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- DESIGN OF I N D U C T I O N  PROBES FOR HEASUIUWKNT 
OF LEVEL OF L I Q U I D  PLETAIS 

C .  V.  Dodd C .  C .  Chengl 
C.  W. N e s t o r ,  J r ?  R .  13. H o f s t r a  2 

T h i s  r e p o r t  g i v e s  g e n e r a l  a n a l y s e s  o f  eddy-current:  p r o b e s  
f o r  measu r ing  t h e  l e v e l  o f  l i q u i d  metals. The c a s e  of a c o i l  
e n c i - r c l i n g  a l e v e l  c,hamher and t h e  case o f  a c o i l  i n s i d e  a 
l e v e l  chamber have  been  s o l v e d  t h e o r e t i c a l l y ,  and computer 
prog'rams are  i n c l u d e d  i n  t h e  Appendix f o r  t h e  l a t te r  case. 
As a s p e c i f i c  example,  w e  have d e s i g n e d  a p r o b e  e n c l o s e d  i n  
molybdenum ( a  good c o n d u c t o r )  t o  measure t h e  l e v e l  of  mo l t en  
b ismuth  (a poor  c o n d u c t o r ) .  by u s i n g  a computer  nnaly:;:i.u, t h e  
s e n s i t i v i t y  of t h e  p robe  t o  l e v e l  changes i s  maxLmized w h i l e  
the s e n s i t i v i t y  t o  u n d e s i r a b l e  v a r i a b l e s ,  such  as t e m p e r a t u r e  
changes ,  i s  minimized .  E x p e r i m e n t a l  measurenients demons t r a t ed  
t h a t  t h e  Level c o u l d  b e  measured t o  w i t h i n  I -k 0.080 i n .  o v e r  a 
l eve l .  r a n g e  from 0 t o  13 i n .  w i t h i n  a temperature r ange  o f  
600" t o  650°C. The h i g h  d e g r e e  of s u c c e s s  a c h i e v e d  i n  t h e  
probe d e s i g n  and measurements  f o r  t h i s  u n f a v o r a b l e  combina t ion  
of c o n d u c t o r s  i - n d i c a t e  t h a t  h i g h l y  a c c u r a t e  eddy-cu r ren t  meas- 
urements  can  be  made w i t h  a l m o s t  any  com.binat ion o f  c o n d u c t o r s .  

I .  I N T R O l l U C T I O N  

The a b i l i t y  t o  measure  t h e  l e v e l  of :I mol ten  m e t a l  i s  v e r y  impor t an t  

i n  a number of i n d u s t r i a l  and chemica l  p r o c e s s e s .  We have  a n a l y z e d  t h e  

g e n e r a l  problem of  measur ing  t h e  l e v e l  of a c o n d u c t i v e  f l u i d  by an  induc-  

t i o n ,  o r  e d d y - c u r r e n t ,  p r o c e s s .  T h e  e d d y - c u r r e n t  p r o b e  c o n s j s t s  of a 

l o n g  b i f i l a r  c o i l ,  which can  e i t h e r  e n c i r c l e  a chamber c o n t a i n i n g  t h e  

l i q u i d  metal  o r  be  i n s i d e  a t u b e  mounted i n  t h e  chamber c o n t a i n i n g  t h e  

l i q u i d  level .  We o b t a i n e d  i n t e g r a l  s o l u t i o n s  which were v a l i d  f o r  t h e  

chamber e i t h e r  empty o r  f r i l l ,  and ,  because  of t h e  p r o b e  l e n g t h ,  we 

assumed t h a t  t h e  r e s p o n s e  of t h e  p robe  t o  l e v e l s  between t h e s e  two 

ex t r emes  was a p p r o x i m a t e l y  l i n e a r .  Later e x p e r i m e n t a l  measurements  

showed t h i s  t o  be  a n  e x c e l l c n t  a s sumpt ion .  A r e L ? x a t i o n  s o l u t i o n  c o u l d  

k o n s u l t a n t  from t h e  U n i v e r s i t y  of  Tennessee .  

2Na t hema t i c s D i v i s i o n  



be used t o  c a l c u l a t e  t l ie  probe r e s p o n s e s  t u  v a r i o u s  l e v e l s  o f  l i q u i d  

mPtd-11 ,  b u t  was j udged  t o  b c  t o o  e x p e n s i v e  t o  run  f o r  t h e  a d d i t i o n a l  

i n f o r m a t i o n  g a i n e d .  While t h e  t e c h n i q u e  i s  v e r y  g e n e r a l  and can  be 

a p p l i e d  t o  a lmos t  any c o n d u c t i v e  f l u i d ,  we a n a l y z e d  a sys t em t h a t  con-  

s i s t e d  of  a c o i l  encased  i n  molybdpnrim (a good c o n d u c t o r )  used t o  menC;ure 

t h e  l e v e l  of  m o l t e n  bismuth (a poor  c o n d u c t o r ) .  The h i g h  d e g r e e  of 

s u c c e s s  ach ieved  i n  t h e  probe di.,,g,n and measurements  f o r  t h i s  u n f a v o r a b l e  

c o m b i n a t i o n  of c o n d u c t o r s  l e a d s  u s  t o  c o n c l u d e  t h a t  h i g h l y  a c c u r a t e  eddy-  

c u r r e n t  t e c h n i q u e s  can  b e  d e s i g n e d  and a p p l i e d  f o r  l e v e l  measurements w i t h  

almost any c o m b i n a t i u n  of c o n d u c t o r s .  

2 .  THEORETICAL ANALYSIS 

The g e n e r a l  c o n f i g u r a t i o n  L o  b e  c o n s i d e r e d  i s  an a x i a l l y  synmietric 

d r i v i n g  c o i l  l o c a t  e d  c o n c e n t r i c a l l y  w i t h  a n  a r b i t r a r y  number of c y l i n -  

d r i c a l  c o n d u c t o r s  w i t h  a r b i t r a r y  t h i c k n e s s ,  p e r m e a b i l i t y ,  permi l t i v i  t y ,  

and c o n d u c t i v i t y .  F o r  s i m p l i c i t y ,  we assume t h a t  a l l  media a r e  l i n e a r ,  

i s o & r o p i c ,  and homogeneous, and t h e  d r i v i n g  c u r r e n t  i s  t ime-harmonic w i t h  

f r e q u e n c y ,  L. Then, t h e  c u r r e n t  d e n s i t y  J and v e c t o r  p o t e n t i a l  A w i l l  

have o n l y  a z i m u t h a l  components i n  c y l i n d r i c a l  c o o r d i n a t e s  : 

-3 - 3  

and 

- 3 - >  

6 
A ( x )  = A ( r , z )  ^e 

where i s  a n  a z i m u t h a l  u n i t  v e c t o r .  The v e c t o r  p o t c r i t i a l  a t  (r,.), 

produced by a d r i v i n g  c o i l  w i t h  a c u r r e n t  d e n s i t y  J ( r l , z l )  a t  ( r l , z l  ), 
can  be  e x p r e s s e d  as  

8 

A ( T , z )  = G ( i - , z ; r l , z '  ) J ( r ' , z '  ) d r l d z '  ( 5  1 
D r i v i n g  

Coi 1 

wherc G ( r , z ; r ' , L '  ) i s  t h e  G r e e n ' s  f u n c t i o n  f o r  a u n i t  e - f u n c t i o n  c u r r e n t  



a t  (r' , z '  ). I n  a l i n e a r ,  i s o t r o p i c ,  homogeneous medium, t h e  G r e e n ' s  

f imc t i o n  s a t i s f i e  s 3 

where \ I >  E,  a n d  ci a r e  t h e  pcrmeabi I i t y ,  p e r m i t t i v i t y ,  arid c o n d u c t i v i . t y  

of t h e  medium. 

the p r o p e r  boundary c o n d i t i o n s .  

The s o l u t i o n  of  E q .  (4) f o r  each m e d i u m  must a l s o  s a t i s f y  

We s h a l l  f i r s t  c o n s i d e r  a c - f u n c t i o n  c o i l  c o a x i a l  w i t h  k i k ' - P  

c y l i n d r i c a l  c o n d u c t o r s ;  k - I  of them i n s i d e  t h e  c o i l  arid k '  -1 of them 

o u t s i d e  t h e  c o i l ,  a s  sholm i n  F i g .  1 .  The  g e n e r a l  s o l u t i o n  of  E q .  ('1) 

i n  any r e g i o n ,  n, may be ob td ined  by s e p a r a t i o n  of  v a r i a b l e s .  S e t t i n g  

a n d  d i v i d i n g  Eq - ( L + )  by K ( r  ) Z(z) g i v e s  : 

The s i i b s c r i p t s  n on t h e  permeabi l i t y ,  p e r m i t t i v i t y ,  a t i d  c o n d u c t i v i t y  

d e n o t e  t h e  v a l t i ~ s  of t h e s e  p a r a m e t e r s  i n  t h e  r e g i o n  n.  We s h a l l  choose  

Lhe s e p a r a t i o n  " c o n s t a n t " ,  a'-, t o  be negati .ve and d e f i n e  
3 

3C. V.  Dodd and W. E. Deeds, J .  Appl .  Phys. 39, 2829-2838 ( 1 9 4 8 ) .  
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z 
I 

F i g .  1. M u l t i p l c  Cotlcc>ntric Conductors  i n  the p r e s e n c e  of  a Delta 
F u n c t i o n  C o i l .  

Then we c a n  w r i t ( .  f o r  the z depcndrncc  

S o l v i n g  t h j  s d i f f e r e n t i a l  eqiuat ion g i v e s  : 

~ ( z )  =-  A s i n  - ( z - z o )  I B c o s  ~ ( z - z  ) . 
0 

We c a n  d r o p  t h e  siiie C e r m  due  t o  t h e  symmetry a b o u t  z = z f  . 



5 

The r a d i a l  t e rm h a s  t h e  f o l l o w i n g  dependence :  

d r  

Tlii  s d i f f e r e n t i a l  e q u a t i o n  h a s  t h e  f o l l o w i n g  s o l u t i o n :  

R ( r )  -- C I  ( C L  r )  + DK, (Ijl,r) , 1 ri 

where I (IY r )  and K (CJ r )  a r e  mod i f i ed  Hessel func t ion : ;  oE f i r s t  o rde r .  

The comple t e  s o l u t i o n  t o  t h e  G r e e n ' s  f u n c t i o n  i n  e a c h  r e g i o n  i s  a n  

1 n  1 n  

i n t e g r a l  o v e r  t he  s e p a r a t i o n  c o n s t a n t  7: 

f o r  n = I, 2, . . . k; l ' ,  2', . . . k'  . The unknown c o n s t a n t s  are  f u n c -  

t i o n s  of t h e  s e p a r a t i o n  c o n s t a n t  CY and d i f f e r e n t  f o r  each  r e g i o n .  We 

s h a l l  u s e  t h c  boundary  c o n d i t i o n s  t u  s o l v e  f o r  t h e s e  unknown c o n s t a n t s  

I n  o r d e r  t o  o b t a i n  a v e r y  g e n e r a l  s o l u t i o n  f o r  an  a r b i t r a r y  number of 

c y l i n d r i c a l  c o n d u c t o r s  i n s i d e  and o u t s i d e  the c o i l ,  we s h a l l  u s e  a 

ma t r i x  t echn i q u e  . 
I n  t h e  inne rmos t  r e g i o n  t h e  c o e f f i c i e n t  o f  K (a  r ) ,  D ( C X ) ,  m u s t  be  

z e r o ,  and i n  t h e  o u t e r m o s t  r e g i o n  C must b e  z p r o  i n  o r d e r  f o r  t h e  

s o l u t i o n  t o  remain  f i n i t e .  (The  o u t e r  r a d i u s  of t h e  outernlost  r e g i o n  

i s  i n f i n i t e . )  W e  s h a l l  use t h e  bound,qry c o n d i t i o n s  i n  o r d c r  t o  d e t c r -  

mine t h e  o t h e r  c o n s t a n t s .  Wc have  t h c  f u l  lowing boundary  c o n d i t i o n s  

f o r  t h e  G r e e n ' s  f u n c t i o n  (which a r e  t h e  same a s  t h o s e  € o r  t h e  v e c t o r  

p o t e n t i a l )  between r e g i o n s  n z:tA n i l  sliown i n  F i g .  2 :  

1 1  1 

I '  

a tid 
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F i g .  2. Top V i e w  of a T y p i c a l  Boundary Between Two Regiolzs.  

(12) 

Using t h e  Green's f u n c t i o n s  f r o m  E q .  (10) i n  E q .  (12) we o b t a i n :  



'7 

WE s h a l l  make u s e  o f  the  r e l a t i o n s  

atid d e f i n e  

Making t h e s e  s i m p l i f i c a t i o n s  and ~ n u l t i p l y i r l g  b o t h  s i d e s  of  E q .  (13) 
by \I ( ,  cos 0 1  ( Z - Z ~  ) and i n t e g r a t i n g  from minus t o  p l u s  i u r i n i t y  g i v e s :  

-W 



We c a n  r e v e r s e  t h e  orciri- o f  i n t e g r a t i o n  of t h e  i n t e g r a l s  c o n t a i n i n g  

T - s s t l  f u n c t i o n s  and use t he  F o u r i e r  i n t e g r a l  theorem, 

Equa t ion  (16)  t h e n  becomes : 

A s i m i l a r  o p e r a t i o n  on E q .  (11) g i v e s :  

Equa t ions  (1 ( )  and (lr) r e p r e s e n t  t h e  r e l a t i o n s  betwecn t h e  c o n s t a n t s  

f o i  a n y  two r p g i o n s  i n s i d e  L l i e  c o i l .  We s h a l l  nou s o l v e  f o r  a l l  tile 

unknown cons t  a u t s  i n  t h e  f o l l o w i n g  manner .  S i n c e  t h e  innermost  r e g i o n  

h a s  on ly  one unknown c o n s t a i i t .  C1, w e  s h a l l  s o l v e  f o r  t h e  unhnown con-  

s td i i t s  i n  Clie sr.cond r e g i o n  in terms o f  i t .  Next we shall s o l v e  f o r  t h e  

unknown c o n s t a n t s  i n  t h e  t h i r d  r e g i o n  i n  terms of C t h e n  t h e  f o u r t h ,  

unl- i l  we redch  t h e  r e g i o n  c o n t a i n i n g  t h e  c o i l ,  k .  We s h a l l  do  t h e  same 

t h i n g  f o r  t h e  r e g i o n s  o u t s i d e  tile co i  1 ,  s t a r i i n g  w i t h  t h e  ou te rmos t  a a d  

working inhards, s o l v i n g  f o r  each  r e g i o n  i n  te imq of D;, u n t i l  we r e a c h  

t h e  r e g i o n  L 1 .  We s h a l l  t h e n  u s e  E q .  ( l r }  and E q .  (1~3) f o r  t h e  c o i l  

r e g i o n s  k and k'. T h i s  w i l l  g i v e  two e q u a t i o n s  for t h e  two unknowns, 

C1 and D 

: . ] r i te  t h e  e x p r e s s i o n  f o r  t h e  unknown c o n s t a n t s  i n  any  r e g i o n .  

1' 

and we can  s o l v e  f o r  them. T h i s  will t h e n  a l l o w  us  t o  1' ' 

S o l v i n g  E q s .  ( 1 0  and (13)  f o r  t h e  unknown c o n s t a n t s  i n  any r e g i o n ,  

n i l ,  i n  terms of  t h e  unknown c o n s t a n t s  i n  r e g i o n  n, wherc t he  c o i l  i s  

n o t  be theen  t h e  r e g i o n s ,  g i v e s :  



3 

The  d e n o m i n a t o r s  have  been s i m p 1  i P i e d  by use of t h e  Wronslcian re La - 
t i o n :  

We c a n  w r i t e  E q s .  ( 19 )  ancl (20) i n  rnatri-x n o t a t i o n ;  

a = T  a -ni- l  -ii-bl., n -11 

(21 ) 

The elements of  trhe 2 x 2 t r a n s E o r m a t i u n  m a t r i x ,  

c o e f f i c i e n t s  of C and D i n  E q s .  ( 1 9 )  and (20) and a r e  

a r e  s imply  t h e  %+I, n ?  

n n 



( % J c  ) 

and 

T h i s  t r a n s f o r m a t i o n  m a t r i x  g i v e s  t h e  r e l a t i o n  between t h e  c o n s t a n t s  i n  

any two r e g i o n s  n o t  c o n t a i n i n g  t h e  c o i l  between them. It i s  the  same 

f o r  r e g i o n s  i n s i d e  and o u t s i d e  t h e  c o i l ,  w i t h  t h e  e x c e p t i o n  t h a t  n shou ld  

b e  r e p l a c e d  b y  n '  f o r  r e g i o n s  o u t s i d e  t h e  c o i l  t o  co r re spond  t o  o u r  

n o t  a t  i o n .  

S t a r t i n g  from t h e  innermost  r e g i o n  ( n r - 1 )  and go ing  t o  t h e  second 

g i v e s  : 

The c o n s t a n t s  i n  t h e  t h i r d  r e g i o n  can  be  o b t a i n e d  by :  

and t h e  c o n s t a n t s  i n  t h e  f o u r t h  r e g i o n  b y :  

l'he g e n e r a l  e x p r e s s i o n  for t h e  n t h  r e g i o n  i s  

To  make o u r  e x p r e s s i o n s  s h o r t e r ,  w e  s h a l l  d e f i n e ;  
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v ( n )  =-- T T . . . T  T -,3> 2 -2'1 ' Y -n, 11 - 1 -n - 1 , n  - 2 

and when 11 = k w e  s h a l  1 d r o p  t h e  argument .  Thus we 11ave 

We have v e r y  s imi . l a r  e q u a t i o n s  f o r  t h e  r e g i o n s  o u t s i d e  the  c o i l :  

uhertz we have made a s i m i l a r  d e f i n i . t i u n :  

($2) 

a n d  w e  have  dropped t h e  argument  when 11' = k' . Thus, w e  can now w r i t e  

t h e  c o n s t a n t s  i n  any rcg io t i  i n  te rms  o€ t h e  c o n s t a n t  i n  t h e  inpermost  

. [5,] by means o f  t h e  I' r e g i o n ,  a :: [El ] ,  o r  t h e  o u t e r m o s t  r e g i o n ,  5 -1 

t r a n s f o r m a t i o n  m a t r i c e s ,  V ( n )  and U(n) .  We s h a l l  w r i t e  E q s .  (17) and 

(18) f o r  t h e  r e g i o n s  on e i t h e r  s i d e  u f  Lhe c o i l ,  k and  l i '  Here w e  

11 k k '  0 k have r = f', s o  t h a t  b(rl,-rf ) = 1 .  Also  ( x  = Y 

~ 

-, v 

cy and p :- p,, 
fj0, so t hRt  the  e q u a t i o n s  become: 

and 



Using  o u r  m a t r i x  n o t a t i o n ,  we c a n  wr i te  

2 

and 

Thus, by w r i t i n g  t h e  c o n s t a n t s  i n  E q s .  (3,)) and (36) i n  t e rms  o f  C and 

D I l  , vie c a n  g e t :  
1 

and 

We now have  two e q u a t i o n s  and o n l y  two unknowns. S o l v i n g  t h e s e  g i v e s  

and 

where t h e  denomina to r  h a s  a g a i n  been s i m p l i f i e d  by u s e  of  t h e  Wronskian, 

and t h e  f a c t  t h a t  fi : (2 . N o w  we c a n  s u b s t i t u t e  t h e  v a l u e s  of t h e  
0 0 



c o n s t a n t s  i n  Eqs .  ( 1 r . j )  a nd  ( J i j k )  i n t o  E q s  a (31 ) and ( 5 5 )  t o  g i v e  t h e  

c o n s t a n t s  i i i  any  regioi i .  We c a n  w r i t e  t he  G r e e n ' s  f u n c t i o n  f o r  any 

r e g i o n  i n s i d e  the c o i l  a s  

The  Green's f u n c t i o n  for .  any r e g i o n  out is- ide the c o i l  i s  

G'n' ' ( r , z ; r l , z ? )  = 

Once we have  t h e  Green's f u n c t i o n ,  wc c a n  g e t  t h e  v e c t o r  p o t e n t i a l  

b y  u s i n g  E q .  (3). 

c r o s s  sec t i l Jn ,  a s  shown i n  F i g .  j. We added a n o t h e r  r e g i o n ,  t h a t  con-  

t a i n s  t h e  c o i l ,  a n d  deyignated i t  r e g i o n  c .  F o r  a d e n s e l y  and 1 in i ior rn ly  

wound coi 1, 

T h e  most  conmon t y p e  of c o i l  i s  one  of r c c t ~ i n g u l a r  

tile c u r r e n t  density J ( r ' ,  i:' ) i s  a p p r o x i m a t e l y :  

J ( r ' ,  z' ) :: n I (47 ) C 

where n i s  tllie number of  t u r n s  per  u n i t  a r e a ,  arid I i s  t h e  c u r r e n t  p e r  

t u r n .  S u b s t i t u t i n g  E q s .  ()+'() a n d  (4:) i n t o  E q .  ( 3 )  g i v e s  t h e  v e c t o r  

p o t e n t i a l  f o r  any region i n s i d e  the  c o i l  a s  

C 
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C R N L - D W G  72-3045 

i 

\ 

F i g .  3 .  Coil. w i t h  R e c t a n g u l a r  C r o s s  S e c t i o n  C o n c e n t r i c  w i t h  Cyl in-  
d r i c a l  Conductors .  

R e v e r s i n g  t h e  o r d e r  of  i n t e g r a t i o n  and i n t e g r a t i n g  over  t h e  d i m e n s i o n s  of  

t h e  c o i l  g i v e s  

a(z-9,  ) --- s i n  a(z-9,  ( n ) I  (a r )  + V 2 1  (n)K1(anr)] 
_I_ 1 -..&- _..._._.. 1 

2 
Cxa 0 (u22v11 - u12v21) 

A q r  , z) = 
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where we have  d e f i n e d  t h e  f u n c t t o n s  

r ' I  ( a  r')dr' = -- a r'l: (CY r'))da r '  2 0 1 0  0 

o 1. 

0 

a r ' = a  r 

l o  

1 0 

0: 

r '=r 

and 

j r ' 'K1(ao r ' )d r '  -- 1. 2 K(r  2 '  r 1 ) 

a rl 0 

where r and r are  now t a k e n  as  t h e  c o i l  i n n e r  and o u t e r  r a d i i ,  a n d  

shou ld  n o t  be  confused  w i t h  the o u t e r  r a d i i  of t h e  f i r s t  two regions. 

The v e c t o r  p o t e n t i a l  f o r  any r e g i o n  o u t s i d e  t h e  c o i l  i s  

1 2 

x [V 11 T(r  . 2 , r  1 ) + V21Klr2,rl)] da 

The r e g i o n  o f  t h e  c o i l  r e q u i r e s  s p e c i a l  t r e a t m e n t .  To  f i n d  the v e c t o r  

p o t e n t i a l  a t  R p o i n t  i n  t h e  c o i l  r e g i o n ,  r ,  ve must add t h e  s o l u t i o n  of 

A(')(r ,z)  f o r  a c o i l  go ing  from r t o  r t o  t h e  s o l u t i o n  of 2 
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A ( " ' ) ( r , z )  f o r  a coil g o i n g  from r to r. The results are 1 

n c I p o  ]:[sin a(2-R 1. ) - sin u ( z - 2  2 3 
A(c) = 

a(u22v1.1 - u12v21) 71 

2 r 

U12VllIl(cior)11(aor')r'dr' + r)Xl(aor')r'dr' 

2 

I 1 0  (u r')r'drj 

r 

r 
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We s h a l l  use t h e  d e f i n i t i o n s  g i v e n  i n  E q s .  (50) and (51) f o r  I(r , ,>r?) 

and I<(r r ),  and we shall u s e  the r e l a t i o n s  2 '  I 
L .L 

and 

Equation (53) theil becomes 
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We have  shown i n  a n  ear l ie r  p a p e r 3  t h a t  t h e  i n t e g r a l  o f  t h e  e x p r e s s i o n  

i n  t h e  l a r g e  s q u a r e  b r a c k e t s  i s  

“ o ( Z - a 2 )  -a ( z - a  ) 
- e  0 ’ I d a  (55) 2 

ary 
2 

0 

where 

1 - J ( r  ,r  ) 5 2 2 1  
c1 

Making t h i s  s u b s t i t u t i o n  g i v e s :  

We have  now de te rmined  t h e  v e c t o r  p o t e n t i a l  f o r  any  r e g i o n .  Once 

t h e  v e c t o r  p o t e n t i a l  h a s  been  d e t e r m i n e d ,  v7e can c a l c u l a t e  any  p h y s i c a l l y  

o b s e r v a b l e  e l e c t r o m a g n e t i c  i n d u c t i - o n  phenomenon from i t .  The p a r t i c u l a r  

parameters t h a t  we w i s h  t o  c a l c u l a t e  are  t h e  m u t u a l  i-mpedance and t h e  

se l f - impedance  of two i d e n t i c a l  b i f i l a r  c o i l s .  The m u t u a l  impedance 

between two c o i l s ,  1 and 2 ,  i s  t h e  v o l t a g e  induced  i n  one c o i l  by a u n i t  

c u r r e n t  i n  t h e  o t h e r :  
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S i n c e  b o t h  c o i l s  a r e  i d e n t i c a l  and occupy the same r e g i o n ,  w e  can exparid 

E q .  (57)  and perform t h e  5 n t c g r e t i o n  over  t h e  second c o i l  to o b t a i n  

The  c o i l  impedance i s  

and s i n c e  t h e  c o i l s  a re  i d e n t i c a l  and i n  t h e  same r e g i o n ,  M12 tf PIZil, 

I f  w e  t a k e  t h e  s p e c i a l ,  case where t h e r e  are no c o n d u c t o r s  o u t s i d e  t h e  

c o i l  w e  have  = t he  u n i t  matrix. Then U = 1 and UI2 = 0 S O  t h a t  

E q .  (59) becomes 
22 
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A compiiter program, ENCWJL,  t o  e v a l u a t e  t h e  i n t e g r a l  p a r t  of t h i s  

s i o n  w i l l  b e  g i v e n  i n  a l a t e r  r e p o r t .  O r ,  i f  w e  hayre no conduc to r  

the c o i l ,  we have  V, = &, and E q .  (59)  becomes 

2 

2 

2n P o  
- - 

(R2--R1> (r2-r1> 0 

M12 

A compiiter program, ENCWJL,  t o  e v a l u a t e  t h e  i n t e g r a l  p a r t  of t h i s  

s i o n  w i l l  b e  g i v e n  i n  a l a t e r  r e p o r t .  O r ,  i f  w e  hayre no conduc to r  

the c o i l ,  we have  V, = &, and E q .  (59)  becomes 

i- 

e x p r e s -  

‘s i n s i d e  

-a ( E  -.E ) 
f -  .rr J 2 ( r 2 , r 1 )  c o  a ( E  2 -E I ) -t- e - :1) d a  . ( 6 2 )  

3 3  a a  
0 

A computer program, INNNJL, t o  e v a l u a t e  t h e  i n t e g r a l  p a r t  o f  t h i s  

e x ? r e s s i o n  i s  i n  t h e  append ix .  

Thus ,  by USE of t h e s e  programs w e  c a n  c a l c u l a t ?  t h e  mutua l  i n d u c t a n c e  

and c o i l  impedance of  c o i l s  i n  a l i q u i d  l e v e l  p r o b e ,  c o n s i s t i n g  of m u l t i p l e  

c o n d u c t o r s  i n s i d e  o r  o u t s i d e  t h e  c o i l s .  We s h a l l  now c o n s i d e r  t h e  e f f e c t s  

of  t h e  e x t e r n a l  e l e c t r i c a l  c i r c u i t .  

The e q u i v a l e n t  c i r c u i t  o f  a l i q u i d  l e v e l  p robe  i s  shown i n  F i g .  4 .  
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ORNL-DWG 72-6718 

Vg DRIVING VOLTAGE 

Cg 

ZD 
M 
Z,, IMPEDANCE OF THE PICK-UP COIL 

R, 
C7 

Ro 

R6 

SERIES RESISTANCE IN THE DRIVING CIRCUIT 

D.C. RESISTANCE OF THE DRIVER COIL. 
SHUNT CAPACITANCE OF THE DRIVING CIRCUIT 

IMPEDANCE OF THE DRIVER COIL 
MUTUAL IMPEDANCE BETWEEN THE DRIVER AND PICK-UP COIL 

U.C. RESISTANCE OF THE PICK-UP COIL 
SHUNT CAPACITANCE OF THE PICK--UP CIRCUIT 

Rg AMPLIFIER INPUT IMPEDANCE 
I LOOP CURRENT 

Fig .  4 ,  S i m p l i f i e d  C i r c u i t  Diagram f o r  an Eddy C u r r c n t  L i q u i d  Level  
Probe. 

We can w r i t e  the f o l l o w i n g  set of e q u a t i o n s  f o r  t h e  v o l t a g e  d r o p s  around 

e a c h  of the  l o o p s  i n  the c i r c u i t :  



?2 

We can  u s e  d e t e r m i n a n t s  and s o l v e  f o r  t h e  c u r r e n t  i n  t h e  f i n a l  l o o p ,  

14, produced b y  a n  a p p l i e d  v o l t a g e  Vu: 

We s h a l l  s o l v e  f o r  t h e  c u r r e n t ,  14, m u l t i p l y  i t  b y  t h e  r e s i s t a n c e  R 

d e t e r m i n e  t h e  i n p u t  v o l t a g e  t o  t h e  a m p l i f i e r ,  and t h e n  m u l t i p l y  b y  tile 

a m p l i f i e r  g a i n  G t o  d e t e r m i n e  t h e  o u t p u t  v o l t a g e :  

t o  9 
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Rea r rang ing  terms so  t h a t  Eq .  (68) c l e a r l y  r ema ins  f i n i t e  when t h e  

c a p a c i t a n c e  goes t o  z e r o ,  we f i .nd t h a t  

- - -  
V o w  j w M V  R G + {wC R - 0 9  ( 6 0  

f [(WC6Ro - 

From Eq .  (69) w e  c a n  c a l c u l a t e  t h e  p h a s e  s h i f t  between t h e  v o l t a g e  

d r i v i n g  t h e  e d d y - c u r r e n t  p r o b e  and t h e  a m p l i f i e d  v o l t a g e  r e c e i v e d  by t h e  

p h a s e  s h i f t  d e t e c t o r .  

same r e g i o n  and a re  i d e n t i c a l ,  w e  have 

S i n c e  t h e  d r i v e r  c o i l  and p ickup c o i l  a re  i n  t h e  

where M will be g i v e n  by e i t h e r  Eq. (61) o r  Eq .  ( 6 2 ) .  To e v a l u a t e  Eq.  

( 6 9 ) ,  t h e r e  i s  a computer  program, ATTEN,which c a l c u l a t e s  t h e  magnitude 

and phase  of  t h e  o u t p u t  v o l t a g e  f o r  v a r i o u s  v a l u e s  of t h e  terms i n  Eq. 

(69) * 

The c i r c u i t  p a r a m e t e r s ,  Ro, C 6 ,  R 9 )  and  C7 are v a l u e s  t h a t  may b e  

v a r i e d  ( w i t h i n  c e r t a i n  l i m i t s )  w i t h  a n  e x t e r n a l  p lug - in  a t t e n u a t o r .  

The a t t e n u a t o r ,  when p r o p e r l y  chosen ,  h a s  t h e  f o l l o w i n g  e f f e c t s :  

(1) The p h a s e  s h i f t  due t o  t e m p e r a t u r e  d r i f t s  c a u s i n g  
v a r i a t i o n s  i n  t h e  dc  r e s i s t a n c e  v a l u e s  of R and 
R c a n  b e  e s s e n t i a l l y  e l i m i n a t e d .  

The L-C ne twork  i n  t h e  d r i v i n g  and p ickup c i r c u i t s  
i n  F ig .  4 and t h e  mutua l  c o u p l i n g  between t h e  c i r -  
c u i t s  combine t o  a c t  as a band-pass  f i l t e r  t h a t  
r e d u c e s  t h e  n o i s e  i n  t h e  i n s t r u m e n t a t i o n .  

6 
7 

( 2 )  

( 3 )  A r e d u c t i o n  i n  s e n s i t i v i t y  o c c u r s  and t h e  phase 
s h i f t s  due t o  v a r i a t i o n s  i n  t h e  o t h e r  parameters 
i n c r e a s e .  However, t h e s e  e f f e c t s  can  b e  made 
n e g l i g i b l e  i f  t h e  a t t e n u a t o r  i s  p r o p e r l y  d e s i g n e d .  

The a t t e n u a t o r  d e s i g n  w i l l  b e  c o n s i d e r e d  i n  g r e a t e r  d e t a i l  i n  t h e  n e x t  

c h a p t e r .  
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3 .  COMPUTER CALCULATIONS FOR A PROBE I N S I D E  BISMUTH 

The t y p e  of  l i q u i d  l e v e l  probe  ana lyzcd  i n  t h i s  r e p o r t  i s  shown i n  

F i g .  5. 
i a i n e r .  

t h e  probe  i s  shown ( i n  c r o s s  s e c t i o n ) .  The probe  i s  p l aced  i n s i d e  a 

molybdenum c a v i t y ,  and t h e  l e v e l  of t h e  m o l t e n  b ismuth  i n  t h e  c a v i t y  

can  be  measured .  

e l e c t r o m a g n e t i c  f i e l d  t h a t  i s  modified by t h e  p r e s e n c e  of t h e  c o n d u c t o r s  

The p i ckup  c o i l  d e t e c t s  t h i s  f i e l d .  

used t h e  f o l l o w i n g  p r o c e d u r e .  

t h e  probe  t o  changes  i n  l i q u i d  l e v e l ,  t h e n  minimized t h e  e f f e c t s  of  t h e  

u n d e s i r a b l e  v a r i a b l e s  s u c h  a s  t e m p e r a t u r e  d r i f t ,  and I i n a l l y  maximized 

t h e  s e n s i t i v i t y  t o  e r r o r  r a t i o .  

It c o n s i s t s  of a l ong  b i f i l a r  c o i l  i n s i d e  a molybdenum con-  

The drawing i s  symmetr ic  about  tlie c o i l  a x i s ,  s o  o n l y  h a l f  of 

A c u r r e n t  f l o w i n g  i n  t h e  d r i v i n g  c o i l  p roduces  an  

I n  t h e  d e s i g n  of t h i s  probe ,  we 

We f i r s t  maximized t h r  S e n s i t i v i t y  of 

ORNL-DWG 71- 9737 

135/e in. 

Liquid Level  Probe 

F i g .  5 .  Liquid  Level  Probe I n s i d e  Conduc to r s .  



We f i r s t  c a l c u l a t e d  t h e  magni tude  and phase of  t h e  v o l t a g e  o u t  of 

The d r i v i n g  t h e  p i c k u p  c o i l  f o r  a c u r r e n t  f l o w i n g  i n  t h e  d r i v e r  c o i l .  

impedance and p i c k u p  a m p l i f i e r  impedances a r e  b o t h  t a k e n  t o  be  i n f i n i t e .  

In F i g .  6, w show how t h e  magni tude  a n d  phase of t h e  v o l t a g c ,  wich and 

w i t h o u t  bismuth, v a r y  a s  f u n c t i o n s  of t h e  w a l l  t h i c k n e s s  of the molybdenum 

c o n t a i n e r .  

c o n t a i n e r  h a s  a v e r y  small  e f f e c t ,  and was n o t  c o n s i d e r e d  i n  t h e  p r e -  

l i m i n a r y  c a l c u l a t i o n s .  A l s o ,  t h e  m o l t e n  s a l t  i s  e q u i v a l e n t  t o  a i r  a s  

f a r  a s  r e s i s t i v i t y  i s  c o n c e r n e d .  A s  t h e  w a l l  t h i c k n e s s  i s  i n c r e a s e d ,  

we see t h a t  t h e  phases  w i t h  and w i t h o u t  b i smuth  c r o s s ,  i n d i c a t i n g  t h a t  

The b ismuth  r e g i o n  i s  t a k e n  t o  b e  i n f i n i t e ,  s i n c e  t h e  o u t e r  

ORNL - GWG 74 -9705 
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F i g .  6. Magnitude and Phase o f  t h e  V o l t a g e  i n  t h e  P i c k u p  C o i l  a s  3 

F u n c t i o n  of t h e  Wall  T h i c k n e s s  o f  t h e  Molybdenum C o n t a i n e r ,  With and 
Without  Bismuth, a t  10 kHz. 
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w i t h  a w a l l  t h i c k n e s s  of  a p p r o x i m a t e l y  15 m i l s ,  t h e r e  i s  no change i n  

phase  a s  t h e  l i q u i d  l e v e l  i s  v a r i e d .  A s  t h e  w a l l  t h i c k n e s s  i s  i n c r e a s e d  

f u r t h e r ,  t h e  c u r v e s  of  phase  w i t h  a n d  witl-ioritr b i smuth  become q u i t e  f a r  

a p a r t  i n d i c a t i - n g  t h a t  t h e r e  w i l l  b e  a l a r g e  phase  s h i f t  a s  t h e  l i q u i d  

l e v e l  i.s v a r i e d .  The phase  d i f f e r e n c e  approaches  a maximum a t  a p p r o x i -  

ma te ly  47 mils and t h e n  d e c r e a s e s  a g a i n  t o  z e r o  a s  t he  c u r v e s  c r o s s  at 

142 mil.s, app roach  a n o t h e r  maximm, s e p a r a t i o n ,  and t h e n  c r o s s  agai-n.  

The b e h a v i o r  of  t h e  magni tude  c u r v e s  o€ t h e  v o l t a g e  i.s v e r y  s i m i l a r ,  

w i t h  t h e  c u r v e s  c r o s s i n g  and approach ing  a maximum and t h e n  c r o s s i n g  

aga i -n .  The f i r s t  maximum, which i s  n o t  shown i n  F i g .  6, i s  t h e  l a r g e s t  

and o c c u r s  a t  z e r o  w a l l  t h i c k n e s s  f o r  b o t h  t h e  magni tude  change and 

t h e  phase  s h i f t .  S i n c e  t h i s  i s  i m p r a c t i c a l  i n  o u r  d e s i g n ,  we e l e c t e d  

t o  c ,oncen t r a t e  on t h e  second maximum. The v a l u e  of  w a l l  t h i - ckness  a t  

which t h i s  maxi-mum o c c u r s  i s  a l s o  a f u n c t i o n  of f r e q u e n c y .  I n  F i g .  ‘7 ,  

w e  have a v e r y  s i m i l a r  p l o t  of  magni tude  and phase  of t h e  pi.ckup c o i l  

v o l t a g e  a s  f u n c t i o n s  of t h e  c o n t a i n e r  w a l l  t h i c k n e s s ,  w i t h  and w i t h o u t  

b i smuth ,  at a f r equency  of  2C kHz. F i g u r e  6, which was r u n  a t  13 kHz, 

i s  v e r y  s i m i l a r  t o  Fi.g.  -(, e x c e p t  thci v a l u e s  of w a l l  t h i c k n e s s  f o r  

maximum magni tude  arid phase change a r e  s m a l l e r  a t  t h e  h i g h e r  f r e q u e n c y .  

A t  20 kHz t h e  wal.1 t h i c k n e s s e s  f o r  maximum phase  and magiittilde change 

o c c u r  a t  27 m i l s  and 80 m i l s ,  r e s p e c t i v e l y ,  compared t o  4‘7 m i l s  and 

11(? mils, r e s p e c t i v e l y ,  a t  10 kHz. 

I n  g e n e r a l ,  we a r e  a b l e  t o  p l o t  optimum w a l l  t h i c k n e s s  f o r  maximuiu 

s e n s i - t i v i t y  a g a i . n s t  f r equency ,  a s  shown i n  F i g .  E!. I n  F i g .  F! w e  have 

op t imized  t h e  w a l l  t h i c k n e s s  f o r  t h e  maximum phase  s h i f t ,  and t h e  

amount of  phase  s h i f t  we g e t  a t  optimum i s  a l s o  p l o t t e d  a g a i n s t  t h e  

f r e q u e n c y .  Because t h e  c u r v e s  a r e  rounded,  i t  i s  d i f f i c u l t  t o  e x a c t l y  

detc’xvnine t h e  optimum w a l l  t h i c k n e s s  f o r  a g i v e n  f r e q u e n c y .  The shape  

of t h e  c u r v e s  v a r i e s  w i t h  c o i l  s i z e ,  s o  w e  made s i m i l a r  p l o t s  f o r  o p t i -  

mum w a l l  t i i i ckness  f o r  maximum s e n s i t i - v i t y  t o  b o t i i  magni tude  and phase  

changes  v s  f r e q u e n c y  u s i n g  d i f f e r e n t  s i z e  c o i l s .  A compos i t e  of  tliese 

p l o t s  f o r  phase  s h i f t  i s  shown i n  F i g .  3. From F i g .  9, w e  concluded  

t h a t  a l i q u i d  l e v e l  probe  w i t h  a w a l l  t h i c k n e s s  of  30 m i l s  would have  

a d e q u a t e  s e n s i t i v i t y .  Once t h e  w a l l  t h i c k n e s s  h a s  b e e n  f i x e d ,  t h e n  we 



ORhL-DWG 71-97?' 

I I .35 

i 

25 95 

3' 
0.95 

0.e5 

DIMEN~ONS p =RESiSTIVITV 
1P.l INCHES L =CO,L  LENGTH 

= W A L L  W I C K N E S S  
\ 

0.10 

9.05 

Fig. '7. Magnitude and Phase of the Voltage in Fig. 6. Optimum Wall Thickness for Maximum Phase 
the P i c k u p  Coil as a Function of Wall Thickness of 
the Molybdenum Container With and Without Bismuth 
a t  20 kHz . 

Shift and Phase Shirt at Optimum vs Frequency. 
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c a n  d e t e r m i n e  the  o p t i m ~ ~ i ~ l  f r e q u e n c y  f o r  maxinluln sensitriv-i .ry and tilie sells i -  

t i v i t y  at t h a t  f requen.cy for any s i z e  coi l . .  I n  F i g .  IO, we ~I.;$vE. o p t i m i z e d  

f o r  maxituum phase  shi.ft,  and we have made sirnF1.ar p l o t s  :for maximurn a n p l i -  

t u d e  change.  Froin t h i s  p l o t  WE? d e c i d e d  t h a t  we would have a d e q u a t e  sensi-  

t : i -v i . ty if t h e  c o i l  f o r m  OD w a s  0.723 i n .  

12 f r e q u e n c y  of 16 kHz, we have 0. l? radi .ans  o r  approximzr1:ely 1.OU phase 

shif t :  Whi1.e this i s  

no t  t h e  m o s t  s e n s i t i v e  c o n f i g u r a t i o n ,  t h e  s e n s i t i v i . t y  i s  much more t h a n  

a d e q u a t e ,  and t:'rie compromises made thus  f a r  -insure a g"od i n e x p e n s i v e  

mechan:icaI d e s i g n .  W e  s h a l l  now turn o u r  a t t e n t i o n  t o  m. i .n imiz ing  the 

dr iEt - . s  

Wi th  t h i s  s i z e  c:oil o p e r a t e d  at 

the l i q u i d  l e v e l .  i s  v;ic:i.ed f r o m  fu1.l. t o  emp!:y. 

?5 

20  

0 375 0 500 0 625 0 875 I 0 0 0  
0 750 
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F i g .  10. Optiriium Frequency  f o r  Maxirnum Phase S h i f t  and Phase  S h i f t  
a t  Maximum P l o t t e d  Agairlst  C o i l  Form OD. 



I n  t h e  c a l c u l a t i o n s  t o  minimize  d r i f t s ,  we i n c l u d e d  the  o u t e r  molyb- 

denum c o n t a i n e r  a s  shown i n  F i g .  i;. We assumed t i i a t  b o t h  t h e  c o i l  s h e a t h  

and I-hc o u t e r  c o n t a i n e r  were i n f i - n i t e l y  l o n g ;  t h e  c o i l  was a c t u a l l y  15.625 
i n .  l ong .  

The ma jo r  c o n t r i b u t i o n  t o  d r i f t s  i s  t h e  w i d e  r ange  of  o p e r a t i n g  

t e m p e r a t u r e  of t h e  p r o b e .  The t e m p e r a t u r e  c o n t r i b u t i o n s  can  be b roken  

t h e  fol lowi.ng:  

'Therc i s  a change i n  t h e  a c  f j . e ld  due I:IJ changes  i n  t h e  
r e s i s t i v i t y  of t h e  1no1.ybdenum and b i smuth .  T h i s  c a u s e s  
a changc i n  t h e  s e l f - i m p e d a n c e  of b o t h  tile d r i v e r  and 
p i ckup  c o i l s  and t h e  mutua l  c o u p l i n g  between them. 

Therc  i s  a change i n  t h e  d c  r e s i s t a n c e  of b o t h  c o i l s .  

 thermal^ expans ion  of t h e  c o i l  and c o n d u c t o r s  a l s o  
c a u s e s  a change  i n  t h e  impedances and mutua l  c o u p l i n g .  

We s h a l l  c o n s i d e r  each  of t h e s e  f a c t o r s  s e p a r a t e l y .  

I n  F i g .  11 we have  p l o t t e d  t h e  phase  of t h e  v o l t a g e  of t h e  p i ckup  

c o i l  a g a i n s t  f r equency  f u r  v a r i o u s  t e rnpeca tu res .  We c a n  s e e  t h a t  t h e s e  

c u r v c s  i n t e r s e c t  a t  a c e r t a i n  f r equency ,  which means t h a t  tlie t empera -  

t u r e  c o e f f i c i e n t  of  t h e  phase i s  e s s e n t i a l l y  z e r o  a t  t h a t  f r e q u e n c y .  

These  z e r o  t e m p e r a t u r e  c o e f f i c i e n t  p o i n t s  o c c u r  a t  a p p r o x i m a t e l y  25 

kHz f o r  t h e  c a s e  i n  which t h e  l i q u i d  l e v e l  p r o b r  i s  empty and a t  ahou t  

50 kHz f o r  t h e  probe  b e i n g  f u l l  of b i s m u t h .  More e x a c t  c a l c u l a t i o n s  

w i t h  a n  e x t e r n a l  c i r c u i t  a t t a c h e d  t o  t h e  probe  f o r  an o p e r a t i n g  f r e -  

quency of " i . c ) O ! ~  kHz a r e  shown i n  t h e  t a b l e  below.  

T a b l e  1. C a l c u l a t e d  Phase S h i f t  Values  ( i n  D e g r e e s )  
w i t h  B i s m u t h  a n d  A i r  a t  S e v e r a l  Tempera tures  

Mat e ri.a 1 
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F i g .  11. Phase  ot t h ~  Pickup C o i l  Vo l t age  P l o t t c d  Against  Freqiic>ncy 
f o r  D i t i e r c n t  T e m p e r a t u r e s .  

I n  t h c  Lempera ture  r ange  of p a r t i c u l a r  i n t e r e s t ,  GOO" t o  6 j c ~ " C ,  we have  

chosen o u r  p a r a m e t e r s  so  tlzaL ' i~c  have  exactly the  same positive s l o p e  

of phase  w i t h  t e m p e r a t u r e  ( 3 . 0 6 " / : i i ° C )  i n  b i s ra i th  a s  t h e  n e g a t i v e  s lope 

(-0. 0 G o /  j0" C ) in. a i r .  T I 1 ~ 5 c  t w o  end points represent t h e  w o r s t  tcwpera - 
t i t r e  c o e f f i c i e n t ,  and i t  i s  e x p e c t e d  to d c c r e a s e  t o  z e r o  € o r  t h e  c a y e  O E  

t he  probe  b e i n g  h a l f  11111. T h i s  wors t  c a s e  of t h e  calLulatcd i e m p e r a t u r e  

c o e f f i c i e n t  i s  e q u i v a l e n t  t o  I +3.7r i l j j  i t ? . / 'C  c r r o r  i i i  t h e  l i q u i d  1 e v t 1  

mea s urernent . 
S i m i l a r  c a l c u l a t i o n s  werc made f o r  t l t c >  magni tudc of the p ickup  c o i l  

v o l t a g e ,  b u t  there i s  no f r equency  a t  which thc  magni tude  remains  c o n s t a n t  

w i t h  t e m p e r a t u r e  changes .  

. . . . . . . . . . ... . :.. ........... 



Me n e x t  c o n s i d e r e d  t h e  v a r i a t i o n  i n  phase due t o  changes i n  d c  r e s i s -  

t a n c e  of t h e  c o i l .  

r e s i s t a n c e  i n  t h e  d r i v i n g  and d e t e c t i n g  c i r c u i t s  can  b e  chosen  t h a t  wi.l.1 

g i v e  e s s e n t i a l l y  no c h a n g e  i n  phase a s  t h e  d c  r e s i s t a n c e  of t h e  c o i l  i s  

v a r i e d ,  and will also a c t  a s  a f i l t e r  t o  r educe  t h e  sys t em n o i s e .  

when t h e  R - C  ne twork  i s  a d j u s t e d  t o  g i v e  e x a c t l y  z e r o  t e m p e r a t u r e  d r i f t  

w i t h  t h e  b i smuth  p r e s e n t ,  i t  will n o t  gi.ve e x a c t l y  z e r o  d r i f t  w i t h  t h e  

bismuth a b s e n t .  T h e r e f o r e ,  t h e  network i s  a d j u s t e d  t o  g i v e  sma1~1 d r i f t s  

of o p p o s i t e  s i g n s  i n  t h e  t w o  c a s e s .  Bu t  t h e  more w e  f i - l t e r  t o  r e d u c e  

sys t em n o i s e ,  t h e  g r e a t e r  l h e s e  s m a l l  d r i f t s  become. I n  a d d i t i o n ,  t h e  

phase s h i f t s  due t o  v a r i a t i o n s  i n  t h e  c a p a c i t a n c e  and r e s i s t a n c e  v a l u e s  

i n  t h e  cj.rcui.t i n c r e a s e  R S  w e  r educe  t h e  sys t em n o i s e .  

must compromise between t h c  sys t em n o i s e  and d r i f t s .  The f o l l o w i n g  t a b l e  

summarizes t h e  d r i f t s  between 600° and 6;)O"C, u s i n g  sj6.?j ',L f o r  t h e  s e r i e s  

r e s i s t a n c e  o f  t h e  d r i v e r  c i r c u i t  and tlie s h u n t  r e s i s t a n c e  o f  t h e  p i - ckup  

c i r c u i t  and 48JO pF f o r  t h e  s h u n t  c a p a c i t a n c e .  

A s  w e  d i s c u s s e d  e a r l i e r ,  a va l -ue  of c a p a c i t a n c e  and 

Ilowever, 

T h e r e f o r e ,  we 

T a b l e  2. Summary of  Phase S h i f t s  Due t o  V a r i a t i o n s  
i n  Var ious  Circui.1: P a r a m e t e r s  

Pa rame te r  Var i ed  
V a r - i a t i o n  

i n  Pa rame te r  
($) 

Phase S h i f t  
( d e g r e e s  ) 

D r i v e r  C o i l  R e s i s t a n c e  1ci 0.302 

Pickup C o i l  R e s i s t a n c e  

D r i v e r  Shunt C a p a c i t a n c e  

P i  c ku p Shu 11 t Ca p a c i t a n c e 

D r i v e r  C i r c u i t  S e r i e s  
R e s i s t a n c e  

P ickup  C i r c u i t  Shunt 
Res i s  t aiice 

Op e r a i i ng F r e  q u e n c y 

1': 

1 

1. 

I 

1 

i). I 

The phase s h i f l s  g i v e n  i n  T a b l e  2 a r e  t h e  a b s o l u t e  maximum v a l u e s  

t h a t  o c c u r  anywhere i n  t h e  t e m p e r a t u r e  r a n g e  w i t h  o r  w i t h o u t  b i s m u t h .  



T h t  f i n a l  c o n t r i b u t i o n  t o  d i r f t s  t h a t  we c o n s i d c r t  d was t h ~ i r n a l  

expans ion OF t h e  sys t em.  I n c l u d i n g  the rma l  e x p a n s i o n  r f  fects,  a t m n p e r a -  

t u r c  v a r i a t i o n  f r o m  &JO" t o  650°C caused  a 0.05" d i f i c r e r i c e  i n  t h e  phase 

change  between the  two t e m p e r a t u r e s ,  which can  b e  cornpensat e d  f o r  w i t h  

ii sma 1 1 f rpquency change . 
A d d i t i o n a l  i -nformat ion  on the  d e s i g n  of this probe i s  g i v e n  i n  

4 o t h e r  r e p o r t s .  

Three  d i f  f c  cen t  s e t s  of measurements  have ? ) ~ e r t  performed on the 

l i q u i d  l e v e l  p robe .  The f i r s t  set: o f  measurements  w a s  performed at B 

f r e q u e n c y  of  ICi kHz and  a t  room t e m p e r a t u r e .  The  pi-iniary purpose o f  

tl-lese measureinents was t:o t e s t  t hc  l i n e a r i t y  of t he  p r o b e ,  and t h e  

second purpose  G J ; ~ S  t c i  check  t h e  accu racy  of t he  c a l c u l . a t i u n s .  '['I-ic 

p r o h e  cons i - s tec l  o f  the c o i l  e n c l o s e d  i n  ill molyhderiiirn s h e a t h ,  b u t  w i t h -  

o u t  any o u t e r  molylidenuin coota i .ner .  The  btsrnuth was rep! .nced  l j y  12 

r i n g s  o f  IncoiieJ., e a c h  machined t:o 1 O . O J . 0  i n .  t h i . c k .  'Tlic, phase  

s h i f t  was r e c o r d e d  t o  w i t l i i r i  O.O!" a s  t h e  r i -ngs were a d d e d ,  s i m i i I a t i n g  

a n  i n c r e a s F n g  l i q u i d  l eve l  ~ A 1 e a s G s q u a r e s  f i t  w a s  macle> o f  t h e  p h a s e  

s h i f t  v s  t h i c k n e s s ,  and t h e  maximum d e v i a t j o n  of  a n y  readi .nS  from R 

s t r a i g h t  l i n e  was 0.0i7)~o o r  ~ j 1 . l  i n .  The measured s1.ope of  t h e  1. ine 

" / i n .  compared t o  tilie calc.i.ll.ated sI.ope of rJ.5;lo/in. Tiiere- 

fore ,  w e  coac luded  t h a c  t h e  p:robe was ext:remely 1inr::az- m e r  a t  1 e a s t  

t h e  f i r s t  1.2 i n .  o f  l eve l .  

F o r  t h e  next s e t  of measurements ,  a p r o t o t y p e  l i q u i d  l eve l  p-r-o'oe 

w a s  c o n s t r u c t e d  by p e r s o n n e l  o f  t h e  Chemica l  Technology Division, and 

j o i n t  e x p e r i m e n t s  were performed w i t h  them. Tile p r o t o t y p e  ~ ~ 2 s  essen- 

t i a l l y  i d e n t i c a l  t o  t h e  one s'riown i.n F i g .  , except  t:iiat t h e  o u t e r  

c o n t a i n e r  w a s  made of c a r b o n  s t e e l .  T h e  c a r b o n  s t ~ e l  out.er c o n t a i n e r  

h a s  no e f f e c t  when the p r o b e  i s  covered w i t h  bismut.1-i,, but dec.rei ises  

t he  p h a s e  readi r ig  by  a p p r o x i m a t e l y  I./:! a d e g r e e  when the  probe  i s  

empty. 

L. E .  McNeese e t  a l . ,  E n g i n e e r i n g  Development S t u d i e s  f o r  Molten- 4 
-I 

S a l t  Breede r  Keactor P r o c e s s i n g  No. I:?, ORNL-TM-$775 ( i n  p r e p a r a t j . o n ) .  



34 

The measure111cnLs were inad(> a t  a f r equency  of 27. ( kHz f o r  v a r i o u s  

l e v e l s  o f  b i smuth  a d  a t  v a r i o u s  t e m p e r a t u r e s  bpiween 5~0°C and 703°C. 

The r e s u l t s  a r e  p l o t t e d  i n  F i g .  l?. Tlic phase  s h i f t  i s  a l i n e a r  f u n c t i o n  

of  l i q u i d  l e v e l  o v e r  a i a n g e  from z e r o  t o  abou t  15 i n .  

c u r v e  v a r i e s  s l i g h t l y  w i t h  t empern tuce ,  w i t h  t h e  minimum tempeuat t l re  

c o c f  f i c i e n t  o c c u r r i n g  between 690" C and  6>0" C .  

The s l o p e  o f  t h ~  

The temperat l1re  c o e f f i c i e n t  o f  t h e  l e v c l  r e a d i n g  was 0.309 i n . /  I O  C 

f o r  t h e  chamber empty and 0.002Jt in . , /"C f o r  L l i r  chamber L u l l  of b i smuth .  

The h i g h e r  t e inpe ra tu rc  c o e f f i c i e n t  w i t h  t h e  chambc3r empty was probably  

due t o  t h e  f e r r o m a g n e t i c  o u t e r  c a s i n g .  

A s e r i p s  of  rnorr a c c u r a t e  c a l c u l a t i o n s ,  c o n s i d e r i i l g  [nor<' d i f f e r e n t  

pa rame te r s ,  showed t h a t  more a c c u r a t e  iiieasuremetlts c o u l d  be niade a t  24 

kHz f o r  t h e  t e m p e r a t u r e  r a n g e  of 6 ~ 0 " ~  t o  Lj0"C. The l e v e l  i.n t h e  probe  

14 r--- - 

F i g .  12. Phase S h i f t  P l o t t e d  Aga ins t  L iqu id  Level  f o r  Var ious  
Tempesal-ures Measured a t  a Frequency  of 27.7 kHz. 
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w d s  s e t  a t  t h e  maximum, de te rmined  by t h e  amount of b i smuth  i n  t h e  sys tem 

a t  t h e  t i m e .  The manometer r e a d i n g  i n d i c a t e d  10 i n . ,  b u t  l a t e r  measure-  

ments i n d i c a t e  t h a t  the a c t u a l  l e v e l  was aEoulr 13.1 i n .  T a b l e  j shows 

b o t h  c a l c u l a t e d  and measured vAlues of magni tude  and phase .  T h e  a c t u a l  

c a l c u l a t i o n s  were made w i t h  tlie probe  e i t h e r  f u l l  o r  empty of  b i smuth ,  

and t h e  1 0 - i n .  c a l c u l a t i o n s  r e p r e s e n t  a 1 i n e a r  i n t e r p o l a t i o n  hetween z e r o  

and 13.625 i n .  o f  b i s m u t h .  

The r e s i s t o r  v a l u e s  a r e  t h o s e  of b o t h  t h e  d r i v e r  s e r i e s  and t h e  pickup 

s h u n t  r e s i s t a n c e s ,  and t h e s e  c a n  be v a r i e d  t o  a c h i e v e  a " f i n e  t u n i n g "  i n  

t h e  t e m p e r a t u r e  c o e f f i c i e n t  o f  t h e  p robe .  The phase  d i f f e r e n c e  i s  t h e  

phase  at: t h e  lower  t empera t i i r e  s u b t r a c t e c l  f rom t h e  phase  a t  t h e  uppe r  

t e m p e r a t u r e .  

would h e  equal .  b u t  o p p o s i t e  i n  s i g n  w i t h  t h e  probe  ful.1 and empty, a s  

shown f o r  t h e  c a l c u L a t e d  va1.ues u s i n g  7,6.3 R. 
phase  d i f f e r e n c e  was -10.1.2 r a t h e r  t h a n  -;0.06 ca l . cu1a ted  f o r  t h e  10-ins 

l eve l . .  By i n c r e a s i n g  t h e  v a l u e s  of t h e  r e s i s t o r s  i n  t h e  a t t e n u a t o r ,  we 

a r e  a b l e  t o  d e c r e a s e  b o t h  t he  c a l c u l a t e d  and measured phase  d i M e r e n c c s .  

The b e s t  v a l u e  of r e s i s t o r s  t o  g i v e  mi.nimum d r i f t  wou1.d probab1.y b e  

s l i - g h t l y  l a r g e r  t h a n  36.3 i!. The level .  was a1.so v a r i e d  u s i n g  t h e  '7g-n 
r e s i s t o r s  i n  t h e  a t t e n u a t o r .  The t e m p e r a t u r e  c o e f f i c i e n t  of the phase 

vnri .ed from +O.O028"/"C (+0.307::2 i n . / . C )  w i t h  t h e  chamber empty t o  O.0Oo/ 

" C  w i t h  t h e  chamber f u l l .  

s h o u l d  b e  p o s s i b l e  t o  o b t a i n  a t ~ i m p e r a t u r e  c o e f f i c i e n t  of -+-i).0016 i n . / " C  

wi.th t h e  chamber empty, 

w i t h  t h e  chamber h a l f  f u l l .  

I n  t h e  i d e a l  c a s e ,  t h e  phase  s h i f t s  be tween 600°C and 6l,O"C 

However, t h e  measured 

By d e c r e a s i n g  t h e  v a l u e  of the r e s i s t o r s ,  i t  

-0.0016 in . / "C  w i t h  the  chamber f u l l  and z e r o  

The c a l c u l a t e d  s l o p e  a t  600°C was 0 . 8 ~ ~ ~ " / i n .  compared t o  a measured 

v a l u e  o f  O.t%",'in. 

magne t i c  p e r m e a b i l i t y  o f  t h e  o u t e r  c o n t a i n e r  i s  o n l y  a p p r o x i m a t e l y  knobm. 

Pare of  t h i s  e r r o r  may b e  d u e  t o  the f a c t  t h a t  t h e  

With t h e  i n f o r m a t i o n  g a i n e d  i n  t h e s e  measurements,  we w i l l  be a b l e  

t o  c a l i b r a t e  t h e  probe  used  in t h e  l o o p  w i t h  a n  outcir c o n t a i n e r  of molyb- 

denum, a s  shown i n  F i g .  5. The lower c a l i b r a t i o n  p o i n t  f o r  t h e  probe  

can  be o b t a i n e d  b e f o r e  b ismuth  i s  e v e r  added t o  t h e  sys t em.  To g e t  t h e  

uppe r  c a l i b r a t i o n  p o i n t ,  the b ismuth  l e v e l  m u s t  be r a i s e d  ovc ' r  t h e  t o p  

o f  t h e  probe, and t l ie phase  r e a d i n g  r e c o r d e d .  I f  0.40" i s  s u b t r a c t e d  



Table ;. C a l c u i a t e r  2nd Measured Values of X a g n i t L d e  a q d  A a s e  w i r h  
D i f f e r e n t  Temperatures and D i f f e r e n t  A t t e n u a t o r  Values  

36.3 75 Q 121 R 
Resis tance  10 i n .  10 i n .  10 i n .  13 i n .  12 i n .  10 i n .  Temp. 

R i  Ai r Ca 1 c u 1 a t e d Me a s u red E i  A i r  Ca lcu la ted  Neasures Bi A i r  Ca lcu la ted  Measured ( “ C )  

553 Magnitude 1.36 
Phase 41.56 
Phase 10.03 

Difference  

600 Magnitude 1 .52  
?hase 41.39 
Phase +o .07 

Dif fe rence  

l.53 
30.76 
-0.17 

1.45 

-0.01 +0.16 -0.01 
45.88 40.88 

1.64 
30.25 
-0.22 

1.45 
15.74 

-0. 03 -0.04 

1 .32 
40. y( 
-0.04 

1.49 
2y.y2 45.55 
-0.24 -0.06 0 

1.43 
46.04 I.o.87 

+a. 06 r3.12 +0.02 

1.51 
30.59 
-3.07 

1.45 
45.78 

a.02 +o . 3 j  

1.32 
$0.53 
-0.01 

1.51 
2Y. 68 45. 5> 
-0.14 -6.01 -0.06 

650 Magnitude 1.27 
Phase 4 l .46  
Phase TO. 13 

Difference  

700 Plagnirude 1.25 
€??as e 41.59 

1.47 
30.52 
+o .02 

I .40 
46.16 10.89 

+O. 14 +0.03 -0.09 

1.63 
2’9.93 
-0.02 

1.41  
45.81 

4.09 -0.07 

l . j i  
40.52 
7-0.36 

1 . 5 2  
29.5‘1 45. :;g 
-3.05 +a. 06 -0.13 

l.L4 
30.54 

1 .$S 
46.19 40 .98  

i .63 
29.91 

1.3a 
k5.74  

I .33 
40.56 

~~ ~ ~ 

-2 Magnitude = v o l t s  rms x 13 , Phase = degrees ;  Phase Dif fe rence  = uoper temperature--lower tempera ture .  



from t h i s  phase  r end ing ,  t h i s  g i v e s  t h e  v a l u e  of t h e  phase  w h e n  t h e  1iqui.d 

l e v e l  i s  l j  i n .  T h e  phase  w i l l  b e  a l i n e a r  f u n c t i o n  oi the b i smuth  l c v e l  

he twren  0 i n .  arid 15 i n .  illiring t h e  rtirie rriortths of t e s i i n g  of the  probe; 

t h e  z e r o  p o i n t  appea red  t n  moves b u t  tile s l o p c  was e s q e n t i a l l y  c o n s t a n t  

(wi.tl-iin L .'-$). T h e r e f o r e ,  by assuming a c o n s t a n t  s lope ,  a t  i s  p o s s i b l e  

t o  r e c a l  i b r a t e  t h e  proLe by  v a i s i r i g  t h c  t l i s i n i i L h  level over t h e  p r o b e .  

There  was d c o n s i d e r a b l e  amaunt OF c o r r o s i o n  in t h e  l o o p  which p r - ~ b ~ ~ b l y  

accoun ted  f o r  t h e  s h i f t  i n  the  z e r o  lev{-1 p o i n t .  

A p a s s i v e  RLC phase  c a l i b r a t o r  was c o n s t r u c t e d  t o  eli.[n:~.nate in s t . ru  ~- 

nient v a r i a t i o n s  

and two independen t  measurements of  t b e  z e r o  p o i n t  . The  1.oci.g - t e  rm s t a  - 

b i l i t y  of t h e  c a l i b r a t o r  i s  approximate? .y  (Ia(II.'' . 

L t  gi.ves two measureiiierits c ) i i  tire? i n s  tr'u.rrici:r~t g a i n  ( s l o p e  ) 

A d d i t i o n a l  i n f o r m a t i o n  on t h e  1 - i n e n r i t y  t e s t s , '  t h e  i n i t i . i : t L  m.easure- 
I' 
t:) ments  

a r e  g i v e n  i n  o t h e r  r e p o r t s .  

i n  the t e s t  l.oop, and the  . f i iza1  measurements' i n  t h e  t e s t  loop 

5 .  SUP.LMARU AND CONCLUSIONS 

The problem f o r  a c o i l  e i t l i e r  e n c i r c l i n g  c)r ~ t i c l o s e d  Iiy an  d r b i t c a r y  

number o f  corit luctors has  been  s o l v e d .  Accura t e  and verg;at i l~ cGmputt>r 

programs have  been  w r i t t e n  which numer ica l  1 y  e v a l u a t e  t h r s e  solutions e 

Good agreement  has bcc~n o b t a i n e d  between t h e  c a l c u l a t i  011s a n d  experime.r~t:s. 

These programs have  been  appliecd t o  d e s i g n  v e r y  a c c u r a t e  l i q u i d  l e v e l  

p robes  even though we a r e  l o o k i n g  t h r o u g h  a good c oriduct o r  (molybdenum) 

and measu r ing  t h e  l e v e l  o f  a poor Londuc to r  ( b i s m u t h ) .  

'L. E .  McNeese e t  a 1  ., E n g i n e e r i n g  Development S t u d i e s A r  Molten- 
S a l t  B r e e d e r  R e a c t o r  P r o c e s s i n g  N o .  13, oru~-m-3776 ( i t 1  p r epa r 'ZYGJT 

'L. E. McNrese - C T  a1 - ^ ?  E n g i n e e r i n g  Devclopment S t u d i e s  - f o r  Mol ten-  
S a l t  B r e f d e r  R e a c t o r  P r o c e s s i n g  No. l it ,  OWL-TM-4018 ( i n  p r e p a r a t i o n  >. 

'Le E .  McNeest g? &., E n g i n e e r i n g  Development S t u d i e s  f o r  Mol ten-  
S a l t  B r e e d e r  R e a c t o r  -- P r o c e s s i n g  No. 16, ORNL-TM-4020 ( i n  p r e p a r a t i o n ) .  
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APPENDIX A 

Computer Prograiiis ---..I _..I.. € o r  a L iqu id  Leve l  Probe 
1iisi.de Coaxia 1 Conduciroi-s 

I: . INT RODUCT I ON 

'Chis computer  program i s  used t o  c a l c i i l  a t e  t h e  no rma l i zed  coi.1 imped- 

ance  of  b o t h  t h e  d r i v e r  and p i ckup  c o i l s  or a n  e d d y - c u r r e n t  probe,  Tur-  

rounded by mu1 t i  p l  e c o a x i a l  cy1 i i i d r i c a l  c o n d u c t o r s .  The programming 

c o n s i s t s  of a fundamen ta l  s u b r o u t i n e  named TNNMSJI,, which i s  c a l l e d  i n t o  

e x e c u t i o n  by a main DRIVER prograin. I.NNMLJ1, b r a n c h e s  t o  e io l i t  o t h e r  new 

s u b r o u t i n e s  d u r i n g  p x c c u t i o n .  KNNMLJL i t s e l f  i s  adap ted  from a n  earlier 

program i n  t h e  BASIC l anguage .  

The F O R T A N - L V  computer  language  i s  used ,  w i t h  REAL*8 a r i t h m e t i c ,  on 

t h e  LSM/360 compute r s .  

la t i -or is  w i t h  s u f f i c i e n t  a c c u r a c y  i n  t h e  c a s e  of  a " t h i n "  r e g i o n  among 

t h e  c o n d u c t i n g  media .  I n  c o n n e c t i o n  w i t h  thj.s, some spec . ia1  s u b r o u t i n e s  

were a l s o  deve loped  f o r  t h e  c a l c u l a t i o n  of  t h e  n e c e s s a r y  mod i f i ed  Bessel 

f u n c t i o n s ,  wi.th a c c u r a c y  of a t  l e s s t  15 s i g n i . f i c a n t  dec ima l  d i g i t s  f o r  

rea l .  arguments ,  and 10  s i g n i f i c a n t  d i g i t s  f o r  complex a rgumen t s .  

New work was done t o  c a r r y  o u t  t h e  needed c a l c u -  

An o u t l i n e  of t h e  program f o l l o w s ,  w i t h  d i s c u s s i o n  and prograin l i s t i n g  

o f  each  s e p a r a t e  r o u t i n e .  The e i g h t  s u b r o u t i n e s  r e q u i r e d  by INNMUL a r e  

named XIINT, XJJNT, GAMCAL, GCAT,C, MODIKES, CMDBES, COMKK, and C M I .  They 

a r e  needed f o r  i n t e g r a t i o n s  o f  XJ ( x )  a d  XI. (x) ,  f o r  C a l c u l a t i o n  o€ t h e  

gamma f a c t o r ,  and f o r  t h e  mod i f i ed  R e s s e l  f u n c t i o n s .  
1 1 

L a s t  a n  i n t e r a c t i v e  program w i l l  be  g i v e n  f o r  g e n e r a t i o n  of  1 1 1 ~  d a t a  

b l o c k  f i l e ,  which rriuclt be  s u b m i t t e d  w i t h  t h e  program f o r  e x e c u t i o n  on 

t h e  T H M / j 6 3  cornpill-i.r. T h i s  program, named 'TELINC, i s  s t o r e d  on t h e  PDP-10 

d i s k ,  and may b e  used from t h e  t e l e t y p e  t o  p r e p a r e  t h e  dai:a i n  the  n e c e s -  

s a r y  fo rma t  f o r  t h e  DRIVER. ' U ~ P  d a t a  cou ld ,  of c o u r s e ,  be  s e t  up f o r  

e x e c u t i o n  of  t he  program by any  o t h e r  c o n v e n i e n t  method. 



11. D E S C K I P T I O N  OF LNNPWI, 

A +  DRIVER Program 

The D R I V E R  main program r e a d s  t h e  d a t a  f o r  rile c a s e s  t o  b e  e x e c u t e d  

by t h e  INNMUL suhruut  i r i e .  A f t e r  r e c e i v i n g  the d a t a  and iiiakirig p r e l i m i n a i y  

c a l c u l a t i o n s  i f  n e c e s s a r y ,  t h e  DRIVER t h e n  b ranches  t o  INNMUL. A F T e r  t h e  

c a l c u l a t i o n  of normal i z e d  c o i  1 impedance i s  comple ted  by INNMUJ, and i t s  

o t h e r  s u b r o u t i n e s ,  t h e n  t h e  D R I V E R  program p r c p a r e s  a summary p r i n t o u t ,  

showing d a t a  and resu Lts . 
Data must be  g i v e n  t o  t h e  DRIVER program f o r  C h e  c o i l .  d imens ions ,  f t s r  

t h e  a i r  n o r m a l i z a t i o n  f a c t o r ,  and f o r  i n f o r m a t i o n  abou t  e a c h  c o n d u c t o r  

o u t s i d e  t h e  c o i l .  

t h e  v a l u e  of t h e  q u a n t i t y  wp~H a r e  needed f o r  each  c o n d u c t o r .  m 

The i n n e r  r a d i u s ,  t h e  r e l a t i v e  p e r m e a b i l i t y ,  pwT, arid 
i u  :3 -. 

3 
r.- 

T h e  DRIVER program i s  w r i t t e n  t o  r e c e i v e  the quant. i . ty? o j l . t ~ F  i n  any 
t11' 

one o f  t h r e e  d i f f e r e n t  ways. F i r s t ,  t h e  v a l u e  of t h e  q u a n t i t y  may be 

g i v e n  d i r e c t l y  f o r  each  c o n d u c t o r .  Second, the f a c t o r  0 may b e  g i v e n  f o r  

REL each  c o n d u c t o r .  In t h a t  c a s e ,  t h e  p e r m e a b i l i t y ,  p,, i s  liir x 10 IC p- 

Then t h e  o p e r a t i n g  f r e q u e n c y  a1.so i s  g i v e n  i n  o r d e r  t o  o b r a i n  u for the 

c o i l . ,  and i; i n  meters,  i s  e i t h e r  g i v e n  o r  c a l c u l a t e d  f o r  t h e  c o i l . .  

- 

m' 

T h i r d ,  t h e  r e s i s t i v i t y ,  p (pi]-cm) may be g i v e n  a s  d a t a  f o r  e a c h  c o n -  
e d u c t o r .  The r e l a t i o n  be tween p and o i s  g i v e n  by :  

q u a n t i t y  qrcrr i s  c a ~ c u ~ a t e d  a s  0.50gjgrf9 x f r e q .  x r I( IiREL/p. 'Utle 

c o n s t a n t  i s  a p r o d u c t  of c o n v e r s i o n  f a c t o r s  =: (~~17-)(0.0254)(4ri~ x l U ) ( l . O ) .  

T h e r e f o r e  i n  t h i s  t h i r d  c a s e ,  t h e  known d a t a  must i.nc1ucle t h e  dr:i.ving 

f r e q u e n c y  ( H e r t z ) ,  and ?? ( i n . ) ,  a s  w e l l  R S  r e l a t i v e  p e r r n e a b i l i t y .  The  

d e t a i l s  of s e t t i n g  u p  t h e  d a t a  f o r  s u b m i s s i o n  w i t h  t h e  computer  program 

w i l l  b e  g i v e n  i.n t h e  1 . a s t  s e c t i o n .  

D =- 10 ' / p a  Then t h e  
-2 2 
m 

Fol lowing  i s  a l i s t  of t h e  program DRIVER.  
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PKldGKAM T d  hUN C A S E S  B N  S U b k U U T I N E  I N N K U L  

F I K S l  UATA IS REC\IJ k k J h  I'HE C d I L  AIJD I T S  IXMEi I IS IUNb 
I A I K = O  IP- A I H  V A L U E  N O i - 3 4 A L I L A T I k j N  F A C i S 1 K  I S  N W I '  ti1Vk.L~ D A r A  

N b t Z M A L = I  M E A N S  i H L  C O I L  D I M E N S I k j N S  A R E  i \ i D H M A l - I Z E D  A S  G I V E N  D A T /  
I A I K = L T . O  F0H T H E  CWD 0F ANY A D U I T I g N A L .  COILS  E N D  Ut+- KUN O A T b  

A 9 = A I K  V A L U E  k A C I L 9 K  F O K  N 0 R P r A L I Z A T I O N  O F  C Q I L  I M P E D A N C E .  

N ~ & M A L I L A ? I L J N  OF C d I L  A N D  CIBNL,UCPBKS I S  i 3 Y  MEAN C U X L  R A D I U S  

2 1 3 X s ' C L 3 X L  LENG1'k-i (L )  = ' s F 1 5 * 9  
3 / 1 4 X 1  ' A I 1 2  V A L U E  ( A 9 )  = ' r F l S * 9 )  

C 
C lUEXT S E T  OF U A T A  G I V E S  I N F @ R N A T I B N  A b d U T  THE CBNDUCTOWS 
C N = N U M B E X  OF C E I N D U C T D d S  
c; N . L T . 0  MEANS E N D  O F  A N Y  ALiUITIvJNAL GASES W I T H  G I V E N  C O I L  OA'i'A 
C IHAVEM= 1 MEANS UA'I 'A I S  G I V E N  FOK E M = ~ ~ E G A ~ M U * S I G K A ~ K [ ~ A R S Q  
C I H A V E M = O  M E A N S  EM MUST B E :  C A L C U L A T E D  t ry  T H I S  FOi2MUL.A 
G I H A V t M = - 1  KEANS EM MUST hE C A L C U L A T E D  FRDF R E S I S T I V I T Y  
c 
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c: 
120 

125 

130 
135 
140 

1 4 5  
1 SO 

155 

160 

8 
165 
170 



9 

10 

1 '7 5 

180 
185 

190 
1 1  
12 
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11. 13) INNMUL 

The fo rmula  which i s  c a l c u l a t e d  by t h e  INNMUL s u b r o u t i n e  i s  t h e  

no rma l i zed  c o i l  impedance,  

J O  

of b o t h  t h e  d r i v e r  and  p i ckup  c o i l s  i n  a b i f i l a r  c o i l  su r rounded  by 

mul t - ip l e  c o a x i a l  c o n d u c t o r s .  

The q u a n t i t y  

i s  g i v e n  by Eq. (50). 

subprogram. S i m i l a r l y ,  t h e  q u a n t i t y ,  

I t  i s  c a l c u l a t e d  by a b r a n c h  t o  t h e  XI INT f u n c t i o n  

i s  g i v e n  by E q .  (56) and i s  c a l c u l a t e d  by t h e  X J J N T  subprogram. 

r a t i o ,  U12/U22, o r  gamma, i s  c a l c u l a t e d  by a b r a n c h  from INNMUL t o  t h e  

GAMCAL s u b r o u t i n e .  

The 
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The X L I N T ,  X J J N T ,  and GAMCAL s u b r o u t i n e s  w i l l  be d i s c u s s e d  s e p a r a t e l y .  

The i n t e g r a i i d  i n  t h e  numera tor  o f  t h e  impedance formula  i n  INNMUL 

c o n t a i n s  a t e r m  w i t h  tlic f a c t o r  (.A I- E -cxL - 1 ), where L = J 2  -- R1. 

v a l u e s  of 21, l e s s  t h a n  0.5, t h i s  f a c t o r  is c a l c u l a t e d  by t h e  r a t i o n a l  

a p p r o x i m a t i  on, 

F o r  

8 
T h i s  i s  d e r i v e d  a s  a c o n t i n u e d  f r a c t i o n  approximant  from t h e  Pade‘ t a b l e  

a s s o c i a t e d  w i t h  t h e  power s e r i e s ,  

I f  31, i s  l a r g e r  t h a n  2U, e-aL i s  dropped from t h e  c a l c u l a t i o n  of (c& + 
e 

f u n c t i o n  subprogram a v a i l a b l e  i n  t l i p  IBM/36O FORTRAN l i b r a r y .  

-a> 
-- I-). For CK betwrcn  0.5 and 20, e i s  e v a l u a t e d  by t h e  e x p o n e n t i a l  -m 

T h c  q u a n t i t y  (1 - r o s ( C * Z )  which a p p e a r s  i n  one  term o f  t h e  i n t e g r a n d  
QL 
2 i s  o b t a i n p d  by t h e  h a l f - a n g l e  formula from sin(----). 

The o v e r a l l  i n f i n i t e  i n t e g r a l  i s  approximated  i n  INNMUL f o r  a n  u p p e r  

The a v e r a g e  of  t h e  i n t e g r m d  is c a l c u l a t e d  f o r  100 e q u a l l y -  l i m i L  o f  16. 
spaced  p o i n t s  from 0 t o  1. F o r  e a c h  o f  t h e  remain ing  15  i n t e i v a l s  of 

u n i t  l e n g t h ,  t h e  a v e r a g e  of L h e  i n t e g r a n d  f o r  20 equally spaced  p o i n t s  

i s  u s e d .  T h i s  h a s  been  round t o  g i v e  a s u f f i c i e n t l y  good a p p r o x i m a t i o n  

t o  t h e  i n t e g r a l  and i s  named I7 I j I8  i n  t h e  program. 

A t  t h e  same time d u r i n g  t h i s  c a l r i i l a t i o n  i n  TNNMUL, i n t e g r a t i o n  i s  

performed indepcndent - ly  on t h e  second t e r m  of  t h e  i n t e g r a n d  t o  o b t a i n  

a n  e s t i m a t e d  a i r  v a l u e ,  named 19. The a i r  v a l u e  c o n t r i b u t e s  t o  t h e  r e a l  

p a r t  of t h e  i n t e g r a l ,  17, and i s  by f a r  t h e  s lowest  p a r t  T O  converge .  Wc 

8 A l s t o n  S .  Householder ,  A G l o s s a r y  f o r  Numerical  A n a l y s i s ,  ORNL-2704, 
P P .  73-74 * 



c a l c u l a t e  t h e  a i r  v a l u e  i n  a s e p a r a t e  program and g i v c  the v a l u e  a s  p a r t  

o f  t h e  d a t a  t o  t h i s  program, a s  A P .  The a i r  va lue  depends  o n l y  on the 
on t h e  c o i l  d imens ions  and ~ i o t  un  t h e  c o n d u c t o r ,  a n d  i s  

(Th i s  t e rm a p p e a r s  b o t h  i n  t h e  numera to r  and the dcnarninntor. ) 
T h e r e f o r e ,  we c a n  o b t a i n  t h e  c o m p l e t e l y  converged  r e a l  p a r t  o f  t:he i n i e -  

g r a l  by add ing  t h e  d i f f e r e n c e  between A9 arid 19. Thc c o m p l e t e l y  con-  

ve rged  r e a l  p a r t  i s  Sr( i ( A S I - I Y ) .  The norma l i zed  imprdance i s  

A l i s t i n g  of LPJNMUL fol.lows. 
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TI. B ( l  and 2 )  XJJNT and XIINT 

and 

The s e two func t i o n  sub programs eva l u a  t e t h e  e x p r e  s s i o n s ,  

rr2 X J L ( X j  dx 

wr2 
X Z l ( X )  dx 7 

r e s p e c t i v e l y .  These a r e  e q u a l  t o  t h e  v n l u e s  g i v e n  t o r  .J(r , ,r  > i n  E q .  (56) 
anti ~ ( r > , r  j i n  E q .  (50).  tie method o f  i n t e g r a t i o n  i n  bot11 cases ,  f o r  a n  

u p p e r  l i t n i t  not: g r e a t e r  t h a n  5, i s  t h e  summation of  a power s e r i e s  e x p c e s -  

s i u n  u n t i l  t h e  l a s t  inclvcled t e r m  i s  Less t h a n  10 f-irnes the  c u r ~ c n t  s l i m .  

I f  t h e  uppe r  l i m i t  o f  t h e  i n t e g r a l  i s  g r e a t e r  t h a n  9, a s y m p t o t i c  formu- 

l a s 9  a r e  used i n  b o t h  s u b r o u t i n e s .  

these s u b r o u t i n e s  that botrh limits a r e  n o n n e g a t i v t  aad  t h e  lowcar  l i m i t  i s  

less  t h a n  o r  equa l  t o  t h e  u p p e r  l i m i t  on Lire i n t e g r a l  

2 1  

I 

- [i 

hn g e n e r a l  a p p l i c a t i o ~ i ,  we assiimc in 

A n  e x p l a n a t i o n  fol lows f o r  the summation. method, w l i i c i ~  is used i n  tile 

c a s e  that t h e  u p p e r  l i m i t  i s  less t h a n  o r  equal  t o  5. 

F o r  t h e  p u r p o s e  o f  e x p l a i n i n g  t h e  g e n e r a l  method of i n t e g r a t i o n ,  1i.t 

f ( x )  be any f u n c t i o n  of a r e a l  v a r i a b l e  wi t11  the T a y l o r  s e r i e s  expans ion ,  

T e r m w i s e  i n t e g r a t i o n  y i e l d s  

3W. A. Simpson et G- ,  Computer Programs f o r  Some Eddy-Current  
Problems - 1979, ORNL-TFI-32i)5 p .  259 (June 19c(l). 
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I n t r o d u c e  a new sequence,  

n bn - a 
qn = -_l---. 7 n! 

b2 ... a 2 
and i t  i s  s e e n  tiiafr 14 =1, q =b-a,  q = ---..-- , and s o  oil. I n  r e l a t i o n  

t o  t h i s  sequence,  o u r  i n t e g r a l  may bc w r i t t e n  a s  
0 1 2 2 

T h i s  i s  t h e  s e r i e s  t o  b e  a p p r o x h a t e d .  

Recurrence  r e l a t i o n s  may be  d e r i v e d  t o  g e t  the t e r m s  of  t h e  q-sequence  

i.n the f o l l o w i n g  way. Use the a l g e b r a i c  i d e n t i t y  

(79 1 n n -1 n - l  a b ( b n - 2  - bn - a = (a - ib) (b  .--- a ) - 

I1 T h i s  g i v e s ,  w i t h  n!q 

Then d i v i s i o n  by n! and s i m p l i f i c a t z i o n  gj.ves 

= ( b n  - a ), n!q = ( a - L b ) ( n - l ) !  q 
n n n - l  n - 2 '  

-- a b ( n - 2 ) !  q 

Similarly, one can  s t a r t  w i t h  t h e  i d e n t i t y  

n 2 1  2 2 n-h bn - a = (a  +b )(bn-2 - an-') - a b (b - 

t o  o b t a i n  a second u s e f u l  r e c u r r e n c e  r e l a t i o n ,  

I n  t h e  f u n c t i o n s  X J J N T  and X I I N T ,  t h e  second r e c u r r e n c e  r e l a t i o n  i s  used 

f o r  n g r e a t e r  t h a n  3,  si -nce a l t e r n a t e  terms a r e  z e r o  f o r  t h e  power s e r i e s  

of  x J l ( x )  and XI ( x ) .  1 



I n  o r d e r  t o  a p p l y  t h i s  i n t e g r a t i o n  p rocedure ,  l o o k  f i r s t  a t  the 

power s e r i e s "  f o r  I] (XI: 

2r-t-1. co 

r=O r! (r+-L)! 

Then 

L e t  s==r+l, 

( 8 3 )  

Let  k==2s, 

(86 ) (k! ) k 

(k/2-1 )! (k/2)! (k! ) 
X 

k -1  2 
X I .  ( x )  = 

k= 2 I 

(even  v a l u e s  o n l y )  

I n  t h e  p r e c e d i n g  e x p r e s s i o n ,  

denominator ,  t o  c o i n c i d e  w i t h  t h e  T a y l o r  s e r i e s  

(k! ) h a s  been  m u l t i p l i e d  i n t o  numera tor  and 

Then i t  i s  e a s i l y  s e e n  t h a t  t h e  c o e f f i c i e n t s  f o r  a n  even  number k a r e :  

c = 1, c4  = 3/2, c ~ = 1>/8, w i t h  
2 6 

k! 

2 ' - (k/2-1)!  ( k / 2 ) !  
c I =  
k k-' 

These  even- indexed  c o e f f i c i e n t s  a r e  r e l a t e d  by c k,-dck = ( k t - l ) / k .  A l l  

o t h e r  c o e f f i c i e n t s ,  eo, cl ,  c3, c5 ,  . . a r e  z e r o .  

c i e n t s  h o l d  € o r  

The same c o e f f i -  

''11. J e f f r e y s  and B .  S .  J e f f r e y s ,  Methods of Mathemat i ca l  Phys ics ,  
p .  571b, Cambridge U n i v e r s i t y  Press, 1950. 
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2 ar 

xJ1(x)  dx , I,,, 1 
w i t i i  t h e  e x c e p t i o n  t h a t  t h e  terms a r e  a l t e r n a t i n g  i n  si.gn. 

The summation method, which i s  d e s c r i b e d  a b o v e ,  i s  combined w i t h  the 
Q 

a s y m p t o t i c  formulas’, f o r  t h e  c a s e  t h a t  t h e  lower  1 . i m i t  i s  Less than  o r  

e q u a l  t o  5 ,  b u t  t i le uppe r  l i m i t  i s  g r e a t e r  t h a n  5. 

L i s t i n g s  of X I I N T  and X J J N T  follow. 
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3 0 0  

305' 
31 ci 

31 1 
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SP 

105 

3 I! I, 

3 1 0 

3 1  1 



11. B ( 3 )  GAMCAL 

The GAMCAL s u b r o u t i n e  i s  used by INNMLJL t o  compute gaima r a t i o ,  U12/ 

U22, which a p p e a r s  i n  t h e  f i r s t  t e r m  of t h e  i n t e g r a n d  o f  i n t e r e s t  i n  

INNMUL . 
It i s  n e c e s s a r y  i n  t h e  c a l c u l a t i o n s  of GAMCAL t o  have  g i v e n  t h e  quan-  

2 t i t y ,  ~ ~ p ~ ~ v ~ Z r ~  , named %, f o r  each  c o n d u c t o r .  

mean c o i l  r a d i u s  i n  m e t e r s .  The a n g u l a r  f r e q u e n c y  of t h e  d r i v i n g  c u r r e n t  

i s  g i v e n  by (1). The o t h e r  v a r i a b l e s  p and 0 a r e  t h e  p e r m e a b i l i t y  and 

c o n d u c t i v i t y ,  r e s p e c t i v e l y ,  o f  the  c o n d u c t o r .  Fo r  e a c h  c o n d u c t o r ,  

I n  t h i s  p roduc t  i? i s  t h e  m 

k k 

where CX i s  the v a r i a b l e  of  i n t e g r a t i o n  i n  INNMUL. Then, 

The i n n e r  r a d i u s  and r e l a t i v e  p e r m e a b i l i t y  must a l s o  be known f o r  

each  c o n d u c t o r  f o r  t h e  c a l c u l a t i o n s  t o  o b t a i n  gamma. Cau t ion  must b e  

e x e r c i s e d  i n  t h e  c a s e  o f  a l a r g e  p e r m e a b i l i t y  t h a t  the  c a l c u l a t i o n s  d o  

n o t  l e a d  t o  computer o v e r f l o w  o r  u n d e r f l o w .  

The u s e  of t h e  z e r o - t h  and f i r s t  o r d e r  mod i f i ed  Ressel f u n c t i o n s  

h a s  been  s e e n  i n  t h e  c h a p t e r  d e a l i n g  w i t h  t h e o r e t i c a l  a n a l y s i s .  New 

s u b r o u t i n e s  have  been  w r i t t e n  t o  s e c u r e  more s i g n i f i c a n t  f i g u r e s  t h a n  

p r e v i o u s l y  a v a i l a b l e  i n  t h e  c a l c u l a t i o n s  of GAMCAL. These  s u b r o u t i n e s ,  

names MODBES, CMDBES, COMKB, and C M I ,  w i l l  b e  d e s c r i b e d  i n d i v i d u a l l y .  

A d i s t i n c t i o n  i s  made be tween a normal c o n d u c t o r  r e g i o n  and a " t h i n "  

c o n d u c t o r  r e g i o n .  A r e g i o n  i s  c l a s s i f i e d  a s  t h i n  i f  



' (pk/pk-1 ) ak-lrk-].  KO(%-lrk-l  "1 (' ) 

(93 ) where Z = 0 r k k-1 ' 

F o r  c r o s s i n g  a normal, o r  " t h i c k "  r e g i o n ,  t h e s e  m a t r i x  e l e m e n t s  a r e  

computed by GAMCAL a c c o r d i n g  t o  t h e  above r e l a t  i .onships .  

However, if t h e  r e g i o n  is " t h i n " ,  a s p e c i a l  p rocedure  i s  u s e d .  I n  

t h a t  c a s e ,  n o t e  t h a t  a t  t h e  i n n e r  boundary,  r of t h e  r e g i o n  k, t h e  

m a t r i x  e l emen t s  a r e  
k' 

- (pk+i / ' k  t ) ( z + h )  K O ( z + h )  K 1 (a  k-t1 r k , 



- To c r o s s  region k ,  the  T - m a t r i x  i s  the product T T I -ki  I,  k -k, k-I  T k + - l , l ~ - l  
In t h e  following cquations ~ ~ 1 6 2  w i l l  d r o p  t h e  ( l c k 1 , k - 1 )  €01-  cunv~nieoce. 

The m a t r i x  elements of the produc t  a r e  then 

and 

T 22 => T i L ( k I l , k )  T j 2 ( k , k - l )  i TL,;(k7L,k) T 22 ( k , k - I )  (107~) 

T h i s  matrix multiplication y i e l d s  the f o l l o w i n g  complex elements OF the 

p rod  uc  t m a  t r i x  : 
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Note  t h a t  t h e  f u n c t i o n s  i n  t h e  s q u a r e  b r a c k e t s  i n  cach m a t r i x  c l e -  

m e n t  a r e  j u s t  four combina t ions  of  mod i f - i ed  Hessc l  f u n c t i o n s  : 

G ,  4 ( ~ ~ 1 1 )  . = (z+li)[I 13 ( z , h ) K . , ( z )  f I l ( z )KO(z+h) ] .  (110) 

These f u n c t i o n s  a r e  c a l c u l a t e d  by a s u b r o u t i n e  named GCALC, w h i c h  w i l L  be 

d e s c r i b e d  s e p a r a t e l y .  

The m a t r i x  e l e m e n t s  a r e ,  t h e n ,  i n  t h e  case of  t h e  t h i n  rtAgion, n, 

T I  1 = an , ] rnKO (an +I  rn )Il (cxn-l rn -1 )G1 ( z ,  h 1 (111 1 

f ( k & / V n  )K1(“, ,.pn )I1 ((Jn&-l )G;,(z,h) 

(1.12) 
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11. B ( 5 a )  GCALC 

T h i s  s u b r o u t i n e  i s  used  t o  implement a s p e c i a l  prr jcedure f o r  " t h i n "  

c o n d u c t o r  reg iuns  i n  t h e  c o m p u t a t i o n s  of GAMCAL f o r  t h e  ganinia f a c t o r ,  

U I  @, L i 2 .  

G , ( z ? h )  = z [ K ~ ( z ) Z ~ ( Z + ~ )  - I C ) ( ~ ) K 1 ( z ~ h ) ] ,  

GCALC coiiiputes t h e  r e a l  and imaginary  p a r t s  of  t h e  f o u r  f u n c t i o n s ,  

( 1 1 $ )  

G 4 ( z , h )  = (~t-h)[I  c) ( Z - t - h ) K l ( y )  + I 1 ( z ) K  Q ( z - I - ~ ) ] .  (118 1 
I n  t h e  above f u n c t i o n s ,  z = u r and h = CX ( r  - ?c ) in k e e p i n g  

k k-1  k li k - 1  
w i t h  d e f i n i t i o n s  i n  the res t  of  t h i s  r e p o r t .  

To p r e s e r v e  a c c u r a c y  i n  t h e  c a l c u l a t i o n  of t h e  G f u n c t i o n s  f o r  h 

s m a l l  compared w i t h  z ( i . e . ,  a t h i n  r e g i o n ) ,  w e  expand t h e  Bessel f u n c -  

t i o n s  a t  z+h i n  T a y l o r  ser ies  a b o u t  z: 

and 
m k 

K1(z-th) = K 1 (k ) (~)k  
k= 0 

(I 19) 



i3erivati.ve.s a r e  needed Lor t h e s e  Ressel  f u n c t i o n s  a t  z .  Use a t  made o f  

t h e  known r e l a t i o n s ,  11 

F o r  k I= 1, Eq. (124) i s  a c a s e  of t h e  g e n e r a l  r e l a t i o n ,  

T h i s  c a n  b e  v e r i f i e d  b y  i n d u c t i o n  on k .  

and compare t h e  r e s u l t  o b t a i n e d  h y  d i f f e r e n t i a t i n g  Eq. 

1 / z  t imes E q .  

Replace  k i n  E q .  (127) b y  k i l ,  

(127) and addi-ng 

(127) t o  t h e  r e s u l t .  

S i r n i l a r l y ,  E q .  ( 1 2 6 )  i s  a s p e c i a l  c a s e ,  f o r  k= l ,  of  t h e  r e l a t i o n  

To  c o n t i n u e  w i t h  p r e p a r a t i o n s  t o  compute t h e  T a y l o r  s e r i e s ,  Eqs. 

(119) througi i  (122), assume 

IC) ( k ) ( z )  = S k ( z ) I o ( z )  ! T k ( z )  I l ( z )  

F o r  k = 0, 1, and 2, and u s i n g  E q s .  (125) and (124), t h e n  

s & )  = I. , 

T 0 ( z )  = 0 

T 1 ( z )  = 1 

T3(.) = - I .  1 
i z 

I'M. Abramowitz and I. A .  S tegun,  
N a t i o n a l  Bureau of S t a n d a r d s ,  1965, p .  

Handbook of T4a t hema t i c  a 1 F u n c t i o n s  
376, f o r m u l a s  (9.6.27 and 9.6.28).  
___.I__.-- 



To d e t e r m i n e  f o u r - t e r m  r e c u r r e n c e  r e l a t i o n s  f o r  S (z) and T ( z ) ?  s u b s t i -  

t u t e  t h e  e x p r e s s i o n  i n  E q .  (123) w i t h  a p p r o p r i a t e  k -va lues  i n t o  E q .  (12'(). 

F i r s t ,  u s e  E q .  (124) t o  r e p l a c e  1 ( k ) ( z )  by Io ( k t l ) ( z ) ,  and t h e  r e s u l t  i s  

k k 

1 

( z ) I o ( z )  4 T ( z ) I s ( % )  L- - k -[Sk(z)I ( 2 )  i- T k ( z ) I 1 ( z ) ]  1 k + l  z 0 

By e q u a t i n g  t h e  f u n c t i o n  c o e f f i c i e n t s  c o r r e s p o n d i n g  t o  I ( z ) ,  and a l s o  

I l ( z ) ,  it- i s  s e e n  t h a t  S ( z )  and T ( 2 )  b o t h  s a t i s r y  t h e  f o u r - t e r m  r c c u r -  

r c n c e  r e l a t i o n  

0 

k k 

k + l  z k  k-S (k-l) z Sk-@ . (131 ) 
k 

(z) = - - s ( 2 )  i- s ( z )  + 

The same recurrc?nce r e l a t i o n s  i n  Eq. (131) can be d e r i v e d  b y  u s i n g  d i r e c t  

d i f f e r e n t i a t i o n  on E q .  (129). 

The para  1 le1 p rocedure  c a n  b e  c a r r i e d  o u t  t o  d e v e l o p  expressions 

P k ( z )  and Q k ( z )  so  t h a t  

I n  t h i s  c a s e ,  u s i n g  E q s .  (1-25) and (l26),  

Po(.) = 1 , ( 2 o ( z )  = 0 , 

and 

- KG S u b s t i t u t i o n  o f  E q .  (132) i n t o  E q .  (128), u s i n g  K ( k ) ( z )  -I 

f r o m  E q .  
1 

(12$), y i e l d s  f o u r - t e r m  r e c u r r e n c e  r e l a t i o n s  f o r  b o t h  P ( 2 )  aed 1.. 
Qk(" 1: 



From t h e  i n i t i a l  c o n d i t i o n s ,  we i d e n t i f y  

P ( z )  = S ( 2 )  and Q ( z )  --'r ( z )  . k k k k 

Then E q .  (132) i s  r e p l a c e d  by 

( " ' ( z )  ::= S k ( % )  KO(.) .-.- T k ( z )  K1(z)  . (13'1 ) 

F u r t h e r ,  by E q s .  (125)  and ( l 2 3 ) ,  

The e x p r e s s i o n s  i n  E q s .  (119) t h r o u g h  ( 1 2 2 )  i n  terms of t h e  S k ( z )  and 

T k ( z )  a r e :  

The G1(z,h)  f u n c t i o n  t h e n  becomes, u s i n g  E q s .  (135) t h r o u g h  (13e), 



(139 ) 

s i n c e  the expression i n  t h e  s q u a r e  brackcsts,  the c o e f f i c i e n t  of t h c  sum 

is the Wronskian of  the modified Bessel f-unctions. S i m i l a r l y .  wc‘ [ i t i d  

(14 1 ) 

(14-2) 

(143 ) 

Cxr r n , which i s  r e a l .  n n  _~ 
n n - 1  n-1 

- z 4 1  Nutc that - - - 
z Q r  r 

These  computa t ions  a r e  p e r f o r m e d  in GCALC, making use of t h e  four- 

term r e c u r r e n c e  r e l a t i o n s  d e r i v e d  for S ( z )  and T (2). k k 

A l i s t i n g  o€ GCALC f o l l o w s .  
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11. B ( j b  ) MODBES 

Thc MODBES sub rou t i -ne  i s  used  f o r  r e a l  argument x t o  o b t a i n  the 

m o d i f i e d  Bessel f iunc t ions  I (x), I L ( x ) ,  Kg(x), and K (x). 

J u n c t i o n  approximations 

v a l u e s  o~ x .  

I"(") and I (x) ,  when x i s  riot  g r e a t e r  t h a n  1 .  

I i a t io i ia l  
(J 1 

1% a r c  used  t o  g i v e  K ( x )  and K ~ ( x )  f u r  a l l  
0 

S i m i l a r  r a t i o n a l  f u n c t i o n  app'oxirnatic,tis12 a r e  used for 

1 

I f  x i s  g r e a t e r  t h a n  1,. I o ( x )  and 1 (x) a r e  c n l c u l  j:pd by a b a c k -  

ward r e c u r s i o n  system u f  Clenshaw, '' wli iLl i  u s e s  Chebyshev polynorn ia l s  I 

1 

Tht a c c u r a c y  of MODBES u s i n g  t h e  360 computer and doub le  p r e L j s i o n  

a r i t h m e t i c  i s  a t  Least L j  dec imal  d i g i t s ,  a s  c1icckc.d a g a i n s t  t h t  c'/S 

t a b l e s  of B e r g e r  and M c A l l i s t e r  ( u n p u b l i s h e d ) .  L l c  

A l i s t i n g  of MODBES f o l l o w s .  

A.  E .  Kusson and J .  M. B l a i r ,  R a t i o n a l  F u n c t i o n  Minimax Approxi -  

0 1 

12  

m a t i o n s  f o r  the Bessel F u n c t i o n s  K (XI and K AECL-3461, p p .  19-45 
(October  1969). 

1 j Y.  L.  Luke, Mat-tiematizs i n  S c i e n c e  and E n g i n e e r i n g ,  v o l .  1 ,  pp .  
;Zv(-29, V o l .  2, p p .  5$8-341, Academic, New York, 1969. 

"+I%. S .  Berger and H.  M c A l l i s t e r ,  A T a b l e  oE t h e  Modif ied  Bessel 
F u n c t i o n s ,  U n i v e r s i t y  of Maryland, C o l l e g e  Park,  Md. 
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IT. BOc ) CbDBES I 

The  CNDBES s u b r o u t i n e  i s  used  f o r  complex argument ,  z 1: x i i y .  1,ct 

R -,/xc - y(' be  t h e  a b s o l u t e  v a l u e  o f  z .  F o r  K l e s s  t h a n  o r  e q u a l  t o  

f ,  KJ(z) and K ( 2 )  a r e  computed by a r a l  j o i i a 1  approx ima t ion  mc t l iod .  

i s  donp  by a s u b r o u t i n e  named COPKB. 

I1(.z) a r e  c a l c u l a t e d  by backward r e c u r r e n c e  i n  a s u b r o u t i n e  named CFIL. 

Asymptot ic  s e r i e s  i n  CMIIHES a r c  u s r d  f o r  R g r c a t e r  t h a n  k t o  o b t a i n  

approximati.ons o f  I L , ( z ) ,  K ( 2 ) .  

10 s i g n i f i c a n t  d i g i t s  f o r  t h e s e  f u n c t i o n s  of a complex argument  7 ,  check ing  

T h i s  1 
111 t h e  samr range  of R, T L ( z )  and 

C l ( z ) ,  and K (z). Accuracy i s  a t  l e a s t  
u 1 

1 I  a g a i n s t  t a b l e s  f o r  t h e  Ke lv in  f u n c t i o n s  ( p .  2 ' ( - 4  and p p .  h50-31), and 

a l s o  check ing  a g a i n s t  approx ima te  v a l u e s  i n  ORNJ,-TP.I-: ) , I , .  

Fo l lowing  i s  a l i s t i n g  o f  CPDKES. 
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11. E ( 3 c i )  COMKB 

The C0I"IICR s u b r o u t i n e  i s  u s e d  t o  o b t a i n  the m o d i f i e d  Eessel f u n c t i o n s ;  

K u ( z )  and R l ( z ) ,  f o r  complex independen t  v a r i a b l e  z = x t - i y .  

v a l u e  of z m u s t  n o t  be g r p a t e r  t h a n  8 t o  i n s u r e  t h a t  the  r a t i o n a l  

approximation' ' '  method i s  s u c c e s s f u l .  

The a b s o l u t e  

A l i s t i n g  o.E t h e  COPKR s u b r o u t i n e  f o l  I ows. 

15 Y .  L. Luke, "The S p e c i a l  F u n c t i o n s  and T h e i r  Approx ima t inns , "  p .  
F29 in Mathemat ics  i n  Science and E n g i n e e r i n g ,  V o ' l .  2, Academic, N e w  
York, 1969. 
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11. B(3cii) I CMI 

The CML s u b r o u t i n e  i s  used  t o  o b t a i n  t h e  m o d i f i e d  Besscl f u n c t i o n s ,  

I o ( z )  and L l ( 7 ) ,  f o r  a complex independen t  v a r i a b l e  z = xliy. 

ward r e c u r r e n c e  method i s  used ,  which i s  d e r i v e d  from t h e  r e c u r r e n c e  

r e l a t i o n s  (9.C.%), p .  376. 

A back -  

11 

A l i s t i n g  of t h e  CML program follows. 
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1 x 1 .  EXECUTION OF INNMUL 

A .  TELINC.  Fj+ Program 

W e  s h a l l  g i v e  some comments and i n s t r u c t i o n s  f o r  t h e  e x e c u t i o n  of t h e  

It must be used on t h e  113~/360 computer  because  o f  t h e  LNNMUL s u b r o u t i n e .  

c r i t i c a l  impor t ance  of t h e  r e a 1 4 8  a r i t h m e t i c .  

The program may be s u b m i t t e d  w i t h  d a t a  t o  t h e  IMK/j60 computc-$r f r o m  

n u s e r ' s  t e l e t y p e  v i a  t h e  PDP-10 computer .  The r e s u l t s  ok t h e  c a l c u l a -  

t i o n  may t h e n  b e  s t o r e d  on t h e  PDP-10 u s e r ' s  d i s k  f i l e  t o  be p r i n t e d  on 

t h e  u s e r ' s  t e l e t y p e .  

However, INNMLTL and i t s  s u b r o u t i n e s  a r e  r e s i d i n g  on a d i s k  pack, 

which i s  a p a r t  of  t he  D i r e c t  Access S t o r a g e  of t h e  ISN/j60 computer .  

T h e r e f o r e ,  t h e  program may b e  s u b m i t t e d  i n  any o t h e r  c o n v e n i e n t  way t o  the  

>6(1, f o r  example, by c a r d  j o b  deck .  One may a l s o  o b t a i n  t h e  u s u a l  p r i n t -  

o u t  from t h e  h i g h - s p e e d  p r i n t e r .  

When t h e  INNMUL program and i t s  DRIVER a r e  s u b m i t t e d  t o  t h e  j b 0  

computer  f o r  e x e c u t i o n ,  t h e  d a t a  which a r e  t o  b e  p rocessed  must b e  

i n c l u d e d  i n  a d a t a  f i l e .  T h i s  d a t a  f i l e  i s  r ead  by t h e  DRIVER program 

d u r i n g  e x e c u t i o n  on t h e  560, and must b e  i n  a c e r t a i n  r c q u i r e d  fo rma t ,  

c o r re s p ond i n g  t o c a r d -c o I umn s . 

The TELINC.F4 program was w r i t t e n  f o r  h e l p  t o  t h e  u s e r  i n  p r e p a r i n g  

t h i s  d a t a  f i l e  a t  t h e  t e l e t y p e .  It a l l o w s  t h e  u s e r  t o  g i v e  t h e  d a t a  a t  

t h e  t e l e t y p e  i.n f r e e  form, r a t h e r  t h a n  spaced  o u t  e x a c t l y  t o  c o r r e c t  c a r d -  

image f o r m a t .  The u s e r  t y p e s  t h e  d a t a  numbers, s e p a r a t e d  by conmias, i n  

r e s p o n s e  t o  t h e  program a s  i t  e x e c u t e s  i n t e r a c t i v e l y  on the PDP-10. The 

TELINC.FJ+ program t h e n  c r e a t e s  t h e  n e c e s s a r y  d a t a  f i l e  i n  c o r r e c t  fo rma t  

and s t o r e s  it on t h e  u s e r ' s  d i s k .  On t h e  u s e r ' s  d i s k  t h i s  d a t a  f i l e  i s  

t h c n  r eady  t o  b e  s u b m i t t e d  v i a  t h e  P D P - ~ I J  w i t h  t h e  INNPIUL program and i t s  

DRIVER t o  t h e  r s ~ / 3 6 o  f o r  e x e c u t i o n .  

A l i s t i n g  of t h e  TELINC.F4 program f o l l o w s .  The n e x t  s e c t i o n  w i l l  

be a d e s c r i p t i o n  of d a t a  r e q u i r e m e n t s .  
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111. ( R )  Data D e s c r i p t i o n  

The d a t a  a r e  d e f i n e d  f o r  t h e  TELINC.Fh program i n  t h e  same o r d e r  t h a t  

t h e  IIRIVER program r e q u i r e s  them f o r  e x e c u t i o n  of INNMUL. The FORTRAN 

names of t h e  v a r i a b l e s ,  w i t h  t h e i r  meanings and u n i t s ,  i f  a n y ,  will be 

g i v e n  below.  The format  s p e c i f i c a t i o n s  a p p l y  o n l y  t o  t h e  f i n a l  form oF 

t h e  d a t a  f i l e  when i t  i s  s u b m i t t e d  w i t h  INNMUL and i t s  D R I E R  t o  t h e  

IBM/360 f o r  e x e c u t i o n .  

c o r r e s p o n d s  t o  t h e  o r d e r  g i v e n  f o r  t h e  l i n e s  on t h e  t e l e t y p e ,  o r  c a r d -  

image e q u i v a l e n t s .  

The o u t l i n e  of  d a t a  e n t r y  g i v e n  i n  F i g .  13 

F i r s t ,  d a t a  a r e  g i v e n  f o r  a c o i l  and i t s  d i m e n s i o n s .  

WRI I E  
I A I  H ,  
NORMAL 
! 2 1 5 1  

....................... 

WRITE 

WRITE 
H I .  R?, L .  L I  

L ......... 
‘+WIT€ 

R I I I ,  E b l l l i .  
P E H M I I )  

NORMAL 

F i g .  13. Flow Outline of Data f o r  t h e  Program DRIVER. 
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L ine  7 :  

IA I R ,  NORMAL Format (215)” 

I A I K  (a f l a g )  > 0 i f  A:) i s  t o  be r ead  a s  d a t a ;  
= 0 i f  A3 i s  t o  bc c a l c u l a t e d  by the L N W L  program; 
e-, 0 i f  i n p u t  d a t a  a r e  ended and no  new c o i l  d a t a  a r e  

NORMAL (a f l a g )  = 2 i f  t h e  c o i l  d imens ions  a l e  g i v e n  i n  i n c h e s ,  o r  

t o  b e  g j v e n .  

some o t h e r  i i n i t ;  

t h a t  i s ,  d i v i d e d  by t h e  mean c o i l  r a d i u s .  
- 1 i f  c o i l  d imens ions  a r e  g i v e n  i n  no rma l i zed  form,  

Line  l a :  
___II 

A9 Format (~13.8)-+ 

A 9  i s  t h e  a i r  v a l u e  f a c t o r  f o r  n o r m a l i z a t i o n  of  t h e  c o i l  imped- 
a n c e .  I n  p r a c t i c e ,  i t  i s  u s i i a l l y  ca lcu laCPd by a n o t h e r  p r o -  
gram, c a l l e d  A L K O . ~  

L ine  2: 

RI, R2, L, L1 Format ( ! + D l t ~  .s)X* 
X1 i s  t h e  i n n e r  c o i l  r a d i u s .  
R2 i s  t h e  o u t e r  c o i l  r a d i u s .  
L i.s t h e  d i s t a n c e  t o  t l ie  t o p  of  t h c  c o i l  f rom t h e  z=3 p l a n e .  
L 1  i s  t h e  di.staixce t o  t h e  bo t tom of  t h e  c o i l  f rom tlie z=O 

A l t e r n a t i - v e l y ,  TA i s  c o n v e n i e n t l y  g i v e n  a s  t h e  l e n g t h  of tlie 
c o i l ,  and t h e n  L1-0 i s  g i v e n .  Only t i J i c 2  l e n g t h  of t h e  co.i.1 
i s  a c t u a l l y  needed by t h e  program. 

The v a l u e  g i v e n  t o  t h e  f l a g  NORMAL d i - c t a t e s  u n i t s  u s e d .  I f  
i n c h e s  a r e  n o t  used  f o r  unnoi-malized dii i iensions,  c a u t i o n  must 
be  e x e r c i s e d  i.n o t h e r  d a t a  r equ j - r ing  mean. c o i l  r a d i u s .  Must 
u s e  IXAVEM > 0. 

pl.ane. 

The n e x t  se t  of  d a t a  g i v e s  i n f o r m a t i o n  abou t  t h e  c o n d u c t o r s .  

L ine  3 :  

N, IHAVEM Format (215 )* 
N i s  t h e  number of c o n d u c t o r s  i n  one s e t  of c o i l d u c t o ~  d a t a .  

* 
A l l  v a l u e s  w i t h  a n  Is fo rma t  shou1.d be e n t e r e d  r i g h t - j u s t i f i e d  a s  a n  
i n t e g e r ,  no dec ima l  p o i n t ,  i.n a f i e l d  of  5 p l a c p s ,  w i t h  a s  many b l a n k s  
a s  needed on t h e  l e f t  t o  f i l l  up t h e  5 p l a c e s .  215 i s  used  f o r  t w o  
such  f i e l d s ,  making 10 spaces  i n  a l l . .  

A l l  v a l ~ u e s  w i t h  a D15.8 fo rma t  shou ld  be  e n t e r e d  a s  a number w i t h  deci . -  
mal  p o i n t  i n  a f i e l d  of  7.5 p l a c e s .  The D exponent  form shou ld  b e  used ,  
p o s i t i o n e d  so  t h a t  the  exponent  i s  r i - g h t - j u s t i f i e d  i n  t h e  1 5 - p l a c e  
f i e l d .  
making 45 o r  60 s p a c e s .  

*x 

3Dl5.8 o r  hD15.8 a l l o w s  3 o r  4 such  f i e l d s ,  respec t i .ve l .y ,  



N < 0 i n d i c a t e s  t h a t  no more s e t s  of c o n d u c t o r  d a t a  a r e  t o  be - 
g i v e n .  Then r e c y c l e  t o  L ine  1 f o r  a new c o i l  and t h e n  
f u r t h e r  c o n d u c t o r s  f o r  t h a t  c o i l .  

? - i< I I I A E M  ( f l a g )  i n d i c a t e s  how t h e  q u a n t i t i e s ,  q I u r n ,  , a r e  t o  be 
g i v e n  f o r  t h e  c o n d u c t o r s  ( s e e  s e c t .  ILA of  t h i s  a p p e n d i x ) .  

IIlAVEM > r3 i n d i c a t e s  t h a t  t h e  q u a n t i t i e s  w i l l  b e  g i v e n  d i r e c t l y ;  
= 0 i n d i c a t e s  t h a t  t h o s e  q u a n t i t i e s  w i l l  be c a l c u l a t e d  f r o m  
o t h e r  d a t a  i n c l u d i n g  u; 
<’ 0 i nd ica t r e s  t h c  q u a n t i t i e s  w i l l  be c a l c u l a t e d  from otlit3r 
d a t a ,  u s i n g  i e s i s t i v i t y ,  0 r a t h e r  t h a n  G .  

Line  Lc: (used if IHAVEM > 0 )  

Use a s  many l i n e s  a s  t h e  number N of c o n d u c t o r s .  

R ( I ), EM ( I ), PERM (I ) Format (jDl5.8 ) x *  

R ( 1 )  i s  the  i n n e r  c o i l  r a d i u s  of  c o n d u c t o r  I. It i s  g i v e n  
a c c o r d i n g  t o  t h e  f l a g  NORMAL which was g i v e n  a s  p a r t  of 
t h e  c o i l  d a t a .  

The r a d i i  a r e  g i v e n  i n  d e s c e n d i n g  o r d e r  o f  s i z e ,  A l l  
r a d i i  w i l l  b e  g r e a t e r  t h a n  one i f  t h e y  a r e  no rma l i zed  
when g i v e n  a s  d a t a .  ~~ 

E M ( 1 )  i s  t h e  q u a n t i t y  ~~p.07, f o r  c o n d u c t o r  I. 
f o r  c o n d u c t o r  I. %EL’ 

PERM(1) i s  t h e  r e l a t i v e  p e r m e a b i l i t y ,  

Then r e c y c l e  t o  l i n e  j f o r  a n o t h e r  s e t  o f  c o n d u c t o r s  o r  t o  i n d i c a t e  end 

of d a t a  f o r  t h i s  c o i l .  

L ine  3 :  
FREQ Format (Dl5.8). Y 

( u s e d  i f  IWrZIEM < I [I) 

FREQ i s  t h e  f r e q u e n c y  u f  t h e  d r i v i n g  c u r r e n t  g i v e n  i n  k i l o h e r t z .  
The a n g u l a r  f r e q u e n c y  i s  c a l c u l a t e d  t o  be  I ~ I  L x (FmQ) 
x 105 . 

Line  ja: 

KBA R Format ( D l , . 8 ) * X  
( u s e  i f  IIWVEM C: - 0 and NORMAL = 1 >  -- 

RBAR i s  the mean c o i l  r a d i u s  i n  i n c h e s .  T h i s  i s  necded s i n c e  
c o i l  d a t a  i s  g i v e n  a s  no rma l i zed  and hence  RBAR i s  n o t  
c a l c u l a t e d  by t h e  program. 

L i n e  6: 
Use a s  many l i n e s  a s  t h e  number N o f  c o n d u c t o r s .  

R (I ), S IGMA ( I ) , PERM ( 1 ) 

(used  i f  IFEAWM z 0 )  

Format ( 3 D l 5 . 8  );cf 
R ( 1 )  and PERM(1) a r e  t h e  same a s  L i n e  4. 
S I G M A ( 1 )  i s  t h e  c o n d u c t i v i t y ,  U, of c o n d u c t o r  I, i n  mhos/m. 

Then r e c y c l e  t o  L ine  j f o r  a n o t h e r  se t  of c o n d u c t o r s ,  o r  t o  i n d i c a t e  t he  

end o f  d a t a  f o r  t h i s  c o i l .  
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L i n e  ......____ 6 a :  
Use a s  many l i n e s  a s  t h e  number N of c o n d u c t o r s .  

R (  L ): RHO( L ), PEW( I ) 

(used i E  I H A V E M  < 0) 

Format (3D15.e)*. 

R ( I )  and PERM(1) a r e  t h e  same a s  l i n e  4. 
R l l O ( 1 )  i s  t h e  r e s i s t i v i - t y ,  0 ,  f o r  e a c h  c o n d u c t o r y ,  i n  pn-cm. 

Then r e c y c l e  t o  Tine 3 f o r  a n o t h e r  s e t  of c o n d u c t o r s ,  o r  t o  i n d i c a t e  t h e  

end of d a t a  f o r  t h i s  c o i l .  

111. ( C )  Sample Data and R e s u l t s  I_-.__ 

I n  r e l a t i o n  t o  t h e  PDP-13, t h e r e  a r e  € o u r  s t e p s  t o  p r o c e s s i n g  d a t a  

w i t h  INNMUL by remote methods.  Each s t e p  i s  a r e s p o n s e  t o  t h e  Moni tor  

symbol ".", which a p p e a r s  a t  t h e  l e f t  of a new l i n e  when i n  Moni tor  Mode. 

A sample i e l e t y p c  p r i n t o u t  may be  s e e n  a t  t h e  end of t h i s  s e c t i o n .  

(1. ) 
Then t h e  u s e r  responds  €rom t h e  keyboard,  w i t h  t h e  i n p u t  d a t a .  

.EXECUTE TELLNC . Fk 

(2.) .TYPE FORO1.DAT 

Then t h e  u s e r  may i n s p e c t  t h e  t y p e d - o u t  d a t a  b l o c k  t h a t  h a s  b e e n  

c r e a t e d  i n  t h e  p r e c e d i n g  s t c p ,  t o  s e e  i f  i t  i s  s a t i s f a c t o r y .  Changes 

may be  made u s i n g  TECO. 

( 5 .  ) . R  SUBMIT 
*=CVDSAV. JCL 
*=USEINN.  F4 *+ 
*=A Z%Z Z Z - 3 C L  
+=FOROl.DAT 
* ENDINPUT 

T h i s  step s u b m i t s  t h e  j o b  t o  t h e  L ~ s / j 6 0  computer .  

t ime t o  run,  t h e  n e x t  s t e p  i s  t o  t y p e  o u t  t h e  r e s u l t s .  

A f t e r  i t  h a s  had 

(4.) .TYPE CVDC.PR'II 

Some sample c a s e s  have  been  s u b m i t t e d  i n  t h i s  manner, u s i n g  t h r e e  d i f f e r e n t  

c o i l s  from t h e  work b e i n g  done.  

The f i r s t  c o i l  t o  be  used  h a s  a n  a i r  v a l u e ,  A 9 ,  g i v e n  a s  0.0)+63502. 

The d imens ions ,  g i v e n  i n  unnormal ized  form, a r e  R 1  = O.j>O, R 2  = 0.360, 
and L = 13.62j. 'There a r e  t h r e e  c o n d u c t o r s  o u t s i d e  t h e  c o i l ,  and d a t a  



f o r  them a r e  t o  b e  g i v e n  w i t h  r e s i s t i v i t y ,  i n d i c a t e d  b y  t h e  f l a g ,  -1. 

The f r e q u e n c y  i s  21+. (, and t h e  r a d i u s ,  r e s i s t i v i t y ,  and r e l a t i v e  permea- 

b i l i t y  a r e  g i v e n  f o r  t h e  t h r e e  c o n d u c t o r s .  

( l . ~ ~ ~ * ~ ~ , ,  and 0.d362>. T h e  t h r e e  r e s i s t i v i t i e s  a r e  16.5'(, l i 2 . 9 ,  16.5 (. 
The t h r e e  p e r m e a b i l i t i e s  a r e  a l l  one .  

The t h r e e  r a d i i  a r e  1.813, 

L,ooking a g a i n  a t  t h e  sample  d a t a ,  a n o t h e r  c a s e  i s  done u s i n g  t h e  

same c o i l .  Again t h e r e  a r c  t h r e e  c o n d u c t o r s  o u t s i d e  t l ie  c o i l ,  arid t h i s  

t i m e  t h e  d a t a  a r e  t o  i n c l u d e  t h e  M v a l u e  f o r  each conduc to r ,  a s  i n d i c a t e d  

by the f l a g  o f  one.  Then  t h e  r a d i u s ,  M v a l u ~ ,  and r e l a t i v e  p e r m e a b i l i t y  

a r e  g i v e n  f o r  e a c h  c o n d u c t o r .  The t h r e e  M v a l u e s  a r e  9'1. bgi- (32, (J, and 

(15 . 6g 'C 'p)P.  

N o  more c a s e s  a r e  g i v e n  i n  t h i s  d a t a  b l o c k  l o r  t h i s  c o i l ,  J S  s i g -  

n a l l e d  b y  a v a l u e  of -1 f o r  the number o f  c o n d u c t o r s .  The next. c o i l  

h a s  a n  a i r  v a l u e  o f  8.4LiOOC, x 10 

R l  = fi.2(625, R2 := 0 . 2 ( 8 ( j ,  and L = P.062j. There  a r e  t h r e e  c o n d u c t o r s  

o u t s i d e  tlie c o i l ,  and r a d i u s ,  r e s i s t i - v i t y ,  and p e n n e a b i  l i t y  a r e  g i v e n  

f o r  e a c h  c o n d u c t o r  a s  well J S  t h e  f r e q u e n c y  of 29 kHz. The t h r e e  r a d i i  

a r e  0.316, 0.375, and (1.556. The three r e s i s t i v i t i e s  a r e  10, j(3, a n d  

80 pR-cm. The t h r e e  r e l a t i v e  p e r r u e a b i l i t i c s  a r e  1, Lli', and  1. 

-4 , and unnormal ized  g i v e n  d imens ions ,  

r: 

The t h i r d  c o i l  which i s  g i v e n  i n  t h e  sample d a t a  b l o c k  h a s  an a i r  

v a l u e  O . l l ( ' ( ( 6 ,  and t h i s  t i m e  t h e  c o i l  d imens ions  a r e  g i v e n  i n  no rma l i zed  

form. These nor r~ ia l i zed  v a l u e s  a r e  R1 = 3.97j'(Ll19h, R; - l.022$861, and 

L = j8.80;9'(. The f i r s t  c a s e  c o n s i s t s  of two c o n d u c t o r s ,  w i t h  no rma l i zed  

r a d i i ,  PI v a l u e ,  and r e l a t i v e  p e r m e a b i l i t y  g i v e n  f o r  each  c o n d u c t o r .  The 

r a d i i  a r e  l.d(JIL93 and l.082J09. The two M v a l u e s  a r e  j,r(F(ej9(3 and 

2.8'7)+167. The r e l a t i v e  p e r m e a b i l i t i e s  a r e  b o t h  one.  

The second c a s e  of t h e  t h i r d  sample  c o i l  i s  t h e  same a s  t h e  f i r s t ,  

w i t h  d a t a  p r e s e n t e d  d i f f e r e n t l y .  Data f o r  t h e  two c o n d u c t o r s  a r e  t o  be  

g i v e n  w i t h  r e s i s t i v i t y ,  i n d i c a t e d  by a f l a g  of  -1. Then t h e  f r e q u e n c y  

i s  g i v e n ,  1Q kHz, and a l s o  t h e  tnean coi l .  r a d i u s  i n  i n c h e s ,  0.3.55, s i n c e  

t h e  c o i l  was g i v e n  a s  a l r e a d y  n o r m a l i z e d .  T h i s  i s  f o l l o w e d  by t h e  

r a d i u s ,  r e s i s t i v i t y ,  arid r e l a t i v e  p e r m e a b i l i t y  f o r  each c o n d u c t o r .  The 

t w o  r e s i s t i v i t i e s  a r e  151.3 a n d  19.89 p.J.R-cm. The r e l a t i v e  p e r m e a b i l i t i e s  

a r e  b o t h  one.  
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Again, no more c a s e s  a r e  t o  b e  s u b m i t t e d  f o r  t h e  t h i r d  c o i l ,  a s  

i n d i c a t e d  by -1 f o r  t h e  number o f  c o n d u c t o r s .  The d a t a  a r e  c l o s e d  o u t  

when a n o t h e r  -1 i s  g i v e n  a s  t h e  f i r s i  d a t u m  f o r  a n o t h e r  p o s s i b l e  c o i l .  

The L e l e t y p e  l i s t i n g s  f o l l o w  f o r  t h i s  sample .  They show t h e  f o u r  

s t e p s  i nvo lved ,  and  t h e  d a t a  E i l c  w i t h  r e s u l t s  of Lhe e x e c u t i o n  of t h e  

p r o g r a m .  
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I V .  ATTEN PROGRAM 

This program i s  w r i t t e n  t o  c a l c u l a t e  t h e  vo l t age  out ,  Vout,  by E ¶ .  
(69), i n  considerat ion of t h e  ex te rna l  e l e c t r i c a l  c i r c u i t  (Fig. 1 1 )  and 
E q s .  (61) o r  (62). It i s  w r i t t e n  t o  rece ive  a s  input da ta  t h e  c o i l  and 

c i r c u i t  data, as  w e l l  a s  t h e  normalized c o i l  impedance, a s  ca l cu la t ed  by 
thc  subroutines INNMUT. or ENCMUL. 

The program i s  w r i t t e n  i n  t h e  form of a FORTRAN subroutinp named 

VOUT. The d r i v e r  program must provide the  necessary da t a .  A t  present 

t h i s  i s  w r i t t e n  i n t o  the  program d i r e c t l y  f o r  the execution of one case .  
This may be ca l l ed  i n t o  execution on t h e  PDP-10 by the  t e l e t y p e  command, 
.EXECUTE VOUT.Fk . The subroutine,  VOUT, must be supplied by a d r i v e r  

program with t h e  f a m i l i a r  c o i l  da t a :  

OMEGA = angular  frequency, 
R 1  = normalized inne r  c o i l  radius ,  

R2  = normalized ou te r  c o i l  radius ,  

L = normalized c o i l  length, 
RRAR = mean c o i l  rad ius  (meters), and 

A 9  = a i r  normalization va lue .  

The rea l  and imaginary pa r t s  ZRL and Z I M  of t he  normalized c o i l  impedance 
Zn a re  requi red .  

The required c i r c u i t  da ta  a re  i d e n t i f i e d  i n  Fig.  Ii- a s  VO, RO, R9, 
~ 6 ,  C7, R6, and R 7 .  Number of tu rns ,  TN, must a l s o  be given. 

The r e s u l t ,  VOUT, i s  given i n  terms of phase and magnitude, a s  we l l  

a s  by r e a l  and imaginary p a r t s .  

The d r i v e r  program which i s  l i s t e d  here  has a l l  these  da t a  w r i t t e n  
i n t o  the  program, wi.th some being ca l cu la t ed  froin o t h e r  da t a .  For 
example, t h e  magnitude and phase of t h e  normalized c o i l  impedance a r e  

given f i r s t ,  then  converted by t h e  d r i v e r  program i n t o  r e a l  and imaginary 

p a r t s  f o r  VOUT t o  use a s  da ta .  

Other d r i v e r  programs might be developed f o r  more ex tens ive  cases ,  

o r  t h i s  one may be var ied  using TECO corilmands on t h e  PDP-10. 

A l i s t i n g  of t he  VOUT subroutine with i t s  d r i v e r  program follows. 
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A l i s t i n g  01 the  da ta  and  r e s u l t s  of t he  execution of t he  preceding program 

i s  shown below. 
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