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ABSTRACT: This article develops a methodology to predict the elastic properties of
long-fiber injection-molded thermoplastics (LFTs). The corrected experimental fiber
length distribution and the predicted and experimental orientation distributions were
used in modeling to compute the elastic properties of the composite. First, from the
fiber length distribution (FLD) data in terms of number of fibers versus fiber
length, the probability density functions were built and used in the computation. The
two-parameter Weibull’s distribution was also used to represent the actual FLD.
Next, the Mori–Tanaka model that employs the Eshelby’s equivalent inclusion
method was applied to calculate the stiffness matrix of the aligned fiber composite
containing the established FLD. The stiffness of the actual as-formed composite was
then determined from the stiffness of the computed aligned fiber composite that was
averaged over all possible orientations using the orientation averaging method. The
methodology to predict the elastic properties of LFTs was validated via experimental
verification of the longitudinal and transverse moduli determined for long glass fiber
injection-molded polypropylene specimens. Finally, a sensitivity analysis was
conducted to determine the effect of a variation of FLD on the composite elastic
properties. Our analysis shows that it is essential to obtain an accurate fiber
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orientation distribution and a realistic fiber length distribution to accurately predict
the composite properties.

KEY WORDS: long-fiber thermoplastics, injection molding, fiber length distribu-
tion, fiber orientation, elastic properties.

INTRODUCTION

L
ONG-FIBER REINFORCED THERMOPLASTICS (LFTs) have generated great interest
within the automotive industry. These materials that have already been used for semi-

structural applications are now candidate materials for structural applications to reduce
vehicle weight. LFTs produced by injection-molding present the advantage of low cost
part production since conventional injection-molding equipment can be adjusted with
some specific tool design to produce LFT parts. It is well known that LFTs offer much
better mechanical performance than the short-fiber counterparts since the use of long
fibers leading to higher fiber aspect ratios considerably increases the composite stiffness
and strength, and enhances creep and fatigue endurance [1,2]. Although LFTs have been
commercially available for mostly twenty years and have been used in the automotive
industry for more than fifteen years [3], there exists little experimental and modeling work
on these materials.

In order for LFTs to be used efficiently and safely for structural applications, it is
essential to be able to (i) predict their microstructure as a function of the constituents’
properties and characteristics as well as processing parameters, (ii) predict their
thermoelastic properties and nonlinear responses as a function of the as-formed
microstructure, and (iii) establish reliable characterization methods for obtaining all the
necessary microstructural features for the model validation. While this paper partly
addresses point (ii) that focuses on the prediction of the elastic properties for a studied
LFT system produced by injection molding, it also addresses point (i) by comparing
current fiber orientation models to experiments, and assessing their usefulness for
modeling LFTs. The property prediction for LFTs requires the knowledge of two essential
microstructural features in addition to the constituents’ material properties: fiber
orientation distribution (FOD) and fiber length distribution (FLD). In this article, the
FODs for the long fiber glass/polypropylene (PP) injection-molded center-gated disk and
ISO-plaque were first experimentally determined using the method developed in Ref. [4].
Next, the FOD predictions in these samples were achieved using ORIENT, a finite
difference code developed at the University of Illinois. A method for the measurement of
FLDs was developed to obtain the FLD for the same samples. The details of the FLD
measurement method will be described in our forthcoming paper that focuses on the
experimental and characterization aspects [5]. Significant fiber breakage has occurred
during injection molding as observed through our fiber length measurement. This
phenomenon was previously discussed in for example, Refs [6] and [7] for various short-
and long-fiber thermoplastics.

The current approach to predict the elastic properties of a discontinuous fiber composite
includes two key steps. The first step is to compute the elastic stiffness of a ‘reference’
composite that contains unidirectional fibers having the same features, volume fraction
and length distribution as for the actual composite. Second, the stiffness of the actual
as-formed composite is obtained from the stiffness of the reference composite that is
averaged over all possible orientations using the orientation averaging technique [8,9].

1004 B. N. NGUYEN ET AL.

 at OAK RIDGE NATIONAL LABORATORY on December 1, 2015jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/


There is a large body of literature addressing the computation of the elastic stiffness for the
aligned fiber composite using micromechanical modeling or numerical simulations of a
composite representative volume element. To date, the Eshelby’s equivalent inclusion
method [10] combined with the Mori–Tanaka model [11] (termed as the Eshelby–Mori–
Tanaka model) are one of the most effective models in terms of accuracy and efficiency of
the prediction [12]. Tucker and Liang [13] have conducted a review and evaluation of
standard micromechanical models for predicting elastic properties of short-fiber
composites. These authors have shown that the Eshelby–Mori–Tanaka (EMT) model
provides accurate predictions of their finite element results and have recommended this
model as the best choice for estimating the stiffness of aligned short-fiber composites.
More recently, Hine et al. [14] have used the Monte-Carlo technique to generate randomly
non-overlapping aligned fiber microstructures containing a distribution of fiber lengths.
These authors have then carried out a numerical simulation of the generated
microstructure and have shown that their simulation results agreed well with the
Tandon–Weng model’s prediction. The Tandon–Weng model [15] is identical to the EMT
model. Later, Hine et al. have applied the same method to generate randomly oriented
fiber microstructure [16] and have demonstrated that the elastic and thermoelastic
properties obtained by numerical simulations are very close to the results determined by
the constant strain orientation averaging method (averaging the stiffness constants) [8,9].
Hine et al. [16] also recommended an EMT type model (e.g., the Tandon–Weng model)
combined with the orientation averaging approach to compute the elastic and
thermoelastic properties of short-fiber composites.

In view of all the previous studies, this paper applies an EMT type model and the
orientation averaging method proposed in Refs [8] and [9] to compute the elastic stiffness
for a LFT composite system. The EMT formulation proposed in Ref. [17] and also used in
Ref. [18] is employed in the present article. The experimental FLD data was corrected by a
method proposed in Ref. [19] and was then expressed for weight of fibers to be used in the
computation of the stiffness of the reference aligned fiber composite. A two-parameter
Weibull’s distribution was also employed to fit the corrected FLD. In addition, the
measured and predicted FODs through the specimen thickness were utilized in the
orientation averaging procedure to compute the stiffness of the as-formed composite along
the thickness direction. Assessment of fiber orientation modeling was carried out to
determine improvements needed for more accurate predictions. Finally, the effect of FLD
on the resulting elastic properties was also investigated in a sensitivity analysis to
determine how accurate the measured FLD should be for acceptable property predictions.

THEORY

Description of Fiber Length

A common description of the length distribution is the probability density function f(l)
defined such that the probability of a fiber having a length between l and lþ dl is f(l) dl.
This function must be normalized such that

Z 1

0

fðlÞ dl ¼ 1: ð1Þ
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From this function the properties such as the number-average length �Ln, and the weight-
average length �Ln, can be calculated:

�Ln ¼

Z 1

0

fðlÞl dl ð2Þ

�Lw ¼

R1
0 fðlÞl2 dlR1
0 fðlÞl dl

: ð3Þ

From the raw FLD data, the discrete approximation of f(li) is ~fi given by:

~fi ¼
Ni

�l
P

i Ni
ð4Þ

where �l is the experimental bin width, and a set of length values (bin centers) li such that
liþ1¼ liþ�l. The lengths li span the range of the data. Ni is the number of fibers with
lengths between li��l/2 and liþ�l/2. Equation (2) can be approximated as:

�Ln ¼
X
i

~fili�l ¼

P
i NiliP
i Ni

: ð5Þ

An alternate FLD representation is a probability density function for weight, w(l) [20]
that is related to f(l) as:

wðlÞ ¼
fðlÞlR1

0 fðlÞl dl
¼

fðlÞl

�Ln

: ð6Þ

As f(l), w(l) must be normalized:

Z 1

0

wðlÞ dl ¼ 1: ð7Þ

Similar to Equation (4), the discrete approximation to w(li) using the experimental/
histogram data is:

~wi ¼
Nili

�l
P

Nili
: ð8Þ

Also, the weight-average length can be approximated as:

�Lw ¼

P
Nil

2
iP

Nili
: ð9Þ

The maximum entropy approach can be used to assign a probability density function to
a measured fiber length distribution. The principle of this approach is that among all
probability density functions that are consistent with the specified information, the
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probability density function that has maximum information entropy contains no more
information than that specified [21].

A Two-Parameter Weibull’s Distribution to Fit the Experimental FLD

The measurement of fiber lengths in LFT samples show that the actual fiber length
distributions are unsymmetrical and exhibit a shape having a sharp peak in the short fiber
range and a long ‘tail’ towards the long fiber range (41mm). There are two suitable
distribution functions that can be used to represent an actual FLD: Weibull’s and log-
normal distribution functions [20]. The two-parameter Weibull’s distribution is used in this
article in view of its simple and practical form. The shape parameters b and c can take
different values to represent various shapes of practical FLDs. The Weibull’s probability
distribution function is given by:

pðlÞ ¼
c

b

l

b

� �c�1

e�ðl=bÞc ð10Þ

where l is the fiber length. The shape parameters b and c are determined by methods based
on maximum likelihood technique [22]. The likelihood function for the two-parameter
Weibull distribution is given by the following equation:

L ¼
YNt

i¼1

c

b

� � li
b

� �c�1

e�ðli=bÞ
c

ð11Þ

N is the total number of data points used for Weibull fit. The following system of
equations is obtained by maximizing the log of the likelihood function:

PNt

i¼1 ðliÞ
cInðliÞPN

i¼1 ðliÞ
c

�
1

Nt

XNt

i¼1

InðliÞ �
1

c
¼ 0 ð12Þ

and

b ¼
XNt

i¼1

ðliÞ
c

 !
1

Nt

" #1=c

: ð13Þ

Equation (12) can be solved for c using the Newton–Raphson iterative method, and the
value of c is then substituted in Equation (13) to obtain the value of b.

Orientation Tensors

The fiber orientation in a discontinuous fiber composite can be described by the
orientation tensors defined by Advani and Tucker [8]. These tensors are theoretically given
in terms of the orientation vector that is parallel to the fiber axis. As it is not possible and
necessary to quantify the orientation of each fiber in the composite, the fiber orientation is
defined over a volume domain, thus it has a volume average sense. Practically, the
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second- and fourth-order orientation tensors are used in the computation. These tensors
are defined as:

Aij ¼ hpipji ð14Þ

Aijkl ¼ hpipjpkpli ð15Þ

where the bracket ‘h i’ denotes the average quantity over a volume domain, pi are the
components of the orientation vector, p. The orientation tensors can be related to the
probability distribution function  (p) by assuming that all the fibers in the averaging
volume are drawn down from a population with the same probability distribution
function:

Aij ¼

Z
 ðpÞpi pj dp ð16Þ

Aijkl ¼

Z
 ðpÞpipjpkpl dp: ð17Þ

Among the nine components of Aij, only five are independent. Three of the remaining
components are determined by symmetry:

Aij ¼ Aji: ð18Þ

The last component is determined by the fact that p has a unit length and
p1p1 þ p2p2 þ p3p3 ¼ 1 for every fiber so that:

A11 þ A22 þ A33 ¼ 1: ð19Þ

Applying similar symmetry conditions to the fourth-order tensor Aijkl shows that it has
fourteen independent components. The fourth-order tensor also contains all the informa-
tion in the second-order tensor becauseAij¼Aijkk. TheAij components can bemeasured and
predicted, but a closure approximation is necessary to estimate the components of the
fourth-order tensor Aijkl in terms of Aij. There exists a significant body of literature on
closure approximations, for example Refs [7] and [23], and to date the ORE orthotropic
closure approximation [24] is the most accurate one and has been used in this article.

Prediction of Fiber Orientation Distribution

In order to compute the orientation state for an injection molding operation, the
equations of balance of mass, momentum, and energy must be solved so that a velocity
field can be computed. A program named ORIENT developed by the University of Illinois
was used in this article to solve for the velocity profile and the orientation in the center-
gated disk and ISO-plaque geometries [25]. ORIENT is a finite difference program that
was designed to calculate the velocity field and second-order orientation tensor during
mold filling for these geometries. ORIENT also takes into account non-isothermal
conditions and solves for the temperature field within the mold. It uses the Hele–Shaw
approximation [26] and the decoupled flow/orientation approach where the velocity
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solution is decoupled from the orientation solution. The flow-induced fiber orientation is
depicted by the reduced strain closure (RSC) model described in Ref. [27]:

DAij

Dt
¼
1

2
Aik!kj�!ikAkj

� �
þ
�

2
Aik _�kjþ _�ikAkj�2 Aijklþ 1�

1

SRF

� �
Lijkl�MijmnAmnkl

� �� �
_�kl

� �

þ
2CI _�

SRF
�ij�3Aij

� �
ð20Þ

where !ij is the vorticity tensor, and _�ij is the rate of the deformation tensor whose scalar
magnitude is _�. �ij is the identity tensor. k and CI are material constants; k depends on the
fiber aspect ratio and for long rigid cylinders is approximately equal to
�¼ ððl=dÞ2 � 1=ðl=dÞ2 þ 1Þ. In case of slender particles (e.g., long fibers), k approaches
unity, and the presence of the interaction term inhibits fiber tumbling; hence the fiber
length does not affect fiber orientation through this parameter, and we use k¼ 1. CI is
called the fiber–fiber interaction coefficient, and SRF is an empirical parameter termed as
strain reduction factor that is introduced to reduce the rate of fiber alignment in
concentrated fiber suspensions. If SRF¼ 1, the Folgar–Tucker [8,28] model is recovered.
In practice, coefficients CI and SRF are identified by fitting the predicted result for A11 to
the measured value for this component. The ORE closure approximation [23,24] is used to
estimate the fourth-order tensor Aijkl from Aij. Lijkl and Mijkl are fourth-order tensors
formed from the eigenvalues and eigenvectors of Aij [27].

It is important to emphasize that Equation (20) was established for short-fiber systems
and has been a first step to improve the Folgar–Tucker model in order to predict fiber
orientation in concentrated suspensions. The short-fiber range is related to fiber lengths
that are much less than 1mm. Equation (20) does not capture the effect of fiber length
distribution on fiber orientation. Fiber orientation prediction shows that values of CI for
LFTs are much larger than those for SFTs and the effect of choosing SRF4 1 is to widen
the core of an LFT skin/shell/core fiber orientation layer structure. Increasing CI will
decrease the alignment in the flow direction but increase the alignment the cross-flow and
thickness directions. It has been observed that the LFT core is significantly larger than that
of a short-fiber thermoplastic composite [29]. To date no models have been established for
predicting fiber orientation due to the flow of a long-fiber suspension. One of the goals of
our work is to assess the applicability of Equation (20) when it is applied to predict long-
fiber orientation. This assessment will allow us to determine the limitations of the current
fiber orientation model in order to develop a new model for LFTs. Another important
issue that needs to be mentioned is the wall effect. It is always possible that wall effects are
important. It is equally possible that the fiber–fiber interactions are so strong in LFTs that
the wall effect would not be important.

Prediction of Elastic Properties

The stiffness matrix of a unidirectional (UD) fiber composite containing a fiber length
distribution is given by:

Cijkl ¼

R1
0 C�

ijklðl=dÞpðlÞ dlR1
0 pðlÞ dl

ð21Þ
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where C�
ijklðl=dÞ is the stiffness matrix of the UD fiber composite having the aspect ratio l/d.

p(l) is the probability density function that can be expressed for number or weight of fibers.
In this paper p(l) for weight of fiber lengths (p(l) ¼w(l)) is used in the calculation of the
composite elastic properties. From a theoretical viewpoint one can argue for using the
weight distribution of length w(l) rather than the number distribution f(l) since the process
of averaging over the length distribution is essentially a volume average, and w(l) is
proportional to the volume of fibers of length l. The Eshelby–Mori–Tanaka (EMT)
method developed in Refs [17] and 18] was applied to compute C�

ijklðl=dÞ, and after the
calculation of the resulting Cijkl using Equation (21), the elastic stiffness of the actual
composite having an as-formed fiber orientation state was computed using the orientation
averaging method [8,9]:

�Cijkl ¼B1Aijkl þ B2 Aij�kl þ Akl�ij
� �

þ B3 Aik�jl þ Ail�jk þ Ajl�ik þ Ajk�il
� �

þ B4�ij�kl þ B5 �ik�jl þ �il�jk
� � ð22Þ

where the coefficients Bi (i¼ 1, 5) are the invariants of the stiffness tensor of the UD
transversely isotropic composite (Equation (21)). These coefficients are given in Refs [8]
and [9].

The overall stiffness of the composite specimen can be determined by considering the
specimen as being formed by a stacking sequence of composite layers having the same
thickness. Each layer is characterized by an orientation state. As the stiffness of each layer
(that depends on local fiber orientation) has already been computed using Equation (22),
the lamination theory can therefore be applied to calculate the overall stiffness of the
composite formed by this stacking sequence.

EXPERIMENTAL METHODS AND MATERIALS

Materials and Molding Conditions

Long glass fiber/polypropylene compounds were procured from Montsinger
Technologies. The molding compound had a fiber weight fraction of 40%, a nominal
fiber length of 13mm, and a nominal fiber diameter of 17.4 microns. Injection-molding
was carried out for the center-gated disk and ISO-plaque geometries. The pellets were
injected using two different volume flow rates (16.4 and 131.1 cm3/s) in order to study the
effect of the injection speed on the as-formed composite microstructure. The density of
glass/polypropylene measured at the melting state is 1.2203 g/cm3. In this article, a center-
gated disk formed under slow fill conditions (16.4 cm3/s) and an ISO-plaque formed under
fast fill conditions (131.1 cm3/s) are analyzed. The weight fraction of glass fibers for both
geometries is 40%, this leads to 19.2% fiber volume fraction. The center-gated disk is
3mm thick and has a diameter of 177.8mm. The ISO-plaque is also 3mm thick, and is
90mm long and 80mm wide. Figures 1 and 2 present the pictures of these injection-
molded samples. The gate is a flash gate with a U-shaped runner. The runner is 90mm
long along the edge of the ISO-plaque, 6.35mm wide and 6.35mm deep. The thin land or
flash between the runner and the part is 1.524mm thick. The runner was fed through
a tapered sprue which is 76.2mm long and has a starting diameter of 5.461mm and ending
diameter of 8.28mm. No runner was used for the center-gated disk.
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Fiber Length and Orientation Measurements

Three regions denoted as A, B, and C located at 6, 34, and 64mm on the center-gated
disk, and at 15, 45, and 75mm on the ISO-plaque, respectively, were considered for fiber

A B C 

Figure 1. The 3mm thick injection-molded glass/PP center-gated disk: Regions A, B, and C being 25.4mm
long along a radial direction were taken for FLD measurement.

A B C

Figure 2. The 3mm thick injection-molded ISO-plaque: Regions A, B, and C being 25.4mm long were taken
for FLD measurement.
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length and orientation measurements. A population of 2000 fibers was taken in each
region for fiber length measurement. The FLD measurement method will be described in
our forthcoming article [5] and is summarized as follows. The matrix of a relatively large
sample is burned off, and a mat of fibers remains. A small amount of epoxy resin is
deposited through the thickness of this fiber mat and cured, capturing all the fibers that
pass through this region. The volume that is encapsulated by the epoxy is called the
sampling region. The fibers that do not pass through the sampling region are carefully
pulled away, leaving only the sampling region and the fibers captured in it. The epoxy is
then burned off, the fibers that remain are separated, and their lengths are measured by
image analysis. This FLD measurement method offers an objective way to select
a reasonable-size and representative sample of fibers. However, the fibers thus selected
represent a biased sample of the fibers. Recently, a method has been proposed to correct
the raw FLD to obtain an unbiased estimate of the distribution [19]. The details of the
FLD correction method will be presented in our forthcoming article (Part II) that
describes the experimental characterization of LFT microstructure [5]. Figure 3 shows the
FLDs measured at A, B, and C on the center-gated disk. These distributions reveal little
additional fiber length attrition along the radial direction during flow of the fiber
suspension. This confirms that fiber length attrition occurs essentially before the fibers
enter the mold cavity. As a result, only FLDs measured at the location B were used in the
computation of the elastic properties of the as-formed composite.

Polished samples were analyzed for fiber orientation using an optical system
developed by Hine et al. [4]. In this paper Hine et al.’s method is termed as the
‘Leeds system’. This system collects an array of digital images from a cross-section of
a sample and performs assembly of these images. Fibers are assumed to be straight
cylinders, therefore the cross-sections of fibers in a given plane should be visible as
ellipses. The Leeds system distinguishes fibers from matrix through thresholding, and
ellipses were fitted to the thresholded image. Fiber orientation was determined based on
the ratio and size of minor and major axes of ellipses fitted to the image. Curved fibers
have been observed in the tested samples. If the fibers are curved, the data from the
Leeds measurement is the segmental orientation distribution, as compared to the end-
to-end orientation distribution. However, recent finite element calculations by
Bapanapalli and Nguyen [30] suggest that segmental orientation is the appropriate

0

0.04

0.08

0.12

0 1 2 3
Fiber length (mm)

F
re

qu
en

cy

A

B

C

Figure 3. Fiber length distributions in terms of frequency vs fiber length at the regions A, B, and C of the
glass/PP center-gated disk.
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measure of orientation for micromechanical modeling of gently-curved fibers. To verify
the Leeds method’s results for LFTs, manual fiber orientation measurement was also
performed for the selected regions illustrated in Figures 1 and 2. Figure 4 shows the
comparison of through-thickness fiber orientation results obtained by the Leeds method
and manual measurement for the region A of a slow-fill glass/PP center-gated disk. On
this figure are used the z-coordinates normalized by the specimen thickness, h. Excellent
agreement of results has confirmed the validity of the Leeds method for measuring fiber
orientation in our LFT samples.

Mechanical Property Measurement

Tensile specimens were cut from the injection-molded samples for mechanical testing.
For the ISO-plaque geometry, specimen cutting was carried out along the longitudinal
direction to make specimens for obtaining the tensile modulus �E11 while the specimens
were cut along the in-plane transverse direction to produce specimens for determining
�E22. The specimens that contain the sample edge were excluded from testing due to the
edge effect. For the center-gated disk geometry, the specimen cutting was performed
along two perpendicular radial directions to obtain �E11 while �E22 was obtained using
a specimen that contains the location B in its central region and is perpendicular to the
radial direction passing through this location. All specimens are 12.5mm wide. Servo-
hydraulic machine applied tension at constant rate of 0.0254mm/s. Strain was measured
with 12.5mm gage length extensometer positioned over the area of interest, while stress
was calculated from load signal obtained from a load cell and cross-sectional area of
the specimen.

1

0.8

0.6

0.4

0.2

0−1 −0.5 0

z/h

A
11

, A
22

0.5

Manual

Leeds

A11

A22

1

Figure 4. Fiber orientation results obtained by the Leeds system and manual measurement for region A of a
slow-fill glass/PP center-gated disk.
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RESULTS AND DISCUSSION

FLD Data and Quality of the Weibull’s Fit

Figure 5(a) and (b) show the FLD in terms of probability density functions for weight
and numbers determined for region B of the glass/PP ISO-plaque. This figure also presents

(b)

(a) 1.2
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Uncorrected
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P
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P
D

F
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)
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Length (mm)

8 10 12

1

Figure 5. Probability density functions for (a) number of fibers f(l) and (b) weight of fibers w(l) established
from FLD data for the glass/PP ISO-plaque. The corrected distributions are obtained for a sampling region of
1.68mm diameter.
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the FLD corrected using the method presented in Refs [5] and [19] with d¼ 1.68mm, the
measured diameter of the sampling region. The FLD results for region B of the center-
gated disk are presented in Figure 6(a) and (b) with d¼ 1.57mm.

Figure 7(a) shows the Weibull’s FLD that was fitted to the corrected FLD determined
for region B of the center-gated disk. The maximum likelihood method was used for this
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Figure 6. Probability density functions for (a) number of fibers f(l), and (b) weight of fibers w(l) established
from FLD data for the glass/PP center-gated disk. The corrected distributions are obtained for a sampling
region of 1.57mm diameter.
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fitting in order to identify the shape parameters b and c. The peak of the experimental
distribution is very sharp in the short-fiber range (51mm). The parameters b and c
identified are 1.476 and 1.406, respectively. Figure 7(b) presents the weight distribution
resulting from the Weibull’s distribution. The same figure also presents the corrected
weight distribution. The results for the ISO-plaque are given in Figure 8(a) and (b).
Weibull’s parameters identified for this specimen are: b¼ 1.143 and c¼ 1.313.
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Figure 7. Corrected FLD in terms of (a) number of fibers vs fiber length and (b) probability density function for
weight for the center-gated disk – Weibull’s distribution used to fit the corrected FLD data.
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Figures 7 and 8 show that the two-parameter Weibull’s distribution can only fairly
represent the distribution in terms of number of fibers versus fiber length in an average
manner, and it cannot capture the details of the experimental distribution. However,
Weibull’s representation for weight of fibers is very good. Table 1 presents the number-
and weight-average lengths for both specimens. The average lengths that were obtained
from Weibull’s distribution fits are very close to the values determined from the
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weight for the ISO-plaque – Weibull’s distribution used to fit the corrected FLD data.
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actual FLDs. This important feature shows that Weibull’s distribution can be used to
efficiently represent the FLDs. The computation of elastic properties shows that Weibull’s
FLD for weight of fibers leads to predicted values of the elastic properties that are very
close to the predictions using the corrected experimental FLD.

FOD Data and Differences between Model Predictions and Measurements

The ORIENT code was used to predict fiber orientation in the studied LFT specimens.
ORIENT assumes symmetry about the mid-plane in the thickness direction, and this is
reflected in the orientation predictions: the predicted values of A11, A22, and A33 are all
symmetric about z¼ 0, while A31 is anti-symmetric about z¼ 0. The finite difference mesh
used in ORIENT consisted of 21 nodes in the thickness direction and 121 nodes in the
flow-direction. The parameters SRF and CI identified for both specimens are 30 and 0.03,
respectively. Figure 9(a) and (b) present the orientation predictions for region B of the
center-gated disk while Figure 10(a) and (b) show the results for region B of the ISO-
plaque. These figures also illustrate the orientation components that were experimentally
determined using the Leeds system. There is a reasonably good correlation of results for
A11, however, A22 is under-predicted, and as a consequence, A33 is over-predicted since
A11þA22þA33¼ 1. A31 is poorly fit for both specimens. The orientation distributions in
both specimens reveal a skin/shell/core structure through the specimen thickness. This
feature has also been observed in short-fiber injection molded materials. The fibers in the
skin and shell layers are more aligned in the flow direction characterized by high values of
A11 and low values of A22 while the fiber orientation is rather in the cross-flow direction
with high values of A22 and low values of A11 in the core. The through-thickness-direction
A33 and A31 components are small since long fibers practically remain parallel to the 1–2
plane. The next section will determine the effects of fiber length and orientation
distributions on the composite elastic properties.

Elastic Moduli: Predictions versus Experiments

The elastic modulus of glass and polypropylene used in the computation are 73 and
1.5GPa, respectively. The Poisson’s ratios are 0.25 for glass fibers and 0.4 for
polypropylene. The fiber length and orientation distributions given in Figures 6, 7 and 9
were used in the computation. The results for the center-gated disk are illustrated for the
moduli E11, E22, and E33 in Figure 11(a), (b) and (c), respectively. These figures also
present the results obtained using Weibull’s FLD for weight of fibers given in Figure 6.
As Weibull’s FLD for weight captures the actual FLD very well, the variations of moduli
resulting from the use of this Weibull’s distribution are indistinguishable from the results

Table 1. Number-average and weight-average lengths determined from
the distributions given in Figures 6 and 7.

�Ln (mm) �L n
weib (mm) �Lw (mm) �L n

weib (mm)

ISO-plaque 1.04 1.05 1.83 1.71
Center-gated disk 1.33 1.34 2.18 2.28

1018 B. N. NGUYEN ET AL.

 at OAK RIDGE NATIONAL LABORATORY on December 1, 2015jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/


using the actual corrected FLD. As the predicted through-thickness variation of A11

is closer to the corresponding experimental results this has reflected in the better prediction
for the modulus E11. However, the under-prediction for A22 has led to under-predicting
E22. The moduli predicted for the ISO-plaque are presented in Figure 12(a), (b) and (c).
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Figure 9. Predicted and measured second-order orientation components for the center-gated disk: (a) A11

and A22, (b) A33 and A31.
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Better correlations between the predicted and experimental results have been found for
this specimen.

The overall stiffness of the composite specimen has been determined using the
lamination theory and by considering the specimen as being formed by a stacking sequence
of composite layers having the same thickness. Tables 2 and 3 present the overall moduli
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Figure 10. Predicted and measured second-order orientation components for the ISO-plaque: (a) A11 and
A22, (b) A33 and A31.
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predicted for the center-gated disk and ISO-plaque. These tables also provide the results
computed using Weibull’s FLDs and the experimental results for the moduli �E11 and �E22.
For each geometry (center-gated disk or ISO-plaque) and for each direction (flow or
in-plane cross flow directions), four specimens were tested. The experimental longitudinal
and in-plane transverse modulus results were then averaged over four test values for each
modulus. Standard deviations (SDV) for the measured values are also given in Tables 2
and 3. There are good correlations between the experimental results and the moduli
computed based on the corrected experimental FLDs (Figures 5 and 6) and the
experimental FODs. The use of Weibull’s FLDs and experimental FODs also provide
good predictions. However, the use of the predicted FODs can only provide acceptable
predictions for the modulus E11. As previously mentioned, the less accurate prediction of
A22 has not allowed us to accurately predict the modulus E22. One important conclusion
from this study is that the current fiber orientation model can only qualitatively capture the
fiber orientation distribution in long-fiber thermoplastics. Thus, it cannot provide
sufficiently accurate FODs for predictive engineering. Therefore, research is needed to
establish a fiber orientation model for LFTs.
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Table 2. Predicted and experimental overall elastic properties for the center-gated disk.

Predictions
(experimental
FOD and FLD)

Predictions
(predicted FOD and
experimental FLD)

Predictions
(experimental FOD
and Weibull’s FLD) Experiments

�E11 (MPa) 5550 5942 5525 5318
SDVa

¼ 122.6
�E22 (MPa) 7907 5826 7863 7521

SDV¼16.3
�E33 (MPa) 3068 3141 3063
�G12 (MPa) 2045 2024 2036
�G13 (MPa) 940 1311 940
�G23 (MPa) 1014 1197 1013

aSDV¼Standard deviation.
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Parametric Study of Weibull’s Parameters and FLD Effects

This section analyzes the effect of a variation of FLD on the elastic properties of the
studied ISO-plaque. In view of the difficulty to capture the true FLD through
experimental characterization, it is important to know whether some deviations between
the measured and true FLDs can have a significant effect on the predicted elastic
properties of the composite. To this end, Weibull’s distribution previously used to fit the
corrected experimental FLD for this specimen is considered first as the reference FLD.
The values of the identified shape parameters b and c are then considered as the reference
values around which some variations were prescribed to study their effects on
the composite elastic properties. Such an analysis provides some insights as to whether
the capture of the true FLD is absolutely necessary and whether some deviations of the
measured FLD with respect to the true FLD are acceptable.

Figure 13 shows Weibull’s FLDs that were obtained by varying the shape parameter
b around the reference value of 1.143. The values of b considered are 0.8, 1, 1.3, and 1.5
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Figure 13. Weibull’s probability density functions for weight of fibers generated by varying Weibull’s
parameter b around its reference value for the ISO-plaque.

Table 3. Predicted and experimental overall elastic properties for the ISO-plaque.

Predictions
(experimental
FOD and FLD)

Predictions
(predicted FOD and
experimental FLD)

Predictions
(experimental FOD
and Weibull’s FLD) Experiments

�E11 (MPa) 6017 5361 6001 6063
SDV¼ 181.1

�E22 (MPa) 6935 6377 6916 7211
SDV¼ 479

�E33 (MPa) 3070 3109 3068
�G12 (MPa) 2046 1916 2041
�G13 (MPa) 977 1194 977
�G23 (MPa) 1010 1165 1010
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while the value of parameter c is kept constant (c¼ 1.313). Increasing parameter b widens
the distribution towards the long-fiber range and decreases its peak while decreasing
b sharpens it and moves its peak towards the short-fiber range. Figure 14 (a) and (b)
present the through-thickness variations of the moduli E11 and E22 resulting from the
generated FLD distributions and the experimental fiber orientation distribution
(Figure 10). The values of the elastic moduli obtained using the reference FLD are
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Figure 14. Predicted through-thickness variation of the elastic moduli (a) E11, and (b) E22 for the ISO-plaque
as the result of the variation of Weibull’s parameter b.
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considered as the reference values. For E11, the maximum deviations with respect to the
reference values occur in the skin and shell layers whereas for E22, the highest deviations
happen in the core. A significant shift of a FLD with respect to the reference FLD towards
the long-fiber range only results in very small increases in the elastic moduli, however, a
significant shift of a FLD towards the short-fiber range will induce larger reductions of the
moduli. For the values of the shape parameter b considered, the most important reduction
in E11 happens in the shell layers for b¼ 0.8 while for E22 the highest deviation for this
value of b is found in the core.

In the second sensitivity analysis, the shape parameter b was kept constant
(b¼ 1.143) while different values of parameter c around the reference value were
prescribed to generate the corresponding FLDs. The values of c considered are 1, 1.2,
1.5 and 1.7. Figure 15 shows Weibull’s FLDs that were obtained based on these
prescribed values of b and c. Increasing parameter c sharpens the distribution, increases
its peak, and very slightly moves it towards the long-fiber range while decreasing
c widens the distribution towards the long-fiber range, decreases the distribution’s peak
and just very slightly shifts it towards the short-fiber range. Figure 16(a) and (b) show
the through-thickness variations of the moduli E11 and E22 resulting from the generated
FLDs and the experimental FOD. With respect to the previous case, a somewhat
different conclusion is made for the present case. By examining the FLDs given in
Figure 15, it can be seen that the peaks of all the generated FLDs occur around
1¼ 1.1mm, and with increasing value of c from 1 to 1.7, the distribution is sharpened
but its peak increases. Initially, increasing c results in an increase of the moduli, but
from a certain value of c, the distribution becomes sharp, and this reduces the weight
of long fibers, and consequently reduces the moduli. However, Figure 16(a) shows
clearly that the effect of varying c is negligible. Tables 4 and 5 present the overall
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Figure 15. Weibull’s probability density functions for weight of fibers generated by varying Weibull’s
parameter c around its reference value for the ISO-plaque.
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moduli �E11 and �E22 obtained by varying the shape parameters b and c around their
reference values. Since all the percentages of deviation with respect to the reference
cases are less than 5%, the sensitivity analysis has shown that some deviations of the
FLD with respect to the actual FLD do not significantly affect the predicted elastic
properties.
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CONCLUSIONS

This article has developed a rigorous methodology to determine the elastic properties of
long-fiber injection-molded thermoplastics. This methodology combines process modeling
and micromechanical modeling based on the EMT model with experimental characteriza-
tion of fiber length and orientation distributions. It has been shown that it is indispensable
to obtain an accurate fiber orientation distribution and a realistic fiber length distribution
in order to accurately predict the composite properties. The current fiber orientation
model cannot predict the fiber orientation in LFT samples to a level of accuracy needed
for accurate property prediction. Therefore, research is really needed to develop a fiber
orientation model for LFTs. The correction for the raw FLD data is necessary to obtain
a more realistic fiber length distribution. The developed methodology has been validated
via experimental verification of the longitudinal and in-plane transverse moduli
determined for long glass fiber injection-molded polypropylene specimens. The use of
the corrected FLD for weight of fiber lengths and the experimental FOD has allowed good
predictions of the elastic properties for the studied glass/PP specimens. Weibull’s FLD can
very well capture the actual FLD for weight of fibers, thus the use of the Weibull’s
distribution for weight has led to practically the same results as those obtained using the
actual FLD.

An important conclusion from the sensitivity analysis of FLD variation is that in long-
fiber thermoplastics, if the remaining average lengths still allow sufficiently high values of
the average fiber aspect ratios, the elastic properties start reaching the limits for
continuous fibers. Therefore, some shifts of the FLD towards long-fiber range will not
significantly affect the predicted properties. On the other hand, the measurement error that
displaces the FLD towards the short-fiber range does have a greater effect.
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