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I ,  INTRODUCTION 

I want t o  r e p o r t  on some c a l c u l a t i o n s  o f  c l a s s i c a l  p e r i o d i c  t r a j e c -  

t o r i e s  i n  a two-dimensional non in tegrab le  p o t e n t i a l .  Th is  work was done 

i n  c o l l a b o r a t i o n  w i t h  M. Baranger, C. P. Malta, M.A.M. de Aguiar, 

3. M. Mahoney, M. Ka rga r l i s ,  W. Saphir, and T. H ~ s t 0 n . l ' ~  

i n t r o d u c t i o n ,  I w i l l  present some d e t a i l s  o f  t h e  theory.  The main p a r t  

o f  t h i s  r e p o r t  w i l l  be devoted t o  showing p i c t u r e s  o f  t h e  var ious  fami- 

l i e s  o f  t r a j e c t o r i e s  and t o  d iscuss ing  the  topology ( i n  E-T space) and 

A f t e r  a b r i e f  

branching behavior  o f  these fam i l i es .  Then I w i l l  demonstrate the  con- 

n e c t i o n  between p e r i o d i c  t r a j e c t o r i e s  and l'nearby" nonper iod ic  t r a j e c -  

t o r i e s ,  which n i c e l y  i l l u s t r a t e s  t h e  r e l a t i o n s h i p  of t h i s  work t o  chaos. 

F i n a l l y ,  I w i l l  d iscuss very b r i e f l y  how p e r i o d i c  t r a j e c t o r i e s  can be 

used t o  c a l c u l a t e  t o r i  .12 

The i n i t i a l  m o t i v a t i o n  f o r  t h i s  work r e a l l y  came from our i n t e r e s t  

i n  nuc lear  c o l l e c t i v e  mot ion and q u a n t i z a t i o n  us ing  c l a s s i c a l  t r a j e c t o r -  

i e s , l  You might  ask t h e  quest ion:  why should one quant ize a c l a s s i c a l  

approx imat ion r a t h e r  than simply so lve  t h e  Schradinger equat ion? The 

answer i s  t h a t  i n  a compl icated many-body problem one o f t e n  obta ins 

approximate s o l u t i o n s  i n  the  form o f  time-dependent wave packets, 

f o l l o w i n g  c l a s s i c a l  t r a j e c t o r i e s .  This  d e s c r i p t i o n  app l i es  t o  the  t ime- 

dependent Hartree-Fock (TDHF) s tud ies,  which have been on a c t i v e  re -  

search e f f o r t  here a t  ORNL fo r  many years.l l 

A t  t h i s  po in t ,  I d igress  a b i t  t o  discuss some TDHF r e s u l t s  which 

e a r l y  on s t imu la ted  my i n t e r e s t  i n  p e r i o d i c  mot ion and chao t i c  behavior 
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i n  nuclear physics. About 1985 S a i t  b a r ,  Mike St rayer ,  and co l l abo ra -  

t o r s L 1  completed some very b e a u t i f u l  s tud ies  i n  TDHF which n i c e l y  demon- 

s t r a t e d  non l i nea r  behavior. F igu re  1 from t h e i r  work shows i s o s c a l a r  

d e n s i t y  (pn + p ) contour p l o t s  f o r  t h e  t ime e v o l u t i o n  o f  the  c o l l i s i o n  

o f  two 12C ions ,  each o f  which i n i t i a l l y  i s  i n  a d i f f e r e n t  con f igura t ion .  

The mot ion i s  rap id ,  g i v i n g  r i s e  t o  d i f f e r e n t  m u l t i p o l e  moments o f  the  

shape. 

1 2 C  + *‘+Mg system. 

a func t i on  of t ime, w h i l e  t h e  midd le  and lower curves d i s p l a y  t h e  i s o -  

s c a l a r  quadrupole and octupole moments, respec t ive ly .  Going from top  t o  

bottom, t h e  curves i n c r e a s i n g l y  become l e s s  chaot ic.  Note t h a t  the  

quadrupole moment undergoes damping, w h i l e  t h e  oc tupo le  moment has a 

very  pronounced quasi p e r i  od i  c i  ty. 

t i o n s  of t h e  i s o s c a l a r  quadrupole and octupole modes f o r  t h i s  system. 

Here they  p l o t  moment v e l o c i t i e s  as a f u n c t i o n  o f  moments. The octupole 

mot ion  i s  focused i n t o  a band o f  t r a j e c t o r i e s ,  wh i l e  t h e  quadrupole 

mot ion i s  c l e a r l y  much more chaot ic.  (However, we remark t h a t  t h e  quad- 

r u p o l e  and oc tupo le  motions are s t r o n g l y  coupled t o  each other.) A l l  o f  

t h i s  i s  very suggest ive o f  t he  k inds o f  quas ipe r iod i c  and chao t i c  re-  

s u l t s  seen i n  many o the r  f i e l d s .  Again because of t he  c l a s s i c a l - l i k e  

na tu re  o f  t h e  TDHF approximation, t h e r e  i s  a s t rong m o t i v a t i o n  f o r  ex- 

t end ing  t h e  c l a s s i c a l  s tud ies  o f  p e r i o d i c  motion t o  TDHF; t h i s  i s  a pro- 

j e c t  we p lan  t o  work on. I s h a l l  now r e t u r n  t o  t h e  main theme: t h e  

s tudy  o f  c l a s s i c a l  p e r i o d i c  t r a j e c t o r i e s .  

P 

I n  Fig. 2, they p l o t  t he  main m u l t i p o l e  moments o f  t h i s  1 2 C  f 

The upper curve gives the  i sovec to r  d i p o l e  moment as 

I n  Fig. 3, they  d i  s p l  ay Poi ncar6 sec- 

However, t h e r e  i s  one remaining question, namely why should one 

quan t i ze  us ing  c l a s s i c a l  p e r i o d i c  t r a j e c t o r i e s ? ’  The answer i s  given t o  
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us i n  a famous quota t ion1 by Henr i  Poincarg, who sa id,  "What renders 

these p e r i o d i c  s o l u t i o n s  so prec ious t o  us i s  t h a t  they are, so t o  

speak, the  on ly  breach through which we might t ry  t o  penet ra te  i n t o  a 

s t rongho ld  h i t h e r t o  reputed unassai lable."  That i s ,  p e r i o d i c  t r a j e c t o r -  

i e s  c a r r y  a l l  poss ib le  i n fo rma t ion  about the  dynamics, and they are 

e a s i e r  t o  work w i t h  than t h e  nonper iod ic  t r a j e c t o r i e s  s ince  t ime  i n t e -  

g r a l s  need on ly  be done over one per iod ,  r a t h e r  than from -Q) t o  +. 
(One can always r e f i n e  t h e  answers by examining longer  per iods.)  

There i s  another quote ab u t  chaos t h a t  I am fond of .  I n  h i s  book 

"Computational Physics", Steve Koonina says t h a t  f o r  c e r t a i n  non l i nea r  

c a l c u l a t i o n s  "...computer resu t s  de fy  our i n t u i t i o n  (and thereby re-  

shape it) and numerical work i s  essen t ia l  f o r  a proper understanding." 

For  much o f  t he  work I am about t o  descr ibe,  I found t h a t  t ime and t ime 

aga in  my i n t u i t i o n  was i n c o r r e c t  regard ing what t o  expect, and the  com- 

p u t e r  r e s u l t s  kept  p o i n t i n g  us i n  new, e x c i t i n g  d i r e c t i o n s .  

course, i n  re t rospec t  many o f  t h e  phenomena t h a t  we d iscovered seem 

r a t h e r  obvious, bu t  I w i l l  t r y  t o  emphasize those fea tures  which were 

i n i t i a l l y  unexpected and which I suspect w i l l  not  be so obvious t o  most 

Now, o f  

o f  you. 





11. THEORY 

F i r s t ,  a few words about the  equat ions o f  motion. We so lve  

Hami l ton 's  equat ions i n  a two-dimensional ~ p a c e l - ~  

where 

H = f (px* + p 2) + V(x,y). 
Y 

These are d i s c r e t i z e d  on a t ime mesh, w i t h  

- 2x + Xnml 
n + l  n + (-3 = o  

X 

E2 

'n *Yn 
wh r e  E. i s  t he  t ime step and n = 0, 1, ..., N-1. We impose p e r i o d i c i t y  

by r e q u i r i n g  t h a t  

(xNYYN) = (xo'yo) 

(XN+l 'YN+l )  = ( ' l*yi) 9 

wi th  t h e  pe r iod  g iven by 

T = N E ,  

For  non in tegrab le  two-dimensional systems, t h e  p e r i o d i c  t r a j e c t o r -  

i e s  form one-parameter f a m i l i e s ,  and we f i n d  t h a t  it i s  e s p e c i a l l y  con- 

ven ien t  t o  make p l o t s  o f  E vs, T, h e r e  E i s  the energy and T i s  t he  

per iod.  Among t h e  quest ions we wanted t o  answer were t h e  fo l l ow ing ,  
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What i s  t h e  topo logy  of t h i s  p l o t ?  Is i t  l i k e  a t r e e ?  What about the  

branching behavior, i n  which the  o r i g i n a l  t r a j e c t o r y  generates new fami- 

1 i e s ?  There are two types o f  branching: 

- 

a) 

b )  

Isochronous branching, where t h e  per iod  does not change, and 

Per iod  m u l t i p l y i n g  branching, where t h e  new f a m i l y  o r  f am i l i es  - 
have a pe r iod  which i s  a m u l t i p l e  o f  t h e  o r i g  na l  period. 

For s tudy ing  p e r i o d i c  motion, two o f  the  most impor tan t  methods are 

a) t h e  method of Poincarg  section^,^ wh ch has been w ide ly  used i n  

t h e  l i t e r a t u r e ,  and 

b )  t h e  Monodromy method, which we have a d 0 ~ t e d . l ' ~  

The method of Poincar6 sec t ionsg has been p a r t i c u l a r l y  h e l p f u l  i n  

s tudy ing  t h e  behavior of non l i nea r  systems which are near l y  i n teg rab le ,  

i .e. c lose  t o  where t h e  KAM theorem appl i e ~ . ~  

The Monodromy m a t r i x  i s  a 4 x 4 m a t r i x  which descr ibes t h e  change 

i n  a t r a j e c t o r y  a f t e r  one pe r iod  due t o  a small change i n  i n i t i a l  condi- 

t i  ons. * 9 

The 4 dimensions of t he  ma t r i x  correspond t o  t h e  x and y coordinates and 

t h e i r  associated v e l o c i t i e s  o r  momenta. 

v a r i a t i o n  o f  t h i s  method gives a fo rmula t ion  i n  terms of 2 x 2 matr ices,  

b u t  t h i s  approach has never been implemented.) The eigenvalues o f  M 

(whi ch are t h e  F1 oquet-Lyaponov mu1 t i  p l  i e r s )  occur i n  pa i  r s  whose product 

i s  u n i t y  and two of them are always equal t o  one. 
+ i a  - i a  complex conjugates o f  one another (e  ,e 

j e c t o r y  i s  s tab le ,  o r  they  are (+eY,+e-Y) g i v i n g  an uns tab le  t r a j e c t o r y .  

The t r a c e  o f  t h e  m a t r i x  gives i t s  s t a b i l i t y ,  and i n  t h e  s t a b l e  reg ion  we 

can have pe r iod  m u l t i p l y i n g  which occurs when t h e  s t a b i l i t y  angle i s  

Monodromy i n  Greek l o o s e l y  means "once around t h e  t rack " .  

(We mention i n  passing t h a t  a 

The o the r  two can be 

), i n  which case, t h e  t r a -  
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. 
equal t o  a r a t i o n a l  f r a c t i o n  t imes 2n. We f e e l  t h a t  t h e  Monsdromy 

method i s  super io r  t o  t h a t  o f  Poincarg sect ions because i t  i s  a very 

f a s t  method which can be used t o  thoroughly  map out t h e  e n t i r e  phase 

space (even i f  t h e  system i s  f a r  from i n t e g r a b l e )  and because it works 

as we l l  f o r  unstable t r a j e c t o r i e s  as it does f o r  s t a b l e  

Also, t h e  Monodromy method a l lows one t o  go very e a s i l y  from one p e r i -  

o d i c  t r a j e c t o r y  t o  another i n  t h e  same f a m i l y  o r  t o  a b i f u r c a t i o n  from 

t h e  o r i g i n a l  f a m i l y a 3  

t o r i ; 1 2  more about t h i s  l a t e r .  

F i n a l l y ,  t h e  method can be used t o  c a l c u l a t e  

F igu re  4 shows a schematic p l o t  o f  the  Trace (M) vs. E . 2  The 

places where it goes through 4 and 0 (denoted by 4 and Z) g i v e  r i s e  t o  

isochronous and period-doubl i n g  branchings respec t i ve l y .  Above 4 and 

below 0 t h e  f a m i l y  i s  unstable;  i n  between i t  i s  s t a b l e  and var ious 

branchings occur. 

and Z2 where t h e  Trace (M) has a h o r i z o n t a l  tangent. 

can be two branchings which are so c lose  toge the r  t h a t  they cannot 

n u m e r i c a l l y  be d i s t i n g u i s h e d  from t h e  tangency shown. I n  f a c t ,  it has 

been shown a n a l y t i c a l l y  t h a t  t h e  42 case cons is t s  of two, very c lose 

s i n g l e  b r a n ~ h i n g s , ~  The p o i n t  marked 21 i s  a specia l  case t o  be d i s -  

cussed l a t e r .  On t h i s  p l o t  it has a v e r t i c a l  tangent, w h i l e  on the  E-T 

p l o t  it has a h o r i z o n t a l  tangent and i s  known as a " h o r i z o n t a l  four."1,2 

About f i v e  d i f f e r e n t  p o t e n t i a l s  have been studied. The m a j o r i t y  o f  

No t i ce  t h a t  these are double s o l u t i o n s ,  denoted by 4* . 

I n  r e a l i t y ,  these 

. 

my r e s u l t s  today are from the so-ca l led NELSON p o t e n t i a l  : I  

1 1 
w b Y >  = (Y - y x)2 + - 2 px2,  = 0.1, 

which c o n s i s t s  o f  a deep v a l l e y  i n  t h e  shape o f  a parabola surrounded by 
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h i g h  mountains, as we see i n  t h e  contour p l o t  o f  Fig. 5. For t h i s  po- 

t e n t i a l  we were mot ivated by nuc lear  physics, where t h e  deep v a l l e y  

cou ld  represent a c o l l e c t i v e  degree o f  freedom coupled t o  o the r  types o f  

e x c i t a t i o n .  On t h i s  p l o t  we a l s o  show the  boomerang f a m i l y  o f  p e r i o d i c  

t r a j e c t o r i e s .  Not ice  t h a t  t h i s  f a m i l y  a r i ses  a t  small energies as a 

p e r i o d  doub l ing  o f  t h e  f a m i l y  o f  p u r e l y  v e r t i c a l  o s c i l l a t i o n s .  Other 

r e s u l t s  t h a t  I w i l l  d iscuss were obtained using t h e  MARTA p o t e n t i a l 2  

1 3 1 
2 

V(x,y) = j- x2 + 2 y2 - x2y + - x4, 

which i s  a l e s s  symmetrical ve rs ion  o f  t he  ce lebra ted  H6nsn-Heiles po- 

t e n t i a l .  As we see from Fig.  6, it i s  s t r i k i n g l y  d i f f e r e n t  from NELSON 

s ince  i t  has two saddle p o i n t s  and goes t o  -Q) i n  some d i r e c t i o n s .  Here 

we a l so  show t h e  boomerang f a m i l y  from MARTA, which again i s  very d i f -  

f e r e n t  f rom NELSON s ince  i t  a r i s e s  a t  small energies as t h e  h o r i z o n t a l  

fami ly of small o s c i l l a t i o n s .  F igure  7 shows another impor tan t  d i f f e r -  

ence between NELSON and MARTA. 

emanate from t h e  saddle point.2 

smal l  o s c i l l a t i o n s  from t h e  p o t e n t i a l  minimum, t h e r e  can o n l y  be - one 

saddle p o i n t  fami ly .  Th is  f a m i l y  i s  always uns tab le  and does no t  branch 

i n t o  any o the r  fami ly. 

MARTA has a f a m i l y  o f  o s c i l l a t i o n s  which 

U n l i k e  t h e  f a m i l i e s  which o r i g i n a t e  a t  

Some ca l  c u l  a t  i ons have a1 so been performed w i t h  t h e  Hihon-Hei 1 es 

potent ia1,g whose contours a re  d isp layed i n  Fig. 8. 

a r e  t h r e e  saddle po in ts .  This p o t e n t i a l ,  which i s  very famousI was 

f i r s t  proposed i n  1964 t o  model t h e  o r b i t s  o f  s ta rs  around a g a l a c t i c  

center.  It i s  i n t r i g u i n g  because i t  has a " t r i a n g u l a r "  symmetry, being 

i n v a r i a n t  under r o t a t i o n s  o f  120" i n  t h e  x-y plane, Moreover, a l l  o f  

Not ice  t h a t  t h e r e  
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t h e  p o t e n t i a l s  shown have symmetry under r e f l e c t i o n  o f  t h e  x coord inate,  

x + -x. Th is  b r i ngs  us t o  t h e  general t o p i c  o f  symmetr ies. ’~2 

F i r s t ,  t h e r e  are two k inds o f  t r a j e c t o r i e s :  

a) L i b r a t i o n s ,  i n  which the  same path i s  t rave rsed  i n  both d i r e c -  

t i o n s .  The t r a j e c t o r y  has we l l -de f i ned  t u r n i n g  p o i n t s  and i s  i t s  own 

t ime-reversed t r a j e c t o r y .  

b )  Rotat ions,  i n  which t h e r e  i s  a c losed path i n  one d i r e c t i o n  

only .  

j e c t o r y ,  and i t  i s  a separate t r a j e c t o r y .  On the  E-r p l o t s  we l a b e l  t he  

r o t a t i o n s  by t h e  symbol p. 

The opposi te  d i r e c t i o n  on t h e  path g ives the  t ime-reversed t r a -  

Mow consider  t h e  r e f l e c t i o n  symmetry, x + -x, There a r e  again t w o  

p o s s i b l e  c l a s s i f i c a t i o n s  : 

a) T r a j e c t o r i e s  which are symmetric about x = 0; r e f l e c t i n g  x does 

n o t  g i v e  a new t r a j e c t o r y .  

b )  Asymmetric t r a j e c t o r i e s ,  which are not  symmetric about x = 0. 

For  each o f  these the re  i s  a companion t r a j e c t o r y  obta ined by r e f l e c t i n g  

t h e  x coordinate.  From now on, t he  terms symmetric and asymmetric r e f e r  

t o  t h e  symmetry about t h e  y axis .  

f o u r  types o f  t r a j e c t o r i e s ,  t a k i n g  i n t o  account t h e  symmetries o f  t ime 

reve rsa l  and r e f l e c t i o n : 2  

Thus, f o r  NELSON and MARTA we have 

1. Symmetric l i b r a t i o n s  (two symmetries) 

2. Asymmetric l i b r a t i o n s  (one symmetry) 

3. Symmetric r o t a t i o n s  (one symmetry) 

4. Asymmetric r o t a t i o n s  (zero  symmetry). 

We see t h a t  every asymmetric r o t a t i o n  always belongs t o  a quar te t .  

of t h e  impor tan t  c o n t r i b u t i o n s  o f  our work has been t o  analyze both 

One 
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numer i ca l l y  and mathematical ly t h e  r o l e  t h a t  symmetries p lay  du r ing  

 bifurcation^.^^^^^ 

b i f u r c a t i o n s  f o r  t h e  so-ca l led  gener ic case, which means t h a t  no sym- 

me t r i es  are present i n  t h e  Hamiltonian. We have extended t h i s  work t o  

i n c l u d e  t h e  two symmetries mentioned. La te r  i n  t h i s  r e p o r t  I w i l l  show 

severa l  examples of how symmetries p lay  a r o l e  when a f a m i l y  b i f u rca tes ,  

b u t  I w i l l  not  g i ve  a complete ana lys i s  o f  a l l  o f  t he  cases t h a t  can 

occur. 

P rev ious l y  some work had been done by MeyerlO on 

I conclude t h i s  d iscuss ion  o f  symmetries by showing i n  Fig. 9 an 

x-y p l o t  o f  t r a j e c t o r i e s  from t h e  H6non-Heiles p o t e n t i a l  .7 The bottom- 

most t r a j e c t o r i e s  marked w i t h  t h e i r  T values i l l u s t r a t e  t h e  behavior o f  

some members o f  t h e  h o r i z o n t a l  f a m i l y  a t  r e l a t i v e l y  low energy. Because 

of t h e  t r i  angu lar  symmetry each o f  these t r a j e c t o r i e s  has - two companion 

t r a j e c t o r i e s  obtained by r o t a t i n g  t h e  o r i g i n a l  t r a j e c t o r y  by 120' and 

. t hen  by 240'. These are a l s o  d i sp layed  on Fig. 9. You can show numeri- 

c a l l y  t h a t  each o f  t h e  companion t r a j e c t o r i e s  i s  a l e g i t i m a t e  p e r i o d i c  

s o l u t i o n  f o r  t h i s  p o t e n t i a l .  



I I I .  RESULTS 

A. TOPOLOGY OF THE E-T PLOTS 

I w i l l  now d iscuss the  main r e s u l t s  o f  our work, w i t h  t h e  p r i n c i p a l  

emphasis on t h e  NELSON poten t ia1 . l  Probably the  most r a t i o n a l  way t o  

beg in  a study o f  p e r i o d i c  t r a j e c t o r i e s  would be t o  go t o  t h e  l i m i t  o f  

smal l   oscillation^.^ 

s ta r ted .  We discovered our f i r s t  t r a j e c t o r i e s ,  more or  l ess  by j u s t  

"hav ing fun" w i t h  t h e  e a r l y  codes, and on ly  l a t e r  d i d  we focus on the  

s imp les t  f am i l i es .  However, an i n t e l l i g e n t  procedure would be t o  begin 

w i t h  t h e  small o s c i l l a t i o n s  s o l u t i o n s  and t o  f o l l o w  them t o  l a r g e r  

ampl i tudes,  along w i t h  t h e i r  b i f u r c a t i o n s .  I n c i d e n t a l l y ,  the analogue 

i n  TDHF would be t o  s t a r t  w i t h  the  RPA so lu t i ons ,  whose con t inua t ions  

would g i v e  r i s e  t o  large-ampl i tude c o l l e c t i v e  motion. For t h e  NELSON 

p o t e n t i a l  t h e r e  are two f a m i l i e s  o f  s m a l l  o s c i l l a t i o n s ,  one i n  the  ver- 

t i c a l  d i r e c t i o n ,  t he  o the r  i n  t h e  h o r i z o n t a l  d i r e c t i o n  and t h e i r  per iods 

a r e  no t  congruent. One o f  t h e  i n t e r e s t i n g  fea tures  o f  t he  v e r t i c a l  

f a m i l y  i s  t h a t  i f  you cont inue i t  t o  l a r g e r  amplitudes, it r e t a i n s  i t s  

harmonic behavior,  w i t h  a constant  per iod.  However, as we see i n  Fig.  

10, t h i s  i s  no t  t r u e  f o r  t he  h o r i z o n t a l  fami ly .  

I might  add t h a t  t h i s  i s  - not how we a c t u a l l y  got 

F igu re  10 shows an energy vs. per iod  (E-T) p l o t  o f  t he  v e r t i c a l  Y 

and h o r i z o n t a l  H f a m i l i e s ,  as we l l  as many o the r  fami l ies . '  Th is  f i g u r e  

shows a number o f  fea tures  i l l u s t r a t i n g  t h e  general topo logy  of E-T 

p l o t s ,  and we w i l l  r e t u r n  t o  i t  again l a t e r  i n  t h i s  repor t .  

t h i s  i s  a master p l o t  o f  t h e  most impor tant  o r  s imp les t  symmetric 

I n  general, 
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fami l ies .  The c i r c l e d  c a p i t a l  l e t t e r s  g i ve  t h e  major f a m i l i e s ;  e.g. 

t h e r e  are t h e  v e r t i c a l  V and h o r i z o n t a l  H f a m i l i e s  j u s t  discussed, and B 

i s  t he  boomerang f a m i l y  shown prev ious ly .  Recal l  t h a t  B i s  a pe r iod  

doub l ing  from t h e  v e r t i c a l  fami ly .  P and Q are t h e  beginnings o f  two 

asymmetric b i f u r c a t i o n s .  The dark l i n e s  i n d i c a t e  s t a b l e  regions, wh i l e  

t h e  t h i n  l i n e s  denote i n s t a b i l i t y .  Sometimes small regions o f  i n s t a b i l -  

i t y  and s t a b i l i t y  a re  i n d i c a t e d  by u and s ,  respec t i ve l y .  The dark 

c i r c l e s  show very concentrated regions where the  Trace (M) r a p i d l y  goes 

th rough 4 ' s  and zeros; such c i r c l e s  con ta in  a t i n y  reg ion  o f  s t a b i l i t y  

and perhaps an even smal le r  reg ion  o f  i n s t a b i l i t y .  Dot-dashed l i n e s  

i n d i c a t e  var ious  p e r i o d - m u l t i p l y i n g  branchings, which are always per iod  

doub l ings  unless o therw ise  ind ica ted .  The places where t h e  Trace (M) 

goes through zero ( Z )  and 4 are so marked. Note t h e  presence o f  4 ' s  

where t h e  E vs. T curve has a h o r i z o n t a l  tangent; we w i l l  l a t e r  have 

more t o  say about a ' s .  

F igu re  10 i l l u s t r a t e s  one very important fea ture ,  namely t h a t  a 

p a r t i c u l a r  f a m i l y  may have more than one s t a b l e  reg i0n . l  

may be an i n f i n i t y  o f  such regions. The B fami ly ,  e.g., i s  s t a b l e  a t  

low energy, a f t e r  which i t  has an extended reg ion  o f  i n s t a b i l i t y ;  t hen  

a t  h ighe r  energy it again becomes s tab le ,  l a s t i n g  apparent ly  a l l  t h e  way 

t o  0. S i m i l a r l y ,  t h e  v e r t i c a l  f am i l y ,  which i s  s t a b l e  a t  low energies, 

has r e c u r r i n g  small regions o f  s t a b i l i t y  a t  h ighe r  and h ighe r  energies. 

Th is  a l s o  shows t h a t  t h e  "standard scenario," i n  which s t a b i l i t y  gets 

passed on by pe r iod  doub l ing  t o  success ive ly  more compl i c a t e d  t r a j e c t o r -  

i e s ,  can miss a l o t  o f  t h e  information. '  We w i l l  have more t o  say about 

t h e  standard scenar io  l a t e r .  

Indeed, t h e r e  
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Before d iscuss ing  f u r t h e r  t h e  topology o f  t he  E-T p l o t ,  l e t  us 

f i r s t  show a few p i c t u r e s  o f  some o f  the  symmetric fami l ies . '  We begin 

w i t h  t h e  A f a m i l y  which begins as a pe r iod  quadrupl ing from t h e  v e r t i c a l  

f a m i l y  and ends a t  h igh  energy as a pe r iod  doubl ing f rom the  same v e r t i -  

c a l  fami ly .  Th is  f a m i l y  i s  a symmetric l i b r a t i o n ,  and Fig. 91 shows i t s  

behavior  on an x-y p l o t  i n  going from low t o  h igh  energy. Not ice t h a t  

t h e  h igher  energy t r a j e c t o r i e s  have l a r g e r  ampl i tudes, ending i n  a 

per iod-bou ld ing  from the  v e r t i c a l .  F igu re  12 d i sp lays  separate x-y 

p l o t s  o f  var ious  members o f  t h e  C fami ly ,  which i s  a symmetric r o t a t i o n .  

Th is  f a m i l y  begins a t  low energy as a pe r iod  t r i p l i n g  from the  v e r t i c a l  

and a t  h igh  energy it branches isochronously  t o  the A f a m i l y  c lose  t o  

where t h e  A fami ly  branches from t h e  v e r t i c a l .  F igure  13 puts  several  

o f  t he  prev ious x-y p i c t u r e s  o f  C together  on a s i n g l e  p l o t .  

We r e t u r n  now t o  a low-energy blow-up o f  our E-T p l o t  i n  the  v i c i n -  

i t y  o f  t he  h o r i z o n t a l  ( H ) fami1y.l I n  Fig. 14 we see the  h o r i z o n t a l  

f a m i l y  p lus  t h e  I and 3 f a m i l i e s ,  t he  two symmetric f a m i l i e s  t o  t h e  

immediate r i g h t  o f  H on t h e  E-T p l o t .  Note t h a t  the  curve f o r  H between 

hl and h2, i f  extended, seems t o  over lap  roughly t h e  curve fo r  I between 

il and iz* However, t h e r e  a re  gaps between these f a m i l i e s ,  and we have 

v e r i f i e d  t h a t  these gaps are  no t  numerical. These f a m i l i e s  are known as 

t h e  " v a l l e y  f a m i l i e s "  s ince  i n  t h e  lowest  energy p a r t  o f  each curve t h e  

family occupies the  v a l l e y  o f  t he  p o t e n t i a l  and thus can be Yden t i f i ed  

w i th  t h e  c o l l e c t i v e  o s c i l l a t i o n s  o f  nuc lear  physics. Le t  us see what 

happens. F i r s t ,  for T values -20-22, the  H fami ly  occupies the  v a l l e y ,  

b u t  then it begins t o  c l imb t h e  walls o f  t h e  p o t e n t i a l  as the  E-? curve 

a b r u p t l y  makes a sharp t u r n  upwards and backwards. About t h i s  p o i n t  t h e  
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nex t  f a m i l y  I comes down from t h e  mountains and occupies t h e  v a l l e y  un- 

t i l  T - 25.0 when i t  a l so  re tu rns  t o  the  mountains. Then J takes over 

and repeats t h e  same pat te rn .  Figures 15 and 16 show t h e  x-y p l o t s  o f  H 

and I a t  r e l a t i v e l y  low energies, and we see how the  t r a j e c t o r i e s  begin 

t o  leave t h e  v a l l e y  around T = 22.0 and T = 25, respec t i ve l y .  

i s  an x-y p i c t u r e  of two members each o f  t h e  H ,  I ,  and J f a m i l i e s  when 

they  are  i n  t h e  va l l ey .  The unshaded reg ion  i s  t h e  va l l ey ,  and t h e  p i c -  

t u r e  shows on ly  the  x > o p a r t  s ince  the  l i b r a t i o n s  are a l l  symmetric 

about x = 0. Not ice,  too, t h a t  a new "hook" i s  added t o  t h e  t r a j e c t o r y  

each t ime  we swi tch  t o  a more compl icated v a l l e y  fam i l y ,  and t h i s  fea- 

t u r e  i s  seen again and again w i t h  respect t o  o the r  assoc ia t i ons  o f  fami- 

l i e s  encountered on t h e  E-T p l o t s .  I n  any case, one sees t h a t  t h e  s i t u -  

a t i o n  i s  v a s t l y  more complicated than a s ing le ,  continuous, c o l l e c t i v e  

family.' 

t i nuous  f a m i l y ,  bu t  r a t h e r  a re  d i v i d e d  among sec t ions  o f  H, I ,  J,  and 

presumably h igher -order  fami 1 i e s  beyond J .  

Figure  17 

I n  f a c t ,  t he  v a l l e y  t r a j e c t o r i e s  are - not p a r t  o f  a s i n g l e  con- 

You might ask y o u r s e l f  what happens t o  t h e  h o r i z o n t a l  f a m i l y  a f t e r  

i t  leaves the  va l l ey .  The h i s t o r y  o f  H i s  d isp layed i n  Fig. 18.' I n  

t h e  upper p a r t  o f  t h e  f i g u r e  we see t h a t  t h e  f a m i l y  a t  low energy begins 

as a small h o r i z o n t a l  o s c i l l a t i o n ,  a f t e r  which it grows u n t i l  i t  reaches 

a maximum energy. 

shape as the  f a m i l y  decreases i t s  energy u n t i l  i t  branches as a pe r iod  

quadrup l ing  from t h e  v e r t i c a l  fami ly .  Returning t o  Fig. 10, we see the  

f u l l  behavior o f  t h e  h o r i z o n t a l  family.' C lea r l y ,  V and H are connected 

s i n c e  H ends by branching onto V v i a  pe r iod  quadrupl ing. Th is  could not 

happen f o r  an uncoupled ( i n t e g r a b l e )  Hamltonian, f o r  which t h e  f a m i l i e s  

The lower p a r t  o f  t h e  f i g u r e  shows t h e  change i n  
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o f  small  o s c i l l a t i o n s  are independent o f  one another. 

Th is  perhaps is a good t ime tu  discuss a d d i t i o n a l  general t o p o l o g i -  

c a l  f ea tu res  o f  t h e  E-T p l o t s ,  which are n i c e l y  i l l u s t r a t e d  i n  Fig. 10.' 

F i r s t  o f  a l l ,  t h e r e  are on ly  two ways a f a m i l y  can begin o r  end: (1) by 

branching upon another f a m i l y ,  o r  (2)  by becoming t h e  f a m i l y  o f  small 

o s c i l l a t i o n s  about an e q u i l i b r i u m  po in t .  I n  regard t o  (2) , r e c a l l  t h a t  

f o r  MARTA,2 i n  a d d i t i o n  t o  the  H and V f a m i l i e s ,  t he re  i s  a fami ly  of 

o s c i l l a t i o n s  emanating from t h e  saddle p o i n t  of t h e  p o t e n t i a l .  Some 

f a m i l i e s  do not  t e rm ina te  anywhere, e.g. t h e  V and B f a m i l i e s  go t o  i n -  

f i n i t y  o r  they form c losed curves ( t h e  I and J f a m i l i e s ) .  You may re- 

c a l l  t h a t  one o f  t h e  quest ions t h a t  we i n i t i a l l y  wanted t o  answer was 

whether t h e  E-T p l o t  i s  l i k e  a t ree.  Now we c l e a r l y  see t h a t  t h e  E-T 

p l o t  i s  d e f i n i t e l y  not l i k e  a t r e e 1  s ince  the re  can be many ' Icycles" 

l i k e  I and 3 which f o l l o w  closed paths. Also, note t h a t  t h e  long r o t a -  

t i o n s  i n  H, I ,  and J form cycles. 

F i n a l l y ,  I and J are Yslands,"  not  obv ious ly  connected t o  t h e  

o t h e r  f a m i l i e s  i n  t h e  p lo t . '  

p e r i o d  m u l t i p l y i n g  branchings, i t  i s  conceivable f o r  l a r g e  T t h a t  they 

cou ld  somehow connect up w i t h  t h e  branchings from t h e  o the r  f a m i l i e s .  

( T h i s  p o s s i b i l i t y  seems remote, but  it has not y e t  been invest igated. )  

One o the r  i n t e r e s t i n g  f e a t u r e  o f  t h e  E-T p l o t  i s  t h a t  t h e r e  i s  a sym- 

m e t r i c  r o t a t i o n  connect ing t h e  top  and bottom p a r t s  o f  H, I ,  and J which 

a r e  symmetric l i b r a t i o n s .  This r o t a t i o n  i s  an isochronous branching, 

and we r e f e r  t o  it as a " r o t a t i o n  b r idge"  s ince it connects two very 

d i f f e r e n t  p a r t s  o f  t h e  cycle.  I n  Fig. 19 we show t h e  b r i d g e  for  H. 

However, such b r idges  do 7 n o t  have t o  occur f o r  cyc les o r  i s l ands ,  as we 

However, s ince I and J do g i v e  r i s e  t o  
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see i n  Fig. 20. This r a t h e r  unusual creature,  obtained f o r  t h e  MARTA 

p o t e n t i a l , 2  i s  an i s o l a t e d  asymmetric r o t a t i o n .  Recal l  t h a t  an asym- 

m e t r i c  r o t a t i o n  has zero symmetry, which, i t  tu rns  out, prevents it from 

branching isochronously.2 We w i l l  have more t o  say about branching 

l a t e r ,  bu t  f o r  now we want t o  discuss f u r t h e r  t h e  t o p o l o g i c a l  d i f f e r e n -  

ces between l i b r a t i o n s  and ro ta t i ons ,  

F igu re  21 d i sp lays  a d e t a i l e d  blow-up o f  t he  E-T p l o t  i n  t h e  v i c i n -  

i t y  of t h e  V and B fami l ies . '  

m e t r i c  branchings from these two fam i l i es .  The longer  l i n e s  are l i b r a -  

t i o n s  and t h e  sho r te r  ones are ro ta t i ons .  This i s  t y p i c a l  o f  what one 

u s u a l l y  f i n d s  on t h e  E-T plots. '  

t i o n s  are cons iderab ly  more p e r s i s t e n t ,  g i v i n g  r i s e  t o  many more branch- 

ings.  Thus, i t  becomes na tu ra l  t o  t h i n k  o f  l i b r a t i o n s  as t h e  "more 

impor tan t "  f a m i l i e s ,  but  I f i n d  r o t a t i o n s  t o  be much m r e  a e s t h e t i c a l l y  

appea l ing  because o f  t h e  b e a u t i f u l  way they  form br idges  between two 

ve ry  d i  f f e r e n t  l i b r a t i o n a l  shapes , Prev ious l y  we saw such br idges con- 

n e c t i n g  d i f f e r e n t  p a r t s  o f  t he  same f a m i l y  ( H, I ,  and J ). Here t h e  

s h o r t  r o t a t i o n a l  b r idges  connect d i f f e r e n t  l i b r a t i o n s .  On t h i s  p l o t  I 

c a l l  your a t t e n t i o n  t o  two such r o t a t i o n s  which have been c a r e f u l l y  

studied. The f i r s t  i s  t h e  "open boomerang" which branches from t h e  

boomerang ( a t  E - 10.0) and ends a t  t h e  v e r t i c a l  fami ly ,  thus connecting 

those two fam i l i es .  Another i s  t h e  r o t a t i o n  marked p* which serves as a 

b r i d g e  between two asymmetric l i b r a t i o n s .  These two r o t a t i o n s  are 

p l o t t e d  i n  Figs 22 and 23, respec t i ve l y .  The heavy l i n e s  i n  Fig, 23 are  

t h e  two "end" l i b r a t i o n s ;  no te  t h e  d i f f e r e n c e  i n  shape between these 

asymmetric l i b r a t i o n s .  

Th is  p i c t u r e  revea ls  a number o f  asym- 

Compared t o  t h e  r o t a t i o n s ,  t h e  l i b r a -  
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F igu re  24’ shows again the  r e l a t i o n s h i p  between r o t a t i o n s  and 

l i b r a t i o n s .  P and Q a re  two of t he  more impor tant  asymmetric l i b r a t i o n s  

which execute a l a r g e  number o f  sc rew- l i ke  excursions i n  t h e  E-r plane, 

keeping out  o f  s tep w i t h  each other .  (The do t ted  curves f o r  pa r t s  o f  Q 

were no t  a c t u a l l y  ca lcu la ted ,  but  are rough guesses based on our exper i -  

ence.) 

p r o j e c t i o n .  However, a whole se r ies  o f  r o t a t i o n  br idges connect P and Q 

a t  every h a l f  t u r n  o f  t he  screw, e,g, t h e  r o t a t i o n  shown which connects 

t h e  p o i n t  p2 on P w i t h  a p o i n t  j u s t  above q2 on Q. Th is  b r idge i s  shown 

i n  Fig. 25. Not ice  t h e  dramat ic changes i n  shape o f  t h i s  r o t a t i o n  as i t  

connects the  two l i b r a t i o n s  shown i n  t h e  f i r s t  and l a s t  frames. 

The net  e f f e c t  reminds one o f  a DNA molecule i n  two-dimensional 

I n  conclud ing t h i s  d iscuss ion  o f  t he  topology o f  the  E-? plo t s ,  I 

w i l l  d iscuss the  small o s c i l l a t i o n  f a m i l i e s  o f  t he  H6non-Heiles poten- 

t i a l  .7  F igu re  26 i s  an E-T p l o t  o f  some o f  t h e  more prominent fami l i e s .  

Note again the  presence o f  a saddle p o i n t  fami ly ,  S. Because o f  t he  

e x t r a  symmetry, we see t h a t  t h e r e  are  t h r e e  f a m i l i e s  which o r i g i n a t e  as 

smal l  o s c i l l a t i o n s  about the  minimum o f  t h e  p o t e n t i a l .  There are t h e  

usual  V and H f a m i l i e s ,  which are l i b r a t i o n s ,  and a t o t a l l y  -- new fami l y ,  

T which i s  a r o t a t i o n .  Also, a l l  t h ree  f a m i l i e s  have t h e  same pe r iod  a t  

smal l  o s c i l l a t i o n s ,  bu t  u n l i k e  NELSON or  MARTA the re  i s  no f a m i l y  whose 

p e r i o d  remains constant  as t h e  energy i s  increased, Another i n t e r e s t i n g  

f e a t u r e  i s  t h a t  f o r  small energies,  V and T are s tab le ,  w h i l e  H i s  un- 

s tab le .  Note, too, t h a t  as T + a~ t h e  v e r t i c a l  f a m i l y  approaches an 

asymptot ic  l i m i t  which i s  equal t o  t h e  energy o f  t h e  saddle po in t .  The 

new r o t a t i o n a l  f a m i l y  T i s  p l o t t e d  in x-y coord inates i n  Fig.  27. For 

smal l  energ ies t h i s  t r a j e c t o r y  i s  c i r c u l a r ,  w h i l e  a t  h igher  energies, it 
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becomes t r i a n g u l a r  i n  shape; hence, t h e  name T. 

B. BRANCHING BEHAVIOR 

I now want t o  discuss the  branching behavior o f  t h e  f a m i l i e s  o f  

p e r i o d i c  t r a j e c t 0 r i e s . l  s 2  

branching when we analyzed t h e  topology o f  t h e  E-T p l o t s  s ince t h e  two 

sub jec ts  are i n t i m a t e l y  re la ted.  However, our focus here w i l l  be on 

how, why, and when t h e  branchings take  place. 

O f  course, we have a l ready t a l k e d  about 

One of the  f i r s t ,  very obvious po in ts  about branching i s  t h a t  a t  

t h e  branching p o i n t  t h e  o r i g i n a l  and t h e  new fami l y  ( o r  f a m i l i e s )  

coalesce (which expla ins why t h e  Trace (M) goes through 4 f o r  t h e  i s o -  

chronous case). F i r s t ,  consider isochronous branchings (when the per iod 

doesn ' t  change). Imagine such branchings from, say, a boomerang-shaped 

curve, which i s  a symmetric l i b r a t i o n .  I n  one case you might get, e.¶., 

t h e  open boomerang which i s  a symmetric r o t a t i o n  o r  i n  another, the  

asymmetric boomerang. I n  both cases we note t h a t  t h e  o r i g i n a l  t r a j e c -  

t o r y  has l o s t  one o f  i t s  symmetries, and, as we have mentioned before, 

symmetries p lay  a c r u c i a l  r o l e  i n  determining branching b e h a ~ i o r . ~ , ~  

The second type o f  branching occurs when we b i f u r c a t e  t o  a t r a j e c -  

t o r y  whose per iod  i s  a m u l t i p l e  o f  the  o r i g i n a l  t r a j e c t o r y .  We have 

seen a number o f  examples o f  such branchings. Recal l ,  e.g., t h a t  t h e  

v e r t i c a l  fami l y  gives r i se t o  two important per iod  quadrupl i ngs : One 

i s  t h e  A fami ly ;  t h e  other,  t h e  H fami ly .  Both branchings take  place a t  

t h e  same po in t ,  and we thus uncover another important r e s u l t :  sometimes 

two new f a m i l i e s  a r i s e  a t  a b i f u r c a t i o n  point ,  l e 2 s 4  

From Fig. 21 we see t h a t  t he re  are four  impor tant  simple branchings 
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from t h e  boomerang fami1y: l  

h i g h  energy a 4 and a Zz, 

going c lockwise s t a r t i n g  w i t h  t h e  upper r i g h t  frame, we have: 

double open boomerang (a symmetric r o t a t i o n  from t h e  lower Z 2 ) ,  t he  

asymmetric boomerang ( lower 4 ) ,  t h e  open boomerang (upper 4 ) ,  and the  

double mushroom ( a  symmetric r o t a t i o n  from the  upper Z2).  

double open boomerang, we on ly  show one t r a j e c t o r y ;  f o r  each of t he  

o t h e r  cases, we d i s p l a y  several  t r a j e c t o r i e s .  A l s o ,  t he  Z2 cases are 

double so lu t i ons .  thus, f o r  each o f  these we have another, companion 

s o l u t i o n  which i s  an asymmetric l i b r a t i o n ,  F igu re  29 d i sp lays  a c lover-  

leafed isochronous branching from a U-shaped f a m i l y  f o r  t he  MARTA poten- 

t i a l  . 2  These are a l l  r e l a t i v e l y  simple b i f u r c a t i o n s .  However, i n  gen- 

e r a l  , t h e  p e r i  od-mu1 ti p l  y i  ng t r a  j e c t o r i  es can become exceedi n g l y  compl i - 
cated. For example, Fig. 30 i s  an x-y p l o t  o f  a s i n g l e  t r a j e c t o r y  ob- 

t a i n e d  from a pe r iod  doubl ing o f  t h e  I family. '  

a t  low energy, a Z2 and a 4 and again a t  

These branchings are shown i n  Fig. 28, and, 

t h e  

For the  

Without going i n t o  much d e t a i l ,  l e t  us now i n d i c a t e  some o f  t he  

r u l e s  f o r  branching.2 

be two or even t h r e e  types o f  poss ib le  isochronous branchings, where t h e  

Trace (M) went through a value o f  4. 

e a s i l y  ab le t o  f i n d  t h e  new f a m i l y  as the o r i g i n a l  f a m i l y  went through 

t h e  b i f u r c a t i o n  po in t ,  and t h i s  always seemed l i k e  t h e  "standard branch- 

ing." 

4, b u t  a t  a p lace where the  f a m i l y  had a h o r i z o n t a l  tangent i n  t h e  E-T 

plane.' 

v i o u l s y  c a l l e d  t o  your  a t t e n t i o n .  I n  any case, i n  t h e  e a r l y  days of our 

work i t  always seemed as i f  t h e  4 ' s  were very strange, specia l ,  probably 

When we f i r s t  s t a r t e d  t h i s  work, t h e r e  seemed t o  

* 

I n  t h e  f i r s t  case ( 4 ) ,  we were 

However, t h e r e  were o the r  cases where t h e  Trace (M) went through 

These are known as "ho r i zon ta l  fours"  ( a ' s ) ,  which I have pre- 



111-10 

somewhat r a r e  c rea tures  since, as f a r  as we could determine, no branch- 

i n g  took place. I n  fact ,  a f t e r  some very ca re fu l  work, we were able t o  

es tab l i sh1y2  (bo th  numer ica l l y  and a n a l y t i c a l l y )  t h a t  - no branching cou ld  

t a k e  p lace  a t  a '4. 

s t a b l e  t o  unstable,  o r  v i c e  versa. 

t h a n  we o r i g i n a l l y  thought, and i n  add i t i on ,  a 4 t u r n s  out t o  be t h e  

gener ic  case (i.e. what one encounters i n  t h e  absence o f  any sym- 

metr ies).1° 

p l o t ,  occur on l y  when symmetries a re  present, and t h i s  too  i s  an impor- 

t a n t  r e s u l t  o f  our work.1S2 The on ly  k i n d  o f  t r a j e c t o r y  which cannot 

have an isochronous branching i s  an asymmetric r o t a t i o n ,  which has no 

symmetry.* On t h e  o the r  hand, t h e  42 case1 i n d i c a t e d  on t h e  E-T p l o t s  

( t h e  t h i r d  k i n d  o f  isochronous branching) occurs f o r  a symmetric l i b r a -  

t i o n ,  which has two symmetries. 

approximate; i n  r e a l i t y ,  t h i s  i s  two very c l o s e l y  spaced 4 's . '+ )  

Also, a t  a '4 t h e  t r a j e c t o r y  always switched from 

Moreover, '4's were much more common 

The o ther  isochronous branchings, a t  t h e  4 ' s  on t h e  E-T 

(Reca l l ,  however, t h a t  42 i s  on ly  

The next p o i n t  i s  t h a t  a t  a branching po in t ,  t h e r e  i s  a k i n d  of 

"conserva t ion  o f  s t a b i l i t y , " 1  b u t  we must de f i ne  p r e c i s e l y  what we mean 

by t h i s  expression. We use t h e  Poincari? sec t i on  f o r  our dynamical sys- 

tem and d e f i n e  a "Poincar6 index" as fo l lows.  

( s t a b l e )  f i x e d  p o i n t  o f  t he  Poincar6 wave one assigns t h e  index Q = +I, 

w h i l e  f o r  every hyperbo l i c  (uns tab le )  f i x e d  p o i n t  one assigns t h e  index 

Q = -1. The t o t a l  Poincar6 index, f o r  a p a r t i c u l a r  energy a t  a branching 

p o i n t ,  i s  t h e  sum o f  a l l  o f  t h e  i n d i v i d u a l  C Y ' S ,  and t h i s  remains con- 

served as energy i s  va r ied  through a branching. I.e., what i s  conserved 

i s  " s t a b i l i t y  minus i n s t a b i l i t y . "  I n  app ly ing  t h i s  ru le ,  i t  i s  very 

impor tan t  t o  take  i n t o  account t h e  symmetry of t h e  b i f u r c a t i o n  point.* 

For every e l l i p t i c  
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E;g., cons ider  the  p o i n t  ( 4 )  marked B i n  Fig. 14. For energies below f3 

we have one asymmetric t r a j e c t o r y ,  a symmetric l i b r a t i o n ,  g i v i n g  u = -1. 

Above B ,  t h e  o r i g i n a l  t r a j e c t o r y  has now become stab le,  w i t h  u = t1. 

However, t he re  are - two uns tab le  asymmetric l i b r a t i o n s  (ob ta ined by 

l e t t i n g  x + - x ) ,  each wi th u = -1, so t h a t  t h e  ne t  u i s  -1. 

b i l i t y  i s  conserved. 

t o r y  switches from s t a b l e  t o  unstable,  but  t h e  branching i s  t o  a s tab le  

symmetric r o t a t i o n  ( w i t h  two t r a j e c t o r i e s  f o r  t h e  two d i r e c t i o n s ) ,  so 

o (ne t )  = +1 both below and above t h e  branching. 

branching, f o r  which t h e  main t r a j e c t o r y  mainta ins i t s  s t a b i l i t y .  

ever, t he re  are fou r  branching t r a j e c t o r i e s :  two s t a b l e  symmetric ro ta -  

t i o n s  and two unstable asymmetric l i b r a t i o n s ,  so once again s t a b i l i t y  i s  

conserved. (Th is  l a s t  example i s  r e a l l y  t h e  same as t h e  two prev ious 

cases, w i t h  t h e  d i s tance  between them becoming very small .4) 

Thus, s ta-  

S i m i l a r l y ,  a t  t he  4 j u s t  below 8 ,  t h e  main t r a j e c -  

Also,  consider  t h e  42 

How- 

The r u l e  fo r  branchings has profound imp1 i c a t i o n s  f o r  pe r iod  m u l t i -  

p l y i n g  b r a n ~ h i n g s . l , ~ , ' +  

any d e t a i l ,  bu t  l e t  us i n d i c a t e  severa l  o f  t h e  main r e s u l t s .  For per iod  

doubl ing,  which occurs whenever the  Trace (M) goes through zero (Z)  , 
t h e r e  i s  on l y  one new fami ly .  

a r e  - two new fami l i es .  

m u l t i p l y i n g  b i f u r c a t i o n s  grea ter  than 2; i.e. f o r  pe r iod  t r i p l i n g ,  

p e r i o d  quadrupl ing,  etc. Again t h e  exact nature o f  t h e  branching de- 

pends upon t h e  symmetries present a t  t h e  b i f u r c a t i o n  po in t .2$4  

We w i l l  no t  have t i m e  t o  t r e a t  t h i s  sub jec t  i n  

However, f o r  a double s o l u t i o n  ( Z 2 )  t he re  

Then, two new f a m i l i e s  a l so  a r i s e  f o r  a l l  per iod  

One o the r  r e s u l t  about b i f u r c a t i o n s  i s  worth mentioning. So f a r ,  

we have encountered cases where t h e  two new f a m i l i e s  (one o f  which i s  

s tab le ,  the other ,  unstable)  emerge on t h e  - same s ide  o f  t he  branching; 
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i.e. both inc rease o r  

f o r  one of  t h e  two t o  

Th is  type  of behavior 

o rde r  pe r iod  mu1 t i  p l y  

go up i n  energy, 

can occur f o r  22 

ngs (e.g., t r i p 1  

t h e  o the r  down i n  

p e r i  od doubl i ngs4 

decrease i n  energy. However, i t  i s  a l s o  poss ib le  

e n e r g y . 1 ~ 2 , ~  

and f o r  h igher -  

ng’ s 2  and quadrup i ng2). When 

t h i s  happens, both new f a m i l i e s  a re  always u n ~ t a b l e . ~ ~ ~ , ~  

shows a pe r iod  t r i p l i n g  o f  t he  asymmetric boomerang.’ 

F igure  31 

The o r i g i n a l  t r a -  

j e c t o r y  i s  shaded and t h e  new f a m i l i e s  emerge a t  t h e  4.00 p o i n t ,  one i n  

each d i r e c t i o n .  The o r i g i n a l  t r a j e c t o r y  i s  s t a b l e  both above and below 

t h e  branching po in t ,  w h i l e  each o f  t h e  new f a m i l i e s  i s  unstable. Thus, 

once again s t a b i l i t y  i s  conserved. However, t h e  lower f a m i l y  r a p i d l y  

goes through a 4 (w i th ,  o f  course, no branching) and becomes s tab le ,  

a f t e r  which i t s  energy increases. Then Fig. 32 d i s p l a y s  x-y p i c t u r e s  o f  

t h e  o r i g i n a l  t r a j e c t o r y  a t  t h e  b i f u r c a t i o n  p o i n t  ( l e f t )  and t h e  two new 

t r a j e c t o r i e s  (middle and r i g h t ) .  The middle and r i g h t  p i c t u r e s  are 

taken  somewhat beyond t h e  reg ion  shown i n  Fig. 31 i n  o rder  t o  d i s t i n g -  

u i s h  t h e  d e t a i l s  a f  these two t r a j e c t o r i e s .  

does not change. The o r i g i n a l  f a m i l y  i s  an asymmetric l i b r a t i o n ,  as are 

bo th  of t h e  new fami l i es .  However, t h e r e  are  many examples o f  pe r iod  

m u l t i p l y i n g  b i f u r c a t i o n s  where the  symmetry does change,’,* 

Not ice  t h a t  t h e  symmetry 



I V .  NONPERIOOIC TRAJECTORIES 

L e t  us b r i e f l y  s tudy some nonper iod ic  t r a j e c t o r i e s  i n  o rder  t o  show 

t h a t  p e r i o d i c  and chao t i c  phenomena are i n t i m a t e l y  re la ted .  The NELSON 

p o t e n t i a l l  i s  p a r t i c u l a r l y  s u i t e d  f o r  t h i s  ana lys i s  because i t  has no 

saddle p o i n t s  and always goes asympto t i ca l l y  t o  + i n f i n i t y  i n  any d i r e c -  

t i o n .  Thus, f o r  any energy a l l  t r a j e c t o r i e s  remain i n  a f i n i t e  reg ion  

o f  phase space and are  t h e r e f o r e  “ r e ~ u r r e n t . ” ~  

F igu re  21 i s  an E-T p l o t  con ta in ing  the  boomerang fami ly, ’  which 

has the  simp1 e s t  nont r i  v i  a1 p e r i o d i c i t y .  We w i  11 exami ne a nonper i  od i c  

t r a j e c t o r y  which l i e s  very c lose  i n  phase space t o  a p e r i o d i c  t r a j e c -  

t o r y .  The nonper iod ic  t r a j e c t o r y  i s  obta ined by vary ing  j u s t  s l i g h t l y  

t h e  coord ina tes  of two adjacent  p o i n t s  on t he  p e r i o d i c  one. There are 

t h r e e  p o i n t s  i n  phase space t h a t  we w i l l  consider.  The f i r s t  p o i n t  i s  

taken from t h e  lower  s t a b l e  reg ion,  c lose  t o  where t h e  boomerang 

branches form the  v e r t i c a l  fami ly .  The second p o i n t  i s  r i g h t  i n  the  

cen te r  o f  t h e  uns tab le  middle region. The t h i r d  p o i n t  i s  on t h e  upper 

s t a b l e  branch somewhat above t h e  p o i n t  where the  branching t o  t h e  open 

boomerang takes place. 

The nonper iod ic  t r a j e c t o r i e s  f o r  each o f  these cases are  shown i n  

Figs.  33, 34, and 35, respect ive1y. l  

d i f f e r e n c e s  between t h e  nonper iod ic  t r a j e c t o r i e s  obta ined from t h e  

s t a b l e  and uns tab le  reg iuns. l  For both of the stable cases, t h e  t r a j e c -  

t o r y  has an envelope shaped l i k e  and surrounding the  o r i g i n a l  boomerang, 

Such t r a j e c t o r i e s  remain on a two-dimensional t o r u s  i n  phase space and 

There are c l e a r l y  very pronounced 

I V - 1  
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have been c a l l  ed regul  a r  o r  quasi p e r i  od i  c. I n  c o n t r a s t  , t h e  nonperi od i  c 

t r a j e c t o r y  from t h e  uns tab le  reg ion  s t a r t s  out near the  boomerang, bu t  

very  soon leaves it and wanders more o r  l ess  a t  random i n  t h e  v a l l e y  o f  

t h e  NELSON p o t e n t i a l .  C lea r l y ,  i t  l i e s  i n  a chao t i c  reg ion  i n  phase 

space. There i s  another d i f f e r e n c e  between t h e  two types o f  t r a j e c -  

t ~ r i e s . ~ , ~  Since a quas ipe r iod i c  t r a j e c t o r y  remains on a to rus ,  i t s  

v e l o c i t y  vec tor  a t  any p a r t i c u l a r  p o i n t  o f  x-y space can on ly  have one 

of two d i r e c t i o n s ,  thus g i v i n g  r i s e  t o  a "cross-hatched" p a t t e r n  which 

i s  p a r t i c u l a r l y  ev ident  i n  Fig. 35. On t h e  o the r  hand, t h e  chao t i c  t r a -  

j e c t o r y  does not l i e  on a to rus ,  so t h a t  t h e  v e l o c i t y  vec to r  can be i n  

any d i  r e c t i  on. - 
The number o f  t ime steps f o r  t h e  chao t i c  t r a j e c t o r y  i n  Fig. 34 i s  

5000. 

w h i l e  Fig. 37 i s  a blow-up of Fig. 36 i n  t h e  v i c i n i t y  o f  t h e  o r i g i n .  

n o t e  i n  passing, too,  t h a t  such quas ipe r iod i c  and chao t i c  t r a j e c t o r i e s  

were p r e v i o u s l y  s tud ied  by Michael H6non i n  connection w i t h  a r e s t r i c t e d  

three-body problem.g 

F igure  36 shows t h e  e f f e c t  of doub l ing  t h e  number of t ime steps, 

We 



V. CALCULATION OF INVARIANT TORI 

F i n a l l y ,  we mention a very i n t e r e s t i n g  development i n  t h e  research 

program. 

c a l  cu l  a t i o n  o f  i n v a r i a n t  t o r i  f o r  a noni n tegrab l  e system. l 2  

as we have j u s t  seen i n  the  prev ious d iscuss ion,  p e r i o d i c  o r b i t s  can a l -  

It t u r n s  out t h a t  t he  Monodromy method can be extended t o  the  

O f  course, 

ways be used t o  s tudy the  phase space i n  which they are imbedded. What 

i s  new about the  Monodromy extens ion i s  t h a t  ac tua l  p e r i o d i c  t r a j e c t o r -  

i e s  become approximat ions f o r  t h e  nearby t o r i  i n  phase space (which i s  

assumed t o  be not  t o o  chaot ic ) .  These t r a j e c t o r i e s  are c a l l e d  "quasi -  

t o r i . "  One impor tan t  r e s u l t  of t h i s  work i s  t h a t  a f a m i l y  o f  t o r i  can 

connect d i s t i n c t  f a m i l i e s  o f  p e r i o d i c  t r a j e c t o r i e s .  

The method t h a t  has been developed a l lows one t o  c a l c u l a t e  a p e r i -  

o d i c  t r a j e c t o r y  by va ry ing  bo th  i t s  energy 

i s  de f ined i n  

a r e  no t  equal 

terms of t he  two eigenvalues 

t o  1, That i s ,  f o r  a s t a b l e  

and i t s  winding number, which 

o f  t he  Monodromy m a t r i x  t h a t  

t r a j e c t o r y  we have 

and 
b a = 2 n -  m '  

where m and b are  in tegers .  For these values o f  a you get b i f u r c a t i o n s  

o f  o rder  m. The winding r a t i o  i s  then g iven by 

b 
P " m  , 

and t h e  t r i c k  i s  t o  take  r a t h e r  l a r g e  values f o r  m, so t h a t  t he  b i f u r -  

ca ted  t r a j e c t o r y  loops many t imes around t h e  o r i g i n a l  o r  parent  
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t r a j e c t o r y .  

show a p e r i o d i c  t r a j e c t o r y  w i t h  p = 23/47 f o r  t he  h o r i z o n t a l  f a m i l y  H of 

MARTA. 

emphasizes t h e  whole o r b i t ;  t he  cross-hatched behavior i s  i d e n t i c a l  t o  

t h a t  o f  t h e  nonper iodic,  regu la r  t r a j e c t o r i e s  d isp layed i n  t h e  l a s t  sec- 

t i o n .  However, i n  (b)  we j u s t  show t h e  p o i n t s  as they occur, and you 

see t h a t  they  group themselves i n t o  planes which are  perpend icu la r  t o  

t h e  parent t r a j e c t o r y .  

rep resen t ing  a to rus ;  f o r  t h i s  case p = 64/107. 

This behavior i s  n i c e l y  i l l u s t r a t e d  i n  Fig. 38,12 where we 

I n  (a)  we a l l o w  t h e  computer t o  draw l i n e s  between p o i n t s  which 

I n  Fig. 3912 we show another p e r i o d i c  t r a j e c t o r y  

We remark, too, t h a t  another reason f o r  focus ing  on t h e  p e r i o d i c  

t r a j e c t o r i e s  w i t h  l a r g e  m values i s  t h a t  these p values are  p r e c i s e l y  

t h e  r a t i o n a l  r a t i o s  which are " l e a s t  a f fec ted "  by t h e  KAM theorem. 

I.e., t h e  KAM theorem t e l l s  us t h a t  when a t o r u s  p e r t a i n i n g  t o  a 

r a t i o n a l  r a t i o  o f  f requencies i s  destroyed, some small f r a c t i o n  o f  near- 

by i r r a t i o n a l  t o r i  a re  a l s o  destroyed and t h i s  f r a c t i o n  decreases as the  

r a t i o n a l  r a t i o s  become l e s s  simple. Thus, f o r  l a r g e  m, t h e  b i f u r c a t e d  

p e r i o d i c  t r a j e c t o r y  should approximate very w e l l  t h e  t o r i  i n  t h a t  p a r t  

of phase space. 

F i n a l l y ,  Fig. 4012 shows a number o f  p i c t u r e s  o f  t h e  bottom f a m i l y  

o f  MARTA. Here a f a m i l y  of t o r i  connect t h e  h o r i z o n t a l  and v e r t i c a l  

f am i l i es ,  as you can see i n  going from r i g h t  t o  l e f t .  Each row o f  t he  

f i g u r e  i s  f o r  a d i s t i n c t  energy, which are  .05, .08, .ll i n  going from 

t o p  t o  bottom. For each column o f  t h e  f i g u r e ,  we have a constant 

w ind ing  number; t h e  two columns on t h e  l e f t  have r e l a t i v e l y  s imple 

w ind ing  numbers. You can see how these q u a s i t o r i  vary w i t h  energy and 

w ind ing  number. It i s  i n t e r e s t i n g  t h a t  even though V becomes uns tab le  
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a t  an energy o f  .l, q u a s i t o r i  f o r  t h e  bottom f a m i l y  s t i l l  e x i s t  a t  an 

energy o f  .11. 





VI. CONCLUSIONS 

Recent ly  some very impor tant  s tud ies  i n  c l a s s i c a l  non l i nea r  

dynamics have been completed. I n  t h i s  work, p e r i o d i c  mot ion i n  two- 

dimensional  non in tegrab le  systems has been c a r e f u l l y  analyzed. The most 

impor tan t  r e s u l t s  can be summarized as fo l lows. 

(1) A new a lgo r i t hm has been developed f o r  c a l c u l a t i n g  the  c l a s s i -  

c a l  p e r i o d i c  t r a j e c t o r i e s .  It i s  c a l l e d  the  Honodromy method, and i t  i s  

s u p e r i o r  t o  t h e  more convent ional  method o f  Poincar6 sec t ions  f o r  sever- 

a l  reasons. F i r s t ,  it can be used t o  map out thorough ly  the  e n t i r e  

phase space, and i t  enables one t o  c a l c u l a t e  uns tab le  p e r i o d i c  t r a j e c -  

t o r i e s  as e a s i l y  as t he  s t a b l e  ones. Next, s t a r t i n g  w i t h  a g iven p e r i -  

o d i c  t r a j e c t o r y ,  one can very e a s i l y  f i n d  another t r a j e c t o r y  i n  t h e  same 

f a m i l y  o r  i n  a new fami ly  which b i fu rca tes  o f f  o f  t he  o r i g i n a l  fami ly .  

F i n a l l y ,  the Monodromy method can be used t o  c a l c u l a t e  t h e  i n v a r i a n t  

t o r i  o f  non in tegrab le  systems. 

( 2 )  A weal th  of numerical data has been obtained, g i v i n g  a r i c h  

v a r i e t y  of l i b r a t i o n a l  and r o t a t i o n a l  motion. (About 5000 t r a j e c t o r i e s  

compr is ing roughly  50 fam i l i es  have been studied.) 

( 3 )  It has been e s p e c i a l l y  convenient t o  present the  data i n  the  

form o f  energy vs. pe r iod  (E-T) p lo ts .  These p l o t s  have very i n t e r e s -  

t i n g  t o p o l o g i c a l  p r o p e r t i e s  which n i c e l y  r e f l e c t  new fea tu res  of t he  

under l y ing  dynamical motion. 

( 4 )  Very care fu l  numerical and a n a l y t i c  s tud ies  have been made 

regard ing  t h e  branching or b i f u r c a t i o n  behavior o f  t h e  f a m i l i e s  o f  

VI-1 
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t h e  

add 

a r e  

f am 

p e r i o d i c  t r a j e c t o r i e s .  This inc ludes  both isochronous branching ( i n  

which t h e  pe r iod  o f  the  new f a m i l y  i s  t he  same as t h a t  o f  t he  parent 

f a m i l y )  and p e r i o d - m u l t i p l y i n g  b i f u r c a t i o n s  ( i n  which the  pe r iod  o f  the  

new f a m i l y  i s  a m u l t i p l e  o f  t h e  pe r iod  o f  t h e  parent) .  One o f  t he  main 

r e s u l t s  has been t o  show how symmetries (e.g., t ime- reversa l  and re f l ec -  

t i o n )  a f f e c t  t h e  d e t a i l s  o f  t h e  branching. 

( 5 )  The s t a b i l i t y  o f  t h e  p e r i o d i c  t r a j e c t o r i e s  determines t h e  be- 

h a v i o r  o f  t he  phase space i n  which they are imbedded. 

i e s  l i e  i n  regu la r  regions o f  phase space, wh i l e  uns tab le  t r a j e c t o r i e s  

l i e  i n  chao t i c  regions. 

S tab le  t r a j e c t o r -  

( 6 )  T o r i  can a l so  be s tud ied  us ing  these methods. P e r i o d i c  t r a -  

j e c t o r i e s  w i t h  h i g h l y  winding o r b i t s  are good approximations t o  the  i n -  

v a r i a n t  t o r i  which l i e  nearby i n  phase space. It has been shown t h a t  

f a m i l i e s  o f  such ' ' quas i to r i "  can connect two d i f f e r e n t  f a m i l i e s  of 

p e r i o d i c  t r a j e c t o r i e s .  

(7) F i n a l l y ,  t h i s  work has grea t  promise o f  being extended t o  TDHF 

theo ry  i n  nuc lear  physics. To understand the  connection between t h e  

c l a s s i c a l  s tud ies  and TDHF, it i s  i n s t r u c t i v e  t o  consider how one i n i t i -  

a tes  t h e  c l a s s i c a l  c a l c u l a t i o n s  when no p e r i o d i c  s o l u t i o n s  are  known. 

The l o g i c a l  way o f  beginning i s  t o  f i n d  f i r s t  t h e  f a m i l i e s  o f  small 

o s c i l l a t i o n s  about t h e  e q u i l i b r i u m  p o i n t s  o f  t he  p o t e n t i a l .  When a t  

o f  these f a m i l i e s  i s  known, one can use 

l a r g e r  ampli tudes f o r  each f a m i l y  and, i n  

l i e s .  (However, as we have seen, t h e r e  

ch appear t o  be not connected t o  the  

or, indeed, t o  any o the r  fam i l i es .  Then 

l e a s t  one t r a j e c t o r y  from each 

Monodromy methods t o  go t o  

t i o n ,  t o  f i n d  many new farn 

c o l l e c t i o n s  o f  f a m i l i e s  wh 

l i e s  o f  small o s c i l l a t i o n s  
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spec ia l  methods must be used t o  l o c a t e  such fam i l i es . )  

TDHF would be t o  s t a r t  w i t h  t h e  RPA s o l u t i o n s  and use genera l i zed  

Monodromy methods t o  generate s o l u t i o n s  o f  l a r g e  ampl i tude c o l l e c t i v e  

motion. 

c i a l  techniques.) Thus, small and l a r g e  ampl i tude c o l l e c t i v e  mot ion 

w i l l  be mapped ou t  i n  TDHF j u s t  as it was i n  t h e  c l a s s i c a l  case. Such a 

s tudy  w i l l  be very useful i n  nuc lear  s t r u c t u r e  and e v e n t u a l l y  i n  heavy- 

ion  reac t i ons  (see Figs. 1, 2, and 3), 

The analogue i n  

(The i s o l a t e d  f a m i l i e s  w i l l  again have t o  be found us ing  spe- 
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