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AN APPROXIMATE ANALYSIS OF THE FORMATION OF A
BUOYANT SOLID SPHERE IN A SUPERCOOLED MELT

A. D. Solomon

D. G. Wilson

V. Alexiades

ABSTRACT
A mathematical model is presented for the idealized formation and development of a
bouyant sphere solidifying in an infinite pool of supercooled liquid. The solid and liquid
are of the same pure material and the solid is less dense than the liquid. Initially the
liquid is at a uniform temperature that is below its equilibrium freezing temperature, T, .
but above the so called hypercooled temperature, T, - H/ ¢, . Here H and c; are the
latent heat of solidification and the specific heat of the liquid respectively. An approximate

solution is derived based on the Megerlin approximation method.

INTRODUCTION

In an earlier paper [1], we have described the process of solidification of an alloy system
(HgCdTe) in a one-dimensional cylindrically symmetric case. The HgCdTe system is so
constituted that the solid phase is poorer in its mercury content than the liquid phase with
which it is in equilibrium. In the following lines, we begin to look at the implications of
this fact in the context of the following process:

A cylindrical ampule of liquid alloy is subjected to an axially symmetric heat sink.
Soon after this occurs, we find a thin solid layer moving inward from the ampule
boundary. At the same time, the liquid has become constitutionally supercooled.
As a result, solid crystal "nodules” form in the liquid; since the solid is poorer

than its surrounding liquid in mercury content, the solid is less dense than the

liquid and the nodules rise upward. As they rise, the nodules continue to grow in




size. After some additional time interval, the collection of rising and growing
nodules becomes so large that the flow cannot continue. Hence, the resulting com-
position of the solidified alloy is far more complex than would be that obtained
from simple inward solidification.

A number of different factors are present in this process. The first is the model of the
alloy solidification process, and, in particular, the treatment of the material when it is con-
stitutionally supercooled. This can be dealt with as in [1-3]. Another factor is the manner
in which nodules of given radial size (less than and greater than critical size) are formed.
Relations for the crystal nucleation frequency in a binary metallic melt can be found, for
instance, in [4] and for pure material in [5]. The actual buoyant rise of the less dense
nodule has not, to our knowledge. been dealt with. Nevertheless, the "inverse" problem of
thermosolutal convection in the liquid from a planar solid front is studied in [6]. The
buoyant rise of bubbles in liquid has been widely treated (see e.g. [7]). Do all the solid
nodules observed at some later time in the melt come into existence as a result of homo-
geneous nucleation? For certain materials it has been observed that solid pieces are broken
off from other solid pieces [8]. It is believed that this is not a significant factor for the
HgCdTe system. Similarly, at this state of our efforts, we are ignoring the effects of
natural convection in the melt [9] for a variety of reasons related to ampule size and the
manner of cooling used.

In this paper we take an initial step towards the simulation of the above process by
considering the much-simpler case of the rise of a growing solid sphere in a denser, super-
cooled liquid of the same pure material. After formulating the problem, we develop some

simple approximations for the size of the sphere and its velocity. These relations are

incorporated into a "global” ampule model in a later study.




NOMENCLATURE

specific heat (kJ/kg-°C)

mass of sphere (kg)
gravitational constant (m/s?)
latent heat (kJ/kg)

sphere velocity (m/s)
temperature (°C)

thermal conductivity (kJ/m-s-°C)
initial melt temperature (°C)
melting temperature (°C)
force (kg-m/s?)

kinematic viscosity (m/s?)
diffusivity (m?/s)

density (kg/m?)

Subscripts

solid

liquid




MODEL DEFINITION
Suppose that at time ¢ =0, an infinite pool of material is in a liquid, supercooled state

at a uniform temperature I'g <7, . We will also assume that it is not hypercooled: hence
To>T, —H/cp . (1.1

At the initial time a solid sphere of some radius Ry 20 is formed spontaneously. We

assume that the solid density is less than that of the liquid,

Ps <pL: (12)

hence the sphere will rise. At any later time ¢ >0, let R(z), v(¢) denote the radius and

rise-velocity of the sphere, respectively. Let m (¢ ) be its mass,
4 3
m()= 3 wps R3(t).
From Newton's Law,
L (m(©) V) = Fye) = Fo(e) (1.3)

with Fy(t) the buoyant force (due to (1.2)) and F(¢) the resistive force to the sphere’s

movement. Then

Fq(e) =‘§' mg(pr —ps) R3().
while by Stokes Law
Ft)=6mvv()R(@)p; .
Hence from (1.3), we obtain

Pr

= -1

Ps

9 R@)vv(t)p,

R()- =
2 Ps

d =
i (v(e)R¥e)) = ¢ (1.4)

This is the relation linking velocity and buoyancy of the sphere.




Denote the surface of the sphere by S(¢). At this surface (ignoring effects of surface
tension, surface transfer, etc. [10]), we now derive an energy conservation relation. Let us
employ cylindrical coordinates (r,z) with the sphere assumed to be moving along the verti-

cal z axis. If the center of the sphere is at the height
z={@), (1.5)

then the sphere can be represented parametrically as
(z —¢@))P +r2=R%:). (1.6)

Energy conservation at the surface S, together with the assumption that it is a T -

isotherm, implies that the rate of energy release from the growing sphere is

d |4 .
- 13 TPLHR (t)l-ffs(’)kngradTldO' 1.7

=47k, R*(t)! gradyy,T | . (1.7a)

Here, the subscript "avg" denotes a surface mean value.

The conditions (1.4), (1.7) and
Tlg =T, (1.8)

constitute the front conditions for our problem. Within the sphere I' =T, ; on the other
hand, in a neighborhood of the sphere, the liquid has a (varying) temperature distribution.

In the next section we will find an approximation for the functions v, R and T.

AN APPROXIMATE SOLUTION

A triplet of functions R(¢), v(¢). { (¢) satisfying the velocity-buoyancy relation (1.4)

can be found in the form




R(t)=avVr , (2.1a)
vie)=2b¢, (2.1b)
{@)=>5¢2, (2.1¢0)
with a, b satisfying the relation
9
b[5a2+ YPL ]=azg Pz —1]. (2.2)
Ps Ps

In the liquid we will seek a temperature approximation T'(r, z, t) of the form

TGr.z.t)=T, + (T, —Ty)

exp{—A@)[r?+ ( - {E))?-R2]} -1 ’ (2.3)

with A (¢) an unknown function of ¢. A (¢) will be sought so that
i)  the heat equation holds at the front S;
ii) energy conservation holds at S:

iii) the buoyancy-velocity relation is obeyed.
Note that i represents the basic assumption of the Megerlin approximation method [11].

By a simple calculation, we find that at the surface S(¢),

% (rT,), = 4A2r2AT —4A AT , (2.42)

T = —2A AT + 4A%(z —{)?AT , (2.4b)

T, =2AvAT (z ={)+2AATRR', (2.4c)
T, = —2Ar AT, (2.4d)

T,=-2AAT (z —-{). (2.4e)




Here AT =T, — Ty.

From the exact buoyancy relation (1.7) we find

pLHR'

A(t)=m.

Similarly, from the heat equation

T, =« l%(r T.), + T,

evaluated at the front S, we find

viz—-0)+RR' =2aaAR*-3a.

Here, taking the mean value of z — { as zero yields

_RR'+3a

A
2aR?

But R(¢) = aVvt : hence we obtain

_6ey st V2
a = I—St ’

a2+6aL

Alt) =
() 4(1L¢12t

Note that the assumption that the liquid is not hypercooled implies that

_ CL(TQ- —'To)

7 < 1.

(2.5)

(2.6)

Q.7

(2.8)

(2.9)

Knowing a, we now may obtain b from (2.2), and so the derivation of the approximation

is complete.
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