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ABSTRACT 

This  paper presents  an adapt ive  optimal con t ro l  a lgori thm f o r  uncer ta in  
nonl inear  systems. A v a r i a t i o n a l  technique based on Pontryagin's  Maximum 
P r i n c i p l e  is used t o  t r a c k  the  system's unknown terms and t o  calculate 
t h e  optimal cont ro l .  The reformulat ion of t he  v a r i a t i o n a l  technique as  
an I n i t i a l  Value Problem allows t h i s  microprocessor-based algori thm to 
perform on-line model-updating and cont ro l .  To v a l i d a t e  the  algori thm a 
sys tem represent ing  a two-link mechanical manipulator is simulated.  In  
t h e  con t ro l  model, t he  coupling and f r i c t i o n  terms are unknown. The 
robo t ' s  t a s k  is t o  fol low a prescr ibed  t r a j e c t o r y  and t o  pick up an 
unknown mass. 

v i  i 





I e INTRODUCTION 

"Models of realist ic systems are seldom completely known and if 

known, t hey  are seldom l i n e a r . "  This s ta tement ,  i s sued  at the  Santa 

Clara Workshop' on "Challenges t o  Control:  

t h e  motivat ion f o r  t he  e f f o r t s  being made l a t e l y  on the  development of 

c o n t r o l  a lgori thms f o r  unce r t a in  nonl inear  systems. 

A Col l ec t ive  V i e w , "  summarizes 

The newly a v a i l a b l e ,  f a s t ,  e f f i c i e n t  and r e l i a b l e  microprocessors 

have opened the  p o s s i b i l i t y  of performing on-line numerjlcal c a l c u l a t i o n s  

t o  process the  information given by the p lan t  sensors .  The a n a l y s i s  of 

t h e s e  s i g n a l s  a l lows one t o  update the  incomplete model o f  t he  p l an t  and 

t o  c a l c u l a t e  t he  con t ro l  t h a t  should be input  to the  p lan t .  

Although optimal con t ro l  t heo ry  provides * the  needed t o o l s  t o  perform 

t h i s  a n a l y s i s ,  t he  a c t u a l  a p p l i c a t i o n  of Pont r iag in ' s  Maximum P r i n c i p l e  

(PMP) t o  con t ro l  a lgori thms is hindered by the  fact  t h a t  d r a s t i c  s impli-  

f i c a t i o n s  must be made t o  o b t a i n  on-line so lu t ions .  For in s t ance ,  t he  

Linear-Quadratic (LQ) a lgor i thm,  i s  based on l i n e a r i z e d  p lan t  models and 

assumes t h a t  t he  func t iona l  r e l a t i o n  between the  state and a d j o i n t  vec tors  

i s  a l w a y s  i n  s teady-state .  The LQ a lgor i thm is ab le  t o  g ive  a f a s t  feed- 

back response,  but the  con t ro l s  obtained are suboptimal,  and LQ is not 

a b l e  t o  use the  information coming from the  d e t e c t o r s  t o  improve the  

model assumed f o r  t h e  p l an t .  

The i d e a l  demand-following adapt ive  con t ro l  a lgor i thm should handle 

d i r e c t l y  the  nonl inear  model, and provide an on-line s o l u t i o n  f o r  t h e  

unknown p a r t  of the  model and f o r  t he  optimal con t ro l .  These condi t ions  

can be achieved by the  implementation of the PMP t o  an approximated model 

1 
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of the  p l an t .  Two simultaneous opt imiza t ions  must be performed: ( a )  t h e  

u n c e r t a i n  terms are determined by the  optimal matching of the  system 

s i g n a l s  t o  t h e  c o n t r o l  model, and (b)  t h e  optimal con t ro l s  are obtained 

by matching a set of prescr ibed  demands t o  the  updated model. However, a 

major problem appears i n  regard wi th  the  numerical s o l u t i o n  of t he  Two 

Poin t  Boundary Value (TPBV) problem which arises i n  the  implementation 

of t he  PMP methodology. 

I n  t h i s  paper,  a new approach t o  t h e  PMP formulation i s  u ~ e d , ~ , ~  

which allows t o  so lve  t h e  TPBV as an i n i t i a l  va lue  problem f o r  t he  case 

i n  which the  p l an t  is i n i t i a l l y  i n  equ i l ib r ium and both prescr ibed  demands 

and unce r t a in  t e r m s  are w e l l  behaved func t ions  of t i m e .  The s o l u t i o n  of 

t h e  p l an t  model equations coupled with the  a lgor i thm equat ions  i n  a 

microprocessor,  al lows t o  update t h e  model and c o n t r o l  t he  p lan t  on-line. 

Sec t ions  11 and 111 develop the  bas i c  c o n t r o l  t heo ry  used. In  

Sec t ion  TV, an example of how t h i s  con t ro l  a lgor i thm can be e a s i l y  i m p l e -  

mented i s  shown, by applying the  c o n t r o l  a lgor i thm t o  a two-link rnechanical 

manipulator.  Sec t ion  V p re sen t s  t h e  r e s u l t s  and conclusions.  F i n a l l y ,  

some a n a l y t i c a l  d e t a i l s  a r e  given i n  Appendix A and B. 
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11, UNCERTAINTY TRACKING AND CONTROL 
+ 

Given a dynamical system, descr ibed  by the  state vec tor ,  X ( t ) ,  which 

s a t i s f i e s  t he  nonl inear  set of coupled equat ions  

* 
-P + + + +  
X = F ( X ,  U, a) (1) 

+ 
where F i s  a nonl inear  vector-valued func t ion  of the  s ta te  vec to r ,  we con- 

s i d e r  two classes of unce r t a in  systems: (a) systems where t h e r e  is a 

subset a l ,  of parameters which va ry  with t i m e  i n  a manner unknown t o  the  

s-stem's model, and (b) systems where a p a r t ,  FI(X,U,a),  of t h e  system 

dynamics is unavai lab le  t o  the  model. The f i r s t  class of unce r t a in  

+ 

+ + + +  

e l a b o r a t e  on the  second class. We consider  t he  fol lowing con t ro l  scenar io :  

+ + + 
(a) The system is  I n i t i a l l y  at equi l ibr ium ( X  = 0) and X ( 0 )  and U ( 0 )  are 

known. 

+ 
( b )  The system must fol low a prescr ibed  t r a j e c t o r y ,  D( t ) ,  up t o  a given 

p o s i t i o n .  

( c )  The p lan t  model is incomplete i n  the  sense t h a t  only a subse t ,  

$o($ ,8 ,g) ,  of the  a c t u a l  vector-valued func t ion  8($,b,& is 
accounted fo r  by the  model. 

+ 
( d )  A set of p l an t  s i g n a l s ,  S ( t ) ,  is a v a i l a b l e  t o  the model. 

Within t h e  framework of t h e  above scena r io  the  con t ro l  problem can 

be solved by performing two simultaneous opt imiza t ions :  In t h e  f i r s t  one, 

t h e  unce r t a in  term is obtained by matching the  signals from the  p lan t  t o  

t h e  model; i n  t h e  second, the  opt imal  c o n t r o l s  are ca l cu la t ed  by matching 

t h e  updated model to the  prescr ibed  demands. 
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Under the  assumption t h a t  t he  system is at equi l ibr ium at t = O ,  and 

i t  matches t h e  prescr ibed  demand at an undetermined t i m e ,  Tp, both op t i -  

mizations can be performed as a Free Terminal T ime  (FTT) problem. 2 

The adapt ive  optimal c o n t r o l  can be formulated as follows: 

Le t  

+ + + + +  
M = G ( M , U , a )  

+ 
d e f i n e  the  incomplete model of t he  p l a n t ,  where t h e  vec to r ,  M, is the  

+ 
model p red ic t ion  f o r  t he  a c t u a l  state vec to r ,  X, and t h e  vec tor  valued 

+ + + +  
func t ion ,  G(M,U,a), is given by 

-+ 
where P ( t )  , t he  "uncertain" t e r m ,  i s  the  vector-valued func t ion  which 

should be manipulated t o  mimick the  unmodeled pa r t  of t he  a c t u a l  p l an t .  

Then, t o  cons t ruc t  a c o n t r o l  a lgor i thm capable of following a prescr ibed  

demand while a d j u s t i n g  i t s e l f  t o  match the  p l an t  s i g n a l s  coming from t h e  

actual  system, we set up t h e  following cos t  func t ions .  

wi th  the  c o n s t r a i n t  t h a t  t he  model equation (2 )  must be s a t i s f i e d  a t  a l l  

+ 
t i m e s .  By c a l l i n g  D(M) t h e  subse t  of the  state vec tor  M which must 

fo l low prescr ibed  demands, and S(M), t he  subse t  of the  state vec to r ,  M, 
+ 
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a s s o c i a t e d  with s i g n a l s  from t h e  p l a n t ,  the  q u a n t i t i e s  V, and Vp are 

g iven  by 

+ 
where, &(E), s(t), Q+(t) and s(t) are weight matrices, and 

are r e s p e c t i v e l y  the  equi l ibr ium values  of the  con t ro l  vec tor  UE and the  

"uncer ta in"  vector-valued func t ion  P(T). 

and PE 

+ 
+. 

The minimization of Jp de te r -  

+ 
mines the  unce r t a in  terms, P ( t )  , whereas t h a t  of J, provides  the lopti- 

mal c o n t r o l s  t o  match the  demands, &t).  

approach2'  

Followfng Poin t ryagin ' s  

we cons t ruc t  the  following Hamiltonian func t ions  : 

+ + +  + + + +  
H~(M, z , PI = vP (M+, P ' > + ~ G ( M ,  u , P) (9)  

+ + 
where, W ( t )  and Z ( t ) ,  are the  a d j o i n t  vec tors  (Lagrange m u l t i p l i e r s )  of 

t h e  con t ro l  system. Note: (a) t h a t  both Hamiltonian func t ions  vanish a t  

equ i l ib r ium,  as is requi red  i n  FTT problems,' and (b) t h a t  i n  the  con t ro l  

Hamiltonian, H,, the  unce r t a in  quan t i ty ,  if(t), is t o  be kept cons t an t ,  

whereas i n  the  u n c e r t a i n t y  t r ack ing  Hamiltonian, $, the  c o n t r o l ,  8, i s  

kept  constant .  The usual  PFlp a l g o r i t h ~ u ~ ' ~  determines the  con t ro l  vec to r ,  

+ ' +  
U, and the  unce r t a in  q u a n t i t y  P ( t )  by means of the  r e l a t i o n s  



and the  a d j o i n t  vec tors  by the  Hamilton equat ions 

whi le  t he  model equat ions (11.2) are recovered from 

wi th  the  condi t ions  

To so lve  the  set of equat ions (11) and (12) f o r  a Nth-order model one 

needs 2N condi t ions.  Since the  state of t he  system is known at t = O ,  and 

t=TF,  the  2N q u a n t i t i e s ,  8(t=O) and 8(t=TF) are a l r e a d y  ava i l ab le .  

have the re fo re  def ined a two-point boundary value (TPBV) problem, whereby 

t h e  model equat ions are t o  be i n t e g r a t e d  forward i n  t i m e  and the  a d j o i n t  

equat ion  backwards, fol lowing an i t e r a t i v e  procedure which will las t  

u n t i l  t h e  condi t ions ,  a t  both ends of t he  t r a n s i e n t  have been met. 

W e  
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111. PROBLEM ReFORMULATION 

As s t a t e d  before ,  our goa l  is t o  develop an on-line a lgor i thm which 

must be ab le  t o  update a model while c a l c u l a t i n g  the  optimal cont ro l .  

C l e a r l y ,  t he  i t e r a t i v e  s o l u t i o n  of the  equat ions presented i n  Sect ion I1 

w i l l  be t i m e  consuming. However, as shown i n  Ref. 3, whenever the  system 

i s  i n i t i a l l y  i n  equi l ibr ium,  and t h e  demand is a w e l l  behaved func t ion  of 

time, the  TPBVP can be reformulated as an I n i t i a l  Value Problem al lowing 

f a s t  and e f f i c i e n t  on-line so lu t ions .  

L e t  us now assume t h a t  at  some t i m e  TF t he  system w i l l  fol low the  

demand. The feedback con t ro l  obtained i n  Sect ion I1 is a s t a t e  v a r i a b l e  

func t ion ;  t he re fo re ,  does not depend on TF, but on the  d i f f e r e n c e ,  

AT I Tp - to, where, to, is the  i n i t i a l  t i m e .  It fo l lows ,  then,  t h a t  t he  

minimizat ion of the  cos t  func t ion  can be done backwards, assuming, TF, 

known, and, to, unknown. Based on t hese  ideas  the  FTT problem can tre 

reformulated (see Ref. 3) as: 

: aHc aH 

a6 az' 
M = - - - - - d  - 

. 
aH w = 7 ;  -+ i = 2 

aM aM' 

with  the  condi t ions  : 

HC(t'O) = €$(t=O) = 0 

G(tP0) = r;B; i! = B -0 

and t h e  i n i t i a l  condi t ions  . 
(17)  

., -+ 
whereas as before ,  the  con t ro l  vec to r ,  U, and the  unce r t a in  vec to r ,  P, 

are e x t r a c t e d  from t h e  r e l a t i o n s  i n  Eq. 10. 
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I V .  APPLICATION TO THE CONTROL OF A MECHANICAL MANIPULATOR 

The p rev ious ly  developed I n i t i a l  Value formula t ion  of the  FTT 

problem w i l l  be i l l u s t r a t e d  wi th  an a p p l i c a t i o n  t o  a two-link mechanical 

manipulator.  The c o n t r o l  problem c o n s i s t s  of t he  de te rmina t ion  of the  optimal 

set of to rques ,  T i  and T2, t o  be supp l i ed  t o  t h e  arm, so t h a t  i ts end- 

e f f e c t o r  moves along a prescr ibed  t r a j e c t o r y ,  while o n l y  an unce r t a in  

(e.g.: incomplete) model of t he  arm dynamics is a v a i l a b l e .  In  t h e  pre- 

sent i l l u s t r a t i o n  the "real world" mechanical manipulator ( t h e  p l a n t )  is 

s imula ted  by the  numerical s o l u t i o n  of the  Euler-Lagrange equat ions  f o r  a 

two-link arm, as developed i n  Paul ' s  textbook,'  wi th  the  a d d i t i o n  of 

f r i c t i o n  f o r c e s  and a time-varying end-effector mass {see Appendix A).  

The c o n t r o l  a lgor i thm,  which is based on an unce r t a in  model, supp l i e s  the  

torques  t o  the  a c t u a l  arm and updates i t s e l f  to  match t h e  tachometer 

s i g n a l s ,  S3 and S 4 ,  which are suppl ied  by the  p l an t .  

1 V . a .  DYNAMICS AND CONTROL 

The unce r t a in  model f o r  t he  c o n t r o l  a lgor i thm is  der ived  from the  

fo l lowing  s i m p l i f i e d  Lagrangian func t ions  (see Fig. 1 f o r  symbol descrip- 

t i o n s )  

w r i t t e n  f o r  each i n d i v i d u a l  link, and where on ly  i n e r t i a l  and grav i t a -  

t i o n a l  terms were accounted f o r  i n  t h e  energy  balance. 

The corresponding Euler-Lagrange equat ions  are : 

.. 
el = Clg Sin '1 '1T T1 (20) 
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X 

- Y  

- 11 

Fig. 1. Configurat ion of the  two-link arm. The angular  coord ina tes  
are 
t h e  Car tes ian  coordinates  by ( 5 , n ) .  The a r m  conf igura t ion  i n  broken 
l i n e s  i l l u s t r a t e s  a s i n g u l a r i t y  i n  the  inve r se  coordinate  t ransformat ion  
needed t o  l o c a t e  the  arm's end-effector  on the  prescr ibed  t r a j e c t o r y .  
FIF and F2F a r e  the  f r i c t i o n  fo rces  added t o  the  system. 

and 82. The t r a j e c t o r y  coord ina tes  are represented  by (X,Y> and 
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By l e t t i n g  M1 = 01 and M2 = e 2 ,  t he  unce r t a in  model is constructed v i a  

t h e  conversion of Eqs. (20) and (21) into a set of first order  differen- 

t i a l  equat ions ,  i.e.: 

where P l ( t )  and P2( t )  are the  unce r t a in  terns of the  model. 

The con t ro l  and signal t r ack ing  Hamiltonian func t ions ,  Eqs.(8) and 

( 9 )  r e s p e c t i v e l y  are now w r i t t e n  as: 

4 

i=l  
+ c W f G i  
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and 

Hp = 5 1 (S3-M3l2Qp3 + 2(S4-M4)2Qp4 1 2 1 p12Rpl 2 1 p22Rp2 

4 
+ 121 z i  G i  

where i n  w r i t i n g  Eq. ( 2 9 ) ,  w e  d id  set t o  zero t he  equi l ibr ium va lues  f o r  

t h e  unce r t a in  terms PIE and P ~ E .  

Note t h a t  in t h e  above equat ions ,  t he  q u a n t i t i e s ,  M3 and M4 are t h e  

angu la r  v e l o c i t i e s  p red ic t ed  by the  unce r t a in  model; t h e  demands D 1  and 

1)2 are the  angular v e l o c i t i e s  t h a t  t h e  arm should have t o  fo l low the  

p re sc r ibed  t r a j e c t o r y ,  whereas the  s i g n a l s  S3 and S 4  are the  a c t u a l  a r m  

angular  v e l o c i t i e s .  

( s l ,  S2) and (D1, D2) should a t t a i n  t h e  same numerical va lue  under per- 

f e c t  c o n t r o l  condi t ions .  In w r i t i n g  the  c o n t r o l  Hamiltonian func t ion  

above, we have found convenient t o  de f ine  the  equi l ibr ium torques TIE and 

T2E as those func t ions  which a t  any given t i m e  would make k3 and 8 4  t o  

vanish.  

(26)  and (27). 

C l e a r l y  t h e  sets of angular v e l o c i t i e s ,  (k3, 841, 

Consequently, one ob ta ins  by s e t t i n g  t o  zero G3 and G4 i n  Ew. 

I n s e r t i o n  of the  above equat ions  i n  Eq. (28) f o r  t h e  c o n t r o l  Hamiltonian, 

Hc y i e lds  
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Qptimal estimates of torques and uncer ta in  terms are obtained from the 

condi t ions  aH,/aTi a$/@, = 0, ( i s1 ,4 ) ,  i-e.: 

-+ .+ 

The equat ions f o r  t he  adjoint vec to r s ,  W and Z are obtained from the  

r e l a t i o n s  (15) i n  Sect ion 111, using the  Hamiltonians (29) and ( 3 2 ) .  In- 

s e r t i o n  of Eqs. (33) up t o  (35) f o r  the  optimal torques and uncer ta in  terms 

into t he  model Eq. ( 2 4 )  and i n t o  the  a d j o i n t  equat ions obtained in t he  pre- 

v ious  s t e p ,  yields: 

. 
w3 M 3 = - -  

C1T2 

Rc 1 

C2T2 
w4 i4 - -  

Re 2 

Y1 = w2 = 0 ( 3 9 )  

(40) 
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+ 
The i n i t i a l  condi t ions  f o r  the state vec to r ,  M, are (on account t h a t  

t h e  system is  i n i t i a l l y  at  equi l ibr ium):  

Mi(0) = 0 ( i  = 1 , 4 ) .  ( 4 6 )  

The i n i t i a l  condi t ion  f o r  t he  a d j o i n t s  a r e  obtained as p rev ious ly  

s t a t e d  i n  Sec t ion  111, by the  condi t ion  t h a t  t he  a d j o i n t  vec to r s  are i n i -  

t i a l l y  a t  equilibrium. Then s e t t i n g  the t i m e  d e r i v a t i v e s  equal  t o  zero 

and tak ing  i n  account t h a t  a t  t = O ,  Di‘Sj”Mi (is1,4) vanish,  one ob ta ins  

from Eqs. (40) ,  (41),  (44) and ( 4 5 ) ,  

wl(0) = W Z ( 0 )  = ZI(0) = Z 2 ( 0 )  = 0 ( 4 7 )  

and from Eqs. ( 4 2 )  and ( 4 3 )  

z $ O )  = Zq(0) = 0. 

F i n a l l y  from Eqs. ( 3 7 )  and (38)  a t  equi l ibr ium one ob ta ins  

I V .  b a TRAJECTORY PRESCRIPTION AND KINEMATICS 

We must now address the  problems of t r a j e c t o r y  p r e s c r i p t i o n  and of 

t h e  de te rmina t ion  of t he  arm angular v e l o c i t i e s ,  D1 and D 2  which l o c a t e  

t h e  end e f f e c t o r  on the t r a j e c t o r y .  

L e t  the Car tes ian  coord ina tes ,  X, Y,  of t he  prescr ibed  t r a j e c t o r y  be 

parameterized i n  t h e  form 
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where t h e  parameter, T, ( O I ; . s C l ) ,  is given as a func t ion  of t i m e  by the 

r e l a t i o n  

then the  CartesLan components o f  t h e  v e l o c i t y  along the  t r a j e c t o r y  are 

g iven  by 

which s a t i s f y  t h e  required condi t ions  of zero v e l o c i t y  at  t h e  beginning 

=0 . d T  - 0 and - and end of t h e  t r a j e c t o r y ,  s i n c e  i n  view of (51 )  - - d T  

dt t=O dt t=Tp 

For the  present  i l l u s t r a t i o n  the prescr ibed  t r a j e c t o r y  has h e n  

F1  = Sin (2irt) + S i n  ( 6 n t ) ;  F2 = - cos ( 2 . 1 ~ )  - cos (6rrt) ( 5 3 )  

'The kinematics problem of f i n d i n g  the  angular v e l o c i t i e s ,  D1 and D2 

which w i l l  p lace the a m  end-effector  on the  grescribed t r a j e c t o r y ,  i s  

t r e a t e d  as an o p t i a i z a t i o n  problem wi th  t h e  c a s t  function. 

and the  c o n s t r a i n t s :  
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and where the  dimensionless Car tes ian  coord ina tes  of the  t r a j e c t o r y ,  5 

and rl,  are given by the  r e l a t i o n s  (see Fig. 1).  

b2 5 = sin(el) + - Sin (e l  -+ e,) 
b l  

17 = - cos (61)  - - b2  COS (82 + 0 1 )  
b l  

(57)  

The Hamiltonian func t ion ,  HT, is given i n  view of the  cos t  func t ion  

(54)  and the  c o n s t r a i n t s  (56) by 

where, AI and A2 a re  the components of the  a d j o i n t  vec tor  f o r  t he  arm 

kinematics.  The optimal con t ro l s ,  D1  and D2 are obtained from the  rela- 

t i o n s  aaT/aq = a ~ ~ / a ~ ~  = o i .e. 

I n s e r t i o n  o f  the  r e s u l t  (60) i n t o  (56) ,  and use of t he  r e l a t i o n s ,  

Al  = aHT/aB1,  h2 = a ~ ~ / a 8 ~ ,  y ie lds  the fol lowing set  Qf equat ions fo r  t h e  

s o l u t i o n  of the  a r m  kinematics problem 

. 
A2 hl;  e2 = - - 1 1 8, = - -  

RIT 2T 
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V. RESULTS AND DISCUSSION 

To v a l i d a t e  the  present  methodology for unce r t a in  nonl inear  models 

w e  have used the  computer s imula t ion  shown i n  the  block diagram of 

F ig ,  2. The PLANT ( f u l l  model of the  two-link a r m )  w a s  s imulated by con- 

v e r t i n g  the  Euler-Lagrange equat ions ,  (see Eqs. ( A . 2 )  and (A.3) i n  

Appendix A) i n t o  fou r  coupled f i r s t  o rder  d i f f e r e n t i a l  equat ions ,  which 

are solved wi th  zero t n i t i a l  condi t ions  f o r  angle ,  angular  v e l o c i t i e s  and 

torques .  The PLANT algori thm sends the  tachometer s i g n a l s  S 3  and S4 and 

r ece ives  the  torques T1 and T2 from the CONTROL algorithm. 

a lgor i thm cons t ruc t s  the  t r a j e c t o r y  (Eq, 53) and l o c a t e s  an ob jec t  with a 

The TASK 

given  mass on a predetermined point  along the  t r a j e c t o r y .  The parametr ic  

r e p r e s e n t a t i o n ,  X( T ) ,  Y( r )  , of the t r a j e c t o r y  is t r a n s f e r r e d  t o  the  

KINEMATICS algori thm which so lves  Eqs. (B.9)  and (B.10), of Appendix B 

and provides the  demands D1 and D2' 

Signa l s  and demands are fed i n t o  the  MODEL UPDATE algori thm which 

solves the  set of d i f f e r e n t i a l  equat ions  ( B . l )  up t o  (B.8)  of Appendix B. 

The a d j o i n t  v a r i a b l e s  W3, W4, 21, Z2, 23 and 24 are suppl ied  t o  the  

CONTROL a l g o r i t h n  which c a l c u l a t e s  torques and unce r t a in  terms, using 

equat ions  (33) up t o  (35). The r e s u l t  of this s imula t ion  is shown i n  

Fig.  3,  which p i c t u r e s  the  motion of the  two-link arm along the  

p re sc r ibed  t r a j e c t o r y .  Note t h a t  the  unce r t a in  terms, P l ( t )  and P z ( t )  

updated the  h i g h l y  s impl i f i ed  model used f o r  the  robot dynamics, hence 

compensating f o r  f r i c t i o n  f o r c e s  and f o r  the  nonl inear  terms which were 

not  accounted f o r  i n  the model. Note though t h a t  from a strict  theore- 

t i c a l  viewpoint,  t he  unce r t a in  terms should be made func t ions  of the  

s t a t e  v a r i a b l e s .  Neglection of t h i s  func t iona l  dependence i n f r i n g e s  

upon t h e  o p t i m a l i t y  of t he  con t ro l  motion, but i n  no way a f f e c t s  the  
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PLANT 

TASK 

0 Follow trajectory 

0 Pick up unknown mass 

KINEMATICS T 

TORQUES (Ti, T2) 

CONTROL 

Fig. 2. Block diagram of the microprocessor-based simulation. 
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Fig. 3. Motion of the robotic arm along the prescribed trajectory. 
The arm task is to follow the trajectory, stop at the point labeled, M, 
i n  the f igure,  and then pick up a mass of 6 kg, which is time-varying up 
t o  a value of 2 kg at the end of the trajectory. The uncertain model 
does not have any information e i ther  on the time-varying mass, rn2* or on 
the added fr i c t ion  forces.  
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demand-following c a p a b i l i t i e s  of t he  con t ro l  algorithm. A s  is always 

t h e  case i n  optimal c o n t r o l ,  one has t o  supply  values f o r  t he  var ious  Qi 

and R i  weight f a c t o r s  introduced i n  t h e  cos t  func t ions .  We have adopted 

t h e  p o l i c y  t o  set a l l  t h e  R-we€ghts t o  u n i t y  and then "tune'* the a lgor i thm 

by  a s s ign ing  t r i a l  va lues  f o r  t h e  Q-weights. The search  f o r  those weight 

f a c t o r s ,  proceeds s w i f t l y  a f t e r  a few t r ia ls .  Table 1 gives  the  va lues  

of the  a r m  parameters and weights,  Q i ,  used i n  t h e  Present s imula t ion .  

Table 1. Parameters and Weight Fac tors  f o r  t he  Computer Simulation 

- 
Qcl - Qc2 = IO3 ; $3 = Qp4 = Q ~ T  = Q ~ T  = lo8 

Trans ien t  Duration = 10 seconds 

( a ) I n  the  p l a n t ,  m 2  has an i n i t i a l  va lue  of 2(kgm) up t o  t h e  poin t  
l a b e l e d ,  M1 i n  Fig. 3 ,  where m 2  = 6 k g m .  
t o  2 k g m  a t  the  t r a j e c t o r y  end. 

The rea f t e r ,  m2, decreases  up 

W e  have developed novel approaches f o r  t he  a n a l y t i c a l  r e p r e s e n t a t i o n  

of prescr ibed  t r a j e c t o r i e s  and f o r  t he  kinematics problem of transforming 

from t r a j e c t o r y  coord ina tes  t o  arm coord ina tes .  I n  our approach the  

p re sc r ibed  t r a j e c t o r y  i s  represented  by tw ice -d i f f e ren t i ab le  parametric 

r e p r e s e n t a t i o n s  o f  the  Car tes ian  coord ina te s ,  i n  terms of a parameter,  T, 

which is r e l a t e d  t o  the  t i m e  v a r i a b l e  by Eq. (51). This approach provides 

a simple method t o  cons t ruc t  t r a j e c t o r i e s  s a t i s f y i n g  both smoothness and 

t h e  requi red  condi t ions  at the  beginning and end of t he  r o b o t i c  arm 

motion. 
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The treatment of the Idnematics problem as an optimal control problem 

significantly reduces the number of singularities appearing in the usual 

methodology. This feature of the algorithm arises from the fact that to 

ensure the stationarity of the cost function, the algorithm mst minimize 

the change of the arm coordinates. This property is confirmed by the 

results shown in Pig. 3,  whose arm configurations involving larger 

changes of the arm coordinates (see Fig. 1) are not observed. There is 

however, one singularity which appears in the present approach when the 

system is prescribed t o  move along the Y-axis. In this Instance there 

are two symmetric arm configurations which can be reached by the same 

change in the arm coordinates. Nevertheless, our new approach to robot 

kinematics has proven to be robust against the singularities which appear 

in the transformation from trajectory to arm coordinates. The 

microprocessor-based control algorithm operated faster than real t.ime for 

task durations longer than a few seconds. 

The results of the computer simulation validate the uncertain model 

formalism developed in this work. We consider this conclusion of great 

relevance for the control of "real-world" dynamic systems which 

complexity cannot be fully modeled. 
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APPENDIX A. SIMULATION OF THE TWO-LINKS ARM 

The s imula t ion  of the  mechanical manipulator is based on the  

Euler-Lagrange equat ions der ived from the  Lagrangian i n  Paul 's  textbook, 

with  the  a d d i t i o n a l  features of inc luding  f r i c t i o n  force8 and a t i m e -  

vary ing  mass, m 2 ,  in t he  second l i n k .  

From the  Lagrangian, L,  below: 

we obta in  

where the  f r i c t i o n  forces, F ~ F  and F2F are given by 

M22 = b;(il + i2) + blb2i1 cos(02) 
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APPENDIX B. SUMMARY OF THE CONTROL ALGORITHM 

W e  summarize here  the  set of coupled nonl inear  equat ions which 

d e s c r i b e  the  con t ro l  algorithm: 

(a) Control and Uncertain Terms 

. 
w4 

C2T2 

Rc 2 
w3 ; if$ = - -  C1T2 

M 3 = - -  Rc 1 

. 
Z2 = Cze; cos(M1 i- M2>24 

w i t h  zero i n i t i a l  condi t ions  f o r  the  state and a d j o i n t  vectors. Note 

t h a t  t he  d i f f e r e n t i a l  equat ions  f o r  the a d j o i n t s ,  W 1  and W z P  are omitted 

i n  v i e w  t h a t  from Eqs. (39) and for i n i t i a l  condi t ions ,  Wl(0) = W2(0) = 02 

t h e s e  two a d j o i n t s  are always zero. 

The torque TI, T2 and the  unce r t a in  t e r m s ,  PI and P2 are giwen by 

( b )  Kinematics 

0.9) 

( B .  10) 
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Zero i n i t i a l  conditions are for s ta te  and adjoint vectors. 

and D2, is given by Ep. ( 6 0 ) .  

The demand, D1 
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