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ABSTRACT

Methods for obtaining unbiased parameter estimates from data
obtained by in situ tests of temperature detectors are evaluated.
A computer program that calculates unbiased estimates of parameters
that define a dynamic model of the temperature detector and that
calculates standard deviations of the model parameters and of the
response time is presented.

The computer program, along with the associated. theoretical
development, represent an extension of the previous. capability for
analyzing data from in situ tests of temperature detectors.






INTRODUCTION

Methods for analyzing in situ test data of temperature detectors have
heretofore been essentially limited to obtaining unbiased estimates of param-
eters that define a dynamic model of a temperature detector.ls»? Statistics
related to the parameter estimates can be obtained by analyzing many seté of
data or by amalyzing the residual of a particular set of data in conjunction
with the model.

The research reported herein extends previous analysis capability. in
several ways: (1) a nonlinear miﬁimization algorithm is developed (and
implemented with a computer program) that, in theory, always converges to a
local minimum3; (2) the computer program is tailored to implementation on a
microprocessor; and (3) standard deviations of the model parameters and of
the response time (calculated from the model parameters) are obtained from

a single data set.



The overall research effort includes: (1) evaluation of three minimi-
zation algorithms, (2) development of the capability to obtain standard
derivations of desired parameters, and (3) computer program verification.

Several nonlinear minimization algorithms commonly used for practical
problems are: (1) steepest descent in conjunction with a line search,

(2) linearization of the functional or approximating function in conjunction
with a variable stepsize (a generalization of Newton's method), and

(3) Marquardt's method. The best algorithm for a particular application

is usually not known a priori. Thus, three nonlinear winimization algo-
rithms are evaluated for application to the LCSR data analysis: (1) line-
arization, (2) Marquardt's method, and (3) a combination of Marquardt's
method and linearization. The linearization method is preferred to
Marquardt's method or the combined method for the LCSR data analysis

problem.
GENERAL COMMENTS ON NONLINEAR MINIMIZATION ALGORITHMS

Two basic problems associated with any iterative nonlinear search
aogirithm are: (1) determining a direction vector and’(2) determining”“the
optimal stepsize in the specified search direction. Most methods provide
an implicit estimate of the stepsize in addition to determining the search
direction. Nevertheless, it is frequently desirable to expend computational
overhead to obtain an optimal (or suboptimal) estimate of the stepsize for
at least two reasons: (1) to improve overall computational efficiency and

(2) to ensure convergence properties.

Nonlinear Minimization Using Linearization

One advantage of the linearization method over some second order methods

is that the coefficient matrix for determining the search direction is positive



definite (at least semidefinite)"; comsequently, the functional value decreases
in the selected direction. Thus, if the optimal (or suboptimal) stepsize is
obtained for each iteration, the linearization method is theoretically guaran-
teed to converge to a local minimum. In practice, guaranteed convergence
cannot always be achieved.? A disadvantage of the linearization method is that
convergence is typically slow near the minimum, compared to a second order
method.
The function which approximates the data is given by,
M Ait
f(t) = ay + Z ae . (1)
i=1
Typically, two exponential terms (M=2) are sufficient to adequately approximate
LCSR data. In order to estimate the model parameters (ao, s By Al’ cens
AM), the variance of the residual is minimized; in particular, the following

functional is minimized

1 & 2 K |
°(8;Y .0 = 7% k};l (£, - Y, )" » @R (2)
where -
K
QT = (ao, al’ * ey aM’ ll, »eaey AM) FY _e_€R (3)
M At
ik
fk a, + Z ae (4)
i=1
Y
Yek = the observed data . (5)
t = (tl, ceay ) (6)

n



1f the approximating function is expanded in a first order Taylor series,

one obtains

Yo =L 3f -
2O D < jk L [fok * (a@)k 20 Yek] : )

Minimization of 3 is equivalent to the linear least squares problem for the

set of equationms,
of _ . _
(39>k 66 = Yek fok s k=1, ..., N . (8

Thus, minimization of the functional given by Eq. (2) is converted into a
sequence of linear least squares problems by linear least squares iterationms.
At each iteration, the optimum stepsize 1is calculated so that o0 + p $89;

Xe, t) is minimized; in particular, ¢ is minimized with respect to p for each
iteration.

The optimum stepsize is estimated by using three points: (1) the point
where the functional minimum occurred for the previous iteration, (2) a point
which reduces the functional value (this point is found by halving the imnternal),
and (3) a point which increases the functional value (this point is found by
increasing the stepsize). A quadratic curve is defined by these three points;
thus, the optimum stepsize is easily estimated.

Since the direction is obtained through the use of a positive definite
(at least semi-definite)* coefficient matrix, the functional is reduced in the
direction chosen.

Three criteria are used for terminating the minimization algorithm: (1) if

the norm of the functional gradient is small with respect to the norm of the



functional, (2) if the functional value cannot be reduced in the selected
direction by halving the internal a selected number of times, and (3) 1if the

specified number of iterations is excseded.

Nonlinear Minimization Using Marquardt's Method

Marquardt's method uses the Hession matrix to calculate the search
direction and stepsize. Since this is a second order method, it has very
good convergence propertiés near a local minimum. On the other hand, the
Hessian matrix for calculating the search direction may be negative definite
as well as positive definite; thus, a method based only on the Hessian matrix
could result in finding a mwaximum instead of a minimum. Marquardt has devised
a method to circumvent this problem to ensure that the search algorithm always
leads to decreasing the functional. Details of Marquardt's method are given
by Bard."

Marquardt's method requires the calculation of the second partial deriva-
tives of the functional with respect to the model parameters as a preliminary

step. The appropriate derivatives are as follows:

N of ’ -
_3_(2__ (9:Y £ ) = ....g... Z ........15'_ (9
Sl s ;R
%0, Pler B T RE & Mk W
where
Rk B fk - Yek (10)

and

2 N f af 3
Rl =) (S'é&)(&;& o k| ab
i k=1 3 i 3771



The second partials of the approximating function are specified by:

asz 3,
550" " Y9 LS ML, § > Ml and § = M+ (12)

joi i

asz 3,
550 = tk 55 > L > M1, § < ML and i = M (13)

j i b

2’ o,
; i >MHl, j > M+l and i = j ; (14)

3630, ~ k20, °
i%73 i

'

otherwise, the second partials are zero. The first partials are easily

computed. For example, if K=5

aak =1 aak = e 17k , aak = e 27k (15)
0 1 2

of ALt ALt
k 1k af 2k

Yot altk e , 3——~= aztk e y cee (16)
1 2

where ‘ .
(8150,,05,0,,05) = (ag,a;,a554;,1,) . (17)

Standard Deviations of the Model Parameters and of Response Time

Data obtained from a LCSR test are analyzed to obtain unbiased estimates
of several parameters. Some of the estimated parameters are subsequently used
to estimate a time constant that characterizes a plunge test of the temperature

detector.



Uncertainty in the estimates of the parameters that characterize the
LCSR data arises from at least two factors: (1) the data is contaminated with
noise and (2) the model is not exact. A method for estimating uncertainty
in unbiased parameter estimates has been discussed with Baynes and is described
by Bard.* 1If one is given the standard deviation of the parameter estimates,
two methods could be used to estimate the standard deviation of the plunge
test time constant obtained from the parameter estimates: (1) the propagation
of error formula® could be employed in conjunction with an analytical approxi-
mation fér the time constant,’ or (2) the parameters used to obtain the "plunge
test time constant' could be randomly varied in conjunction with a direct cal-
culation of the time constant. The first method described above is the one used
for the work reported herein.

The model that approximates the LCSR data is assumed to be

f(8;t) = a, + ae + a,e (18)

where

5

T
0" = (ao, ay, 8y, Al, lz), feR (19

and 6 denotes the unbiased parameter estimates. In terms of the model and

the residuals (noise), the observed data are given by

Yj=f(§,t.j)+e s i=1, «v., N . (20)

h|
where
Yj = an observed datum

ej = the residual.
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It is assumed that the expected value of the residuals is near zero; in

particular,

'E(ej) =0 . (21)

Also, the best estimate of the variance of the residuals is used to estimate

the true variance of the residuals,

E(%j2> = S2 (22)

and
s = g2 (23)

where 02 is the unknown variance of the residuals. 1If the model is good, the
estimate of the variance should alse be good.

In order to obtain the variances of interest (i.e., 9 2 and N 2), it is
1 2

necessary to calculate the covariance matrix of 8 (Var (8)). The diagonal
elements of Var (é) are the variances of each of the elements of the vector

8. The covariance matrix is approximated by

-1
N Ty ™
Var (6) = s > (-Eﬂf——) (?-f—> (24)
j=1 \090 4 EL:) f
or
var (8) = (27217t s? (25)



11

where
Taf of 3 |
30,, 38, 0y
12 22 K2
of 3 of
Laem‘ 38,x L.

The first subscript on 0 denotes the position in the vector 8 and the
second subscript denotes the observation number. The estimate of the variance

(Sz) is given by

it

- 2
IYj - f(G,tj)]

s = . 27)
N~-K

It is of interest to point out that the elements of the Z matrix (Zij) can be

computed from an analytical expression. In particular:

9f
G-

) = e (29)
ALt '
(—éf-) - 23 (30)

ALt
(3—52) BB e - G
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(ae ) 2y by ¢ ' (32)
3

The above descriptions of the basic theory are appropriate for calculating

. 2 X . .
estimates of Oy - Next, the method for calculating the variance of the time
i
constant is given.

An estimate of the plunge test response (obtained from the LCSR data) is

given by
A At
Y . (£) = K 1 + — lt + __ﬁiji____ (33)
pl (—Al)(-Az) Al(ll-kz) AZ(A2~A1)
The time constant Tt is defined when
Y (1) =Y (*)(1 - e} (34)
pl pl ?

and is accurately approximated by

\ .
1 -1
T = 1 - 2§l ~— -1 . (35)

The propagation of error formula can be used to estimate the variance in

t(orz) as follows:

2 2
2 [ 2 a1 2
S, = (ax ) "xl + (ax ) °x, (36)

2 -
where 0, ~ and o 2 are obtained from Var (8). The applicable partial
1 2

derivatives are:
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T 1 1 :
T Rt (37)
311 Al [(Al Az) }

and
T 1
= T IO 5y ¢ (38)
3, AZ(AZ Al)

The development presented in this section is a concise and straightforward
method for estimating the standard deviation of the time constant t. The accu~
racy of the estimate is primarily dependent on the validity of the model.
Although methods are available for determining if a particular model is "good,"
these methods have not been incorporated into the overall procedure for esti-
mating the time constant. Nevertheless, the estimate of the variance GTZ using
the methods described herein should be sufficiently accurate for setting appli-

cable bounds on the time constant.
RESULTS: AND DISCUSSION

Results of several:computational experiments are presented:’
1. Survey calculations to evaluate the linearization method, Marquardt's
-
method and a combination of the Marquardt and linearization methods.

2. Calculations to determine the effect of white noise and of 60 Hz in
theoretical LCSR data on parameter estimates and on standard deviations
of parameter estimates,

3. Calculations for parameter estimates and for uncertainties of parameter
estimates using experimental data.

Each of the three nonlinear minimization algorithms tested performed

well. Although Marquardt's method (in theory) converges much faster than
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the linearization method near the minimum, the overall performance of the
linearization method is better than Marquardt's method for the functional of
interest (given by Eq. (2)). A combination of the two methods performed no
better than the linearization method; consequently, the computer program
(EXP. F4) for estimating the model parameters uses only the linearization
method.

Results relating to the effect of white noise and 60 Hz on theoretical
data illustrate that the parameter estimates are accurate; in order to verify
that the estimates of the standard derivations are accurate, detailed simula-
tion studies are needed. Regarding some of the results which follow, input
data to the computer program (N@ISY) preceds the output from the computer
program (EXP.) which estimates the model parameters for the results relating
to the effect of white noise and 60 Hz.

If the input data (to NPISY) specifies a loop current step response (LCSR)
calculation, the theoretical data is composed of two (M=2) exponential terms.
If a drop (DRPP) test is specified, the theoretical data is composed of three
(M=3) exponentials. The value of R (input to N@ISY) specifies the higher

eigenvalues using the relation ’ -

2
P =(1+R)"p

i+1 1 3

P(l) specifies the first eigenvalue and TM specifies the time span of the

data.

Even though the LCSR data are significantly contaminated with white noise
(or 60 Hz), the parameter estimates are correct. Also the uncertainty in the

estimates varies as is expected.
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Experimental data is analyzed using two computer programs (EXP and LCSR)
for parameter estimation; both programs yield essentially the same results.
Although several experimental data files have been analyzed with both programs,

only results for H3727 are presented. The following results are from LCSR.

FREAMETERS ARFTER LEAST SOURRES CYCOLE &
oLn CHAMGE HE TERROR
i 1, = oo -, "OST 0, N1~
e O, nong i.02493 O, 013
i -0, 00nGg . 553k O, nule
4 0. dlee IHEG. 2543 n,.2447%
5 -0, N451] 201.,5345 1.40%9

Results from EXP are:

REZULTE FORM THE MIMIMIZATION ALGORITHM:

ABMNORMAL COMYERGENCE. NOFT = |

EXPECTED VALLUE OF RESIDUAL = . dEESZE-0Z
STAMNDARDT DEVIATION DF THE REZIDUARL = 0,Z0250E+01
VARTAMCE OF THE FREZIDUAL = 0.951e32E+01
THE MORMALIZED GRADIENT = 0. 14230E+02
EXFANZION COEFFICIENTS HFE-

0. 201 ME+DRZ + OF - 0. 12582E+01

0.247a44E+04 + OF -~ n.5441&E+01

0. 1309cE+04 + OF - G E83062E+0Y .
EIGENMVALUES REE:
: n Rﬂu14E+ﬂU + OR - AEEETE-OZ

Z4354E+01 + OF - L 101E9E~-01

THE TIME COMITEAMT = GO,21110E+01 + (OF - L1149 SE+ D0

The first and second eigenvalues from LCSR are -0.6058 and -2.47 compared to
~0.6061 and -~2.48 from EXP. Final values are 201.6 from LCSR and 201.9 from
EXP. Note that EXP converged by not being able to reduce the functional value

after halving the interval ten times rather than by obtaining a small normalized
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gradient. Also the expected value of the residual is not near zero. This
indicates that parameters are slightly biased and that the model is apparently
inadequate. This conclusion is supported by other unusual features of this
particular data set. Other experimental data sets converged on the criteria

of a small normalized gradient.
CONCLUSIONS AND RECOMMENDATIONS

Comparisons of the linearization minimization algorithm with Marquardt's
method or a combination of Marquardt's method with linearization indicate that
the linearization algorithm is slightly better for the functional of interest.
Also, in theory, the linearization algorithm should always converge to a local
minimum.

Test calculations using EXP on theoretical data and on experimental data
indicate that this computer program (EXP) has no apparent errors. It is an
improvement over an existing computer program (LCSR) for estimating model param-
eters related to LCSR data in that EXP does not require initialization apd
that it alsc provides useful statistical information about model parameters and
a calculated parameter (i.e., the 63% response time). ‘ .

It is recommended that the existing computer program (EXP) be upgraded in
two ways: (1) that the data be digitally filtered (or smoothed) consistent with
the sampling theorem so that the number of data points used in the analysis is
not more than is needed, and (2) that a statistical analysis of the residual

error be included to check model validity.
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LISTING OF THE COMPUTER PROGRAM

EXP. F4
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2. EITIMATE THE ZTAMDARD DEVIATION OF THE &£3% FEIFCHIE TIME FROM
THE YARIANCE~-COYARIANCE MATRIN
v0000000040000000000‘0000000000000’00000000000&000000000000000000000000000
DIMEMEITOM YO L0240 o TOLOE4 2 K0T 0 i7 % c AT  To e HI¥ (T2 70y
I REAY SV e Vo e PaT o o« 3T sk 70 s IR (T o FIEAY T
MO=7
HE=F=0
MOLT=11
HMFs=1 0

]

ST N e Wy

TRb=1, 0
[ S000000000000000000080080000900 0008808020000t PPttt Pietiststeststessnss

o IMITIALIZE THE IMFUT DARTA FILE RAMD READ THE IMPUT DRTA FROM &
o FILE ME&MED “FAD

HOMx=:  HUMEBER OF OEZERVATIONS
MEXF: IF ZET TO 1+ A THREE ENFOMEMTIAL CALCULATION 13 FERFORMED
COMPT ¢ IF ZET TO 1+ ZELECTED IMFUT DRTR 1D FRINTED
L IMC 2 TEIP FACTOFR FOR FRINTIMG ORIERYRTION DATH
CALL TFILE <L "TET 0
FERD (L LO1SYMOMM s HEXP« MET s INC
101s FORMRT 7315
CALL IFILE <2« "RAD
TL_:I'_I - (1]
HO=0
in MHO=MO+1 . .
FERD CZ«10GTsEMD=S 0 ERR=2 03 VO MO » DUMY « T ONO
1007 FOFRMAT Sxe ZE
IFMO.GE. 1024, 0F, ToHd LT.TLYXGD TO 20

TL=T O
IFMO.GT.NOM=D 30 TO &4
=0 TQO 10 :
20 HO=rg-1
IFAMPTLEC. L FRINT 1005 Tk o VO oKD sk =1a MOs THC
loas FORMAT - w0 JELECTED INPUT - QEIERYATION DRTRA: -~ .
N TIiME QESERYRATION <« “vZiENeEL12. 5020
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lt0000000000000000000000‘00000000000000000000000000000000000000000000
T COMDLCT & DIFECT ZERPCH TO EXZTIMRTE A STRETIMS  FOINT
AFP=1.0
[OFT=0
Mix=2
FHO=0, 0
FMIMN=1.0E+12
My =z oM+
ELl=TRIL+5, 0
EL=TRIled, 2
PT0O= BU-ELI)*®c{, Q-FLORT iMHIRH~-1
MLF=MNIRH .
DO 40 I=1.HLP
Fid4r=-FU-AR
FoSi=Fidrer 00
IER=0
CALL FUMCT MO« M« NDes R Xa Y s Pe To YO IOFT s IEF FURL S
[FCIER.EQ. Q230 TO 29
FRINT 1012. [ER
10172 FORMAT ¢ 07 °  ERFOR IN THE COEFFICIEMT CALCLLATIOMs IER=-« IS
ZTOF
3] COMTIMUE
AR=AFReRTO
IF FYRL.GE.FMIMNYGO TO 40
FHIM=FYAL
CALL YECDF (MY s RHOsFeltk s IR
e COMT IMUE
CALL YECOF MY s RHOs WK s PaDIRD
00000000000000‘0000000000000000000000000000000000000000‘0000000000000000060
FRINT FESLLTS OF THE DIRECT ZERFCH
EIG1=F4)
Elc2=F 50
CALL TRURC(TAUCEIRLSEIRE?
PRIMT L1000
EvRL=FMIN
FRIMT 1001y FYALsTARLSP L2 sFPe20 e F 31 «Fvdy s P08
1000 ° FORMAT< 0 s°  FEISULTE OF THE DIRECT ZEAFCH: <
1001 FORMAT « "0 s °  THE FUMCTIOMAL YARLUE T e 3H
“e7  THE TIME COMSTAMT =
‘o7 THE EXPAMIIOM COEFFICIENTS =
Ty THE EIGEMVALUES =
0:0000000000000000000000000000000’00000000000000000000000000000000000900000000
T MINIMIZE THE FEIIDURL YARIAMCE
M==2
S0 COMT INUE
FRINT 1002 MNs
1002 FORMAT «- 137« THE FOLLOWING PEZULTES FPERTRIM TO AN -~
1t 7 AFPROSIMATIMNG MODEL WITH ‘e I3+ EXPOMNEMTIALI: )
CALL LMRCNOsNX s ASAY s Py ToNDa ik s DIF R X e v o v Qs EFTs MMF s HOLT
I HOPT«FMINFYALY

D)

00 [ —

»~
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FRIMT 1004
toag FORMAT G- 7 FEIZULTI FORM TME MINIMIZATION SLGOFITHM: -2
IFYMOFRT.EQ. 00 TO &0
FRINT totdas MOPT
101 FORMAT <" < +°  AEBNGEMAL COMYERGEMCE. MOPT = <. 127
=i CONTIMUE
CALL ZMAP My ik s F
I I T YZ IR YR PR RR L 2L L L R o A A N N YT I T I
T CRLCULATE THE STRMDARD DEVIATIONT GF THE ESTIMATED FAFAMETERS AMD QF
D THE 23% TIIME COMITANT
CALL TS AsATAY Y ATV oMo 7O To B a t{Da MO s s
IFMEXF.HE. 1230 TAQ 70
POHMY 2 =3, 0eR i
FoMWe 1o =P ONYD
FOMW 2 =P CMY—~ 10
M=+l
IF oM, 3T.3030 TO 7O
IOFT=0
CHLL FLUMCT MO« MxsMDsRe s s Fa Toa w0 IOFT« TERFYHAL Y
FMIM=FYAL
IFJIER.EQ. 230 TO &5
PEIMT 1013 IER

= COMTINUE
=0 TO S0
Vo CONTIMUE
STOF
END

C000000¢0000000000000000000000004000000000000000000000000000000‘00000‘0000’0
C00‘00000000000000000000‘000000000000‘000000000fQO00000000000000000000000000000
SUEROUTINE LHR MO N2 RZARY s Pa Toa Ml ek s DIR s A W e Yo YO EFZ s MMAX S
1 MOUTsNOFT«FMIM«FVRALY
DIMEMIIONM ASAY MO 1) s P I o Tl aldk (10 s DIRCID s R MDD 1020010
1 YaLr Qs s F TR Ty
COPELPLPPPPLPPLPPPPIVPCPPPOPL PR PPOPIPIPRPOEPPPPCPS PPN PPV 0000 P PP PDCVCOCRPOPIVS
THIZ SLUEFOUTIME UIET THE LIMERFIZATION METHOD IN COMMAMCTIOM WITH
A YAPIAELE ITEP ZIZE. ZIMCE THE COEFFICIENT MATRIE FOR CRLCULATING
THE ZERRCH DIFECTIOM 1% POSITIVE DEFIMITE THE DIIRECTION “ECTOF
THOULD ALWASYES BE IM A DIRECTION THAT DECRERAIES THE FLMCTIOMAL. EY
DETEFMIMINMG THE OFTIMUM ZTEP SIZE. THIZ MINIMIZATION ALSORITHM
THOULD ALWAYS COMVERSE. C
CPPLO PP EOC PP IR PPPOPPPPPIVOPIPPPPPOPCOOPBPPPIPPVICCPCPIIPCPOP VPP LSOOG ede
M= oM+ 1
MOL33=0 .
FOLD=FYHL -
ZRO=0,0
HI=0
s MI=H3+1
IDFT=0
[F{aNE-2h o2  ERL NI IOFT=1

~ T e

Do T N N ' '}
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I PORTROLOIPPIPIPOPPICPTTOITPTTTRITICPOOPELPOPPPIOCPICPOP ORI TITIPLPIRCPOOTCOLPOOIOPORTOS

O CARLZULATE THE ZERFCH DIRECTION
1t COMT THUE
CHLL ZT2 (MO s M= s REAY s P e To MDD

D0 1% I=1.nY

15 Noaolv=0,0
ng & k=1«M0
TH=T (kD

FID=0: ki —FRAFF iFyMids TMY
DO 29 I=1.0Y

Fl=1
CARLL DRV ik 1eMss TMaFP s DR
0 Wolr=volv+RIDe DR

CALL SAUZ CAZAM Y s DIR MD s MYy
l:'000000000000000000000000000000000000000000000000000000000000000000000000000
. DETEFMINE THE OFTIMUM =TEF IIZE

HOFT=0

MFRIL=0

I1ZR=1

FHO=RFZFAY
) COMTIMLE
. VEFRIFY THART THE ZERRCH FPOIMT DOES NOT INMCLUDE A POSITIVE EIGEMVRLLE

CRLL DRCHE CTIIR«FPsHY s RHOs Wik « TZETH

CALL YECDF <MYy PHO Pk« DIFRY
S0 IER=I

CALL FUMCT iMOsHAsHIsRs =s 7o kK « To Qe IOF T IEF« FWAL S

IFJIER.ER. 0230 TO 40

I0FT=1

30 TO =0
40 COMT IMUE

IFFYRLLUGELFMINLANDL IZAR.ED. 1050 TO 495

FCT=cFMIM-FYALY ~FMIN

IFPCT.LT.ZROXGO TO 42
T EXTEMD THE LINE SERRCH UNMTIL THE FUMNCTIOMAL YRLUE 13 INMCRERZED

RIAV=FHO

FMIN=F“RL

CALL “ECDF ‘MY ZROs Wk s e DR

IFCISR.ER, 3060 TO S0

IFCIZET.ER. L. AND. ISR, NE. L0 TO S0

I13A=2

FHO=FHOe1 .12

50 TQ 25
42 COMT INUE
C CRLCULATE THE gFTIMUM ITEF ZIZE UWIINGS A OURDREATIC AFRROXIMATION

IF/7IZAED,. 20 G0 7O S0

I3A=32

Y1=FMIN-FOLD

YE=FYAL-FOLD

DET=FIAVerHOee~RPHOSF IR e e

Fl=iY1eRHOee - oIV eeZ) ~TIET

El=FIRVeVE-FHOe Y1) ~[LET

SPHO=~-1,SeRL-EL

a0 TO &5



[N
fate

2 IF THE FUMCTIOMAL II MHOT LOWEFEDs THE IMTERVAL IZ WALYED MM
O TIMES M EQTH DIRECTIONMI OF THE LIME ZERFCH
45 MEARIL=MFARIL+1 :

FHO=FHO»0,. 5

IFeHFAILLLE . MMAS GO TO &5

MOFT=1

IFRHOLLE. DL 0250 TO 70

FHO=-FZRY

NFEAIL=0

NOFT=0

30 TO &%
COO000000‘9000‘90000000000000000‘00000’00000000000000000000000000‘00000
D CHECEK COMYERBENCE
S CHLL YECZDF MY ZRO =P TR

PLT=¢FOLD~FMIMNI ~FOLD

IFPCT.GRTLEPZSYR0O TO S8

CRLL GRADMNOs M=« YO P T e 3RDD

HOL ZZ=M0LRs+1 i

IFCaRD. BT, 10, 0«EPZ«FMINYGO TO &0

HOFT=Q

30 7O 740
el MOLZIT=n
=31 COMTIMUE

FREIMT 1000 MIFMINFOLD
1000 FORMAT ¢ 7o HEMW AMD DLD FUNMCYIOMAL wALUES FOF ITERATION .12~
1 - AFE  “sEL1E.5«7 HAHD “sEIZ.52
FOLD=FMIN .
IFCMZ LT HMOUT . ANDLHOLEZZ.LT. 2060 TO 5
IF Mz G, NOUT HOFT=2
IF ' MOLEE . EG, 20 HOPT=Z
TH CONT IMUE
FETLIEM
END

CQOOG‘OO00000000000000000000000000000000000QOOQOOOOOQQ“QOOOQOQOOOO
f000‘00000000000000000004000‘0000000000000000000¢0000000000000000000000‘
ZUEROUTIME URCHK IR PaMu s FHO WK » TTS T
DIMEMZION DIR L e Folaahik 01D
E6000000000000000000000000060000000000000‘000‘000‘000000&0000000000000900
T THIZ ZUEBROUTIME EMIUREL THRT THE EIGENYRLLUES FOF THE SERRCH FOINTS
T ORRE ALWAYT MEGHTIVE. ; ‘
COOOOOQQOOOOOQOQOOO000000000000004000000000000000004000000000000000000000‘0000
M Z=ME+2
Mt S e+ | )
I[TST=0 ’ -
TET=RELZ RO
DO 10 KFaMES s MY
IFFHO. T, 0. 0L ANDL DIFR KD LT 0. 0060 TO 10
IFRHOLLT. D 0. RAND, DIR Ky BT, 0,050 TO 10
TEFM=RET (P kD ~DIR (kD
IFCTERM.ST.TETHXGO0 TO 10
TZT=TERM
1a CONTINUE
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TEFM=REI (RHO
IFeTET LT TERMYITET=1
IFCITET.ER. L PHO=FPHOS U, T TET-TERN
FETLFH

END

I:OQOOOOOQOOQOQOQO0000000.0000.0000000000000000000000000000000000000000000
f:'000‘00000000000000000’000.000000’00“.00000000000000‘00‘000000000000000000
TUBROUTIME FUMCT iMOsMAMOsRe s Ve F e Ta O« IOFT IEFsFYRL
DIMEMTION HyMDOaNMD a0l o POl s TOla o W00 el
POV CCPIPPPPOOPOLCL OV PPOPPPPILPRLIPLOPIEOCIPPCOC PP POV PPPLOPPPONEOOOCPIOOIPTLTLIOICTCOEST
THIZ SLEROUTINE CRLCULATE: THE FUNCCTIOMAL TO BE MINIMIZED  WwHICH IS
THE AFFROXIMATE “ARIAMCE OF THE FEZIDUALSE. IF IOFT=0s THE OFTIMLM
EAPRMIION COEFFICIENTS RARE CALOCULRTED. IF I0OFT 1% HOT ZERO. THE EXPRMHTIOHN
COEFFICIENTS AFE MOT CRLCIMATED.
PO CCLIPCOPIPELPPIPOPPIIOPPICEPP IO PPEPP PO PPOIPPPCPPICOPOOOPPPOPO OGP PPOPOPPOOTLY
CARLCIUWLATE THE OPTIMUM EXPANIION COEFFICIENTI IF IQFT=n
IFCIOPT.NE. OGO TO 10
CALL COFMOsHMX e NDsHeXs Ty Toa O Ps IEFD
IFJIER.ER. 0030 TO 10 '
0 TO 20
10 CONTINUE
I:O00‘0000000000000000.000000000000000000000000000000000000000000000000000000
L EWMPLUATE THE FUNCTIONRL
FYRL=0,0
DO 20 K=1+ND

[

D B B W W

TM=T 7K
S1=FARFE (P a M e TMY
N FUYAL=FYRL+ cS1-YOrkad e

AMO=NO~ (2 eM=+12

FYAL=FYRL-AND
=0 CaOMTINUE

RETURNM

END

':.’0’00”"".’.0.’..”’.00‘.".0’."”’...’...‘..’0’0‘.""0.’......"00".‘“’0
SUBPOUTIME COF TMOsNEsMDsFRee Yo ToaYOsFe [ERD
DIMEMSION ACMDaNIN o cla e el e TOlr o YO0l o F LD
':’0."“0’."‘.0“"’..”.”.”.’.Q........0“.’..".0’.0..'...0."’."’0"000
L THIT TUBRROUTINE EVALLATES THE OPTIMUM EAPANMIION COEFFICIEMTI BY R
C LIMERR LERIT SOURREI ALGDFITHM

S080000000000000000040 0000000000000 0000000000 000000 0000000004064 00000080¢¢

«

O CALCULATE THE COEFFICIENT MATRIZ
Rils 13=MN0 .
11 =M+ 1 ' -
0 20 I=1spNx1
DO &0 Jd=]eMNXL
EX=P (M<4I) +P ( M+ 00
IFCI.EQ,. 120 TO 20
IFCILER. IDEX=P cMx+ 1o
Rile 0=q.0
pa 10 k=1+N0
m=r VR
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1o ols de=mHele o #EHEFPCER ST
Sl COnT IMIE
0o 2% I=2.M¥1
Do 2% o=1a.1
&% ol drmme dals
T COMFUTE THE IHHOMOSEHEOL:: YECTORF
00 20 I=1eHHl
Y OLr=0,0
HE=F (ME+ 1
“T=1.4 '
DO 20 K=1..M0
IFCI.OT. 1s5T=E=F T k) o=k

30 TR EY LN T e R
T OCHECE FOR A ZERD DIRGOMRL ELEMEMT
IEF=D0

DO 2T k=108l
IFTREBS iR s kX Y (BT, 1L HE-182530 70 3%
IEF=1
G0 TO 54

% COMT INUE

T CALCULATE THE ExFAMIION COEFFICIEMTS
CRALL GRUS (R X MMM
IO 40 I=1e0MX1

40 Fola=soln

S0 COMTIMUE
RETUFM
ENL

LS4 ttabtetttttittttitit ittt ettt ttittttttnetitirttotsttotdiotis sttt stsisonrs
DR TR R T YR Y R Y P L R TR R R R PR PR PR YL R P Y FRL TR LY R

FUMCTION FAFPR (P MXs TM2

DIMEMSION POl
COOOOQOOOOOO0000000000000000000000§00000000’0000OOOOOOOO‘OOOOO*O‘OOOO‘000‘
T THIS FUNCTIDON SUBROUTIME EVWALURTES THE RPPROXIMATING FUMCTIOM AT
T R SFECIFIED TIME ' .
COOOOOOOOOOOOOOOQOO000000000000000000t000000000000‘00000000000000000000

M 1=NM+ 1 '

Fr=fln

DO 1 I=2am1
1a FHSFH+P (1D EXP /R MK+ o TH

FRPR=FYX

RETUEM

EHD

CO’OOOQQ‘OO00000000000009000006000000»000000000000000‘000000000000000000006
E000000004¢0000000000000¢000000000000000000‘0000‘0000000‘000000030000000000

TUBROUTIMNE YECDF kMO e DIRT

DIMEMIION Helxsyw il «DIRcL:
COOOQ0000000000000‘00000000000000000000000000000’0000000000000000000000000000
T OTHIS TUBROUTINE CHUCLULATET THE COCRLIMATED OF A FOIMT THAT LIEZ A
; SPECIFIED DISTAMCE IN B SFECIFIED DIRECTION FROM A k-DIMEMS IOMAL
wECTDOR

L)

[SY
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C000000000000000000000000.0000000.0000000000000000.0000000.0000000000.000000‘0

0O 10 [=1k

10 Yelv=sE o +RFHOeDIR ]
FETURM
END

60000000000000000000000000‘0000000000000000000‘000‘00000000000000000000000000000
EQQOQOOOOOOO‘OOO‘0000000000000000000000000’0000000000000000‘000000009000000

TUBROUTINME TRURCTHIIELsES
C0000000000000000000000000000000000000000000000000000000000000000000
D THIZ ZUEBFOUTIMNE CALCULATES THE RFFROSIMATE TIME COMITRNT v&3%r FROM
AN AMALYTICAL EXFPRESIION LIIME T EIGEMYALIIES.
ﬂ0000000000000000000000000000000000000000000000000000000000000000000000

TRU=RLOG YL, dN-EL1-E2r~1. 0 -E1L

FETURHM

EMD

EO0000000000000000000000000000000000000000000000000000000000000000000
EO‘COC‘OOQOQ0000000000000000000000000000000000000000000000000000000000
ZUBRQUTINE TR AsAHIRVsRIY e Xa Ve YD TIMa P NI« MDs N3O
DIMEMITION ACMDe 12 sATAY cMD s Lo o ALV CMOa 1 o X (1 oW 1D o500t s TIMoL 0 s
1 Pl

THIT SUBROUTIME CRULCULATES THE FOLLGMING:
1. ITAHDARD DEVYIATIONS OF THE MODEL PREFMETERS USING THE
YRRIANCE-COVARIANCE MATRIX
2. AN EITIMATE OF THE TIME COMEITANT UZIMS AM AMALYTICAL

. AN EZTIMATE OF THE STRMDRRD DEYIATION OF THE TIME COMEITAMT
USZIMG THE YARIAMCE-COVYARIANCE MATRIX AMHD THE PROFAGRTION OF
EFFOF FOPMLLA
CPPGGP0000 0009000004000 00000000C 920800000000 PCEPORLPPPPEPPIOLEEIOSS
INFUT DATA REQUIRED Bv THIT ZUBRCUTIME RRE AZ FOLLOWSE:
1. THE NUMEEF 0OF OBIERYARRIONE
. UNMBIRSED PRFAMETER EITIMATE:Z FROM THE LCER MINIMIZATIAON
PROGRAM
CITEMS L, ANMD 2. ARE FERD UMDER THE FILEMAME - TWIDRT
. OBSERVATION DATA AND TIME YALUES AIIDCIARTED WITH TRE
QBZERYRTION DATAH
<ITEM 2, 1% PEAD UNLEF THE FILEMAME “PAD". THIT I3 THE
AME FILE USED BY THE LCIR MIMIMIZATION FPROGRAM:
PEPOPCIPIIP00 0000000000000 0000LEIEPPVPOPPPIIPPIPICRPPIDE0LL0 900000004
M=o+
CALCLDLATE THE MATRERX: I TRAMIFOTE £ WHICKH WILL BE INYEFTED TO
OBTARIM THE YARIAMCE-COVARIAMCE MATRIX ,
CTALL ZTZ MO« MR P« TIMMOD
INVERT THE Z TRPAMIFOSE Z MATRIX TO OBTRIM THE YARIARMNCE-
COVAPIAMCE MATRIX
IER=0
M=NV
CALL INVORSAIY ASAY s XY s NDs Me TERD
IFCYIER.ER. 0330 TO 20
FRINT 1005« IER

13

iy

LU AR R e e N O N N B s B W e B W

T

OGP OPNINPIVPP0POPPPPPEPPPPLPPORPPPPPCPLPIPCOPPCPPOPPCEORIOPIEIPIOTOPOPOIS
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TS FOFMAT . w7 A ZERD DIAGONSL ELEMENMT WRE EMCOUNTERED
L [EF = ~«I% :
4 COMT IMUE
PP IGOIPIPICCOPI PO PP IIPIOPPIPPCP PP OB II LI PO IPIIIER LI CEEPIEPPPEOPIEEEPOOssS
EZTIMATE THE ZTRMHDRFD DEVIRTIM AHMD THE EXFECTED YHALUE OF THE
FEZIDURL EFFROF. RALIO CRLCULARTE THE NORMBRLIZED GRRDIEMT.
CARLL WHRR P M= MO TIMe Y Qe MY STO EHWS
RF=2TheeZ
CRLL SRAD MO ME« YOeFa TIMe s 3RD
BrRED=GFRD-AF
FRINT 1008 EXvaZTHaRRFD

st

T

10ae FOFMAT - G- s °  EXFECTED WAHLUE OF REZIDUAL = T GE12.5
t SITAMDRRD DEYIATION OF THE RESIDUAL = “E12,S-
& VAR ITAMCE OF THE REZIDUAL = TWElE. 5
I THE NOFMALIZED SRRDIEMT = “WElE.To

CO‘.0000000000000é#"b’000000‘000000*00000000000000000‘00000000000000‘0
T CRLCINATE THE STAMDRPD DEVIRTIONT OF THE EWPRMIION COEFFICIEMTE
T AMD OF THE EIGENWRLUES

DO 40 K=1apy

VORI ERIVIK Y eI Tes2

4n

1007 (PR oY UKD sK=1aMHE Ty
1007 FORMAT O 07 EXFAMIION COEFFICIENTS RARE:
1 07 e SGHAIELIE.SyT + OF ~ “+E1E.S02
S1e My

FRINT 1003 (P OMEL+KD o (ME] +K
1anz FORMAT 007 7~ EIGEMWRLIIES RFRE:
1T 07 “eSHAELE. S + OF - "SEL2.S00
DOQ00000000‘06000000000000000000000000000000000000000040¢00000000000&‘00
T CALCULRTE THE TIME COMETANT AND THE STAMDARD DEVIATIOM OF THE
2 TIME COMITANT ' ‘
ERl=Y iMEL+12
ZRE=Y cMH1+20
CALL TYRAR (S Ls SRS TR TIIGe P o Mx
FRINT 1002 TRLLTIIG
| QUEERY FORMAT 07«7 THE TIME CONITRMT = “SEL12.%s° + 0OF - "JE12.52
RETLURM
EMD

COOOOQOQOOOOQQOOO“O‘#OQ000600000‘0000000000000000000000000000000000
C09000000.‘0000000000#00000000.00‘000000000000006000000400‘000000000
SUHBROUTINE SRAD NO M2 ‘O P Teims 3R D
DIMEMTION YO 1Y +P e o TuldsG il
C0000000000000000O000000000‘000000‘0000004‘00000;’00000“0000000'000000
T THID ZUBRDUTINE EVALURTES THE GRADIENT OF THE FUMCTIONRL WITH
L FESFECT TO EACH PARAMETEF AND EYALUARTES THE NOFM OF THE GRRADIENT,
ﬂQOOOOOQ00000000600000000000000000000*0000000000000000009600000000‘000000000
=2 et + 1
D0 5 d=1.s04%
PNy =0, 0
0 19 ¥=1+MD
TM=T kD

N
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FID=FRAFPFE (P M TP =500k

Bela=301v+R1D

DO 10 I=2sMY

Ki=1

CALL DRYWOE LM TMa P DI
to Foly=Gola+RIDeDIY
b COMT IMUE

AT=E. D-FLORT CHO-HY 2

DO 20 kK=1eMY

2 Gk =G0k oRT
SRED=0. 0
Do 30 K=1aMY

=4 SRI=GFD+D k) o2
FETURN
EMD

COOOOQQO00000‘000‘00‘000000000000000‘0000000000000000000900000000000000000000
C000000000000000000000’00000000000000000000000000900000000000000000000000000

SUBROQUTINE ZTZ MO s MXs AR« Ty NID

DIMEMZION HMDeMDY Pl TOLY
C000000000000000000000000‘00000000000000000000000000000000000000000000000
O THIS SUBFOUTIMNE CALCULATES THE SGUARE MATFIX MEEDED 70 IMYERT

¢ TO ORTAIN THE YARIANCE-COWARIANCE MATRIX
C00000000000‘000000000.‘00009900‘0.00.’000000000000000000000000000:

Hy'=zeMx+1

DO 10 I=1sMY

DO 14 =Ty

Rels da=0,0

DO 10 k=1.M0

k1=1

K2=.

TM=T (k3

CALL DRV K LsNE TR P FV LD

CRLL DREY(KZsNLs TMePsFY2

Aol Ja=A0] e Js +FV1eFVE
{0 COMT INUE

0O 20 I=tahY

ng 20 Ja=1.1

Hf[gJ}:HfJII)
&0 COMTINUE .

FPETURN

EMI
u..00OQC0000000‘0000000000000000000000‘0000‘0000000000000000.00000
990000 00009000000ttt ettttdtttttttttttttsPtttetttdPsttdstsrtssststrore

TUBROUTIMNE DRV IKsMxe ToeFPsFWALS

DIMENTION P12
T0COCCPPI0CCP0C PO OV 0020000 L0000 P00 0 8300080000950 06000000000000
THIS SUBROUTINE CALCIWATES THE PRETIAL DERIVATIVES OF THE
AFEROX IMATING FUNCTION WITH FESPECT TO EACH OF THE MODEL FRRAMETER:
THE EXFRNTION COEFFICIENTS ARE IN THE FIFST NXi ELEMEMTI OF THE
F YECTOF &ND THE EIGEMVALUEL AFE IN TRE LATT N ELEMENTZ OF THE
WECTOR.

RN R
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COOOQQ0000000000000000000000’0000000000000000000000600000000000000
ST TR O |
IFak,. 6T, 1030 TOQ 140
FWRL=1.0 :
0 1O Z0
10 COMTIMUE
IFck . T M41::0 7O 29
FUYRL=ESR (TR ils+K 0
30 TO 240

Zu COMTIMUE

FUAL=F (=M o ToEHP cToF (k'
N COMTIMNUE

FETIRN

EMD

E000000000000000000000000000000‘000000000060000000000006‘000000000000
Co00000000000000Q000000000000000000‘000000000000‘0‘0000000000"0000

SUBROUTIME IMY CReRIVRIRYy Se s MDsNe IERD

DIMEMZION AeMDaMDy s ATY cMTe MDY s ASAY CNTe MID s X 13 a1
C00000000000000000000000000000000000@0000000000000‘00000‘000‘00000
L THIZ ZUBROUTINE CALCULSTES THE INYERSE BY FEFERTED CRLLS TO A
D LIMERP EQURTION TOLYER WHWICH USES DIFECT GAUSIIAM ELIMIMATION.
L THLUZs HMDOME OF THE DIAGOMNAL ELEMEMTS CAM EE ZEPO. A THECK IS
. MARDE FOFP ZERPO DIAGCHAL ELEMENTS EVEM THOUGH NCME SHOULD BE ZERD.
U000000000000‘0000‘0000000‘00‘00004‘0000000“000000000000‘0000000
T TEIT FOR ZEPO DIAGOMAL ELEMENTS.

00 2 kK=14M

IFCABZ YAk sk L 5TLLL0E-12060 TO &

IER=1
50 TO 30
& COMTIMLE
No=1
10 MHZ=MHT+1

T GEMERRTE THE AFPROFPRIATE UNIT YECTOR
D0 15 kK=1+M
Yok =10, 0
IF R ER MY YK=L, 0
1< COMNTINUE
DO 1s I=1+N
DO 1a d=1.M
15 RIS ST SR X
CHLL GRS CRTAY s Ve e MO M2
DO 20 [=1en

Z0 ALY LaMIn =N ,

IFPMZ LT M0 TO 10 -
B CONTINLE

FETURN
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c0.0000000000000000000000000000000000000000000000000000000000000000000

M=M-1

DO 14 I=1.M
L=1+1

DO 10 4=L-M
IFrRCla I ras i Dets

£ DO = KF=LeM
= Aodski=fmolakr=Rclskrorcde I AT I
PR PE AL NS SR RO - TS &
10 COMTINLE
A=Y MY SR s M
oo 20 I=ts«M
K=M-1
L=k+1i
DO 20 J=LsN
a&n YOk = IV eR K e J
HOKI =Y D AR K KD
zn0 CONTINUE
RETURN
END
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EOOOOQOQOOQO0000000000000000000000000000000000000000000000000000
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7 IT ALED CALCULRTES THE ESPECTED “HRLUE OF THE RESIDURLE
COOOOOOOOOQOOOOOOOQO00000000000000000000000000000000000000000000000
Mx1=Hi+1
EXVRL=0, 0
SiiM=0,. 0
Do 10 E=1+M0
TM=T (k3
S1=F 1>
DO 9 Jt=1eNX
S S1SSL+P CI+12 ¢EXP P (NX 1+ 11 «TM:
EXVAL=EXVAL+ YD kD -5
10 SUMSSUM+ YOk =31 eeg
ANO=HO
EXYRL=EXVARL-AND )
SUM=SLIM CRNO-NVD -
TUM=SORT (SUM
FRETURM
END
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T THIZ SUBROUTINE ORDERS THE EIGEMVALUESZ AND RISOCIATED EXPAMIIOM

> COEFFICIENTS. THE TIME COMSTAMT CRLCULRTIOMN AND TIME COMITAMT

C o MWHPIAMNCE CALCULATION AISUMES CRILDEREDD SIGEMWALLES AND EXFANI IOM

o COEFFICIENTE.
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DIMENIIOMWE 1P iy
M l=M+l
MY =ZelNx+1
IO 20 I=1sNX
ETIT=~-1.E+12
DO 10 Jd=1eMX
IFCP MM+ JLELETETHGD TO L0
ETST=P (NX1+0)
JEAY=)
10 COMTIMNUE
WE CITAYHNM LD =P CUSAYSMNK L)
FOIZAY+NEL Y =~2, 0E+1E
WK T ITAY+ 1) =P (SARY+ 1
20 CONTINUE
Do 30 I=2sHY
30 Polv=wK (10
RETURM

END
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THIS SUBRDUTIME CALCULATES THE TIME COMSTRANT USING THE FIRST TwO

C
C  JORDERED) EIGENVALUES IN AN AMALYTICRAL EXPRESZION. THE STANDARD
- DEVIATION IS CALCULATED USING THE PROPAGATION OF ERFOR FORMULRA
COPB800488000045000800000000085 0000000004000 040402000400PP 0G0 00504080000

MX1=NX+1

R1=P (NX1+2)

AZ=P (NX1+1D

KI=K1-%X2

Xe=x3,K1

TAU= CALOG (X4) 1.0 /X2

Wl=— {1, 7%X3+TALD 742

Dva=1. - (X1eX32
SIG2=SG1+DY1ee2+SG2eDV2ee2

TSIG=SPRT (SIG2Y

RETURM ' )

END ' .
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