h e s e  deep ly  t rapped  hot p a r t i c l e s ,  Eq. (4.35) reduces  t o  

We n e x t  c o n s i d e r  r e l a t i v e l y  hot t rapped  p a r t i c l e s .  

To a h i g h  l e v e l  of accuracy i s  normal to t h e  m idp lane  and B I n  B l i e s  
i n  t h e  midp lane.  Thus, Eq. (4.48) s t a t e s  t h a t  VD I ies i n  t h e  midplane, 
and by d o t t i n g  Eq. (4.48) w i t h  V B  we see t h a t  th is t y p e  of  p a r t i c l e  
follows a c o n t o u r  of c o n s t a n t  B. S ince  t h e  magne t i c  f i e l d  is  n e a r l y  
a x i s y m m e t r i c  i n  t h e  s ides ,  t h e  c o n t o u r s  of cons tan t -8  a r e  r i ea r l y  
c o n c e n t r i c  c i r c l e s  and, hence, SI a r e  t h e  orb i ts .  

c o n f i n e d  t o  t h e  m idp lane  b u t  bounce back and for th between turning 
p o i n t s  where E,$ = B ( i . e . ,  v,, = 0). These p a r t i c l e s  a g a i n  d r i f t  on 
s u r f a c e s  wh ich  a r e  n e a r l y  c i r c u l a r  i n  c r o s s  s e c t i o n  s i n c e  the  rnagnetie 
f i e l d  i s  n e a r l y  ax i symmet r i c .  However, t h e  n e t  d r i f t  p e r  bounce t e n d s  
t o  be lower for  less deep ly  t r a p p e d  p a r t i c l e s .  This i s  most easily 
seen f o r  low beta,  where V, &n B E R .  From F ig .  4.1 i t  i s  o b v i o u s  t h a t  
t h e  c u r v a t u r e  becomes l ess  i n  magnitude as one moves away frcn t h e  

Hot p a r t i c l e s  wh ich  a r e  n o t  q u i t e  sa deep ly  t r a p p e d  a r e  no I o n  



A4-22 

m i d p l a n e  ( i t  i s  of  o p p o s i t e  s i g n  under  a c o i l  i n  t h e  sides). 
C o n s e q u e n t l y ,  t h e  l e s s  d e e p l y  t r a p p e d  p a r t i c l e s  m u s t  average t h e  
s m a l l e r  v a l u e s  of  l o c a l  V B  d r i f t s  (or even o n e s  of  o p p o s i t e  d i r e c k i o n )  
a l o n g  w i t h  t h o s e  t h e y  e n c o u n t e r  p a s s i n g  t h r o u g h  t h e  m i d p l a n e .  

N u m e r i c a l  l y  t h e  d r i f t ;  s u r f a c e s  f o r  any EBT c o n f i g u r a t i o n  a r e  
w a d i  l y  d e t e r m i n e d  from t h e  l o n g i t u d i n a l  a d i a b a t i c  i n v a r i a n t  

where  t h e  I imits 
I1 i s  g i v e n  by 

9 (4.49) 

of i n t e g r a t i o n  a r e  between turning p o i n t s  ( v , ,  = 0) and 

V I (  = @ / m y  (E - - (4.50) 

w i t h  @ t h e  a rnb ipo la r  p o t e n t i a l ,  p t h e  m a g n e t i c  moment, and E t h e  t o t a l  
energy  ( k i n e t i c  p l u s  p o t e n t i a l ) .  

For d e e p l y  t r a p p e d  p a r t i c l e s  i n  t h e  c i r c u l a r  or s q u a r e  
c o n f i g u r a t i o n ,  o n e  can t a k e  t h e  l i m i t i n g  form of Eq. (4.49) to o b t a i n  a 
s imple  r e s u l t  w h i c h  d o e s  n o t  i n v o l v e  i n t e g r a t i o n .  T h i s  r e s u l t  i s  more 
s i m p l y  o b t a i n e d  by s e t t i n g  v,, = 0 i n  Eq. (4.50).  S i n c e  t h e  t o t a l  
energy  E i s  c o n s t a n t ,  we o b t a i n  

-+ $3 = c o n s t a n t  . (4.51) 

N o t i c e  t h a t  f o r  low k i n e t i c  e n e r g y  (smal  I p,) t h e  d r i f t  contourns a r e  
t h o s e  of c o n s t a n t  p o t e n t i  a I ,  whereas  for I a rge  k i n e t  i c e n e r g y  t h e  d r i  r"t 
c a n t o u r s  a r e  rnod-43 c o n t o u r s .  FOP any known (or postulated) 0 one can 
use Eq. (4.51) to d e t e r m i n e  t h e  d r i f t  c o n t o u r s  for deeply t r a p p e d  
p a r t i  c l  es of  any k i  n e t  i c e n e r g y .  

We n e x t  c o n s i d e r  p a s s i n g  p a r t i c l e s  a n d  b e g i n  w i t h  r e l a t ive ly  h o t  
p a r t i c l e s  w i t h  p =1 Q (so v = v,,). For- t h e s e  h o t ,  p a s s i n g  p a r t i c l e s ,  
Eq- (4.35) r e d u c e s  t o  
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(4.52) 

As a p a s s i n g  p a r t i c l e  t r a v e r s e s  t h e  mirror c e l l s  composing t h e  
s i d e s  OP t h e  square  c o n f i g u r a t i o n ,  it sees  t h e  a l t e r n a t i n g  c u r v a t u r e  of 
t h e  f i e l d  l i n e s .  Thus, a p a r t i c l e  t h a t  starts i n  a midp lane f i r s t  
r o t a t e s  abou t  t h e  a x i s  of t h e  s i d e  i n  one d i r e c t i o n  and then  a s  it 
approaches t h e  coil r e g i o n  r o t a t e s  i n  t h e  o p p o s i t e  d i r e c t i o n .  Th i s  
r o t a t i o n  i n  t h e  o p p o s i t e  d i r e c t i o n  c o n t i n u e s  u n t i l  t h e  p a r t i c l e  b e g i n s  
t o  approach t h e  n e x t  m i d p l a n e  r e g i o n  where t h e  d i r e c t i o n  of r o t a t i o n  i s  
aga i n reve rsed .  

The r e s u l t ,  a f t e r  t r a v e r s i n g  a f i e l d  l i n e  between two a d j a c e n t  
m idp lanes  (or two a d j u n c t  c o i l  p lanes) ,  is t h a t  t h e  p a r t i c l e  has 
r o t a t e d  abou t  t h e  a x i s  w i t h  t h e  s i g n  of r o t a t i o n  a s s o c i a t e d  w i t h  t h e  
midp lane.  The reason t h a t  t h e  m idp lane  r o t a r y  d r i f t  dominates can be 
seen from Eq.  (4.52). The v e l o c i t y  i s  p r o p o r t i o n a l  to  8-1 so t h e  
a n g u l a r  speed is  p r o p o r t i o n a l  to  (rB)-'. The magne t i c  f l u x  i s  c o n s t a n t  
a l o n g  a f i e l d  l i n e  and i n  t h e  ax i symmet r i c  sides i s  approx ima te l y  

p r o p o r t i o n a l  to  r2B. Thus, (rB) i s  p r o p o r t i o n a l  t o  Ellrn and t h e  
a n g u l a r  speed is p r o p o r t i o n a l  t o  B-'&. S i n c e  B i s  smal l e r  near  t h e  
midp lane t h a n  near  t h e  c o i l  p l a n e  and t h e  a n g u l a r  speed is  p r o p o r t i o n a l  
t o  t h e  m idp lane  m o t i o n  dominates.  

As a hot p a s s i n g  p a r t i c l e  t r a v e r s e s  more mirror c e l l s ,  this m o t i o n  
is  repeated .  A f t e r  t r a v e r s i n g  N c e l  I s  it has r o t a t e d  t h r o u g h  N t i m e s  
t h e  a n g l e  it r o t a t e d  t h r o u g h  i n  one mirror c e l l .  E v e n t u a l l y  t h e  
p a r t i c l e  reaches  t h e  s i d e  where i t s  l o c a l  d r i f t  i s  v e r t i c a l .  A f t e r  t h e  
p a r t i c l e  passes t h r o u g h  t h e  corner ,  i t e n t e r s  a second s i d e  and b e g i n s  
t h e  r o t a r y  m o t i o n  a b o u t  t h e  a x i s  of t h e  s i d e  and t h e n  e n t e r s  a c o r n e r  
and d r i f t s  v e r t i c a l  l y .  

I f  a l l  this d r i f t  m o t i o n  a c r o s s  f i e l d  l i n e s  is  p r o j e c t e d  i n t o  a 
s i n g l e  p l a n e  ( v i a  f i e l d  l i n e s ) ,  one o b t a i n s  a p i c t u r e  someth ing  l i k e  
t h a t  shown i n  Fig. 4.5 for  an  ex t reme ly  l a r g e  g y r o r a d i u s  p a r t i c l e .  For 
a p a r t i c l e  w i t h  a more t y p i c a l  g y r o r a d i u s  t h e  length of t h e  v e r t i c a l  
and c i r c u l a r  segments of d r i f t  a r e  so short t h a t  t h e  eye canno t  
d i s t i n g u i s h  t h e  segments. This l i m i t i n g  case of a cont inuum is  i d e a l l y  
handled t h r o u g h  t h e  use of l o n g i t u d i n a l  a d i a b a t i c  i n v a r i a n t  J.  

For p a s s i n g  p a r t i c l e s  J can a g a i n  be d e f i n e d  by Eqs. (4.49) and 
(4.50). The only d i f f e r e n c e  i s  t h a t  i n t e g r a t i o n  fo l  lows a c l o s e d  f i e l d  
1 i n e  t h r o u g h  one c i r c u i t  (i .e., once around t h e  "square  t o r u s " ) ,  
Again, as i n  t h e  case of t r a p p e d  p a r t i c l e s ,  t h e  i n t e g r a l s  a r e  q u i t e  
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( b )  

F i g .  4.5. (a) To d e p i c t  t h e  d r i f t  m o t i o n  o f  a h i g h  energy p a s s i n g  
p a r t i c l e ,  i t i s  c o n v e n i e n t  t o  p r o j e c t  t h e  o r b i t  i n t o  a s i n g l e  p l a n e  v i a  
f i e l d  l i n e s .  (b) I t  i s  a l s o  h e l p f u l  to  s i m u l t a n e o u s l y  f o l l o N  t h e  
mnt.ion p a r a 1  le1 t o  t h e  f i e l d  l i n e s .  The numbers i n  (a) and (b) r e f e r  
t o  t i m e s  (tl < t2 t l a ) .  A t  t h e  s p a t i a l  p o i n t s  c o r r e s p o n d i n g  t o  
t h e s e  t i m e s  t h e  c h a r a c t e r  of t h e  c u r v a t u r e  (b)  and e u r v a t u r e  d r i f t  
changes.  Between 3 and 4 t h e  p a r t i c l e  d r i f t s  v e r t i c a l  l y ‘ i n  a c o r n e r  
(and a g a i n  be tween  11 a n d  13). Along t h e  s i d e s  a p a s s i n g  p a r ’ i , i c l r  
r o t a t e s  i n  o p p o s i t e  d i r e c t i o n s  a s  it e x p e r i e n c e s  d i f f e r e n t  s i g n s  of 
c u r v a t u r e  - i n d i c a t e d  on t h e  c i r c u l a r  a r c s  i n  ( a ) .  

ORNL-DWG 84-3489 FED 

F i g .  4 . 5 ( c ) .  The s o l i d  c u r v e  r e p r e s e n t s  a more c o m p l e t e  v i e w  of 
t he  o r b i t  shGwn i n  4 . 5 ( a ) .  I n  order t o  make t h e  d e t a i l e d  i n t e r a c t i o n  
Uf s i d e s  and  c o r n e r s  v i s i b l e ,  a n  e x c e e d i n g l y  l a r g e  gyro r a d i u s  h a s  heen 
used i n  4.5(a),  ( h ) ,  and (c) .  More  t y p i c a l l y ,  o n e  c o m p l e t e  t o r o i d a l  
c i r c u i t  consists of t h o u s a n d s  of  1 i n e  segmen ts  and  c i r c u l a r  a r c s  and i s  
i n d i s t i n g u i s h a b l e  t o  t h e  eye  from t h e  c o n t i n u u m  l i m i t  d e s c r i b e d  by t h e  
l o n g i t u d i n a l  a d i a b a t i c  i n v a r i a n t  J (dashed) .  
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s u i t a b l e  for numer ica l  i n t e g r a t i o n -  There is alm a P e l a t i v e l y  s i m p l e  
l i m i t i n g  case from which  t h e  i n t e r p l a y  o f E  X and c u r v a t u r e  dr i f t  can 
be s t u d i e d .  

For pass ing  parkicles w i t h  p 1= 0 (i ., t h e  extreme 1 i m i t ) ,  v,, i s  
c o n s t a n t  and, hence, Eqs .  (4.49) and (4.5 

J = (2rn)'"(E - (4.53) 

For high-energy particles (E >> l & l ) ,  t he  shape of t h e  d r i f t  s u r f a c e s  
i s  dominated by 4 cU3 which i s  associ Led w i t h  t h e  t r a n s i t  average of 
c u r v a t u r e  d r i f t .  Fer low k i n e t i c  energy, E - "v 0 3 r d  t h e  shape of 
t h e  d r i f t  s u r f a c e s  i s  d ~ i ~ a ~ ~ ~  by the  p o t e n t i a l .  

Usi ng t h e  same approximatlions used to e ~ a  ~ u a t e  $ d t / ~  e a r l  ies,  one 
can a l s o  e v a l u a t e  4 d&, One a g a i n  f inds  t h a t  t h e  d r i f t  c a n t o u r s  a r e  
s h i f t e d  circles. The sh i f t  is found t o  be of t h e  form 

The c o n s t a n t  of p r o p o r t i o n a l i t y  is  . F a i r l y  sensitive t o  the transit ion 
between corners and sides, and bhe arm l y t i c  appsox irnations i ntrclduced 
h e r e  fo r  f i e l d  l i n e  shape i~~~~~~~~~~~~ model these d e t a i l s ,  

T h i s  s e n s i t i v i t j  t o  t h e  .t;ransitiictn can be explaited by i n t r o d u c i n g  
sane "reversed t o r o i d a l  eurvaturew i n  t h e  mirror cells a d j a c e n t  to t h e  

centering this produces frm e i t h e r  t he  standpaint  sf d$ or .From t h e  
d r i f t  mo t ion ,  The inward shift i n  t he  eontours of $ A! is cainsed by 
t h e  f a c t  t h a t  t h e  o u t e r  f i e l d  l i n e s  aim onger t h a n  t h e  i n n e r  f i e l d  
I i nes. 8y i ntroduci  ng *reversed toriai 1 c u r v a t c u ~ . e ~  one tends t o  
overcome this e f f e c t .  A t  first one m h t  t h i n k  this would be a 
n e g l i g i b l e  e f f e c t .  1% i s  the f 9 c t  t h a t  t h e  reversed t o r o i d a l  c u r v a t u r e  
occurs i n  t h e  lower magnet ic  f i e l d  o f  t h e  s i d e s  t h a t  prsduces the 
e f f e c t .  T h i s  i s  most easil derstosd i n  tlerms oP the  d r i f t  n o t i o n .  

The inward  shift, of is  a s s o c i a t e d  w i t h  t h e  v e r t i c a l  d r i f t  
produced by t o r o i d a l  c u r v a t u r e  i n  t he  co rne rs .  E q u a t i o n  (4.52) shws 
t h a t  t h i s  d r i f t  is p r o p o r t i o n a l  t o  @I1. I n t r o d u c i n g  reversed toroidal 
c u r v a t u r e  a t  lower  B produces an  a p p o s i t e l y  directed v e r t i c a l  d r i f t  
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t h a t  i s  l a r g e r  i n  m a g n i t u d e ,  t h e r e b y  c a n c e l  I i n g  more of t h e  u n d e s i r a b l e  
d r i f t  o f  t h e  c o r n e r s .  

In p r a c t i c e ,  i t  i s  r e l a t i v e l y  s i m p l e  t o  p r o d u c e  r e v e r s e d  t o r o i d a l  
c u r v a t u r e .  One s imp ly  i n c r e a s e s  t h e  m a j o r  r a d i u s  o f  t h e  c o r n e r s  
s l i g h t l y ,  k e e p i n g  t h e  c o i l s  f o r  t h e  s i d e s  f i x e d .  The f r i n g i n g  f i e l d  o f  
t h e  l a r g e r  m a j o r  r a d i u s  c o r n e r s  a u t o m a t i c a l l y  p r o v i d e s  t h e  r e v e r s e d  
t o r o i d a l  c u r v a b u r e  i n  t h e  a d j a c e n t  mi r ror  c e l l s .  The  r e s u l t s  of 
n u m e r i c a l  c a l c u l a t i o n s -  fo r  s u e h  a c o i l  c o n f i g u r a t i o n  a r e  shown i n  
F i g .  4.5.  

We n e x t  c o n s i d e r  p a r t i c l e s  w h i c h  a r c  t r a n s i t i o n a l  between t h e  
purely t r a p p e d  and  p u r e l y  p a s s i n g  p o p u l a t i o n s .  tiere, we w i  I I p r i r n a r i  l y  
c o n f i n e  o u r  d i s c u s s i o n  t o  h o t  t r a n s i t i o n a l  p a r t i c l e s  SO t h a i  wc can 
a p p r o x i m a t e  E - e 0  2 E and conccn t ra t ,e  o n  t h e  m a g n e t i c  d r i f t s .  

A l o n g  a g i v e n  f i e l d  l i n e  t h e  maximum v a l u e  o f  8, 13Max, i s  a t t a i n e d  
h a l f  way t h r o u g h  any of  t h e  c o r n e r s .  A p a r t i c l e  o n  t h i s  f i e l d  t i n e  is  
t r a p p e d  i f  c./p < BMAX and p a s s i n g  i f  ~ / p  > RMAX. However,  BUAX v a r i e s  
i n v e r s e l y  w i t h  major r a d i u s ,  so t h a t  a s  p a r t i c l e s  d r i f t  a c r o s s  f i e l d  
I i n e s  t h e y  can change  from t r a p p e d  t o  p a s s i n g .  Because t h e  mod-B 
c o n t o u r s  i n  t h e  c e n t e r  of  t h e  c o r n e r s  a r e  v e r t i c a l  1 i n e s ,  t h e  I r a p p e d  
p a s s i n g  b o u n d a r i e s  i n  c o n f i g u r a t i o n  s p a c e  a r e  3 / 5 0  v e r t i c a l  l i n e s .  To 
t h e  i n s i d e  of s u c h  a I i n e  a p a r t i c l e  wi I I be t r a p p e d  and  t o  t h e  o u t s i d e  
a p a r t i c l e  w i t h  t h e  same v a l u e  of c-/p w i l l  bc p a s s i n g .  

On t h e  b a s i s  of o u r  p r e v i o u s  d i s c u s s i o n  one  might guess  t h a t  a 
t r a n s i t i o n a l  p a r t i c l e  d r i f t  o r b i t  w o u l d  be r c a s o n a b l y  wcl  I c e n t e r e d  and 
a p p r o x i m a t e l y  c i r c u l a r  on t h e  i n s i d e  (where i b  i s  t r a p p e d )  and  n o t  as 
we1 I c e n t e r e d  on t h e  o u t s i d e  (where i t  i s  p a s s i n g ) .  T h i s  i s  
q u a l i t a t i v e l y  c o r r e c t  e x c e p t  for an e x p o n e n t i a l l y  small c l a s s  o f  
p a r t i c l e s  w h i c h  n e a r l y  stat I i n  t h e  center-  of a c o r n e r .  

To s t a l  I ,  a p a r t i c l e  m u s t  c r o s s  t h e  v e r t i c a l  t r a p p e d - p a s s i n g  
boundary w h i l e  i n  t h e  c o r n e r .  A l t h o u g h  i t  i s  t r u e  t h a t  t h e  p r o j e c t i o n  
of t h e i r  d i . i f t  m o t i o n  crosses t h i s  b o u n d a r y ,  most t r a n s i t i o n a l  
p a r t i c l e s  do n o t  a c t u a l l y  cross t h e  boundary  w h i l e  i n  t h e  c o r n e r  
because t h e y  have a f i n i t e  d i s p l a c e m e n t  pep t r a n s i t .  

To a n a l y z e  n e a r l y  s t a l l e d  p a r t i c l e s  we need t o  e s t i m a t e  hols much 
t i m e  t h e y  spend n e a r l y  s t a l l e d  i n  a c o r n e r .  We b e g i n  by n o t i n g  t h a t  
t h e  t r a n s i t  t i m e  

(4.55) 
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i s  s i n g u l a r  when e/p = BMAX. N e a r  

The c o n t r i b u t i o n  t o  T t  from p o i n t s  

t h e  c e n t e r  of a c o r n e r  

A X  i s  g i v e n  by 

(4.56) 

w h e r e  

(4.58) 

(4.59) 

and  we h a v e  n o t e d  t h a t  @ ~ A X / E  = 1 - A 
T h e  s i n g u l a r i t y  i n  t h e  t r a n s i t  t i m e  fo r  A = 0 i s  d u e  t o  t h e '  t e r m  

p r o p o r t i o n a l  t o  log(l/A) i n  Eq.  (4.57). P h y s i c a l l y  th is t e r m  a r i s e s  
from s t a l  I i n g .  

1. 

Hence  we d e f i n e  

(4.60) 

Whi l e  a p a r t i c l e  i s  n e a r l y  s t a l l e d ,  i t  wil I d r i f t  v e r t i c a l l y  w i t h  
t h e  l o c a l  d r i f t  v e l o c i t y  V D ~  and move a d i s t a n c e  vDcTs ta l l .  One way o f  
gaging t h e  i m p o r t a n c e  of this b e h a v i o r  is t o  compare this d i s t a n c e  w i t h  
t h e  c i r c u m f e r e n c e  of a d r i f t  o r b i t  i n  t he  absence  o f  s t a l l i n g ,  2rr.  
Thus, we d e f i n e  t h e  r a t i o  of d i s t a n c e s  



A4-28 

h ~ ____ml___ d i s t a n c e  t r a v e l e d  when s t a l  l e d  
c i r c u m f e r e n c e  of o r b i t  

"Dc "stal I 
2nr 

h =  

(4.61) 

(4.62) 

For f i x e d  h (e.g., 1/10> we can  u s e  Eqs. (4.60) and (4.62) t o  
d e t e r m i n e  t h e  v a l u e  of A .  This a l l o w s  u s  Lo e s t i m a t e  how many 
p a r t i c l e s  a r e  n e a r l y  s t a l l e d .  We f i n d  t h a t  

1 2 n r h  " 1 1  
A 'Dc ' 

lo&) = 

Now t h e  l o c a l  d r i f t  v e l o c i t y  is  V D ~  :: mvi/eBR so t h a t  

A = exp[-4n E(r/p,,)h] L , 

where  t h e  p a r a l l e l  g y r o r a d i u s  i s  g i v e n  by 

PI1 = m y l / e B  

(4.63) 

(4.64) 

(4.65) 

The  r a t i o  ~-/p,~ t e n d s  t o  be v e r y  large. We can  p u t  a l o w e r  bound 
o n  i t  by r e c a l l i n g  t h a t  t h e  a d i a b a t i c  i n v a r i a n t  p ceases  t o  be 
c o n s e r v e d  f o r  

1L P < ..1 
L " 2 0 "  (4. 66) 

Thus, o n e  s h o u l d  t a k e  t h e  m a g n i t u d e  o f  t h e  a rgumen t  o f  t h e  e x p o n e n t i a l  
i n  E q ,  (4.64) t o  be g r e a t e r  t h a n  

R 8 0 ~  h . L (4.67) 
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S i n c e  R/L i s  of  o r d e r  u n i t y  we s e e  t h a t ,  e x c e p t  fo r  v e r y  smal I h ( w h i c h  
t h e n  h a s  a m i n i m a l  e f f e c t  o n  t h e  o r b i t ) ,  t h e  a rgumen t  of  t h e  
e x p o n e n t i a l  i s  q u i t e  a r g e  and  t h e  number of p a r t i c l e s  i n v o l v e d ,  A ,  is 
e x p o n e n t i a l l y  smal I .  For example,  i f  h -= 1/10 and R/L 1, t h e n  

T r a n s i t i o n a l  p a r t i c l e s  have  been s t u d i e d  numei- ical  l y  for  b o t h  t h e  
c i r c u l a r  a n d  s q u a r e  EBT c o n f i g u r a t i o n s  u s i n g  t h e  t ime-dependen t  g u i d i n g  
c e n t e r  e q u a t i o n s .  These c a l c u l a t i o n s ,  s t a r t i n g  w i t h  G i b s o n  e t  a l .  i n  
1964,8 have  c o n s i s t e n t l y  showed t h a t  o n e  h a s  t o  p r e p a r e  a p a r t i c l e  
e x t r e m e l y  c a r e f u l  l y  i n  o r d e r  t o  o b s e r v e  n e a r l y  s t a l  l e d  b e h a v i o r  a t  a l  I .  

G i b s o n  e t  a1 .8 s u g g e s t e d  a p r o c e d u r e  u s i n g  J f o r  t r a n s i t i o n a l  
p a r t i c l e s  t h a t  w o r k s  v e r y  w e l l  f o r  a c i r c u l a r  EBT (but, i g n o r e s  t h e  
e x p o n e n t i a l l y  s m a l l  c l a s s  of n e a r l y  s t a l l e d  p a r t i c l e s ) .  T h i s  p r o c e d u r e  
can  be e x t e n d e d  t o  t h e  s q u a r e  c o n f i g u r a t i o n .  One r e d e f i n e s  %he i i ini ts 
of i n t e g r a t i o n  f o r  J f o r  p a s s i n g  p a r t i c l e s  so t h a t  t h e  i n t e g r a l  e x t e n d s  
for t h e  c e n t r a l  symmetry  p l a n e  of a s i d e  t o  t h e  c e n t r a l  symmetry  p l a n e  
of a c o r n e r  ( th is  i n t e g r a l  i s  t h e n  l/8 of t h e  o r i g i n a l  i n t e g r a l ,  w h i c h  
was for a f u l  I c i r c u i t ) .  F o r  p a r t i c l e s  w h i c h  a r e  not, t r a p p e d  i n  %he 
l o c a l  mirrors of t h e  s i d e s  b u t  2 r e  t r a p p e d  between ends, one d e f i n e s  
t h e  l i m i t  of i n t e g r a t i o n  f o r  J t o  be be tween  t h e  c e n t r a l  symmetry  p l a n e  
and  t h e  t u r n i n g  p o i n t  n e a r  t h e  c o r n e r .  I n  t h i s  way J i s  rriade t o  be 
c o n t i n u o u s  ( a l t h o u g h  i t s  d e r i v a t i v e s  a r e  not) a t  t h e  t r a p p e d - p a s s i n g  
boundary ,  and s t a n d a r d  n u m e r i c a l  m e t h o d s  can  t h e n  be used t o  d e t e r m i n e  
t h e  d r i f t  s u r f a c e s .  The  r e s u l t s  o f  s u c h  a n u m e r i c a l  c a l c u l a t i o n  are 
shown i n  F i g .  4.6. 

A = e x p ( 4 ~ )  E exp(-25) .  

H e r e  we c o n s i d e r  t h e  r e s u l t s  o f  n u m e r i c a l  c a l c u l a t i o n s  and t h o s e  
r e s u l t s  t , ha t  s u g g e s t  a p p r o x i m a t i o n s  w h i c h  p e r m i t  s t i  I I f u r t h e r  
numer i  ca I and ana l y  t i c ca 1 cit I a t  i o n s .  

F i g u r e  4.7 shows t h e  r e s u l t s  o f  c a ! c u l a t i n g  d r i f t  s u r f a c e s  f o r  
t r a p p e d ,  passing, and  t r a n s i t i o n a l  p a r t i c l e s  fo r  t h e  c i r c u l a r  
c o n f i g u r a t i o n  and s q u a r e  c o n f i g u r a t i o n .  F o r  r e f e r e n c e  p u r p a s e s  t h e s e  
o r b i t s  a r e  f o r  h i g h l y  e n e r g e t i c  p a r t i c l e s  fo r  which t h e  e l e c t r i c  f i e l d  
can be n e g l e c t e d ;  4 dl?/B i s  a lso  shown,  I t  w i l  I be n o t i c e d  t h a t  a l  I 
o r b i t s  a r e  a p p r o x i m a t e l y  c i r c u l a r .  The  t r a p p e d  p a r t i c l e s  a r e  s h i f k d  
l e a s t  w h i l e  t h e  p a s s i n g  and  t r a n s i t i o n a l  o r b i t s  a r e  s h i f t e d  i n w a r d .  It 

w i  I I b e  n o t i c e d  t h a t  t h e  s q u a r e  c o n f i g u r a t i o n  g i v e s  b e t t i e r  c e n t e r i n g  
f o r  a l l  b h r e e  c la s ses  of o r b i t s .  P e r h a p s  most n o t i c e s b l e  i s  t h a t  t h e  
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F ig .  4.6. D r i f t  s u r f a c e s  i n  a m i d p l a n e  f o r  a h igh-energy 
t r a n s i t i o n a l  p a r t i c l e  i n  a s q u a r e  c o n f i g u r a t i o n .  The l a s t  closed 
contour w i t h i n  t h e  volume p a s s e s  close t o  t h e  axis of t h e  s ide .  This 
i s  i n  c o n t r a s t  t o  t h e  c i r c u l a r  EBT-I/S c o n f i g u r a t i o n ,  w h i c h  does n o t  
conta i n any h i gh-energy t r a  n s i  t i o n a  I p a r t i  c I e s .  
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F ig .  4.7. Comparison of high-energy p a r t i c l e  o r b i t s  f o r  the 
c i r c u l a r  (top) and square  (bottom) c o n f i g u r a t i o n s .  H i g h l y  t rapped  
p a r t i c l e s  (v , ,  = 0) and ext reme passing p a r t i c l e s  (v , ,  = v;p = 0) a r e  
shown. For r e f e r e n c e  purposes, contours of f d&/B a r e  a lso shown. 
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c i r c u l a r  c o n f i g u r a t i o n  does n o t  have any t r a n s i t i o n a l  o r b i t s  t h a t  c l o s e  
w i t h i n  t h e  vol urn(-?, whereas t h e  square  c o n f i g u r a t i o n  does. 

S i n c e  d e t a i l e d  o r b i t  i n f o r m a t i o n  fo r  a l  I v e l o c i t y  space, 
i n t e r e s t i n g  a s  i t  may be, i s  d i f f i c u l t  t o  convey or comprehend q u i c k l y ,  
s e v e r a l  d i f f e r e n t  measures of  o r b i t  q u a l i t i e s  have evo lved  o v e r  t h e  
y e a r s .  One measure i s  simply t h e  shi f t  of an o r b i t  from some r e f e r e n c e  
p o i n t .  S i n c e  t h e  o r b i t s  fo r  a g i v e n  p o i n t  i n  v e l o c i t y  space (E and p,) 
a r e  n o t  a lways  c o n c e n t r i c ,  t h e  c o n v e n t i o n  has  been t o  use t h e  case o f  
an o r b i t  of  z e r o  r a d i u s .  T h i s  i s  r e a d i l y  o b t a i n e d  by f i n d i n g  t h e  
minimum i n  t h e  l o n g i t u d i n a l  a d i a b a t i c  i n v a r i a n t  J. T h i s  sh i f t  i s  
common ly r e f e r r e d  t o  a s  RJMIN. 

F i g u r e  4.8 shows RJ IN fa r  b o t h  square  and c i r c u l a r  EOP 
c o n f i g u r a t i o n s .  Two f e a t u r e s  a r e  n o t i c e a b l e .  One i s  t h a t  t h e  square  
c o n f i g u r a t i o n  produces I ess of a s h i f t  fo r  a I I p i  t c h  a n g l  es  t h a n  does 
t h e  circular- c a n f i g u r a t i o n .  The seeond i s  t h a t  because t h e  global 
mirror P a t i o  exceeds t h e  l o c a l  mirror r a t i o  i n  t h e  s q u a r e  c o n f i g u r a t i o n  
t h e r e  a r e  fewer  t r a n s i t i o n a l  and pass ing  p a r t i c l e s  for t h e  square 
c o n f i g u r a t i o n .  Thus, n o t  o n l y  a r e  t h e  o r b i t s  b e t t e r  cen tered  b u t  also 
t h e r e  a r e  fewer  of  t h e  p a r t i c l e s  whose s h i f t  i s  l a r g e s t .  

A second measure o f  o r b i t  q u a l i t y  i s  t h e  a res  of t h e  l a s t  c losed  
d r i f t  o r b i t .  T h i s  a rea  i s  o f t e n  no rma l i zed  t o  t h e  area  of  t h e  shadow 
of t h e  I i m i t e r  (coi I t h r o a t )  or t o  t h e  area  occtrpied by t h e  h o t  
e l e c t r o n  r i n g s .  It, i s  s m e t i m e s  r e f e r r e d  t o  as t h e  volumetric 
e f f i c i e n c y  and sometimes as t h e  f i l l i n g  f a c t o r .  

F i g u r e  4.9 shows t h e  area of t h e  l a s t  c l o s e d  d r i f t  s u r f a c e s  ( for  
b o t h  c i r c u l a r  and square c o n f i g u r a t i o n s )  vs N o t i c e  

t h a t  t h e  a r e a  of t h e  t r a p p e d  p a r t i c l e s  ( v I I / v  = 0) i s  l a r g e r  f o r  t h e  
square  c o n f i g u r a t i o n  than  f o r  t h e  c i r c u l a r  one. T h i s  o c c u r s  because 
t h e  t rapped  p a r t i c l e s  exper ience  v i r t u a l  l y  no t o r o i d a l  e f f e c t s  and, 
hence, a r e  b e t t e r  cen te red  i n  t h e  square  e o n f i g u r a t i o n  than  i n  t h e  
c i r c u l a r  one, Also n o t i c e  t h a t  t h e  a r e a s  are  l a r g e r  f o r  t h e  square 
t h n  for  t h e  c i r c u l a r  c o n f i g u r a t i o n  cons is ten t ,  w i t h  t h e  e a r l i e r  
f i g u r e  for RJM~:N. (Here it s h o u l d  be no ted  t h a t  because t h e  o r b i t s  a r e  
n o t  c o n c e n t r i c  RJMIN r e f l e c t s  t h e  s h i f t  a t  m a l  I r a d i i ,  and t h e  area  
t e n d s  t o  r e f l e c t  t h e  b e t t e r  c e n t e r i n g  t h a t  u s u a l l y  o c c u r s  a t  l a r g e r  
rad i  i .) 

Because t h e  volume element i n  v e l o c i t y  space i s  
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{ 8 I C IACULAR COILS 

F ig .  4.8. S h i f t  of small r a d i u s  o r b i t s ,  RJMIN, vs ( v , , / ~ ) ~ i d ~ l ~ ~ ~  
for  high-energy p a r t i c l e s .  The s o l i d  curve r e p r e s e n t s  a square 
c o n f i g u r a t i o n  w i t h  global mirror r a t i o  MG 6, whereas t h e  long dashes 
i n d i c a t e  t he  same coils w i t h  l e s s  c u r r e n t  i n  t h e  c o r n e r s  (Mc 2 4). The 
h i g h e r  c u r v e  ( s h o r t  dashes) is  for  EBT-I/S. 
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F ig .  4.9. V o l u m e t r i c  e f f i c i e n c y  vs (v , , / v )m idp lanc  f o r  c i r c u l a r  

EBLI/S (short dashes) and  s q u a r e  c o n f i g u r a t i o n  { s o l i d  c u r v e  i s  fo r  
M 6 a n d  long dashes  f o r  MG 2 4).  T h e  n o r m a l i z a t i o n  chosen i s  

19.5 cm. F = { d r i f t  o r b i t  a r e a ) / ( w l i m i t e p )  I n  a l  I c a s e s  'limiter 1= 
2 
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we can use F ig .  4.4 t o  g e t  a s i n g l e  s c a l a r ' m e a s u r e  of o r b i t  q u a l i t y .  
I n  t h e  absence of  an e l e c t r i c  f i e l d  t h e  o rb i ts  a r e  independent of 
energy and we can  s i m p l y  v i s u a l l y  i n t e g r a t e  t h e  area  as a function sf 
( ~ , , / ~ ) ~ i d ~ l ~ ~ ~ -  One quickly v w i f  ies t h a t  t h e  square  c o n f i g u r a t i o n ,  i n  
t h e  absence of  e l e c t r i c  f i e l d ,  c o n t a i n s  roughly 9 Lo 95% of t h e  
p a r t i c l e s ,  whereas t h e  c i r c u l a r -  c o n f i g u r a t i o n  c o n t a i n s  abou t  50%. 

We now t u r n  t o  obta i n i  ng measures a f  o r b i t  qua I i t y  i n t h e  presence 
of a n  e l e c t r i c  f i e l d  (or f o r  p a r t i c l e s  w i t h  e n e r g i e s  f o r  wh ich  t h e  
e l e c t r i c  f i e ld  i s  s i g n i f i c a n t ) .  Here we sha l  I be c o n t e n t  w i t h  
d i s c u s s i n g  t h e  primry f e a t u r e s .  

We have a l ready  no ted  t h a t  t h e  o r b i t s  a t  l a r  e energy a r e  
approx ima te l y  s h i f t e d  c i r c l e s .  Th i s  silg e s t s  t h a t  we exp ress  t h e  
l o n g i t u d i n a l  ad iaba t , i e  i n v a r i a n t  J as a p r t  dependent o n l y  on  m ino r  
r a d i u s  and one dependent on cas 8. (Recal I how we o b t a i n e d  s h i f t e d  
c i r c l e s  f o r  t h e  c o n t o u r s  o f  d l / B  i n  a m idp lane . )  On the o t h e r  hand, 
we know' t h a t  t he  bounce- o t r a n s  i t -av  erag ed d f t  v e l o c i t y  i s  g i v e n  
by <vD> = V J  x $ / ( e k ) .  The p a r t  dependent on inos r a d i i  only w i l l  
lead t o  a p o l a i d a l - d i r e c t e d  v e l o c i t y  ( c a l l  i t  d). The p a r t  t h a t  
depends on X = r cos 8 wi I 1 lead t o  v i r t iml  ly d i r e c t e d  v e l o c i t y  (cal I 
it Y ) . We a r e  t h u s  I ed t o  Y 

1. .I 

<vg> = &%E, 4- Y ey . Y (4 

T h i s  e q u a t i o n  i s  a s t a n d a r d  way of e x p r e s s i n g  t h e  toroidal e f f e c t s  
(aspec t  r a t i o  expansion) Bar the circular EBT c o n f i g u r a t i o n .  It i s  
also a n a t u r a l  way t o  express  orbits i n  t h e  square  c o n f i g u r a t i o n :  the 

It" Y and il can be sides lead t a  R and t h e  corne~s i e a d  to v 
regarded as constant, t h e n  t h e  resultant motion i s  a c i r c l e .  The 
center of t h e  c i ~ c l e  i s  a t  

Y "  Y 

ax = vu/" . (4.89) 

To i 1 I ustrate t h e  e f f e c t  of electri e fields we w r i t e  

(4.70) 
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and s i m i l a r l y  for v 7-he p a r t  of  R a r i s i n g  from c u r v a t u r e  and grad-B 
dr i f ts ,  Rg, h a s  a s i m p l e  dependence o n  e n e r g y :  RB oc E .  The dependence 
o n  p i t c h  a n g l e ,  I i k e  RJMIN and t h e  a r e a ,  is b e s t  d e t e r m i n e d  
n u m e r i c a l l y .  The  p a r t  o f  R a r i s i n g  from E X R, S 2 ~ t . x ~ ,  i s  of c o u r s e  
i n d e p e n d e n t  o f  v e l o c i t y  s p a c e .  

A n t i c i p a t i n g  t h e  r o l e  t h i s  measure of o r b i t s  p l a y s  i n  c a l c u l a t i n g  
d i f f u s i o n  c o e f f i c i e n t s ,  we n o t e  t h a t  t y p i c a l  l y  o n e  e x p e c t s  
D N < v ( A X ) ~ > ,  where  t h e  a v e r a g e  i s  o v e r  v e l o c i t y  s p a c e .  F i g u r e  4.10 
shows (AX)? YS  e n e r g y  and  ( v i l / v ) m i d p ~ a n e  fcor b o t h  t h e  sqmre and 
c i r c u l a r  c o n r i g u r a t i o n s .  N o t i c e  t h a t  a t  low energy t h e  s t e p - - s i z e  i s  
sinal I and  t h a t ,  i t  becomes l a r g e  a t  l a r g e r  enet-gy. ('The assurned form of  
t h e  e l e c t r o s t a t i c  p o t e n t i a l  c o n f i n e s  low--energy p a r t i c l e s ,  as d i s c u s s e d  
i n  t h e  p r e v i o u s  s e c t i o n . )  A t  h i q h e r  ene rgy  t h e  t r a n s i t i o n a l  and  
p a s s i n g  p a r t i c l e s  d e v e l o p  s i g n i f i c a n t  v a l u e s  o f  (AX)?.  

The h i g h  v a l u e s  o f  (AX)' can  be someu;hat m i s l o a d i n g  fo r  two 
r e a s o n s .  One r e a s o n  i s  t h a t  t h e  e x p r e s s i o n  f o r  t h e  s t e p - s i z e  g i v e n  i n  
E q .  (4.69) can  b r e a k  down. T h i s  e x p r e s s i o n  assumes t h a t  hl i s  
r e l a t i v e l y  i n d e p e n d e n t  of p o s i t i o n .  However,  i t  i s  o f t e n  t h e  case t h a t  
0 passes  t h r o u g h  zero as a f u n c t i o n  of r ( e s p e c i a l l y  a t  low t o  modes t  
e n e r g y ) .  One w a y  t o  t e s t  w h e t h e r  R goes  t o  z e r o  l o c a l  l y  or  g l o b a l l y  i s  
t o  examine i t s  d e r i  v a t i  ve w i t h  r e s p e c t  to r a d i  us.  

SI' 

T h u s ,  one  viri t e s  

R = bl(r0) t- n ' ( r  - "0) + I . .  . (4 * '71) 

When bl(i-0) i s  z e r o ,  t h e n  t h e  topology of t h e  o r b i t s  i s  n o  l o n g e r  t h a t  
o f  n e s t e d  c i r - c l e s .  I n s t e a d ,  a s e p a r a t r i x  forms and c r e s c e n t -  o r  
banana-shaped o r b i t s  form w i i h i n  t h i s  s e p a r a t r i x .  t h e  w i d t h  of i h e  
s e p a r a t r i x  (maximum banana w i d t h )  t h e n  becomes t h e  a p p r - o p r i a t e  measure 
of  s t e p - - s i z e .  

- 

I n  th is case :  Eq. (4.69) s h o u l d  be r e p l a c e d  by 

(4.72) 

(See Appendix  4F fo r  t h e  d e v e l o p m e n t  of t h i s  e s t i m a t e . )  F i g u r e  4.10 h a s  
assumed t h a t  R' 2 0 when R 

The second  r e a s o n  t h a t  F i g .  4.10 can be m i s l e a d i n g  i s  i h a t  i t  
o b s c u r e s  t h e  f a c t  t h a t  v e r y  f e w  p a r t i c l e s  t e n d  t o  be a t  t h e  l a r g e  

0, w h i c h  i s  n o t  n e c e s s a r i l y  t h e  case .  
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F i g .  4.10. S q u a r e  o f  t h e  d i s p l a c e m e n t  from t h e  mean, (AX)2 ,  vs 
k i n e t i c  ene rgy  a n d  ( v , , / ~ ) ~ i d ~ l ~ ~ ~ .  The n o n z e r o  e I e c t r o s t a t i  c p o t e n t i a  I 
was chosen  t o  c o n f i n e  p a r t i c l e s  a t  low energy  fo r  both c o n f i g u r a t i o n s ,  
N o t e  t h a t  t h e  d e v i a t i o n  from t h e  mean is c o n s i d e r a b l y  s u p p r e s s e d  by t h e  
s q u a r e  c o n f i g u r a t i o n .  
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e n e r g i e s  where t h e  l a r g e  s t e p - s i z e  o c c u r s .  F i g u r e  4.11 i I l u s t r a t e s  
th is  p o i n t  by d i s p l a y i n g  (AX)2f(c), where  f (c)  i s  a Maxwel l i a n .  N o t i c e  
t h a t  t h e  e f f e c t  o f  t h e  h igh -energy  p a r t i c l e s ,  when w e i g h t e d  by t h e  
number p r e s e n t ,  i s  n o t  n e a r l y  so p ronounced .  

From F i g .  4.11 o n e  c o u l d  o b t a i n  a r e a s o n a b l e  e s t i m a t e  o f  t h e  
d i f f u s i o n  c o e f f i c i e n t  ( a t  low c o l l i s i o n a l  i t y )  by s i m p l y  i n t e g r a t i n g  
( A X ) 2 f .  R a t h e r  t h a n  do t h i s  we have chosen t o  use t h e  f o r m a l  ism o f  
Spong, H e d r i c k ,  and H a s t i n g s  ' O j l '  t o  c a l c u l a t e  t h e  d i f f u s i o n  
c o e f f i c i e n t  f o r  b o t h  low (D N v) and h i g h  (D N l/u) c o l  I i s i o n a l  i t y .  
F i g u r e  4.12 shows  t h e  d i f f u s i o n  c o e f f i c i e n t  for  b o t h  s q u a r e  2nd 
c i r c u l a r  EBT c o n f i g u r a t i o n s  f o r  e l e c t r o n s .  N o t i c e  t h a t  t h e r e  i s  a b o u t  
a n  o r d e r  of m a g n i t u d e  d i f f e r e n c e  i n  t h e  two t r a n s p o r t ,  
c o e f f i c i e n t s -  l e a d i n g  t o  t h e  c o n c l u s i o n  t h a t  t h e  n e o c l a s s i c a l  l i f e t i m e  
i n  t h e  s q u a r e  c o n f i g u r a t i o n  can  be a n  o r d e r  of m a g n i t u d e  l a r g e r  t h a n  i n  
a c i r c u l a r  c o n f i g u r a t i o n  of comparab le  s i z e .  

4.7 s Y 

A d e t a i l e d  e x p o s i t i o n  o f  t h e  f u n d a m e n t a l  e q u i l i b r i u m  and  o r b i t  
i d e a s  and f o r m u l a s  r e l e v a n t  t o  EBTs ( e s p e c i a l l y  t h e  s q u a r e  
c o n f i g u r a t i o n )  h a s  been g i v e n .  The e q u a t i o n  t h a t  g o v e r n s  t h e  c o r e  
s c a l a r  p r e s s u r e  s u r f a c e s  has  been d e v e l o p e d  from b o t h  an MHD and d r i f t  
k i n e t i c  a p p r o a c h .  Ana l y t i c  app rox  i n a t i o n s  f o r  t h e  p r e s s u r e  s u r f a c e s  
have been d e v e l o p e d  w h i c h  a r e  i n  q u a l  i t a b i v e  ag reemen t  w i t h  n u m e r i c a l  
ca I c u  I a t  i o n .  

S i m p l e  e x p r e s s i o n s  f o r  o rb i t s  have been g i v e n  where p o s s i b l e  and 
a p p r o x i m a t i o n s  d e v e l o p e d  where  t h e  f u l  I e x p r e s s i o n  r e q u i r e s  n u m e r i c a l  
c a l c u l a t i o n .  A b r i e f  s u r v e y  of t y p i c a l  n u m e r i c a l  o r b i t  r e s u l t s  h a s  
been g i v e n  f o r  both t h e  s q u a r e  and c i r c u l a r  c o n f i g u r a t i o n s  of EBT. 
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F i g .  4.11. Square of t h e  d i s p l a c e m e n t  r n u l t i p l  i e d  by a M a x w e l  I i a n  
The  f igu re  indicates t h e  irnport,ance o f  weight,ing t he  d i s t r i b u t i o n .  

d i s p l a c e m e n t  by t h e  number of p a r t i c l e s  h a v i n g  t h a t  d i s p l a c e m e n t .  
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F i g .  4.12. D i f f u s i o n  c o e f f i c i e n t  YS C O I  I i s i o n a l i t y  f o r  c i r c u l a r  
and s q u a r e  c o n f i g u r a t i o n s .  N o t e  t h a t  t h e  d i f f u s i o n  i s  r o u g h l y  a n  o r d e r  
of  m a g n i t u d e  l e s s  f o r  t h e  s q u a r e  c o n f i g u r a t i o n .  Thus, f o r  s i m i l a r  
a s s u m p t i o n s  f o r  t h e  a m b i p o l a r  p o t e n t i a l ,  t h e  I i f e t i m e  is  a n  order of 
m a g n i t u d e  l a r g e r  f o r  t h e  s q u a r e  c o n f i g u r a t i o n .  
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We a r e  p l e a s e d  t o  acknow ledge  f r u i t f u l  d i s c u s s i o n s  w i t h  t h e  e n t i r e  
EBT T h e o r e t i c a l  and E x p e r i m e n t a l  s t a f f  a t  Oak Ridge who have  p l a y e d  a 
l a r g e  r o l e  i n  h o n i n g  o u r  t h o u g h t s  o n  equ i  I i b r i u m  and  p a r t i c l e  o r b i t s .  
The u s e f u l  q u e s t i o n s  a n d  comments o f  J e f f  H a r r i s ,  Jim Rome, and H a r o l d  
W e i t z n e r  p l a y e d  a s i g n i f i c a n t  p a r t  i n  o u r  c h o i c e  of top ics.  One 07 u s  
(CLH) p e r f o r m e d  p a r t  o f  t h i s  w o r k  w h i l e  a t  JAYCQR, a n d  he g r a t e f u l l y  
a c k n o w l e d g e s  t h e  h o s p i t a l i t y  a n d  i n t e r e s t  of N i c k  K r a l  I and John 
M c B r i d e ,  D i s c u s s i o n s  w i t h  a dozen coI l e a g u e s  at, o t h e r  i n s t i t u t i o n s  o n  
e q u i l i b r i a  and o r b i t s  w h i c h  have h e l p e d  mold o u r  t h i n k i n g  pop i n s t a n t l y  
i n t o  o u r  m inds .  I n  p a r t i c u l a r ,  Ray D a n d l ,  G a r e t h  Gues t ,  a n d  H a r o l d  
G r a d  l a u n c h e d  o u r  i n t e r e s t  i n  th is  a r e a  and have  c o n t i n u e d  t o  o f f e r  
s a g e  a n d  i n s i g h t f u l  r e m a r k s .  

F i n a l l y ,  we s h o u l d  remark  t h a t  o u r  c h o i c e  o f  r e f e r e n c e s  were  o n e s  
w i t h  w h i c h  we w e r e  most f a m i l i a r  and c o u l d  e a s i l y  c i t e .  We a r e  c e r t a i n  
t h a t  i n  sme i n s t a n c e s  e a r l i e r  p a p e r s  by t h e  same and  o t h e r  a u t h o r s  
p r e c e d e d  t h e  c i t e d  work .  
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H e r e  we d e v e l o p  a n  e x t e n s i o n  of  t h e  c l o s e d  l i n e  m a g n e t i c  
e q u i  I i b r i u r n  t h e o r i e s  of  Lor tz  ( s c a l a r  p ressu re ) ; ’  Grad;3 H e d r i c k ,  
Gues t ,  and N e l s o n ; 4  and H a l l  and M ~ N a m a r a . ~  This t h e o r y  assumes t h a t  
t h e  m a g n e t i c  f i e l d  o f  t h e  s c a l a r  p r e s s u r e  c o r e  plasma i s  s u f f i c i e n t l y  
s m a l l  t h a t  i t  i s  unnecessa ry  t o  modify t h e  f i e l d s  and  c u r r e n t s  
a s s o c i a t e d  w i t h  t h e  h o t  e l e c t r o n  r i n g s  a n d  t h e  c o i l s .  I n  t h e  l i m i t  o f  
7ero r i n g  p r e s s u r e  t h i s  e x t e n s i o n  r e d u c e s  t o  t h e  t h e o r y  of Lortz2 and  
i s  t h e n  e x a c t .  

S i n c e  i n  many p r o b l e m s  of  i n t e r e s t  t h e  r i n g  plasma p r e s s u r e  i s  
c o n s i d e r a b l y  l a r g e r  t h a n  t h a t  o f  t h e  c o v e  plasma, we b e g i n  by r e v i e w i n g  
t h e  a v a i l a b l e  t h e o r i e s  f o r  t r e a t i n g  Lhe r i n g  m a g n e t i c  e q u i  1 i b r i u m  
p r o b l e m  ( w i t h o u t  c o r e ) .  The r i n g  p lasma i s  h i g h l y  a n i s o t r o p i c  and t h u s  
s h o u l d  be d e s c r i b e d  i n  t e r m s  of  a t e n s o r  p r e s s u r e .  Grad3 showed t h a t  
by a s s u m i n g  t h e  t e n s o r  p r e s s u r e  was  s e p a r a b l e  ( i n t o  a f a c t o r  w h i c h  was 
c o n s t a n t  a l o n g  f i e l d  l i n e s  and a p a r t  w h i c h  v a r i e d  w i t h  8) a ‘“constant 
o f  t h e  m o t i o n w  e x i s t e d  ( a n a l o g o u s  t o  4 d l / B  f o r  s c a l a r  p r e s s ~ r e ) ,  w h i c h  
g r e a t l y  f a c i  I i t a t e d  t h e  c o m p u t a t i o n  of  m a g n e t i c  e q u i l i b r i a .  The 
a l g o r i t h m  o f  G r a d  h a s  been used s u c c e s s f u l  l y  t o  coi i ipute f i n i t e  b e t a ,  
t e n s o r  p r e s s u r e  e q u i  I i b r i a  by Owen 6 * 1 2  for c i r c u l a r  EBT c o n f i g u r a t i o n s .  

FOP n o n s e p a r a b l e  t e n s o r  p r e s s u r e ,  a l g o r i t h m s  e x i s t 4 p 5  f o r  
c o m p u t i n g  n i a g n e t i c  e q u i l i b r i a .  These  a l g o r i t h m s  w o u l d  a l s o  p e r m i t  
s i m u l  t a n e o u s  i n c l  u s i o n  o f  n o n s e p a r a b l e  t e n s o r  p r e s s u r e  and c o r e  p l  asma 
( s c a l a r  or t e n s o r  p r e s s u r e ) .  The  p r i  n c i  pa I d i f f e r e n c e  between G r a d ’ s  
s e p a r a b l e  c a s e  and  t h e  g e n e r a l  case  i s  t h a t  a s i m p l e  c o n s t a n t  o f  t h e  
m o t i o n  d o e s  n o t  e x i s t  (or a t  l e a s t  h a s  n o t  been f o u n d ) ,  and one  m u s t  
s o l v e  a p a r t i a l  d i f f e r e n t i a l  eqc lat ion ( i n  f l u x  I i n e  c o o r d i n a t e s :  a l p h a ,  
b e t a )  or c a l c u l a t e  t h e  l o n g i t u d i n a l  a d i a b a t i c  i n v a r i a n t  J f o r  a l a r g e  
number of v a r i a b l e s .  S i n c e  t h e  c o n s t r a i n t s  imposed by t h e  c o n s t a n t  o f  
t h e  m o t i o n  i n  t h e  s e p a r a b l e  c a s e  enter-  a s  a s i d e  c o n d i t i o n ,  i t  seems 
l i k e l y  t o  u s  t h a t  t h e  more  g e n e r a l  c a s e  w o u l d  n o t  pose any 
i n s u r m o u n t a b l e  n u m e r i c a l  p r o b l e m .  it a l s o  seems h i g h l y  l i k e l y  t o  u s  
t h a t  t h e  a c t u a l  n u m e r i c a l  i m p l e m e n t a t i o n  of t h e s e  a l g o r i t h m s  w o u l d  
r e q u i r e  upward o f  two man-years f o r  each d i s t i n c t l y  d i f f e r e n t  
con  f i g u r a t, i o n  . 

In n u m e r i c a l  l y  i m p l e m e n t i n g  G r a d ’ s  s e p a r a b l e  case  f o r  t h e  c i r c u l a r  
I-.BT, heavy use  was made o f  t h e  symmetry  p r o p e r t i e s  t o  r e d u c e  t h e  c o r e  
s t o r a g e  r e q u i r e m e n t s .  The  s q u a r e  EBT c o n f i g u r a t i o n  has  fewer- symmetry 
p l a n e s  and, hence, wou ld  r e q u i r e  mom c o r e  s t o r a g e  ( e . g . ,  by a f a c t o r  
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of  5).  However, t h e  s q u a r e  c o n f i g u r a t i o n  d o e s  have  an a p p r o x i m a t e  
symmetry  t h a t  can b e  e x p l o i t e d .  

S i n c e  t h e  r i n g s  form i n  t h e  n e a r l y  a x i s y m m e t r i c  bumpy c y l i n d e r s  
t h a t  make up t h e  s i d e s  of  t h e  s q u a r e ,  t h e  m a g n e t i c  f i e l d  of t h e  r i n g s  
can  be c a l c u l a t e d  q u i t e  a c c u r a t e l y  a s s u m i n g  a x i s y m m e t r y .  T h i s  two- 
d i m e n s i o n a l  p r o b l e m  i n  t e r m s  of a n  e l  I i p t i c  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n  of  a f I ux f u n c t i o n  4,13 i s  much s i m p l e r  n u m e r i c a l l y  t h a n  t h e  
t h r e e - d i m e n s i o n a l  p r o b l e m  (by one  t o  two o r d e r s  of  m a g n i t u d e ) .  S h o u l d  
a s y m m e t r i c  c o r r e c t i o n s  p r o v e  n e c e s s a r y ,  t h e y  c o u l d  b e  o b t a i n e d  u s i n g  a 
v a r i a n t  of G r a d ’ s  a s p e c t  r a t i o  e x p a n s i o n  fo r  t h e  c i r c u l a r  EBT 
c o n f  i g u r a t  i o n .  

To t r e a t  c o r e  p lasma e q u i l i b r i a  we w r i t e  

B = B  0 + B 1  ’ 

j = j o + j l  , 
(4A. 1) 

where  Bo i s  d u e  to  t h e  c o i  Is and r i n g s ,  81 i s  due t o  t h e  c o r e  plasma, 
and  s i m i l a r l y  f o r  j .  We have  i n  m i n d  t h a t  t h e  f i e l d  of  t h e  r i n g s  comes 

from s o l v i n g  j r ing XB = v  0 Pring a n d  t h a t  t h e  c o r e  p r e s s u r e  d o e s  n o t  

change th is  r e l a t i o n .  I f  t h e  f i e l d  of t h e  c o r e  s i g n i f i c a n t l y  m o d i f i e s  
t h e  m a g n e t i c  f i e l d  n e a r  t h e  r i n g s ,  t h e n  o n e  w o u l d  i n  p r i n c i p l e  need t o  
r e c a l c u l a t e  t h e  r i n g  e q u i l i b r i u m  t o  m a i n t a i n  t h e  r e l a t i o n  between r i n g  
c u r r e n t  and  p r e s s u r e .  T h i s  s u g g e s t s  t h a t  t h e  t h e o r y  d e v e l o p e d  h e r e  
m i g h t  form t h e  b a s i s  f o r  a l a r g e r  i t e r a t i o n  scheme t h a t  i n c l u d e s  b o t h  
r i n g  a n d  c o r e  - a  p o i n t  we d o  n o t  w i s h  t o  dwel I o n  h e r e .  

The  m a g n e t i c  e q u i  I i b r i u m  e q u a t i o n s  t o  be s o l v e d  f o r  t h e  c o r e  
p lasma a r e  t h e n  

w 

j l  X B  = V p ,  (4A. 2) 

(4A. 3) 

(4A. 4) 

where p is  t h e  s c a l a r  p r e s s u r e  of t h e  c o r e .  
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It f o l  lows from Eq. (4A.3) t h a t  

V * j l z O ,  (4A. 5 )  

w h i c h  i s  c h a r g e  c o n s e r v a t i o n ,  i n  s t e a d y  s t a t e ,  f o r  t h e  c o r e  p l a s m a .  
J u s t  a s  V B = 0 imp1 i e s  t h a t  a Clebsch  r e p r e s e n t a t i o n  e x i s t s  for  t h e  
m a g n e t i c  f i e l d  (B = Va X VP), E q .  (4A.5) i m p 1  i e s  t h a t  

Since Eq.  (4A.2) i m p l i e s  t h a t  

j l  * V p  = 0 ,  (4A.7) 

a n a t u r a l  c h c l i c e  f o r  e i t h e r  < or 7 i n  E q .  (4A.6) is p. C h o o s i n g  
Eq. (4A.6) becomes 

= p, 

j l  = V < X V p .  (4A. 8) 

We now n o t e  t h a t  

1 

B2 
j l  X B )  . j l  =........ B x ( 

I n s e r t i n g  Eq.  (4A.2) i n t o  E q .  (4A.9) y i e l d s  

1 
j 1 9 1 = a p  X ~ P .  

(4A. 9) 

(4A. 10) 
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I n s e r t i n g  t h e  o t h e r  e x p r e s s i o n  f o r  j l ,  Eq. (4A.8), i n t o  Eq.  (4A.9) 
y i e l d s  

or 

1 
hDl = -B B2 bP(B 1s) - VS(B * Vp) ]  . (4A. 11) 

However, f r o m  Eq. (4A.2) B 0 V p  = 0 so t h a t  

B X Vp(B 1s) . (4A. 12) 1 
Jl , ,  =-  B2 

C a m p a r i n g  Eq. (4A.10) and Eq. (4A.12) we see t h a t  

B * o s =  1 .  (4A. 13) 

Introducing t h e  a r c  l e n g t h  a l o n g  a f i e l d  l i n e ,  Eq. (4A.13) can 
be w r i t t e n  

a</M = 1/B (4A. 14) 

w i t h  t h e  solution 

(4A .1.5) 



w h e r e  we h a v e  i n t r s c l u c o d  f l L x  I ine c o o r d i n a t e s  (w a n d  13 (@CY X Wp : B )  
w h i c h  h a v e  t h e  p r o p e r t j .  t h a t  t h e y  a r e  c o n s t a n t  along f i e l d  I i n e s  

N o t i c e  t h F t  i f  L i s  t h e  IengtCl of  a c l o s e d  f i e l d  I i n e  t h e n  
C;(c~,$,k 'n A L) i s  not equal  t o  <o(a ,@).  P h y s i c a l  q b a n t i t i e s  s u c h  as j ,  
a n d  p must,, howeve-, be s i n g l e  v a l u e d .  I n s e r t i n g  F q .  ( A A . 1 S )  i n t o  
Eq (4A.8) we f i n d  t h a t  

(B * v g .  = R  - F P  = 0). 

and 

I m p o s i n g  j 1 ( 0 , / 3 , l g  + L) = j ;(cr,p.&o) y i e l d s  

,_. u p  X V L  = 0 , 

(4A. 17) 

(4A. 18) 

w h e r e  

u (0' d&/B . (48.19) 

Non ;j a n d  li a r i  o i l y  f u - c t l o n s  o f  u a n d  @ ( t h e y  a r e  c o n s t a n t  a l o n g  
a f i e l d  l i r e )  z n 3  a , - ?  cs-sta.5 o- T u r f a c e s  fornied by f i e l d  l i n e s .  
Cqda5ion [4$ 18) ' i p l  L T  t h a t  V p  a n d  F d  ai-e i n  t h e  saiiie d i r e c t i o n  so 
t h a t ,  t h e  sun faces  o* c o n s t a n t  F r e s s u r e  p are  t h e  same as t h e  s u r f a c e s  
oi? 2 - consta::. Thus,  tile prcs5ur-e may b e  - e g a r d e d  as a f u n c t i o n  o f  
U = 4 d&/5 

We not$ erpr-ess B i  i n  t e r m s  o f  2 We c a n  i - w r i t e  E q .  (4A.8) as 

j l  = V  x ( g p )  . (4A. 20) 

However, from Eq. (4A.3) j l  T B  x E so t h a t  
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V X (B1 - Tp) = 0 

from w h i c h  i t  follows t h a t  B1 - $ V p  = VO or  

B1 = v a ,  + q p  . (48.21) 

From Eq. (4A.4), P * B1 = 0, we s e e  t h a t  CP s a t i s f i e s  t h e  P o i s s o n  
equa t i o n  

v c p = - v  2 * (gp) . (4A. 22) 

Now a l  I EBT c o n f i g u r a t i o n s  a r e  d e s i g n e d  t o  make use of  G r a d ' s  
theorem3 t h a t  symmetry  a c r o s s  a p l a n e  g u a r a n t e e s  c l o s e d  f i e l d  l i n e s ,  
I n  t h e  c i r c u l a r  EBT c o n f i g u r a t i o n  t h e  m i d p l a n e s  and c o i l  p l a n e s  a r e  
symmetry  p l a n e s .  I n  t h e  s q u a r e  c o n f i g u r a t i o n  t h e  p l a n e s  t h a t  c u t  t h e  
sides a t  t h e i r  c e n t e r s  a r e  symmetry  p l a n e s .  The p l a n e s  t h a t  c u t  t h e  
c o r n e r s  a t  t h e i r  c e n t e r s  a r e  also symmetry  p l a n e s .  I n  a symmetry  p l a n e  
t h e  m a g n e t i c  f i e l d  i s  no rma l  t o  t h e  p l a n e ,  w h i l e  t h e  c u r r e n t  and 
g r a d i e n t  o f  t h e  p r e s s u r e  l i e  i n  t h e  symmetry  p l a n e .  

It i s  c o n v e n i e n t  t a  t a k e  1 = 1, I= 0 t o  c o r r e s p o n d  t o  a symmetry  
p l a n e  a n d  t o  s e t  $0 o f  E q .  (4A.15) to  be z e r o  so t h a t  Eq. (4A.15) 
becomes 

(4A. 23) 

We a r e  now i n  a p o s i t i o n  to  d e s c r i b e  a n  i t e r a t i o n  p r o c e d u r e .  
S t a r t i n g  w i t h  a n  i n i t i a l  g u e s s  f o r  B ( l i k e  Bo) we c a l c u l a t e  $ from 
Eq. (4A.23). We t h e n  s e t  up t h e  
p r e s s u r e  i n  t h e  symmet ry  p l a n e  ( c o n s i s t e n t  w i t h  V p  X VU = 0) and  m a p  
t h e  p r e s s u r e  a l o n g  m a g n e t i c  f i e l d  l i n e s  t o  p o i n t s  o f f  t h e  symmetry  
p l a n e .  We n e x t  u s e  p and  < t o  form t h e  r i g h t  s i d e  o f  t h e  P o i s s o n  
e q u a t i o n  for  0, E q .  (4A.22), a n d  solve t h e  P o i s s o n  e q u a t i o n  for  @. 
U s i n g  E q s .  (4A.l) a n d  (4A.21) we c a l c u l a t e  a new v a l u e  of B. U s i n g  t h e  

T h i s  a u t o m a t i c a l  l y  y i e l d s  U E $ d l /6 .  
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new v a l u e  of €3 we can r e c a l c u l a t e  $ (and U) and t h e  p r e s s u r e  and  t h e  
d r i v i n g  t e r m  i n  t h e  P o i s s o n  e q u a t i o n ,  s o l v e  t h e  P o i s s o n  e q u a t i o n  f o r  0, 
and c a l c u l a t e  s t i l l  a n o t h e r  v a l u e  of Ell. T h i s  p r o c e d u r e  i s  r e p e a t e d  
u n t i  I a s u f f i c i e n t l y  conve rged  s o l u t i o n  is o b t a i n e d .  

F o r  many p u r p o s e s  (e.g., low-to-modest c o r e  b e t a )  it is  n o t  
n e c e s s a r y  to compute t h e  change i n  t h e  m a g n e t i c  f i e l d  p r o d u c e d  by t h e  
c o r e  p lasma.  For t h e s e  c a s e s  a l  I we may r e q u i r e  i s  t h e  f a c t  t h a t  t h e  
p r e s s u r e  i s  a f u n c t i o n  of $ d&/R and, p e r h a p s ,  t h e  c o r e  p lasma c u r r e n t .  
E q u a t i o n s  (4A.8) a n d  (4A.23) p rov ide  a c o n v e n i e n t  way of d e t e r m i n i n g  
t h e  p a r a 1  l e i  component o f  t h e  c u r r e n t  and c a n  be used  t o  d e t e r m i n e  the  
p e r p e n d i  CUI a r  component a I t h o u g h  Eq. (4A. IO) may be more  eonven i  e n t  i n 
same i n s t a n c e s .  

Finally we s h o u l d  n o t e  t h a t  t h e  i t e r a t i o n  scheme s u g g e s t e d  he re ,  
a l t h o u g h  p r o b a b l y  adequa te ,  i s  n o t  n e c e s s a r i l y  t h e  most e f f i c i e n t  one.  
A l t e r n a t i v e  i t e r a t i o n  schemes have  been s u g g e s t e d  f o r  t h e  lo r tz  p r o b l e m  

(no  r i n g  p r e s e n t )  by Grad14 and McNamara.” These  s h o u l d  be e q u a l l y  
a p p l i c a b l e  t o  t h e  a p p r o x i m a t e  t h e o r y  d e v e l o p e d  h e r e  for  c a s e s  i n v o l v i n g  
a s i g n i f i c a n t  r i n g  b e t a .  
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Here, a sma l l  r a d i u s ,  vacuum magne t i c  f i e l d  app rox ima t ion  i s  
deve loped for t h e  c o n t r i b u t i o n  t o  I$ d l / B  f r o m  a s i n g l e - m i r r o r  one-hal f  
c e l  I .  

The d i s t a n c e  between a midp lane and an a d j a c e n t  c o i l  p lane  i s  
t a k e n  t o  be L. The s t r e n g t h  of t h e  magne t i c  f i e l d  i n  t h e  c e n t e r  of t h e  
m idp lane  (r = z = 0) i s  denoted by Bo. The mirror r a t i o  on-ax is  
(r = 0) i s  denoted by 1, so t h a t  t h e  magne t i c  f i e l d  i n  t h e  c e n t e r  of  
t h e  c o i l  p l a n e  (r = 0;z = L) is  MBo. I t  i s  conven ien t  t o  d e f i n e  a 
bumpiness parameter S by 

M - 1  
M + l  

8 =-. (4B. 1) 

For t h e  f i e l d  due t o  t h e  c o i l s  a l o n e  t h e r e  a r e  no c u r r e n t s  i n  t h e  
plasma volume, and B s a t i s f i e s  

61 =! lo.  (48.2) 

Keep ing  o n l y  t h e  two lowes t  harmonics, t h e  m a g n e t o s t a t i c  p o t e n t i a l  i s  
g i v e n  by 

' s i n  kz Io(kr) , 1 BO 
" T  (48.3) 

where 

k = a/L . (4B.4) 

It i s  also u s e f u l  t o  exp ress  t h e  magne t i c  f i e l d  i n  te rms  of a f l u x  
f u n c t i o n  (I: 

B = v r l , x v e .  (48.5) 
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For vacuum fields Q satisfies the equation 

(4B. 6) 

Although we could derive the general solution to Eq. (4B.S), here it is 
simpler to observe that 

(45.7) 

(48.8) 

1 2  
2 

Comparing 

From E q s .  (48.7) a n d  (4B.8) we see that ::I z corresponds t o  9 r 

a n d  t h a t  0 = sin kz -Tg(kr) corresponds to $ :Z r I l ( k r ) c o s  kz. 
t o  Eq.  (48.3) we find t h a t  

Bo r2 r I l ( k r )  cos kz . 1 $ =-- 1 - 6 [ ?  k 

The components of the magnetic f i e l d  a r e  

B z - (I - 6 )  1 - 8 cos k z  I o ( k r ) ]  , 

B, = (1 eo6) 6 sin kz T l ( k r )  . 

Note t h a t  for  r = 0 

(4B.9) 

(48.10) 

(48.11) 
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SO t h a t  B = Bo a t  r = z = O .  A t  r = 0, z = L ,  
B = (I + 6)Bo/(1 - 6 )  = MBo so t h a t  t h e  c h o i c e  of  p a r a m e t e r s  6 and %g 
i s  cons is ten t  w i t h  t h e  s p e c i f i c a t i o n s  made e a r l i e r .  

To o b t a i n  q u a l i t a t i v e  information we w i l l  use a small r a d i u s  
a p p r o x i m a t i o n  and expand i n  t h e  bump iness  p a r a m e t e r  S. For smal I r t h e  
m o d i f i e d  Besse l  f u n c t i o n s  i n  E q s .  (48.10) and (4B.11) y i e l d  

Bo [I -- 6 cos k z ( 1  +--  1 2 2  k r ) ]  , 
(1 - 6 )  4 3, 

B N--- BO 6 sin k z t  k r )  . 
(1 - 61 r 

Now, s i  nce d z l d l  = B,/B, 

dz - 
1 2 2  
4 [l - S COS kz(l  + -  k I+ ) ]  Bz 

(4B. 12) 

(4B. 13) 

(4%. 14) 

To f a c i  I i t a t e  t h e  i n t e g r a t i o n  of Eq. (49.14) we n e x t  expand i n  6 :  

-2 d& d r ( y I 1  -+ d cos k z ( 1  + - - k  1 2 2  r ) 
B 4 

-e S 2 c o s 2 k z ( l  .$ k2r2)2 1- , . . . (4B. 15) 1 
However, s i n c e  we have  n e g l e c t e d  terms o f  order k4r4 i n  Eqs. (49.12) 
a n d  (48.14), we s h o u l d  not r e t a i n  them i n  Eq. (4B.15) .  Thus, 

- N  dl - dz (y) [(I + S cos kz 3- fi2cos2kz) 
B 

(48.16) 
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N o t e  t h a t  t h e  f i e l d  l i n e s  a r e  Wbumpy" so t h a t  r v a r i e s  w i t h  z .  
However,  from E q .  (48.5) we s e e  t h a t  t h e  f l u x  f u n c t i o n  rl) i s  c o n s t a n t  
along f i e l d  l i n e s  s i n c e  

Thus, i f  we e x p r e s s  ? [ i n  Eq. (45 .16 ) ]  i 
have  t h e  d e s i r e d  r e s u l t .  

t e rms  o f  11, a n d  z ,  w w i l  I 

We b e g i n  by n o t i n g  t h a t  we only r e q u i r e  r2 i n  Eq. (45.16) t o  f i r s t  
o r d e r  i n  6 and 9 ( formal ly ,  $ or r2 may be r e p l a c e d  by k2 as t h e  
e x p a n s i o n  p a r a m e t e r  h e r e ) .  Thus, we only need t h e  l e a d i n g  t e r m  of 
Il(kr), and €4. (48.9) becomes 

r -  2 N 2 ? L L z a  1 
I - 6 cos kz ' BO 

r2 (1 + 8 cos kz) . 
90 

(4%. 17) 

(48.18) 

Now t h e  f i e l d  l i n e  l a b e l e d  by I) c o u l d  e q u a l l y  we1 I be l a b e l e d  by i t s  
v a l u e  of  r i n  t h e  m i d p l a n e ,  rs. Now, from Eq.  (4B.17) 

so t h a t  Eq. (4B.18) becomes 

r2 2 rg( l  - 6) (1 + 6 cos kz) . 

(4B. 19) 

(48.20) 
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I n s e r t i n g  Eq. (4B.20) i n t o  Eq. (4B.16) we o b t a i n  

(?[(I. + S cos kz + S2cos2 kz 

3 2  
4 6 cos kz + - 6 cos2 kz (4B. 21) 

1 
2 W e  n o t i c e  t h a t  s i n c e  cos2kz = -(1 + cos  2kz), we s h o u l d  omit t h e  

cos 2kz t e rms  t o  be c o n s i s t e n t  v r i t h  o m i t t i n g  second and h i g h e r  
harmon ics  i n  0, $, a n d  B. Thus, 

- 0  (d €3 ( d z ' ( y I ( l  + $ S 2 )  + 6 cos  kz' 

+-6(1 1 - 6)k2rz 
4 

O f  

(4B. 22) 

(4B. 23) 

Thus, t h e  c o n t r i b u t i o n  of a one-ha l f  c e l  1 t o  U'/B i s  g i v e n  by 

s, L d B ' .  $(?)(I +,s 1 2  ) + - 6  3 2  8 (1 - 6) (?J] , (48.24) 
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IX 4c 

Here  we d e v e l o p  t h e  c o n t r i  but , ion t o  t h e  p a r a l  l e 1  c u r r e n t  from a 
s i n g l e - - m i r r o r  o n e - h a l f  c e l  1 f o r  low b e t a .  The p a r a l  l e 1  c u r r e n t  a r i s e s  
because t h e  p r e s s u r e  s u r f a c e s  a r e  d i s p l a c e d  i n w a r d  from t h e  axis of t h e  
(vacuum) m a g n e t i c  f i e l d .  

Me may f o r m a l l y  o b t a i n  t h e  r e q u i r e d  MHO e q u a t i o n s  from Appendix  4A 
by n o t i n g  b h a t  i f  t h e  f i e l d  of t h e  r i n g s  i s  n e g l i g i b l e  t h e n  we need n o t  
s p l i t  B i n t o  z e r o t h  and f i r s t - o r d e r  parts.  I n s t e a d ,  t h e  f i e l d  due t o  
t h e  c o i l s  may be i n c o r p o r a t e d  i n t o  t h e  p o t e n t i a l  f u n c t i o n  a p p e a r i n g  
i n  Eq. (4A.21). When t h i s  i s  done, o n e  o b t a i n s  t h e  e q u a t i o n s  

B - V @ + q 7 p ,  (4c. 1) 

For low core b e t a  

and 

, 

(4C. 2 )  

(4c. 3)  

(4C.4) 

(4-c . 5) 

A f e w  r e m a r k s  a r e  i n  o r d e r  a t  t h i s  p o i n t  c o n c e r n i n g  t h e  zero of  & .  
I f  we a r e  d e a l i n g  w i t h  a o n e - h a l f  c e l l  whose m i d p l a n e  i s  a lso a 
symmetry p l a n e  ( c e n t e r  of a s ide ) ,  t h e n  we a r e  f r e e  t o  s e t  $0 = 0. I f  
t h i s  i s  n o t  t h e  case, we w i l  I f o l l o w  t h e  c o n v e n t i o n  h e r e  t h a t  L' = 0 
c o r r e s p o n d s  t o  t h e  m i d p l a n e  o f  t h e  o n e - h a l f  c e l l  i n  q u e s t i o n ,  b u t  we 
must r e t a i n  $0. ($0 i s  c a l c u l a t e d  by a d d i n g  up t h e  c o n t r i b u t i o n s  from 
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a l l  t h e  o n e - h a l f  e e l  Is between t h e  o n e  i n  q u e s t i o n  and  t h e  c e n t r a l  
symmet ry  p l a n e  of  t h e  s i d e . )  T h i s  c o n v e n t i o n  a l  lows us t o  use t h e  
i n d e f i n i t e  i n t e g r a l  g i v e n  i n  Appendix  4B f a r  d l / B  [Eq .  (4B .23 ) ] .  
T h i s  same c o n v e n t i o n  w i  I I be f o l l o w e d  i n  c a l c u l a t i n g  j from Eq. (4C.3). 

S i n c e  t h e  vacuum m a g n e t i c  f i e l d  i s  a x i s y m m e t r i c ,  so is o u r  
a p p r o x i m a t i o n  t o  <. T h a t  is, < = <(Q,k’ ) .  However,  t h e  p r e s s u r e  i s  
s h i f t e d  i n w a r d  so t h a t  i t  depends o n  t h e  a n g l e  0 a s  we1 I as Q. Thus, 
from Eq. (4C.3) 

or 

(4C. 6) 

As i n  Append ix  48, i n s t e a d  of l a b e l i n g  f i e l d  l i n e s  by I) (and e),  
we r e p l a c e  11 by t h e  r a d i u s  f o r  w h i c h  t h e  f i e l d  l i n e  p i e r c e s  t h e  
m i d p l a n e  rs. From Eq. (4B.19) we have Q = 2B~r;, SO t h a t  Eq. (4C.6) 
becomes 

(4c. 7) 

We have  s e e n  [Eq. (4.12)] t h a t  p i s  c o n s t a n t  on c o n t o u r s  of 

(xs + <12 + y: = c o n s t a n t  , 

w h e r e  
l i n e  l a b e l  by 

= rscos 8, ys = r,sin 0 .  We a r e  t h u s  l e d  t o  d e f i n e  a new f i e l d  
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r'p -:: (rscos o + E)* -+ r,si 2 2  n 0 

..-: I-: + i l<rscos o 1- t2 , 

a n d  

(4c. 8)  

P = P k P )  (4C. 9) 

For t h e  d e v o t e e s  o f  cl,@ c o o r d i n a t e s  t h i s  i s  e q u i v a l e n t  t o  w r i t i n g  
p = p(a) w i t h  CI a s  a f u n c t i o n  of I) and  8. 

Now t h e  p a r t i a l  d e r i v a t i v e  i n  Eq. (4C.71, (ap/aO), i s  t o  be t a k e n  
a t  f i x e d  I) or f i x e d  rs. 'Thus, 

However,  from E q .  (4C.8), 

(4c. 10) 

(4c. 11) 

P r o v i d e d  we a r e  not too c l o s e  t o  rs 
u n i t y  i n  Eq. (4C.11) so t h a t  

0, we c a n  a p p r o x i m a t e  r /r by " P  

C o m b i n i n g  E q s .  (4C.7), (4C .10 ) ,  and  (4C.12) we o b t a i n  

(4c. 12) 

(4C. 13) 

where  we have used d p / d r  
From Eq. (4C.5) 

dp/dr ,  ( w h i c h  f a i l s  for  rs < I t / ) .  
P 



D i f f e r e n t i a t i n g  Eq.  (4B.23) y i e l d s  
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(4C. 14) 

- 2  BO L3 
(4C. 15) 

C o m b i n i n g  E q s .  (4C.13); (4C.14), and  (4C.151, we s e e  t h a t  t h e  
c o n t r i  b u t i o n  .bo j,, from th is  o n e - h a l f  cel I i s  

(4C. 16) 

where we have  used  (1 - 6)2 2 1. 
E q u a t i o n  (4C.16) c o n s i s t s  of two p a r t s :  a n  o s c i l l a t o r y  p a r t  and a 

p a r t  t h a t  i s  l i n e a r  i n  z .  The o s c i l l a t o r y  p a r t  o c c u r s  i n  t h e  c i r c u l a r  
c o n f i g u r a t i o n .  I n  a c i r c u l a r  E8T c o n f i g u r a t i o n ,  t h e  t e r m  I i n e a r l y  
p r o p o r t i o n a l  t o  z i s  c a n c e l  l e d  by d i s t r i b u t e d  t o r o i d a l  e f f e c t s .  I n  t h e  
s q u a r e  c o n f i g u r a t i o n ,  t h e  t e r m  p r o p o r t i o n a l  t o  z i s  c a n c e l l e d  a g a i n  by 
t o r o i d a l  e f f e c t s ,  b u t  t h i s  time t h e s e  t o r o i d a l  e f f e c t s  a l l  o c c u r  i n  t h e  
c o r n e r .  
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H e r e  we d e v e l o p  t h e  f i r s t  moment of t h e  d r i f t  k i n e t i c  e q u a t i o n ,  
Eq. (4.35), w h i c h  we r e p r o d u c e  h e r e :  

(4D. 1) 

I m p l i c i t  h e r e  is  t h a t  f, i s  a f u n c t i o n  of  t h e  t m t a l  e n e r g y ,  
E = 6 D  t rnv2/2 and  t h e  d i a m a g n e t i c  moment p = mv:/2B. We a r e  p r i m a r i l y  
c o n c e r n e d  w i t h  s c a l a r  p r e s s u r e  he re ,  w h i c h  c o r r e s p o n d s  t o  a n  i s o t r o p i c  
d i s t r i b u t i o n ,  f a  i n d e p e n d e n t  of  p. J 

The moment of Bf . /&  i s  c l e a r l y  a n . / a t ,  where  J J 

n j  = d3v f j  . (4D. 2) 

The n e x t  t e r m  i n  Eq.  (4D.1) can be r e w r i t t e n  

where  we have  used V Q B = 0. The moment of th is  t e r m  i s  most 
c o n v e n i e n t l y  o b t a i n e d  by w r i t i n g  t h e  v e l o c i t y  s p a c e  i n t e g r a l  i n  t e r m s  
o f  E a n d  p. The e l e m e n t  of vo lume i n  v e l o c i t y  s p a c e  i s  

3 B d v = C - d c  dp, 
I I  

so t h a t  E q .  (40.3) can  be i n t e g r a t e d :  

(4D. 4) 

(40.5) 
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Because the divergence is at fixed E and p, it can safely be passed 
through t he  integrand in Eq. (4D.5), and we obtain 

d3v P,, * W f .  = V * d c  d p B f j  J 

or 

d3v v,, O f  = V (k j  dc dp Bfj . ) 
NOW, 

By def 

n 

= J d3v V l l f j  . 

nibion 

<vIl>j = J d3v vlIfj 

(40.6) 

(40.7) 

(4D.8) 

(40.9) 

so that by combining Eqs. (4D.7), (4D,8), a n d  (4D.9) we abtain 

For the remaining term on the left side of  the drift kinetic 
equation, Eq. (4D.1), i t  is more convenient to use the velocity space 
components rather than E and p when performing the integration. 
Recalling that we are mast interested in isotropic distributions here, 
we w r i t e  
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2 However, m v  /2 = E - 4, So t h a t  

f (E,X) = F * (E - &,x) J J 

Then ( a t  f i x e d  E ) ,  

The d r i f t  v e l o c i t y ,  Eq. (4 .36 ) ,  i s  

Combining Eqs. (40.13) and  (0.14), we find t h a t  

(40.11) 

(4D. 12) 

(4D. 13) 

(4D. 14) 

(4D. 15) 
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where  we have  n o t e d  t h a t  E * (E X B) = 0. The i n t e g r a l  of  t h e  f i r s t  
t e r m  o n  t h e  r i g h t  s i d e  of Eq. (4D.15) i s  t r i v i a l :  

(4D. 16) 

The  i n t e g r a t i o n  of  t h e  o t h e r  t e r m s  i n  Eq. (4D.15) c a n  be c a r r i e d  
o u t  i f  we n o t i c e  t h a t  s i n c e  F i s  isotropic t h e  o n l y  p i t c h  a n g l e  
dependence occurs i n  t h e  f a c t o r  

j 

2 
- - - V & n B + 2  v: 3 L K  . 

V 2 V 

It i s  c o n v e n i e n t  t o  i n t r o d u c e  t h e  v a r i a b l e s  

1 2  
2 K = - - r n v  , 

s = v , , / v  

so t h a t  

d3v = 2TK1’2dK d$ 

and  

- = 1 - ? .  v: 
V2 

(4D. 17) 

(4D. 18) 

(4D. 19) 

(4D. 20) 

We f i n d  t h a t  
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APPENDIX 4E 

Here we develop expressions for the perpendicular derivatives o f  
closed-line integrals. These generally u s e f u l  expressions a r e  then 
appl ied to 4 a&/B. The  r e s u l t a n t  expressions are t hen  used to express 
the integrals appearing in Eq. (4.38) i n  terms o f  4 d I / B  a n d  its 

grad i ent . 
We b e g i q  with the Clebsch representation f o r  t h e  m a g n e t i c  field: 

B = P a  X V P .  (4E. 1) 

Since Va and V B  a r e  not necessarily orthogonal, we define the two 
v ec tors 

vp x J.3 u, 
€I2 

, 

B X Vol up = 
B2 

I 

which have t h e  properties: 

u,*voL= 1 ; u , * v f l = o  

(4E. 2) 

(4E.3) 

(4E.4) 

(These properties can be easi l y  verified. For ex amp 1 e ,  
u, e v ~ l =  o ~ l  (vp x B)/P = (VCI x vp)  The 
u t i  1 ity of  U, and U becomes apparent i f  w e  w r i t e  

B/E? = B 9 B/B* = 1.1 

B 

(4E. 5) 
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h A 

Using Eq. (4E.4) 
find that 

[and (4E.1), which implies 5, @ Vcx = b * V@ = 01, w e  

(4E. 6) 

The v e c t m s  U, an d  Up have a simple interpretation in terms of 
displacement. A small change i n  a (at .Fixed B) yields 

Simi larly, 

(4E. 7) 

(4E. 8) 

This interpretation al lows us to  cornpiite volume and surface elements. 
For example, 

(One can v e r i f y  t h a t  this gives the general expression for t h e  Jacobian 
i n  three dimensions.) However, 



sa t h a t  

3 d i e  
B d x =-da d / 3 .  

We now consider integrals of t h e  form 

I .  i i m  - [ (  1 I a + ace *E - I(CL,B) - =  81 
A c t 4  ACC 

We a p p l y  Stoke’s theorem t o  (4E.13) and ob ta in  

where the sur face  element ds is given by 

ds = A@@, x dl?) . 

Haw ever, 

(4E. 10) 

(4E. 11) 

(4E. 12) 

(4E. 13) 

(4E. 14) 

(4E. 15) 

(4E. 16) 
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so t h a t  

and E q .  (40.14) becomes 

S i m i  l a r l y ,  

(4E. 17) 

(4E. 18) 

(4E. 19) 

E q u a t i o n s  (4E.18) and (4E.19) a r e  useful a s  t h e y  s t a n d  i n  t h e  s t u d y  o f  
sma I I rnagneti c f i e l  d errors. 

For t h e  s p e c i a l  ( b u t  common) case 

A 

V - -  Sb , 

Eq. (4E.12) r e d u c e s  t o  

(4E I 20) 

(4E.21) 

wh i  l e  
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9 X Y = V S X ' t ; + S ~  X L  (4E. 22) 

A 

Using the vector identity of V(A C )  with A = C = b, we obtain 

0 = i; x (v x E;) 4- (i; v)i; 

or 

A 

b X (V X i;> = -K . (4E. 23) 

We notice t h a t  s ince Va a n d  8 9  a r e  perpendicular to 6 we only 
i n  require the perpendicu lar  component of V X 6 [from Eq. (4E.22)] 

Eqs. (4E.18) and (4E.19). From Eq.  (4E.23) 

h A 

b X ( V x f ; ) x $ = @ x i ; ) , = - x . x b .  (4E. 24) 

Now, 

a nd 

Va (K X $) = R (G X Va) = E pt Up , 

Up * (K, X 6) = IC+ * (G X Vg) = -B IC *u, I 

Combining Eqs. (4E.22) through (4E.27) y i e l d s  

(4E. 25) 

(4E, 26) 

(4E. 27) 
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(4E. 28) 

(4E. 29) 

Inserting E q .  (4E.28) into (4E.18) and E$. (4E.29) into (4E.19), we 
obtain 

(4E. 30) 

(4E. 31) 

Here we should remark that although E q s .  (4E.:30) and  (4E.31) are 
derived for closed-l ine integrals they apply to integrals where S 
vanishes a t ;  the end-points of integration (e .g. ,  the longitudinal 
adiabatic invariant f o r  trapped particles). The contour o f  integration 
and t h e  surface integral must, be altered somewhat in going from 
Eq. (4E.13) to (4E.14)’ but the short  segments which connect the end 
points of integration contribute nobhing since S vanishes there. 

If we set S = 1 / B ,  then 

I = U 5 $ d&/R , (4E. 32) 

and Eqs. (4E.30) and (4E.31) y i e l d  

(4E. 33) 

(4E ~ 34) 

We now apply the above to the terms involving B Bn B + K  appearing 
i n  Eq. (4.38) : 
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where we have used Eq. (4E.34). S i m i l a r l y ,  

I n s e r t i n g  Eqs. (4E.40) and (4E.41) i n t o  Eq.  (4E.373, we f i n d  

(4E. 40) 

(4E.41) 

(4E. 42) 

We n o t i c e  t h a t  Eq. (4E.42) l o o k s  s o m e t h i n g  l i k e  a c r o s s - p r o d u c t .  
A c c o r d i n g l y ,  we c o n s i d e r  

(4E. 43) 

where  Q i s  a f u n c t i o n  of ci and p o n l y .  U s i n g  Eq.  (4E-1) we f i n d  t h a t  

so t h a t  

(4E. 44) 

(4-E. 45) 
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Setting $ = p -  and $ = QI in Eq. (4E.45) we find that J 

O f  

(i; x vcp) 
B Q = v p  . + n-VU * j J 

Using E = - V@ we finally obtain 

The remaining integral in Eq. (4.38) is  

L E $ -  - . 

Using Eq. (4E.36), th is becomes 

(4E.46) 

(4E.47) 

(4E.48) 

(4E.49) 

(4E. 50) 

Since CP and n e  are independent of &, we may take these outside the 
i ntegra I a nd obta in 

J 



Us ing  Eqs. (4E.38) arid (4E.51) we o b t z i n  

(4L. 5%) 

(4E. 53) 
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APPENDIX 4F 

H e r e  we d e v e l o p  a s i m p l e  e s t i m a t e  of t h e  maximum banana w i d t h  
based o n  t h e  formalism e m p l o y i n g  R a n d  V We a r e  p a r t i c u l a r l y  
i n t e r e s t e d  i n  c o n s i d e r i n g  t h e  case  where 6a p a s s e s  t h r o u g h  z e r o  a t  some 
r a d i u s  rg. Thus, we w r i t e  

Y '  

r = r g  -I- dr 

and 

(4F. 1) 

R = bao + Q'(Ar) . (4F. 2) 

The l o n g i t u d i n a l  a d i a b a t i c  i n v a r i a n t  J can be e x p r e s s e d  i n  t e r m s  
of n a n d  v by Y 

1 
2 Y J a fr = n g ( A r )  t- -6a.(Ar)* + v c o s  0 , (4F.3) 

where  we have  assumed t h a t  A r / r g  << 1. One can v e r i f y  t h a t  Eq.  (4F.3) 
l e a d s  t o  t h e  c o r r e c t  d r i f t  m o t i o n  (and d e t e r m i n e  t h e  c o n s t a n t  o f  
p r o p o r t i o n a l i t y  be tween  J a n d  J )  by i n s e r t i n g  Eq. (4F.3) i n t o  

(4F.4) 

h 

a n d  t a k i n g  b t o  be i n  t h e  z - d i r e c t i o n .  

S i n c e  we a r e  p r i m a r i  l y  i n t e r e s t e d  i n  t h e  c a s e  R 2 0, we s e t  "0 t o  
z e r o  i n  Eq.  (4F.3) a n d  o b t a i n  t h e  s i m p l e  q u a d r a t i c  e q u a t i o n  

(4F, Sa) 
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w i t h  t h e  s o l u t i o n  

(4F.5b) 

We s e e  t h a t  f o r  j > v ( w i t h  t h e  c o n v e n t i o n  that ,  2, vy ,  and 0’ a r e  Y p o s i t , i v e >  we can expand t h e  dependence on cos 8 and  o b t a i  n 

(4F. 6) 

I 

B o t h  s i g n s  of Eq. (4F.6) l e a d  t o  ( a p p r o x i m a t e )  s h i f t e d  c i r c l e s .  t h e  
u p p e r  s i g n  ( l a r g e r  r = r o  f- A r )  i s  s h i f t e d  i n w a r d  s i n c c  t h e  c o s  0 t e r m  
i s  n e g a t i v e .  lhe  l o w e r  s i g n  (smal l e r  r 2 r o  -+ At-) i s  s h i f t e d  o u t w a r d  
s i n c e  t h e  c o s i n e  t e r m  i s  p o s i t i v e .  

A 

Nhen J I v we see t h a t  o n l y  c e r t a i n  a n g l e s  (cos 8 < J /v  ) a r e  Y Y 
a l l o w e d ,  These o rb i t s  a r e  c r e s c e n t  or  banana shaped .  The maximum 
banana ( s e p a r a t r i x )  o c c u r s  when J = v and t h e  t i ps  o f  t h e  maximum s i z e  

banana ( x - p o i n t )  occu r  a t  COS 8 = 1. Ne c a n  c a l c u l a t e  t h e  maximum 
banana w i d t h  by s e t t i n g  J = v and c o s  8 = -1 i n  Eq.  (4F.5b). We 
o h h  i n 

Y 
A 

Y 

(4F. 7) 

Thus, t h e  maximum d i s t a n c e  from one leg of t h e  banana- o r  c r e s c e n t -  
shaped  o r b i t  t o  t h e  other l e g  is  

2 j A r l  = 4 ( ~  /fi’)1’2 . (4F. 8)  Y 
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6. STABILITY OF THE ELMO ERJbFY SQUARE, 

D. A .  Spong 

The ELMO Bumpy Square  (EBS) w i l l  o f f e r  a n  i n t e r e s t i n g  and  f l e x i b l e  
t e s t  bed for  t h e  s t a b i l i z a t i o n  o f  a c o n n e c t e d  c o r e  p lasma i n  a c l o s e d -  
f i e l d - I  i n e  geomet ry  u s i n g  e n e r g e t i c  h o t  e l e c t r o n  r i n g s .  The b a s i c  
r a t i o n a l e  b e h i n d  t h e  EBS d e v i c e  i s  t h a t  l o c a t i n g  a l l  t h e  t o r o i d a l  
c u r v a t u r e  i n  t h e  c o r n e r  s e c t i o n s  where  t h e  m a g n e t i c  f i e l d  i s  h i g h e s t  
s i g n i f i c a n t l y  r e d u c e s  n e o c l a s s i c a l  t r a n s p o r t  and i m p r o v e s  t h e  o v e r a l  I 
p lasma c e n t e r i n g .  Bumps i n  t h e  s i d e  s e c t i o n s  a r e  n e c e s s a r y  t o  p r o v i d e  
a n  a z i m u t h a l  p a r t i c l e  p r e c e s s i o n ,  w h i c h  i s  e s s e n t i a l  fo r  c o n f i n e m e n t .  
The a v e r a g e  u n f a v o r a b l e  c u r v a t u r e  i n t r o d u c e d  by t h e  bumps i s  
c o u n t e r a c t e d  by t h e  d i a m a g n e t i c  we1 1 dug  by t h e  l o c a l  i z e d  hot e l e c t r o n  
r i n g s  ( w h i c h  a c t  a s  an u n c o u p l e d  s p e c i e s  p r o v i d e d  c o r e  be ta ,  Pc, i s  n o t  
too l a r g e  and t h e  h o t  e l e c t r o n  energy  i s  s u f f i c i e n t l y  h i g h ) .  A n a l o g o u s  
hot s p e c i e s  s t a b i  I i z a t i o n  schemes have  been p r o p o s e d  i n  r e c e n t  y e a r s  
for tokamaks,' he1 i c a l  a x i s  s t e l  l a r a t o r * , *  a n d  tandem  mirror^.^ Because 
c e r t a i n  of t h e  c h a r a c t e r i s t i c  i n s t a b i  I i t y  modes r e a p p e a r  among t h e s e  
d i f f e r e n t  c o n f i n e m e n t  g e o m e t r i e s  and t h e  t h e o r e t i c a l  a n a l y s i s  me thods  
a r e  common, r e s e a r c h  i n t o  hot e l e c t r o n  s t a b i l i z a t i o n  o n  t h e  EBS can be 
of s i g n i f i c a n t  b e n e f i t  t o  t h e  r e m a i n d e r  of t h e  f u s i o n  communi ty .  I n  
a d d i t i o n ,  h o t  p a r t i c l e  i n s t a b i  I i t i e s  have  some pa ra1  l e t s  t o  modes 
o b s e r v e d  i n  tokamaks4 w i t h  n e u t r a l  i n j e c t i o n  and  modes p r e d i c t e d  i n  
f u t u r e  tokamaks5 where a l p h a  p a r t i c l e s  w i l l  b e  p r e s e n t .  By f o r m i n g  h o t  
e l e c t r o n  r i n g s  i n  t h e  s t r a i g h t  a x i s y m m e t r i c  bumpy s e c t i o n s ,  t h e  EBS 
w i  I I e n s u r e  t h e  g r e a t e s t  p o s s i b l e  c o n t r o l  and  d i a g n o s e s  of  hot  e l e c t r o n  
r i n g  p a r a m e t e r s  of any d e v i c e  where  hot e l e c t r o n  s t a b i  I i z a t i o n  h a s  been 
c o n s i d e r e d .  I n  a d d i t i o n ,  more  e f f i c i e n t  r i n g  p r o d u c t i o n  i s  p o s s i b l e  i n  
th is  d e v i c e  t h a n  i n  o t h e r  g e o m e t r i e s ,  e n s u r i n g  t h e  p r o d u c t i o n  of deep 
d i a m a g n e t i c  w e l l s  - a c o n d i t i o n  w h i c h  may be somewhat m a r g i n a l  i n  ELMO 
Bumpy Torus-Sca I e (EBT-S) . 

The  EBS does, however, a l  low t h e  possi b i  I i t y  of  s e v e r a l  new t y p e s  
of i n s t a b i l i t i e s  t h a t  w o u l d  n o t  be p r e s e n t  t o  t h e  same e x t e n t  i n  t h e  
EBT-S, s i n c e  t h e  t o r o i d a l  c u r v a t u r e  i s  b e i n g  c o n c e n t r a t e d  i n  t h e  
c o r n e r s  i n s t e a d  o f  e v e n l y  d i s t r i b u t e d  a r o u n d  t h e  t o r u s .  A p r e l  i m i n a r y  
e x a m i n a t i o n  h a s  been made o f  some of t h e  p o s s i b l e  modes, a n d  none o f  
them a t  th is  t i m e  appear  t o  b e  o v e r l y  l i m i t i n g ,  a l t h o u g h  more  d e t a i l e d  
q u a n t i t a t i v e  work needs t o  be done a n d  is  p r e s e n t l y  under  way. I f  one  
c o n s i d e r s  s i m p l e  i n t e r c h a n g e  modes, w h i c h  a r e  c o n s t a n t  a l o n g  a f i e l d  
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I i n e ,  t h e y  a r e  d r i v e n  o n l y  by f i e l d - I  i ne -  a v e r a g e d  u n f a v o r a b l e  
c u r v a t u r e  and t h u s  s h o u l d  be r o u g h l y  t h e  same i n  t h e  s q u a r e  a s  i n  t h e  
t o r u s .  A c t u a l l y ,  t h e y  w i l l  be s l i g h t l y  l e s s  l i m i t i n g  i n  t h e  s q u a r e  
because  p a r t  of t h e  bad c u r v a t u r e  i s  l o c a l i z e d  i n  r e g i o n s  of  h i g h e r  
m a g n e t i c  f i e l d  tha r :  i n  t h e  t o r u s .  The modes t h a t  o n e  w o u l d  c l e a r l y  
e x p e c t  t o  be d i f f e r e n t  i n  t h e  s q u a r e  a r e  t h o s e  t h a t  b a l  l o o n  somewhat i n  
t h e  c o r n e r s .  An a n a l y s i s  of t h e s e  modes has i - e c e n t l y  been made6 u s i n g  
t h e  i d e a l  MHD v a r i a t i o n a l  p r i n c i p l e  and t h e  g e n e r a l i z e d  k i n e t i c  ene rgy  
p r i  n c i  p l e , 7  9 8  where t h e  s i d e s  and c o r n e r s  have been c h a r a c t e r i z e d  by 
p i  ecew i se c o n s t a n t  equ i I i b r  i um p r o p e r t  i es. 

T h i s  a n a l y s i s 6 j 9  h a s  i n d i c a t e d  t h a t  t h e  d o m i n a n t  e f f e c t  
d e t e r m i n i n g  t h e  8, l i m i t  i s  s t i l  I t h e  r i n g - - . c o r e  i n t e r a c t i o n  i n  the  
s i d e s  a n d  n o t  b a l l o o n i n g  i n  t h e  c o r n e r  s e c t i o n s .  Such  a r e s u l t  can be 
u n d e r s t o o d  by n o t i n g  t h a t  t h e  c u r v a t u r e  i n  t h e  c o r n e r s  is  a f a c t o r  o f  2 
weaker  t h a n  t h a t  i n  t h e  bad c u r v a t u r e  s e c t i o n s  of  t h e  s i d e s ,  and t h e  
m a g n e t i c  f i e l d  i s  t y p i c a l l y  a f a c t o r  o f  4 h i g h e r  i n  t h e  c o r n e r s .  
Because  i t  w i l l  be p o s s i b l e  e x p e r i m e n t a l l y  t o  v a r y  t h e  m a g n e t i c  f i e l d  
of  t h e  c o r n e r s ,  one can check i f  t h e  bad c u r v a t u r e  r e g i o n s  i n  t h e  
c o r n e r s  b e g i n  t o  be i m p o r t a n t  be low some c r i t i c a l  g l o b a l  mi r ror  r a t i o  
(MG ' c o r n e r  I 8  m i d p l a n e  ) ; The dependence of  c a l c u l a t e d  s t a b i l i t y  

b o u n d a r i e s  on r i n g  b e t a  & and MG u s i n g  t h e  genera  1 i z e d  k i n e t i c  ene rgy  

p r i n c i p l e  i s  p l o t t e d  i n  F ig .  5 .1.  H e r e  both p, and & a r e  n o r m a l i z e d  
b e t a s  (normal  i z e d  t o  pkVDN = 2A/Rc) .  As may b e  seen,  t h e r e  i s  a l o w e r  
s t a b i  I i t y  boundary t h a t  c o r r e s p o n d s  t o  d i a m a g n e t i c  we1 I s t a b i  I i z a t i o n  
( m o d i f i e d  h e r e  by f i n i t e  pc) and an u p p e r  boundary  that ,  i s  a n a l o g o u s  $0 
t h e  /3, I i m i t  o f  Van Dam-Leel' and N e l s o n . "  This u p p e r  I i t n i t  dro s 
w i t h  i n c r e a s i n g  j3~ as was t h e  c a s e  i n  t h e  e a r l  i e r  work'', 
[Be < (2b/Rc)(1 i p14)""] d u e  t o  t h e  d e s t a b i l i z i n g  e f f e c t  of  t h e  r i n g  
p r e s s u r e  g r a d i e n t  on modes t h a t  have  some d e g r e e  of  b a l  l o o n i n g .  As 
F i g .  5 . 1  shows, t h e  s t a b i l i t y  b o u n d a r i e s  do n o t  s i g n i f i c a n t l y  d e g r a d e  
u n t i l  MG = 2 ( t h i s  i s  p r o b a b l y  a lower l i m i t  o n  t h e  g l o b a l  mirror r a t i o  
t h a t  c o u l d  be t r i e d  e x p e r i m e n t a l l y ) .  A t  t y p i c a l  m i r r o r  r a t i o s  o f  
MG 1: 4, t h e r e  i s  no s u b s t a n t i a l  d i f f e r e n c e  from MG :: m (which 
c o r r e s p o n d s  t o  a bumpy cy 1 i n d e r ) .  T h i s  ana l y s i s 9  u s i n g  t h e  g e n e r a l  i z e d  
k i n e t i c  ene rgy  p r i n c i p l e  i s  based on a number o f  a p p r o x i m a t i o n s :  f o r  
e x a m p l e ,  p i e c e w i s e  c o n s t a n t  p a r a m e t e r s  f o r  t h e  s i d e s  and  c o r n e r s  a r e  
used, l a r g e  r a d i a l  and a z i m u t h a l  mode numbers a r e  assumed, no hot 
e l e c t r o n  FLR e f f e c t s  a r e  c o n s i d e r e d ,  c o r e  p lasma c o m p r e s s i b i  I i t y  i s  
n e g l e c t e d ,  NHot e f f e c t s  a r e  n e g l e c t e d ,  a n d  low- f requency  [w << wd H o t  
or w c i )  modes a r e  c o n s i d e r e d .  %me of t h e s e ,  s u c h  a s  k e e p i n g ' t h e  
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d e t a i l e d  dependences  o f  p a r a m e t e r s  a l o n g  t h e  f i e l d  l i n e s  i n  t h e  s i d e  
s e c t i o n s ,  can  be improved by f u r t h e r  c a l c u l a t i o n s ,  and work i s  
p r e s e n t l y  u n d e r  way i n  th is a r e a .  

I n  a d d i t i o n  t o  t h e  i d e a l  MtfD modes, r e s i s t i v e  modes can  a l s o  b e  
p r e s e n t  i n  t h e  bad c u r v a t u r e  r e g i o n s  of t h e  c o r n e r s .  I t  i s  o f t e n  
p o s s i b l e  fo r  s u c h  modes t o  s t i  I I be u n s t a b l e  when t h e  i d e a l  modes a r e  
s t a b l e .  However,  such  modes a r e  p r e s e n t  i n  a l m o s t  a l l  p lasma 
c o n f i n e m e n t  d e v i c e s ,  and t h e  e f f e c t i v e  bad c u r v a t u r e  s e e n  by a 
r e s i s t i v e  mode l o c a l i z e d  i n  t h e  c o r n e r  o f  an EBS i s  n o t  s i g n i f i c a n t l y  
w o r s e  t h a n  t h a t  s e e n  by e q u i v a l e n t  r e s i s t i v e  modes p r e s e n t  i n  s m a l l  
t o k a m a k s .  A l t h o u g h  t h e  tokamak d o e s  have s h e a r ,  w h i c h  h e l p s  t o  
s t a b i  I i z e  t h e s e  modes, t h e  bumpy s q u a r e  has  a low d e n s i t y  i n  t h e  c o r n e r  
and  good c o u p l  i n g  t o  t h e  s i d e s .  R e s i s t i v e  modes t y p i c a l l y  grow o n  a 
much s l o w e r  t i m e s c a l e  t h a n  i d e a l  modes, and, a s  a r e s u l t ,  t h e i r  
n o n l i n e a r  e f f e c t s  a r e  of more i m p o r t a n c e  i n  d e t e r m i n i n g  t h e i r  
consequences  t h a n  f o r  t h e  i d e a l  MHD i n s t a b i l i t i e s .  The a n a l y s i s  and 
c l a s s i f i c a t i o n  o f  r e s i s t i v e  modes i n  an ERS w i l l  r e q u i r e  a s u s t a i n e d  
e f f o r t ,  and i t  i s  p r o b a b l y  n o t  p o s s i b l e  t o  s a y  a n y t h i n g  d e f i n i t i v e  
a b o u t  them i n  t h e  n e a r  t e r m .  

S e v e r a  I i n s t a b i  I i t y  modes under  s t u d y  i n  tandem mir ror  s y s t e m s  
have  been d i s c u s s e d  a s  p o s s i b l e  c a n d i d a t e s  i n  EBS s y s t e m s .  These  a r e  
t h e  p a s s i n g  p a r t  i c l  e i n t e r c h a n g e  mode, I 2 , l 3  t h e  s h e a r  A l f v 6 n  w a v e -  h o t  
e l e c t r o n  p r e c e s s i o n a l  d r i f t  mode,14 and possibly t h e  A l f v 6 n  i o n  

e l e c t r o s t a t i c  d r i f t  wave ( p o t e n t i a l ,  +, v a r i e s  a l c n g  t h e  f i e l d  l i n e ) ,  
w h i c h  i s  l o c a l i z e d  i n ,  and f e e d s  o f f ,  bad c u r v a t u r e  r e g i o n s .  I n  t h e  
tandem s u c h  a mode i s  p o s s i b l e  due t o  t h e  v e r y  weak c o u p l  i n g  be tween  
t h e  c e n t r a l  c e l  I and end p l u g  r e g i o n s .  I n  t h e  EBS t h e  c o u p l  i n g  be tween  
a s i d e  and  c o r n e r  i s  e x p e c t e d  t o  be much s t r a n g e r  due  t o  t h e  good f i e l d  
I i n e  c o n n e c t i o n  and t h e  f a c t  t h a t  t h e  equ i  I i b r i  um ambi p o l a r  p o t e n t i a  I 
i s  n o t  b e i n g  f o r c e d  t o  v a r y  s t r o n g l y  a l o n g  a f i e l d  l i n e ,  a s  i t  i s  i n  
t h e  tandem. The s h e a r  A l f v 6 n  w a v e  c o u p l e d  t o  ho t  e l e c t r o n  d r i f t ' '  i s  
n o t  e x p e c t e d  t o  be a s i g n i f i c a n t  p r o b l e m  i n  an EBS because t h e  h o t  
e l e c t r o n  d r i f t  f r e q u e n c y  i s  above t h e  i o n  c y c l o t r o n  f r e q u e n c y  and t h e  
s h e a r  A l f v 6 n  wave c a n n o t  p r o p a g a t e  i n  th is f r e q u e n c y  r a n g e .  Such a 
mode can  e x i s t  i n  a l a r g e r  s i z e  EBS d e v i c e ,  w h e r e  W d  H~~ i s  l e s s  t h a n  
w c i ,  and w a r r a n t s  f u r t h e r  s t u d y .  The a p p r o x i m a t e  & S i  I i t y  c r i t e r i o n  
is  y i v e n 1 4  a s  

c y c  I o t r o n  mode. 15,18 The p a s s i n g  p a r t i  c I  e i n t e r c h a n g e  13n13  is  a n  
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w h e r e  

VA = A l f v 6 n  v e l o c i t y  , 

WKH = h o t  e l e c t r o n  c u r v a t u r e  d r i f t  f r e q u e n c y  , 

i! = a z i m u t h a l  mode number , 

Lc = t o r o i d a l  c i r c u m f e r e n c e  . 

One aspect,  of  t h e  s q u a r e  t h a t  may make i t  more  r e s i l i e n t  t h a n  a 
c o n v e n t i o n a l  bumpy t o r u s  a g a i n s t  s u c h  modes is t h e  f a c t  t h a t  t h e y  m u s t  
p r o p a g a t e  t h r o u g h  t h e  h i g h  m a g n e t i c  f i e l d  c o r n e r s .  As can b e  s e e n  from 
t h e  a b o v e  i n e q u a l i t y ,  t h e  h igh-B f i e l d  r a i s e s  t h e  c r i t i c a l  i o n  d e n s i t y  
and h e l p s  e x t i n g u i s h  t h e  i n s t a b i  I i t y .  The i o n  c y c l o t r o n  15,'' mode i s  
d r i v e n  by i o n  a n i s o t r o p y  and h a s  been o f  i n t e r e s t  i n  t h e  tandem mirrors 
due  to  t h e  p r e s e n c e  of s l o s h i n g  i o n  d i s t r i b u t i o n s ,  p e r p e n d i c u l a r  
n e u t r a l  i n j e c t i o n ,  and  loss cones .  Such modes a r e  no more  l i k e l y  t o  be 
p r e v a l e n t  i n  EBS t h a n  i n  EBT-S (where t h e r e  is no s t r o n g  e v i d e n c e  o f  
them) and  may be even  l e s s  p r e v a l e n t  due  t o  t h e  s m a l l e r  f r a c t i o n  of t h e  
d i s t r i b u t i o n  a f f e c t e d  by loss c o n e s  i n  EBS. They may b e  o f  i n t e r e s t ,  
t h o u g h ,  w i t h  r e s p e c t  t o  c e r t a i n  c o n f i g u r a t i o n s  of i o n  c y c l o t r o n  
hea t i n g  . 

I n  a d d i t i o n  t o  t h e  above q u e s t i o n s  c o n c e r n i n g  new modes t h a t  can  
be p r e s e n t  i n  t h e  EBS, i t  i s  also of i n t e r e s t  t o  c o n s i d e r  m o d i f i c a t i o n s  
o f  modes t h a t  a r e  t h o u g h t  t o  d e t e r m i  ne t h e  a p e r a t i  ng w i  ndow i n  EBT-S. 
These  a r e  t h e  hot  e l e c t r o n  i n t e r c h a n g e  mode and  t h e  s t a b i  I i z a t i o n  of  
l o w - f r e q u e n c y ,  l 0 w - / 3 ~  f l u t e  modes. Both c a l c u l a t i o n s  and e x p e r i m e n t s  
are u n d e r  way t o  f u r t h e r  u n d e r s t a n d  t h e s e  e f f e c t s ;  t h e  T-M t r a n s i t i o n  
h a s  been c o r r e l a t e d  w i t h  t h e  appearance  of  t h e  hot e l e c t r o n  
i n t e r ~ h a n g e , ' ~  b u t  i t s  cause  h a s  n o t  been d e f i n i t i v e l y  l i n k e d  t o  t h i s  
i n s t a b i l i t y .  The C-T t r a n s i t i o n  is  t h o u g h t  t o  b e  caused by sane 
c o m b i n a t i o n  of r i n g  e f f e c t s  (we1 I s t a b i  I i r a t i o n  a n d / o r  c h a r g e  
u n c o v e r i n g  e f f e c t s )  and  p o s s i b l y  c o r e  prof i l e  e f f e c t s  ( compress i  b i  I i t y ,  
hol low t e m p e r a t u r e  prof i l e s )  . One m igh t  e x p e c t  t h a t  f o r  simi l a r  v a l  ues 
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of m a g n e t i c  f i e l d  and  f i e l d  l i n e  c u r v a t u r e  a s  EBT-S, t h e s e  o p e r a t i o n a l  
modes should be t h e  same a s  i n  t h e  p r e s e n t  e x p e r i m e n t .  The  EBS w i l l  be 
s imi lar -  i n  t h e s e  r e s p e c t s  for  t h e  s i d e  s e c t i o n s ,  and t h e  t h e  mode 
t r a n s i t i o n s  s h o u l d  o c c u r  a t  r o u g h l y  t h e  same v a l u e s  o f  j!3Hot and 
nHHot/ncore as i n  EST-S. One s i g n i f i c a n t  d i f f e r e r ; c e  w i l l  be t h a t  t h e  
maximum a t t a i n a b l e  v a l u e  of PHot w i l l  be h i g h e r  due  t o  t h e  more 
e f f i c i e n t  p r o d u c t i o n  of r i n g s  i n  t h e  s t r a i g h t  a x i s y r n m e t r i c  s e c t i o n s .  
On t h e  o n e  hand, t h i s  wil I h e l p  e n s u r e  t h e  d i a m a g n e t i c  well 
s t a b i l i z a t i o n  o f  t h e  c o r e  plasma, b u t  i t  c o u l d  a l s o  l e a d  t o  a T-M 
t r a n s i t i o n  a t  h i g h e r  p r e s s u r e s  t h a n  i n  EBT-S i f  t h e  c o r e  d e n s i t y  d o e s  
n o t  r i s e  i n  p r o p o r t i o n  t o  “Hat. However,  s i n c e  t h e  c o r e  c o n f i n e m e n t  i s  
improved i n  EBS, i t  i s  e x p e c t e d  t h a t  ncOre shou  I d be I a r g e r ,  r e s u  I t i  n g  
i n  v a l u e s  of n,~ot/ncore, w h i c h  w i  I I n o t  i n d u c e  t h e  h o t  e l e c t r o n  
i n t e r c h a n g e  mode e x c e p t  a t  v e r y  low p r e s s u r e s .  
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6 .  WID BALLOONING MODES IN THE ELMO BUMPY TORUS 

C. L, H e d r i c k  

The MHD s t a b i l i t y  p r o p e r t i e s  of t h e  square  c o n f i g u r a t i o n  a r e  
ana lyzed  here .  I n  p a r t i c u l a r ,  l i m i t a t i o n s  on  c o r e  plasma b e t a  due t o  
bal  l o a n i n g  modes a r e  developed. The r e s t r i c t i o n s  on  c o r e  p lasma be ta  
are  f o u n d  t o  be comparable t o  those  of t h e  Lee-Van Dam-Nelson l i m i t .  

6.1 INTRODUCTION 

Here  we compare t h e  MHD s t a b i  I i t y  of t h e  square  c o n f i g u r a t i o n  o f  
EM0 Bumpy T o r u s  (EBT) w i t h  t h e  e x i s t i n g  c i r c u l a r  c o n f i g u r a t i o n .  The 
most o b v i o u s  d i f f e r e n c e  between t h e  two c o n f i g u r a t i o n s  is t h a t  a i  I t h e  
t o r o i d a l  c u r v a t u r e  i s  l o c a l i z e d  i n  t h e  "co rne rs "  of t h e  square  
c o n f i g u r a t i o n ,  whereas i n  t h e  c i r c u l a r  c o n f i g u r a t i o n  t h e  t o r o i d a l  
c u r v a t u r e  is, t o  lowest  o rde r ,  u n i f o r m l y  d i s t r i b u t e d .  Whether t h e  
t o r o i d a l  c u r v a t u r e  i s  l o c a l i z e d  o r  u n i f o r m l y  d i s t r i b u t e d  s h o u l d  have 
l i t t l e  e f f e c t  on  t h e  s t a b i l i t y  p r o p e r t i e s  o f  p u r e  f l u t e  modes. 

However, b a l l o o n i n g  modes s h o u l d  have a tendency t o  c o n c e n t r a t e  i n  t h e  
c o r n e r s  - e s p e c i a l  ly a l o n g  t h e  o u t e r  f i e l d  I i n e s  where t h e  c u r v a t u r e  
and p r e s s u r e  g r a d i e n t s  promote i n s t a b i  I i t y .  

To make t h e  problem t r a c t a b l e ,  we w i I  I make t h e  assumpt ion  of 
l o c a l  i z a b i  I i t y  so t h a t  we can n e g l e c t  r a d i a l  and az imu tha l  coup1 i n g s .  
(This assumption s h o u l d  be p e s s i m i s t i c  i n s o f a r  as s t a b i  l i t y  i s  
concerned s i n c e  these  coup1 i n g s  tend  t o  be s t a b i  I i z i n g . )  We w i  I I use 
an energy p r i n c i p l e  t o  deve lop  t h e  s t a b i l i t y  c r i t e r i a .  Again,  i n  t h e  
i n t e r e s t  of simp1 i c i t y ,  we c o n f i n e  o u r s e l v e s  t o  t h e  so-cal l e d  u n i v e r s a l  
t e r m  and n e g l e c t  t h e  e f f e c t s  of compress ib i  I i t y ,  e t c , ,  of t h e  so-cal l e d  
k i n e t i c  te rm.  I n  p a r t i c u l a r ,  fo r  these i n i t i a l  c a l c u l a t i o n s ,  we 
c o n f i n e  o u r s e l v e s  t o  t h e  s o - c a l l e d  r i g i d  r i n g  model. 

I n  S e c t .  6.2, app rox ima t ions  based on  t h e  energy p r i n c i p l e  a r e  
deve loped.  I n  Sec t .  6.3, f l u t e  modes a r e  ana lyzed f o r  t h e  square  
c o n f i g u r a t i o n  of EBT s i n c e  this i n f o r m a t i o n  i s  u s e f u l  i n  a n a l y z i n g  
b a l l o o n i n g  modes. I n  Sec t .  6.4, a number of a n a l y t i c  e s t i m a t e s  a r e  
deve loped f o r  t h e  various s c a l e  f a c t o r s  (magnet ic f i e l d ,  c u r v a t u r e ,  
e t c . )  appear ing  i n  t h e  energy p r i n c i p l e ,  A-knowledge of t h e  r e l a t i v e  
s i z e  of  q u a n t i t i e s  i n  t h e  s i d e s  and c o r n e r s  of t h e  square  C o n f i g u r a t i o n  
f a c i  I i t a t e s  f u r t h e r  app rox ima t ions  made i n  t h e  a n a l y s i s  of t h e  E u l e r  
e q u a t i o n  deve loped i n  Sect.  6.5.  
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The s t a b i  I i t y  c r i t e r i o n  d e v e l o p e d  i n  S e c t .  6.5 i s  r e d u c e d  t o  a 
I im i ta t , i on  o n  c o r e  b e t a  i n  S e c t .  6 .6 .  T h i s  l i m i t a t i o n  is  f o u n d  t o  b e  
no more r e s t r i c t i v e  t h a n  t h a t  o f  Lee-Van Darn-Nelson, p r o v i d e d  t h e  hot 
e l e c t r o n  r i n g s  d o  n o t  d i g  too deep a m.3gnet ic  w e l l .  

6.2 A PESUISTIC ENEXGy PRINCIPLE 

From N e l s o n  and  H e d r i c k '  we f i n d  t h a t  t h e  energy  p r i n c i p l e  can  b e  
w r i t t e n  i n  t h e  form 

where  t h e  u n i v e r s a l  t e r m  i s  g i v e n  by 

and, i n  t h e  s c a l a r  p r e s s u r e  (MHD) l i m i t ,  t h e  k i n e t i c  t e r m  is  g i v e n  by 

1 3  
2 -  6wk := - [ d x [ qp@ . 0'3 . 

H e r e  i s  t h e  p e r t u r b e d  m a g n e t i c  f i e l d  and ( is  t h e  d i s p l a c e m e n t .  
E x c e p t  f o r  t h e  c u r r e n t  p roduced  by t h e  h o t  e l e c t r o n  r i n g s ,  j e ,  t h e  form 
0-1' E q ,  (6.2) is t h a t  o f  t h e  more f a m i l i a r  s i n g l e  f l u i d .  The  f l u i d  i n  
t h i s  c a s e  i s  t h e  c o r e  plasma c h a r a c t e r i z e d  by t h e  s c a l a r  p r e s s u r e  p.  

I t  i s  c o n v e n i e n t  t o  w r i t e  Eq. (6.2) i n  t h e  form 

1 
2 -  

fNu = - f d3x(Q2 + L) , 

where  

I..f (V X B  - j e )  X (  * Q  + [  * V P ( V  e[) . ( 6 . 5 )  
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U s i n g  t h e  e q u i l i b r i u m  r e l a t i o n  

e + j c o r e  V X B = j  

and 

L ' c a n  be r e w r i t t e n  i n  t h e  form 

To make f u r t h e r  p r o g r e s s  i n  a n a l y z i n g  L, we i n t r o d u c e  a,/3 
c o o r d i n a t e s  t h r o u g h  t h e  C lebsch  r e p r e s e n t a t i o n  of  t h e  magne t i c  f i e l d :  

It is c o n v e n i e n t  t o  d e f i n e  

s i n c e  t h e s e  v e c t o r s  have t h e  p r o p e r t i e s  t h a t  

(6. lo) 

(6.11) 

and 

.... 
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V , X B = - V / 3 ;  v P X B = V a .  

The d i s p l a c e m e n t  i s  t h e n  c o n v e n i e n t l y  w r i t t e n  as 

= X V a + Y V g  I 

where  

(6.13) 

(6.14) 

U t i  I i z i n g  

o n e  f i n d s  t h a t  

(6.12) 

(6.15) 

(6.16) 

(6. 1-7) 

We now choose OL s u c h  t h a t  

v p  z b v a  * (6.18) 
aa 

OL h a s  t h e  i n t e r p r e t a t i o n  t h a t  i t  i s  t h e  m a g n e t i c  f l u x  (modulo 21~) 
c o n t a i n e d  w i t h  t h e  p r e s s u r e  s u r f a c e  and @ i s  an a n g u l a r - l i k e  
coord i na t e .  
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By use of  Eqs. (6.11) and (6.13), we see t h a t  t h e  c h o i c e  of  c1 

g i v e n  by Eq. (6.18) y i e l d s  

p v p = x * .  aa (6.19) 

If we w r i t e  R and V I  e n  B i n  component form, 

we can u t i l i z e  Eq. (6.8) t o  w r i t e  t h e  i n t e g r a l  o f  6W, i n  t h e  form 

where 

and we n o t e  t h a t  i n  a,@ c o o r d i n a t e s  d3x = da dp dl/B so t h a t  

bW, - - Jy (Q' + L) . 

(6.20) 

(6.21) 

(6.22) 

(6.23) 

(6.24) 
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S i n c e  we expec t  t h a t  t h e  d r i v e  For i n s t a b i l i t y  i n  t h e  c o r n e r s  of 
t h e  square  configuration of EBT w i l l  be s t r o n g e s t  on the  outer f i e l d  
I ines t h a t  l i e  i n  t h e  e q u a t o r i a l  plane, we now c o n f i n e  our a t t e n t i o n  t o  
t h a t  p l a n e .  'The up-down symmetry of t h e  e q u a t o r i a l  p lane  i m p l i e s  t h a t  

(6 " 25) 

It i s  a l s o  t h e  case t h a t  i n  t h e  e q u a t o r i a l  p lane  f a  * P P  = 0 and 

v , * v p = o  1 (6 26) 

U t i l i z i n g  E q s .  (6.23), (6.25), and (6.26), we f i n d  t h a t  Eq. (6*22) 
reduces to 

(6.27) 

He nay note t h a t  if we n e g l e c t  two p o s i t i v e  ( s t a b i l i z i n g )  terms t h e n  
t h e  express ion  far  Q2 -I- L simplifies considerably. That  is, 

(6.28) 

(6.29) 
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and we 
q u a  tor I 

Th 
f I Ute-I 
ex press 
ex press 

1 

have noted 
'a1 plane so 

form of 

that Pa, VP, and B are mutually orthogonal in the 
I t h a t  Eq. (6.10) yields 82IV,l2 = lVf3I2.  
D given in Eq. (6.29) is usefu l  f o r  estimating 

ke perturbations (BX/B& = 0). For aX/al # 0, an alternative 
on for D is also useful. The development of the alternative 
on begins with the vector i d e n t i t y  

If we u t i l i z e  Eq. (6.6) and 

we find that i n  the equatorial plane 

so t h a t  Eq. (6.29) becomes 

(6.31) 

(6.32) 

In what follows it w i l l  be convenient ta focus on the part of our 
underestimate of the integrand of SW, which i s  integrated along a f i e l d  
I ine: 
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6.3 F 

It, will prove useful in analyzing ballooning modes to have first 
analyzed the ease of pure f lutes. Thus, suppose t h a t  X is constant 
along a f i e l d  line so that Eq.  ( 6 . 3 4 )  reduces to  

We now express the integrand in terms of the gradients of 

To do this we make use of the . fact  that if I E if d l  S, then  

(6 rn 35) 

(6.37) 

(This  relation is valid for closed-field-line systems and for cases 
here S vanishes a t  the limits of integration, such as that encountenxi 

in a mirror-conf ined papulation of  particles.) 
Setting s 1. l / B  i n  Eq.  (6.37)' 

(6.39) 

Cmysring Eq. (6.39) to Eq- (6.29) and noting that apjaot = constant 
along a f i e l d  l i n e  (since V p  = a a p / h  = 1, we f i n d  t h a t  
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This leads t o  t h e  c o n d i t i o n  for s t a b i l i t y  

(6.41) 

Because we have neglected t h e  k i n e t i c  te rm t h a t  i n v o l v e s  t h e  
c m p r e s s i b i  I itj q, we have n o t  recovered t h e  of t -quoted r e s u l t :  

(6.42) 

We now make m e  e s t i m a t e s  of t h e  q u a n t i t i e s  %/El and ]Vfl12/B, 
which appear i n  t h e  in tegrand of our  underest imate for SM. We a r e  
p a r t i c u l a r l y  i n t e r e s t e d  i n  comparing c h a r a c t e r i s t i c  va lues i n  the s i d e s  
of  the square E8T c o n f i g u r a t i o n  w i t h  t h e  values i n  t h e  corners.  
F o l l o w i n g  t h e  convent ions for t h e  c i r c u l a r  EBT c o n f i g u r a t i o n ,  we 
c h a r a c t e r i z e  t h e  behavior  i n  t h e  sides of t h e  square c o n f i g u r a t i o n  by 
midplane values. 

To lowest order i n  one of t h e  mirror cells t h a t  const i t ,u te  a s ide,  

a = 0 = r’ ds’ B(r’,z) , (6 43) 

a nd 

V p = - e e .  l A  
P 

The q u a n t i t y  10P12/B then  is g iven approximately by 
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(6 .46) 

Now, i n  t h e  p a r a x i a l  a p p r o x i m a t i o n  [ e . g . ,  B 2 Ro(1 - 6 cas k r ) ] ,  

1 2 
2 0  9 2-i3 (1 - 6 c o s  kz)r , 

SO t h a t  

$ N - L r % ,  2 

and we s e e  t h a t  i n  t h e  s i d e s  

(6.47) 

S i n c e  $ is  c o n s t a n t  a l o n g  a f i e l d  l i n e ,  w s e e  t h a t  1VPl2/B i s  c o n s t a n t  
a l o n g  a f i e l d  l i n e  i n  t h e  sides of t h e  s q u a r e .  

To o b t a i n  t h e  b e h a v i o r  of lVp] ' /B i n  t h e  c o r n e r s ,  we now suppose 
t h a t  t h e  t r a n s i t i o n  between s i d e  a n d  c o r n e r  o c c u r s  i n  t h e  s i d e .  ( T h i s  
i s  p o s s i b l e  t h o u g h  n o t  n e c e s s a r y .  I n d e e d  i t  may be more  d e s i r a b l e  t o  
have a t  l e a s t  some o f  t h e  t r a n s i h i o n  o c c u r  i n  t h e  c o r n e r .  
N e v e r t h e l e s s ,  o u r  a s s u m p t i o n  f a c i  I i t a t e s  t h e  a n a l y t i c  a p p r o a c h  used 
here ,  and any d e v i a t i o n  from t h i s  a s s u m p t i o n  s h o u l d  have l i t t l e  e f f e c t  
o n  t h e  r e s u l t s  o b t a i n e d  here . )  W i t h  t h i s  assumpt ion ,  t h e  f i e l d  l i n e s  
i n  t h e  c o r n e r s  a r e  segments of p e r f e c t  c i r c l e s .  C o n s e q u e n t l y ,  t h e  
m a g n i t u d e s  of  Am and AS wi 1 I r e m a i n  unchanged a s  o n e  t r a v e r s e s  a c o r n e r  
s i n c e  t h e  d i s t a n c e  between f i e l d  l i n e s  ( l a b e l e d  by a and f3) r e m a i n s  
unchanged. C o n s e q u e n t l y ,  

N c o n s t a n t  a l o n g  a f i e l d  I i n e  , 1W1' 
€3 (6.49) 

b o t h  i n  t h e  s i d e s  a n d  i n  t h e  c o r n e r s .  



AS-1 1 

To c a l c u l a t e  K ~ ,  we use E q s .  (0.20) and (6.11) t o  o b t a i n  

Ka=UcL* fG . 

I n  t he  e q u a t o r i a l  p lane, where Va and V / 3  a r e  o r t h o g o n a l ,  

I n  t h e  s i d e s  where 01 I! JI 

(6.50) 

(6.51) 

(6.52) 

I n  a m idp lane  of a mirror c e l l  i n  a s ide ,  t h e  c u r v a t u r e  i s  r o u g h l y  
g i v e n  by 

(6.53) 

where R,il is a c o i l  r a d i u s .  I n  a midplane, it i s  a l s o  t h e  case t h a t  
V$ = ]B$le,, so t h a t  a c h a r a c t e r i s t i c  v a l u e  of tea i n  a s i d e  i s  g i v e n  by 

h 

I n  a c o r n e r  t h e  magnitude of t h e  c u r v a t u r e  is simply t h e  
r e c i p r o c a l  of t h e  r a d i u s  of t o r o i d a l  s o l e n o i d  segmented to  form t h e  
c o r n e r  : 

1 c! 1 
Rtoro i da I *%oi I ' 1.1 = (8.55) 
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where  we have n o t e d  t h a t  i n  d e s i g n i n g  a s q u a r e  o n e  t r i e s  t o  m i n i m i z e  
t h e  voluine of t h e  c o r n e r s  by u s i n g  t h e  minimum t o r o i d a l  r a d i u s  
consistent w i t h  t h e  p lacement  o f  f i n i t e - s i z e  co i l s .  To o b t a i n  t h e  
m a g n i t u d e  of %p we note t h a t  i n  t h e  e q u a t o r i a l  p l a n e  3t and U, are i n  
t h e  same d i r e c t i o n  and t h a t  t h e  m a g n i t u d e  of U, i s  o b t a i n e d  from 
Eqs. (6.51) a n d  (6.49): 

D e f i n i n g  a g l o b a l  m i r r o r  r a t i o  by 

C o m b i n i n g  Eqs. (6 .55)  and (6 .57)  we obtain 

Compar ing  Eqs. (6.44.) and (6.48) we s e e  t h a t  

(6 .56)  

(6.57) 

(6.59) 

W e  also see t h a t  t h e  q u a n t i t y  o c c u r r i n g  i n  t h e  i n t e g r a l  of SW s c a l e s  a s  
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(6. SO) 

To t r e a t  nonconstan t  X we i n t r o d u c e  an e igenva lue  A ( p r o p o r t i o n a l  
t o  w 2 ) so t h a t  we can w r i t e  an approx imate  energy p r i n c i p l e  i n  t h e  form 

I n t e g r a t i n g  by p a r t s  y i e l d s  

from wh ich  we immedia te ly  o b t a i n  t h e  E u l e r  equation 

(6.61) 

(6.62) 

(0.63) 

From Eq. (6.49) we s e e  t h a t  IVS12/B i s  a p p r o x i m a t e l y  c o n s t a n t  
a l o n g  f i e l d  lines so t h a t  Eq. (6.63) can be w r i t t e n  

where t h e  s u b s c r i p t e d  q u a n t i t i e s  are t o  be eva lua ted  a t  some conven ien t  
p o i n t  on  t h e  f i e l d  l i n e  (e .g . ,  a t  a m idp lane  o f  a mirror segment i n  a 
side).  

A t  this j u n c t u r e  we n o t e  t h a t  b o t h  t h e  c e n t e r  of  a side and t h e  
c e n t e r  of a c o r n e r  a r e  r e f l e c t i o n  symmetry p o i n t s  (planes, i f  one 
c o n s i d e r s  a l l  f i e l d  l i n e s )  for t h e  e q u i l i b r i u m  q u a n t i t i e s .  Thus, we 
i n t r o d u c e  t h e  d i s t a n c e  L between t h e  c e n t e r  of a s i d e  and t h e  c e n t e r  of 
an a d j a c e n t  c o r n e r  and d e f i n e  
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s = -e/L (6.65) 

where S = 13 c o r r e s p o n d s  t o  t h e  c e n t e r  of a s i d e  and S :: 1 c o r r e s p o n d s  
t o  t h e  c e n t e r  of t h e  a d j a c e n t  c o r n e r .  W i t h  t h i s  d e f i n i t i o n  we can 
r e w r i t e  Eq.  (6.64) i n  t h e  d i m e n s i o n l e s s  forrn 

iyhere 

(6.66) 

(6.67) 

(6.68) 

A 

We A now make e x p l i c i t  a p p r o x i m a t i o n s  for D a p p e a r i n g  i n  Eq. (6.66). 
S i n c e  D i s  a p p r o x i m a t e l y  c o n s t a n t  a l o n g  a f i e l d  l i n e  i n  t h e  corner, we 
a r e  l e d  t o  t r e a t  t h e  b e h a v i o r  o f  6 i n  t h e  s i d e s  i n  a s i m i l a r  f a s h i o n  
( p a r t i c u l a r l y  s i n c e  h e r e  we ape i n t e r e s t e d  i n  t h e  new f e a t u r e s  
i n t r o d u c e d  by t h e  c o r n e r s ) .  Thus, we t r e a t  D as b e i n g  p i e c e w i s e  
c o n s t a n t  : 

A 

Ds , o c s <  1 - E  

D C  , l - E < S C l  

h 

J (6.69) 

and 

h 

O(-S) = 6(S) , (6.70) 
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n 
6(1 + S) = D ( l  - S) , (6,71) 

where t h e  t r a n s i t i o n  between s i d e  and c o r n e r  occurs a t  S = 1 - 

We now assume t h a t  t h e  e q u i l i b r i u m  is s t a b l e  t o  f l u t e  modes ( s i n c e  
i f  it is  not it w i l l  a l s o  be u n s t a b l e  t o  t h e  w i d e r  c l a s s  t h a t  i n c l u d e s  
bal [ c a n i n g  modes). 

E (E << 1). 

I n  te rms  of  t h e  p r e s e n t  n o t a t i o n  t h i s  means t h a t  

- 
D I (1 - E)D, + eDc > 0 . (6.72) 

[Comparison of  Eq. (6.72) w i t h  Eq. (6.40) r e v e a l s  a way t o  c a l c u l a t e  6, 
D,, and Dee] 

The p iecew ise  c o n s t a n t  a p p r o x i m a t i o n  t o  i'i i m p l i e s  t h a t  t h e  
s o l u t i o n s  t o  Eq.  (6.66) a r e  s i m p l e  s i n u s o i d s  or exponents.  Thus, we 
i n t r o d u c e  wave numbers for t h e  s i d e  and c o r n e r  r e g i o n s  by 

2 "  k, = A -  D, , 

k, 2 "  = A -  0, a 

(6.73) 

(6 .74) 

We a r e  most i n t e r e s t e d  i n  t h e  lowest e i g e n v a l u e s  (A) of 
A c c o r d i n g l y ,  we focus on mades t h a t  a r e  E q *  (6.66), w h i c h  i s  Sturmian.  

symmet r ic  a t  S = 0 and S = I: 

cos ksS ; O C S < l - €  

a cos [kC(S--l)] , l - E < S I l  
(6.75) 

Here  we have no ted  t h a t  s i n c e  Eq. (6.06) is l i n e a r  and homogeneous t h e  
o v e r a l l  amp1 i t u d e  of X i s  u n i m p o r t a n t  and we can ( a r b i t r a r i l y )  s e t  
X(0) = 1. We also n o t e  t h a t  k, and/or  k, may be imag inary  so t h a t  one 
or  more o f  t h e  c o s i n e s  i n  Eq. (6.75) may be a h y p e r b o l i c  c o s i n e  o f  a 
rea I q u a n t i t y  . 
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If we impose c o n t i n u i t y  of X a t  S = 1 - E, we o b t a i n  

cos [k,(l - E)] .: a COS kCE , (6.76) 

whereas  c o n t i n u i t y  o f  ax/?% y i e l d s  

k,sin [k,(l - E)] = -ak,sin k c c  . (6 ,77)  

E l i m i n a t i n g  a from E q s .  (6.76) and (6.77),  we o b t a i n  t h e  d i s p e r s i o n  
re1  a t i  o n  

k,tan [ k s ( l  - e ) ]  = - k c t a n  kCE . (6.78) 

TQ p r o g r e s s  f u r t h e r  a n a l y t i c a l  l y  we assume t h a t  t h e  a r g u m e n t s  of t h e  
t a n g e n t  f u n c t i o n s  i n  E q .  (6.78) a r e  small ( c e r t a i n l y  j u s t i f i a b l e  a t  
s u f f i c i e n t l y  low beta)  so t h a t  

t a n  x z x(1 +1x2) . (6.79) 3 

W i t h  t h i s  a p p r o x i m a t i o n  Eq. (6.78) r e d u c e s  t o  

1 (1 - E)(X --. Ds) [l -+% (1 - E ) ~  (i - D,)] 

(6.80) 1 2  A 

= - E(A - Dc) [l + Y E  (X - Dc)] , 

where we h a v e  used Eqs. (6.73) and (6.74) f o r  k, and k, 
E q u a t i o n  (6.80) can  be r e w r i t t e n  i n  t h e  form 
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(6.81) 1 A -  

A - D = - -  3 [(l - E ) ~ ( K  - D,)2 + ~'((i; - D,)2] . 

We now r e c a l  I t h a t  ( for smal I or modest be ta)  D,, Ds << 1, and E << 1. 
For a p p r o x i m a t e l y  f l u t e - l i k e  modes, Eq. (6.81) gives = + O(D2). 
F o r m a l l y ,  t h e r e  is  ano the r  raot t h a t  i s  A = 3 i n  t h e  I i m i t  as E, Oc, 
D,, t e n d  t o  ze ro .  However, th is root c l e a r l y  v i o l a t e s  o u r  
a p p r o x i m a t i o n  for  t h e  t a n g e n t  f u n c t i o n s  appear ing  i n  Eq. (6.78) and, 
hence, shou I d be d i s c a r d e d .  

We a r e  t h u s  led to s o l v e  Eq. (6.81) for t h e  root wnearw  fi = 6 by 
i t e r a t i o n  [ r a t h e r  t h a n  by formally s o l v i n g  Eq. (6.81) as a q u a d r a t i c ] .  
We o b t a i n  

A 

(6.82) 

where we have used t h e  d e f i n i t i o n  of  

f l u t e  modes, so t h a t  we can w r i t e  

t o  e l i m i n a t e  Ds. 
We now suppose t h a t  we a r e  n o t  too c l o s e  to  marg ina l  s t a b i l  i t y  for 

Under t h e s e  c i  rcurnstances s t a b i  I i t y  o b t a i n s ,  p r o v i d e d  

+ < I .  3 

6.6 ESTIXAE OF' E T A  Lll l IT 

We now exp ress  o u r  s t a b i l i t y  l i m i t  €9. (6.84) i n  terms 07 more 
i n t u i t i v e  or r e a d i l y  eva lua ted  q u a n t i t i e s .  From Eqs. (6.68), (6.69), 
and (6.72), 

-E 1 2- D = L ~ 2 L 2  (JtF) . 3 3 (6.85) 
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The c o m b i n a t i o n  EL i s  simply t h e  d i s t a n c e  a l o n g  a f i e l d  I i n e  from t h e  
s t a r t  of a c o r n e r  t o  t h e  c e n t e r  o f  a c o r n e r .  Thus, 

(6.86) 

T h e  c o r n b i n a t i o n  Bo/1U/3012 h a s  been t a k e n  t o  be c o n s t a n t  a l o n g  a 
It i s  c o n v e n i e n t l y  e v a l u a t e d  i n  t h e  m i d p l a n e  of o n e  of t h e  f i e l d  l i n e .  

mirror c e l  Is usi n g  Eq.  (6.46) : 

‘To e s t i m a t e  t h e  f i n a l  f a c t o r  o c c u r r i n g  i n  E q .  (6.85), WE make use  
of Eqs. (6.35) and  (6.41) and  t h e  a s s u m p t i o n  t h a t  we a r e  not too n e a r  
t h e  m a r g i n a l  s t a b i l i t y  p o i n t  for  p u r e  f l u t e  modes t o  w r i t e  

As we have  a l r e a d y  noted, t h e  c a n t x i b u t i o n  of t h e  s i d e s  t o  t h e  i n t e g r a l  
i n  Eq.  (6-88) i s  ma l l  [Eq.  (6.60)], and t h e  l e n g t h  of a c o r n e r  i s  
smal I compared t o  a s i d e .  

T h u s  we can  a p p r o x i m a t e  

We f u r t h e r  a p p r o x i m a t e  t h e  i n t e g r a l  i n  Eq. (6.89) by 

I n  t h e  m i d p l a n e  of a s i n g l e  in 

n g l e  c e l  I 

r ror  e e l  I ,  

(6.89) 

(6.90) 
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We now i n t r o d u c e  a scale  l e n g t h  Q for t h e  d e r i v a t i v e  of d l /B  by 

(6.92) 

and n o t e  t h a t  (see S e c t .  4) 

8 = bumpiness parameter = (M - I ) /& .+ 1) (6.94) 

w i t h  M = mirror ra t io .  
We next i n t r o d u c e  a scale l e n g t h  for t h e  p ressu re  g r a d i e n t  by 

Combining Eqs. (6.95), (6,931, (6.91), and (6.88) y i e l d s  

(6.95) 

(6.96) 
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orJ u s i n g  t h e  d e f i n i t i o n  of  c o r e  beta,  

I n s e r t i n g  E q s .  (6.86), (6.87), and (6.98) i n t o  E q .  (6.85) y i e l d s  

so t h a t  t h e  s t a b i l i t y  c r i t e r i o n  g i v e n  by Eq. (6.84) becomes 

We have a l r e a d y  no ted  i n  d e v e l o p i n g  Eq. (6 -53 )  t h a t  

so t h a t  Eq. (6.100) becomes 

It i s  now convenil  
t h e  h o t  e l e c t r o n  r i n g s )  

(6.98) 

(6.99) 

(6.100) 

(6.101) 

(6.102) 

n t  to  r e l a t e  RU (wh ich  i n v o l v e s  the e f f e c t s  of 
t o  t h e  vacuum v a l u e  of ] R U ]  s i n c e  (see Sec t .  4) 

(6.103) 
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so t h a t  

(6.104) 

F o r  a nominal l o c a l  mi r ror  r a t i o  of M = 2, 6 = l/3, Eq. (6.104) becomes 

(6.105) 

F i n a l l y ,  we n o t e  t h a t  i n  t e r m s  of  t h e  p r e s e n t  n o t a t i o n  an  approx imate  
Lee-Van Dam-Nelson I i m i  t on be ta  is  g i  ven by 

2R 
-P 

c o i  I ~ L V D N  - R 

SO t h a t  Eq. (6,105) becomes 

(6.106) 

Thus, fo r  r i n g  b e t a  s u f f i c i e n t l y  s m a l l  t h a t  Ru/IRuoI I 1/3, th is  
s t a b i l i t y  l i m i t  i s  comparable to or l e s s  r e s t r i c t i v e  t h a n  t h e  
Lee-Van Darn-Nelson l i m i t .  T h i s  i s  n o t  a ve ry  r e s t r i c t i v e  l i m i t  on  r i n g  
b e t a .  

6 .? 

Here  we have used a s i m p l i f i e d  f o r m a l i s m  t o  e s t i m a t e  t h e  p o t e n t i a l  
l i m i t a t i o n s  o n  c o r e  plasma b e t a  imposed by MHD b a l l o o n i n g  modes i n  t h e  
square  c o n f i g u r a t i o n  of  an EBT. A n t i c i p a t i n g  that ,  it w i l l  be d e s i r a b l e  
t o  i n c l u d e  more k i n e t i c  e f f e c t s  t h a n  seemed a d v i s a b l e  for an i n i t i a l  
examina t ion  of t h e  problem, a g r e a t  many d e t a i l s  have been made 
exp l  i c i t .  For example, t h e  c u r v a t u r e ,  c o n n e c t i o n  l eng th ,  and u n i v e r s a l  
t e r m  of  6W can a l l  be expec ted  to  p l a y  a r o l e  i n  more d e t a i l e d  k i n e t i c  
f orma I i sm. 
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W i t h i n  the MHD model employed, an attempt has been made to err on 
t h e  side oT pessimism at each point. Even so, we find t h a t  the 
I imitations on core plasma beta imposed by the MHD b a l  looning modes are 
no more restrictive than the Lee-Van Dam-Nelson criterion, provided 
t h a t  the hot electron rings do not produce too deep a magnetic we1 I .  
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1. D. B. Nelson and C. L .  Hedrick, Ydacroscopic Stability and Beta 
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7 .  TION 

D. A .  "Spong 

In t h e  bumpy square  c o n f i g u r a t i o n ,  t o r a i d a l  c u r v a t u r e  i s  l o c a l i z e d  
i n  t h e  c o r n e r  s e c t i o n s  r a t h e r  t h a n  u n i f o r m l y  d i s t r i b u t e d ,  as i s  t h e  
case i n  t h e  e x i s t i n g  c i r c u l a r  EL 0 Bumpy Torus  (EBP) con? i g u r a t  i on  
T h i s  f e a t u r e ,  coup led  w i t h  t h e  f a c t  t h a t  t h e  magnet ic  f i e l d  i s  h i g h e r  
i n  t h e  c o r n e r  s e c t i o n s ,  r e s u l t s  i n  a number of  d i s t i n c t  advantages  w i t h  
r e s p e c t  t o  p a r t i c l e  conf inement,  h e a t i n g ,  and t r a n s p o r t .  It might be 
expected, however, t h a t  b a l l o o n i n g  modes shou ld  have some tendency t o  
c o n c e n t r a t e  i n  t h e  c o r n e r  s e c t i o n s -  espec ia l  ly a l o n g  t h e  o u t e r  f i e l d  
I i n e s  where t h e  c u r v a t u r e  and pressure g r a d i e n t s  are u n f a v w a b l e ,  Here 
we examine t h e  s t a b i l i t y  of such a c o n f i g u r a t i o n  u s i n g  a b a l l o o n i n g  
mode equat ion'  d e r i v e d  f rom t h e  g e n e r a l i z e d  k i n e t i c  energy p r i n c i p l e .  
The s i d e  and c o r n e r  s e c t i o n s  of  t h e  square  a r e  t r e a t e d  w i t h  a p iecew ise  
c o n s t a n t  a p p r o x i m a t i o n  and matched a t  a t r a n s i t i o n  boundary to  o b t a i n  
t h e  s t a b i l i t y  c o n d i t i o n .  This r e t a i n s  t h e  r i n g - c o r e  c o u p l i n g  and 
y i e l d s  b o t h  t h e  low 8, d iamagne t i c  we1 I s t a b i l  i z a t i o n  c o n d i t i o n  and a 
high+, s t a b i  I i t y  I i m i t  ana logous t o  t h e  Lee-Van Dam-Nelson 0, I i m i t ,  
where is, i s  t h e  c o r e  plasma beta .  Due 210 t h e  h i g h  magne t i c  f i e l d  i n  
t h e  c o r n e r s  and t h e  r e l a t i v e l y  weak c u r v a t u r e  t h e r e  (21/2 of t h e  
c u r v a t u r e  i n  t h e  bumpy s e c t i o n s ) ,  th is  upper Pc l i m i t  i s  n o t  
s i g n i f i c a n t l y  changed from that;  wh ich  would be p r e s e n t  i n  t h e  
conven t ions  I c i r c u l a r  bumpy t o r u s  c o n f i g u r a t i o n .  

7.1 INTlUl~TION 

Hot -spec ies  s t a b i  1 i z a t i o n  schemes have r e c e n t l y  been proposed i n  
tokamaks,' he1 i c a l  axis s t e l  l a r a t o r s , 2  and tandem  mirror^.^ I n s t a b i  I i t y  
modes connected  w i t h  t h e  presence of a super thermal  component have a l s o  
been d i s c u s s e d  i n  r e l a t i o n  t o  takamaks w i t h  n e u t r a l  i n  e c t i o n 4  and f o r  
f u t u r e  d e v i c e s  where a lpha  p a r t i c l e s  w i l l  be present. '  I n  th is  paper, 

wh ich  is  stabilized by hot electron r i n g s  produced near t h e  second 
harmonic c y c l o t r o n  resonance by microwave h e a t i n g *  O f  t h e  v a r i o u s  
toroidal c o n f i g u r a t i o n s  i n  wh ich  h o t  s p e c i e s  s t a b i l  i z a t i o n  has been 
proposed, t h i s  geometry is  a t  p r e s e n t  t h e  o n l y  one i n  wh ich  r i n g  
f o r m a t i o n  is  e x p e r i m e n t a l l y  p roven.  I n  a d d i t i o n ,  by f o r m i n g  t h e  r i n g s  

we a n a l y z e  t h e  s t a b i  I i t y  p r o p e r t i e s  o f  t h e  bumpy square  can f  i g u r a t i a n ,  8 
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i n  s t r a i g h t  mirror s e c t o r s  r a t h e r  t h a n  i n  r e g i o n s  where d i s t r i b u t e d  
t o r o i d a  I c u r v a t u r e  i s  p r e s e n t ,  t h e  bumpy s q u a r e  geometry  o f f e r s  t h e  
h i g h e s t  p o s s i b l e  r i n g  f o r m a t i o n  e f f i c i e n c y  a n d  c o n f i n e m e n t .  l h i s  w i t  I 
h e l p  t o  e n s u r e  t h e  p r o d u c t i o n  o f  deep d i a m a g n e t i c  wells a t  t h e  r i n g  
l o c a t i o n s  w i t h o u t  e x c e s s i v e  m i c r o w a v e  powei- r e q u i r e m e n t s ,  a c o n d i t i o n  
w h i c h  i s  n e c e s s a r y  t o  s t a b l y  s u p p o r t  s t e e p  co re  p lasma g r a d i e n t s .  The 
m a i n  s t a b i l i t y  q u e s t i o n  o f  i n t e r e s t  r e l a t i v e  t o  t h e  bumpy s q u a r e  i s  how 
;he i s o l a t e d  t o r o i d a l  c u r v a t u r e  i n  t h e  h i g h - f i e l d  c o r n e r  s e c t i o n s  w i l  I 
i n f  I uence o v e m  I I s L a b i  I i t y  p r o p e r t i e s .  For example,  a t  w h a t  va I u e s  of 
c o r e  b e t a  do ba I loon i n g  modes l o c a  I i z e  i n t h e  c o r n e r  s e c t o r s  and  go 
u n s t a b l e ?  Also, a r e l a t e d  q u e s t i o n  i s  w h e t h e r  t h e  u n f a v o r a b l e  c u r v a t u r e  
i n  t h e  c o r n e r s  w i l l  d e g r a d e  e x i s t i n g  s t a b i l i t y  l imi ts7#* i n  t h e  s i d e  
s e c t i o n s ,  r e s u l t i n g  from c o n s i d e r a t i o n  o f  t h e  core-hot, e l e c t r o n  r i n g  
coup1 i n g .  

To a d d r e s s  t h e s e  s t a b i  I i t y  q u e s t i o n s ,  we examine low- f requency  
modes u s i n g  an  e n e r g y  p r i n c i p l e  a n a l y s i s .  O f  t h e  v a r i o u s  p o s s i b l e  
app roaches ,  th is  method  a l  lows t h e  niost c o m p l e t e  d c s c r i p t i o n  o f  t h e  
m a g n e t i c  f i e l d  l i n e  topology, w h i c h  i s  o f  p r i m a r y  impor tance he re  i n  
c o m p a r i n g  t h e  s q u a r e  g e c m e t r y  a g a i n s t ,  an  i d e a l  s t r a i g h t  bumpy cy1 i n d e r .  
A number of d i f f e r e n t  ene rgy  p r i n c i p l e s  have  been f o r m u l a t e d  t h a t  can 
b e  a p p l i e d  t o  m a g n e t i c a l l y  c o n f i n e d  p l a s m a s  i n  c l o s e d  f i e l d  l i n e  
d e v i c e s .  The e a r l i e s t  of  t h e s e  i s  t h a t  of Wervstrir! e t  a i . 9  (and 
g e n e r a l  ;zed i n  r e f .  10 t o  t h e  case  of t e n s o r  p r e s s u r e )  , r e f e r r e d  t o  i n  
t h e  fo l  l o w i n g  a s  t h e  c o n v e n t i o n a l  magne tohyd rodynamic  (MHD) I i m i t .  
This e n e r g y  p p i n c i p l e  may b e  w r i t t e n  as 

(7.1) 

(7.2) 
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and 

w i t h  

H = gyre-averaged change i n  t h e  p a r t i c l e  kinetic energy due t o  
f i e l d  d isp lacemen t  e,  

P, - Pi, 

s2 
o = l +  D 

Q1 = Lagrang ian  p e r t u r b e d  magnetic f i e l d  p e r p e n d i c u l a r  t o  t h e  

Qi, z Lagrangian p e r t u r b e d  magne t i c  f i e l d  p a r a l l e l  t o  t h e  
equi I i b r i u rn  €3 f i e l d ,  

= f i e l d  l i n e  displacement v e c t o r ,  

j,, plasma current parallel t aB,  

P , ~ ,  p1 = para  I I e I and p~~~~~~ i cu 1 a r  p I asma p r e s s u r e  components, 
respect i ve li y , 

M 



a,@ = r a d i a l  and a n g l e - l i k e  C l e b s c h  v a r i a b l e s  used to r e p r e s e n t  
t h e  m a g n e t i c  f i e l d  %% = Va X V P  , 

2 p, = m a g n e t i c  moment = MV,J2S , 

J = l o n g i t u d i n a l  i n v a r i a n t  = M $ d l  VI, , 

2 E = p a r t i c l e  errerg = MV,,/2 -+ p B  , 

F = gy ro -ave raged  disbri b u t i o i i  f u n c t i o n .  

- 
lh i s  Form of 6W assumes t h a t  t h e  i n s t a b i l i t y  growth r a t e  i s  smal I 
compared t o  t h e  c y c l o t r o n  P r c q u e n c y  and  large compared t o  t h e  bounce 
and  d r i f t  f r e q u e n c i e s .  I h a t  is, p a r t i c l e s  are  t a k e n  a s  b e i n g  t i e d  t o  
f i e l d  l i n e s  2nd h a v i n g  no m o t i o n  along or a c r o s s  ( e x c e p t  f o r  
g y r a m o t i s n )  f i e l d  l i n e s  o v e r  t h e  t i m e  s c a l e  o f  the  i n s t a b i l i t y .  

A somewhat more g e n e r a l  form of t h c  energy  p r i n c i p l e  fo r  a n  
a n i s o t r o  i c ,  g u i d i n g - c e n t e r  p lasma was n e x t  d e r i v e d  by K r u s k a l  and  
Obermxn." l h e i r  ene rgy  p r i n c i p l e  h a s  t he  same form a s  g i v e n  i n  
Eq.  (7.1) w i t h  8Wf g iven  i n  Eq. (7.2). However, now t h e  k i n e t i c  
p o r t i o n  (SWk is changed tlo t h e  farm g i v e n  below: 

where 

(7 * 4) 

1 d l  
aJ/& J VII <. . .> = bounce a v e r a g e  Z: --I.- ( . . . ) , 

F .:: gyro- and bounce-averaged y i d i  ng--center d i s t r i b u t i o n  
f unc , t i on ,  

H e r e  it is assumed t h a t  t h e  i n s t a b i  I i t y  groisrth r a t e  i s  m a l  I compared 
t o  t h e  bounce  and g y r a t i o n  f r e q u e n c i e s  but, l a r g e  ccmpared t o  the  
c r o s s - f i e l d  d r i f t  f r e q u e n c y .  T h i s  c o r r e s p o n d s  tJo a p h y s i c a l  p i c t u r e  o f  
p a r t i c l e s  t i e d  t o  m a g n e t i c  f i e l d  I i n e s  ( l i k e  beads) w i t h  g y r a t i o n  
p e r p e n d i c u l a r  t o  f i e l d  l i n e s  and pa ra1  l e 1  i n o t i o n  a l o n g  them f o r  t h e  
t i m e  s c a l e  of the  i n s t a b i  I it,y b u t  w i t h  no d r i f t  a c r o s s  them. 



where 

<<...>> = double average over both tlhc bounce and d r i f t  motlion 

w i t h  -1-0 = precessional dr i f t .  perjiad, 

T h i s  v e r s i o n  aP energy principle then % r e s t s  t h e  d~ is "J ;  fwquency, 

the grawth ra te  of %he i nsbabi I i t y  I 
C o n s i d e r a t i o n  of t h e  sssumpt,tons i inlr ier iyi  ng (.he v a r i o u s  k i n e t i c  

p a r t s  of SW given i n  Eqs (7.3), (7.49, and (7.5) then indicates t h a t  
these should apply  t o  inc rcas ing ' y  e n e r g e t i c  p l a s ~ m  e m  
examin ing  the s t a b i  I i t y  of a h o t  eleztrcpri  st*a$i I ized 
can f  iguratian, we cansequent ly use t A e  genera I i zed k i  n e t i c  energ 
principle? of I (7.5) ts d e s w i b e  bkc ho t  eIcctr.on cornpanen& and t h e  
eonvent iona 1 D form of E q .  (7.3) for t h e  IS>WW LernperatuPe cope 
plasma. The f l u i d  portion of  SW g i v e n  i n  Lq. (7.2) w i l l  a p p l y  ta both 

nts. This i s  j u s t > i f i e d  as Iang FS we examine instabi8ilies 
rowbh r a t e  i s  much less t h 3 r  t h e  core im or electron c y c l o t r o n  

f r e q u e n c i e s  but mueh g e e s t m  t h a f i  t h e  cc d r ;  ft, OP bounce frequencies, 
On the other harid, t h e  hot electron eomponees~ must be s u f f i c i e n t l y  

bounce frequency, and gymtion freq2esicy r l  I as b e i n g  large compare 



e n e r g e t i c  t h a t  i t s  c r o s s - f i e l d  d r i f t  f requency  i s  much g r e a t e r  t h a n  t h e  
i n s t a b i  I i t y  g rowth  r a t e .  Such frequency o r d e r i n g s  s h o u l d  be 
a p p r o p r i a t e  t o  low-frequency MHI) modes i n  t h e  near-term bumpy square  
geometry.  

I n h e r e n t  i n  u s i n g  such an approach to  examine bumpy square  
s t a b i  I i t y  a r e  a number o f  assumptions: f i n i t e  Larmor r a d i u s  e f f e c t s  
a r e  neg lec ted ,  o n l y  low-frequency modes (w << wd H ~ ~ ,  or w c i )  a r e  
cons idered,  r e l a t i v i s t i c  e f f e c t s  a r e  n o t  inc luded, '  and e f f e c t s  t h a t  
depend on nHot (as separa te  form a r e  neg lec ted .  Hot e l e c t r o n  

number of modes t h a t  can o c c u r  i n  bumpy f i e l d  d e v i c e s  and found  t o  be 
s t r o n g l y  s t a b i l i z i n g  f o r  even moderate v a l u e s  of m, t h e  a z i m u t h a l  mode 
number. However, a t  low m t h e  z e r o  Larmor r a d i u s  theo ry "  stil I 
appears  t o  e s t a b l  i s h  t h e  pc I i m i t a t i o n .  The law-frequency I i m i t a t i o n  
w i I  I p r e v e n t  us  from c o n s i d e r i n g  t h e  f u l l  impact of t h e  r i n g - c o r e  
d e ~ o u p l i n g . ~ ~  T h i s  is  n o t  a p t  t o  be of too much impor tance i n  
near-term exper imenta  l d e v i c e s  where t h e  h o t  e l  e e t r o n  d r i f t  f requency  
i s  s i g n i f i c a n t l y  l a r g e r  than  t y p i c a l  MWD growth r a t e s ,  b u t  r e q u i r e s  
f u r t h e r  ana lysis i n  possi bl e f u t u r e  bev i ces w h e w  t h e  r a t  i o  q , H o t / - j M H D  
does n o t  remain  a s  l a r g e .  e f f e c t s  p r e c l u d e s  cha r  e 
uncover ing  s t a b i  I i z a t i a n  which can s t a b i  I i z e  c e r t a i n  classes of  modes 
b e f o r e  d iamagne t i c  we1 I s t a b i  I i z a t i o n  i s  e s t a b l  i shed.  Also, i t  
p r e v e n t s  examina t ion  of t h e  h o t  e l e c t r o n  i n te rchange  s t a b i  I i t y  
boundar ies;  however, s i n c e  t h e  hot i n te rchange  mode i s  n o t  u n s t a b l e  i n  
th is model (due t o  t h e  assumpt ion  t h a t  w << u ~ f  Hot ) ,  t h i s  i s  of no 
i n t e r e s t  here  anyway. 

In a d d i t i o n  t o  t h e  above assumptions, wh ich  are i n h e r e n t  t o  t h e  
energy p r i n c i p l e  a n a l y s i s ,  we make a f e  other a p p r o x i m a t i o n s  o n l y  t o  
s i m p l i f y  t h e  p r e s e n t  c a l c u l a t i o n ,  most of wh ich  can be improved w i t h  
s t r a i g h t f o r w a r d  $x tens ions .  I n  f a c t ,  work on  t h i s  i n  some areas i s  
a l r e a d y  under way. We do n o t  i n c l u d e  t h e  Pul I th ree-d imens iona l  
e f f e c t s  f o r  t h e  c o r e  or r i n g  plasmas. T h i s  i s  probab ly  q u i t e  good f o r  
t h e  h o t  e l e c t r o n  r i n g s  i n  t h e  sides of t h e  bumpy square  s i n c e  they  
s h o u l d  be very  close t o  amimutha I l y  symmetr ic b u t  may n o t  be as good 
for t h e  c o r e  p l a s m a .  F i n a l l y ,  we w i I  I n e g l e c t  t h e  r a d i a l  mode 
s t r u c t u r e  and lpri 1 I t r e a t  t h e  s i d e s  and c o r n e r  s e c t i o n s  i n  a p iecew ise  
c o n t i n u o u s  f a s h i o n .  These last two approx ima t ions  can eas i  l y  be 
avo ided  by t r e a t i n g  t h e  r a d i a l  wave number as an independent parameter 
and by g o i n g  t o  a more e l a b o r a t e  numer ica l  solution of t h e  e igenva lue  

f i n i t e  larmor r a d i u s  e f f e c t s  have been examined r e c e n b i y  1 4 , 1 5  fo r  a 

The n e g l e c t  of  
Q7 

, 
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equation. However, as a first cut, we do not include this degree of 
deta i I .  

The outline of the remainder of this section is as follows. 
First, we revisit the derivat,ian of the ballooning equation for a hot 
electron plasma immersed in a cooler core plasma (as given by 
Rosenbluth, Tsai, Van Darn, et, a1 .') and discuss t h e  differences and 
similarities of this equation with that obtained using conventional 
MWD. Second, we discuss approximations that can be made to this 
equation appropriate to the ELMU Bumpy Square (EBS) device. Finally, a 
solution and dispersion relation for the bumpy square are presented, 
and results far stability boundaries as a function of hot, and 
global mirror ratio (= B,,rn,,/Bm~dp~ane) are given. 

As mentioned in the previous section, we uri I I use the conventional 
HD fluid portion of 84 for the core plus ring component and the 
generalized kinetic energy principle for 6wk, which in this case will 
apply only  to the hot electron r i n g .  Using (9 and Q,, as variables (the 
perturbed electrostatic potential and the Lagrangian magnetic field 
perturbation p a r a l l e l  t o  the equilibrium magnetic field, respectively) 
instmd of  the displacement (with c,, set equa! t o  zero), the 
fol lowing results have been given in w f .  1 for SW+- and  6Wk: 
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X PS/B2, S -: e i k o n a l  f u n c t i o n ,  and <q> = bounce-averaged 
d r i f t  f requency .  H e r e  we have used an e i k o n a l  a n s a t z  La decouple t h e  a 
and dependences frm t h e  1 dependence (i .e . ,  we assume t h a t  t h e  
v a r i a t i o n s  i n  OL and fl a r e  much more r a p i d  t h a n  Lhc v a r i a t i o n ) .  We 
have also assumed t h a t  t h e  (az imutha l  ar ig le)  dependence i n  <H> and 
<wg> i s  n e g l i g i b l e  excep t  t h r o u g h  t h e  eim@ o f  p e r t u r b e d  f i e l d s .  T h i s  
i s  e q u i v a l e n t  t o  assuming ax isymmet ry  about  t h e  m i n o r  a x i s .  This 
s h o u l d  be a reasonab le  a p p r o x i m a t i o n  f o r  h o t  e l e c t r o n  r i n g s  i n  t h e  s i d e  
s e c t i o n s  of a bumpy square  s i n c e  they  a r e  i n  s t r a i g h t  bumpy cy1 i n d e r s  
and d o  n o t  e x p e r i e n c e  any t o r o i d a l  c u r v a t u r e .  The assumpt ion  t h a t  

<W>/<WD> ,T e i m a  t h e n  r e s u l t s  i n  <<H)> .- ~6' $ ~'18 <H>/<w$ = 0, wh ich  

reduces  Eq. (7.5) t o  t h e  form g i v e n  i n  Eq.  (7.73. 
It is now d e s i r a b l e  t o  exp ress  &/k i n  terms of  iiivinents of t h e  h o t  

e l e c t r o n  d i s t r i b u t i o n  F.  This w i l l  he e s p e c i a l l y  u s e f u l  i n  b e i n g  a b l e  
t o  f a c t o r  t h e  equ i  l i b r i u r n  force ba lance  r e l a t i o n  i n t a  t he  energy 
p r i n c i p l e  a t  a l a t e r  p o i n t .  A c t u a l l y ,  t h i s  c o u l d  be done a l o n g  w i t h  
t h e  m i n i m i z a t i o n  w i t h  r e s p e c t  to  @ and Q,, i n  t e rms  of  t h e  d i s t r i b u t i o n  
F i t s e l f ,  b u t  t h e  a l g e b r a  would pvobably  becmre much more obscu re .  
E x p r e s s i n g  8WK i n  t e r m s  O F  moments of F can be ach ieved  by u s i n g  a 
Schwar tz  i nequal i t y .  T h i s  w i  1 I a l  low us t o  w r i t e  Swk as a r a t i o  of t,ws 
velocity space i n t e g r a l s  i n s t e a d  of a s  a v e l o c i t y  space i n t e g r a l  of a 
r a t i o  af two f u n c t i o n s .  The Schwarbz i n e q u a l i t y  gives t h e  f o l l o w i n g  
r e l a t i o n s h i p :  

I f  we t h e n  i d e n t i f y  A * ,  AD, and D2 as 

('7 .8) 
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then t h e  inequality of Eq. (7.8) yields 

Tha t  is, t h e  r i g h t  s i d e  Pepresents a lower bound on i%k such t h a t  this 
should result in a pessimistic estimate of s t a b i  I i t y .  T h i s  a p p I  i c sk ion  
of the Schwartz inequality, of ccaursc",, depends on the above quantities 
(A2, 02, and AD) havin the same sign over t h e  range of i ntegration. 
Changes in t h e i r  averal sign should not influence t h e  argument, but, a 
change in s i g n  w i t h  respect to pitch a n g l e  or energy variations can 
invalidate i t .  Far amp! e, the  bounce-averaged dl-i f t ,  frequency i n  t h e  
hot el ectran ring r e  an i s  plotted in F ig .  7.1 \IS $ equal to cosine af 
the pitch angle and r three diffei-ent v a l u e s  or" hat. I n  t h e  first 
case, p~~~ is  zero; second, it i s  just, e n ~ u g h  t a  cancel  t h e  curvature 
d r i f t ,  but not form a w e l l ;  and t h i r d ,  in t h e  bottom f igure ,  / 3 ~ ~ ~  i s  
large enough t o  reverse QB and the overa l  I d i r e c t i o n  of <w$. As may 
be seen, "cere i s  generally a region near < RE 0.8 where <a$ ~-everses 
sign. Normally, this w u i d  p r e v e n t  .the use of a Schwartz inequality. 
However, since t h e  kinetic portion af  6W here  is only a p p l i e d  to the 
hot electran ring, which i s  highly a n i s o t r o p i c  (P,H > P,,H), it i s  
expected that t h e  hot electron distribution wi I I  not si 
populate t h e  range of pitch an l es  where <%> reverses sign 
i n  t h e  present calculation we assume P,,H = e t ,  which ensures t h e  
validity of the Schwartz inequalihy. Wowever, even i f  one allows ;a 
finite P,,H, it i s  expected tha t ,  th is  procedure should be v a l i d  far 
typical r ing  e l e c t r a n  d i s t r i b u t i o n s .  I n  earlier work,12 where the r i n g  
pressure vas Laken as isotropic, t h e  stability i nJow was observed t o  
vanish, and t h i s  possibly can be related to the a b v e  d i f f i c u l t y .  

Using t h e  form of" S w k  given i n  Eq. (7.93, one can now interchange 
orders  of integration on t h e  ~ ~ m e r a b r  and denominator velocity 
i ntegra Is, t h a t  i si, 
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F i g .  7.1. Bounce-averaged d r i f t  f r equency  vs p i t c h  a n g l e  
(< :: cos V,,/V) fo r  three different values of r i n g  b e t a ,  @Hot. @Hot = Q 
(top), smal I p~~~ (midd le ) ,  and large p ~ ~ t  (bottom). 
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\ 

and exp ress  these  i n t e g r a l s  i n  te rms  of p ressu re  moments of t h e  h o t  
e 1 e c t r o n  d i s t r i b u t i o n  f u n c t i o n :  

Bottom i n t e g r a l  = J- dl! J dE '' (e 0 VF) (p * V B  + V i  e * R )  
II E 

N 

Here, t h e  o p e r a t o r  V = V - V B  a/aB and a r i s e s  fram moving t h e  g r a d i e n t  
o p e r a t o r  from i n s i d e  t h e  v e l o c i t y  i n t e g r a l s  ($ dE dp B/VII) t o  o u t s i d e .  
The k i n e t i c  p o r t i o n  of  SW t h e n  beemesl  

S e p a r a t i n g  o u t  t h e  components of 6Wf and wk, wh ich  involve Q,,, we can 
now m i n i m i z e  w i t h  r e s p e c t  t o  Q,,, r e s u l t i n g  i n  t h e  f o l l o w i n g  i n t e g r a l  
e q u a t i o n  fo r  Q,,: 

(7.11) 

where 
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N N 

VB) (e * VP,H) -t- (e * K >  (e * V P l 1 ~ ) ]  . 

N 

T h i s  can e a s i l y  b e  s o l v e d  by t a k i n g  a [ da(e * VP1H)/B2 moment and  
g i v e s  t h e  fol lowing s o l u t i o n '  for Q,,: 

(7.12) 

w h e r e  

I n  d e r i v i n g  t h i s  we have i n c o r p o r a t e d  t h e  e q u i  I i b r i u m  p r e s s u r e  b a i a n c e  
r e l a t i o n  V E = BaFG - l/8 V,P, t o  e l i m i n a t e  t h e  a V l 3  t e r m  a p p e a r i n g  i n  
A above  [E:. (7.11)]. T h i s  w i  I I a v o i d  s e n s i t i v i t i e s  t o  t h e  e q u i  I i b r i u m  
model, w h i c h  would o t h e r w i s e  e x i s t  i n  t h e  i - e s u l t i n g  b a l  I w n i n g  

S u b s t i t u t i n g  Qj, from Eq. (7.11) i n t o  Eq+ (7.10) a n d  m i n i m i z i n g  
* eq u a t, i o n  . 

w i t h  r e s p e c t  t o  Q l e a d s  t o  t h e  b a l l o o n i n g  e q u a t i o n ,  g i v e n  i n  r e f .  1: 

w h e r e  I' is p r o p o r t i o n a l  t o  u2, 

I. ' VS = k  
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N 

T h i s  i s  an i n t e g r a - d i f f e r e n t i a l  e q u a t i o n  of t h e  Fredholm t y p e  w i t h  a 
symmetric k e r n e l  and may be s o l v e d  by t h e  p r e s c r i p t i o n  g i v e n  i n  r e f .  1. 
That  is, we can break  4 up i n t o  a homogeneous s o l u t i o n  and a p a r t i c u l a r  
s o l u t i o n :  4) = I- ~$1, where 190 i s  a s o l u t i o n  of E q .  (7.13) w i t h  t h e  
r i g h t  s i d e  s e t  equal bo z e r o  and C J ~  i s  a s o l u t i o n  w i t h  A = 1" The 
c o n s t a n t  c i s  t h e n  de te rm ined  by s u b s t i t u t i n g  th is s o l u t i o n  back i n t o  
Eq. (7.13). We use th is  method w i t h  a very s i m p l i f i e d  e q u i l i b r i u m  
model for  t h e  bumpy square .  A t  t h i s  p o i n t ,  Eq. (7.13) c o u l d  be a p p l i e d  
t o  numer ica l  I y  c a l c u l a t e d  bumpy square  equi  I i b r i u m  f i e l d s  and s o l v e d  
using s h o a t i n g  techn iques .  Work on th is t y p e  of c a l c u l a t i o n  i s  
p r e s e n t l y  under way, b u t  o n l y  t h e  s i m p l i f i e d  a n a l y t i c  model w i l l  be 
d i scussed  here .  

I n  o r d e r  t o  reduce Eq.  (7.13) t o  a r e a d i l y  t r a c t a b l e  form, we make 
a number of approx ima t ions .  First, we c o n s i d e r  t h e  high-m l i m i t  w h e r e  
t he  r a d i a l  mode s t r u c t u r e  can be n e g l e c t e d  and S can be taken  as mp. 
Second, t h e  azimuthal mode number rn c a n c e l s  from t h e  b a l l o o n i n g  
e q u a t i o n .  T h i r d ,  we t a k e  P,,H 1. 0 and assume t h a t  (31~ a n d  are 
s u f f i c i e n t l y  small such t h a t  CT M 1 and I- M 1. F i n a l l y ,  as ment ioned i n  
r e f .  18, t h e  q u a n t i t y  I V S I 2 / B  can be r e l a t e d  t o  magnet ic  f l u x  and 
s h s u l d  be f a i r l y  c o n s t a n t  along a f i e l d  l i n e .  I n v o k i n g  t h e s e  
a p p r o x i m a t i o n s  r e s u l t s  i n  t h e  fol l ow ing :  
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€3 w p  
SL 

=U, = c o n t r a v a r i a n t  b a s i s  v e c t o r  i n  Vcc d i r e c t i o n ,  e =  

e * R = % = e o n t r a v a r i a n t  c u r v a t u r e  a component. 

We t h e n  d e f i n e  t h e  f o l l o w i n g  q u a n t i t i e s  t o  s i m p l i f y  t h e  appearance of  
t h e  ba l  l o a n i n g  e q u a t i o n :  

where L = t y p i c a  1 f i e l d  I i n e  1 ength, we normal i z e  e a s  s = !/L, and 
s u b s c r i p t s  denote  e v a l u a t i o n  a t  t h e  midp lane.  
can t h e n  be w r i t t e n  as 

The ba l  l o o n i n g  e q u a t i o n  

where we have no ted  t h a t  

(7.14) 
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w i t h  

A n  analo  ous equation from conven t iona l  MHD (using a r i g i d  r i n g  model) 
would  be 4a 

(7.15) 

w i t h  

q = r a t i o  o-f spec i f i c  hea ts .  

Here we have r e t a i n e d  compress! b i  I i t y  effects which e n t e r  i n  t h r o u g h  
the integral term on the  r igh t  s i d e  of the equa t ion .  Comparison of 
Eqs. (7.14) and (7.15) i n d i c a t e s  t h a t  t h e  e f f e c t  of  t h e  h o t  s p e c i e s  
e n t e r s  i n  t h r o u g h  a term which i s  very similar t o  t h e  c o m p r e s s i b i l i t y  
t e rm in convent ional  MHD. Since OH i s  nega t i ve  on t h e  ou ts ide  h a l f  of 
a hot e lec t ron  r i n g  located i n  a n  u n f a v o r a b l e  c u r v a t u r e  region, t h e  
r i g h t  side of Eq. (7.14) wil I add positive "compressibilityR (which i s  
stabilizing for  f3, < &QDN) and nega t i ve  RcompressibilitlR (which i s  
d e s t a b i  I i z i n g  f o r  8, > PLVDN). The l a t t e r  e f f e c t  g i v e s  rise t o  the  8, 
l i m i t  a t  (3, = BL\IM. 
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One difference between Eqs. (1.14) and (7.15) on the left side is 
t h a t  r - De - DH in the kinetic ballooning equation is replaced by 
r- Dc - DCH in the  conventional MHD equation. Setting this 
coefficient t o  zero and requiring r E 0 results in a stability 
condition for flute mode, at least in a local .sense. [A  line--averaged 
condition can be obtained by going a fen steps back in the derivation 
of the bal laoning equation and retaining t he  line averages of 

&!(a>.]  For conventional MMD, the D a  term gives rise to diamagnetic 
we1 I stabi I iration (in t h e  r i g i d  ring sense) s i n c e  

-D, < 
where 

Lnw = 

R, = radius of curvatulae at the midplane. 

In the case of the kinetic ballooning equation, c>a is replaced by DH 
(proportional t o  IC dE5iH/dr), w h i c h  would appeap. to add to the 
instability drive of the core plasma occurring i n  the Elc term 
(proportional t o  K, dpc/dr) .  However, i f  e take the flute limit in 
Eq. (7.14) and take L)a4 a n d  D I ~  to  be constants along a field line 
[actual ly such strong approximations a r e  not necessary if we 90 back to 
the line-averaged version of & ! k ( l ) ] ,  the r ight, side of Eq. (7.14) 
becomes 

where we have a lso  expanded in powers a? ~ ~ , / / ~ L v D N .  In this I irnit, the 
KIP term an the left side of Eq.  (7.14) i s  cancelled by a similar term 
from the right side and replaced by exactly the term required to give 
r i g i d  ring conventional VHD. 

ever, for instability modes t h a t  have some finite degree of 
bal looning, t h e  hot electron presswe  gradient term wi I I not completely 
cancel, resulting in a nonrigid ring ~esponse that can be 
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destabilizing. Th is  i s  especially apparent if we use the identity 
(A .+ ~ 1 - l  = A-* - (B/A)(A + ~ 1 - l  t o  rewrite Eq. (7.14) as foi I ~ S :  

7.4 APPLICATI M" THE KINET3[C BALLOONING EQUATION Ta A 
CONFIGURATION 

The hot-e I ectron-sta b i  I i zed bumpy square dev ice is discussed 
extensively i n  r e f .  6. In this geometry there are eight symmetry 
planes, so it wil I only be necessary to consider one-eighth o f  the 
dev ice .  A diagram of a one-eighth sector i s  shown in Fig. 7.2 with 
sane typical dimensions indicated. Here, as in r e f .  18, we assume t h a t  
the transition from a side to a corner section occurs i n  t h e  corner and 
t h a t  s = 1 - E represents t h e  boundary between a side and B corner, 
s = 0 i s  t h e  middle of a side, and  s = 1 is the  midd le  af a corner. 
Here E = T R ~ ~ ~  I/L and I_ i s  given by 

I f  we then convert % and dpldru. to the  normal ~ y I i n d ~ i ~ a I  radial 
variable, we have 
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s=  1 

F ig .  7.2. Schematic diagram of a one-eighth sector of a n  EBS w i t h  
some typical dimensions. 



As mentioned, t h e  q u a n t i t y  Bg/lV/301~(= r5B0) is r e l a t e d  t o  t h e  magne t i c  
f l u x  (ZC, 21 r28) wh ich  is  c a n s t a n t  a l o n g  a f i e l d  l i n e .  If we f u r t h e r  use 
t h e  cons tancy  of  r2B i n  examin ing  t h e  dependence of  OH and D, i n  t h e  

Th is  t e n d s  t o  w e i g h t  them h e a v i l y  toward  t h e  midp  anes of t h e  s i d e  
s e c t i o n s .  As a f i r s t  approx ima t ion ,  we t h e n  simp y e v a l u a t e  t h e s e  
te rms  a t  t h e  m idp lane  and t a k e  them a s  c o n s t a n t s .  S i n c e  t h e r e  a r e  
presumably no h o t  e l e c t r o n s  i n  t h e  co rne r  s e c t i o n s ,  we only need t o  
e u a l u a t e  D, t h e r e .  Assuming t h a t  magnet ic  f i e l d  l i n e s  i n  t h e  c o r n e r  
a r e  one-quar te r  a r c s  of p e r f e c t  c i r c l e s  (of r a d i u s  2Rco i~ )  w i t h  a 
magne t i c  f i e l d  s t r e n g t h  WIG t i m e s  l a r g e r  t h a n  t h a t  i n  t h e  m idp lanes  of 
t h e  sides, DCDcorner c a n  be approx imated i n  a s i m p l e  manner (as was 
done i n  r e f .  18). 

s ide s e c t i o n ,  we f i n d  t h a t  t h e s e  te rms  a r e  l e f t  w i t h  a I?, 5 B -2 s c a l i n g .  

The resul t ing va lues  of D, and OH a r e  g i v e n  below: 

(7.17) 

(7.18) 

(7.19) 

We can t h e n  w r i t e  dawn separate ballaaning e q u a t i o n s  for  t h e  s i d e  and 
c o r n e r  s e c t  ions :  

( co rne r  e q u a t i o n  - no hot spec ies)  

(7.20) 

(7.21) 

(side e q u a t i o n  - hot species p r e s e n t  a t  midplane) . 
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As ment ioned i n  t h e  p rev iaus  s e c t i o n  (Sec t .  7.31, t h e  s i d e  e q u a t i o n  may 
be s o l v e d  by decomposing t h e  s o l u t i o n  (@ = 40 -t d1) i n t o  a homogeneous 
p a r t  a0 and a 
p a r t i c u l a r  s o l u t i o n  01 t h a t  is a solution of 

[ w i t h  t h e  r i g h t  s i d e  of Eq. (7.21) s e t  t o  zero] 

(7.22) 

S u b s t i t u t i o n  back i n t o  t h e  o r i g i n a l  Eq. (7.21) t h e n  g i v e s  t h e  c o n s t a n t  
c as 

f cr= 
1 - f (@I) ’ 

where 

The boundary c o n d i t i o n s  t h a t  w i  I I be appl i e d  t o  0 a r e  

(4 d@ -- _- 0 a t  S = 0 and 

(b) a ( ~  z 1) = 1 ( s i n c e  
t h e  va 

(7.23) 

s = 1 si nce these  a r e  symmetry p lanes ;  

the e q u a t i o n  i s  homogeneous, we can s p e c i f y  
ue of a t  one p o i n t ) ;  

(c) Q, and &/Cas a r e  con t inuous  a t  s z 1 - E. 

The solution i n  the corner s e c t i o n  s u b j e c t  t o  t h e s e  boundary c o n d i t i o n s  
Is: 

cD~,~,,, = c a s  k,(s - 1) 

where 

(7.24) 
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2 
k c  = r - %,corner * 

The s o l u t i o n  i n  t h e  s ides  can be c o n s t r u c t e d  u s i n g  a Green's f u n c t i o n  
t o  g i v e  

[cos kCE - cos k , ( l  - E)] c = COS kss + 
kscos k,(l - E) 

+ 6 DHCOS k g  s i n  k , ( l  - E - s)  dy 

+ s",- DHCQS kss s i n  k,(l - E - y)  dy 

where 

S i n c e  i n  o u r  case DH is independent of  s, th is reduces  t o  

(7.25) 

(7.26) 

S u b s t i t u t i n g  back i n t o  Eq. (7.21) or u s i n g  Eq. (7.23) t h e n  gives the  
c o n s t a n t  c as 

k,tan k,(l - E)COS kC€ 
c =  

1 k2 A + %[ 1 - E - - t a n  k , ( l  - 
DH ks 

where 

Q = J d s  (DH + DCH) = D H ( ~  - E) 1 ( -Ti !&-)*  
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The s o l u t i o n s  of Eqs .  (7.24) and (7.25) now satisfy c o n t i n u i t y  of Q, a t  
s = 1 - E (s ide-corner  i n t e r f a c e ) ,  b u t  we have n o t  made t h e i r  
d e r i v a t i v e s  con t inuous .  T h i s  requ i remen t  l eads  t o  t h e  d i s p e r s i o n  
r e l a t i o n  g i v e n  below: 

k c t a n  kCE = -k,tan k s ( l  - E) 

tan2k,(l - E) 
- I_-._ DH 9 (7.28) 

1 
k2 S 

k,(l - E )  

S t a b i l i t y  i s  determined by s o l v i n g  t h i s  equa t ion  far r, w i t h  r < 0 
i m p l y i n g  i n s t a b i l i t y  and r >  0 i m p l y i n g  s t a b i l i t y .  

7.5 TS 

I n  order t o  s o l v e  t h e  d i s p e r s i o n  r e l a t i o n  g i v e n  i n  Eq. (7.28), we 
have used a numer ica l  r o o t - f i n d i n g  techn ique.  The e q u a t i o n  was 
r e w r i t t e n  i n  a form t h a t  does n o t  have any s i n g u l a r i t i e s ;  also, it was 
nece.ssary t o  p r o p e r l y  c o n t i n u e  t h e  t r i g a n o m e t r i c  f u n c t i o n s  so t h a t  t hey  
became hyperbo l  i c  f u n c t i o n s  i n  cases where k; and ks were n e g a t i v e .  I t  
was observed t h a t  t h e r e  is  a lways  a root a t  I-'= 0 f o r  8, = 0, 
independent of  p L ~ .  T h i s  p a r t i c u l a r  root was f o l l o w e d  as 8, was 
changed i n  s m a l l  inc rements .  T y p i c a l  r e s u l t s  a r e  p l o t t e d  i n  F ig .  7.3 
for f vs f l c / / 3 L ~ ~ ~  for s e v e r a l  d i f f e r e n t  va lues  o f  /31~ (= pL~//3LVDN) 

As may be seen, t h e  root is  a l w a y s  u n s t a b l e  (I?< 0) for p l ~  = 0. Then, 

as P l ~  is i nc reased,  t h e r e  b e g i n s  to  be a s t a b l e  window i n  8,. A t  
p l ~  = 2 (which i s  t h e  d iamagne t i c  we1 I s t a b i  1 i z a t i o n  c o n d i t i o n ) ,  t h e  

2 

N 

N 

N 

N 
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l o w e r  end of t h e  s t a b l e  window i n  8, e x t e n d s  a l  I t h e  way t o  f3, = 0, a s  
w o u l d  b e  e x p e c t e d .  
N N e x t ,  i n  Fig.,7.4 we have  p l o t t e d  t h e  s t a b i l i t y  b o u n d a r i e s  i n  t h e  
pc(= fIc/@LVDN) vs pLH p l a n e  f o r  s e v e r a l  v a l u e s  of MG. S e v e r a l  
i n t e r e s t i n g  f e a t u r e s  can  be s e e n  h e r e  w h i c h  r e l . a t e  t o  t h e  d i s c u s s i o n  of  
S e c t .  7.3. First of a l l ,  t h e r e  i s  a d i a m a g n e t i c  we1 I s t a b i l i z a t i o n  

b o u n d a r y  a t  pkfl = 2 and /3, = 0. However,  as 8, i s  made f i n i t e ,  

p r o p o r t i o n a l  l y  l e s s  pLti i s  r e q u i r e d  f o r  s b a b i  I i t y .  T h i s  e f f e c t  i s  
e x p e c t e d  t o  be d u e  to t h e  p o s i t i v e  " c o m p r e s s i b i l i t y W  a s p e c t  o f  t h e  
k i n e t i c  t e r m  o n  t h e  r i g h t  s i d e  of E q .  (7.14) fo r  0, < P L ~ ~ N .  However ,  

t h i s  is  o n l y  o b s e r v e d  t o  e x t e n d  t o  B L ~  = 1 ( l e f t  edge of t h e  f i g u r e ) ;  
p a s t  th is  p o i n t  s t a b i l i t y  d o e s  n o t  seem t o  be p o s s i b l e  a t  any v a l u e  o f  

8,. A n o t h e r  e f f e c t  p r e s e n t  i n  F i g .  7.4 i s  t h e  d r o p o f f  i n  t h e  upper  Pc 
l i m i t  a s  P I ~  i s  r a i s e d .  T h i s  i s  e x p e c t e d  to b e  r e l a t e d  t o  a l a c k  o f  
c a n c e l  l a t i o n  i n  t h e  h o t  e l e c t r o n  p r e s s u r e  g r a d i e n t  t e r m  ( n o n r i g i d  r i n g  
r e s p a n s e ) ,  d i s c u s s e d  p r i o r  t o  E q .  (7.16), a s  t h e  mode s t r u c t u r e  
d e v e l o p s  a s i g n i f i c a n t ,  d e g r e e  of b a l  I o o n i n g .  

I h e  s c a l i n g  of t h e  s t a b i l i t y  b o u n d a r i e s  w i t h  MG 
(1 ' c o r n e r  /B m i d p l a n e  ) i n d i c a t e s  t h a t  b o t h  t h e  upper  and  l o w e r  
b o u n d a r i e s  b e g i n  t o  d e t e r i o r a t e  s l i g h t l y  a s  MG i s  lowered .  T h i s  would 
be e x p e c t e d  s i n c e  d e c r e a s i n g  MG changes  t h e  w e i g h t i n g  of t h e  
u n f a v o r a b l e  c u r v a t u r e  i n  t h e  c o r n e r  s e c t i o n s .  However,  MG m u s t  be 
l o w e r e d  a good b i t  to see any e f f e c t  s i n c e  t h e  c o r n e r  c u r v a t u r e  is 50% 
weaker  t h a n  t h e  c u r v a t u r e  i n  t h e  m i d p l a n e s .  Also, t h e  l e n g t h  of t h e  
f i e l d  l i n e s  t h r o u g h  t h e  c o r n e r  s e c t i o n  i s  s i g n i f i c a n t l y  s h o r t e r  t h a n  
t h r o u g h  t h e  s i d e  s e c t i o n .  As .a r e s u l t ,  no s i g n i f i c a n t  change o c c u r s  
u n t i  I MG = 2 .  For t h e  bumpy s q u a r e  d e v i c e  p r e s e n t l y  u n d e r  
c o n s i d e r a t i o n ,  MG i s  n o m i n a l l y  equa l  t o  4; an MG of  2 is p r o b a b l y  a 
l o w e r  l i m i t  t o  t h e  v a r i a t i o n  t h a t  c o u l d  r e a l i s t i c a l l y  be made i n  t h i s  
p a r a m e t e r .  As may be seen, t h e r e  is  no s u b s t a n t i a l  d i f f e r e n c e  between 
t h e  MG = 4 a n d  MG = 1000 c a s e s .  The l a t t e r  s h o u l d  c o r r e s p o n d  to a 

bumpy cy I i n d e r  I i m i  t .  

N N N 

N 

hl 

N 

N 

.- 

The g e n e r a l  i r e d  k i n e t i c  e n e r g y  p r i n c i p l e  ( for  t h e  h o t  e l e c t r o n s ) ,  
c o u p l e d  w i t h  t h e  c o n v e n t i o n a l  MWD energy  p r i n c i p l e  f o r  t h e  c o r e  p lasma,  
h a s  been a p p l i e d  t o  t h e  b a l l o o n i n g  s t a b i l i t y  of a bumpy s q u a r e  p lasma 
w i t h  h o t  e l e c t r o n  r i n g s .  A v e r y  s i m p l i f i e d  model o f  t h e  vacuum 
m a g n e t i c  f i e l d  a n d  plasma p r o p e r t i e s  i s  used h e r e .  However,  t h e  two 
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l o w e r - f r e q u e n c y  s t a b i  I i t y  b o u n d a r i e s  ( d i a m a g n e t i c  we1 I s t a b i  I i z a t i o n  
and  upper  PC l i m i t  w i t h  Pc f! /3LvnN) t h a t  w o u l d  be e x p e c t e d  i n  s u c h  a 
c o n f i g u r a t i o n  a r e  r e a d i l y  a p p a r e n t  i n  t h e  r e s u l t s ;  th is  l e a d s  one  t o  
c o n c l u d e  t h a t  t h e  b a l l o o n i n g  e q u a t i o n  i s  n o t  h i g h l y  s e n s i t i v e  t o  t h e  
e q u i l i b r i u m  m o d e l .  F u r t h e r  r e f i n e m e n t s  a r e  d e s i r a b l e  a t  t h i s  p o i n t  and  
w o u l d  p r o b a b l y  i n v o l v e  u s i n g  r e a l  i s t i c  vacuum m a g n e t i c  f i e l d s  ( w h i c h  
a r e  a v a i  l a b l e  now' f o r  t h e  bumpy s q u a r e ) ,  w i t h  f i n i t e - b e t a  c o r r e c t i o n s ,  
and  u s i n g  n u m e r i c a l  s h o o t i n g  t e c h n i q u e s  t o  s o l v e  f o r  t h e  s t a b i l i t y  
c o n d i t i o n .  

The r e s u l t s  o b t a i n e d  i n  t h e  p r e s e n t ,  s i m p l i f i e d  model i n d i c a t e  
t h a t  @, l imi ts i n  a bumpy s q u a r e  w i t h  MG = 4 a r e  n o t  d r a s t i c a l l y  
d i f f e r e n t  from t h o s e  p r e s e n t  i n  an i n f i n i t e  bumpy c y l i n d e r .  Two 
e f f e c t s  o f  i n t e r e s t  a r e  t h a t  f o r  f i n i t e  v a l u e s  o f  8, s t a b i  I i t y  c a n  b e  
a c h i e v e d  w i t h  f31~ < 4A/Rc ( i . e . ,  be low t h e  c r i t i c a l  v a l u e  f o r  
d i a m a g n e t i c  we1 I s t a b i  I i z a t i o n )  and  t h a t  t h e  u p p e r  /3, I i m i t  drops o f f  
a s  pL1{ i s  i n c r e a s e d  above  t h e  minimum r e q u i r e d  for  s t a b i l i t y .  I h e  
f i r s t  f e a t u r e  is  t h o u g h t  t o  be caused by t h e  p o s i t i v e  R c o m p r - e s s i b i I i t y w  
a s p e c t  of  t h e  k i n e t i c  t e r m  i n  t h e  b a l l o o n i n g  e q u a t i o n  f o r  8, < PLVDN. 
The second  h a s  been r e l a t e d  t o  an enhancement i n  t h e  r i n c j - c o r e  
i n t e r a c t  i o n  a s  ba I I o o n  i ng becomes s t r o n g e r .  B o t h  e f f e c t s  e n c o u r a g e  
o p e r a t i o n  a t  a s  low a v a l u e  of p I ~ ~  a s  p o s s i b l e  w h i l e  m a i n t a i n i n g  c o r e  
nlacma r ' - -  s t . a b i  ! i z a t . i o n .  F n r t u n a t e ! y ,  t h i s  i s  ?!so t h e  r e g i r n e  i n  w h i c h  
o n e  w o u l d  l i k e  t o  o p e r a t e  t o  m i n i m i z e  r i n g  power r e q u i r e m e n t s .  

Work is  p r e s e n t l y  under  way o n  th is t y p e  of  c a l c u l a t i o n .  

- 
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Appendix 8 

CONCEPTUAL DESIGN REPORT FOR ELMO BUMPY SQUARE 

Ab s t rac t 

A conceptual design was prepared for the EBS project, providing 

for the complete disassembly of the EBT device, demolition of its 

substructure, and assembly of new and existing components. This 

report presents a brief physical description of the project; a state- 

ment of the project purpose and justification; the system definition 

and baseline requirements; a discussion of the concept and some 

alternatives; preliminary assessments of s a f e t y ,  quality assurance, 

environment, and energy conservation; a description of the method 

f o r  accomplishing the project; a schedule and cost estimate; a 

review of the specifications and existing systems; and a number 

of engineering drawings. 
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1. INTRODUCTION 

This document con ta ins  the conceptual design f o r  use by Karrt.in 

Marierta Energy Systems, Inc., in prepa r ing  C O I I S ~ K U C ~ ~ O ~  drawings and 

equipaent spec i f ica t ions  far changing the Fusion Energy Div is ion  EM0 

Bumpy Torus (EBT) device €ram a toroidal configuration to a s q u a r e  

configuration. 
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2 .  BRIEF PHYSICAL DESCRIPTION OF PROJECT 

This p r o j e c t  provides  for the complete disassembly of the existing 

EBT device, demolition of the substructure, and reassembly of new and 

existing components to farm a square configured device as shown on 

drawing S U O .  Sixteen of the existing mirror coi ls  will be salvaged and 

reinstalled between new c a v i t y  sections, four coils on a side. The 

connecting corner sections farming the vacuum vessel will be toroidal 

sectors, each with eight new half-size EBT mirror coils. 

substructure and a n e w  microwave manifold will be provided. 

eight corner coils w i l l  be powered by a 3-Mw generator, requiring an 

additional 12 MM of power not previously supplied to the device. The 

power distribution system and cooling water system will be modified to 

accommodate the additional needs. 

A new device 

Each set of 

The instrumentation and control systems and the microwave waveguide 

networkwill be removed from t he  existing device and will be reinstalled 

essentially unchanged, except as required to adapt to the new configu- 

r a t i o n .  The biological shield will remain unchanged. 
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3 .  PROJECT PURPOSE ,AND JUSTLF~CATION 

3.1 PURPOSE 

This  p r o j e c t  i s  an  advancement oE t h e  e x i s t i h g  ELMO Bumpy Torus 

(EBT) r e s e a r c h  program sponsored by the  U.S. Department of Energy (DOE),  

Of f i ce  of Energy Research, Of f i ce  o f  Fusion Energy. 

t h i s  p r o j e c t  are (1) t o  enhance and extend t h e  t e c h n i c a l  d a t a  base of 

t h e  program and (2 )  t o  provide cha l l enge  and s t i m u l a t i o n  t o  t h e  o v e r a l l  

fu s ion  program through exp lo ra t ion  of novel  approaches i n  the areas of 

phys ics ,  technology, and f u s i o n  r e a c t o r  engineer ing .  

The purposes  of 

3.2 JUSTIFICATION OF NEED AND SCOPE 

The EBT is a t o r o i d a l  confinement system with a number of f e a t u r e s  

that make i t  a t t r a c t i v e  as a r eac to r  concept .  These inc lude  s teady-  

s ta te  ope ra t ion  w i t h  good a c c e s s i b i l i t y  f o r  maintenance, modular i ty ,  and 

r e l a t i v e l y  s i m p l e  magnetic c o i l  system and engineer ing  des ign  r equ i r e -  

ments. I n  t h e  years t h a t  t h e s e  v i r t u e s  of EBT were i d e n t i f i e d ,  the 

o the r  f u s i o n  dev ices  have recognized and t r i e d  to incorpora te  these  

advantages.  This  a t tempt  l e d  t o ,  f o r  example, t h e  emphasis on c u r r e n t  

d r i v e  i n  tokamaks t o  approach s t eady  state and t o  t h e  modular tokamak 

and s t e l l a r a t o r  des igns  t o  g e t  some of t h e  m a i n t a i n a b i l i t y l a u a i l a b i l i t y  

advantages af EBT. H i s t o r i c a l l y ,  the EBT program has con t r ibu ted  t o  t h e  

development of f u s i o n  i n  a much broader sense than j u s t  its seastor 

a t t r a c t i v e n e s s .  These c o n t r i b u t i o n s  inc lude  (1) micz~owave [ e l e c t r o n  

cyc lo t ron  h e a t i n g  (ECH)]  phys ics  and technology, ( 2 )  phys ics  of non- 

axisymrnetric t r a n s p o r t ,  (3 )  steady-seate plama-wal l  i n t e r a c t i o n s ,  
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( 4 )  physics of very high temperature plasmas, and ( 5 )  several novel 

plasma diagnostics (i-e., heavy ion beam probe, em.). These physics 

and technology contributions are expected to continue and to be further 

advanced with this new proposed project - the ELMO Bumpy Square (EBS). 

Recently, several advanced bumpy torus configurations were studied 

in detail to identify those concepts that offer potential for significantly 

enhanced performance in the present EBT geometry and that offer favorable 

reactor extrapolations. h a n g  the various possibilities considered, the 

reconfiguration oE the present device from a torus into a square, with 

stronger magnetic fields in the corners, has been shown to be feasible 

and is a logical step in the program. 

The EFS is formed by four linear arrays of simple magnetic mirrors 

linked by four high-field toroidal solenoids (corners). The configu- 

ration is such that the straight sides of the square are constructed 

from the EBT-I/S mirror coils (four coils per side), and each corner is 

formed by eight new half-size EBT-I/S coils that generate high field 

with negligible field ripple in the corners. 

The EBS configuration offers a number of distinct advantages over a 

conventional EBT with respect to particle confinement, heating, trans- 

port, ring production, and stability. In EBS the particle drift orbits 

are better centered for a l l  classes of particles. The velocity space 

loss  region is greatly reduced, leading tu improved volume utilization, 

significantly reduced direct particle losses, and increased microwave 

heating efficiency. For an isotropic distribution, more than 95% of the  

particles are confined in I%B§$ as compared to '7.50% confinement in 

EBT-I/S, The combination of nearly concentric particle drift o r b i t s  and 
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t he  s m a l l  r a d i a l  displacements  i n  t h e  h igh - f i e ld  co rne r s  g ives  an order -  

of-magnitude r educ t ion  i n  n e o c l a s s i c a l  d i f f u s i v e  l o s s e s .  The o r b i t s  of 

t h e  deeply t rapped p a r t i c l e s  and c o r e  plasma p r e s s u r e  s u r f a c e s  almost 

co inc ide  and are cen te red  on t h e  minor axis.  There being no s h i f t ,  ho t  

e l e c t r o n  r i n g s  w i l l  be  exceedingly well cen te red  i n  EBS. For t he  s a m e  

an iso t ropy  i n  EBS t h e r e  should be l i t t l e  o r  none of t h e  r a d i a l  broadening 

of t h e  ring t h a t  occurs  i n  EBT. This  should make i t  easier t o  form an  

average magnetic w e l l  i n  EBS than  i n  ERT. De ta i l ed  c a l c u l a t i o n s  i n  t h e  

areas of equ i l ib r ium and s t a b i l i t y  i n d i c a t e  t h a t  e q u i l i b r i a  e x i s t  

( s h i f t s  are smaller i n  a square c o n f i g u r a t i o n  than i n  a t o r u s ) ,  and t h e  

s t a b i l i t y  l i m i t s  ( e s p e c i a l l y  those  a s s o c i a t e d  wich t h e  co rne r s )  are no 

more r e s t r i c t i v e  than  those  s t u d i e d  € o r  a convent iona l  EBT. Reactor  

p r o j e c t i o n s  €o r  EBS i n d i c a t e  t h e  p o s s i b i l i t y  of a s u b s t a n t i a l  r educ t ion  

i n  r e a c t o r  phys i ca l  s i z e  (a f a c t o r  of 2 t o  3 )  as compared t o  p a s t  EBT 

des igns ,  

3 . 3  ECONOMIC CONSIDEUTIONS 

Because EBS is  a r econf igu ra t ion  of t h e  e x i s t i n g  EBT-I/S dev ice ,  

t h e r e  i s  a minimal c a p i t a l  investment involved f a r  the  phys ics  program. 

As discussed  i n  t h e  previous s e c t i o n ,  EBS n o t  only w i l l  extend t h e  

knowledge of EBT phys ics ,  b u t  i t  w i l l  a l s o  advance the EBT i n  a favor- 

a b l e  d i r e c t i o n  i n  terms of r e a c t o r  d e s i r a b i l i t y  and w i l l  cont inue  t o  

c o n t r i b u t e  t o  t h e  phys ics  and technolcjgy of fus ion  i n  gene ra l .  
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4. SYSTEM DEFINITION AND BASELINE REQUIREMENTS 

4 . 1  FUNCTION& REQUIREMENT 

The device is  designed t o  be a physics experiment wherein a n  

environment is crea ted  t o  permit c e r t a i n  phys ica l  phenomena t o  occur and 

where p r e c i s e  observations and determinations can be made of t h e i r  

occurrences. The basic machine parameters t h a t  must be measured con- 

t inuously are vacuum pressure ,  magnetic f i e l d  i n t e n s i t y ,  rate of heat  

removal, and microwave power level. The measurement and c o n t r o l  of 

these  parameters is  wi th in  t h e  scope of t h i s  pro jec t .  

4.2 PERFORMANCE REQUIREMENTS (FELLABILITY, AVAILABILITY, 
AND MAINTAINABILITY) 

T h e  opera t ion  of t h i s  device  r equ i r e s  a s t a f f  of p ro fes s iona l  

research  p h y s i c i s t s  and an  array of soph i s t i ca t ed  d i agnos t i c  hardware. 

As a consequence of t h e  high overhead, r e l i a b i l i t y  (and congruent machine 

a v a i l a b i l i t y )  is an overr id ing  f a c t o r  i n  t h e  design of t h e  machine. 

machine w i l l  be designed t o  m a x b i z e  t h e  ease and speed of rep lac ing  a 

component ( e L g . ,  a burned O-ring, a shor ted  c o i l ,  a ruptured water- 

cooled electrical  cable ,  e t c . ) .  

The 

The r e l i a b i l i t y  of bu i ld ing  support systems is  of concern, and 

continuing maintenance programs are i n  place. 

s e t s  have scheduled maintenance, t h e  demineralized water system and 

cooling tower opera t ion  is con t inua l ly  monitored, and cooling oil in 

the  gyratron power supp l i e s  requi red  f o r  microwave power genera t ion  is 

analyzed on a r o u t i n e  programmed b a s i s .  

The dc motor-generator 



4 . 3  PRELIMINARY ASSESSMENT OF INTERFACE REQUIREMENTS 

The device wfll interface with building utilities -primarily the 

demineralized water cooling system and the motor-generator dc power 

network. 

Approximately 2500 gal/min of cooling water will be required during 

operating periods. The pumping system has an automatic flow sensor 

currently operatlng on line, and additional p a p s  axe automatically 

started or stopped as the load demand varies. The demands for cooling 

water for this project are adequately m e t  by the building system now in 

place. 

The motor-generatar dc power output is shared by other experiments 

located in the building. This device interfaces to the power network 

through an assignment panel that dictates which experiment has control 

of the generator output. This system i s  in place also and requires no 

modifications to accommodate the new device configuration. The project 

needs f o r  power interface consist of new generator control panels €or 

the fou r  additional generators required for the four s e t s  of corner 

coils. 

and are available to the project. 

The aluminum bus and necessary disconnect switches are in place 

4.4 CRITICAL ELDENTS 

There are no critical elements required by the device (in the sense 

that new or angolng component research and development must be success- 

fully completed). Design, fabrication, and assembly require only 
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presently developed techqology, and no particular element can be con- 

sidered more critical than another. 

4.5 CONSTRAINTS 

The device constraints are those imposed by the support system 

limitations. The magnet characteristics must be compatible with the 

generator voltage and current limits, the water cooling passage must 

withstand 250 psig, and the microwave power level introduced into the 

machine is constrained by the gyrotrons and their power supply limi- 

tations. The device will be designed to the limits of the support 

systems; no arbitrary constraints w i l l  be imposed. 

4.6 PLANS FOR SYSTEM TESTS 

All new and renovated water piping will be leak checked at system 

operating pressure. 

with generally accepted high-vacuum procedures and standards. 

A l l  vacuum piping will be leak checked in accordance 

New coils 

will be tested by operating at full current before installation. 

device assembly, all systems will be tested in strict accordance 

startup procedure to be generated by the Fusion Energy Division. 
’ .  

After 

with a 

The 

test w i l l  generally conform to established precedent set by tests on 

prior EBT configurations. 
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5 .  CONCEP?' AND ALTERNATIVES 

5.1 IDENTIFICATION OF ALTERNATIVES 

The device is conceived as an experimental research device for 

exploring a particular plasma regime and, by its nature, is an alterna- 

tive concept in that i t  is in constant competition €or funding and 

technical suppoqt with other devices proposed for studying plasma 

regimes of interest in achieving controlled fusion reactions. 

5.2 EVALUATION OF ALTERNATIVES 

As stated in Sect. 3.2, several bumpy torus configurations have 

been studied in some detail. For a nore detailed analysis of alterna- 

tives to the proposal described herein, refer to the ELMI y squm?e 

Status Report (January 1984) compiled by N. A .  Uckan. 

5 . 3  IDENTIFICATION OF RECOMMENDED CONCEPT 

This report describes the recommended concept as determined by 

experimental, results to date on the present EBT device and detailed 

p,iysics calculations, as well as by detailed cast analysis and sound 

engineering practice. 
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6. UNCEKTAINTIES 

~ ; t ~ e r e  are ao ranknown technology areas, and na research or development 

need be finished to cons t ruc t  the machine. 

There are aa uncertainties associated .with operating the machine.. 

6 . 3  PROJECT 

There are no known uncertainties associated with related project 

c o s t s ,  schedule, 0%" participants. 
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7. PIU.:%IMINARY ASSESSMENTS 

No s p e c i a l  hazards w i l l  be encountered,  other than  those  norinally 

a s soc ia t ed  w i t h  high-vol tage equipment. 

system i n  p l ace .  N o  harmful  effluent w i l l  be  genera ted  by the p r o j e c t .  

High- in tens i ty  X rays  are generated dur ing  device operatian, but  the 

b i o l o g i c a l  shield around the existing device is c a l c u l a t e d  t o  be adequate  

for personnel s a f e t y .  

area. Access i n t o  t h e  device enc losu re  dur ing  o p e r a t i o n  i s  posit-_ivel.y 

prevented by e lec t ro-meckanica l  dev ices  i n t e r l o c k e d  w i t h  t h e  X-ray- 

producing power supp l i e s .  

T h e  work area now has a sp r ink len  

Radia t ion  w i l l  be monitored i n  t h e  personnel  w r k  

7.2 QUALITY S S U  

Upon receipt by t h e  Engineering D t w i s i s n  of i n s t r u c t i o n s  to proceed 

wi th  t h e  p r o j e c t ,  a q u d i t y  assurance (QA) plan/assessment f o r  t h e  

device  w i l l  be generated t h a t  will be a p p l i c a b l e  t o  t he  des ign ,  procure- 

ment, and c o n s t r u c t i o n  phases of t h e  p r o j e c t .  This  QA plan w i l l  be  in 

effect before any drawings are i s sued  for eonstructian or any proctxrement 

is  i n i t i a t e d -  The QA p lan  w i l l  be i n  accordance with Engineering pro- 

cedures .  

A l l  work on t h i s  p r o j e c t  w i l l  be within an e x i s t i n g  b u i l d i n g  and 

N o  waste or r e s i d u e  will not  be v i s i b l e  within the surrounding area. 
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w i l l  be produced. 

result i n  s o m e  increase of v i s i b l e  i n d i c a t i o n  of w a t e r  evapora t ion  under 

c e r t a i n  climatic conditions. 

The waste hea t  d i s s i p a t e d  i n  t h e  coo l ing  tower may 

7.4 ENERGY CONSERVATION 

This  p r o j e c t ,  by i t s  nature, i s  a consumer of energy. The energy 

conserva t ion  concept  i s  not  applicable t o  t h i s  project. 
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8 .  METHOD OF ACCOPPLISHMENT 

It IS proposed t h a t  t h e  projrci be accomplished f o r  t h e  U.S. 

Oepaitiilrnt o f  Energy i n  riw mannrr o u t l i n e d  i i t  the following subsec t ions .  

DOE w i l l  Lurri ish o v c r . ~ f l  projelce coor-di.natioa and review and w i  L L  

approve all I t..quirrd docuncnt ~ aaainister aLI p r i m e  c o n t r a c t s  and 

d i r e c t  and admin i s t e r  a l l  aspects of ?.lie y r o j ~ t - t ~  inc lud ing  s p e c i f i c  

approv; i i  o f  wcrk assignments and apprrdval of work perforraed. 

The Opera l ing  Cont rac~-or  M i l  1 provide a l l  des ign  docrrrnrnts and 

inatpri a1 s s ~ ) e r . i f i c a t i o n s .  T i t l e  I11 s e r v i c e s  w i l l  be  provided as  

rcqui  z:til, l'he Xaintea2nce Oiv is ion  ail1 disassemble t h e  exi  s r i n g  

tudChl1itd a r i d  w i l  I rebuiLd t11.z device 3:'s desc r ibed  he re in .  N e w  cornpoinsnts 

will be  fabrjc.?t;:ri in arc;; shops  o r  MLII .  be  procured from an ni ies ide 

vcndor . 

-- 

8.3 COS~-~LUS-ADJUSTEC-FEE CON'TKACTOK 
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10. COST ESTIMATE 

The EBS cost estimate (in thousands of dollars) is listed below. 

Engineering $ 7 1 9  

Titles 1 and I1 design $464 

Project integration $255 

Construction $2709 

Sub t o t a l  $3428 

Contingency $ 808 

TOTAL P R O J E C T  COST $4236 

This cost estimate is based on the following lists of assumptions. 

In scope 

1. QA plan (including prerequisite Safety Analysis) 

2.  R e m o v a l  of existing support structure 

3 .  Design and construction of basic device 

4 .  Title 111 support as required to establish as operational the vacuum 

and cooling systems and the coil power supplies 

Out of scope 

1. Removal of existing diagnostics 

2. R e m o v a l  o f  obsolete microwave components 
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3.  Ins t a , l a t ion  of  d i a g n o s t i c s  

4 .  Modification of b i o l o g i c a l  s h i e l d  to accommodate d i a g n o s t i c s  o r  

ope ra t ions  

5 .  Work on gyrq t rons ,  t h e i r  power s u p p l i e s ,  rf s u p p l i e s ,  and ou tpu t  

power d i s t r i b u t i o n  networks 

6, Modif ica t ions  to blank cav i ty  cover  p l a t e s  

7 .  

8. Utilities around t h e  machine associated with s p e c i a l t y  o p e r a t i o n s  

Operational procedures  (other t han  interlock logtc) 

and d i a g n o s t i c s  
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11. OUTLINE SPECIFICATIONS 

11.1 GENERnL CODES, STANDARDS, ALYD SPECIFICATIONS 

The a p p l i c a b l e  portions of t h e  l a tes t  e d i t i o n  o f  t h e  f o l l o w i n g  

codes ,  s t a n d a r d s ,  and s p e c i f i c a t i o n s  w i l l  govern t h e  work performed on 

t h i s  p r o  j ec t  . 

11.1.1 DOE Manuals and Orders  

2250.1 

5480 ,  LA 

5481.1-4 

5484 .1  

5484 .2  

5 7 0 0 - 4  

57 00.6A 

6301 

6430 

Cost and Schedule  C o n t r o l  Systems Criteria f o r  C o n t r a c t  Per- 
f ormance Measurement 

Environmental  P r o t e c t i o n ,  S a f e t y ,  and H e a l t h  P r o t e c t i o n  
Program f o r  DOE O p e r a t i o n s  

Chapter  I Environmental  P r o t e c t i o n ,  S a f e t y ,  and H e a l t h  
P r o t e c t i o n  S t a n d a r d s  

Chapter  V I 1  F i r e  P r o t e c t i o n  

Chapter  X I  Requirements f o r  R a d i a t i o n  P r o t e c t i o n  

Chapter  X I 1  P r e v e n t i o n ,  C o n t r o l ,  ana Abatement o f  A i r  and 
Water P o l l u t i o n  

S a f e t y  A n a l y s i s  and R e v i e w  System (OR 5481.1.A) 

Environmental  P r o t e c t i o n ,  S a f e t y ,  and H e a l t h  P r o t e c t i o n  
I n f o r m a t i o n  R e p o r t i n g  Requirements  

Unusual Occurrence R e p o r t i n g  System 

P r o j e c t  Management System 

Q u a l i t y  Assurance (OR 5700.4)  

General Design Cri ter ia  

F a c i l i t i e s  Genera l  Design Cri ter ia  
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11.1.2 &erating Contractor Engineering Procedures 

Y/EF-53S/R4, General Design Criteria for UCC-ND Pro jec t s  

E n g h e e r i n g  Standards 

S a f e t y  and Fire Protection Standards 

I k l d  i ag  Manual 

ll.b.3 Nationally Recagnized Codes and Standards 

.American society of echanical Engineers - Code 

,berican Society Ear Testing and Materials - Standards 
American Concrete Institute 

h e r i c a n  Narlernal Standards Institute 

Society Standards 

Concrete Reinforcing Steel Institute 

Prderal .  ,hviati~rt MmSniotraeion Groundin$, Bonding, and Shielding 
~ r s c t i c e s  fox Electronic Equipment and Facilities (e8peCidly for 

nossties grounds) 

Wn~titutz o f  Electrical and Electronics Engfnee~s  Standards 

Inrernatianal ~~~€~~~~~~ of Building Officials  Uniform Building Coda 
(SE?:ismiC: Criteria) 

~~~~~~~~ E l ~ c t r f c a l  Manufacturers Association Standards 



Occupational Safety and Health Administration Standards 

Underwriters Laboratory 

Unif o m  Building Code 

11.2 DEVICE MECHANICAL SYSTEPIS 

1 1 . 2 . 1  Vacuum System 

The vacuum pumping system f o r  the square configuration will consist 

of f o u r  pumps, each attached to one cavity section at the end of each 

side. Three existing turbomolecular pumps and one cryogenic pump will 

comprise t h e  four pump complement mechanical f o r e l i n e  and tank roughing 

pumps will remain unchanged. 

New cavity sections will be required that, with the existing mirror 

coil cases, constitute the plasma vacuum chamber. Six new "special" 

cavities will be required. Each is made of aluminum, is welded-plate 

cons t ruc t ed ,  and has a microwave port. These will have large cover 

plates on four sides, which will enhance diagnostic interfacing flexi- 

bility. The remaining fourteen cavities will have a simplified design 

to reduce costs  and are flanged cylinders with one port for a microwave 

feed. Pour cavities will have a vacuum pumping port, in addition. 

1 1 . 2 , 2  Cooling System 

The existing cooling system between the existing building headers 

and the EBS will be modified to accommodate the added heat load imposed 

by the corner coils. The cooling requirements for the magnet system 
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w i l l  i n c r e a s e  from about 1200 gal /min to about  1750 ga l /min  (from 288 t o  

43% water paths at. 4 gal /min) .  I n  a d d i t i o n  t o  the  magnet system, the  

vacuum vessel r e q u i r e s  c o a l i n g  t a  remove about 500 kM of ineat depos i t ed  

from i o n  cyclotron resonance heating (ICR1-1) and electron cyclotron 

resonance heating (ECRN). 

The existing coo l ing  w a t e r  manifalds f o r  the m i r r o r  c o i l s  will be 

modified and r e i n s t a l l e d .  New manifolds w i l l  be  f a b r i c a t e d  for t he  

turning coils. The manifolds  around t h e  machine w i l l  have connec t ions  

f o r  power bus coo l ing  and cavity coo l ing  and will have spares f o r  

diagnostic coo l ing ,  as well as f o r  the mir ro r  c o i l  needs. Two ggr~o t rons  

f o r  28-CB2, 200-kW, cont inuous wave (cw), microwave power generation are 

now in place, and na changes w i l l  be required for the ir  coo l ing  systems, 

which are independent of the mirror coil c o o l i n g  system. 

11.2.3 Vacuum Vessel Sup~ort S t r u c t u r e  

The e x i s t i n g  suppor t  structure w i l l .  b e  completely demolished down 

to the second floor level a t  e l e v a t i o n  289 m (949 ft). 

The case of  each mi r ro r  coi l .  will b e  directly supported by a stand 

bo l t ed  to the floor. Each corner assembly will 1.ikewise b e  supparted by 

a stand b o l t e d  to the floor. The i n d i v i d u a l  stands will then  be coupled 

by a concrete c o l l a r  to d i s t r i b u t e  all centering, and. ous-sf-plane 

magnetic forces over the centerline span of the machine. 
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11.3 DEVICE ELECTRICAL SYSTEMS 

11.3.1 Magnet Sys t em 

S ix teen  of t h e  e x i s t i n g  EBT mi r ro r  c o i l s  w i l l  be  i n s t a l l e d  on t h i s  

dev ice  - fou r  each on each s t r a i g h t  s i d e .  

m i r r o r  c o i l s  w i l l  be used,  one on each s i d e ,  and each i n  a d i f f e r e n t  

re la t ive  p o s i t i o n .  T h e  c o i l s  on each s i d e  of t h e  square  are i n  series 

and in series wi th  t h e  oppos i t e  s i d e  of t h e  square ;  they  are powered by 

two dc gene ra to r s  i n  series wi th  a combined r a t i n g  of 700 V and 7140 A. 

Each corner  has e i g h t  c o i l s ,  each of which i s  phys ica l ly  h a l f  of t h e  

s t r a i g h t  s i d e  mi r ro r  c o i l s  (two pancake c o i l s  i n s t e a d  of f o u r ) ;  they are  

series connected and are i n  series wi th  Lhe oppos i r e  c o r n e r ;  they are 

powered by two dc  gene ra to r s  i n  series wi th  a combined r a t i n g  o f  700 V 

and 8570 A. The p o s i t i v e  and nega t ive  s o l i d  copper bus around t h e  

machine is i n  c l o s e  p a r a l l e l  alignment to cancel. s t r a y  f i e l d  e f fec ts .  

Four  of t h e  e x i s t i n g  s p l i t  

Er ror  f i e l d  c o r r e c t i o n  c o i l s  are n o t  w i t h i n  t h e  scope of t h i s  

p r o j e c t ,  bu t  adequate space c o n s i d e r a t i o n  f o r  t h e i r  u se  is  incorpora ted .  

Four cont inuous v e r t i c a l  and fou r  coxatinuous h a r i z o n t a l  f i e l d  c o i l s  w i l l  

be  loca t ed  (one each) on t h e  45"  planes  out. from t h e  machine c e n t e r l i n e .  

T r i m  c o i l s  ad jacen t  to t;he f o u r  t u r n i n g  c o i l  a s s e m b l i e s  are a lso  

provided f o r  bu t  are no t  p a r t  of t h e  scope of t h i s  p r o j e c t .  One c i r c u l a r  

c o i l ,  twice t h e  d iameter  of a mi r ro r  c o i l ,  can be mounted i n s i d e  each of 

t h e  e i g h t  t r a n s i t i o n  cavi t ies .  This l o c a t i o n  opt imizes  t he  func t ion  of 

t h e  t r i m  c o i l s  w h i l e  removing space  c o n f l i c t s  w i th  o t h e r  machine systems. 
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1 1 . 3 . 2  Microwave System 

The  microwave manifold w i l l  be  a 10-cm-dim (4-in.-diam) copper 

due t  squa re  conf igured  t o  match t h e  c o i l - c a v i t y  arrangement.  

manifold w i l l  connect  to each s t r a i g h t - s i d e  c a v i t y  s e c t i o n  through a 

10-cm-diam (4-in.-diam) port, each p a r t  having a n  adjusrable i r is  t o  

c o n t r ~ l .  power d i s t r i b u t i o n .  Input  power  from one o r  borh 28-GHz, 

200-kbJ (cw) gyrrstrons w i l l  be  f e d  i n t o  t h e  squa re  manifold at a s i n g l e  

p o i n t  and s p l i t  f o r  a symnetr ic  d i s t r i b u t i o n  a t  i r is  areas. 

The 

11.3.3 --- Device rf Sources  

No changes eo t h e  r a d i o  frequency ( r f )  sources  w i l l  be  e f f e c t e d  by 

t h e  new conf igu ra t ion ,  o t h e r  than  a minor r e r o u t i n g  of d u c t s  t o  f i t :  t h e  

square geometry. New duc t  f l a n g e s  will be  r equ i r ed  a t  t h e  c a v i t y  in te r -  

faces, bu t  t h e s e  mod i f i ca t ions  are  o u t s i d e  t h e  scope of t h i s  p r o j e c t .  

Sources o f  IC€ power a re  l i s t e d  h e r e  f o r  in format ion:  

1. Gyrotrons - two each ( 2 8  GHz, 200 kW, cw). A power supply c o n s i s t i n g  

of s tacked ,  va r i ab le -vo l t age ,  r e g u l a t e d  s u p p l i e s  w i l l  be used 

t o  d r i v e  either one O K  both  of t h e  gy ro t rons .  The beam supply has 

a r a t i n g  of L O O  kV a t  10 A,  and t h e  gun supply i s  r a t e d  a t  40 kV 

a t  1 . 0  A .  

2 .  Klystrons - E x i s t i n g  power s u p p l i e s ,  o s c i l l a t o r s ,  and a m p l i f i e r s  

w i l l  be u t i l i z e d  EOK a u x i l i a r y  hea t ing  i n  s p e c i a l  experiments.  

3 ,  Transmitters - one each 2-30 MHz, 100 kW, cw; one each 2-30 MHz, 

200 kW, cw; one each 175-215 NHz, 50  kW, cw; one each 2-30 W z ,  

20 kW, cw; and one each 30-60 NHz, 20 kW, cw. 

A l l  of  t h e  sources  l i s t e d  are in place and are o p e r a t i o n a l .  
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11.3.4 Instrumentation and Controls 

The majority of the instrumentation and controls already exists. 

Additions will be made primarily in the cooling and generator control 

systems. 

The vacuum and instrumentation systems exist and will be installed 

on the square configured device without change. 

1. For vacuum instrumentation and control, the vacuum in each of the 20 

cavities will be monitored by ion gauges. Line-pressure sensing and 

control-valve interlocks are provided f o r  each of t h e  three turbo- 

pumps to protect machine vacuum arid to prevent damage to the pumps. 

Heated, interlocked molecular s i e v e s  are also provided for each 

turbopump. The turbopump foreline is instrumented with thermo- 

couple gauges. The west quadrant utilizes a cryopump whose header is 

instrumented with ion and thermocouple gauges. Valving and inter- 

locks are provided to adequately p r o t e c t  and isolate the cryopump. 

2. A l l  instrumentation for monitoring and controlling the sector coils 

already exists and need only be reconfigused to accomnodate the new 

geometry. Valving interlocks and flow monitoring for the supply 

and return lines feeding the new corner coils will be added, along 

with 16 flow sensors  for the coils themselves. A hose-break 

detector to be supplied by the Fusion Energy Division will be 

incorporated into the corner coil cooling-system instrumentation. 

3 .  The controls f o r  the west-end motor-generator (MG) se t s  currently 

in use are 18 years old and utilize obsolete components, some of 

which are  now difficult to obtain. The circuit topology will remain 
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unchanged, but new cont ro ls  u t i l i z i n g  cc4mptrnen.t~ t h a t  reflect  t h e  

state of the art will be supplied by the Feasirsn Energy Division. 

The control system €or the east-end HG s e t s  now in p l a c e  has; been 

developed from scratch u t i l i z i n g  a high-gain, high-precision error 

a m p l i f i e r  incorpora t ing  excess d i / d k  sens ing  and protection, which 

drives an amplidyne generator to achieve p rec i s ion  closed-loop 

cu r ren t  r egu la t ion .  
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12. REFERENCE DATA 

MECHANICAL 
_1_-_1__ 

1. Plan View - Facility 

2. Plan View - Machine 

3. 

4. 

5. 

4 .  

7 .  

8. 

9. 

LO.  

11. 

Elevation -Machine 

Typical Elevation Crass Sectian 

F l u x  Surface/Vacuum Vessel Interaction 

Reference Configuration 

Water piping 

Water Manifolds & Support Structure 

Circular Cavity 

Square Cavity 

Corner Assembly 

Dwg. No. 

5ki0 

5k31 

5k30 

5k34 

5k32 
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N. A .  Uckan, L. W .  Owen, D, A .  Spong, R. L e  
W .  El. Ard,** J .  F. Pipkins8** and R. J .  Schmitit** 

merire t h e  results Tram re fs .  1 ~ n d  2.  Recently, 
severs I innovats v e  approach w e r e  introduced for enhanciqy t h e  
~~~o~~~~~~ of t h e  basic  E Bumpy TOPUS (EBT) concept and far 
improving its reactor p o t e n t i a l  These include p l a n a r  racetrack and 

esmetri cs, A n  res1 e t t i  coi I syst,ems, and bumpy 
aratar hy bPi d s  ~~~i~~ include the t w i s t e d  r a e e ~ m c k  and 

he1 i e a l  axis stel farator - snakej %orus). Prel i r n i n a r i  e ~ l u a t ~ i o a s  of 
reac tor  inpl ications sf each ~~~~~~~~ have n carried aut, based on 

i cs (vacuum) ca I cu! a t  !oris, transport sea I i q re I a t  iowh j ps, 
a b i  I i t j  propertjes deduced frcm pravisiona I con? igup.at$ions b h s t  
e n t  t h e  approach b u t  are  not  necessari i y  ~ p t i r n i z e d . '  # 2  ~ u r t h e r  

a t i s n  is n~~~~~ i n  a l l  cases t o  evaluate t h e  f u l l  potential of 
each ~ ~ ~ ~ ~ ~ ~ h .  

Results af these studies'#* i nc i i ca$e ~ a v o r a b ~ e  reactor- prajec 
i t h  a s i g n i f i c a n t  reductian i n  reactor p h y s  c a l  size as ~~~~~~ 

canventiona \ EBT reactaa design3 C a r r i e  out in %he p a s t .  
Spec iP ica l  I!, w i t h  vanced c o n f i g u r a t i o n s ,  reactaps w i t h  

c s s i b l e ;  this i s  almost a factor o f  2 
s*eduetlian i n  s i ze  c r e c e n t  EBT reac to r  design psTnts w i t h  
R 6~ 40 *t5 rn (Nhich utilizes ~~~~~~~~~i~ coils for an 3s 

ts. (Here R is defined 3s 

- e q u i v a l e n t  major radius.) t pxsibjt? 1 ; ~  
high w a l  1 loadin s (1.2 t o  4 of N 1  to 1.5 

fusion power density I 
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9.1 INTaQDUCTIOM 

S e v e r a l  a s p e c t s  of t h e  ELMO Bumpy T o r u s  (EBT) c o n c e p t  make i t  
a t t r a c t i v e  a s  a f u s i o n  r e a c t o r :  t h e  l a r g e  a s p e c t  ra t io ;  s i m p l e ,  
n o n i n t e r i o c k i n g  c i r c u l a r  c o i  Is w i t h  modest  f i e l d ;  m o d u l a r i t y ;  and, 
above 31 I ,  t h e  s t e a d y - s t a t e  o p e r a t i o n .  T h e r e  have been s e v e r a l  EBT 
r e a c t o r  s t u d  i e s  d e m o n s t r a t i  ng t h e  a d v a n t a g e s  r e w  I t  i ng from t h e s e  
a s p e c t s  of  t h e  EBT concept ,  t h e  most r e c e n t  of w h i c h  is  d i s c u s s e d  i n  
r e f .  3. 

D u r i n g  t h e  r e c e n t  U.S.-Japan Workshop on Advanced Bumpy T o r u s  
Concepts,  s e v e r a  I c o n f  i g u r a t i o n a  I a p p r o a c h e k  and c o n c e p t  improvement  
schemes emerged f o r  e n h a n c i n g  t h e  p e r f o r m a n c e  of t h e  b a s i c  EBT c o n c e p t  
and fo r  i m p r o v i n g  i t s  r e a c t o r  p o t e n t i a l  .4 These i n c l  ude ( b u t  a r e  n o t  
I i m i t e d  to) c o n f i g u r a t i o n s  w i t h  (1) n o n c i r c u l a r  m a g n e t i c  
c o i  Is - A n d r e o l e t t i  c o i  I ~ y s t e m s ; ~  (2) s q u a r e  or r a c e t r a c k  g e o m e t r i e s  
w i t h o u t '  o r  w i t h 7  r o t a t i o n a l  t r a n s f o r m ;  and (3) s te l  l a ra to r -bumpy t o r u s  
h y b r i d s  snakey t o r u s . '  In a l  I c a s e s  EBT-I i ke hot e l e c t r o n  r i n g s  a r e  
used to s t a b i l i z e  t h e  i n t e r c h a n g e  modes d r i v e n  by t h e  u n f a v o r a b l e  
m a g n e t i c  f i e l d  c u r v a t u r e  e i t h e r  on a c o n t i n u o u s ,  s t e a d y - s t a t e  b a s i s  
[ f o r  c a s e s  (1) and (2) above] or o n  a t r a n s i e n t  b a s i s  d u r i n g  s t a r t u p  t o  
a c c e s s  t h e  "second s t a b i  I i t y  r e g i m e "  [for c a s e  (3) above] .  

The r e s u !  t s  of r e c e n t  p r e l  i m i  n a r y  r e a c t o r  assessments  o f  t h e s e  
advanced bumpy t o r u s  c o n f i g u r a t i o n s  a r e  summar ized i n  t h e  f o l l o w i n g  
s e c t  i o n s .  112  

The t o r o i d a l  c u r v a t u r e  of t h e  m a g n e t i c  f i e l d  i n  EBT r e s u l t s  i n  a n  
i n w a r d  s h i f t  o f  p a r t i c l e  d r i f t  o r b i t s  t o w a r d  Lhe m a j o r  axis. The 
r e l a t i v e  amount of s h i f t ,  however, depends o n  t h e  p i t c h  a n g l e  (Vl , /V).  
T h i s  s h i f t  i s  l a r g e s t  fo r  t h e  t r a n s i t i o n a l  ( r e s o n a n t )  and t o r o i d a l l y  
p a s s i n g  p a r t i c l e s  ( i . e . ,  t h o s e  h a v i n g  V,,/V), and  i t  i s  s m a l l e s t  f o r  
p a r t i c l e s  t r a p p e d  n e a r  t h e  m i d p l a n e  of each s e c t o r  ( i , e . ,  t h o s e  h a v i n g  
s m a l l  V,,,/V). T h i s  d i s p e r s i o n  i n  t h e  d i s p l a c e m e n t  of p a r t i c l e  d r i f t  
o r b i t s  p l a y s  a m a j o r  role i n  d i f f u s i v e  and d i r e c t  p a r t i c l e  losses. 

The d r i f t  o r b i t s  a r e  d e t e r m i n e d  by c o n t o u r s  of  c o n s t a n t  J ,  t h e  
l o n g i b u d i n a l  a d i a b a t i c  i n v a r i a n t  (J z 4 V,!dl ') .  The sh i f t  i n  d r i f t  
o r b i t  c e n t e r s  is t h e n  d e t e r m i n e d  from RJMIF\I- t h e  r a d i a l  p o s i t i o n  of  
t h e  minimum o f  J .  The v o l u m e t r i c  e f f i c i e n c y  F(VI I /V)  .= A(V,, /V)/  
A ( V I ,  = 0) is defined a s  t h e  r a t i o  of  t h e  l a s t  c l o s e d  d r i f t  o r b i t  a r e a  
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0 2  a par t i c l e  w i t h  a g i v e n  p i t c h  angle  t o  t h a t  o f  VI, = 0 ( p u r e l y  

I n  3 s i m p l e  bumpy t o r u s ,  a n  i nc rease  i n  a s p e c t  r a t i o  reduces  t h e  
dispersiop i n  d r i f t  orbits and improves t h e  confinemen% af a l l  c l a s s e s  
of p a r t i c l e s .  The need for  b e t t e r  con f inemen t  c h a r a c t e r i s t i c s  and 
e f f i c i e n t  u t i l i z a t i o n  of magnet ic  f i e l d s  has led i n  t h e  p a s t  t o  
reactors w i t h  Isr e p h y s i c a l  s i z e  a n d  power o u t p u t .  'i'hraugh t h e  use af 
l o w - c u r r e n t  supplement2ry coi Is (i . e , ,  ARE and SYM coi is9) OR" inverse-19 
coiIs,' ho~ever, i t  was possible t o  reduce t h e  reactor s i r e s  from about 
i?T N 60 m ( r e f .  IO) t o  abou t  R T  3 35 rn ( r e f .  3) f o r  a fUS iQn  power 

P PJ 1200-1500 W e .  R e s u l t s  of Lhe r e c e n t  r e a c t o r  s t u d i e s  
and inverse-I) coils a r e  g i v e n  in r e f .  3. W i t h  t h e  new 

advanced c o n f i g u r a t i o n s ,  f u r t h e r  r e d u c t i o n  i n  reactor p h y s i c a l  s i z e  has 
been shown Lo be possible, In a l l  cases, u n l e s s  o t h e r w i s e  s p e c i f i e d ,  
t h e  fo i l cawing  parameters  ' a r e  used: average piasma radius 5 M 1.5 m 
(a = 1 in under t h e  c o i ! ) ;  E?,, = 8,in 2.5 T and B,,, 2 5.5 7 f o r  
r n i r ~ " o p .  F i e l d s  an-axis;  t h e  b l a n k e t  and sh ie ld  t h i c k n e s s  under t h e  
mirror mil 1.0 m and is  d i s t r i b u t e d  n s n u n i f o r m l y  between t h e  c o i l s ;  
2nd t h e  mirror c o i l  h a l f  t h i c k n e s s  E 0.35 rn. 

"LElpped p a r t i c l e ) .  

The EBTK (EBT w i t h  enhanced can f  i nement) c o n f i g u r a t i o n  c o n s i s t s  
0.P a torsida I a r r a y  of raec t rack-shaped coi Is - @Andreol e t t i  
coi IsB --whose major axes a r e  a l t m - n s t e l y  o r i e n t e d  v e r t i c a l  ly and 
karizontally.5 By a d j u s t i n g  bhe elongation of the  c o i l s  (H 
h e i g h t - t o - w i d t h  r a t i o )  and t h e  relative s h i f t s  i n  t h e  c e n t e r s  
alternate coils, it has been shown t h a t  i t  i s  possible to  a b t a i n  n e a r l y  
c o n c e n t r i c  t r apped  and pass ing  p a r t i c l e  drift s u r f a c e s ,  t h u s  g r e a t l y  
reducing t h e  random-walk step-size for c l i f F u s i o n .  As i n  EWT, t h e  core 
plasma i s  s t a b i l i z e d  by t h e  hat, e l e c t r o n  r ings wh ich  form near mod-B 
csntaurs i n  t h e  midp lane.  Here  we present, p r e l i m i n a r y  r e s u l t s  far a 
r e a e t c r - s i  ze  deu i @e. 

Among t h e  v ious sires  s t u d i e d  for a reachor, we p resen t  two 
cases here :  (1) c o n f i  nement for a dev i c e  camparabt e 
i n  s i r e  bo t h e  l a t e s t  c i r c u l a r  c o i l  EBT r e a c t o r  des ign ,  wh ich  uses SY 
eeri 1s for aspec t  r a t i o  enhancement,3 Lha t  is, far R T  N 35 rn, and (2) B 

r-educed major r a d i u s  device,  RI E 20-25 m, w i t h  con f inemen t  comparable 
t o  a c i r c u l a r  co i l  r e a c t o r  (Wr N 35 m ) .  I n  t h e  c a l c u l a t i o n s ,  t h e  
b l a n k e t  and s h i e l d  t h i c k n e s s  i s  assumed t o  be 1.8 m a t  the Iimitin 

e a t  ly  enhanced 
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c o i l  tliruat, i n  t h e  s h o r t e s t  d i r e c t i o n ,  and i t  h a s  a n o n u n i f o r m  (>1 m) 
d i s t r i b u t i o n  bebween t h e  c o i  ls (as we! I a s  under  t h e  e o i  I i n  the 
longest d i r e c t  i o n ) .  

For t h e  enhanced conf inei i ic i i t  case ( R i  E 35 m, M = 2.25, and 
a N 1.25 m u n d e r  t h e  c o i l ) ,  F ig .  9 . 1  shows t h e  d i s p e r s i o n  i n  d r i f t  
o r b i t  c e n t e r s  o f  ti-apped and p a s s i n g  p a r t i c l e s ,  ARJHIN = 
[RJMIN(V~~/V) = O)] - [RJMIN(V,,/V) = I ) ] ,  vs t h e  outsr?ard sh i f t  a f  ihe  
vertiea! c o i l s  r e l a t i v e  t o  t h c  h o r i z o n t a l  c o i l s .  B e m u s e  of less shif t ,  
r e q u i r e m e n t ,  H/M : 3 has been chosen foi- t h e  c o i  Is To have 
ARJMPN 0, a b o u t  a 7.5-m sh i f t  of  c o i l  c e n t e r s  i s  required. Uile 

q u a d r a n t  of t h e  c q u a t m r i a l  p l a n s  of t h e  c o n f i g b r a t i o n  fo ,  th is CRSC i s  
shown i n  F i g ,  9 . 2 ,  

A p l o t  of v o l u m e t r i c  e f f i c i e n c y  ( p e r c e n t  of area  enclcrscd by a 
d r i f t  s u r f a c e )  i n  t h e  m i d p l a n e  vs V,,/V i s  s h w n  i n  F i g .  9.3 f o r  a n  
ESTEC reac to r  and  for a c i r c u l a r  c u i  I FBT reactor w i t h o u t  a n d  r i t k  SYM 
c o i l s  for  t h e  same R ,  a, and M .  N o t e  t i a t  t h e  EBTT-C h a s  n e a r l y  
c o n c e n t r i c  o rb i ts  f o r  a l  I V,,/V; however, i h e  a r e a  f o r  t h e  r e s o n a n c e  
p a r t i c l e s  i s  mall due t o  s h i e l d i n g  s c r a p e - o f f .  I t  may be possible Lo 
a l  l e v i a t c  th is scrape  -of f  by p r o p e r  s h a p i n g  or parame:ter o p t i m i z a t i o n .  
I n  any case,  a ~ e r y  s i g r i i f i c a r i t  improvement  i n  r e s o n a n c e  p a r t i c l e  
behavio i -  over the  c i r c u l a r -  coil case is e v i d e n t  from F i g .  9.3. 

90-35 in), F i g .  9.4 (8 p l o t  
o f  ARJMlN vs RT) i n d i e a L s s  t h a t  d r i f t  orbi t  c e n t e r i n g  becsmcs poorer a s  
Ry d e c r e a s e s .  Ihe c o i  I s h i f t  is  a b o u t  10 in; howrcver, a l a r g e r  s h i f t  
c o u l d  be used to  r e d u c e  O ~ Z J M ~ N  f u r t h w .  

Figurc 9.5 shows a 14-sectczi- d e v i c e  w i t h  WT = 26.5 rn fo r  the  
vertical c o i l s  and RT .- 16.5 ill fo r  t h e  h o r i z o n t a l  c o i l s .  r h e  p l a s m  i n  
t h e  m i d p l a n e  i s  c e n t c r c d  at, RT = 23 m. F i g u r e  9 , 6  shws t h e  l i m i t i n g  
f i e l d  l i n e s  i n  t h e  e q u a t o r i a l  p l a n e  and t h e  mad-E contours. Nohe t h a t  
t h e  d i s t o r t i o n  frnm t h e  shift  hss moved t h e  niirli inuin i n  mod-B c o n t o u r s  
o f f  of t h e  midp lane .  N e v w i h e l e s 5 ,  a d i - i fL  surface z n a l y s i s  *ms 
c a r r i e d  ou t  i n  t h e  "geccnetr-ic m i d p l a n e . "  F i g u r e  9.7 shows t h e  t r a p p e d  
and p a s s i n g  p a r t i c l e  d r i f t  orbits i n  t h i s  mTdpiano.  A R J W ~ N  fi 0.6 m i s  
l o g ~ r  t h a n  t h e  vaIue ded i~zed from F i g .  9.4, but, the  plasma r a d i u s  a i s  
smal lei- herc. V o l u m e t r i c  e f f i c i e n c y  c o r r e s p o n d i n g  t o  t h i s  case Is also 
shown i n  F ig .  9 .3 .  @crrnpar-iion w i t h  t $ e  c ; r e u l a r  c o i  I ERT r e a c t o r  st,i I I 
i nd i c a t e s  sign i f  i c a n t  i ry r -ovement .  

To s i i m r n a r i n  t h e  results, bye see t h a t  For t h e  RT 35 iii case, 
t r a p p e d  and p a s s i n g  partic?e o r b i t s  can be made to nearly c o i n c i d e .  A 
very narrow r e s o n a n c e  r e g i o n  r e s u l t s  (see F i g .  3.3), which can perhaps 

For t h e  reduced major r a d i u c ,  case ( R T  

__ 
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ORNL-DWG 83C-3756 FED 

COIL SHIFT (m) 

Fig. 9.1. Dispersion i n  drift o r b i t  c e n t e r s  of trapped and 
passing particles, ARJMIN, vs co i l  shift for  a n  RT = 35 m EBTEC, 
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F ig .  9.2. One q u a d r a n t  of  a n  R l  = 35 m EBTEC p r o j e c t e d  onto t h e  
e q u a t o r i a l  p l a n e ,  w i t h  two m a g n e t i c  l i n e s  of  f o r c e  and o r i e n t a t i o n  o f  
coi l s  shown. 
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O R N L - D W G  a 3 c - 3 7 5 8  FED 

”I,’” 

Fig .  9.3. V o l u m e t r i c  e f f i c i e n c y  YS pi tch  a n g l e  for an EBTEC 
reac to r  ( R T  = 35 rn and 23 m) and f o r  a c i r c u l a r  c o i l  EBT r e a c t o r  
(RT = 35 m) w i t h  and without SYM coils. 
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F i g .  9.4. Dispersion i n  drift o r b i t  c e n t e r s  vs major r a d i u s  for 
a n  EBTEC. 
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F ig .  9.5. One quadran t  of a 14-sector EBTEC reac tor .  
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ORNL- DWG 83-3761 FED 

x (m) 
F ig .  9 . 6 .  Mod-B con tou rs  (dashed) a n d  l i m i t i n g  f i e l d  l i n e s  

(sal id) i n  the equatorial p lane  for  a n  R-l. = 23 rn EBTEC. 
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O A N L - D W G  8 3 1 2 - 3 7 6 2  FED 

2 . 5  1 
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2 1  22 23 2 4  25 
R, ( m )  

F ig .  9.7.  Shape of the t r a p p e d  ( o u t e r  curve)  and pass ing  ( i n n e r  
curve)  p a r t i c l e  d r i f t  orbits i n  t he  w g e o m e t r i c  m idp lanew ( o n l y  upper 
h a l f  p o r t i o n s  a r e  shown). 
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be e l i m i n a t e d  w i t h  f u r t h e r  o p t i m i z a t i o n ;  i n  p a r t i c u l a r ,  i f  Rp i s  
i n c r e a s e d ,  t h e  r e s o n a n t  p a r t i c l e s  become c i r c u l a r  a t  l a r g e  plasma 
r a d i u s .  For R T  -: 23 m, t h e  14-coi I case, t h e  c o n f i n e m e n t  i s  
s i g n i f i c a n t l y  b e t t e r  t h a n  for t h e  RI = 35 rn c i r c u l a r  co i  I r e a c t o r .  To 
simpli fy t h e  c o i l s  i t  may be p o s s i b l e  t o  d e s i g n  a l t e r n a t i v e ,  m a l  l e r  
c o i  Is w h i c h  p r o d u c e  t h e  same m a g n e t i c  f i e ! d  g e o m e t r y  a s  t h e  s h i f t e d  
A n d r e o l e t t i  co i l s .  

9.4 a 

The ELMO Bumpy P o l y g o n  geometry ,  i n  w h i c h  t h e  m a g n e t i c  a x i s  i s  n o t  
c i r c u l a r  b u t  i s  shaped  I i k e  a r a c e t r a c k ,  t r i a n g l e ,  s q u a r e ,  pentagon,  
e t c . ,  c o n s i s t s  o f  l i n e a r  segmen ts  o f  s i m p l e  mirrors (made o f  c i r c u l a r  
or e l  I i p t i c a l  coi Is) t h a t  a r e  I i n k e d  by s e c t i o n s  of h i g h - f i e l d  t o r o i d a l  
s o l e n o i d s .  I n  t h e s e  c o n f i g u r a t i o n s ,  t h e  t o r o i d a l  e f f e c t s  a r e  l o c a l i z e d  
i n  r e g i o n s  o f  h i g h  m a g n e t i c  f i e l d ,  t h e r e b y  m i n i m i z i n g  t h e  e f f e c t  o f  
t o r o i d a l  c u r v a t u r e  o n  s i q l e  p a r t i c l e  d r i f t ,  orbi ts,  v o l u m e t r i c  
e f f i c i e n c y ,  e t c .  As i n  EET, t h e  c o r e  plasma i s  s t a b i l i z e d  by t h e  
p r e s e n c e  of  hot e l e c t r o n  r i n g s  i n  t h e  l i n e a r  mirror- s e c t i o n s .  For a 
near - te rm,  e x p e r i m e n t a l  s i z e  d c v i c e  ( such  as F-tlT-S), EBS h a s  been shown 
t o  have  s i n g l e  p z r t i c l e  c o n f i n e m e n t  p r o p e r t i e s  and  plasm volume 
u t i  lizati~n t h a t  a r c  d i s t i n c t l y  s u p e r i o r  t o  those of 3 s t a n d a r d  EBT o f  
c o m p a r a b l e  s i z e  ( s e e  S e c t .  1 of  t h i s  r e p o r t ) .  

H i g h - f i e l d  s o l c n o i d  section.; ( c o r n e r s )  c a n  be c i r c u l a r  or 
e l l i p t i c a l  i n  c r o s s  s e c t i o n .  It i s  also p o s s i b l e  t o  r e p l a c e  t h e  c o i l s  
i n  t h e  s t r a i g h t ,  s e c t i o n s  w i t h  t h e  A n d r e o i  &ti c o i  Is d i s c u s s e d  
p r e v i o u s l y .  R e a c t o r  c h a r a c t e r i s t i c s  of t h e  bumpy s q u a r e  ( a s  we1 I a s  
t h e  r a c e t r a c k )  a r e  a n a l y z e d  for  b o t h  c i r c u l a r  and  A n d r e o l e t t i  c o i  Is. 
S i g n i f i c a n t  i m p r o v e m e n t s  (sirni i a r  t o  t h e  r c s u l  ts d i s c u s s e d  p r e v i o u s l y )  
i n  o r b i t  c e n t e r i n g  a n d  v o l u m e t r i c  e f f i c i e n c y  o v e r  t h o s e  o f  t h e  c i r c u l a r  
c o i l  l t 3 I  a r e  f o u n d .  

F i g u r e  9.8 shows t h e  v a r i a t i o n  of t h e  n o r m a l i z e d  t t i a g n r t i c  f i e l d  
s t r e n g t h  a s  a f u n c t i o n  of a r e  l e n g t h  a l o n g  t h e  m a g n e t i c  axis f o r  o n e  
q u a d r a n t  ( s t r a i g h t  s e c t i o n  p l u s  tw h a l f - c o r n e r s )  of  a t y p i c a l  r e a c t o r  
case,  w h i c h  c o n s i s t s  of t h r e e  I i n c a r  mirror- s e c t o r s  p e r  s i d e  ( t o t a l  of  
12 miri-ors p l u s  4 c o r n e r s ) .  The o n - a x i s  m i r ro r  r a t i o  i n  t h e  s i d e s  i s  
~ 2 . 2  a n d  t h e  R g I o b s I w  mir ror  r a t i o  (8 a t  t h e  c o r n e r s / B  a t  t h e  r e f e r e n c e  
m i d p l a n e ,  Elm) f o r  t h i s  p a r t i c u l a r  c a s e  i s  3.6. The mirror- c o i  Is  o n  
t h c  s i d e s  a r e  t3-T i i iagnets ,  and t h e  c o r n e r  coi Is  a r e  12 1. From t h e  
s h a p e  o f  t h e  c u r v e  i n  F i g .  9.8, o n e  can s e e  t h a t  t h e r e  a r e  
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l e n g t h  a l o n g  t h e  magnet ic  axis for one quadran t  ( s t r a i g h t  s e c t i o n  p l u s  
two ha I f - co rne rs )  of a n  RT = 20.5 m EBS. 
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m i r r o r - t r a p p e d  p a r t i c l e s  i n  a s i n g l e  s e c t o r ,  m i r r o r - t r a p p e d  p a r t i c l e s  
be tween  t h e  h i g h - f i e l d  c o r n e r s ,  and  p a s s i n g  p a r t i c l e s ,  T h e r e  a r e  a lso  
% r a n s i t i o n a l  p a r t i c l e s  t h a t  t u r n  or b a r e l y  pass n e a r  t h e  v a r i o u s  f i e l d  
max i ma. The equ i va I e n t  m a j o r  r a d  i u s  of  t2he dev i c e  (c  i rcumference/2rr) 
shown i n  F i g .  9.8 i s  a b o u t  RT P! 20.5 m, w h i c h  h a s  d r i f t  o r b i t  
c h a r a c t e r i s t i c s  much b e t t e r  t h a n  t h e  RT = 35 in c i r c u l a r  c o i l  EBT 
(Fig. 9 . 3 ) .  T r a n s i t i o n a l  and  p a s s i n g  p a r t i c l e  o r b i t  c h a r a c t e r i s t i c s  
are s i m i l a r  t o  a n d  t h e  t r a p p e d  p a r t i c l e  o rb i ts  a r e  s i g n i f i c a n t l y  h e t J t e r  
t h a n  t h e  R T  = 35 m EBT w i t h  SYM coi Is. 

S i m p l e  s c a l i n g  c a l c u l a t i o n s  i n d i c a t e  t h a t  d i f f u s i v e  s t e p - s i z e  
Ax(= ARJMI,) i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  g l o b a l  mirror r a t i o  
(Bcarner./Boo) and  t h e  r a t i o  of t h e  l e n g t h  of  t h e  s t r a i g h t  s e c t i o n  t o  
t h e  c u r v e d  s e c t i o n ,  

# h e r e  N i s  t h e  number of mirrors ( i n  s t r a i g h t  s e c t i o n s ) ,  L, i s  t h e  
mirror s e c t o r  l e n g t h ,  and Rcor is  t h e  r a d i u s  of  t h e  c o r n e r  ( t o r o i d a l  
s o l e n o i d )  i n  w h i c h  R,,, (1-1.2) h,. We noke t h a t  c o n f i n e m e n t  t i m e  
s c a l e s  w i t h  l/(Ax)’ and t h u s  w i t h  t h e  square of t h e  global rni~ror 
rat i o. 

F i g u r e  9 9 shows a f i e l d  l i n e  di.a.~ling ( i n  t he  e q u a t n r i a t  p l a n e )  of 
a h y b r i d  c o n f i g u r a t i o n ,  a brrrnpy s q u a r e  w i t h  A n d r - e o l e t t i  coi Is. Here 
each  s t r a i g h t  s e c t i o n  ( s i d e )  c o n s i s t s  o f  two m i r ro r  s e c t o r s  w i t h  o n e  
h o r i z o n t a l  A n d r e o l e t t i  c o i  I (H /W :: 2). Among t h e  c o n f i g u r a t i o n s  
s t u d i e d ,  th is one ( t h o u g h  n o t  o p t i m i z e d )  g i v e s  t h e  m a l  l e s t  bumpy 
s q u a r e  geomet ry  ?or a r e a c t o r  u i  t h  a n  e q u i v a l e n t  major r a d i u s  of  
R y  = 17.5 r n .  The v o l u m e t r i c  e f f i c i e n c y  and d r i f t  orb i t ;  c h a r a c t e r i s t i c s  
a r e  much b e t t e r  t h a n  t h e  RT = ?0.5 m bumpy s q u a r e  case discussed 
p r e v i o u s l y .  F i g u r e  9.10 shows t h e  vol u r n e t r i  c e f f  i cicncy far t h e  
AT = 17.5 m EBS. As we see, t h e  o r b i t  c h a r a c t e r i s t i c s  f o r  a l l  c l a s s e s  
o f  p a r t i c l e s  fo r  t h e  RT :: 17.5 in EBS a r e  s i g n i f i c a n t l y  b e t t e r  t h a n  t h e  
Ry = 35 in EBT w i t h  SYM c o i l s  ( F i g .  9.10). 

F i g u r e  9.11. show a f i e l d  l i n e  dr-awing of a n o t h e r  hybr;d 
c o n f  i g u r a t , i o n  - a  bumpy squai-e w i t h  h o r i z o n t a l  wteaai.$i*opw c o i  Is i n  
w h i c h  t h e  s h a p e  of t h e  c o i l  i s  shown i n  F i g .  9.12. T h i s  i s  similar t o  
t h e  c a s e  d i s c u s s e d  p r e v i o u s l y  ( see  F i g .  9.9); however,  i n  th is ca5e  t h e  
plasma o c c u p i e s  a l a r g e  f r a c t i o n  of t h e  c o i l  vo lume.  The t e a r d r o p  
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F i g .  9.9. E q u a t o r i a l  p lane, f i e l d  l i n e  d raw ing  of an RT = 17.5 rn 
bumpy square w i t h  h o r i z o n t a l  A n d r e o l e t t i  coi Is i n  s t r a i g h t  s e c t i o n s .  
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reactor-  (I?-,- = 17.5 m) a n d  for a c i r c u l a r  c o i l  EB'T reactor ( R T  = 35 m> 
w i t h  and w i t h o i j b  SYM coi Is. 



A9-17 

20 

10 

A 

E - 0  
>r 

-10 

- 20 

ORNL-DWG 83-3765 FED 

I I 
- 

I 
-20 -10 0 10 20 

x (m) 

F i g .  9.11. A f i e l d  l i n e  d r a w i n g  of a bumpy square w i t h  h o r i z o n t a l  
n t e a r d r o p q  coi Is  i n  straight s e c t i o n s .  E q u i v a l e n t  major r a d i u s  
RT 19.5 m. 
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c o i l s  (one on each s ide )  a r e  s h i f t e d  i nward  r e l a t i v e  t o  t h e  co rne rs .  
F i g u r e  9.13 shows t h e  v a r i a t i o n  of  t h e  no rma l i zed  magne t i c  f i e l d  
s t r e n g t h  a s  a f u n c t i o n  of a r c  l e n g t h  a l o n g  t h e  magnet ic  a x i s  for one 
quadrant ,  where 8, 2 2.2 T,  l,,, 2 10 m, and Rcor 5 6.5 m. The g l o b a l  
mirror r a t i o  is a b o u t  5, The t e a r d r o p  c o i l s  a r e  10-T magnets w i t h  
modest c u r r e n t  d e n s i t y  and t h e  c o r n e r  coils a r e  15 T. The c o r n e r  c o i l s  
a r e  of a much s m a l l e r  c r o s s  s e c t i o n ,  and t h e  t o t a l  w e i g h t  of a l l  t h e  
c o i  Is  i n  one c o r n e r  is  comparable to  t h a t  of one t e a r d r o p  c o i  I * A p lo t  
of v o l u m e t r i c  e f f i c i e n c y  is g i v e n  i n  F ig .  9.14, which compares ve ry  
f a v o r a b l y  w i t h  Figs. 9.3 and 9.10. 

Because t h e r e  a r e  a f i n i t e  number of c o i l s  t h a t  can be p laced  i n  
co rne rs ,  f i e l d  r i p p l e  e f f e c t s  may p l a y  an  i m p o r t a n t  role. B a l l o o n i n g  
modes a s s o c i a t e d  w i t h  t h e  c o r n e r s  and t h e  e f f e c t  of p a r a l l e l  c u r r e n t s  
on  equ i  I i b r i u m  and conf inement  p r o p e r t i e s  are  cons ide red  i n  S e c t s .  4 
t h r o u g h  7 of  this r e p o r t .  

9.6  Tl4ISTED RIlGETRACX 

The t w i s t e d  r a c e t r a c k  (TRT) EBT is a t y p e  o f  " f i g u r e  8n 
s t e l  l a r a t o r  w i t h  two s t r a i g h t  s e c t i o n s  composed o f  ax i symmet r i c  mirror 
s e c t o r s .  I n  th is  c o n f i g u r a t i o n  (Fig. 9.15), as i n  EBT, t h e  *bumpinessn 
of t h e  f i e l d  p r o v i d e s  f a v o r a b l e  p o l o i d a l  d r i f t s  and e q u i l i b r i u m ,  and 
t h e  h o t  e l e c t r o n  r i n g s  ( i n  t h e  s t r a i g h t  s e c t i o n s )  p r o v i d e  t h e  
s t a b i  I i t y .  R o t a t i o n a l  t r a n s f o r m  i s  i n t r o d u c e d  (by t w i s t i n g  t h e  
r a c e t r a c k )  to  improve t h e  conf inement .  The curved s o l e n o i d  s e c t i o n s  do 
n o t  c o n t a i n  r i n g s  (as  i n  t h e  p l a n a r  bumpy r a c e t r a c k  or bumpy square  
c o n f i g u r a t i o n s )  and have an on -ax i s  f i e l d  app rox ima te l y  equal  t o  t h e  
magne t i c  f i e l d  i n  t h e  c o i l  t h r o a t s  of s t r a i g h t  s e c t i o n s .  The f l u x  
s u r f a c e s  a r e  n e a r l y  c o n c e n t r i c  c i r c l e s  w i t h  e s s e n t i a l l y  no  s h e a r .  Thus 
t h e  o b j e c t i v e  of TRT is  t o  o b t a i n  a c o n f i g u r a t i o n  w i t h  f a v o r a b l e  EBT 
s t a b i  I i t y  and equ i  I i b r i u m  p r o p e r t i e s  t h a t  has t h e  s t e l  l a r a t o r - I  i k e  
f a v o r a b l e  t r a n s p o r t  a t  modest aspec t  r a t i o .  

P r e l i m i n a r y  c a l c u l a t i o n s  c a r r i e d  o u t  for a TRT r e a c t o r  also 
i n d i c a t e  c o n s i d e r a b l e  improvement ( s i m i l a r  t o  EETEC and EBS) o y e r  a 
s t a n d a r d  EBT c o n f i g u r a t i o n .  The example looked a t  i s  for  RT 5 20 m, 
e q u i v a l e n t  c i r c u m f e r e n c e  major r a d i u s .  I t  c o n s i s t s  of six ax isymmet r i c  
mirrors p e r  s t r a i g h t  s e c t i o n  ( w i t h  a mirror r a t i o  M = 2.25 and mirror 
( e n g t h  L, E 6.5 m) - a  to ta l  of 12 m i r r o r s - a n d  cu rved  s o l e n o i d  end 
connec to rs  w i t h  a r a d i u s  of Rcor 2 8 m. The r o t a t i o n a l  t r a n s f o r m  is  
q(axis) 1.7 and q ( l i m i t e r )  2 2.3. 
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A t  r e a c t o r  t empera tu res  ( T i  N 20 keV), t h e  i o n  COI I i s i o n  f requency  
i s  lower t h a n  t h e  bounce t i m e  for i o n s  t r a p p e d  i n  t h e  1 / R  v a r i a t i o n  i n  
t h e  toroidal  cu rved  s e c t i o n s  of t h e  r a c e t r a c k .  I n  t h i s  reg ime t h e  
d m i n a n t  the rma l  c o n d u c t i v i t y  i s  due t o  t h e s e  t r a p p e d  ions, w h i c h  a r e  
i n  banana orbits. The d i f f u s i o n  c o e f f i c i e n t  i s  given r o u g h l y  by 

where qpi/~*'~ i s  t h e  banana w id th ,  f~ i s  t h e  f r a c t i o n  of d i s t r i b u t i o n  
t rapped  i n  t h e  banana o r b i t s ,  V * V ~ Q  i s  t h e  e f f e c t i v e  c o l l i s i o n  
f requency  far  u n t r a p p i n g  the i ons ,  and E = a/RcOr i s  t h e  i n v e r s e  aspec t  
rat io.  The bansna w i d t h  i n  t h e  TRT i s  t h e  same as i n  a tokamak or 
s t e l  larator w i t h  t h e  same toroidal  c u r v a t u r e .  However, t h e  f r a c t i o n  of 
t r apped  p a r t i c l e s  and t h e  e f f e c t i v e  col I i s i o n  f requency  i n  t h e  s t r a i g h t  
s e c t i o n  w i t h  mirrors are, d i f f e r e n t  from t h o s e  i n  t h e  t o r o i d a l  s e c t i o n .  
There fo re ,  t o  e v a l u a t e  t h e  t r a n s p a r t  i n  TRT, t h e  parameters  must be 
i n t e g r a t e d  around t h e  d e v i c e .  C a l c u l a t i o n s  a r e  c a r r i e d  o u t  by 
app rox ima t ing  t h e  mir ror  s e c t o r s  as square  magne t i c  w e l l s  w i t h  a f i e l d  

for h a l f  t h e  l e n g t h  of t h e  s e c t o r  (t,.,.,/2) and a f i e l d  B,,, 

t e m p e r a t u r e  o f  ~ 2 0  keV, and q 5 1.7, we f i n d  n~ 2 3.5 X la2' m3*s for 
t h i s  TRT r e a c t o r .  

P h i s  p r e l i m i n a r y  r e s u l t  of n ~ -  i n d i c a t e s  some marg in  of i g n i t i o n  
t h a t  is  approx ima te l y  equal t o  t h a t  i n  a c i r c u l a r  EBT r e a c t o r  w i t h  SYM 
coi Is f o r  RT N 35 rn ( r e f .  39. 

for t h e  o t h e r  h a l f  of the ieng'ch. F o r  a density of ,lo2' rn3 , a  

.B Y 

Reac to r  p r o j e c t i o n s  f o r  t h e  advanced bumpy t o r u s  concepts  i n d i c a t e  
t h e  p c s s i b i l i i y  of a s u b s t a n t i a l  r e d u c t i o n  i n  r e a c t o r  p h y s i c a l  s i z e  (a 
f a c t o r  of 2 of  more) compared t o  p a s t  E5T des igns .  The t r e n d  t o  
s m a l l e r  EBT r e a c t o r  systmrs i s  summarized n i c e l y  i n  F i g .  9.16. F u r t h e r  
r e d u c t i o n s  a r e  a n t i c i p a t e d  as t h e  concepts  c o n t i n u e  t o  develap. 
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Fig .  9.16. Development o f  new EBP c o n f i g u r a t i o n s  c o n t i n u e s  t r e n d  
t o  cma \ I e r  EBT r e a c t o r  systems. 



A9-25 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 
9. 

10 * 

11. 

N. A .  Uckan e t  at  ., #Reactor  Assessments of Advanced Bumpy Torus  
C o n f i g u r a t i o n s , "  i n Proceed i  nqs of t h e  1 0 t h  3 m p o s i  um on  Fus ion  
Enq i neer i nq, (Phi ladelphia, December 5-9,' 1983) IEEE 

N. A .  Uckan e t  a l . ,  Reac to r  Assessments of Advanced Bumpy Torus  
Conf  i s u r a t i s n s ,  ORNL/TM-8985, Oak R idge N a t l  . Lab., 1984. 
N .  A .  Uckan e t  a i . ,  Reac to r  Ana lys i s ,  ORNL/TM-8712, Oak Ridge 
N a t l  . Lab., 1983. 
N. A .  Uckan e t  al ., Advanced Bumpy Torus  Concepts: P roceed inqs  of 
t h e  Workshop, CONF-830758, Oak R idge  N a t l .  Lab., 1983 (papers 
pub1 ished t h e r e i n ) .  
R. L. M i  I l e r ,  R. A .  Dandl, and G. E. Guest, " D r i f t  Surface S t u d i e s  
of EBT C o n f i g u r a t i o n s  w i t h  N o n c i r c u l a r  Magne t i c  C o i l s , "  i n  ref. 4, 

L. W .  Owen, 0. K .  Lee, and C. L. H e d r i c k ,  "LMO Bumpy Square,# i n  

J. F. P i p k i n s ,  R. J. Schmi t t ,  and W .  B. Ard, #Op t im ized  Approaches 
t o  EBTs w i t h  S i m p l e  C i r c u l a r  Coils," i n  ref. 4, p. 99. 
A .  H. Boozer, RThe EM0 Snakey Torus,# i n  r e f .  4, p .  161. 
L. W .  Owen and N .  A .  Uckan, 8EBT Reac to r  Magne t i cs  and P a r t i c l e  
Conf i nement, # J . Fus ion  Energy 
D.  G. McAlees e t  a I .  , The ELMO Bumpy Torus (EBI) Reacbor Reference 
Design, ORNL/TM-5669, Oak R idge N a t  I .  Lab., 1976. 
J. W .  Van Dam e t  a l  ., " i n e r g e t i c  P a r t i c l e s  i n  Tokamaks: 
Stab i  I i z a t i o n  of B a l l o o n i n g  Modes," i n  re f .  4, p. 167. 

NO. 83CH1916-6, /I. 1824. 

p. 37. 

r e f .  4, p. 55. 

341 (1981) (I 





Alo-1 

Appendix 10 

POLO IDALLY ASYMMETRIC ELECTROS TAT I C POTENTIALS 

IN CLOSED-LINE BUMPY TOROIDS 

C .  L. Hedrick and L. W. Owen 

ABSTRACT 

Here an analytic expression is developed for the poloidal asymmetry 

i n  t he  electrostatic potential observed experimentally in the T-mode of 

operation -in the ELMO Bumpy Torus (EBT). A multiple-fluid treatment 

f o r  the t l c o o l , l l  "warm," and "hot" electrons is used. The central idea 

is that the "warm" electrons dominate both the raJial and poloidal 

structure of the electrostatic potential in the T-mode of operation. 

T h e  expression for the poloidal asymmetry in the electrostatic 

potential, which agrees reasonably well with experiment, is also applied 

to a inodification of the EBT magnetic configuration. We find that a 

substantial reduction in the asymmetry of the electrostatic potential 

below that of the EBT is possible in the modification of the EBT 

magnetic configuration. 

I. INTRODUCTION 

Here we develop an analytic expression f o r  the poloidal asymmetry 

in the electrostatic potential observed experimentally in the T-mode of 

operation in the ELMO Bumpy Torus (EBT).1-4 We also apply this 

expression for the asymmetry in the potential to the ELMO Bumpy Square 

(EBS) magnetic configuration. 

We shall treat the electrons as consisting of several distinct 

f l u i d s .  This approach is motivated in large part by the experimental 

observation that the electrons in EBT consist of at least  three 
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distinct populations.6 The lowest energy population, which constitutrs 

the bulk of  the electrons, typically has temperatures well below the 

potential. T h i s  group’s temperature does not correlate simply with the 

potential. The highest energy group, the hot electron rings, h a s  

energies well above the potential ( e . g . ,  hundieds O f  

kilo electron volts versus hundreds of volts), and again the behavior 

of this group is not closely correlated to the potential. 

An intermediate energy group, which is the focus of this paper, 

has a temperature, as deduced from soft X-ray measurements,’ which is 

comparable to and scales  with the electrostatic potential. Thus it is 

natural to assuiiie that this intermediate energy population of electronis 

domiriates the formation of the potential. The experimentally observed 

radial variation of the potential is Lelatively easy t o  obtain 

theoretically. Indeed, as we indicate by way of review in S e c .  111, 

one can obtain the main features without specifying a l l  of the derails 

of the heating and loss processes. 

To obtain the poloidal variation of  the electrostatic potential, 

the main subject of this paper, we again assume that t h e  formation is 

dominated by the intermediate energy electrons. The underlying idea 2s 

that the poloidal variation in the electrostatic potential is  caused by 

the dispersion in single particle magnetic drift motion, which i n  turn 

is driven by the toroidal curvature and gradients in the magaretic 

field. Because of  the multiple fluid treatment used liere, a number of 

quantities which reflect different averages of the inagnetic drift 

motion appear En t h e  formalism. These quantities (denoted by U with 

appropriate subscripts) reduce, in the isotropic limit, to $dl/B. (The 

interpsetive collnection hciwecn single particle magnetic drift motion 

and t h e  various fluid quantities i s  made at the end of Sec. SI.) 
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Determining the poloidal asymmetry requires some information about 

the other groups of electrons and the ions. Fortunately, it is 

possible to make assumptions (based on limiting cases) about the other 

plasma constituents and thereby obtain a relatively simple expression 

for the asymmetry in the potential. This expression agrees relatively 

well. with experiment. 

Because the multiple fluid treatment of electrons employed here is 

slightly nonstandard, in Sec. I1 we review the kinetic equation and its 

first several moments for each constituent. In this same section we 

develop the magnetic equilibrium properties. Not surprisingly, we find 

that magnetic equilibria in EBT and EBS are dominated by the h o t  

electron rings. The annihilator of equilibrium currents i s  also 

developed in Sec. I1 for later use in the charge conservation equation, 

0 .  j = O .  
Y -  

In See. I11 we manipulate the density and momentum transport 

equations for the intermediate energy electrons to obtain a 

field-line-averaged density transport equation. The poloidally 

symmetric version of this equation is simply the one-dimensional 

density transport equation for the intermediate energy electrons. 

In Sec. IV we discuss the main features of the poloidally 

symmetric solutions to the transport equations for the warm electrons. 

We argue that the poloidally symmetric part of the electrostatic 

potential is controlled (in the usual electron-cyclotron heated T-mode 

of operation) by the heat deposition profile through the "radial" 

temperature profile of the intermediate energy electrons. 

In See. V we utilize charge neutrality and minimal assumptions 

about the various plasma components (based on limiting cases) to obtain 
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a relation between the poloidally asymmetric part of the potenCial and 

the poloidally asyinnietric parts of various other macroscopic 

quantities. 

In Sec. VI we concatenate the relations developed in the previous 

sections to obtain an analytic expsession for the asymmetry in the 

potential. Using estimates of various quantities appearing in this 

expression, we make a comparison t o  the experimentally observed 

asymmetry of the potential in EBT. This same expression is also used 

to project the asymmetry in the electrostatic potential for EBS. 

In Sec. VI1 the major points are reviewed, along with some of 

their implications. Some of the limitations of the present theory are 

discussed and suggestions for further research are  made. 

11. MOMENT EQUATIONS AND MAGNETIC EQUILIBRIA 

The kinetic equation for species k may be written 

where Sk sepresents the effect of  scattering. We have in mind a 

multiple time scale analysis so that moments of  sk include sources and 

sinks associated with scattering by microwaves as well as by Coulomb 

collisions.' The first few moments O E  E q .  (1) yield the continuity, or 

density transport, equation f o r  the kth  specie^,^ , l o  
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and the momentum transport equation for the kth species, 

Since charge conservation plays an important role in determining 

the electrostatic potential, we begin by examining the equations 

obtained by summing Eqs. (2) and (3) over species, 

- + V ' j = Q  aP , 
a t  ... ,.! ( 4 )  

Mere V, is the center of mass flow velocity, j is the total current, 

and P is the total pressure tensor in the center of mass frame: 
- n 

- - 

Since 
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The mass and charge densities are  denoted by pb, and pQ. We note that 

i n  steady state the charge density satisfies Poisson’s equation: 

We now estimate the relative sizes of the various term appearing 

in E q .  ( 5 ) .  We are initially interested in the possible efEects of 

electric fields on magnetic equilibria. Thus we estimate that 

V, = E x B / B 2 .  Assuming that the various scale lengths for the 

electric field are comparable, we find, using E q .  ( 6 ) ,  that the 

convective derivative term involving Vc is larger than pQE = E ( V  * E) 

by (-200 in EBT). Thus we will neglect p E in Eq.  ( 5 ) .  

I c w  

- x - ” - ,  - 
Q, 

The total pressure tensor is dominated by the h o t  electron rings 

in EBT, 

Because tho temperature of the hot electron ring is comparable to the 

rest energy of an electron, the thermal velocity of the hot electron 

ring is comparable to the speed of light. T h i s  is so much larger than 

the E x E velocity (<106cm/s) - that even though ’the convective 

derivative term involves the ion mass and density, it is virtually 
- CI 

impossible for this term to be comparable to V - P. [Note t h a t  if one 

neglected the hot electron rings (and the warm electrons), this might 
3 1  c 

not he  the case.] Thus we shall neglect t h e  convective derivative in 

E q .  ( 5 ) .  
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To estimate the relative magnitude of the remaining terms in the 

steady-state version of Eq. ( 5 ) ,  it is convenient t o  rewrite it in the 

form 

B x (V P) 

where we have associated the scattering-induced particle flux, rkp with 

the integral involving sk in E q .  (5). We can estimate the magnitude of 

the rk from the continuity equation rk Y lelnk tk/‘ck. Because the hot 

electron gyroradius is relatively large [e.g., Lr/p, < m O(lO)] and the 

electron cyclotron frequency is tens of gigahertz, one must assume 

lifetimes, relative densities, and/or scale lengths that are several 

orders of magnitude different than those estimated experimentally to 

make a single species’ scattering-induced current comparable to the 

currents arising from the ring pressure tensor. Since one expects that 

the sum on species in Eq. (8)  will provide considerable cancellation, 

we obtain the standard magnetic equilibrium relation 

N 

B x C 7 . P  

We will, however, retain the scattering-induced fluxes in Eq. (8) when 

we turn to transport. 

The relative magnitudes of the scattering-induced farces and 

currents and those associated with the convective derivative term are 

somewhat more delicate matters. The convective derivative term, 

through its contribution t o  viscosity, may be important in some 



h i g h - t e m p e r a t u r e  and l i f e t i m e  c a s e s  by p r e v e n t i n g  c e r t a i n  p a t h o l o g i c a l  

e l e c t r i c - f i e l d  s o l u t i o n s .  I n  t h i s  pape r ,  we w i l l  no t  a l l o w  such  

pathology and w i l l  n e g l e c t  t h e  c o n v e c t i v e  d e r i v a t i v e  i n  E q s .  ( 3 )  and  

( 5 )  * 

N o t i c e  t h a t  i n  making t h e  above e s t i m a t e s  i t  was impor t an t  t o  

i n c l u d e  t h e  f a c t  t h a t  t h e  ho t  e l e c t r o n s  dominate t h e  t o t a l  p r e s s u r e  and 

t o  u s e  e x p e r i m e n t a l  estimates of s c a l e  lengths, l i f e t i m e ,  e t @ .  I f  w e  

had inc luded  o n l y  t h e  c o o l e s t  coniponents of e l e c t r o n s  and ions ,  we 

might have o b t a i n e d  an e n t i r e l y  d i f f e r e n t  o r d e r i n g .  

Because t h e  magnet ic  e q u i l i b r i u n i  c u r r e n t s  are  dominant,  w e  can u s e  

t h e  s t a n d a r d  approach t h a t  a l l o w s  one t o  decoup le  t r a n s p o r t  and 

magnetic e q u i l i b r i u m .  In  t h e  temaindcp. of t h i s  s e c t i o n ,  w e  o u t l i n e  t h e  

p rocedure  n e c e s s a r y  t o  de t e rmine  t h e  rppressure surfacesi7 f o r  t h e  h o t  

e l e c t r o n  r i n g s .  I n t e g r a t i o n  o v e r  t h e s e  p r e s s u r e  surfaces a n n i h i l a t e s  

t h e  magnetic e q u i l i b r i u m  c u r r e n t s  and a l l o w s  one t o  o b t a i n  i n f o r m a t i o n  

aborr t t h e  ? ( r a d i a l  coiiiponent of t h e  e l e c t r o n  field from c h a r g e  

c o n s e r v a t i o n  ( V  - j = 0 ) .  - -  
Jde rrray rewrite t h e  s t e a d y - s t a t e  v e r s i o n  of E q .  ( S ) ,  V j =- 0, in 

f . , ? . .  

t h e  form 

where w e  have used E q ,  ( 9 ) .  The divergence a p p e a r i n g  on t h e  extreme 

r i g h t  i n  E q .  (10) is  t r e a t e d  i n  t h e  appendix and leads t o  
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where 

and 

- 1 (B x VlnB)  + ipII (B x K)] , - c r *  

Equation (11) may be rewritten as 

(B x VlnB) t Ppll a (B x K)] . .., - w  

This is the anisotropic or tensor pressure generalization of the more 

familiar scalar pressure equation for the Pfirsch-SchlGter currents. 

The scalar pressure limit of Eq. (14)11912 can appear in ways which 

or V lnB, since 

Vp [B x (K - VlnB] = 0.13  For tensor pressure one cannot freely 

interchange K and 0 1nB except a t  low fl [see Eq. ( A . 1 4 ) ] .  For those 

not wishing to follow the details in the appendix, Eq. (14) can be made 

partially plausible by noting that t h e  quantities involving OB and the  

curvature, tc, are just those which arise when taking moments of the 

magnetic drift velocity, ( i . e . ,  Vf). We will use this 

relation to single particle magnetic d r i f t  motion at the end of this 

J emphasize either the curvature, K, 
e. 

N N C I r .  

c J 

,u 

,., 

qk 1 d’v 
e. 
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section to provide an interpretation of fluid quantities which appear 

in both equilibrium and transport. 

Because the field lines are closed in EBT and EBS and because j,,, 

B ,  and u are single valued, the left side of E q .  (14) integrates to 

zero after one complete traversal of  a field line so that 

We now assume t h a t  the ring pressure is separable and of t he  form 

where a and ,6 are the usual coordinates associated crith the Clebsch 

representation of the magnetic field as introduced by Grad and Rubin:14 

B = V C X X V ~ ~  . 
a . . N  -. 

Making use of the definition of Vp,,, we find that 
8.., 

and t ha t  Eq.  (15) takes the form 
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where 

Since 

[see Eq. ( A . 8 ) ] ,  we can write Eq. (19) as 

For an arbitrary function 0 for closed field lines (or mirror 

with Q vanishing at the end points of integrati~n),~ 

geometry 
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Comparing E q s .  (22) and ( 2 3 ) ,  we see that 

where 

Equation ( 2 4 )  implies that the surfaces of constant p, are the 

same as the surfaces of U r , l l ,  a result first obtained by Grad using a 

somewhat different procedure.15 In the limit of isotropic ring 

pressure, gII reduces t o  a constant (which we shall take to be l ) ,  and 

we recover the familiar relation that for closed field lines the scalar 

pressure is a function of $dl/B. The other simple limit is for a 

highly anisotropic ring pressure -- more representative of EBT, In 

this case the surfaces of Ur,II are the same as mod-B in the midplane 

(for points off the midplane, one maps the mod4 contours via f i e l d  

lines). 

Without. loss of generality, we now choose t h e  surfaces of constant 

OL The a-surfaces arc? then 

also surfaces of constant ring ( o r  total) pressure. With this choice 

of a, the annihilator of the equilibrium currents is simply expressed 

as 

to correspond t o  surfaces of constant Ur,ll. 

dl <...> = - 
B 

The constraint involving Ur,ll given by Eq.  ( 2 4 )  has a simple 

interpretation. We have already remarked that the quantities appearing 



810-13 

in Eqs. (14 )  and (15) arise when taking moments of the magnetic drift 

velocity. Equation (24), which can also be written 

e of eon t nt pr must b tang t 

to the "average magnetic drift" -- which is proportional to b x VUrIII. 

ur , II may then be interpreted as an "average adiabatic 

invariant" -- similar in spirit to the single particle longitudinal 

adiabatic invariant but averaged over the distribution of particles. 

,.# 

In the remainder of this paper, additional quantities appear, 

which, like Ur,ll, reflect averages of the magnetic drift motion. In 

particular, we will find that the polcridal asymmetry in the potential 

is driven by the average magnetic drift motion of the warm electrons, 

which is different than that of the ring electrons. 

111. WARM ELECTRON TRANSPORT EQUATION 

In this section, we combine Eqs .  (2 )  and ( 3 )  for the intermediate 

energy (or warm) electrons and manipulate the resultant density 

transport equation into a form needed in later sections. 

From E q .  ( 3 9 ,  in steady state, 
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Notice that in contrast to the equilibrium equation for the current, 

here we must retain the term involving E x B since the density, rather 

than the charge density, occurs. We now insert E q .  (27) into E q .  ( 2 ) ,  

and since we are only interested in field lines that do not strike 

material walls (coil casing or  friimiterft), we perform a field line 

, . , . . a  

average. The resultant equation is 

To evaluate the integral involving the pressure tensor, Pw, in 

E q .  (28), it is convenient to assume that the distribution function for 

the warm electrons is of the form 

,.. N 

where E is the kinetic energy and I.I is the magnetic moinent. With this 

assumption the density and pressure take the separable form 

The separability of the parallel and perpendicular pressures and 

the density f o r  the warm electrons is similar to that assumed for the 



A10-15 

ring electrons in the previous section. It  is again convenient to 

introduce field line averages of the B-dependent parts of the fluid 

quantities: 

A s  discussed for the ring electrons at the end of the previous section, 

these quantities can also be interpreted as "average adiabatic 

invariants" which reflect the single particle magnetic drift 

motion -- in this case, of the warm electrons. Because we have several 

fluid quantities (e.g., pressure and density) when dealing with 

transport, it is necessary to have two slightly different averages or 

weightings of the drift motion. It is not necessary to introduce 

separate averages for the parallel and perpendicular pressure because, 

as shown in the appendix, the assumed form of the distribution function 

relates the parallel and perpendicular pressures [see Eq. ( A . 8 ) ] .  

The integral involving the divergence of Pv i n  E q .  (28) i s  similar 

to that encountered in Sec. 11, and using the same techniques we find 

that 

- 
m 



A10-16 

To evaluate the term in E q .  (28) involving E x B ,  i t  is convenient 
? . I  

to define 

VE = E x B / B 2  . - . - Y  

( 3 3 )  

Using the vector identity for the divergence of a cross-product and the 

fact that in steady state V x E = 0, we obtain 
N -  

Since E: * b is assumed zero, we can use [ see  Eq. ( A . 1 4 ) ]  
m 

( V  x B)s = B x ( K  - VlnB) .. ? + c  - . . .  

to obtain 

2nd 

Us i ng 

and Eq. ( Z O ) ,  we find that 
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Combining Eqs. (37), (39 ) ,  and (30), we obtain 

Setting Q in Eq. (23) to Gn/B, we find that 

Equations (28), (41), and (32) allow us to write the density 

transport equation in the form 

sw = cw 

where we have collected the terms arising from scattering into Sw: 

The terms arising from "convection1' of the  warm electron fluid are 
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In the remainder of this paper we will assume that t he  poloidal 

variation in the various macroscopic quantities is  small arid write 

and similarly f o r  the other macroscopic quantities. Here it should be 

noted that experimental measurements indicate )+ll/(Ooj is typically 

less than o r  equal to  one third. This is sufficiently large that it 

was no t  clear - a priori .I___ whether this expansion would adequately describe 

the experimental results. The primary justification € o r  the expansion 

is that it yields results f o r  ERT which are in reasonable agreement 

with experiment and that it should be even better for EBS. 

We note  from E q .  ( 4 4 )  that the lowest order version of Cw is zero 

since none of the lowest order macroscopic quantities depend upon 6. 

The lowest order version of Eq. ( 4 2 )  is then 

which is simply the one-dimensional transport equation for the warm or  

intermediate energy electron density in steady state. 

IV. POLOIDALLY SYMMETRIC TRANSPORT SOLUTIONS 

In this section, we discuss the polaidally symmetric solutions to 

the transport equations Tor the intermediate energy electrons. These 

equations are generally of the same form as those used in two-f luid 

treatments of ERT transport, for which there is a substantial body of 

information.16 



A10-19 

We begin by discussing some of the general properties of V Tw. 

Here we are concerned with fluxes induced by both microwave and Coulomb 

scattering. Fortunately, the fluxes induced by microwave scattering 

often have properties similar to those induced by Coulomb collisions. 

That is, many of the results of neoclassical transport coefficient 

calculations depend more upon the details of the particle drift orbits 

than upon the details of the scattering mechanism. Thus we limit 

ourselves here to the properties of neoclassical transport which carry 

over to the more general case which includes microwave scattering (and 

perhaps scattering due t o  other fluctuating electromagnetic fields). 

c . .  

It should be emphasized that we are primarily concerned in this 

paper with poloidal asymmetry in the electrostatic potential induced by 

particle motion and so, for example, we will neglect any (small) 

poloidal asymmetry in the microwave heat deposition. As is discussed 

at some length in See. VII, the weak focusing of the microwave energy 

and the small single pass absorption lead to small poloidal asymmetry 

in the microwave heat deposition profile. 

The 'vradialr' or OL component of Tw typically takes the form 
u 

Because the intermediate energy electrons span the zone where E x B 

drifts can, to lowest order, cancel the OB and curvature drifts, DW 

tends to be quite large (particularly at larger radii) compared to the 

corresponding transport coefficients for the cooler bulk electrons and 

ions. Typically the hot ring electrons have lifetimes which are 2 to 3 

orders of magnitude larger than the bulk electrons6919 so their 

- , . 3  

c 



contribution to particle fluxes is negligible. Because the more 

energetic of the warm electrons are lost at a higher rate than the less 

energetic electrons, the numerical factor A i n  Eq.  ( 4 7 )  tends to be 

greater than unity ( e . g . ,  2 or 3 ) .  

While there are, in general, a number of possible radial electric 

fields which satisfy charge conservation, t h e  radial electric fields 

observed experimentally in the T-mode of operation in EBT can be 

obtained f a i r l y  simply. To lowest order the charge conservation 

condition, 0 * j = 0, reduces to 
M N  

where rcy0,  and q O  are the  "radial" particle fl.uxes of the 

ions, the cool o r  bulk electrons, and the ring electrons, respectively. 

Because Dv is  so large, this last equation is difficult to satisfy (for 

electric f i e l d s  like those observed experimentally) unless the factor 

multiplying DW in Eq.  ( 4 7 )  is small. Thus 

Because A is greater than unity and the logarithm is a relatively weak 

furnetion, E q -  ( 4 8 )  h a s  the approximate solution 

Thus we see that the "radial'* OK CL profile of +o is dominated by 

the profile of Insofar as losses are concerned,  the diffusive or 

conductive losses for T tend to be nearly diagonal, again because w,o 
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the higher energy particles are lost at a higher rate. At relatively 

high energy, unconfined drift orbits exist for single particles and the 

scattering rate is sufficiently low that, once scattered anto such an 

orbit, a particle d r i f t s  t o  the wall. This process is similar to the 

loss cone that occurs i n  a simple mirror machine except that the time 

scales are different (drift time scale instead of bounce time scale). 

These "drift losses" are relatively more important for energy transport 

than for particle transport because they occur a t  high energy. They 

arise formally when evaluating the integral over Sk. Here we model 

them by a simple loss rate, v ~ , ~ .  

The processes balancing the energy losses are scattering or 

heating due to microwaves. Formally, they arise because the part of Sk 

representing microwave scattering takes electrons from t h e  cooler group 

and moves them into the intermediate energy population. There is, of 

C O U K S ~ ,  also a '9sink" associated w i t h  microwave heating transferring 

electrons from t h e  intermediate population to the hat electron ring 

population. 

Two types of microwave heating occur in EBT (and EBS) .  

Fundamental electron cyclotron heating (~ccurs at a resonant surface 

which crosses most of the f i e l d  lines (see: Fig. 1) and is relatively 

uniform as a function of radius o r  or. Second harmonic heating, an the 

other hand, is localized to radii in the midplane (or  a) near the point 

where the second harmonic resonance condition is satisfied. While the 

relative magnitude of the two heating processes depends upon the 

strength of the microwave electric field at the fundamental and second 

harmonic resonance, it is clear that the heat deposition profile for 

the intermediate energy population can be peaked near the second 

harmonic resonance. 



A
 

n
 

u
 

- 
(
'I 

- 
).I 

- 
1'1 

- 
0

'1
 

~ 
i. 

- 
8, 

- 
t' 

- 
I' 

- 
0' 

- 
I'- 

- 
)
'
-
 

- 
I
.
-
 

- 
1

'- 

- 
0'1- 

- 
I'I- 

- 
*
'I-

 

- 
1.1- 

-, 
B

'I- 
t_C1-blb.L.- 

I'-...I~I_ILl...~~.IL.*---LI__--LJ 
.... 

.- 
n

 ... n
 

0
 .... 

a2 
..... 

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
 

,
-

-
-

-
-

-
 

-
.

.
-

.
-

y
-

 
9

.
.

 
I

,
.

.
.

 

U
 

a, 
1-I 
rd 

rn U
 

aJ 
w

 
4.4 a, 

c
-' 



h1Q-23 

We can now see in a qualitative way how the T profile responds 

t o  the peaking of the heat  deposition near the second harmonic 

resonance. If the "drift losses" are sufficiently large compared to 

the diffusive (or conductive) losses, then 'I' will peak near the 

second harmonic resonance. This is most easily seen if we first 

neglect the diffusive losses, for then vD,WTW,O is simply proportional 

to the heat deposition profile, H, and TW,O = B / V ~ , ~ .  Because 

particles at larger radii or a are closer t o  the walls, they are more 

susceptible t o  direct loss t o  the walls, v ~ , ~  is larger at larger 

radii, TVp0 tends to peak slightly to the interior of the peak in 

the heat deposition profile. Including diffusive or conductive effects 

simply broadens or diffuses the profile for TW,O. 

w, 0 

w,o 

and 

Thus, we see that the peaking of the heat deposition profile near 

the second harmonic causes T to peak near the second harmonic, which 

in turn causes $o to peak near the second harmonic resonance in the 

midplane. 

w,o 

Finally, we should point out that strictly speaking, E q .  ( 4 7 )  

applies to an isotropic distribution. For anisotropic distributions an 

addltional term QCCUTS which involves gradients of B. We have 

neglected such terms on the grounds that the gradients of  B are weak 

compared to the gradients of the other macroscopic quantities. T h i s  is 

consistent with approximations we shall make for the gradients of 

d d l / B ,  q J n ,  U W , I I '  etc., which reflect the  relatively weak gradients of 

B. Indeed, as we shall see in Sec. VI, neglecting such terms is what 

allows us to avoid using the energy transport equation when analyzing 

the poloidal variation of t h e  macroscopic quantities. A consequence of 



these approximations is that we will retain only the most doiriinant 

effects of magnetic drifts on the poloidal asymmetry in the 

electrostatic potent i d .  

V. QUASI-NEUTRALITY 

In this section we discuss approximations for the pl.asrna 

constituents other than the intermediate energy electrons. We then use 

these approximations in the quasi-neutrality condition, 

ni = nc -t nCb + n, , 

t o  obtain a relation that will be used in the next section. Here 

ni = ion density, 

n = cool  o r  bulk el.ectron density, 

n, = hot electron ring density. 

For both the cool or bulk electrons and the ions, we assume that 

their densities are functions only of 4.  This approximation refbests 

the fact that f o r  cool  particles, the constancy of the total energy 

(kinetic p l u s  potential) restricts the particles to follow 

(approximately) a potential surface. This, of course, can be deduced 

from the  kinetic equation in the collisionless limit. 

C 

For the hot electron rings we have already assumed that the 

pressure tensor is separable into a function of u and a function o f  B. 

This is consistent with assuming that the hot electron ring 

distribution function is of the form 

fr = F(E,cw)  H ( E / U )  . 
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This in turn leads to the density for the hot electron rings being of 

the form 

Because gr,, (B) differs somewhat from gr,ll(B)j the contours of 

differ slightly from those of 

depends solely on a (by construction), 

For simplicity we s h a l l  neglect 

- dl 
constant Ur,lI = d -g 

dl 
UrYn 6 gr,n. While ur,ll 
‘r,n does have a slight #3 dependence. 

this 6 dependence, which is equivalent to assuming that 

Including the f3 dependence of nr leads to terms which are small 

compared to similar terms involving nw (because there are fewer ring 

electrons per field line than warm electrons, and because the more 

anisotropic rings have weaker f3 dependence). 

We now use the above relations to eliminate ni - nc, which is 

potentially the difference of large numbers and, hence, is difficult to 

estimate accurately. To lowest order, 

where prime implies differentiation with respect to a. To first order, 
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Combin.ing the previous  two equations yields 

We now integrate Eq., (56) along a field line to cast it i n t o  a 

form that we will need in the next section. Thus 

where we have noted that Cp is constant along field lines and have 

neglected integrals of the order of U;,,,o and Uk,n. 

VI. POLOIDALLY ASYMMETRIC POTENTIAL 

In this section, we combine t h e  information developed in the 

previous sections to obtain an analytic expression f o r  the asymmetry i n  

the electrostatic potential in EBT and EBS. We then compare t h e  

expression with experimental observations from EBT and compare and 

contrast these results with those f o r  ERS. 

The first-order density transport equation [see Eq. ( 4 2 ) ]  is 

We will assume that Sw,l is small compared t o  Cw,l. If we approximate 

sw 1 = --u(d ?ij- dl n")l 
(59) 
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and anticipate the result that the first-order macroscopic quantities 

will vary as cos@ or sinf3, we can compare the magnitude of Sw,l with 

the terms occurring in Eq.  ( 4 4 )  for Cw. Noting that in the 

axisymmetric limit 

I 

(i.e., +o is the E x B poloidal precession frequency), we estimate that 

O(v/Q). Thus we anticipate that S be ing  small cornpared 

to Cw,l will be justified if the fluid loss rate induced by scattering, 

v ?  is small compared to the E x B poloidal precession frequency, 

m -  

SW,l'CW,l = w, 1 

- M  

Since the fluid loss rate vanishes as the scattering vanishes, we 

cannot really allow v to vanish, since this would preclude justifying 

our fluid treatment. The situation here is similar to that encountered 

in "plateau" transport when calculating resonant neoclassical diffusion 

coefficients.20 y 2 '  Indeed, the fluid equations are quite similar to 

(but more complex than) the first-order k.inetic equation encountered i n  

resonant neoclassical transport coefficient calculations (e .g . ,  spatial 

diffusion here plays the same r o l e  as velocity space diffusion does in 

transport calculations), and the approximations used are similar to 

those often used in the plateau limit. By analogy we expect that the 

resultant expressions will give reasonable global results but will be 

poor approximations very near singularities o r  resonances ( e . g . ,  

$2 = 0 ) .  
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From Eq. ( 4 4 )  we have 

wheb-e we have neglected the radial (or a> derivatives of U W,n,O an' 

U%g,II ,O' ~y neglecting u ; ~ , , , ~  we have  dropped a term proportional to 

2pw,1/af3- This allows us to avoid simultaneously solving the density 

and energy transport equations f o r  the poloidal variation. 

Using Eq. (57)  we eliminate an /af3 from @w,l: v ,  1 

and 

Combining Eqs .  (581, (533, and (62)  we o b t a i n  
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Anticipating that UW,n,l and 6, are proportional t o  cos@, we write 

and E q .  ( 6 3 )  has solutions 

Thus the effect of small but finite .Ci is to rotate the surface of 

symmetry away from the equatorial plane (f3 = 0,n). In the remainder of 

t h i s  section, we will concentrate on estimating the magnitude and 

consider the limit G = 0. 

To simplify the task of estimating the various quantities, we 

assume that all the radial (or a) scale lengths are comparable, so that 



OP 

1 
& E -  

A '  

where ve have used pw,o : TW,O and made use of E q .  ( 4 9 ) .  We have 

already noted that A tends to be large so that 6 tends t o  be small 

( e . g . ,  l / 6  to 1/21. The ratio nW,OUW,n,O/(n,Ur,,) appearing in 

Eq.  ( 6 9 )  is simply the ratio of  the nimher  of  warm electrons on a field 

line to the number of hot electrons on the same field line. T h i s  ratio 

tends t o  be la rge  since the warm electron density exceeds the hot  

el.ectron densiry in the midgl.ane of EBT and the warm e lec t rons  tend t o  

extend farther along the field lines. To within a factor of 2, the 

estimate f o r  EBT is Chat H is 3.22 

For ERS we will. a l s o  assme t h a t  I.H is approximately equal to 3 .  

The rationale depends upon the f a c t s  that the heating geometry (on a 

field line) is similar for E3T and EBS and t h a t  loss processes. are 

relatively weak in the transition region between t h e  highly trapped 

ring electrons and t h e  warn e l e c t r o n s .  T h u s  the Fokker-Blanck equation 

f o r  t h e  electrons takes the form a/av - ( A  - af/av + B f )  r: 0 with the 

ratio of  the elerrients in A and B relatively constant between EBT and 

ERS. Since this equation is homogeneous, if f is  a solution, so is any 

n - 
I 

- 
n - 

multiple of f. Thus, if the number of warm electrons per field line 

increases, so does the number of hot electrons, and their ratio (the 

dominant part of If) is uiicharigtxl. 

We expect that the reduction in losses i n  EBS ( d u e  to bet ter  

magnetics) would increase t h e  n ~ ~ b e ~  of bo th  Warm and r i n g  electrons. 

Brsbably most impCJX.tant is a reduction of losses for the warm electrons 

a t  high values of  vII / v .  Because ECH gives electrons p e r p e n d i c u l a r  
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energy, we expect this to be a relatively minor effect. There is, 

however, greater uncertainty in the value of H for EBS (e.g., an  

additional factor of 2). 

Thus, neglecting Ci in Eq. ( 6 3 )  and setting H c: 3 in Eq. (65), we 

obtain 

and our remaining task is to determine the behavior of the right side 

of Eq. (72). We begin by noting that while the warm electrons in EBT 

are quite anisotropic, the right side of Eq. ( 7 2 )  would be simplified 

considerably if the warm electrons were isotropic, for in this limit 

This suggests that we define 

so that 
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where the anisotropy function, a, is unity f o r  a~p isotropic warm 

e l e c t r o n  dis tribu t ion. 

Equation (76) shows that the drive for the poloidal asymmetry in 

the electrostatic potential is the poloidal asymmetry in & l / B  or its 

anisotropic generalization. Recalling the interpretive reinarks about 

d;dl/B and i t s  anisotropic generalization at the end of Sec. 11, we see 

that, from t h e  microscopic point of view, it is the  dispersion i n  the 

sing1.e particle magmetic drift motion which produces the asymmetry in 

the electrostatic potential. 

Recause the h o t  electron rings occur at relatively large radii, 

accurate evaluat ion of the factors I and a requires numearli.cal treatment 

of the magnetic f i e l d .  Nonetheless, considerable insight cat1 be gained 

by carrying through analytic evaluation of 1 near the magnetic axis. 

Thus, prior to presenting the results of numerical computation, we give 

these simplified calculations. 

Neglecting the bumpiness: of the magnetic f i e l d ,  ve write the 

magnetic field for EBT as 

where R is the major radius and 6 is the toroidal angle. Then 
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Sere 8 is  t h e  p o l o i d a l  angle referenced to the minor axis. Neglecting 

t h e  f a c t  that 8 2nd 6 are measured about different axes, we see that 

TLI  p r~ t t icu lar  foriraula is  i n  reasonable agreement w i t h  the  numerien'l. 

ca?eiiJsntion of U a t  the  ring position i n  EBT: 

Beca.use all toroidal effects in EBS are concentrated i n  the 

cnrne r s  (see Fig. 11, the situation is ssme.what d i f f e r e n t  i n  EE. 111 

t h ~  sides, we again negReet the bumpiness so that the contribution from 

the sides is  simply 

whsr-e J 8  i s  the length of a single side and B, is a ''mean'' value of B i n  

the s i d e  In the corners,  where the f i e l d  is essentially t h a t  of ga 

t 0 L 0 Jr d.=LI. so1eao i d ,  
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B = 8, 1 -- - cos0 , 1 
whore Rc is the radius of the magnetic axis in t he  corner, and B,, r c9  

and 8 are the magnetic field on axis, minor radius, and poloidal angle, 

respectively, in the corner. Thus in the corners  

and the contributian of all four corners t o  &l/B is 

'corner 

Thus for EBS 

u s - + . -  1 + 2 - rc ...El] . 
% 4 L  2mc % I Rc 

To minimize the t o ro ida l  effects (the 2r,/B, cos0 term in the present 

instance), the ratio of the length ol the sides t o  the length of the 

corners is kept  as large as practical: 

4 L  - > > 1  . 
2mc 
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The g loba l  mirror ratio 

is a l s o  made a3 large as practical. (Because we have neglected the 

bumpiness of the  sides, t h i s  definition of global mirror ratio is 

slightly different from the standard one.) Thus in EBS 

ecause the global mirror ratio is large (e.g., 3 to 10) the 

radius of a field line in the corner is less than the minor- radius in 

the midplane, r3, of a side by approximately MG1I2. Thus 

and 

The above formula reveals the  strong dependence of the asymmetry 

of # d l / B  in EBS on the global mirror ratio (a readily controlled 

parameter). It a l s o  shows that the asymmetry in bdl/B is relatiyely 

insensitive t o  the corner radius, R,. The reduction caused by adding 

more mirror ce l l s  to the sides is contained in the dependence on L. 

Because of the approximations made, it does not show the  effect of 
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local mirror ratio (bumpiness of the sides) or the importance of 

carefully tailoring the transition between t h e  sides and corners. 

Numerical calculations show that U1/Uo in EBS can be reduced by as 

much as an order of magnitude from that of EBT. Thus 

1 .  
'EBS 5 'EBT * 

Of course, by decreasing the global mirror ratio (e.g., decreasing 

TEBS can be increased considerably. 

Be) 

I n  EBT, s o f t  X-ray measurements6 in the midplane and coil plane 

indicate that less than 10% of the intermediate energy or warm electron 

population is passing or transitional. That is, more than 909;: of the 

warm electron population is trapped, and only the remaining 10% is 

isotropic. Thus it is important to study the effect o f  anisotropy. 

In both EBT and EBS, the anisotropy factor, a, must approach zero 

as the anisotropy of the warm electrons approaches that of the highly 

anisotropic hot electron rings. This follows from the fact that in 

this case U would approach U,,,,, which by definition is  only a 

function of CY. On the other hand, for purely isotropic distribution, a 

is unity by construction. Because the toroidal effects are more or 

less uniformly distributed in EBT, we would expect that the rise to the 

isotropic limit would occur even when the distribution consisted of 

only trapped particles. For EBS, however, the magnetic field in the 

sides is axisymmetric to a high level of accuracy so that we would 

expect this same trapped particle distribution t o  yield zero asymmetry 

in EBS. 

W,n 
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Since  a vide variety 0f distributions is possible, we first 

examine G, of the form 

I ; B < B ,  

0 ; B > R ,  

We can t h e n  decompose more realistic distribution functions in terms of 

these funstions and deduce t h ~ ~  corresponding to  t he  more realistic 

Gile Thus ,  for example, i f  we approximate the distribution for EBT sa 

that 

whem a(B,) is obtained by inserting in Eq. (75). 

F i g u ~ e  2 shows the result of numerically calculating a far both 

EBT and 685. The features described earlier are apparent from these 

graphs. The oanly new feature is the relative maxima i n  a w 

near the  transition between trapped and passing (or isotropic) for both 

EBT and EBS. While samewhat exaggerated by our choice of G,, these 

maxima reflect the fact t h a t  transitional particle magnetic d r i f t  

orbi ts  are the most asymmetric. 

lo will be noticed f rom Fig. 2 that for purely trapped particle 

EBT, a is nea r ly  the same as for the isotropic case. distributions in 
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Thus far EIBT the effect of anisotropy is relatively small ( e . g . ,  30%). 

Since this effect is small compared t o  the factor of 2 uncertainty in 

B, we set  a = 1 for EBT, so that using E q s .  (76) and (82) we obtain 

Thus a t  f3 = 0, 4 c: 2/3rP0 while a t  6 = R, 4, = 4/3rPO, so 

which I s  typical of EBT experimental data (to within the aforementioned 

f a c t ~ r  of 2 )  in the T-m~de.'-~ 

For EBS, we see that the effect of anisotropy i s  very important 

since a for the trapped portion is zero. Using Eq. (951, we see that 

for f 2  E: 10% 

a 
10 

a - -  . 

gives electrons perpendicular energy we do not expect the 

fraction of passing (or isotropic) warm electrons in EBS t o  be 

~ u ~ ~ t ~ ~ ~ i ~ ~ ~ y  larger than in EBT -- even though these less well trapped 

particles would be better confined in EBS than in EBT. 

Thus the asymmetry in 4, €OK EBS is reduced below that of EBT by 

two factors. The f i r s t  factor comes from the improvement in global 

confinement praperties as indicated by the reduced asymmetry in J d l / B .  

The second factor arises from the anisotropic character of the warm 
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electrons and the near-perfect axisymmetry of the magnetic field in the 

sides. Each of these fac tors ,  if one uses EB'F parameters, yields an 

order of  magnitude Leduction in the poloidal asymmetry in 4 -  Because 

of the greater uncertainty in B and E2 for EBS, we estimate that t h e  

overall decrease in the poloidal asymmetry in + is reduced by one to 

two orders of magnitude. 

VII. SUMMARY 

In this paper we have obtained an analytic expression f o r  the 

p o l o i d a l  asymmetry i n  t h e  electrostatic potential which is in 

reasonable agreement with experimental observation. Applying this 

expression t o  the ERS configuration reveals that the asymmetry in the 

potential is reduced due to two factors. One factor is the overall 

improvement in magnetic confinement of s i n g l e  particles as manifested 

through the reduced asymmetry in & h / B .  The second fac tor  arises 

because the intermediate eiiergy population of electrons consists 

primarily of trapped particles that are confined t o  the very nearly 

axisyrnmetric mirror cells in the s i d e s  of an EBS. 

One reason that this reduction in the psloidal asynimetry in the 

potential fo;c EBS is important is that i t  greatly K ~ ~ U C ~ S  the loss o f  

cooler electrons and ions that constitute the bulk aP the plasma.23 The 

Monte Carlo calculations carried out in Ref. 23 indicate t h a t  strong 

poloidal asymmetry in the potential ( a s  in EBT) leads t o  "convective" 

losses t h a t  are about an order of magnitude larger than the purely 

diffusive losses usually assumed. For the greatly reduced poloidal 

asymmetry i n  the potential predicted for EBS, these "convective" losses 
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become negligible compared t s  diffusive losses, and t h e  overall 

lifetimes of E S are increased by one 6 0  two orders  of naagraiti.de above 

those of EBT. The calculations of R e f .  23 (see p a r t i c u l a r l y  Pig.  L O )  

indicate that onice t e psloida’b asymmetry in the potential is 

suff ic ient ly  small (i.e., in the range predicted here), the 1 . i fe t ine  111 

EBS ~~~~~~~ far more on t he  global. mirror r a t io  than on t h e  poloidal 

asymmetry i n  the electrostatic potential. 

TO o b t a i n  the eXpffeSSiOn fur t h e  EtSymmetlcjl in the p0teIItia1, i t  

has been necessary t o  make ct number of approximations. I n  particular, 

the problem was greatly sim lified by neglecting radial (or a) 

derivatives O €  #id1/8 (and similar anisotropic generalizations of 

compared to  the radial derivatives of o the r  niacroscopic quantities. 

fnik justifiable far the g loba l  information developed here, t h i s  

~ p ~ r ~ ~ ~ ~ ~ ~ ~ ~ ~  cannot be justified very neax the x- a int  in the 

potential. Thus, to obtain more fine-grained information about the 

potential (espeeial1.y for Bower scattering rates relative to the E x B 

precession), it a p p e a r s  necessary to sirnultaneousZy solve the 

first-order density and energy trans o r t  equa t ions  f o r  t he  warm 

electroam i nc lud ing  the differential character of ( d i f f u s i v e )  

w -  

scattering effects, However, t h e  problem is further complicated by t he  

brgakdowtl the ~ ~ ~ ~ m ~ ~ i o ~ ~  made here the ~ o i e r  e l e c t ~ n s  ana 

ions near t h e  x-point in + a  

The Monte Carlo calculations of Re%. 23 suggest that a t  least for 

the C Q S ~ C X  electrons and ions, both radial and poloidal diffusion are 

important near the x-point i n  4 %  This sug ests that all six transport 

equations (density and energy transport equations far warm e l e e t ~ o ~ ~ s ,  

~0~41. t?lectrons, and ions) should include both radial and poloidal 

diffusion. Leaving aside the quest3an of how one determines the 
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various transport coefficients, six coupled second-order partial 

differential equations in two dimensions is clearly a complicated 

system to solve. 

In the absence of two-dirneiisional dillusion, each of these 

transport equations is of the type considered when calculating resonant 

neoclassical transport coefficients [ see  particularly Eq. (1) o f  

Ref. 201. Thus it seems that a logical next step would be t o  examine 

the behavior of a single differential equation of this type which 

included scattering in two dimensions rather than one. Comparison with 

Monte Carbo results could further illuminate the fffluidff behavior near 

the x--point in the potential. 

Finally, we n o l e  that we have neglected poloidal asymmetry in the 

microwave heat deposition. Bur initial motivation far this was the 

fact that no strong correlation was observed experimentally between the 

poloidal. asymmetry in the microwave launching structure and the 

poloidal asynimetry in the electrostatic potential.24 Note that 

experiments were conducted with microwave lauiich structures at poloidal 

angles which differed by 135', so that if a strong correlation existed 

it would have been observed. This is not to say that no poloidal 

asymrnetry in the microwave heat deposition occurred .-.- it simply d i d  

not appear to be a strong effect. 

There are, however, theoretical reasons to believe that the 

poleidal asymmetry in the iiiicrowave heat deposition is small. In 

contrast to Tandem Ibllrror the microwave antenna patterns 

in EBT are not strongly focused and ~Pne microwave single pass 

absorption is sniaP1.26 A consequence of this is that microwave energy 

is reflected from walls many times before it is absorbed. These wall 

reflections tend t o  randomize the initial poloidal asymmetry. 
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While a definitive calculation of the psloidal asymmetry in the 

mAcrowavc heat deposition is clearly beyond the scope of this paper, it 

ossSbPe to make estimates of the: order  of magnitude of the 

asymmetry. We estimate that in EBT the psloidal asymmetry in the 

mlerovave heat depssitian is of the order of a percent o r  less. 

Including this asymmetry in Sw,a and using the techniques and 

approximations of See. VI, we estimate that the effect of poloidal 

a ~ ~ ~ ~ ~ ~ e ~ ~ ~  in the microwave heat deposition on the poloidal asymmetry in 

the electrostatic potential is at least an order of magnitude less than  

t h a t  produced by magnetic drift motion -- the subject of this paper. 

Using this same estimate o f  the poloidal asymmetry in the 

microwave heat deposition fo r  EBS leads t o  a poloidal asymmetry in the 

electrostatic potential which fa l l s  in the range produced by magnetic 

driEt motion. As we have already mentioned, within this range of 

electrostatic potential asymmetry the bulk lifetimes do not differ 

appreciably. 

Of ~surse, it might be possible that the EBS configuration would 

achieve such large densities and temperatures that the microwave single 

pass absorption would be significantly increased, In this case, i t  

would probably be necessary t o  utilize a mare symmetric launch 

structure to symmetrize the microwave heat deposition -- much as was 

conceived for Tandem Mirror applications.2 

Tbis research was sponsored by the Office of Pusion Energy, U . 5 .  

Department of Energy, under contract DE-AC05-840R21400 with Nartin 

Marietta Energy Systems, Inc. 
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APPENDIX 

A Useful Tensor Pressure Relation 

In both magnetic equilibrium [see E q .  (lo)] and transport [see 

Eq. (2811 calculations one encounters a quantity of the form 

Here we express Q in a form which facilitates analysis and allows 

interpretation of fluid quantities i n  terms of single particle drift 

motion. It is assullied that the pressure tensor has the standard form: 

Our f i r s t  task is t o  develop a relation between pL and pI, f o r  the 

case when Pk represents the pressure tensor of a single species and 

hence does not necessarily obey the magnetic equilibrium relation 
., c1 

j x B --- B P. (When Pk refers to the total pressure, then one can 

obtain the relation between pl and pI1 from the  equilibrium relation.) 

Thus f o r  the nrornent we assume that pl and p,, arise from a single 

species and that 

w ,-a W C C I W  - 

( A . 4 . )  
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where f is a function of E, p ,  a) and f3 so that 

We notice that i t  is natural  to write pl and pll as functions of a, 

8, and B. If we form 

we see that 

Equation ( A . 3 )  can also be derived from the parallel component of 

j x B = 0 P. We emphasize that this equilibrium relation need not, 

however, be invoked. 
. - . , _ - -  - 

From Eqs. ( A . 2 )  and ( A . 8 ) ,  we find that 

( A .  10) 

where 
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Using the vector identity for the divergence of a cross-product 

and the fact that the curl of a gradient is zero, we find that 

Dl = TIPI (V x B )  . - c c  

Since 

and 

( A .  1 2 )  

( A .  13) 

(A.14) 

[which follows from the vector identity f o r  the gradient of the inner 

product of B with itself and Eq. ( A . I 3 ) ] ,  we find that 
** 

so that 

+ 2(p1 - p , , )  VlnB * (B x K) . 
% ? . -  

To evaluate D3? we use Eq .  (A.14) t o  obtain 

( A .  15) 

( A .  16) 

( A . 1 7 )  
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From V j = 0 ,  we obtain 
c w  

4 1 1  a 1  nB + j , ,  - + V .  ( B x  
c - I  ai a i  .A - 0 .  ( B x K ) = -  

Using the vector identity for 

facts that the curl of a grad 

the divergence 

ent is zero an 

V - (B x VlnB) = j - VlnB - c -  c c  

VlnB) . 
c 

(A. 18) 

of a cross-product and t h e  

j = V x B, we write 
e - . - .  

a1 nB 
= j,, - + VlnB * (B x K )  , 

ai c c c  

(A. 19) 

where we have used Eq. (A.14) to perform the last step. Combining 

Eqs. (A.18)  and ( A . 1 9 ) ,  we obtain 

a j  I 1  V 
c .-. ai ai c w -  

(B x K)  = - - + 2j l l  !?!?! + VlnB * (B x K)  . 

Thus E q s .  (A.ll) and (A.20) yield 

We next define 

(A.20)  

( A .  21)  

(A.22) 
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Combining Eq. (A.22) with E q .  ( A . 8 ) ,  we f i n d  t h a t  

and Eq. (A.21) becomes 

( A . 2 3 )  

(A.24)  

where we have used Eq. (A.8) .  

Combining Eqs .  (A.16) and (A.24) y i e l d s  

D1 t D2 - D3 -- Vpl (B x VlnB) + Vpll * ( B  x K)  - -  - Y , . .  - 

(A.25) + (pl -- P I , )  al a j  I1 + j , ,  [-2(pl - pII) aln~ + -31 . 
a i  a i  

Since 
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[where we have used Eq. ( A . 8 )  to eliminate ap,,/al], we find that 

a 
ai 

+ B3 - 

x VlnB) 1- 6pll (B x K) 
- N  .., - # "  

Combining E q s .  ( A . l ) ,  (A.lO), and (A.27), we obtain 

(A.  27)  

(A.28) 
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Appendix 111 

COPPAXISON OF ELECTRON CYCLOTRON HEATING 

THEORY AND EXPERIMENT IN EBT 

D. B. Batchelor 

INTRODUCTION 

The ELNO Bumpy Torus (EBT) device  c o n s i s t s  of 24 s i m p l e  mi r ro r s  jo ined  

end-to-end so as t o  form a closed f i e l d  l ine torus .  The mir ror  r a t i o  i n  each 

s i m p l e  mirror  s e c t o r  is  1.9:l. 

second harmonic e l e c t r o n  cyc lo t ron  resonance i n t e r a c t  ion. 

c e n t r a l  midplane magnetic f i e l d  of 5 kG and microwave power up t o  60 kW at 

18 GH2, t h e  device  i s  c a l l e d  EBT-1. When operated a t  a c e n t r a l  midplane 

magnetic f i e l d  of 7.2 kG with  microwave power up t o  200 kW a t  28 GHz,  the  

device  is  r e f e r r e d  t o  as EBT-S. 

The device  i s  heated by fundamental and 

When operated a t  a 

For mast of the time t h a t  EBT has been i n  opera t ion  t h e  experimental  

emphasis has been on confinement experiments and s t a b i l i t y  s t u d i e s .  Although 

e l e c t r o n  cyc lo t ron  hea t ing  (ECH) is fundamental t o  EBT opera t ion ,  i t  is 

d i f f i c u l t  t o  measure wave f i e l d s  i n  the  plasma, hea t ing  rates, o r  o t h e r  

phenomena t h a t  g ive  information d i r e c t l y  about the wave physics .  Hence, t h e  

s tudy of ECH on EBT began as a t h e o r e t i c a l  program whose f i r s t  o b j e c t i v e  was 

to understand t h e  gross f e a t u r e s  of microwave power flow and power depos i t i on  

i n  each of the plasma components. 

t r a c i n g  /ls2/ techniques and by developing a zero-dimensional (04) wave 

energy balance model t h a t  t akes  i n t o  account t h e  many passes through t h e  

plasma and e s s e n t i a l l y  random r e f l e c t i o n s  which a t y p i c a l  ray  makes before  

being absorbed 631 .  

formed wi th  simple microwave c a l o r b e t e r s  t h a t  are i n  good agreement wi th  the  

power flow c a l c u l a t i a n s  f o r  a wide v a r i e t y  of opera t ing  condi t ions  / 2 / *  
we r epor t  e x p e r b e n t a l  r e s u l t s  t h a t  d i r e c t l y  tes t  and c a l i b r a t e  some of the  

assumptions of t h e  power flow and absorp t ion  modeling. That is, t h e  single- 

pass wave power absorp t ion  by the  hot  e l e c t r o n  r i n g s  has been measured, the  

m-kcrowave l o s s e s  t~ t h e  EBT cav i ty  w a l l s  have been measured, and t h e  

e s s e n t i a l l y  complete opac i ty  of t he  fundamental resonance t o  ex t raord inary  

This w a s  accomplished by using r a y  

Over the l a s t  s e v e r a l  years  experiments have been per-  

Now 
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naode waves yropagating from [.he high-f ickd s i d e  h a s  bccn vetified. Ln 

s e c t i o n  1 of this paper WT a t i t l i ne  t h e  grneanl fea’lures of microwave propaga- 

t i o n  and a b s o r p t i o n  i n  EBT and d e s c r i b e  t h e  most r e c e n t  exper iments .  

Recent experimerpts and 1 hcnre.Cica1 r e s u l t s  i n d i c a t e  tha t  conf ixiement. 

The p h y s i c s  and heacing p h y s i c s  i n  h B 1  devices are j n e x t r i c a h l y  coupled.  

p i c t u r e  t h a t  hac1 p rev ious ly  emerged can be summarized as f o l l o w s .  An annul-ar 

plasma o f  r e l a t i v i s t i c  e l e c t r o n s  (P ?r 500 keV) forms i n  a reg ion  near whert. A 
the  mod R contour Tor crcoird harnlnnic r~:;oi~aaice is t ansen$  to a magnet ic  

f i e l d  l i n e  ( F i g .  1). 

hard X-ray d e t e c t o r s ,  s y n c h r o t r o n  r a d i a t i o n ,  and diamagne%ic 1.oops. When the 

stored energy i n  $he a n n u l i  became:; s i r f f  jciently 1 arge, Zbute i n s t a b i l i t i e s  

associated w i t h  bad m i r r o r  curvature and plasma p r e s s u r e  are s t a b i l i z e d .  It 

h a s  c o n v e n t i o n a l l y  bccn assumed tha i  clir stabi3 i z a t  ion mechanism i s  the 

f o r m a t i o n  of a r a d i a l  magnet ic  w e l l  due  t o  h o t  e l e c t r o n  b e t a  a l t h o u g h  o t h e r  

p r o c e s s e s  have r e c e n t l y  been proposed / 4 / ,  The plasma r a d i a l l y  o u t s i d e  t h e  

T h i s  r e l a t i v i s t i c  e l e c t r o n  component i s  diagnosed by 

U 

Fig.  1. Lquatorial cross sec&iorl  o f  t w 8  EBT-S cavi t ies .  
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a n n u l i ,  r e f e r r e d  t o  as t h e  s u r f a c e  p la sma ,  i s  u n s t a b l e  and ve ry  poorly 

confined.  

and i s  be l ieved  t o  be s t a b l e  i n  t h e  u s u a l  machine ope ra t ing  mode, t h e  T-mode. 

For a d i s c u s s i o n  of EBT ope ra t ing  modes see Ref. / 5 / .  

plasma d e n s i t y  us ing  microwave in t e r f e romet ry  and of c o r e  d e n s i t y  and tempera- 

t u r e  us ing  s o f t  X-ray techniques  a t  t h e  m i r r o r  midplane ind ica t ed  c o r e  

d e n s i t i e s  somewhat less than  1012/cm3 and tempera tures  i n  t h e  range 200 t o  

1200 eV i n  EBT-S, depending on microwave power and gas  feed rate. 

The plasma r a d i a l l y  i n s i d e  t h e  a n n u l i  i s  c a l l e d  t h e  c o r e  p l a sma  

Measurements of c o r e  

The temperature  of t h e  "core" component w a s  observed t o  scale w i t h  

dec reas ing  c o l l i s i o n a l i t y  i n  a way which s t r o n g l y  suggested classical o r  

n e o c l a s s i c a l  confinement. I n  p a r t i c u l a r ,  f o r  c o l l i s i o n l e s s  e l e c t r o n s  t h e  

s i m p l i s t  n e o c l a s s i c a l  theory  of Kovrizhnykh /6/  f o r  bumpy t o r i  t h a t  p r e d i c t s  

an energy confinement time T t h a t  scales as T E E 
where F is  a f u n c t i o n  of ri, = t o r o i d a l  major r a d i u s ,  5 = magnetic f i e l d  VB 

scale l e n g t h ,  = ambipolar electric f i e l d  scale l e n g t h ,  and R = plasma 

r a d i u s .  

is  absorbed by t h e  c o r e  plasma, t h e  power ba lance  can be expressed as 

Q T:I2/neF(%, %, R E ,  a ) ,  

Assuming t h a t  a cons t an t  f r a c t i o n  f of t h e  i n p u t  microwave power P 
IJ 

I n  experiments f o r  which t h e  n e u t r a l  g a s  f low w a s  a d j u s t e d  so  as t o  main ta in  

cons t an t  plasma scale l e n g t h s ,  t h e  q u a n t i t y  n2/T;I2 w a s  indeed found t o  scale 

l i n e a r l y  wi th  P over a cons ide rab le  range (Fig.  2 ) .  Also,  t h e  exper imenta l  

d e n s i t i e s  and e l e c t r o n  tempera tures  w e r e  c o n s i s t e n t  w i t h  1-D t r a n s p o r t  

modeling us ing  more realist ic t r a n s p o r t  c o e f f i c i e n t s  and exper imenta l ly  

observed ambipolar p o t e n t i a l s  /7 / .  

P 

Recent experiments  however have shown t h a t  t h e  c o r e  plasma confinement 

is  cons ide rab ly  more complicated than  is ind ica t ed  by the midplane s o f t  

X-ray measurements. 

of t h e  c o r e  d e n s i t y  (50% t o  90%) is  composed of a c o l l i s i o n a l  i s o t r o p i c  c o r e  

component w i t h  Te = 70-120 eV. 

s o f t  X-ray, throat- launched microwave power, and power feed  turnoff  exper i -  

ments) demonstrate  t h a t  the Te = 200-1200 eV component seen  by t h e  midplane 

Thomson s c a t t e r i n g  measurements i n d i c a t e  t h a t  t h e  bulk  

Also, o t h e r  r e c e n t  experiments  (mir ror  t h r o a t  
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s o f t  X-ray d i a g n o s t i c  i s  i n  fact a c o l l i s i o n l e s s  a n i s o t r o p i c  hot tail. 

s e c t i o n  2 we d e s c r i b e  some of these experiments  and g i v e  a t h e o r e t i c a l  

i n t e r p r e t a t i o n  of t h a t  d a t a .  

In 

1. MICROWAVE POWER PLOW AN%) WAVE ABSORPTION 

The microwaves i n  EBT-I (18 GHz) are injected from waveguides loca t ed  a t  

t h e  midplane o f  each mi r ro r  sector, 

d i s t r i b u t e d  t o  each s e c t o r  through a t o r o i d a l  manifold which i s  fed  by t h e  

gyro t ron  and serves simultaneously as an overmsded waveguide d i s t r i b u t i o n  

system and a vacuum pumping manifold.  

p o l a r i z i n g  antenna'  s t r u c t u r e  p re sen t .  

The %E?-@Mz power far EBT-S ope ra t ion  i s  

I n  ne i the r  case i s  any d i rec t ive  or 
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EJumeraus t h e o r e t i c a l  s t u d i e s  undertaken t o  e l u c i d a t e  t h e  r o l e  of progaga- 

t i o n  and abso rp t ion  processes  i n  EBT have l e d  t o  a q u a l i t a t i v e  understanding 

of ECN in EBT-I/S: 
(I) Because of skrong g r a d i e n t s  i n  B a long  f i e l d  lines, any ex t r ao rd ina ry  mode 

energy propagat ing from t h e  h igh - f i e ld  side of t h e  fundamental resonance 

is  t o t a l l y  absorbed. 

plasma I 

This  is  t r u e  even f o r  t h e  low d e n s i t y  s u r f a c e  

(2) However, t h e  ex t r ao rd ina ry  mode right-hand cu to f f  p reven t s  e x t r a o r d i n a r y  

mode energy launched near  t h e  mi r ro r  midplane from propagat ing  d i r e c t l y  

t o  t h e  fundamental  c y c l o t r o n  resonance. 

The o rd ina ry  mode can  propagate  throughout t h e  plasma, i nc lud ing  t h e  

h igh - f i e ld  reg ion .  

A r a p i d  e q u i l i b r a t i o n  between o rd ina ry  and e x t r a o r d i n a r y  modes occurs  due 

to mode convers ion  a t  w a l l  r e f l e c t i o n .  

The d e n s i t y  and temperature  of t h e  c o r e  and surface p l a s m a s  i n  EBT-Z/S 

are  s u f f i c i e n t l y  small t h a t  abso rp t ion  of t h e  o rd ina ry  mode i s  q u i t e  

s m a l l  a t  both  fundamental  and second harmonic resonances.  

The ex t r ao rd ina ry  mode i s  moderately absorbed and t h e  o rd ina ry  mode is 

weakly absorbed by t h e  hot. e l e c t r o n  a n n u l i .  

( 3 )  

( 4 )  

( 5 )  

(6) 

The p ic ture  t h a t  emerges i s  one of weakly damped r a y s  making many t r a n s i t s  

across t h e  dev ice ,  w i t h  w a l l  r e f l e c t i o n s  and repea ted  ord inary-ext raord inary  

mode convers ions  p lay ing  an important  r o l e  i n  t h e  u l t i m a t e  energy depos i t i on .  

I n  order  t o  deal. w i t h  t h e  complicated,  e s s e n t i a l l y  random n a t u r e  of t h e  wave 

propagat ion aftet: a f e w  w a l l  r e f l e c t i o n s ,  a s i m p l e  0-D power ba lance  a n ~ d e l  

was developed that t r e a t e d  t h e  sources ,  s i n k s ,  and convers ion  p r o p e r t i e s  i n  a 

gl-obal ly  averaged way. 

w a l l s ,  r esonant  s u r f a c e s ,  o r  t h e  right-hand c u t o f f  s u r f a c e .  It i s  assumed 

t h a t  each mode propagates f r e e l y  i n s i d e  each r eg ion .  

surface t h e  waves are t o t a l l y  r e f l e c t e d  and p a r t i a l l y  converted t o  the o t h e r  

mode. A t  a boundary s u r f a c e  i n  t h e  plasma, waves can  be r e f l e c t e d ,  p a r t i a l l y  

absorbed, and p a r t i a l l y  t r ansmi t t ed  t o  t h e  ad jacen t  plasma reg ion .  The 

power f l u x  f o r  each mode i n  each reg ion  is assumed t o  be i s o t r o p l c  i n  ang le  

and uniform i n  space.  Detai ls  of t h e  0-D model are g iven  i n  Refs .  / 2 , 3 / .  

Using t h i s  mudel. we are a b l e  t o  estimate t h e  wave energy d e n s i t y  i n  each mode 

and t h e  f r a c t i o n  of t h e  t o t a l  i npu t  power P which i s  absorbed by each  

The plasma i s  d iv ided  i n t o  r e g i o n s  bounded by cav.i.ty 

A t  a w a l l  boundary 

1-I 
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componcnt. 

model w e  estimate rbat of the t o t a l  power launched i n t o  t h e  d e v i c e  du r ing  

T-mode ope ra t ion  i n  EHT-S about 40% i s  depos i ted  in the l o s s y  s u r f a c e  plasnla. 

This  i s  because the surface plasma covers  more than half oE the fundamental  

resonance s u r f a c e ,  and ex t r ao rd ina ry  mode energy i s  s t r o n g l y  absorbed there  

even f o r  cornparat ivel y small plasma d e n s i t y  and tempera ture ,  Approximately 

33% of P is  depos i ted  d i r e c t l y  i n  the core p lasma and about  28% goes t o  the 

h a t  e l e c t r o n  annu l i .  

Using a combination of r ay  t r a c i n g  c a l c u l a t i o n s  and the Q-D 

11 

The c a l c u l a t i o n s  of abso rp t ion  by the annulus  are c a r r i e d  ou t  u s ing  a 

r e l a t i v i s t i c  f o r m  of Poynt ing 's  theorem /2 ,8 / :  

* 
Here, s i s  t h e  arc l eng th  along a ray, ,S --- Re[g x (n x E ) ]  =: Poynting's 

v e c t o r ,  2 = ch/a = real  r e f r a c t g v e  index,  and zH = Hermitian p a r t  of the 

relativistic conduc t iv i ty  tensor. The r ea l  r e f r a c t i v e  index and the e l e c t r i c  

f i e l d  p o l a r i z a t i o n  eigenvectors are determined from t h e  ray t r a c i n g  code, 

which uses t h e  cold p l a s m a  d i s p e r s i o n  r e l a t i o n .  

i s o t r o p i c  r e l a t i v i s t i c  Maxwellian d i s t r i b u t i o n  function is assumed: 

- 

I n  c a l c u l a t i n g  gH a n  
I 

where p = m c2 /T  and K 2 ( p )  is  the modified Bessel func t ion .  An a r b i t r a r y  

~naimber of eyc lo t ran  harmonics can be. r e t a i n e d  and a l l  Bessel func t ions  

containing f b i t e  Larmor r a d i u s  e t f  ects are included wi.thout expansion. Now 

measurements have been made of t h e  s i n g l e - p a s s  microwave t ransmiss ion  through 

t h e  hot- e l e c t r o n  annu l i .  

€ ? A  

The experiment: involves t r a n s m i t t i n g  a s w e p t  frequency (18- to 26-GNz) 

wave through t h e  hot e l e c t r o n  r i n g ,  a c r o s s  t h e  EBT midplane, u s ing  a p a i r  of 

highZy d i r e c t i v e  horns, .  Measurement of t h e  d i f f e r e n c e  i n  t ransmiss ion  

amplitude with and without  the presence of a ho t  electron populat ion a l lows  a 

de termina t ion  o f  the r i n g  absorption. The 18-GHz (EBT-I) system was used f o r  

plasma heating because it allaws the f l e x i b i l i t y  t o  t ~ n  a c a v i t y  feed o f f ,  
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thereby  reducing t h e  r i n g  d e n s i t y .  

s to red  energy measurements w e r e  made of t h e  r i n g s  t o  determine tlie r i n g  

d e n s i t y  and tempera ture  f o r  f ed  and unfed cavities.  

Simultaneous hard X-ray and perpendicular  

Single-pass  r i n g  abso rp t ion  w a s  measured w i t h  t h e  p o l a r i z a t i o n  of t h e  

microwaves perpendicular  and p a r a l l e l  t o  t h e  magnetic f i e l d  corresponding t o  

t h e  ex t r ao rd ina ry  and o rd ina ry  modes of propagat ion.  

made a t  a p r e s s u r e  j u s t  above t h e  T-M t r a n s i t i o n  where t h e  r i n g s  have a l a r g e  

s t o r e d  energy bu t  remain s t a b l e .  The r i n g  temperature  and d e n s i t y  w e r e  a l s o  

measured w i t h  t h e  hard X-ray d i agnos t i c .  F igure  3 shows t h e  measured t r ans -  

mission as a f u n c t i o n  of frequency w i t h  and wi thout  a r i n g  p resen t .  Note t h e  

lower level of t ransmiss ion  w i t h  a r i n g  p r e s e n t ,  i n d i c a t i n g  absorp t ion .  The 

d e t a i l e d  s t r u c t u r e  apparent  i n  t h e  t ransmiss ion  s i g n a l s  i s  p r imar i ly  due t o  

r e f l e c t i o n s ,  of t h e  c a v i t y  w a l l s ,  of t h e  horn r a d i a t i o n  t h a t  I s  n o t  coupled 

i n  a s i n g l e  pass. 

The measurements w e r e  

ORNL-DWG 83-3699 FED 
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To calculate t h e  fractional. power abso rp t ion  t h e  t w s  s i g n a l s  were 

d i g i t a l l y  s u b t r a c t e d  and d iv ided  by the s i g n a l  p resent  wi thout  a r i n g .  Th i s  

f r a c t i o n  d e c r e a s e s  w i t h  frequency from about 12% a t  18 GHz t o  about. 5% a t  

26 GIIz. The  ray t r a c i n g  c a l c u l a t i o n s  fo l low t h i s  downward t r e n d  bu t  tend t o  

g ive  s s m ~ w h a t  h igher  abso rp t ion .  The agreement is  r e l a t i v e l y  good i f  one 

t a k e s  t he  r i n g  parameters  t o  be n 

t h e o r e t i c a l  r e s u l t  is  about; a f a c t o r  of 2 h igher  than  t h e  e x p c r h e n t  i f  one 

t a k e s  n -- 1 . 7  x LQLL/cm3 41,\ = 1 2 0  keV. 

= 1 . 2  x 1011/cix3, TA = 200 keV, b u t  the 
A 

A 
For the  0-mode, no s i g n i f i c a n t  change in t r ansmiss ion  w a s  observed w i t h  

and without  a r i n g  p r e s e n t .  The r a y  t r a c i n g  code p r e d i c t s  a r i n g  a b s o r p t i o n  

less than 1% f o r  t h e  Q-mode c o n s i s t e n t  w i t h  t h e  measurement. I n  a d d i t i o n ,  

the  s ing le -pass  abso rp t ion  was measured above t h e  T-C t r a n s i t i o n  p r e s s u r e  

w i t h  and without  a h e a t i n g  microwave feed f o r  b a t h  the 0- a n d  X--modes. For  

both modes no change i n  t ransmiss ion  was observed,  i n d i c a t i n g  t h a t  changes i n  

the c o r e  o r  sur face plasma caused by the l a c k  of a microwave. feed w e r e  n o t  

r e spons ib l e  f o r  t h e  change i n  t ransmiss ion  observed a t  lower p r e s s u r e .  W e  

f e e l  t h e r e f o r e  t h a t  t h e  agreement between t h e  measured a b s o r p t i o n  and t h e  r ay  

t r a c i n g  c a l c u l a t i o n s  is q u i t e  good and t h a t  t h e  r i n g  power d e p o s i t i o n  pre-  

d i e t e d  by t h e  power ba lance  model s h a d d  be a c c u r a t e  t o  w i t h i n  a f a c t o r  of 2 .  

Single-pass  microwave abso rp t ion  hy the  plasma i n  EBT is  s u f f i c i e n t l y  

weak t h a t  the U ~ C K O ~ ~ V ~ S  undergo rnuleiple r e f l e c t i o n s  from t h e  c a v i t y  w a l l s  

be fo re  being absorbed ,  

d i s s i p a t e d  i n  t h e  aluminum c a v i t y  w a l l s .  A set of measurements was made 60 

determine t h i s  l o s s  by measuring t h e  IJOWCP coupled aut of a 3-in. p o r t  i n  one 

of t h e  c a v i t i e s  i n t o  a waterload microwave ca lo r ime te r .  An i n t e r c a v i t y  

t r a n s p o r t  code w a s  used t o  p r e d i c t  the power coupled t o  t h e  ca lo r imc te r  f a r  

va r ious  c a v i t y  ~ ~ C P Q W ~ V ~  feed c o n f i g u r a t i o n s  and l o s s e s  d u e  t o  microwave 

absorbing d i a g n o s t i c  p o r t h o l e s  as a f u n c t i o n  of t h e  s i n g l e  bouncc wall l o s s  

c o e f f i c i e n t .  

With each r e f l e c t i o n  some of the microwave energy is  

The data were. obta ined  wi th  t h e  t o r u s  f i l l e d  w i t h  n i t r o g e n  t o  atmospheric 

p re s su re .  The t o t a l  microwave power f e d  t o  t h e  t o r u s  w a s  held t o  %400 W. 

The inp111. microwave frequency w a s  swept +25 MKz about t h e  c e n t r a l  18-CHz 
frcquency i n  order  t o  scramble s t and ing  wave modes, thereby s p a t i a l l y  

averaging t h e  power rece ived  by the c a l o r i m e t e r ,  
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VazLcrus power feed  and po r tho le  loss c o n f i g u r a t i o n s  were used dur ing  the  

measurement. Power w a s  f ed  t o  t h e  t o r u s  a t  d i f f e r e n t  cavit ies o r  sets of 

c a v i r i e s  t o  s tudy  t h e  t r a n s p o r t  t o  t h e  c a v i t y  w i t h  t h e  ca lo r ime te r .  A second, 

set o f  measurements w a s  made a f t e r  n ine  4-in.-diam p o r t  covers  w e r e  removed 

t o  a r t i f i c a l l y  i n c r e a s e  t h e  microwave l o s s e s .  The t r a n s p o r t  code w a s  used t o  

model t h e  experimental  r e s u l t s .  It: w a s  found t h a t  a w a l l  l o s s  c o e f f i c i e n t  of 

Q J 2  per  w a l l  bounce matched t h e  d a t a  q u i t e  w e l l .  

To determine t h e  power l o s t  t o  t h e  w a l l  i n  t h e  presence OF a plasma the 

O-D microwave power ba lance  model w a s  modified t o  inc lude  a w a l l  loss 

c o e f f i c i e n t .  Fo r  a w a l l  loss C o e f f i c i e n t  of 0.7% the  power ba lance  model 

predicts a total (multibounce) w a l l  loss of %5% t h e  inpu t  microwave power. 

Thus, the  wall losses can be considered a n  almost  n e g l i g i b l e  microwave loss .  

In order t o  improve t h e  e f f i c i e n c y  of c o r e  p l a s m a  hea t ing ,  a program w a s  

i n i t i a t e d  t o  launch ex t r ao rd ina ry  mode power d i r e c t l y  from t h e  h igh  magnetic 

f i e l d  s i d e - a f  the  fundamental  resonance. C a l c u l a t i o n s  us ing  t h e  0-D power 

ba lance  model p red ic t ed  t h a t  improvement would be marginal  u n l e s s  two 

c o n s t r a i n t s  w e r e  s a t i s f i e d :  (1) t h a t  t h e  power be beamed toward t h e  plasma 

c e n t e r  and (2)  t h a t  the microwaves be h igh ly  po la r i zed  i n  t h e  ex t r ao rd ina ry  

mode. To m e e t  t h e s e  requirements  a high-power, l i n e a r l y  p o l a r i z e d ,  d i r e c t i v e  

launcher  w a s  developed / 9 / .  The ex t r ao rd ina ry  mode i s  e l l i p t i c a l l y  po la r i zed  

when propagat ing at an  ob l ique  ang le  t o  t h e  magnetic f i e l d .  In o rde r  t o  

launch t h e  waves perpendicular  t o  B such t h a t  t h e  ex t r ao rd ina ry  mode i s  

l i n e a r l y  p o l a r i z e d ,  i t  w a s  necessary  t o  "snake" t h e  launcher  through t h e  

fundamental resonance zone and launch back toward t h e  resonant  layer (F ig ,  4 ) .  

l n  i n i t j a l  experiments ,  up t o  24-kW n e t  power from t h e  h igh - f i e ld  launcher  w a s  

d e l i v e r e d  t o  t h e  plasma. Pre l iminary  experiments  w i t h  a microwave ca lo r ime te r  

l oca t ed  on t h e  low-field s i d e  of t h e  c a v i t y  i n t o  which t h e  power w a s  d i r e c t e d  

i n d i c a t e  t h a t  v i r t u a l l y  none of t h e  throat-launched power p e n e t r a t e s  t o  t h e  

low magnetic f i e l d  s i d e  when t h e  launcher  is indeed on t h e  h igh - f i e ld  s i d e  of 

the resonance. However, if t h e  f i e l d  s t r e n g t h  is lowered such t h a t  t h e  

resonance m ~ v e s  t o  a higher  f i e l d  than  t h e  launcher ,  ve ry  h igh  power levels 

are rece ived  by t h e  ca lo r ime te r .  We b e l i e v e  t h i s  i n d i c a t e s  t h a t  t h e  t h r o a t  

launcher  does indeed e x c i t e  predominantly e x t r a o r d i n a r y  mode and that t h e  

exssaordinary mode power is  absorbed i n  a single pass  through resonance.  
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Fig.  4 .  H i g h - f i e l d ,  p o l a r i z e d  e x t r a o r d i n a r y  mode l a u n c h e r  "snaked" through 

t h e  fundamental  resonance .  

2 .  RECENT RESULTS I N  CORE HEATING AND CONFINEMENT 

There  have been a number of improvements i n  t h e  'Thomson s c a t t e r i n g  

d i a g n o s t i c ,  r e s u l t i n g  i n  an improved s i g n a l - t o - n o i s e  r a t i o ,  a v a s t l y  

i n c r e a s e d  d a t a  base w i t h  coillputer a c q u i s i t i o n ,  and r a d i a l  s c a n n i n g  c a p a b i l i t y .  

The exper iments  e s t a b l i s h  t h e  e x i s t e n c e  Qf a c o l d  e l e c t r o n  component w i t h  

t e m p e r a t u r e  about  o n e - t h i r d  t h a t  g i v e n  by s o f t  X-ray measurements.  

shows Te as  de termined  by b o t h  soft X r a y  and laser as  a f u n c t i o n  of gas  

p r e s s u r e .  The laser is  s e n s i t i v e  t o  e l e c t r o n s  priinamrily w i t h  energy below 

about  200 e V ,  whereas t h e  s o f t  X r a y  is most s e n s i t i v e  t o  e l e c t r o n s  i n  t h e  

range  500 e V  t o  2 keV. 

concept  of a two-temperature d i s t r i b u t i o n .  

F i g u r e  5 

T h e r e f o r e ,  b o t h  d i a g n o s t i c s  a re  compat ib le  w i t h  t h e  

I n  f a c t ,  d a t a  i n  the h i g h e r  
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Fig.  5. Core e l e c t r o n  temperature  as determined by midplane s o f t  X-ray and 

laser Thomson s c a t t e r i n g  vs torus f i e l d  pressure .  

energy laser channels  are c o n s i s t e n t  w i th  t h e  presence of an  e n e r g e t i c  t a i l  

a l though i t  i s  d i f f i c u l t  t o  e s t a b l i s h  t h e  d e n s i t y  and temperature  of such a 

t a i l  component. 

Another r e c e n t  enhancement is t h e  i n s t a l l a t i o n  of s p l i t  c o i l s  i n  some of 

t h e  mi r ro r s ,  which a l lows  d i a g n o s t i c  access t o  t h e  plasma i n  t h e  mir ror  

t h r o a t s .  In t e r f e romete r  measurements a t  t h e  t h r o a t  i n d i c a t e  t h e  p l ~ s m a  

d e n s i t y  t o  be n e a r l y  equal  t o  t h a t  a t  t h e  midplane throughout t h e  T-mode of 

ope ra t  ion.  However, 

approached. Measurements w i th  a soft X-ray d e t e c t o r  l oca t ed  a t  t h e  t h r o a t  

drops  as t h e  T-M t r a n s i t i o n  i s  (ne) t h r o a t  ’ (ne)mid 

show t h a t  an  e n e r g e t i c  component is indeed p resen t  w i t h  (Th)throat =L (Th)mid 

but  wi th  much smaller d e n s i t y  (n ) 

s t rong  evidence t h a t  t h e  low temperature  bulk  component is  i s o t r o p i c  whereas 

t h e  e n e r g e t i c  t a i l  is  h igh ly  a n i s o t r o p i c .  I n  a d d i t i o n ,  one can i n f e r  t h a t  

t h e  electric f i e l d  a long  i s  s m a l l .  

5 o*l(nh)mid‘ We regard  t h i s  as 
h t h r o a t  
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There i s  a l s o  clear ev idence  t h a t  t h e  t a i l  component i s  l o c a l l y  produced 

a t  t h e  fundamental  c y c l o t r o n  resonance .  The c a v i t y  c o n t a i n i n g  t h e  midplane 

s o f t  X-ray d e t e c t o r  i s  n o t  f e d  w i t h  microwave power s i n c e  bremst rah lung  

a s s o c i a t e d  w i t h  t h e  h o t  e l e c t r o n  r i n g  would mask t h e  s o f t  X-ray emiss ion  from 

t h e  ~ 6 0 0 - e V  component. However, t h e r e  i s  a f l u x  of e x t r a o r d i n a r y  mode power 

on t h e  fundamental  resonance  s u r f a c e s  i n  t h i s  c a v i t y  f rom a d j a c e n t  c a v i t i e s  

t h a t  are powered. Now, i f  t h e  microwave power i s  removed from t h e s e  a d j a c e n t  

c a v i t i e s ,  t h e  e x t r a o r d i n a r y  mode power f l u x  on t h e  fundamenta l  r e s o n a n c e s  of 

t h e  s o f t  X-ray c a v i t y  d r o p s  e s s e n t i a l l y  t o  Z ~ K O  a c c o r d i n g  t o  t h e  power 

b a l a n c e  iiiodel d e s c r i b e d  i n  t h e  las t  s e c t i o n .  Indeed ,  i t  i s  observed  t h a t  t h e  

s o f t  X-ray s i g n a l  d r o p s  e f f e c t i v e l y  t o  z e r o  under  t h e s e  c o n d i t i o n s .  

T h i s  behavior  can  be unders tood  t h e o r e t i c a l l y  i f  one  c a r e f u l l y  t a k e s  

i n t o  account  t h e  c o r r e l a t i o n  between t h e  s p a t i a l  s t r u c t u r e  O E  s h e  microwave 

e l ec t r i c  f i e l d  E ( 5 )  and t h e  v e l o c i t y  s p a c e  s t r u c t u r e  of t h e  plasma d i s t r i b u -  

t i o n  f u n c t i o n  f ( & , p ) ,  where E = mv2/2 = p a r t i c l e  energy  and LJ = rnvf/ZB = 

p a r t i c l e  magnet ic  moment. 

t h e  c o n d i t i o n  f o r  fundamental  c y c l o t r o n  resonance  i n c l u d i n g  t h e  Doppler 

e f f e c t  i s  

-LJ 

For f i x e d  p o s i t i o n  a l o n g  a magnet ic  f i e l d  l i n e  s ,  

res  
II where v (s) i s  t h e  pa ra l l e l  v e l o c i t y  n e c e s s a r y  f o r  r e s o n a n c e  a t  l o c a t i o n  s 

and k l l (s)  i s  t h e  rea l  pa r t  of t h e  p a r a l l e l  wave number a t  s. 

o r d i n a r y  ?ode wave approaches  the  fundamental  r e s o n a n c e  from t h e  h i g h  magnet ic  

f i e l d  s i d e ,  a b s o r p t i o n  b e g i n s  and wave power s tar ts  t o  d e c r e a s e  where t h e  

v e l o c i t y  f o r  Doppler -sh i f ted  resonance  i s  a few t i m e s  t h e  t h e r m a l  speed ,  

As a n  e x t r a -  

( s )  = O(v ) w i t h  v = (2Te/rne)lI2. 
res 

vII e e 
FOP a Maxwellian plasma t h e  p r o f i l e  of wave power P (s) c a n  b e  o b t a i n e d  

i-1 
by s o l v i n g  t h e  d i s p e r s i o n  r e l a t i o n .  For kl = 0 t h i s  d i s p e r s i o n  r e l a t i o n  

thikes t h e  s i m p l e  form 
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vhcrt: n,, = ck , , /w  i s  t h e  r e f r a c t i v e  index and Z(6)  is t h e  plasma d i s p e r s i o n  

func t ion .  

o rd ina ry  waves propagat ing  p a r a l l e l  t o  t h e  f i e l d  i n  a Maxwellian plasma o r  

d e n s i t y  n e = 1 0 1 2 / c ~ 3  and tempera ture  Te = 300 eV. Shown i n  F ig .  6 ( b )  is  t h e  

wave power p r o f i l e  P P (ne/w) f o r  v a r i o u s  tempera tures  determined from 

Figure. 6(a) shows p r o f i l e s  of k r e  ('2 / w )  and ki(Q,/w) f o r  e x t r a -  

ORNL-DWG 84-2494 FED 
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Fig.  6. (a) k - r ea l  and k-imaglnary vs R / w  f o r  p a r a l l e l  propagat ing extra- 
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o rd ina ry  mode waves i n  a 300-eV Maxwellian plasma. (b) Wave power 

d e n s i t y  p r o f i l e s  a I E- I f o r  v a r i o u s  plasma temperatures .  
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Where we have approximated t h e  magnet ic  f i e l d  p r o f i l e  near resonance as 

R ( s ) / w  = 1 -t- s/L (L = 20 c m  f o r  application t o  the central  r e g i o n  of 

ERT-11s). D e f i n i n g  6 ( s )  E 51 (s)/o - 1, w e  see f o r  example i n  t h e  T = 300-eV 

case t h a t  50% o f  t h e  power i s  absorbed by 6 = 0.07 ( s  = 1 . 4  cm) and t h a t  90% 

of the power i s  absorbed by 6 = 0 - 0 4  ( s  ;= 0.8 cm). T h e  importance of t h i s  

observation i s  cha t  o n l y  par t ic les  with comparat ively large v are heated, II 
i . a . ,  those  w i t h  6 2 0.04, where P ( s )  is l a r g e ,  

e 

e e 

res  
u 

The condition f o r  resonance at a givcn locatialn s or  f rac t iona l  s h i f t  6 
res 

vII 
(6) = --c&/n (6), can b e  II 

away from the non-Doppler-shifted resoaance, 

related t o  the ene rgy  and p i t c h  angle a6 the mirror midplane. 

conserva t ion  gives 

Invoktng p 

where Bo = i s  the f i e l d  strength a t  the nlidplane,  g2 = v2 /v2, v], 

II 

=: vI1 at I t  0 
t h e  midplane,  and r = u/ReO. Equating the ~ W Q  expressions f o r  v T@S and 

s o l v i n g  f o r  the resonant energy we o b t a i n  

It is importaxik t o  note t h a t  t o  be resonant at a given 6 there i s  a minimum 

r equ i r ed  energy E ( 6 )  = 256 keV x 6 ? / ~ $ ( 6 )  and that the m i n i m u m  energy is 

obtained for p u r e l y  passing p a r t i c l e s ,  5 ;= v /v = 1. The resonant energy 

increases w i t h  i n c r e a s i n g  11 becoming i n f i n i t e  for  particles turnifig j u s t  at 

t h e  p o i n t  6 .  Th i s  somewhat c o u n t e r i n t u i t i v e  result s i m p l y  indicates t h a t  i t  

i s  not sufficient t o  reach the magzietic f i e l d  6 f o r  an electron to be heated 

there; r a t h e r ,  i t  must a l s o  have v (6)  = vies(d). 

7, = 1.7 innid r -- 1.4, whish would be appropriate f o r  a 2:1 m i r r o r  ratio as 

in EBT-S, far pass ing  part.is.1e.s r, = I. at 6 = 0.09 [ t h e  location a t  which 

half  the power has been absorbed in t he  T 

o b t a i n s  E = 438 e V .  Also, fo r  a trapped parricle 4 Q 0.707 to be resonant 

at. t h i s  l . s e a t i u n ,  i t  must have energy E - I,% keV. We can conclude t h a t  

res 
min 

II 0 

For example, assuming II 

= 3OQ-eV case i n  Fig. 6 (b ) ] ,  one 
e 

res 
m i n  res - 
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i f  t h e  bulk e l e c t r o n  d i s t r i b u t i o n  i n  EBT were a Maxwellian a t  300 e V  most of 

t h e  power would be absorbed by passing par t ic les  wi th  energy above about 

1.5T and by trapped par t ic les  wi th  energy above about 6T . e e 
We see t h a t  t h e r e  is  considerable  v e l o c i t y  space s t r u c t u r e  i n  t h e  micro- 

wave hea t ing  opera tor .  

v e l o c i t y  dependence bu t  a l s o  because of t he  v e l o c i t y  dependence of t h e  s p a t i a l  

l o c a t i o n  of t h e  Doppler-shifted resonance and the  s t rong  s p a t i a l  v a r i a t i o n  i n  

wave power d e n s i t y  due t o  heavy damping. 

< < (1 -l/r)l/2 ( i . e 0 ,  p a r t i c l e s  which t u r n  before  reaching resonance) a r e  

n o t  heated a t  all. 

This comes about no t  only through t h e  e x p l i c i t  

Of course p a r t i c l e s  wi th  

The primary e f f e c t  of fundamental ex t raord inary  mode hea t ing  is  t o  

inc rease  t h e  e l e c t r o n ' s  perpendicular  energy a t  t h e  resonance loca t ion .  

Parallel hea t ing  comes about only through p conservat ion as t h e  particle 

moves t o  lower magnetic f i e l d .  Therefore,  C tends t o  decrease  as t h e  hea t ing  

progresses ,  pass ing  p a r t i c l e s  become trapped, and trapped particles t u r n  ever 

c l o s e r  t o  t h e  midplane, u n t i l  electric f i e l d  p r o f i l e  e f f e c t s  e f f e c t i v e l y  shut  

off t he  hea t ing .  For t h e  par t ic les  t h a t  are resopant  a t  l a r g e  values  of 6 ,  

where the  wave e l e c t r i c  f i e l d  is l a r g e ,  t h e  hea t ing  is q u i t e  rap id .  We can 

estimate t h e  average hea t ing  r a t e  as 

where cL is  t h e  perpendicular  electron 

r i g h t  c i r c u l a r  component of t h e  f i e l d ,  

energy, E- i s  t h e  amplitude of t h e  

L is t h e  magnetic f i e l d  scale, t is 
res t h e  t r a n s i t  time between successive passes through resonance, and s i s  the  

l o c a t i o n  of t h e  Doppler-shifted resonance. Using parameters appropr ia te  for 

EBT-S with  100 kW of ECH power (giving the  asymptotic va lue  f o r  E - 2 20 V/cm), 

one ob ta ins  A ~ ~ / h t  2 3 x lo7 e V / s .  

of t h e  d i s t r i b u t i o n ,  E 5 T e ,  can only be heated by c o l l i s i o n s  with those  

ene rge t i c  p a r t i c l e s  t h a t  are d i r e c t l y  heated by the  microwaves. 

On the  o ther  hand, p a r t i c l e s  i n  the  bulk 

It i s  clear t h a t  t h e  hea t ing  process has t h e  p o t e n t i a l  f o r  forming a 

cold,  i s o t r o p i c  c o l l i s i o n a l  bulk as w e l l  as an an i so t rop ic ,  ene rge t i c  t a i l  i n  

consonance with t h e  experimental  observat ions.  Whether a s i g n i f i c a n t  t a i l  
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ac.t.ually .forms depends  upon how w e l l  t he  d i r e c t l y  heated population. i s  con- 

f i n e d  and how t i g h t l y  t h e  directly heated  par t ic les  are c o l l i s i o n a l l y  coupled 

t o  the? bulk.  Now the confinemen& of e n e r g e t i c  p a r t i c l e s  i n  EBT ( i - e . ,  

p a r t i c l e s  w i t h  E > +/a, where Eo is  t h e  ambipolar potential ~ ~ 1 0 0  t:o 400 V 

am1 a i s  t h e  p lasma minor r a d i u s )  i s  very p i tch-angle  dependent. Since EBT 

rel..i.es on p o l o i d a l  par t ic le  d r i f t s  R to cance l  t h e  ve r t i ca l  d r i f t  v due t o  

toroidicity, t hose  particles wi th  small. va lues  of R have l a r g e  n e o c l a s s i c a l  

s t e p  s - i zes  and la rge  s h i f t s  inward i n  niajor r a d i u s ,  which can r e s u l t  i n  

d i r e c t  ( i .e. ,  nondi f fus ive)  p a r t i c l e  and energy loss .  I n  p a r t i c u l a r ,  those 

pau"c.c:les t h a t  are  t r a n s i t i o n a l  herween t r a p p e d  and pass ing  tend to be very  

l.ossy. This  s i t u a t i o n  i s  i l l u s t r a t e d  i n  Fig .  7. The e f fec t  of t h e  rf i s  to 

push  passring o r  e n e r g e t i c  trapped p a r t i c l e s  i n t o  the l o s s y  r eg ion  of v e l o c i t y  

space. 

D Y 
D 

Q u a n t i t a t i v e  e v a l u a t i o n  of t h e s e  processes  r e q u i r e s  d e t a i l e d  modeling of 

t h e  s p a t i a l  dependence sf the microwave f i e l d  p r o f i l e s  and t h e  v e l o c i t y  space  

dependence of powes abso rp t ion  by par t ic les ,  c o l l i s i o n a l  r e l a x a t i o n ,  r a d i a l  

d i f f u s i o n  of h e a t  and particles, d i r e c t  l o s s  o f  h e a t  and par t ic les  on open 

d r i f t  s u r f a c e s ,  and p a r t i c l e  sources .  Although t h i s  i s  an i n h e r e n t l y  4 - D  

problem, involv ing  r a d i a l  and p o l o i d a l  v a r i a t i o n s  as w e l l  as v e l o c i t y  space  

variations, w e  have i n i t i a t e d  a program of Fokker-Planck modeling b a s e d  on 

t h e  2-D f in i t e - e l emen t  code o f  Matsuda. The d i r e c t  losses are being modeled 

as veloci ty-dependent  par t ic le  s inks ,  and w e  hope t u  be a b l e  t o  model 

n e o c l a s s i c a l  r a d i a l  d i f f u s i o n  i n  a similar manner. The p re l imina ry  r e s u l t s  

of t h i s  code intft?.ed show t h e  formation of an a n i s o t r o p i c  t a i l  and a cold 

col . l is ional .  bu lk  component, I n  a d d i t i o n ,  the d i r e c t  p a r t i c l e  l o s s e s  r e s u l t  

i n  s i g n i f i c a n t  energy losses and r educ t ion  i n  hulk heat.i.ng e f f i c i e n c y .  

I n  sunmary we can see that t h e  microwave power P e f f e c t i v e l y  van i shes  u 
near R e ( s >  

are p r e f e r e n t i a l l y  heated and f o r  f ixed p i t c h  ang le  h igh  energy p a r t i c l e s  are 

p r e f e r e n t i a l l y  hea ted .  

p a s s i n g  particles coward t h e  trapped-passing boundary where conf inemerrt i s  

poor ,  

a. 'l'he implication of t h i s  i s  that f o r  f i x e d  E pass ing  p a r t i c l e s  

The e f fec t  of the h e a t i n g  i s  to increase vI, pushing 
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Fig. 7 .  Veloci ty  space geometry f o r  ECH-enhanced n e o c l a s s i c a l  t r a n s p o r t  and 

d i r e c t  pa r t i c l e  l o s s  i n  EBT. 
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A p p e n d i x  1 2  

MONTE CARLO ESTIMATES OF PARTICLE AND ENERGY CONFINENENT TIMES 

I N  A BUMPY TORUS AND A BUMPY SQUARE 

WITH POLOIDAL ELECTRIC FIELDS 

J. S. Tol l ive r  and C. L. H e d r i c k  

Since significant poloidal structure in the electrostatic potential in Elmo Bumpy Torus (EBT) has 

been observed experimentally and predicted theoretically, a Monte Carlo calculation has been used to make 

estimatea of the particle and energy confinement times in EBT with varying degrees of asymmetry in the 

electric field. The code is applicable to  the bulk ion population and the “cool” electron population in EBT 

but not to the intermediate-energy electrons believed to be responsible for the formation of the potential. 

A similar calculation is posaible for the proposed Elmo Bumpy Square (EBS) device, which ia expected to 

have much more symmetric potential profiles because of much better centering of the particle orbits. The 

calculations indicate that the confinement time in EBS will be two to three orders of magnitude better than 

in EBT. 

I. INTRODUCTION 

Tkansport theorieer for most magnetic plasma confinement devices have traditionally assumed that the 

electrostatic potential does not vary poloidalfy. Only recently has serious consideration been given to poloidal 

electric field~.’*l-~ In EBT, experimental evidence suggests that, under certain operating conditions, the 

potential does have a significant poloidal s t r ~ c t u r e . ~ ~ ~  This asymmetry can be understood theorectically’ by 

assuming that the formation of the potential is dominated by the “warm” or intermediate-energy electrons8--- 

in keeping with the experimental observation that the magnitude of the potential scales with the ‘tempera- 

ture” of the warm e l ec t r~ns .~  By using limiting-case descriptions of the lowest order behavior of the ions and 

the ucool” and ‘hot” electron populations, a 3uid treatment of the warm electrons leads to an expression for 

the poloidal asymmetry in the potential which is in reasonable agreement with experiment. This expression 

shows that the poloidal asymmetry in the potential in driven by asymmetry in the magnetic field which, in an 

isotropic wmm electron distribution, manifests itself through poloidal aeymmetry in f dZ/B. More generally, 

the asymmetries in the gradient-B and curvature drifts manifest themselves in a slightly more complicated 

expreasion which reflects the density and pressure weighting along field Iines of anisotropic distributions. 

In answer to the question of how do the bulk ions and the “cool” electrons respond to this asymmetric 

potential, we have utilised a bounce-averaged Monte Carlo codelo to calculate the particle and energy 

lifetimes of these particles by simulating their orbiter and collisions in the EBT-I/S device with varying 
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degrees of potential asymmetry. The lifetimes are estimated by keeping groper statistics on the rate at  which 

particles leave the plasma through the last closed flux surface in the device. Because theae cool particles am 

not expected to participate significantly in the formation of the potential, they can be expected to  have loss 

rates incapable of producing the assumed electric field. 'To the extent that the cool and warm populations are 

decoupled, no inconsistency exists. In reality, of course, there L always 8ome couplin 

populations, and the losses of the cool particles would be expected to modify the w m  population and the 

self-consistent potential somewhat. However, by the computational nature of the Monte Carlo technique, 

it is impractical, i f  not impossible, to  calculate a connpletely self-consistent electric field within the limit 

of finite computer resources. A complete description would require inclusion of the microwave heating 

physics, the relativistic electron rings, coupling among these "hot" ring particles and the warm and the cool 

populations, and coupling among the various ion and electron populations, In order to  have $ ~ a t ~ t ~ c a l ~ y  

meaningful reults, it would be necessary to  have enough Monte Carlo test particles to  represent adequately 

the ring electrons in the sparsely populated high-energy electron tail. Orders of magnitude more particles 

than practical would be required. Fbrthermore, the significant advantages of bounce-averaging would have 

to be discarded for the high-energy ring particles, costing another 2-3 orders of magnitude in computer 

time. It i s  clear that a complete description is far beyond preeent day computational resourcea. Despite the 

shortcomings of the Monte Carlo method, it has the advantage of offering increased realism in the treatmelit 

of geometry effects in a finite aspect ratio device-realism that i s  impossible in analytic calculations. It is 

juat these geometry effects (for example, inverse aspect ratio expansion parameters of order 1/3, large orbit 

deviations from flux surfaces, nonlocal diffusion, and direct losses) that are important in understanding the 

behavior of plasmas in finite-sieed devices. By understanding the response of the bulk ions and electrons 

to  asymmetric potential profiles aimiiar to that seen experimentally, we are able to  make one seep toward 

a more complete understanding of the poloidal potential structure and its effect on plasma confinement in 

magnetic confinement devices. 

In the proposed EBS experiment," with a much more nearly axisymmetric ~ a ~ n e t ~ ~  field strwture, 

the poloidal asymmetries in the potential are expected to be much smaller than in EBT. To quantify the 

associated improvement in confinement times, we have calculated lifetime estimates for EBS that  show an 

increase of two to three orders of magnitude over EBT lifetimes. 

Section I1 describes the bounce-averaged Monte Carlo code M it is applied to a device the si5e of the 

EBT-I/S or EBS experiment. Section 111 demonstrates the beneficial effect of a radial electric field on 

confinement, and Sec. IV presenter the Monte Carlo lifetime estimates for EBT an EBS. In Sec. V we draw 

conclusions and speculate on the implications of the present resulta to other devices, 
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GIGAVERAGED iwxrm CARLO CODE AND ITS APPLICATION TO A F i N m  

The ORNE ~ ~ ~ n c e ~ ~ ~ ~ ~ a g ~ a  EBT Monte Carlo transport code" uses the bounce-averaged Monte G a r b  

difPerential Coulomb collisi~n operator previously derived by T~lliver'~*~~ and follows particleer ming the 

~~~~~r~~ and Teller13 equations: 

where J = fnzdlvll is the second adiabatic invariant; e and p are the total ener and m ~ ~ ~ e t ~ ~  mO- 

ment, respectively; %'e h the charge state (e =L: absolute value of the electron charge); Q ;nnd ,b' are @lebscb 

coordinates" with Vcx x Va = B; the angle brackets mean 'bounce-averaged"; Bnd r is  the bounce tinla. 

In B bumpy torus or bumpy square it i3 convenient to choose 21ra aa the flux through an 9 d l / B  preeaure 

surface; then ,8 i s  a generalized polaidal angle with period 2r. A pressure surface cantour a d  ita rttlabiom. to 

the var~uum vessel and the geometric center of the magnetic field coils is shown schematically in Fig. l(a). 

Actual numerically compisted LY and ,8 lines for a realistically shed bumpy torus-the EBT-I/S e x ~ ~ ~ ~ ~ ~ n t  

at  ORNL-are shown in Fig. l(b). It should be noted that the pressure surfaces are not mere shifted circles 

but are vertically elongated with nonconcentric centers such that the radial distance from a = 0 to the 

outermost flux surface is much greater along the @ = 0 line than along the ,E = r h e .  Recent analytic 

theories4-' that attempt to include the pressure surface geometry are restricted to the muclr. simpler shifted 

circle approximation, As a result of the assumption of circular pressure contours, the analytic treatments 

require that the poloidal angle a be equivalent to  a true polar angle B centered at a = 

constant lines are straight radial rap. For a very large aspect ratio, the actual ,8 Enes are indeed rrearly 

straight rays, but for the realistic case shown in Fig. I(b), the lines of B = constant are ~ ~ ~ ~ o u ~ ~ ~  not xa- 

dial, Analytic treatments also assume that the shifb A af the pressure surfaces from the geometric center is 

ordered small in the inverse aspect ratio expansion-that is, that A/r N o(cr/&), where P is the radius to  

mme point in the plasma, Rt is the major radius of the tarus, and a is the plasma radius. 

be genuinely small for most radii in a very large aspect ratio device, it is evident from Fig. I&) that A js 

of the 8ame order aa the plasma size for a reabtic device. We know of no analytic calculations that ~e~~~~~ 

valid for such a large value of A. Only a numerical calculation can adequately include the pattawre surface 

geometry of a realistically sised e x ~ e r ~ e ~ t ~  device. 

For a hypothetical bumpy torus with a very large aspect ratio, the analytic assumptions of small A and 

a ~ ~ ~ o x ~ ~ ~ ~ e ~ y  circulw pressure csntoum are valid. In addition, the average orbit displacement from 

surfaces is s m d ,  making the transport local and diffusive. In mch a limiting cme, the diffwion coe 

Awe been calculated Our Monte Carlo code has been successfully b e n c ~ ~ ~ ~ ~ ~ l ~ ~ l ~  ~~~~~8~ 
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FIG. I. (a) Schematic geometry of a u = f d l / B  pressure surface in pn EBT midplane and its relation 

to the geometric center of the magnetic field coils. The major radius of the torus, Rt, measures the distance 

from the torus centerline to the geometric center, and R,, i s  the distance from the centerline to  the f d l / B  

center. S(u) i s  the surface enclosed by the u = constant contour, and 27ra is the magnetic flux through 

S(u) .  (b) Contours of constant a and p for EBT-I/S. In both (a) arid (b), the Cartesian (z,y) axes have 

their origin at  the f d l / A  center, ancl the $-axis passes through the geometric center. 

the theory in the special case of low collision frequeucy and small radius-a regime where the theory remains 

valid. When the aspect ratio is not large (such as in EBT-I/S or any realistically sized device), the finite 

shift A and the nonckcularity of the pressure surfaces become relevant. More important, however, bhe 

transport can be nonlocal and nondiffusive. Io such a case, the concept of a local diffusion coefficient loses 

meaning as convection and mass flow become the dominant transport processes. We show that the presence 

of a poloidal electric 6eld can transform the plasma transport from a diffusive to a convective behavior. NQ 

analytic calculations have been made that treat such convective behavior in a bumpy torus 

Although analytic treatwenat of finite-sized devices and noxilocal, nondiflusive transport is difficult, the 

Monte Carlo remains valid and can be easily generalized to treat such cases. Instead of a diffusion coefficient, 

we calculate a particle confinement time rp by running the Monte Carlo simulation until each of a large initial 

number d particles i s  lost by striking the wall. For the purposes d this calculation, the "wall" is defined 

as some closed CY = constant' flux surface that is near the vacuum vessel wall but completely contained 

within the device. The particles are initially given B Maxwellian distribution in energy and pitch angle and 

a uniform distribution in p. Conceptually, as each particle is lost, its Iifetime t ,  and energy Ei upon crmsing 

the wall are recorded, and it is then dropped from the simulation. Obviously, some particles will live much 
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longer than others, but it is those that are rapidly lost that contribute most to  the confinement time. After 

each of the original N particles has been lost, we calculate the particle confinement time rv as 

Similarly, the energy Confinement time rE can be calculated as 

where T is the temperature of the initial Maxwellian (both T and E measured in eV). In practice, for best 

me of cpu time and memory, the code is vectorized to treat 64 independent particles simultaneously. After 

each particle is lost, its statistics are recorded, and a new particle is started with random initial conditions. 

Thus, there are always 64 particles in the simulation. This scheme makes effective use of computer memory 

and also allows vectoriaation for speed. The simulation should be continued until each particle has been 

lost annd replaced at least once, preferably several times for good statistics. Then, N in Eqs. ( 2 )  i s  the total 

number of wall collkions that have occurred. In practice, the simulation must be run for 10-100 times the 

eventual confinement time. It should he clear that configurations with excellent confinement properties are 

very expensive to  simulate. 

To examine the sensitivity of our results to the choice of the initial radial, or a, distribution, we 

have tested various options and settled on an initial delta-function distribution at r w a/2 as the most 

representative and convenient choice. When a poloidal electric field is present, crescent-shaped potential 

islands exist with an “x-point” somewhere inside the plasnia radius a. If the delta function is placed beyond 

this x-point, the particles wiil be rapidly lost. This behavior is somewhat analogous tio the cold and lossy 

edge plasma beyond the hot electron rings in EBT and certainly does not represent the behavior of the bulk 

plasma, with which we are concerned here, in the center of the device. We have also tested a number of 

approximately parabolic initial radial distributions. If the parabola extends much past the x-point, those 

particles that are initially near the center will be well-confined, while those beyond the x-point will be 

rapidly lost, However, if the parabola i s  entirely contained within the x-point, analogous to considering a 

parabolic bulk plasma distribution while ignoring the edge, comparatively good confinement will be seen. 

Qrar numerical results sliow that an initial delta function at r w a/2 produces confinement times comparable 

to  those obtained with such an initial parabolic distribution, and also in rough agreement with experimental 

results. 

A useful diagnostic tool to demonstrate graphically the motion of the particles is a multiple exposure 

graph of the (.,PI coordinates of each of the 64 particles in the simulation. This multiple exposure plot 

is similar to a puncture plot that shows a particle’s position each time it crosses some reference plane. 

In a bounce-averaged description, however, all information about a particle’s position along a field line i s  

lost. So instead of a puncture plot, we show a particle’s actual (a,/?) coordinates which are independent 
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of position along the field line, at equal time intervals. Since a and p uniquely define a field line, we can 

project any (a, p)  coordinate along that field line to  any reference plane to obtain the physical coordinates 

at  the reference plane. We use the EBT (or FIBS) midplane as the reference plane in all plots shown in this 

paper and transform from the nonorthogonal (n, 0) coordinates to real Cartesian space. Thus, each point in 

the iirulbiple exposure plots represents not where a particle crosses the midplane, but the physical position 

where the field line specified by a particle’s instantaneous (a, 0) Coordinates crosses the midplane. 

m. THE EFFECT OF A RADIAL ELECTRIC FIELD AND COIJLOMB COLLISIONS 

The existence of a purely radial electric field is understandably beneficial to confinement. By “purely 

radial,” we mean an electrostatic potential 3 that i s  a fuiiction of a (the “radial” variable) but has no p 

dependence. In EBT and EBS, the poloidal precession necessary to cancel the toroidally induced vertical 

drift comes from gradient-B and curvature drifts and the ]EX B drift. Particles in an EBT that are toroidally 

passing or transitional (Le., near the trapped-passing boundary in phase space) have very. small gradient-B 

and curvature poloidal precession frequencies and thus are poorly confined if no electric field exists. Rut if 

a radial electric field i s  present, the E x B drift can provide sigiiificant poloidal precession, thus providing 

good confinement. (Actually, the loss region is not totally removed, just moved to much higher energies, 

where only a few particles exist.) This effecb, holds for both ions and electrons since both species feel the 

E x B drift. Also, there is little difference if the field is inward-pointing or outward-pointing. 

To demonstrate graphically the beneficial efFects of an electric field, Figs. 2(a) and 2(b) show inultiple 

exposure plots of tlie collisianless orbits of 64 electrons in EBT with no electric field and with a purely radial 

electric field that i s  inwadpointing at small radii and outward-pointing at large radii. All 64 particles were 

started on the birth surface a / n ~  = 1/4, where a~ is the outermost flux surface shown in Fig. l (b) ,  and with 

random P’Y uniformly distributed on the range (0 ,Zr) .  This birth surface corresponds to a radius r w a/2, 

where the plasma center ( T  = 0) is assumed to be at the minimum of d l / B .  The kinetic energies and pitch 

angles of the 64 particles were chosen randomly from a 100-eV Maxwellian distribution. The electrostatic 

potential used in Pig. 2(b) has the form @ :: 400(a, - CY:) volts where a, = a/cq- is a nonnaliaed flux 

variable. Thus, Q, rises to  a maximum of 100 V at CY, = 1/2  and falls back to zero at  a, = I. The poor 

confineiiient properties when no electric field is  present are obvious from the many particles in Fig. 2(a) whose 

orbits carry them far from the birth surface with some orbits that intersect the wall, h 1 ms of simulation 

time nearly the entire cross-section has been filled from an initial distribution of 64 particles at  r w a /2 .  In 

contrast, when the purely radial electric field i s  included, the confinement improves dramatically, as shown 

in Fig. 2(b). The initial positions, energies, and pitch angles are identical to  those shown in Fig. 2(a), but 

niost of the 64 particles remain close to the birth surface, and there are no direct losses. The EBT and EBS 

concepts are based partly on the existence of radial electric fields to improve particle confinement. In Bike 

manner, modern-day stellarator designs depend 011 strong radial electric fields for good confinement 
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FIG. 2. Multiple exposure (a, ,L?) coordinates (projected to  the midplane and transformed to  real carte- 

sian space) depicting the orbits of 64 Monte Carlo test electrons without collisions in EBT-I/S (a) with no 

electric field and (b) with a purely radial radial electric field (with A@ = T,). 

Although the collisionless confinement is poor when no electric Geld is present, the presence of Coulomb 

collisions can limit the detrimental effect of direct losses because collisional particles are unable to  complete 

orbits that intersect the wall. When e-e and e-i Coulomb collisions appropriate to  a background denrrity 

of about 9 x 18" are included in the simulation, the transport becomes more diffusive in nature, aa 

evidenced in Figs. 3(a) and 3(b). Of course, in the low cdisionality reactor regime, the direct losses remain 

troublesome when no field is present. 

It should be pointed out here that the magnetic confinement properties of EBS we much better than 

T because of much better centering of the collisionleas orbits. Figure 4(a) show8 conto 

and ,!? for a "~iiinimaR' EBS design with 4 coils per side and a global m h o r  ratio of about 3.7. Since the 

"average" particle motion is on a. faux surface, it is clear from the figure that the average ~ ~ ~ i c ~ ~  orbits are 

much better centered than in EBT [cf. Fig. l(b)]. With 6 coils per side and a global mirror ratio d about 6.4, 

an EBS becomes even more axisynimetric as evidenced in Fig. 4(b), Multiple exposure (collisionless) particle 

motion plots for the EBS coordinate system of Fig. 4(b) are ehown in Figs. 5(a) and 5(b), respectively. All 

initial conditions and the f ~ n c ~ i ~ ~ a l  form of 9 are ~ a e ~ i t ~ c ~ l  to those uaed in Figs. 2. Obviously, with or 

without an electrk field, the pWtkhS remain much closer fa the bkth sadace, and there we far fewer 'bad" 
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FIG. 3. Multiple exposure positions of 64 teet electrons in EBT undergoing e-e and e-i collisionta 

appropriate to about 9 x 101’cm-3 background plasma density (a) with no electric Eeld and (b) with io 

radial electric field. 

FIG. 4. COII~OWKS of constant r): and p far (a) a “xPlinilna1” EBS design with 4 coils per aide and a global 

mirror ratio of 3.7 and (b) an improved EBS wibh 6 coils per side and a global mirror ratio of 8.4. 
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FIG. 5. Multiple exposure positions of 64 collkionless electrons in an EBS (a) with no electric field and 

(b) with a radial electric field. 

IV. THE EFFECT OF POLOIDAL ASYMMETRY IN THE ELECTROSTATIC POTENTIAL 

It is e ~ ~ ~ e n ~  that a radial electric field is vePy valuable for charged particle confinement. However, 

if @ haa some poloidal dependence, potential. idasrds exist that can have an extremely ~ e t r ~ ~ e ~ ~ a ~  cJfect 

on t r a ~ s p ~ ~ t  rates. Low-energy particles will approximately follow the potential contours became they 

are ~ t r ~ ~ ~ ~ ~  affected by the drift only weakly affected hy the mer 

8 .  Because of the potential island structure, such particles can take large neoclassical atepsises, 

leading to l x g e  diffusive loss rates. More tie~ioualy, if the potential contours intersect the wall, particles can 

expwience electrostatic direct losses. These direct losses m d  large orbits me much more t r o ~ ~ ~ e s o ~ ~  than 

netic direct hmes <and wide orbit dispersion in Fig. 2(a) becaiase particles of all pitch angles are 

not jnat the passing a d  transitional particles. Therefore, pitch angle c ~ ~ ~ ~ s ~ ~ ~ ~  cannot improve the 

s ~ t ~ ~ ~ t ~ ~ ~ .  Only ~ ~ e r ~ ~ - ~ c ~ t ~ e ~ ~ ~ ~  c ~ l l i ~ i ~ ~ ~ +  up to energies several times the potential well depth (80 that the 

gradient-B and curvature d~iftis are Imge compared to the E x B drift) can prodlace p ~ t i ~ l e ~ r  with orbits that 

w the p ~ t e ~ ~ ~ a ~  contours. If, as ~ b ~ ~ ~ ~ d  ~ x ~ e r ~ ~ @ ~ t a ~ l y  in. EBT, t 

is of the game 0rder at3 OF greater th  

will be txattered to such high energies. AB a read&, I m s t  pasticlea will be ~t~~~~~~ io. 

idand etsaac tnre ~ 

the [cod ~ ~ ~ u ~ a t i o n ~  e ~ ~ ~ t ~ ~ ~  ~ ~ ~ p e r ~ ~ u ~ e ~  only very few ~ ~ ~ t ~ ~ l ~ ~  
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To quantify these eRececta, we have m3de Monte Carlo calculations for EBT and EBS with a raiigr of 

poloidal asymmetries in the potential. We have choseii an red hoc pctential of the form 

where the ssyinrnetny parametrs rj determines the niagnitude of the poloidal asymmetry. When q = 0, the 

potential depends on a, only, and since a, i s  approximately proportional to ( ~ / a ) ~ ,  is nearly parabolic near 

the center, rising to a peak of @0/4 at a,, l / 2  anid Palling back to zero at  a,  = 1. Figuies 2, 3, anid 

5 were inad? with r7 = 0 and @* = 400V. The actual potential in EBT-S is not sufficiently well X Y ~ O W I I  

to be representable in a simple analytic form, but theoretical calculational predict an asymmetry of about 

15-20Cf0, and t j  of order 1520% in Rq. (3) leads to potential contours with large potrntial islandR not unlike 

the potential prokles sometimes seen in EBT.”’ 

As a benchinaik case, we first show EBT-S r e d d s  for = 0. Thus, the potential contours coincide 

with the cp: contours, and there is no island structure. We use a 100-eV Maxwellian distribution of e!ectrow 

slid @o = 400V so that the maximum potential well depth is A@ = ‘I?. Particles are launched at  an = 1/4 

with a uniform random distribution in j3 and pitch angle. The particles experience e-e ajld e-i collisions 

appropriate tu a background density of about 9 x 10l1 ~ r n - ~ .  Figure 6 shows the potential contow-s and tlw 

multiple-exposure ( o ~  p )  coordinates (projected to the midplane and bransformed to r ed  space) depicting 

the essentially diffusive nature of the particle motion. Using Eqs. (2)  the particle comifinement time may be 

ORNL-OWG 84-2731) F E O  
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FIG. 6. Potential contours (with contour values shown iii volts) and the associated. long-time particle 

motion in EST for the case of closed symmetric potential. contours having no island structure. 



calculated to he rp w 4 1118, and the eriergy confinement time r E  m 2 ms. These results can he regarded a8 

the  ‘‘szeoclassica.B” confinement times, the hases with which to compare all other confinement times when n 

poloidre? electric Reld i s  present. Although no analytic theory exists that is valid for this realistic geometry 

[A /Y  --’ S( l ) ] ,  we rely on the fact, that our Monte Carlo code bas been benchmarked againat the theory for 

large aspect, retio to jwtify the claim that T~ = 4 ms is the ‘ L ~ i e o ~ l ~ ~ i ~ d n  rpsult. 

A a  an ex:imple of the plasxiis behavior wlien a substantial poloidal electric field exists, we show rashalt~ in 

Fig. 7 €or rl --- 16%. This choice prodnces closed, nearly circular potential contmws in the center surrounded 

ORNL-DWG RJ.2739 FEQ 

PI@. 7. Asynrmetrk pcat,ential contoura in EBT wilh asymmetry parameter rl = 16% producing crescent- 

shaped paherdial idands and the acisociated particle motion. 

by concentric crescent-shaped potential lalands with the outermost crescents barely intersecting the wall. All 

other parametaw (Le. ,  and all irrihial conditions) are identical to those used in the p r ~ h o u s  case. From 

the multiple-exposure plot ixl Fig. 7, it ia obviolas that the transport is strongly convective in nature, ~ i t h  

  no st particles following the potential contoura once they get outside the contra1 region where the poloidal 

nsymmetky is small. Of course, a relatively small diffusive motion is superixnpo_sed onto the convective orbits 

hecause of ccsllisioaial effects. The particle and energy confinement times for this case are rp m TE m 0.2 ms. 

We have sy&maarbically varied the poloidal asymmetry over a range of q = 1% to 9 = 16% and calcuiated 

the particle and energy cszifinenaerat times for both ERT a id  a simple FRS design, These results are gliowii 

in Fig. 8. In cardex to mnke a lower limit estimate of the confinement, tinit? possible in EBS, we have chosen 

the ~~~~~i~~~~~~ EBS d ~ s i g a  with a/3-coordinate system shown in Fig. 4(a). Rased on the theoretical results 
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FIG. 8. Particle and energy confinement times for electrons in EUT and a minimal EBS design as 

functions of the asymmetry pwameter 7. The coiifinement times for an "advanced design EBS" are OK the 

scale of this plot. 

in Ref. 3, the expected asyi-nnetry in such a design is about 1 or 2 percent. An advanced EBS design with a 

global mirror ratio of about 6 might have only 0.5% or less asymmetry.. Not si-lrprieiagly, the confinement time 

improves dramatically as the asymmetry decreases, and ERS has substantially better confinement than EBT. 

Rut the important conclusion to  be drawn i s  the gain to  be expected in going from EBT with pi 2 15% to EBS 

with q 5 2%----easily two orders of magnitude irnproveninrnt in confinement time. The particle confiraenienti 

time for an improved EBS design with nearly zero asymmetry is about 150 m y ,  compared with 20-38 ma for 

the minimal EB3. Thus, an  overall improvement of t ~ o  to three orders of magnitude over EBT is possible. 

V. CONCLUSION 

It is evident (and not surprising) that an electrostatic potential 547ith only radial dependence ie good 

for confiiaennenit. However, a "had'! potential, with strong poloidal dependence, can dsatroy iieoclassical 

confinement, producing confiaenaent times one to two orders of magnitude sinal!e?r than the "goad" potential 

case. Because of poloidal asymmetries in the magnetic field, the electroaLatic potential in EBT can have 

relatively large asymmetries, leading to very poor confinement. In EES, however, &he potenbial asymmetry 

should be much smaller, leading to dramatic improvements of two to three orders of magn.itit.de in the particle 

and energy confinementr times. 
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Appendlx 13 

ALTERNATIVE CORNER. COILS 

The ~~~~~~ for making the corner coil sections as contained in the 
main body of t h i s  proposal has ;a number a f  attractive f e  
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copper Option 

The resistive losses i n  the corner regions can $e decreased  by 
increasing the amount of copper a v a i l a b l e  t o  ca r ry  the current required 
to produce the magnetic field. A n  Q ~ V ~ O U ~  way to accomplish t h i s  is t o  
use wedge-shaped coils which nose together tightly on t h e  inside radius 
of the c o i l  array and which completely f i l l  t he  outer radius regions. 
Another inethod is t o  extend the conductor r a d i a l l y  t o  t he  top ,  bottom,, 
and outside. I n  this case the coil bore WOUM no longer be in the 
center of the coil. Such a c o i l  could be  built using vcdge shaped 

ular plate with a spiral cut t o  produce the turns. A cooling 
channel using imbedded capper tub ing  would be  used t o  rcmove the heat 
generated in the coils. These conc.epts, together with line baseline 
design, are shown in Fig. 13.1. 

F i g .  13 .1  

This  c o i l  concept has been termed t h e  spiral cut  plate concept and 
has been steadied f o r  feasibility, cos t ,  and s c h e d u l e +  In orde r  t o  
watch the current i 'vol tage characteristics o f  the existing HG power 
supplies, a configuration consisting of 22 coils of 8 turnis each h a s  
been considered. A more detailed plan viev ~f this concept. i s  g i v e n  i n  
Fig. 13-2, and t h e  side view i s  shown in Pig. 13.3. To optimize this 
concept (minimize t h e  resistance) t h e  locations of the spiral cuts have 
been chosen so that the resistanee of each t u r n  is nomitially e q n s l ,  



F i g .  13.2 
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F i g .  13.3 

These coils could be supported, and the utilities provided, in a 
rnanl~er very  similar to that in the baseline approach. Development 
issues are: 

(a) Wedge-shaped capper plate has  not Seen produced, Altlnaugh a 
manufactures has expressed interest in rolling such plates, the 
availability has not been demonstrated. If flat plates were to be 
necessary, then the costs to machine it i n t o  a wedge shape would 
be about $50K. 

(b) Diagnostic access in the coriier region is eliminated, thereby 
precluding measurements a €  the corner plasma properties. 
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Super conduet ing Qp t ion 

In t h i s  ~ s p t i a n  the  magnetic field in t h e  corner would be 
by e i g h t  s ~ ~ ~ ~ ~ ~ ~ 2 ~ 1 ~ ~ ~ ~ ~ ~  winding bund les  in each WKMX. Each bundle 
consists of 112 turns, which results i n  895 turns per corner. The coil 
current of 2.3 kA would be provided by a new, low voltage power suppPy. 
Coil operatican at such 1cm C W K ~ ~ ~ S  would give excellent stability, 
The arrangement of the corner coil. array and its dewar are shovn i n  
Pig., 13-4 .  

The eails would be wound using surplus EBT-B ~ ~ p e r c o n d u ~ t ~ ~ ,  so 
there would be no ~ K ~ ~ ~ K ~ ~ ~ ~ ~ ~  cast f o r  the wire, SlmiParby, no 
pr~~curemen t  cost would be expected far the helium refrigerator, since 
them would be cryogenic equipment a ai1aM.e from the 

operational. ln the summary of the  cos s for various 
costs f o r  the refrigerator and conductor are shown in parentheses, to 
indieate the %ncremcnt which vould be necessary, were these reso~rees 
not available D 

BL-Bgranl which vould be terminate by th@: time E 

F i g .  13.4 



The i n i t i a l  s t u d y  of  the cnf ieept  has assirrrrt?.:l that t h e ~ e  votiPd be  
m e  pal r of vapor  cccl e? leads p e r  C O L I ~ Z ~ T  asserchly. 'Thd opzrs t i- r k %  - 
costs could be f i i r  t h e r  redzc-d by u s i n g  a supezcondlar tirig bus t o  
connect t h e  corners,  thereby  minimizing the  hel-i; load f o r  t h e  
refrigerator. The heeat Inad due t o  X-ray he? t ing  has  Seen eva lua ted ,  
arid would be  less than  1 / 2  W per  c o r n e r .  

TRe complPx s h a p e  of t h e  dswa:: withir i  thc l i m i t e d  space of the  
c o r n ~ r  causes i t  t o  be a major inf11wni .e  i n  t h e  ovornbl  r o s t .  

I n s t a l l a t i o n  of t h e  l i q u i d  n i t r o g e n  shie14 an3  i n s s l a a - i o n  will be 
a c r i t i c a l  p o i n t  du? i o  minimal space  hcig 'esn the c o l d  mass and 
t h e  dewar w s l l .  Sic,~iiuer,  i t  is  f e l t  t h a t  a v i a b l e  design i s  
possible w i t h i n  t h e  spa<$ a v a i l a b l e .  

Fabrication of tha bobbin as a monoiichic  u n i t  w i l l  be of t h e  samg 
order  of d i f f i c u l t y  as t h e  ha5e l i i i e  c o r n e r  ccc:epi, and does not. 
require any devc20pilront z c t i v i  t i c s .  

(e) Adequate space exists f o r  t h e  d e s i g n  of a w a ' l i 7 a b l e  cold m s s  
suppoct sc?hem@. 

( f )  The added  space 1 ~ q u  i r c n e n t  of t h e  dcvas csinp? icates t h e  inter-  
€ace betvsm t h e  vaciiiim e l t o u  ( p a s s i n g  through t h s  deuar) and t h e  
ad jacmt  IrAnsit iorr  c a v i  Lies. It  ma3 berolno necessary t o  m,nc?hi€y 
t h e  t xms i  i iori  c a v i t y  d e s i g n .  

Cost Comparison of t h e  Various Op t ions  

T ~ P  CoSts  f o r  individi iql  e12wi i ts  fox t h e  v a r i o u s  c ~ i 7  options are 
summarized helow, iil t a b l e  13-1. 
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TABLE 4: 

ELMO BUMPY SO%JAP,E CORNER MAG 

CONCEPT COSTS 

DESIGN PLATE 

876 1 8  220 1,340 

98 

148 200 260 

1,016 1,510 I, 960 

TIOM SYSTEM AND COIL MATERIAL IF P * 

Discussion 

Each concept has some historical basis fur conEidence in prsducing 
the  co i l s .  Numerous s ~ ~ @ ~ ~ ~ ~ ~ u ~ ~ i ~ ~  coil 
fields and mnOre complex shapes ( e . g *  

t c ~ ~ o i d a l  field coil. 
t plaee coil, with f la t  plate!, w 
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