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- Generation of an Ordered Simple Random Sample
Without Replacement Using One Random Number

by Y. H. Etheridge and T. Wright

Oak Ridge National Laboratory, U S A.
Keywords: Computation of Binomial Coefficients; One Random Number; Simple Random Sampling

Algorithm Implémentation Language

All of the algorithms are implemented in the C programming language.

Description and Purpose

Nigam and Gupta(1984) presented by examples a method for the identification of the n units to be
included in a simple random sample (SRS) for selection from a finite universe of N(> n) distinct and
identifiable units. The method calls for the generation of only one random number to select a SRS of n

units without having to list all 1: possible samples - practically all other methods require the generation

of between n and N random numbers. Wright{1989) has given a slightly faster and generalized algorithm
and demonstrated that the generalized algorithm to generate a SRS has a natural relation with Pascal’s Tri-
angle. The slight improvement in speed is a direct result of the establishment of a link with Pascal’s Trian-
gle. Below is a program that executes the generalized algorithm as described by Wright(1989).

Assume a listing of the units in a finite universe numbered consecutively as U,,U,,...,Uy and that the

desire is to select without replacement a SRS of size n. After computing I;I using mpfactor as

described below, one randomly selects one integer r from the set {1, 2, ..., 1: }. The r uniquely

identifies the units to be included in the sample. The values for N, n, and r are submitied to the program
sample and one receives the SRS to be observed. This sample has the following desirable properties (1)
exactly n distinct units will be selected and (ii) units appear in the correct sequence (order), avoiding the
need for subsequent sorting.

6

Example 1. If N=6 and n=4, then [4 =15. Forr=12, the SRS to observe is U,, Uz, Uy, and Us.

Example 2, If N=500 and n=50, then

Ss(g) | =2314422827984300469017756871661048812545657819062792522329327913362690.

For r=2314422827x10* the SRS to observe is

Uier» Urrs Upra Usgs, Uisz, Urggs Ungos Ungss Usoas Uzyz Uzyzs Uzgg, U,
Uz, Uzars Uzaas Uzss, Usgo, Usss, Uzsss Uzso, Uzsas Unsos Unges Usor, Useps
Usoss Usoss Uitz Usze, Usps, Unss, User, Usss, Usses Usens Useas Usaps Usras
U417' U418' U42A, U427v U443’ U445' U463» U474¢ U4757 U484v U487-
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Generation of a SRS with just one random number is important because it is exactly consistent
with the manner in which simple random sampling is defined (Cochran, 1977; Cassel, Sarndal, and
Wretman, 1977), and it minimizes the concern with independence violations that accompany situations
that call for a sequence (iwo or more) of random numbers generated by computers.

Structure: User Interface

sample Nar

where:

and the multipre-

sample is the name of the program which generates the sample associated with [1:

cision random number, r.

mpfactor N n

where:
mpfactor generates the multiple precision calculation of [2‘] Using the algorithm in Goet-
r

gheluck(1987), t:‘] is computed by writing it as a product of primes.

Auxiliary Software

Both programs sample and mpfactor utilize the procedures mpbinomial, prime, and smin.
Mpbinomial determines multiple precision binomial coefficients of its input parameters while prime
supplies the primality of its input parameter. Smin is an adjunct to the multiple precision library
software so that numeric character strings can be converted to multiple precision binary format.

Precision

Testing of these procedures has been carried out on a VAX! 11/780 running BSD 4.3 UNIX?, a
Sequent Balance 8000 running DYNIX? (a variant of BSD 4.2 UNIX), and an IBM PC/AT running
UNIX System V Release 2. The binomial coefficient parameters have been limited to 16-bit precision,
but the multiple precision of the generated output is limited only by available memory. For example the

281-digit output of the binomial coefficient 1305%0 is easily generated by the presented implementation

of the algorithm. While the generation of the sample for N=500 things taken n=250 at a time using the
150-digit number, r=1167443157x10"°, is calculated in an agreeable time as demonstrated below.

1 VAX is a trademark of Digital Equipment Corporation.
2 UNIX is a trademark of AT&T Bell Laboratories.
3 DYNIX is a trademark of Sequent Computer Systems, Inc.
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Time

Since the algorithm is somewhat dependent on the relative efficiency of the determination of

it is instructive to measure this calculation via mpfactor. The generation times of 130%) by

mpfactor by each of these machines is 1.4 seconds, 1.9 seconds, and 2.4 seconds, respectively. The
determination of the sample of n = 250 from a universe of N = 500 using the 150-digit number, r =
1167443157x10'°, requires 3.6 seconds on a VAX, 5.3 seconds on a Sequent, and 10.3 seconds on a
PC/AT. Finally, since the previously described example 2 can be considered a more "normal” instance
for applying this algorithm the resultant times for the VAX, Sequent, and PC/AT are 2.0 seconds, 2.9
seconds, and 9.6 seconds, respectively.

Compiler Considerations

The crux of this algorithm implementation is that of using multiple precision arithmetic to carry
out the dominant calculations. Therefore, the BSD UNIX library, libmp, is used on the VAX and |
Sequent machines. This library has been rewritten to run on UNIX System V and PC DOS. Exampies,
for compiling and generating executible procedures for BSD UNIX follow:

cc -0 mpfactor mpfactor.c mpbinomial.c prime.c -lmp

and

cc -0 sample sample.c mpbinomial.c prime.c smin.c -imp

Acknowledgements
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/*

* mpfactor:
*

* Generate a binomial coefficient.
*/

#include <stdio.h>
#nclude <mp.h>

main(narg, parg)

int narg;
{ char **parg;

int N, n;

MINT *mpbinomial();

if (narg = 3)

printf("Useage facter N n\n");

N = atoi(®parg + 1)) /% Convert the external ASCII strings to */

n = atoi(*(parg + 2)); /¥ internal Integer. */

printf(" Binomial coefficient of %d over %d:\n", N, n);

mout{mpbinomial(N, n)); /* Print the multiple precision value */
\ /*  for the binomial coefficlent. */
/%

sample:

*

%

* Determine the ordered listing of the n units to be included in

* a stmple random sample from o universe of N to be derived without

* explicitly listing all combinations of the N objects taken n at a time.

#include <stdio.h>
#include <mp.h>

main(narg, parg)

{

int narg;
char **parg;

int N, n;

MINT *mpbinomialQ), *smin();
MINT *prev, *next, sum, *r;
int i, 4 k, v;

int 1 = 1;

while (narg > 4)
narg—--;

if (narg 1= 4)

printf("Useage: sample N n s\n");

N = atoi(®parg + V)
n = atoi{*(parg + 2));

r = smin(®parg + 3)) /% Get the multiple precision random number. */

printf("Universe is %d, sample size is %d, random sample is ", N, n);
mout(r);

k = 1;

main

main



_ main

i=N~—-1;
j=n~ 1
next = mpbinomial(i, j);
move{next, &sum);
prev = itom{(0);
do
{ .

MINT *mpj

int rem;

while((v = mcmp(r, &sum)) > 0) /* Applying the Algorithm */
{ /* as given in Wright(1987). */
MINT #Nj;

movel&sum, prev);

Nj = itom(i — });
mult{next, Nj, next);
xfree(Nj);

sdivinext, 1, next, &rem);
%f (rem I= Q)

printf("sample: impossible mp divide nonzero remainder<%d>\n", rem);
exit(1);

madd(prev, next, &sum);
t—_-
kt++;

}

print"U%d)", kJ; /¥ Found a unit, */
if (++ >= 10) /* Print ot most 10 units to a line. */

printf("\ n");

\ 1 =1;

if (va=0 I j <=0 I i <= 0) /¥ Found all units? */
break;

mpj = itom(j);

mult{next, mpj, next);
—~3

xfree(mpj);

sdiv(next, i, next, &rem);

if (rem 1= Q)

printf("sample: impossible nonzero remainder for next sum<%d>.\n", rem);
exit(2);

madd(prev, next, &sum);

i.._......

k++;
} while (1);

while (j > 0) /¥ Show remaining units, If any. */

printf("U(%d)", N — j + 1);
| naH

printf("\ n");



/%
* mpbinomial:
*

* Generate a multiple precision binomial coefficient.
*/

#nclude <mp.bh>

MINT * . .
mpbinomial(N, n) mpbmomlal
int N; /* The first parameter in the binomial expansion of N over n. */
int n; /¥ The second parameter. */

int prime();
int i;

MINT *prod;
MINT *term;

if (N >0 && N <n) I n <0)
return(itom(0));

/% We will assume that N and n are non—negative. */

prod = itom(1); /* Set initial value for product calculation. */
n=n<N-—n?7n:N-—mn /* Use symmetry to calculate end terms. */
for (i = 2; i <= N; i++) /¥ Scan to N, cancel n—factors, and */

/* determine prime elements in remaining */
/* terms, according to Goetgheluck's */
/* algorithm. */

int 1 = N;
int m = n;
int e = 0;
int r = 0

if (prime(i))
continue;
.}f G <= -~ m)

if (. <=1/ 2)

if (GG >D & 01 %i < m B
e = 1;
else

{

do

{
int 2 = 1 % i
int b = m % i+ 5

} while Q > 0);



.mpbinomial

else
e = 0
}

else
e = 1;
for Ge >0 e—)

term = itom(i);
mult(prod, term, prod);

return(prod);

/%
* prime(n): Simplistic test n for primality.
*

#define PRIME 1

#lefine NOTPRIME O

int . .
prime(n) prime
int n; /¥ Test n for primality. %/

int i;

if (n == 2)
return(PRIME});
if (n % 2 == 0)
return{NOTPRIME); /¥ n Is even ¥/
for (i = 3; i < n; i += 2) /* March through the remaining odds. */
if (n % i == 0)
return(NOTPRIME); /* n not prime */
return({ PRIME);

/%
* Convert string to multi-—precision number. An adaptation of the libmp

* entry, min.
*/

#include <stdio.h>
#nclude <mp.h>

MINT * .
smin(s) sSmn
{ char *s; /% Siring to be converted. */

MINT x,y,ten;

MINT *a;

int sign;

short dten,qy;

char *c;

a = itom(0);
xfree(a);

sign = 1;
tenlen = 1;
ten.val - &qten;



qten = 10;

x.len = 0;

ylen = 1;

y.val = &qy;

c = 3

while (*c¢ = "\0")

switch(*c)

case \\":
cH+}
break;
case ‘\t":
case ‘\n':
a—>len *= sign;
xtree{&x);
return{a);
case ~ :
continue;
case —':
sign = —sign;
break;
default:
If(3c>='0" && *c<m 'O')

{
qy = * — 0%
mult(8x,&ten,a);
madd(a,&y,a);
movel(a,&x);
break;

else

{

c~—;
a—>len *= sign:
return(a);

}

o+

return(a);
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