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Abstract

The research presented in this dissertation provides advances to the state of the art in the area of
discontinuous fiber composites. The focus of this work is on stiffness prediction for materials
containing curved fibers with quasi-random orientation in space. The dissertation contains five
papers highlighting newly developed model formulation accounting for curved fibers,
experimental techniques, and experimental results for comparison with model predictions.

Exploratory experiments with injection-molded samples suggested the presence of curved fibers.
The effect of fiber curvature on composite stiffness had not been rigorously addressed prior to
the developments detailed in this dissertation. A new definition of fiber configuration and
configuration averaging allows us to calculate the fully anisotropic stiffness tensor for
discontinuous fiber composites. The development of X-ray and optical based experimental
techniques was also necessary to provide quantifiable data for model-experiment comparison.
The experimental results are obtained using novel X-ray micro-tomography setup allowing
observation of material microstructure under load. It is demonstrated that new model provides
better match with experimental results when compared to theory relying on the assumption of
straight fibers.
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1 Introduction

Micro-mechanical models for flow molded discontinuous fiber composites (DFCs) are
used sparsely because predicted macro-scale results generally do not correspond well to
real life observations. This shortcoming for DFCs is recognized by the industry and has
led to funding of research which is largely responsible for the work performed to date as
well as work proposed herein.

It is here suggested that the discrepancy in observed and predicted behavior is in part due
to an inaccurate description of the physical microstructure as well as inappropriate
models of behavior and interaction of fiber and matrix within DFC composites. Over the
past several years, practical observations of DFCs response were made in the laboratory
resulting in data useful for completion of this work as well as identification of gaps in
current state of the art needed for better predictability of DFCs.

2 Discontinuous Fiber Reinforced Composites - Overview

Discontinuous fiber reinforced composites (DFCs) represent a large class of materials
which is gaining popularity because of favorable tradeoffs between material properties,
design options, and processing cost. DFCs are materials in which the fibers are not long
enough to be considered continuous, but in which they are not short enough to be
considered as just filler in a homogeneous material. The most commonly used fibers in
DFCs are glass and carbon fibers, which come in tows of many (usually thousands) of
fibers. The fibers (except for their lengths) are either identical or very similar to those
used in continuous fiber composites. Fibers intended for DFCs are usually sized with a
special sizing that not only promotes fiber-matrix adhesion, but also assists in wet-out
and fiber dispersion during processing of DFCs. The surface of fibers is treated and sized
while the fibers are still in the form of a continuous tow [1]. The discontinuity is
introduced only subsequently to allow rapid pre-form production and molding of
complex geometry; therefore fiber ends in DFCs are unsized and un-treated.

Fiber fragments with sized and unsized surface area of approximately the same order may
be considered as fillers since there can be only limited load transfer between fibers via
shearing of the matrix. Therefore, the order of L/D ratio of such fragments is 10°, where
L is the length of the fiber and D is the fiber diameter. These fragments can be oriented in
any direction within a sample of realistic thickness. Fibers that can be assumed to remain
approximately straight and that can be modeled approximately as straight cylinders are
called short fibers. Typically, the L/D ratio of short fibers is 10'-10°. Short fiber length
enables dispersion and prevents entanglement. Long fibers with an L/D ratio on the order
of 10° typically remain undispersed in the form of bundles or form entangled mass of
bent fibers. Fibers with L/D of 10* and greater are usually used in laminae, weaves, or
braids because they do not lend themselves to flow forming processes.



Realistic flow-formed DFCs contain long and short fibers as well as fragments. The fiber
length or L/D ratio can be used to describe a DFC prior to flow molding or in an average
sense. However, capturing fiber length distribution (FLD) is necessary if one wishes to
faithfully represent the microstructure of DFC. Theories and experiments typically focus
on the two extremes of the fiber length spectrum discussed above (fillers and long fibers).
Most composite materials literature focuses on continuous fibers with DFCs being treated
as a special case [2]. The plastics literature treats the reinforcing fibers as a special class
of fillers [3]. In either case, the finer details of DFCs are not considered.

2.1 Structure

It is common to distinguish among micro, meso, and macro scale features and properties
in the study of composites. These scales can be neatly defined for laminated composites
[4]. Geometry and properties of individual fibers embedded in matrix are considered on
the micro-scale, laminae with distinct interlaminar boundaries are considered on the
meso-scale, and laminates accounting for all of the above in an average sense can be
analyzed and tested on the macro-scale.

The internal structure of DFCs is commonly referred to as microstructure even if the
material features under consideration are clearly not on the microscopic scale. This is
probably due to the fact that the definitions of scales may not always be apparent due to
the nature of DFCs. The entangled and sometimes partially dispersed structure of flow
molded DFCs makes separation of scales non-trivial. The fiber diameter is on the order of
10° m, with observable voids, impurities and possibly micro-cracks on the order of 107
m to 10 m. With typical part thickness of 2 to 6 mm, layer thicknesses with distinct
preferential orientation is of 10 m to 10 m scale. Fiber length spans 10° m to 10” m
scale, therefore single fiber can span several features in the meso-scale and in the case of
un-dispersed fiber bundles, it can be considered macro-scale feature.

Figure 2-1 shows an X-ray image of a tensile bar. The bar is 12.7 mm (0.5 in.) wide and
3 mm (0.12 in.) thick, made of 40% of glass fibers by weight in polypropylene matrix.
The darker regions in the image indicate the presence of glass fibers. Preferential local
fiber orientation and imperfect dispersion of fibers stand out as the major features of the
macro-scale structure.

Figure 2-2 shows polished cross-section of a typical long fiber reinforced injection
molded thermoplastic plaque where cross-sections of cylindrical fibers appear as ellipses.
It is apparent that there is preferred orientation as a function of position through the
thickness. Three regions can be observed in injection molded composites: the skin, the
shell, and the core. In addition to varying fiber orientation, the fiber length distribution
can also vary as a function of position through the thickness. The structure of skin shell
and core could be considered as meso-scale for DFCs. Boundaries between regions may
be well defined as in the case of short fiber reinforced injection molded composite or they



may be difficult to define as in the case of compression molded composite reinforced
with undispersed long fiber bundles.

thickness

Figure 2-2. Polished cross-section of injection molded composite.

Closer examination of the figure reveals voids in the matrix, numerous non-elliptical
fragments of fibers as well as impurities. A careful observer would also conclude that
fiber diameters are not the same for every filament, rather, there is a narrow distribution
of fiber diameters. Such features of the structure would belong to the micro-scale. Figure
2-3 shows X-ray computed tomography reconstruction of 2 mm x 2 mm injection molded
sample. Just like in the previous figure, it is apparent that there is preferred orientation.
However, the figure also shows more clearly that the filament lengths differ significantly
and that longer filaments do not remain straight.

Because of the complex structure of DFCs, it is not always apparent how one should
describe the microstructure of the material. Clearly, each fiber has certain length and it is
positioned with respect to the part and other fibers. In the literature, the microstructure of



DFCs is described primarily by measures of fiber length and fiber orientation with fiber
fraction assumed to be constant in a part.

Figure 2-3. X-ray computed tomography reconstruction for injection molded composite.

The fiber length as defined by the length of a centerline of an individual fiber can be
measured and the fiber length distribution (FLD) can be assigned in an average sense to a
region within a part. Techniques for measurement and description of the FLD as well as
results for various flow molded DFCs are discussed for example by Thomason [5, 6] and
Kunc [7]. Figure 2-4 shows a typical FLD for injection-molded sample molded using
long pellets.
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Figure 2-4. Typical FLD for long fiber injection molded material.
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There are several difficulties with obtaining and interpreting FLD. Samples must contain
enough fibers for the result to be statistically significant. Depending on individual
company or institutional practice, researchers tend to select between several hundred to
tens of thousands of fibers. Choices on either end of the spectrum are valid; however, the
result and significance of FLD measurement will depend on the method of sample
selection and its size. Samples containing tens of thousands of fibers may occupy a large
enough region within a composite part that the FLD is an average of FLDs for multiple
meso-scale layers. On the other hand, a sample of several hundred fibers may either be
selected from a very small region within a part or it may be a subset selected from larger
region. Selection of a very small sample would seem to be the best choice for
characterizing microstructure at a point in the meso-scale. However, there is a danger of
selecting a sample that is not representative especially in a material with incomplete fiber
bundle dispersion. Measuring a subset of a larger sample is valid only if one applies
appropriate randomization technique and avoids skewing results. In either case, the size
of the region from which a sample was selected must be accounted for in a correction
factor applied to the results to avoid bias towards long fibers [7], otherwise the FLD is
skewed based depending on the size of the selected region. Considering fibers with single
diameter, longer fibers occupy greater volume compared to short fiber. Therefore, it is
more likely that longer fibers will be in the measurement sample. FLDs reported by
various researchers will also differ depending on the treatment of very short fibers and
fragments. The length of fragment with L/D=~1 may not be well defined and it is
certainly difficult to measure. Measuring the volume or the weight of such fragment
would solve the problem of defining its length. However, it is impractical to perform such
measurements for many fragments. Neglecting fragments is as common as it is incorrect,
and is detrimental to the accuracy of any analysis based on these results. Fragments must
be accounted for if they constitute non-trivial portion of fiber fraction.

Advani and Tucker [8, 9] describe measures of fiber orientation and fiber orientation
distribution (FOD). An optical technique for measuring FOD with this definition from a
polished section of a sample is discussed by Clarke [10] and VerWeyst [11] and
reconstruction of FOD from computed tomography is discussed by several researchers
[12, 13]. Advani and Tucker’s definition of fiber orientation was developed for short
fiber injection molded composites and it may not appear to be completely suitable for a
long curved fibers. Baird [14] discuses alternative measures such as fiber end to end
orientation and average curvature, which would provide more faithful measure for
entangled microstructure of long fibers within DFCs. However, definition and
measurement techniques for fiber curvature are non-existent in literature dealing with
DFCs.

2.2 Structure-Property Relations

In the eyes of a structural engineer, DFCs will be always inferior to continuous fiber
reinforced composites which have greater stiffness, strength, fatigue resistance, etc.
However, a process engineer may consider materials with fibers of any significant length
expensive and difficult to work with, resulting in products with inconsistent dimensions,
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material properties and surface appearance. Yet applications of DFCs are growing due to
favorable balance among properties, manufacturing considerations, and cost for many
products. DFCs can be found in nearly all types of products ranging from planes, cars,
consumer and sporting goods and defense articles.

Linking property and structure of DFCs requires the use of micro-mechanics. Micro-
mechanics solutions often rely on strict assumptions and provide varying degree of
agreement with experimental results. Reputable textbooks urge caution and stress
limitations of micromechanics [15, 16]. Composite properties are derived from the
constituent properties and geometry. Unfortunately, the measurement of mechanical
properties of constituents is difficult due to the scale at which tests have to be performed.
It is usually not necessary to measure properties of common reinforcement fibers.
Textbook/handbook values for glass fiber should be sufficiently accurate, while
properties of carbon fiber have to be estimated for a given grade. There is no evidence
that properties of glass or carbon fibers change due to molding; therefore, measurements
for any given fiber type need only be performed once regardless of end composite
system. Obtaining matrix properties within flow molded DFCs may be challenging
because it is generally not possible to obtain plaques of neat matrix material with the
same properties. Although the matrix material is generally assumed to be homogeneous
and isotropic, the material usually possesses microstructure of its own with properties
varying as a function of distance from the fiber based on the sizing applied to the fibers.
This is especially true for flow-formed DFCs as significant amount of lubricant in sizing
may be designed to disperse in the polymeric matrix. Crystallinity, crystallite orientation,
and polymer chain structure is affected by the presence of fibers. Standard measures and
techniques can be found for example in [17]. Using properties measured on neat resin
plaque for prediction of composite properties usually does not work even for the simplest
elastic modulus predictions. It is common practice to test composite properties of a
particular composite system with well known microstructure, calibrate matrix properties
for a given model, and subsequently use these properties for similar composite systems.
This approach is practical and appears to provide reasonable predictions.

Understanding of load transfer in DFCs requires analysis of fiber loading, matrix loading,
and load transfer between fibers through the matrix. The work of Cox, Rosen, and
Batdorf [18-21] is most commonly cited in connection with loading along a fiber and
load transfer between fibers. The Kelly-Tyson model [22] is most commonly used for
prediction of strength for unidirectional composite.

Analytical property predictions accounting for fiber orientation can be achieved using
methods based on the equivalent inclusion principle [23], average matrix strain [24] and
orientation averaging [25, 26] models have shown accurate stiffness predictions for short
fiber composites. More information on models relevant to short fiber composites can be
found in a study performed by Tucker and Linang [27]. A significant body of work
dealing with injection molded materials has been published by Thomason [28-33]. The
issue of fiber curvature was addressed in [34] by using finite element unit cell approach
as well as orientation averaging technique similar to the technique noted above [26].
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These results are not validated because fiber curvature measurements do not exist at this
time and the authors considered only fiber bundles.

2.3 Time Dependent Properties

The response of a typical polymeric material to external loading is the combined response
of fluid and solid. The time-dependent response of glass and carbon fibers can be
neglected when examining DFCs, therefore only response of the matrix will be
considered. Viscoelastic response of DFCs is not the primary focus of this work, however
viscoelastic response plays an important role in radiographic and tomography
experiments.

Both linear and non-linear viscoelastic models can be applied to DFCs. A viscoelastic
material is said to be linear if strain is proportional to stress at given time and if the
Boltzman superposition principle applies. Linear viscoelasticity is generally applicable at
low stress levels. Once a linear viscoelastic region is established by for example
performing a set of creep and recovery experiments, an abstract model of the material can
be developed using a set of springs and dashpots with various stiffness and viscosity
coefficients.

At high stress levels, linear viscoelastic models do not provide an adequate representation
of time dependent material response and non-linear viscoelastic models must be used.
The most widely used non-linear model is that of Schapery [35]. This model contains
total of six parameters which must be determined from experiments. It should be
emphasized that these experiments must be carried out on the matrix material and that the
uncertainty of actual material properties discussed earlier still applies.

Figure 2-5 shows typical creep and recovery response of DFC material. In this test a
specimen is loaded to a given load level and this load level is held for a given period of
time. The specimen elongates with time until the load is removed. When the load is
removed, the specimen does not immediately return to its initial configuration, rather it
gradually recovers.
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Figure 2-5. Creep and recovery response of injection molded 30%glass/Polypropylene
material at room temperature.

The other type of experiment which can be used to establish time dependent behavior of
materials is stress relaxation test. In this test, a sample is loaded to a given strain level
and held there for an extended period of time. The measured load (hence stress in the
sample) decreases as a function of time. This is the loading scenario of interest while one
performs radiographic and tomography experiments of specimens subjected to load. In
these experiments, it is necessary to pause loading for the duration of image acquisition.
This may be several seconds for a single image or several hours for a tomography
experiment. As indicated above, the state of samples will not remain the same over this
period of time even if the overall displacement is held constant, which reduces the
achievable resolution obtained from samples subjected to load.

2.4 Failure Modes

Predicting strength and energy released during failure is difficult for any material and it
invariably leads to examination of the underlying material structure. Composite engineers
emphasize the difficulty of predicting strength and progressive damage in composites by
pointing out the relative simplicity of self-similar propagating crack in metals in
comparison to all the possible failure modes that laminated composite can exhibit. This is
only partially justified as intergranular cavitation, transgranular fracture, grain boundary
sliding etc. are certainly considered in metal fracture [36]. The scale at which these
processes occur (10 to 10 m) allows for the development of phenomenological laws
that effectively average many events at a (macroscopic) point (continuum). This fact
makes analysis of plasticity, damage and fracture in metal structures tractable. In
composites, the in-plane and out-of plane failure modes [2] of fiber fracture, matrix
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micro-cracking, fiber-matrix debonding, fiber pullout, matrix shear failure, micro-
buckling, kinking, delamination etc. may be observed on scales spanning 10-6 to 10-2 m
with multiple failure modes active at the same time. Statistical and fracture size effects
should be considered in progressive failure analysis, leading to the application of non-
local approaches [37]. The above mentioned complications contribute to the fact that

even predicting failure in a well-defined laminated composite has not solved the problem
[38].

The situation is even more complicated for DFCs. The uncertainty about actual material
structure and inherent fiber waviness makes DFC damage mechanisms intricate [2].
There is, however, a clear correspondence between internal structure and damage of
DFCs. Figure 2-6 shows fracture surfaces of glass/PA6,6 injection molded material that
was tested in tension. The internal core-shell-skin structure shown in Figure 2-2 is clearly
reflected on the fracture surface shown in Figure 2-6.

Fiber/matrix adhesion plays a prominent role in DFCs. Load transfer from fiber to fiber is
often interrupted by the presence of fiber ends and curvature in fibers. It has been shown
that that strength of thermoplastic DFC can be increased by more than 50% if proper
coupling agent facilitates fiber matrix adhesion [39]. Figure 2-7 shows PA6,6 residue on
glass fibers after quasi-static tensile tests indicating appropriate sizing and adequate fiber-
matrix adhesion.

Two types of processes are usually considered when accounting for macroscopic non-
linear response of DFCs which cannot be explained by viscoelastic response: plasticity
and damage. Coupled continuum plasticity and damage models accounting for size
effects have been developed studied for metals as well as composite materials [40]. An
extensive summary of statistical, micromechanical, and continuum damage models is
included in [41]. [42] applied coupled elasto-plastic and damage model to DFCs and
concluded that inter-fiber interactions and multiple damage mechanisms must be
reflected in a more representative model. [43] applied a very similar approach compared
to experiments on injection molded material.



Figure 2-7. Scanning electron micrographs showing matrix residue on glass fibers after
fracture of glass/PA6,6 injection molded material tested in tension.

Damage models can be linked to experimental results either through direct observation of
damage or through global stress-strain response of a coupon specimen. Global response
can be used to establish damage evolution for damage models through inverse or iterative
techniques. However, this approach is justified only if the damage processes are well
understood. This is not the case for DFCs at this time. Therefore, damage parameters are
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simply parameters that are used to fit the behavior of a particular material system with
some mechanistic or thermodynamic justification.

Damage in DFCs can be established through various destructive and non-destructive
methods [44, 45]. The strain field can be established with photoelasticity, digital image
correlation, Moire methods, holographic methods, and brittle coatings. Due to decreasing
cost of digital cameras and computing power, 2D and 3D digital image correlation (DIC)
techniques are becoming prevalent. An overview of the theory of operation and
applications of DIC can be found in [46]. Non destructive evaluation (NDE) techniques
are usually used to detect a flow or damage, but in some cases the same techniques can
evaluate the type and size of damage. NDE techniques include radiography, ultrasonic
methods, thermography and acoustic emission.

2.5 Application in design

There structural characteristics usually drive design: stiffness, strength and energy
absorbed in catastrophic loading. From private discussion with practitioners, it appears
that the driving factor in design with DFCs is overwhelmingly stiffness. Energy
absorption is important in some automotive applications. It appears that once desired
stiffness is achieved, strength requirements are automatically satisfied in most cases
provided good design practices are obeyed. The focus of the subsequent discussion is
therefore on improving prediction of stiffness tensor for DFCs.
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1 Introduction

Micro-mechanical models for flow molded discontinuous fiber composites (DFCs) are
used sparsely because predicted macro-scale results generally do not correspond well to
real life observations. This shortcoming for DFCs is recognized by the industry and has
led to funding of research which is largely responsible for the work performed to date as
well as work proposed herein.

It is here suggested that the discrepancy in observed and predicted behavior is in part due
to an inaccurate description of the physical microstructure as well as inappropriate
models of behavior and interaction of fiber and matrix within DFC composites. Over the
past several years, practical observations of DFCs response were made in the laboratory
resulting in data useful for completion of this work as well as identification of gaps in
current state of the art needed for better predictability of DFCs.

2 Discontinuous Fiber Reinforced Composites - Overview

Discontinuous fiber reinforced composites (DFCs) represent a large class of materials
which is gaining popularity because of favorable tradeoffs between material properties,
design options, and processing cost. DFCs are materials in which the fibers are not long
enough to be considered continuous, but in which they are not short enough to be
considered as just filler in a homogeneous material. The most commonly used fibers in
DFCs are glass and carbon fibers, which come in tows of many (usually thousands) of
fibers. The fibers (except for their lengths) are either identical or very similar to those
used in continuous fiber composites. Fibers intended for DFCs are usually sized with a
special sizing that not only promotes fiber-matrix adhesion, but also assists in wet-out
and fiber dispersion during processing of DFCs. The surface of fibers is treated and sized
while the fibers are still in the form of a continuous tow [1]. The discontinuity is
introduced only subsequently to allow rapid pre-form production and molding of
complex geometry; therefore fiber ends in DFCs are unsized and un-treated.

Fiber fragments with sized and unsized surface area of approximately the same order may
be considered as fillers since there can be only limited load transfer between fibers via
shearing of the matrix. Therefore, the order of L/D ratio of such fragments is 10°, where
L is the length of the fiber and D is the fiber diameter. These fragments can be oriented in
any direction within a sample of realistic thickness. Fibers that can be assumed to remain
approximately straight and that can be modeled approximately as straight cylinders are
called short fibers. Typically, the L/D ratio of short fibers is 10'-10°. Short fiber length
enables dispersion and prevents entanglement. Long fibers with an L/D ratio on the order
of 10° typically remain undispersed in the form of bundles or form entangled mass of
bent fibers. Fibers with L/D of 10* and greater are usually used in laminae, weaves, or
braids because they do not lend themselves to flow forming processes.



Realistic flow-formed DFCs contain long and short fibers as well as fragments. The fiber
length or L/D ratio can be used to describe a DFC prior to flow molding or in an average
sense. However, capturing fiber length distribution (FLD) is necessary if one wishes to
faithfully represent the microstructure of DFC. Theories and experiments typically focus
on the two extremes of the fiber length spectrum discussed above (fillers and long fibers).
Most composite materials literature focuses on continuous fibers with DFCs being treated
as a special case [2]. The plastics literature treats the reinforcing fibers as a special class
of fillers [3]. In either case, the finer details of DFCs are not considered.

2.1 Structure

It is common to distinguish among micro, meso, and macro scale features and properties
in the study of composites. These scales can be neatly defined for laminated composites
[4]. Geometry and properties of individual fibers embedded in matrix are considered on
the micro-scale, laminae with distinct interlaminar boundaries are considered on the
meso-scale, and laminates accounting for all of the above in an average sense can be
analyzed and tested on the macro-scale.

The internal structure of DFCs is commonly referred to as microstructure even if the
material features under consideration are clearly not on the microscopic scale. This is
probably due to the fact that the definitions of scales may not always be apparent due to
the nature of DFCs. The entangled and sometimes partially dispersed structure of flow
molded DFCs makes separation of scales non-trivial. The fiber diameter is on the order of
10° m, with observable voids, impurities and possibly micro-cracks on the order of 107
m to 10 m. With typical part thickness of 2 to 6 mm, layer thicknesses with distinct
preferential orientation is of 10 m to 10 m scale. Fiber length spans 10° m to 10” m
scale, therefore single fiber can span several features in the meso-scale and in the case of
un-dispersed fiber bundles, it can be considered macro-scale feature.

Figure 2-1 shows an X-ray image of a tensile bar. The bar is 12.7 mm (0.5 in.) wide and
3 mm (0.12 in.) thick, made of 40% of glass fibers by weight in polypropylene matrix.
The darker regions in the image indicate the presence of glass fibers. Preferential local
fiber orientation and imperfect dispersion of fibers stand out as the major features of the
macro-scale structure.

Figure 2-2 shows polished cross-section of a typical long fiber reinforced injection
molded thermoplastic plaque where cross-sections of cylindrical fibers appear as ellipses.
It is apparent that there is preferred orientation as a function of position through the
thickness. Three regions can be observed in injection molded composites: the skin, the
shell, and the core. In addition to varying fiber orientation, the fiber length distribution
can also vary as a function of position through the thickness. The structure of skin shell
and core could be considered as meso-scale for DFCs. Boundaries between regions may
be well defined as in the case of short fiber reinforced injection molded composite or they



may be difficult to define as in the case of compression molded composite reinforced
with undispersed long fiber bundles.

thickness

Figure 2-2. Polished cross-section of injection molded composite.

Closer examination of the figure reveals voids in the matrix, numerous non-elliptical
fragments of fibers as well as impurities. A careful observer would also conclude that
fiber diameters are not the same for every filament, rather, there is a narrow distribution
of fiber diameters. Such features of the structure would belong to the micro-scale. Figure
2-3 shows X-ray computed tomography reconstruction of 2 mm x 2 mm injection molded
sample. Just like in the previous figure, it is apparent that there is preferred orientation.
However, the figure also shows more clearly that the filament lengths differ significantly
and that longer filaments do not remain straight.

Because of the complex structure of DFCs, it is not always apparent how one should
describe the microstructure of the material. Clearly, each fiber has certain length and it is
positioned with respect to the part and other fibers. In the literature, the microstructure of



DFCs is described primarily by measures of fiber length and fiber orientation with fiber
fraction assumed to be constant in a part.

Figure 2-3. X-ray computed tomography reconstruction for injection molded composite.

The fiber length as defined by the length of a centerline of an individual fiber can be
measured and the fiber length distribution (FLD) can be assigned in an average sense to a
region within a part. Techniques for measurement and description of the FLD as well as
results for various flow molded DFCs are discussed for example by Thomason [5, 6] and
Kunc [7]. Figure 2-4 shows a typical FLD for injection-molded sample molded using
long pellets.
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Figure 2-4. Typical FLD for long fiber injection molded material.
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There are several difficulties with obtaining and interpreting FLD. Samples must contain
enough fibers for the result to be statistically significant. Depending on individual
company or institutional practice, researchers tend to select between several hundred to
tens of thousands of fibers. Choices on either end of the spectrum are valid; however, the
result and significance of FLD measurement will depend on the method of sample
selection and its size. Samples containing tens of thousands of fibers may occupy a large
enough region within a composite part that the FLD is an average of FLDs for multiple
meso-scale layers. On the other hand, a sample of several hundred fibers may either be
selected from a very small region within a part or it may be a subset selected from larger
region. Selection of a very small sample would seem to be the best choice for
characterizing microstructure at a point in the meso-scale. However, there is a danger of
selecting a sample that is not representative especially in a material with incomplete fiber
bundle dispersion. Measuring a subset of a larger sample is valid only if one applies
appropriate randomization technique and avoids skewing results. In either case, the size
of the region from which a sample was selected must be accounted for in a correction
factor applied to the results to avoid bias towards long fibers [7], otherwise the FLD is
skewed based depending on the size of the selected region. Considering fibers with single
diameter, longer fibers occupy greater volume compared to short fiber. Therefore, it is
more likely that longer fibers will be in the measurement sample. FLDs reported by
various researchers will also differ depending on the treatment of very short fibers and
fragments. The length of fragment with L/D=~1 may not be well defined and it is
certainly difficult to measure. Measuring the volume or the weight of such fragment
would solve the problem of defining its length. However, it is impractical to perform such
measurements for many fragments. Neglecting fragments is as common as it is incorrect,
and is detrimental to the accuracy of any analysis based on these results. Fragments must
be accounted for if they constitute non-trivial portion of fiber fraction.

Advani and Tucker [8, 9] describe measures of fiber orientation and fiber orientation
distribution (FOD). An optical technique for measuring FOD with this definition from a
polished section of a sample is discussed by Clarke [10] and VerWeyst [11] and
reconstruction of FOD from computed tomography is discussed by several researchers
[12, 13]. Advani and Tucker’s definition of fiber orientation was developed for short
fiber injection molded composites and it may not appear to be completely suitable for a
long curved fibers. Baird [14] discuses alternative measures such as fiber end to end
orientation and average curvature, which would provide more faithful measure for
entangled microstructure of long fibers within DFCs. However, definition and
measurement techniques for fiber curvature are non-existent in literature dealing with
DFCs.

2.2 Structure-Property Relations

In the eyes of a structural engineer, DFCs will be always inferior to continuous fiber
reinforced composites which have greater stiffness, strength, fatigue resistance, etc.
However, a process engineer may consider materials with fibers of any significant length
expensive and difficult to work with, resulting in products with inconsistent dimensions,
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material properties and surface appearance. Yet applications of DFCs are growing due to
favorable balance among properties, manufacturing considerations, and cost for many
products. DFCs can be found in nearly all types of products ranging from planes, cars,
consumer and sporting goods and defense articles.

Linking property and structure of DFCs requires the use of micro-mechanics. Micro-
mechanics solutions often rely on strict assumptions and provide varying degree of
agreement with experimental results. Reputable textbooks urge caution and stress
limitations of micromechanics [15, 16]. Composite properties are derived from the
constituent properties and geometry. Unfortunately, the measurement of mechanical
properties of constituents is difficult due to the scale at which tests have to be performed.
It is usually not necessary to measure properties of common reinforcement fibers.
Textbook/handbook values for glass fiber should be sufficiently accurate, while
properties of carbon fiber have to be estimated for a given grade. There is no evidence
that properties of glass or carbon fibers change due to molding; therefore, measurements
for any given fiber type need only be performed once regardless of end composite
system. Obtaining matrix properties within flow molded DFCs may be challenging
because it is generally not possible to obtain plaques of neat matrix material with the
same properties. Although the matrix material is generally assumed to be homogeneous
and isotropic, the material usually possesses microstructure of its own with properties
varying as a function of distance from the fiber based on the sizing applied to the fibers.
This is especially true for flow-formed DFCs as significant amount of lubricant in sizing
may be designed to disperse in the polymeric matrix. Crystallinity, crystallite orientation,
and polymer chain structure is affected by the presence of fibers. Standard measures and
techniques can be found for example in [17]. Using properties measured on neat resin
plaque for prediction of composite properties usually does not work even for the simplest
elastic modulus predictions. It is common practice to test composite properties of a
particular composite system with well known microstructure, calibrate matrix properties
for a given model, and subsequently use these properties for similar composite systems.
This approach is practical and appears to provide reasonable predictions.

Understanding of load transfer in DFCs requires analysis of fiber loading, matrix loading,
and load transfer between fibers through the matrix. The work of Cox, Rosen, and
Batdorf [18-21] is most commonly cited in connection with loading along a fiber and
load transfer between fibers. The Kelly-Tyson model [22] is most commonly used for
prediction of strength for unidirectional composite.

Analytical property predictions accounting for fiber orientation can be achieved using
methods based on the equivalent inclusion principle [23], average matrix strain [24] and
orientation averaging [25, 26] models have shown accurate stiffness predictions for short
fiber composites. More information on models relevant to short fiber composites can be
found in a study performed by Tucker and Linang [27]. A significant body of work
dealing with injection molded materials has been published by Thomason [28-33]. The
issue of fiber curvature was addressed in [34] by using finite element unit cell approach
as well as orientation averaging technique similar to the technique noted above [26].
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These results are not validated because fiber curvature measurements do not exist at this
time and the authors considered only fiber bundles.

2.3 Time Dependent Properties

The response of a typical polymeric material to external loading is the combined response
of fluid and solid. The time-dependent response of glass and carbon fibers can be
neglected when examining DFCs, therefore only response of the matrix will be
considered. Viscoelastic response of DFCs is not the primary focus of this work, however
viscoelastic response plays an important role in radiographic and tomography
experiments.

Both linear and non-linear viscoelastic models can be applied to DFCs. A viscoelastic
material is said to be linear if strain is proportional to stress at given time and if the
Boltzman superposition principle applies. Linear viscoelasticity is generally applicable at
low stress levels. Once a linear viscoelastic region is established by for example
performing a set of creep and recovery experiments, an abstract model of the material can
be developed using a set of springs and dashpots with various stiffness and viscosity
coefficients.

At high stress levels, linear viscoelastic models do not provide an adequate representation
of time dependent material response and non-linear viscoelastic models must be used.
The most widely used non-linear model is that of Schapery [35]. This model contains
total of six parameters which must be determined from experiments. It should be
emphasized that these experiments must be carried out on the matrix material and that the
uncertainty of actual material properties discussed earlier still applies.

Figure 2-5 shows typical creep and recovery response of DFC material. In this test a
specimen is loaded to a given load level and this load level is held for a given period of
time. The specimen elongates with time until the load is removed. When the load is
removed, the specimen does not immediately return to its initial configuration, rather it
gradually recovers.
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Figure 2-5. Creep and recovery response of injection molded 30%glass/Polypropylene
material at room temperature.

The other type of experiment which can be used to establish time dependent behavior of
materials is stress relaxation test. In this test, a sample is loaded to a given strain level
and held there for an extended period of time. The measured load (hence stress in the
sample) decreases as a function of time. This is the loading scenario of interest while one
performs radiographic and tomography experiments of specimens subjected to load. In
these experiments, it is necessary to pause loading for the duration of image acquisition.
This may be several seconds for a single image or several hours for a tomography
experiment. As indicated above, the state of samples will not remain the same over this
period of time even if the overall displacement is held constant, which reduces the
achievable resolution obtained from samples subjected to load.

2.4 Failure Modes

Predicting strength and energy released during failure is difficult for any material and it
invariably leads to examination of the underlying material structure. Composite engineers
emphasize the difficulty of predicting strength and progressive damage in composites by
pointing out the relative simplicity of self-similar propagating crack in metals in
comparison to all the possible failure modes that laminated composite can exhibit. This is
only partially justified as intergranular cavitation, transgranular fracture, grain boundary
sliding etc. are certainly considered in metal fracture [36]. The scale at which these
processes occur (10 to 10 m) allows for the development of phenomenological laws
that effectively average many events at a (macroscopic) point (continuum). This fact
makes analysis of plasticity, damage and fracture in metal structures tractable. In
composites, the in-plane and out-of plane failure modes [2] of fiber fracture, matrix
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micro-cracking, fiber-matrix debonding, fiber pullout, matrix shear failure, micro-
buckling, kinking, delamination etc. may be observed on scales spanning 10-6 to 10-2 m
with multiple failure modes active at the same time. Statistical and fracture size effects
should be considered in progressive failure analysis, leading to the application of non-
local approaches [37]. The above mentioned complications contribute to the fact that

even predicting failure in a well-defined laminated composite has not solved the problem
[38].

The situation is even more complicated for DFCs. The uncertainty about actual material
structure and inherent fiber waviness makes DFC damage mechanisms intricate [2].
There is, however, a clear correspondence between internal structure and damage of
DFCs. Figure 2-6 shows fracture surfaces of glass/PA6,6 injection molded material that
was tested in tension. The internal core-shell-skin structure shown in Figure 2-2 is clearly
reflected on the fracture surface shown in Figure 2-6.

Fiber/matrix adhesion plays a prominent role in DFCs. Load transfer from fiber to fiber is
often interrupted by the presence of fiber ends and curvature in fibers. It has been shown
that that strength of thermoplastic DFC can be increased by more than 50% if proper
coupling agent facilitates fiber matrix adhesion [39]. Figure 2-7 shows PA6,6 residue on
glass fibers after quasi-static tensile tests indicating appropriate sizing and adequate fiber-
matrix adhesion.

Two types of processes are usually considered when accounting for macroscopic non-
linear response of DFCs which cannot be explained by viscoelastic response: plasticity
and damage. Coupled continuum plasticity and damage models accounting for size
effects have been developed studied for metals as well as composite materials [40]. An
extensive summary of statistical, micromechanical, and continuum damage models is
included in [41]. [42] applied coupled elasto-plastic and damage model to DFCs and
concluded that inter-fiber interactions and multiple damage mechanisms must be
reflected in a more representative model. [43] applied a very similar approach compared
to experiments on injection molded material.



Figure 2-7. Scanning electron micrographs showing matrix residue on glass fibers after
fracture of glass/PA6,6 injection molded material tested in tension.

Damage models can be linked to experimental results either through direct observation of
damage or through global stress-strain response of a coupon specimen. Global response
can be used to establish damage evolution for damage models through inverse or iterative
techniques. However, this approach is justified only if the damage processes are well
understood. This is not the case for DFCs at this time. Therefore, damage parameters are
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simply parameters that are used to fit the behavior of a particular material system with
some mechanistic or thermodynamic justification.

Damage in DFCs can be established through various destructive and non-destructive
methods [44, 45]. The strain field can be established with photoelasticity, digital image
correlation, Moire methods, holographic methods, and brittle coatings. Due to decreasing
cost of digital cameras and computing power, 2D and 3D digital image correlation (DIC)
techniques are becoming prevalent. An overview of the theory of operation and
applications of DIC can be found in [46]. Non destructive evaluation (NDE) techniques
are usually used to detect a flow or damage, but in some cases the same techniques can
evaluate the type and size of damage. NDE techniques include radiography, ultrasonic
methods, thermography and acoustic emission.

2.5 Application in design

There structural characteristics usually drive design: stiffness, strength and energy
absorbed in catastrophic loading. From private discussion with practitioners, it appears
that the driving factor in design with DFCs is overwhelmingly stiffness. Energy
absorption is important in some automotive applications. It appears that once desired
stiffness is achieved, strength requirements are automatically satisfied in most cases
provided good design practices are obeyed. The focus of the subsequent discussion is
therefore on improving prediction of stiffness tensor for DFCs.
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3 Stiffness Model Background

3.1 Introduction

The objective of this section is to establish a stiffness model for composite material reinforced
with discontinuous curved fibers. The theoretical background covering relevant concepts of
linear elasticity is provided in the following section. Although the focus of this work is strictly
on predicting and understanding of stiffness tensor under the assumption of linear elasticity, this
work provides the foundation for more general models. Subsequent sections list assumptions
used for derivation of a model suitable for stiffness prediction of flow molded composite.

3.2 Elasticity

We shall assume that composite material reinforced with discontinuous curved fibers is linear
elastic. This assumption appears to be reasonable and valid for low strain levels. In rectangular
Cartesian basis e = {e;, e;, e,} linear elastic problem is governed by the Equation of motion

0%y, ¥ (3.2-1)
O'l'j'j—p?'i'Fi:O l,]:1,2,3 T
the generalized Hooke’s law
0ij = Cijk1€ki Lk 1=123 (3.2-2)

and the strain-displacement gradient formula

2€5 = Wk + Uy k,1=1,2,3 (3.2-3)

Throughout this document, a comma in the index notation denotes spatial derivative with respect
to the marked subscript and Einstein summation convention applies over repeated indexes unless
otherwise noted.

In Equations 3.2-1 through 3.2-3, u; are the components of displacement, F; are the components
of body force, t is time, p is density of material, g;; and &; are the components of second rank
stress and strain tensors respectively. Our primary focus is on the establishment of components
Cijki in Equation 3.2-2 which is a fourth order stiffness tensor in three dimensional space.
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Equation 3.2-2 can be inverted
&ij = SijkiOki i,j,k,1=1,2,3 (3.2-4)
where the compliance tensor S j; is the inverse of the stiffness tensor
CijpqSpqkt = lijki LjkLpgq=123 (3.2-5)

The identity tensor can be defined as
1 .
Iijkl = (Sijkl = E ((Sik(sjl + 6i16jk) L] k,l = 1, 2, 3 (32'6)

using Kronecker delta

1wheni=j

% =10 when i *j (3.2-7)
We shall further assume that our material is hyperelastic with strain energy density
1 1 .
= Eo-ijeij = Ecijklgijekl l,],k,l =1,2,3 (32_8)

The stiffness tensor C;jx; in Equation 3.2-2 has 3t =81 components. Since the stress tensor is
symmetric [47] and symmetry of the strain tensor is apparent from Equation 3.2-3, the stiffness
tensor has the following property

Cijrt = Gia = CGux ~ 1,j,k,1=1,2,3 (3.2-9)

Furthermore, the existence of strain energy density defined in Equation 3.2-8 results in
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Cijki = Gkt = Chaij Lj,k,1=123 (3.2-10)

which reduces the number of distinct components in Cj; from 81 to 21.

3.3 Voigt and Kelvin Notation

The above noted symmetries allow transformation of o;; and ¢;; from second order three
dimensional tensors to first order six dimensional tensors or 6x1 vectors and transformation of
Ciji; from fourth order three dimensional tensor to second order six dimensional tensor or 6x6
symmetric matrix.

Let us use the following scheme to assign the indexes during the transformation from three

dimensional space to six dimensional space [48]:

111,22 52,33 53,23 =32 > 4,
(3.3-1)
31=1355,12=21-6

For the stiffness tensor, this scheme is used for the first two and last two subscripts.

There are two six dimensional representations of the stiffness tensor used in the literature, both
of which preserve the strain energy density.

3.3.1 Kelvin Notation [Kelvin 1856]

Equation 3.3-2 shows the stiffness tensor represented in Kelvin notation.

(Cii Gz Ci3 V20 V2G5 V2Ci6) ¢,

01

[Uz Ca2 Cps V2Co V2055 V205 [52]

|03 Css V2C35 V2Cs5 V2056 ]|53 (3.3-2)
Oy &4

%

Os

204, 205 204 £
sym. 2055 2Csq
2C66 B

.
I
r

With the stress and strain mapped as
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011 €11
[Z;] 022 [2] €22
05 033 £ €33
|0'4|: V20,3 g4~ V2ey3 (3.3-3)
il I I
V20, 6= 1V2ey,]

Again, we can use the following mapping rules to obtain Kelvin representation of the stiffness
tensor:

p=i6;+(1-6;)0-i—)) i,j=1,2,3 (3.3-4)
q=1i6;+(1—-6;)9—i—}) i,j=1,2,3 (3.3-5)

6? = (511 + \/E(]‘ - 61})) Oij, é\q = (6kl + \/E(l - Skl)) Ekbs
(3.3-6)

P

Cpq = (61} + \/E(l - 611)) (6kl + \/E(l - 6kl)) Cijkl i,j, k,l = 1, 2,3

This representation is used less commonly in the literature and hat accent will be used
throughout this document for Kelvin notation. The disadvantage of this mapping is that the
stiffness components are changed and the mapping does not appear natural. Stress and strain is
treated identically and we can take advantage of tensor algebra.

3.3.2 Voigt Notation [Voigt 1910]

Equation 3.3-7 shows the stiffness tensor represented in Voigt notation.

o1 Ci1 Ci2 Gz Cia Cis Cygl ré1]

[02] Gz Ca3 Cou Cps Coelfey

03| _ (33 Caa G35 Csellés -
IG“ B Caa Cas Cyel]%a (33-7)
[05J sym. Css  Cse £5J

0-6 | C66_ 86
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With the stress and strain mapped as

] 011 [81] F €11 7

EA I A

03 | _|933 &3 _| €33

|0'4 - a3 |’ &y - 2823 (33_8)
|O-5| 0413 |85| 2813

lG6J 0-12 lEGJ _2812_

Alternatively, we can use the following mapping rules to obtain Voigt representation of the
stiffness tensor:

p=id;+(1-6;)O0—-i—)) i,j=1,2,3 (3.3-9)
q=1i6;+(1-6;)9-i—)) i,j=1,2,3 (3.3-10)
O'p = O'ij, gq = (2 — 6kl)€kl' Cpq = Cijkl i,j, k,l = 1,2,3 (33—11)

This representation is the standard representation throughout engineering literature in the 20™
century. The benefits include preservation of stress values, engineering representation of strains
and preservation of stiffness components. However, stresses and strains are treated differently,
the norms of the tensors are not preserved and the benefits of tensor algebra are lost.

As noted above, both representations preserve the strain energy density given in Equation 3.2-8

1 1
N = 5 0p€q = Eﬁpéq p.gq=12,...6 (3.3-12)

Conversion between Voigt and Kelvin notations can be accomplished by using matrix notation
and defining

1 1 1
] (3.3-13)

x=[1 1 1 v3 v2 V2l x‘1=[111—2—2—2

then

16



, E=Ex Yy (3.3-14)

Where * denotes component-wise multiplication. Using & for outer product, the conversion of
stiffness components between the two notations can be accomplished using

C=(x®x)*C (3.3-15)

It is important to realize that compliance matrix in Voigt notation should be obtained by
inverting the stiffness matrix, because mapping noted above, along with Equation 3.3-15 applies
only to the stiffness matrix.

3.4 Coordinate Transformations

Since stress, strain, stiffness and compliance in three-dimensional space and in Kelvin notation
are tensors, we can use simple orthogonal transformation rules for representation of these
quantities in different coordinate systems. Transformations for Voigt notation are also
straightforward. Relevant expressions of this section are expressed both in index notation and
matrix form to facilitate implementation into code.

First, we consider orthogonal transformation @;; between x and x’ system in three dimensions
Xj = X, oy =0 i,j,k=1,273 (3.4-1)
in matrix form
x' = [a]"x, [a]"[a] = [I] (3.4-2)
with second order stress and strain tensors transformations

;o . .. _
&kl = A i€, Ok = Ak @10y L,j,k,1=1,2,3 (3.4-3)

in matrix form
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[€'] = [a]"[ella],  [0'] = [a]"[o][a] (3.4-4)

and fourth order stiffness and compliance tensors transformations

! — ! _ .. _
Cpqrs - aipaiq Cijklakralsv Spqrs - aipaiqSijklakrals L], k: l: b.qrs= 1,23 (34‘5)

Clearly, we cannot write Equation 3.4-5 in matrix form, because stiffness and compliance are
fourth order tensors. Therefore we use six-dimensional representation of these quantities along
with corresponding forms of coordinate transformations.

3.4.1 Transformation in Kelvin Notation

Following Annin [49], we can use orthogonal matrix in the following form

2 2 2 T
ai arz ais ‘/Ea120f13 V2a, 043 V2ay a4,
2 2
a1 a3 a%:.; ﬁa22a23 \/§a21a23 \/Ea’nazz
2 2 2
~ aszy a3z a V2as,a 2 2
a; = 33 32433 \/—a31a33 \/_0!310.’32 (34_6)

V2ay1a3; V25003, V2033055 @plzz + Gpzatz; Q21033+ @p3d3y  QpiQzp + Appds
ﬁa11a31 \/Ea’izasz ‘/5%30533 Qp033 + 1303, Q1033 T A13037  Aq103; + X103
(V2051051 V2ai005; V21303 @uas + dyzay, 11%23 T @13l Quilap + A1l |

to transform first order stress and strain tensors in Kelvin notation

él, = &kié\k' 6{ = @kiﬁk i,j,k = 1,2,...,6 (34-7)

in matrix form with stress and strain being vectors

& =[a]"s, & =[a]'¢ (3.4-8)

and fourth order stiffness and compliance tensors in six dimensional space
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Cli = @siCalyj,  Sij = AsiSel; iL,j,s,k=12,...,6 (3.4-9)

which is now written in matrix form.
3.4.2 Transformation in Voigt Notation

In Voigt notation, we will use matrix notation and define transformation matrix [ ]

[0‘%1 af afs 2 agp03 201013 21101, 1
Iaf%l a3, a; 205,053 2az10z3 2az1 07 I
il =1 af; a3z, ass 2a3;a33 2a3,033 2a31a3; | _
L] |@21@31  @22a3; Ap3@tzz  (@22Qs3 + Az3tzy)  (@21Q33 + Az3@31)  (A21@32 + @22031) | (3.4-10)
@11Q31  @12Q32  A13033  (A12033 + A1332) (11033 + A13@31) (11032 + A12031)
@11Q21 @12Q22  @y30p3 (A12023 + A13022)  (A11@23 + A13021) (1102 + A12051)
Which transforms stress between x and x’ system
[0'] = [as)ijllo] (3.4-11)
Following the path set out by Reuter [50], we define matrix [M]
[1 0 0 0 O 0'|
I 0 1.0 0 O O I
10 01 0 0 O
[0((0)] = |0 00 2 0 Ol (3.4-12)
lo 00 0 2 OJ
0O 00 0 0 2
and note that the transformation for strain has the following form
'] = M][a) | IMT 7] = o] [e] (3.4-13)

where
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2 2 2

a1 ar; ars x12013 1113 a11Q13
2 2 2 A1 A1
a3, as, ass AppQag 2123 2122

[ag] = @31 al, ads (32Q33 *31Q33 31Q32 (3.4-14)
20051031 2055035 203033 (G033 + (p3a3;) (21033 + A23®31)  (A21032 + A22031)

2011431 2@12a3; 2053033 (Q1p033 + Ay3a37)  (@11033 + a13031) (@113 + X2031)
201101 2a12037 2043053 (@1203 + @13027)  (@11023 + 13Q21)  (@11@7 + @12021)

. -1 T . . . . . .
Noting that [a(c)] = [a(g)] , we can write transformation for stiffness tensor in Voigt notation

(€] = [a]” [Cl[ae] (3.4-15)

and for compliance

[S’] = [O((G)]T [S] [O((G)] (3.4—16)

Since arbitrary orientation of material with respect to laboratory system does not change
characteristics of the material, we can choose three free parameters of «;; and reduce the number
of independent components of the stiffness tensor from 21 to 18. For example, one could use
Euler angles as the three parameters for successive rotations.

3.4.3 Euler Angles

In view of latter sections, we use three Euler angles «,B,y as the three parameters for successive
rotations and we also express relevant relations in terms of alternate set of parameters, where

¢ =a (3.4-17)
g =" 34-18
=5~k (3.4-18)
y=y (3.4-19)

We describe arbitrary orientation of a Cartesian coordinate system x’*”> with respect to laboratory
Cartesian coordinate system x = (X},X2,X3) as the following sequence of rotations:
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1. Rotation of around x3; in mathematically positive sense by angle « (Figure 3-1).

Figure 3-1. Rotation R{; by angle .

This rotation is represented by

cosa sina 0 cos¢p sing O
xj = Rfx;, Rfi=|-sina cosa 0|=|—sing cos¢ O (3.4-20)
0 0 1 0 0 1
In matrix notation
x' = [R*]"x (3.4-21)

2. Rotation of around x; in mathematically positive sense by angle 8 (Figure 3-2).
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1] XI =X"
X, e

P

X3

Figure 3-2. Rotation Riyj by angle .

This rotation is represented by

sin 6 0 cos@
= 0 1 0 (3.4-22)
—cos@ 0 sind@

cosf 0 sinp
X =Ryx, Ry = [ 0 1 0 ]
—sinff 0 cospf

1n matrix notation
x" = [R]"x’' (3.4-23)

3. Rotation of around x;" in mathematically positive sense by angle y.
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Xlall )(a

L 4

X5

Xi=x."
Figure 3-3. Rotation R]; by angle y.

This rotation is represented by

1 0 0
x;" =Rigxy, Rg= [O cosy siny]
0 —siny cosy

in matrix notation
xlll — [Rx]Txll
The total rotation can be described as

" _ pXxyz _ pXx pnY pz P —
x| =R x; = Rklele-jxl-, i,j,k,1=1,2,3

where
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xXyz
R il

cosacosf cosfsina sinf
= |—cosysina —cosasinffsiny cosacosy —sinasinffsiny cosfsiny
|—cosacosysinf +sinasiny —cosysinasinfS —cosasiny cosf cosyl
i cos a sin 6 sin @ sin cosf 1 (3.4-27)
= |—cosysina —cosacosfsiny cosacosy —sinacosfsiny sinfsiny
| —cosacosycosf +sinasiny —cosysinacosf —cosasiny sinfcosyl

Equation 3.4-27 can be written in matrix notation as
x" = [R?]Tx = [R*]"[R*]"[R*]"x = [[R’][R”][R*]]"x (3.4-28)

Transformation matrix for a 6 dimensional space can be constructed with components of Rij z

using Equation 3.4-10 or Equation 3.4-14. It is easy to verify that these transformations are
orthogonal

RijRY = RYRy = REGRG = RYVRy” = 6 1jk=1,2,3 (3.4-29)

3.4.4 Vector Rotation Using Euler Angles

We will find it useful to describe any unit vector by rotating the first basis vector
(e1)i=6n, =123 (3.4-30)
We can obtain any unit vector by performing two rotations
pi = Ry RSy, 0, k=1,23 (3.4-31)

Note that if we perform third rotation about p, then p does not change and we can write
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pi = Ry R8s = RGR RS, 1),k =1,2,3 (3.4-32)

The unit vector p is then fully specified by two angles and by the condition |[p|=1. The
components of p can be written as

p1 = cosacosf = cos¢sinf (3.4-33)
p, = sina cos f = sin¢ sin 8 (3.4-34)
p3 = sinf = cos @ (3.4-35)

We will also want to find a unit vector, which is perpendicular to p and defined by angle y,
measured in a plane normal to unit vector p. We can obtain this vector by rotating the second
basis vector

(e2)i =062, =123 (3.4-36)
which is orthogonal to the first basis vector by definition
(e1)i(ez); = 611612 =0, 1=123 (3.4-37)
This vector has the following form
i = RGRRE62, 1),k =1,2,3 (3.4-28)
where

q; = —sina cosy —cos a sin f siny = —sin ¢ cosy —cos ¢ cos 8 siny (3.4-39)
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q; = cosa cosy —sina sin f siny = cos ¢ cosy —sin ¢ cos 8 siny (3.4-40)
qz = cos fsiny = sin@ siny (3.4-41)

It is easy to verify that the vectors are orthogonal by p.q=0.

3.4.5 Euler Angles from Vector Components

Now we want to solve the reverse problem of calculating Euler angles knowing the components
of p and q. Using Equation 3.4-34 and Equation 3.4-33 we can obtain

a = ArcTan (&) (3.4-42)

pP1

If p; =0, then we decide if a =0 or =§ from Equation 3.4-34 and Equation 3.4-35.
Similarly from Equation 3.4-35 and Equation 3.4-33, we can write

B = ArcTan (%S in(a)) (3.4-43)
2

Again, in the case of p,, we decide if a =0 or f = g We could also look at this problem as
finding spherical coordinates, given known Cartesian coordinates and write

0 = ArcCos(p3) (3.4-44)
and
ArcSin <%> if0<p,
= P (3.4-45)

le’ — ArcSin (%) ifp1 <0

p
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To resolve the last angle, we note that y = 0 when g3 = 0, otherwise

-1

y = ArcTan ——COS(B)<€14—Cos(a)Tan(ﬁ)) (3.4-46)

Sin(a) \ q3

This allows us to calculate Euler angles knowing p and q expressed in an arbitrary coordinate
system.

3.5 Kelvin Moduli and Eigen-States

The Kelvin notation introduced in Section 3.3.1 allows us to use tensor algebra to gain deeper
understanding of the structure of anisotropic stiffness tensor. This understanding is necessary to
establish the number of material parameters, dimensionless and geometrical coefficients fully
defining the stiffness tensor. The concept of elastic eigen-values was first established by Lord
Kelvin [51], however this work was poorly reviewed and forgotten [52]. Rychlewski [52] and
perhaps other researchers re-developed the concept in the late 20th century. Annin [49] provides
a historical summary with focus on review of Russian literature, which contains useful works.

It was shown in Section 3.2 that there are 21 independent elastic constants in the stiffness tensor
for general linear elastic body. Three of these constants define orientation of the material with
respect to the laboratory system. We can choose Euler angles .,y introduced in Section 3.4.3
for this purpose. In the following discussion, we show that six of the remaining eighteen
parameters are invariants of the stiffness tensor with the unit of stress, and twelve are
dimensionless invariants.

For the purpose of brevity, we proceed directly in six-dimensional space using Kelvin notation
and presume that @ exists, so that

Cij@w; = A, i,j=12,...,6 (3.5-1)
The eigen-values A of the system are the roots of sixth-degree equation

Det(C;; —28;) =0 i,j=12,...6 (3.5-2)

Therefore, we obtain six eigen-values 1 and six corresponding eigen-vectors @g. From now on,
capital Latin indices run through values 1,2,...,6 and Einstein summation does not apply to
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them. Eigen-values A with the unit of stress are called Kelvin moduli, and vectors @g are called

elastic eigen-states.

We note that the @y formed an orthonormed bases in six-dimensional Euclidean space

D, = Og; K,L=1,2,..,6
We can then de-compose stress
0 =00+ 0,0, +  +050¢
and strain

g = 51(’1\)1 + 826\)2 + .- +£66\)6

where a3, ..., 0 and &, ..., & are constants.

Similarly, the stiffness tensor can be written in terms of the bases and Kelvin moduli
E = 116\)1 ® (/‘)1 + 12(/‘\)2 ® (/l)z + .- +/166\)6 ® 6\)6

Since C is positive definite, then A, > 0 and we can write the compliance as

—~ 1
S:_w1®w1 +_6\)2®w2+.“+l_6)6®6\)6
6

From Equations 3.5-35 and 3.5-4, we see that

O'K=3.(T)K,€K=§.(T)K K,L:].,Z,...,6

(3.5-3)

(3.5-4)

(3.5.5)

(3.5-6)

(3.5-7)

(3.5-8)

and using Equation 3.5-6, we can write Hooke’s law for a generic anisotropic material as six

scalar equations
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O = AK‘?K K,L = 1, 2, ,6 (35-9)

Therefore, of the 21 independent constants of a stiffness tensor, we now have three Euler angles
defining orientation with respect to the laboratory system and six Kelvin moduli.

Notice that Equations 3.5-1 through 3.5-9 written for six-dimensional space can be used in three
dimensional space after applying transformations noted in Section 3.3. It is convenient to
transform six first order tensor eigen states @y from a six dimensional space to six second order
tensor eigen states wy in three dimensions. With tr wg? = wg. wg = W) Wijky) = 1 being
the normalizing condition corresponding to Equation 3.5-3, we can use

tr wg and tr wg> K=1,2,..,6 (3.5-10)

to obtain the remaining twelve dimensionless invariants.

Rychlevski [52] shows that elastic solids can be categorized into 11 classes depending on
multiplicity of Kelvin moduli. Extreme cases of allowable materials consist of a general
anisotropic body with 6 distinct Kelvin moduli and 12 distinct dimensionless invariants and three
orientation angles, and an isotropic body with one Kelvin modulus, one dimensionless invariant
(Poisson’s ratio).

3.6 Material Symmetry

The introduction of fiber curvature reduces symmetry of the internal material structure within
discontinuous fiber composites. This section shows forms of stiffness tensor resulting from
symmetries applicable to the discontinuous fiber composites. It is also shown that if material
contains two planes of symmetry, a third plane of symmetry is implied [48]. This fact has
significant implications for development of a model allowing us to estimate discontinuous fiber
composite properties from constituent properties of fibers and matrix. Through the following
section, we follow Chadwick [48] starting with definition of symmetry transformation [

lj=e.e i,j=123 (3.6-1)
Between orthonormal bases e = {e;, e,,e3} and e’ = {e}, e}, e5} under which the components

of the stiffness tensor Cjj; are invariant. This condition can be expressed as

29



Cpqrs = lipliq Cijkllkrlls' Lk Lpqrs=123

(3.6-2)

It can be verified that if [ and m are orthogonal symmetry transformations, so is [~1 and Im,
therefore a set of symmetry transformations for given material forms a linear group. The identity

transformation and its opposite always form a symmetry sub-group {8;;, —6;;}.

Let a unit vector a be a normal vector to a material plane of symmetry. Then transformation

Rl-j(a) = 611 — a;qa; l,] =123

is a reflection with respect to this plane.

We can introduce notation

1;(6) =sinf e; + cosO ey

where {i,j,k} is a cyclic permutation of {1,2,3}. Then identities

R(e;)R(ri(8))R(e;) = R(e,)R(r:i(6))R(ex) = R(ri(m — 6))

and

R(r;(8))R <Ti (9 + %ﬂ)> = —R(e;)

follow from definition in Equation 3.6-3.

(3.6-3)

(3.6-4)

(3.6-5)

(3.6-6)

We now examine monoclinic material with single plane of symmetry characterized by reflection
R(e,), Using Equations 3.6-1 and 3.6-3, we obtain e; = e, e, = —e,, e5 = e;. By examining
Equation 3.6-2, we conclude that components of the stiffness tensor with one or three suffixes
equal to 3 are zero. Therefore, in Voigt notation, the stiffness tensor in Equation 3.3-7 reduces to

30



[C11

Cl 3

Cis

(5} [gl'l
[02] Coz  C23 O Cs 0 e,y
03 | C3z 0 C3¢c 0 ||leg
= 3.6-7
! 0-4 | C4_4 0 C46 | 84 | ( )
la5 | sym. Css O l£5 |
Og Cee Ee

By suitable choice of rotation, one more component may be made to vanish [48] and the number
of distinct components in the stiffness tensor is reduced to 12.

Using the same approach, we find zero terms and obtain stiffness tensor corresponding to a
single reflection R(e;3):

01 Ci1 C Gz O 1 [81]
|0 | C22 C3 0 0 Gy | €2 |
[os| (33 O 0 Cselles]
lo, | = Cor Cas O ||22] (3.6-8)
s sym. Css 0 [£5J
Oe Ceel E6

We can now examine symmetry with two reflections with normal enclosing angle 8. With e and
e’ as the bases

1
e =1y (9 + —n),e’2 =13(0),e; = e (3.6-9)

2

And using R(e,) and R(e5) as reflections, we can use Equations 3.4-10 and 3.6-1 through 3.6-4
to obtain

C1a = {€255In20 + (c15 — 2C46)c05%0}sind (3.6-10)
(3.6-11)

c1e = —{(Cap — €13 — 2€46)siN%0 — (11 — €13 — 2€C¢6)Cc0S?}sinBcosO
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Chq = {C155in%0 + (Cz5 + 2¢4¢)c0Os?}siNG (3.6-12)

Che = {(C11 — €12 — 2C46)SiN?0 — (€35 — €15 — 2C4¢)cOS?}sinBcosH (3.6-13)
C34 = C35Sind (3.6-14)

c36 = (c13 — €23)sinBcosb (3.6-15)

Cas = —(C4q — 2C55)sinBcosO (3.6-16)

Cig = {C4Sin?0 + (c15 — Cp5 — C46)Cc0S%0}sind (3.6-17)

Since sinf # 0 for two distinct planes of symmetry, we obtain the following conditions

C255in?0 + (c5 — 2C46)c052%0 = 0 (3.6-18)
(3.6-1)
{(cpp — €12 — 2€¢6)Sin?0 — (11 — €12 — 2€¢6)c05%}c0s0 = 0
(3.6-19)
C155in%0 + (c35 + 2c46)c0s? = 0 (3.6-20)
{(c11 — €12 — 2¢46)siN%0 — (€33 — €13 — 2C¢¢)c05?}c0sO = 0 (3.6-21)
c3s = 0 (3.6-22)
(€13 — €c33)c0s6 =0 (3.6-23)
(Cas — 2cs55)c0s0 =0 (3.6-24)
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C46SiN?0 + (€15 — C25 — C46)C08%0 = 0

We can then obtain the following solutions

1 3
0 = Zﬂ or Zﬂ' C11 = €2, €13 = €23,C44 = C55,C15 = Cz5 = C35 = C46 = 0
1 2
0= §7T or §7T» C11 = C22, C13 = €23,C44 = C55,Cg6 = E(Cn —C12), c3s = 0,
C25 = C46 = —C35

1

9:§7T, C15 = C25 = C35 = C46 = 0

1 1 1 2 3
0 + {Zn,§n,§n,§n,zn},c11 = Cyy, C13 = C33,C44 = Css,
1

Co6 = E(Cn — C12), C1s5 = C25 = C35 = C46 = 0

(3.6-24)

(3.6-26)

(3.6-27)

(3.6-28)

(3.6-29)

. . . 1 . .
Now we examine case of reflections with normals e, and 73 (E T[) = e,, which will be used later

in the document for material with two planes of symmetry enclosing 6 = %T[. We note that the

identity of Equation 3.6-6 induces a third reflection. This is confirmed by the fact that zero terms
of the stiffness tensor in Equations 3.6-7 and 3.6-28 correspond to zero terms for R(e,) and
R(e3) reflections given in Equations 3.6-7 and 3.6-8 correspondingly, therefore, we obtain
orthotropic material, which contains three mutually orthogonal planes of symmetry. Using

Equations 3.6-7 and 3.6-28, we obtain the stiffness matrix for orthotropic material

C11 Ciz Ciz O

[01] 0 0 1&gy
0 Cpz (23 O 0 0 [82]
|U3|: Gz 0 0 0 ||&s]
i M
s sym. Css 0 |[%s
ot | Coel €0
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The stiffness matrix in Equation 3.6-30 contains nine distinct components. The fact of third plane
of symmetry being induced by the presence of two orthogonal planes of symmetry is a key
finding by Chadwick [48] used in this work.

We also note the case of transverse isotropy resulting from Equations 3.6-7 and 3.6-29.
Transverse isotropy with five distinct stiffness tensor components has a key role in development
models containing straight fibers and obtaining components of stiffness tensor for curved fiber
model presented in this work. From Equations 3.6-7 and 3.6-29, we obtain

o C11 Ci2 Ciz O 0 0 c
1 C 0 1
|[02]| Ci1 13 0 0 [82]
C33 0 0 0
|os | [ &3]
los| = Cas 0 0 ™ (3.6-31)
lo'sJ sym. Cas 1 0 lSSJ
% > (i1 = Ci)| ¢

which can be reproduced in three dimensions by

1
Cijki = €120 + E(Cn — ¢12) (881 + 66

— (€12 — ¢13)(64;6k3613 + 6116i36;3)
1
-5 (c11 — €12 — 2€44)(6:k8j3613 + 8:18j38k3 + 8j18i30x3 + 6j8i3613) (3.6-32)

+ (€11 + €33 — 213 — 4€44) 6136301303 Lj,k,1=1,23

3.7 Stiffness Tensor Decomposition

We now turn our attention to forms of stiffness tensor expressed as a sum of base tensors, similar
to Equation 3.6-32. Decomposition of the stiffness tensor provides us with greater understanding
of its structure and it will allow us to construct stiffness tensor for a given microstructure with
certain symmetries. Annin and Ostrosablin [49] show a general decomposition into volumetric,
deviatoric and nonor parts
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Cijrr = A°8i;8k + 1" (8uc8j1 + 8u6x) + (My; Sy + My, 6;5)
+(Pikajl+Plj6ik+Pi16jk+ij6il)+Nijkl i,j,k,l = 1,2,3 (37_1)

where
2C;ikk — Cikki
Jro= Gk 1=1,2,3 (3.7-2)
15
3Ciri — Ci:
w=—r k=123 (3.7-3)
Csskk0ij CskksSij
5(Ciikk — B U) 4 Cikki —Sres Yy
Mij=[ ( ij 3 )7 ( ikkj 3 )] Lk ls=123 (3.7-4)
Csskk0ij CskksSij
—2(Ciipe ——2) + 3(Cipop; ———=
p; = [ ( ij 3 )7 ( ikkj 3 )] Lk ls=123 (3.7-5)
and the following equalities hold
Mii = Pii = O, Nijkk = 0 i,j,k = 1, 2,3 (37—6)

Ostrosablin [53] provides a complete decomposition for the fully anisotropic stiffness tensor in
the following form.
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1 1
Cijrr = H§(6ij6kl + 2683j1q) + 2h§(5ij5kz — 8ij11)

1 1
+ E(Hij&d + Hklgij + Hljdik + Hilgjk + ijdil) + §(hij6kl + hklé\ij) (3 7 7)

1 . -
- E(hik5lj + hlj6l-k + hilajk + hjkail) + Nijkl LJ, k,l = 1, 2,3

where components with H, H;; and N;j; belong to the fully symmetric part C;jy;) of the stiffness
tensor

1 .
Cijiry = §(Cijkz + Cisj + Cirjrc) L,j,k,1=1,23 (3.7-8)

and components with h and h;;, belong to the asymmetric part 4; j;; of the stiffness tensor

Aijri = Cijia — Cijipy = %(Zcijkl — Cirtj — Cujic) Ljk1=123 (3.7-9)
It follows that
Cijindiju =0 §L,j,k1=123 (3.7-10)
and
Ajjia + Aiaj + Auj =0 I,j,k,1=1,2,3 (3.7-11)

Noting that h;; = h;;, we can use the following mapping
j=
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h, [ hig

h, ha,

hs hs3

h, =1V2h,, (3.7-12)
h’S \/Ehlg

hel |2y, ]

to write this decomposition in Kelvin notation.

The coefficients on the right hand side can be calculated from the stiffness matrix coefficient
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COoOOR Rk W

S OO, W

[0
sym 1
2h
3 L2
0 2 310
0 0 2 0
0 0 0o 2 L0
"6H,
—H; 6H, sym
1l-H, —H; 6H;
+g H4 3H4 3H4 _2H1
3Hs Hs 3Hs ~2H,
|3H, 3Hy Hs +2Hs
r 0
—h; O sym
_hz _h1 0
1! hy 0 0 hy
0 he 0 _ﬁhs
1
_ 0 0  heg _ﬁhs
[N11
N31 Ny, sym
N N3; N3z Nis
Nyi Nyy Nuz o 2Ns,
Ns; Ns, Ns3  V2Ng;
[Ng; Nez Ngz  V2Ns,
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—2H,

V2H,

2N,
V2N,

—2H,]

_2N21_

(3.7-1)



1 A A A A A A A A ~
H = E [3(C11 + sz + C33) + 2(C21 + 631 + C32 + C4_4 —+ CSS + C66)]1
1 A A A A A A
h = 6 [2(Cor + C31+ C33) — (Caa+ Css+ Coo)l;

2 ~ A A A o o o o
Hy = Hy; = H(6C11 + C31+ C31 — 3Cy; — 2035 —3C33 — 2044 + Css
+ Ce6),

2 A A A A A A A A
Hz == H22 = ﬁ(—SCn + C21 - 2631 + 6622 + C32 - 3633 + C4_4, - 2C55
+ Ce6)s

2 A A A . A A . .
H3 = H33 = H(_3C11 - 2C21 + C31 - 3C22 + C32 + 6C33 + C4_4, + C55

— 2C),
os) (3.7-14)

Hy = V2Hs = 2[3(Co + Cua) + Cox + V2Cos)
Hs = V2Hay = 2[3(Cor + Csa) + Coa + V2L
Ho = V2Hy = 2[3(Cor + Ce2) + Coa + V2Ll
hy = hyy =

[2(621 + C3 — 2055 + 644) — Cs5 — 666]'

hy = hyy = [2(621 — 2C3 + C5p + éss) — Cpq — 666]'

W= Wl

1 . R A ,\ ,\ A
hs = h33 = 5[2(_26‘21 + C31+ G5z + C66) — Cys — Css]:
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hy, = ‘/Eh32 = 2641 - ‘/Eées,hs = ‘/Eh31 = 2CA'52 - \/7664' he = ‘/Ehn
= 2663 - ‘/2654;

1 . A A A A A A A A
Ny, = %[S(Cn — (31— C31 — Cs5 — Cse) + 3(622 + C33) + 2(6‘32 + C44)]:
1 . A A A A A A A A
Ny = %(—46‘11 + 9C31 — C31 —4Cy; — C3p+ C33 — C4q — Css + 9Cee),

1 A A A A A A A A A
N31 = g(_Ll‘Cll - C21 + 9C31 + C22 - C32 - 4'C33 - C4-4- + 9C55 - C66)'

1, .. A A R

Ny = 7 [2(C41 + ‘/Eces) — Gy — C43]:
1 A A A

Ns1 == (4Cs1 — Csp = 3Cs3 — V2Cea),
1

Ng1 = ;(4661 - 3662 - 663 - \/5654),
1 A ~ A A A A A A A
N;, = %[S(sz — (1 — (35— Cyy — Cse) + 3(C11 + C33) + 2(C31 + Css)]’ (3.7-14)
1 . A A A A A A A A .
N3, = g(cn — Cy1 — (31 =405 + 9055 — 4055+ 9C4 — Css — Cep), continued
1 ~ A X A
Ny, = ;(—Cﬂ + 4Cyy — 3C43 — V2Css),

Nsy = =[2(Csy + V2Cs4) — Csq — Css],

N [ SN

A

Ng, = 7(—3C61 + 4Cs; — Co3 — V2Cs,);
1 R . R . R ~ ,\ ,\ A
N33 = 35 [8(Cas — Ca1 = Cap = Caa — Css) + 3(Cuy + Cop) + 2(Coy + Co6)],
1 . A ~ A
Ny = 7(—5'41 — 3Cyy + 4C43 — V2Css),

1 . . R ~
Ns3 = ;(—3651 — Cs2 +4Cs3 — ‘/7664)'

AT

Negz = [2(663 + \/5654) — Ce1 — éez]

40



Since there are no conditions on the form of anisotropy for decomposition listed in
Equations 3.7-13 and 3.7-14, we can obtain stiffness tensor decomposition for any material

symmetry.

Lubarda and Chen [54] studied orthogonal of stiffness and compliance tensors with transversely
isotropic and orthotropic symmetry. These symmetries are most useful for this work, therefore
we summarize the work.

3.7.1 Decomposition of Stiffness Tensor for Transversely Isotropic Material

The stiffness tensor for material with unit vector p parallel to the axis of transverse isotropy can
be defined as a sum of six base tensors I; scaled by six parameters t, five of which are
independent

C=1l; +tl+ -+ 1l (3.7-15)
where
() ijr = %(5”(5]-1 + 6u6jx) i,j,k,1=1,2,3 (3.7-16)
(2ijir = 60, LJ,k1=1,2,3 (3.7-17)
(I3)ijki = Pi0j6  LJ, k,1=1,2,3 (3.7-18)
(Iiji = pepiby; L,k 1=1,2,3 (3.7-19)
(Is)ijr = %(5ikpjpl + 8upipk + Supibi + Spepiv)  Ljk1=1,2,3 (3.7-20)
(Ie)ijr = pivjpepr Lk, 1=1,2,3 (3.7-21)

and parameters T
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T =2UT, = A T3 =T4=a3Ts = 2(Ho — 1), T6 = B2 (3.7-22)

Parameters u and A are Lamé constants within the plane of isotropy, u, is the out of plane shear
modulus, and azand f; are remaining elastic properties in the plane of isotropy and
perpendicular to it.

Note that even though the form of Equation 3.7-15 is the same as for Equation 3.5-6, the base
tensors I, are not orthogonal as required by Equation 3.5-3 and do not correspond to stiffness
tensor eigen-states. Also note that Equation 3.6-32 is a special case of Equation 3.7-15 with
p=e3.

We can generate an alternative set of tensors J; scaled by six parameters T, five of which are
independent

C=T)1+ )+ +TeJs (3.7-23)
where
Ji=1Ie (3.7-24)
1
]2 == E (IZ _— I3 - 14 + 16) (37-25)
I—l(l Is) (3.7-26)
3= 2 3~ 16 .
l—l(l Ie) (3.7-27)
4 — \/E 4 6 .
1
]5 = E(le - 12 + 13 + I4_ - 215 + 16) (37'28)
Jo =15 — 21 (3.7-29)
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and parameters T are given by

T =T+ T, + 213+ 215+ T4 = A+ 4ug — 2u + 2a; + By

T2:T1+2T2:2(/1+‘u)

Ty =T, = V2(1, + 13) = V2(A + @)

T5=11 = 2U

f6=T1+T5=2,LLO

(3.7-30)

(3.7-31)

(3.7-32)

(3.7-33)

(3.7-34)

We can also write the compliance tensor in terms of tensor bases J; scaled by parameters ¢,

S=Cr'=¢) + )+ +els

where parameters ¢, are related to parameters T

hY

I
Al S
NI
Al
wl

I

el

I

|
Al g
U'll

I
A
I
I

and where

Alternatively, we can write

S=Cr'=¢lL+¢lL+ 4l

where
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(3.7-37)
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_ 1
c1=c5,cz=§(cz—c5),c3=c4=

1
)

1 1

=G =5 (G — 55,65 = G — G,
\/f% ZCz ¢5),65s = C6 — C5,C6

_ _ 1 _
c2—ﬁ93+§c5—2¢6

3.7.2 Decomposition of Stiffness Tensor for Orthotropic Material

(3.7-39)

Similarly, we can write stiffness tensor decomposition for orthotropic material with principal
axes of orthotropy along the directions given by unit vectors p , q and s, arbitrarily oriented with
respect to the laboratory system as a sum of twelve base tensors U; scaled by twelve parameters

9, nine of which are independent

C = 191U1 + 192U2 + -+ 1912U12

where

1 . .
Uik = §(5ik5jl +6uby) Lk 1=123

(U2)ijki = 6ij61

(U3)ijrr = piPjOk

(Ugijki = bijprp:

(Us)ijir = 9190k

(Ue)ijkt = 619k

ijk1=1,23
ijk1=123
ijk1=123
ijk1=1,23
ijk1=1,23

(U7 ijia = 8ikpjpr + Supjpr + 6pibk + Sjkpive - Ui,k 1=1,2,3
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(3.7-41)

(3.7-42)

(3.7-43)

(3.7-44)

(3.7-45)

(3.7-46)

(3.7-47)



(Ug)iji = Ouq;q + 6uqjqr + 69:9x + Sjcaiqr 4,j,k,1=1,2,3 (3.7-48)

Uo)ijre = pipjoxpr Lk 1=1,2,3 (3.7-49)
U10)ijre = 4999 Lk 1=123 (3.7-50)
(U1Dijre = pipjaq: Ui,k 1=1,2,3 (3.7-51)
(U12)ijm = @iqjoepr L),k 1=1,2,3 (3.7-52)

and parameters 9 are given by

91 =21,9; = 4,93 =0, = ay1,95 = 96 = 32,97 = 214,95 = 243,99 = B31, 910
= Bi2,911 = V12 = Bis (3.7-53)

We can write the compliance in terms of tensor bases U, scaled by parameters ,.

S = C_1 = K1U1 + K2U2 + -+ K12U12 (37-54)

and we can generate a set of twelve alternative bases Wy and scaled them by twelve parameters
K,s to produce the compliance tensor

S = C_l = KrSWrS + K44,W44, + K55W55 + K66W66 (37-55)

r,s=1

The bases W, in Equation 3.7-55 are defined in terms of unit vectors p , q and s specifying the
direction of orthotropy.
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W1Diju = pipjpepr Lk 1=1,2,3 (3.7-56)

W22)ij = a9;9q Uik 1=123 (3.5-57)
Ws3)iji = Sisjsest Lk, 1=1,2,3 (3.7-58)
(Wi2)iji = pipjqeqt L)k 1=1,2,3 (3.7-59)
W13)iju = pipjSest Lk 1=1,2,3 (3.7-60)
Wabijm = qqjpepr Lk 1=1,2,3 (3.7-61)
W31ij = sisipepr - Lk 1=1,2,3 (3.7-62)
W23)iji = 9iqjskst L,k 1=1,2,3 (3.7-63)
W32)iji = sisjaeqr 4LJ,k,1=1,2,3 (3.7-64)

1 - .

Waa)ijui = 5(qiqkSist + 4:41SiSk + 4;1SiSk + qqksis)  Lj k,1=1,2,3 (3.7-65)
2
1 - .

Wss)ijiu = = (SiSkpjpr + SiSiPjPr + SiSiDiPx + SjSkPib1) L,j,k,1=1,2,3 (3.7-66)
2

1 3 ]
Wee)ijiu = 5 0iPedq1 + 0iP19;qx + 0jpi9iqr + 0jpeqiq))  Ljk1=1,2,3  (3.7-67)
2

and the scaling factors k,gare given in a simple form involving engineering constants of
orthotropic materials defined with respect to p, q and s
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1 1 1 Vpg Vps Vgs
K1 =g K2 = E_q'K33 = E_S’K12 ==
1 1 1

TqS;K55 = FPS;K'66 = m

We can now write scaling factors #,. in terms of k¢

My = K55 + Kgg — K44, My = K33 + K44 — K55 — Kep,
U3 =Ny = K13 — K33 — K44 + K55 + Keg,
U5 = Ug = K3 — K33 — Kg4 T K55 + Kee,
U7 = K44 — Kss5, Mg = Kag — Kge, Mg = K11 — 2K31 + K33 — 2Kg6, Mo
= Kz — 2Kp3 + K33 — 2Ks55,
11 = Uyp = Kp1 — K23 — K31 T K33 + K44 — K55 — Kge,

and we can base tensors U, in terms of W
Uy = Wy + Wy + Wiz + Wy + W + W
Uz = Wiy + Wiy + Wiz + Wy + Wy + Wog + W3y + W3, + Wag
Uz = Wy, + W + Wi
Uy = Wy + Waqg + W3y
Us = W1 + W, +Wys

Ug = Wy, + Wy, + W3,
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(3.7-68)

(3.7-69)

(3.7-70)

(3.7-71)

(3.7-72)

(3.7-73)

(3.7-74)

(3.7-75)



U7 ES 2W11 + W55 + W66

U8 ES ZWZZ + W4_4_ + W66

Ug =Wy,
Ugo = Wy,
Uyp =Wy,
Uz = Wy

(3.7-76)

(3.7-77)

(3.7-78)

(3.7-79)

(3.7-80)

(3.7-81)

With the inverse relationships of W in terms of U, are easily obtainable. We can then clearly re-

write Equation 3.7-40 as

3
C= Z XrsWrs + XaaWas + Xs5Wss + X66Weo

r,s=1

where

Xi1 = A+ 2u+4p + 2031 + B, X2z = A+ 2u+4u; + 205, + Baz,
X33 = A+ 2, X1z = A+ aa + axz + Bas, X23 = A+ ya,
Xs1 =4+ @, Xaa =2+ up),  Xss = 2(u+py),
Xoo = 2(1 + pg + p12)

To obtain the inverse of C to obtain S, we can use
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(3.7-82)

(3.7-83)



2 2
_ X22X33 — X22 _ _ X31X23 — X12X33 _ X11X33 — X31 _
Kign=—""—"— Ki2 =K1 = yKop = —————,Kz3 = K3

X
_ X12X31 ~ X11X23 _ X12X23 — X31X22

y K31 = K13 = » K33
X X (3.7-84)
_ X11X22 — X12 y _LK —i}c _i
X PRA ¥ 4 » 55 X55 RAT Y X66
where
X = X11X22X33 + 2X12X23X31 — X11X232 - X22X312 - X33X122 (3.7-85)

A transversely isotropic material can be recovered by taking

X22 = X110, X23 = X31,X55 = X44 = X11 — X12 3.7-86)

3.8 Orientation Tensors and Stiffness of Straight Fiber

The concept of orientation tensor is introduced for straight rigid fiber and relationship between
orientation tensors and stiffness tensor is elucidated in this section. The work of Advani and
Tucker [8] is followed.

First, we introduce a unit orientation vector p to describe orientation of straight rigid fiber

p, = sin @ cos ¢ (3.8-1)
p, = sin @ sin ¢ (3.8-2)
p3 = cosf (3.8-3)

where angles 8 and ¢ are defined in Figure 3-4.
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Figure 3-4. Coordinate system and definition of 6, ¢ and orientation vector p.

The orientation of an ensemble of fibers can be described by probability density function
Y (60, ¢) or equivalently Y (p), which we will call orientation distribution function. (0, ¢) is
defined so that the probability of finding a fiber between angles 6, and 6; + d@, and ¢, and
¢4 + do is given by

P60, <6<0,+d0,p; <P < +dp) =1(0;,¢,) sinb; déd¢ (3.8-4)
The function Y must be periodic

Y(6,¢) =Y —6,¢ +m) or Y(p) = Y(—p) (3.8-5)

and normalized, since every fiber has some orientation.

T 21
f L) Y(0,¢)sinb dodep = f Y(p)dp =1 (3.8-6)
p=o " =0

The orientation distribution function { is a complete description of fiber orientation, however it
does not lend itself to easy numerical computation. Following Advani and Tucker [8], we can
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define a set of orientation tensors by forming dyadic product of vector p and then integrating the
product of these tensors with the distribution function over all possible directions. Only even-
order integrals are non-zero due to | being even as apparent in Equation 3.8-5, therefore we can
write second and fourth order orientation tensors as

a; = (pip;) = jgpip,-l/)(p)dp Lj=1273 (3.8-7)

ajji = (PiDjPKP1) = jgpmjpkpn/)(p)dp Lj,k,1=12,3 (3.8-8)

From these definitions, we note the tensorial nature and symmetry
a;j = aj; (3.8-9)
Aijrt = ikl = Akiji = Aijk = iy €tc. (3.8-10)
From normalization condition in Equation 3.8-6, we see that
a; =1 (3.8-11)

And we can prove that higher order orientation tensor contains information about lower order
orientation tensor, such as

QAijkx = QAij (3.8-12)

Advani and Tucker [8] state that fourth order tensor with symmetries given in Equation 3.2-10,
with transverse isotropy about the direction p, the tensor must have the following form
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Cij(P) = B1(pipjpp1) + B2(pip6r + PiP:i6i))
+ B3(pipij1 + Pib1Six + Pjpi0ik + 0jPibi) + Ba(6:16k1)
+BS(6ik6jl +6i16jk) i,j,k,l = 1, 2,3 (38_13)

where we write the fourth order tensor directly as the stiffness tensor with scalars B;, given by
the components of a stiffness tensor €, for a material with fibers aligned with e;:

By = Cyy + Cyp — 2C15 — 4Ceq (3.8-14)
B, =Ci; —Cy3 (3.8-15)
- 1 __
B; = Cge + 5(623 = Cy) (3.8-16)
B, = C_23 (3.8-17)
1
Bs = E (sz - C23) (3.8-18)

We can observe that in Equation 3.8-13, we have simply re-stated Equation 3.7-15.

To obtain stiffness tensor for continuum containing an ensemble of fibers, Advani and Tucker
[8] use the notion of orientation averaging

(CYijki = By <pipjpkb1 > +B; < pipjbii + pkpi6ij >
+B3 < pipi i + iP10ik + D10k + DjPiOi > +B4(8j6k1) (3.8-19)

+B5(6ik5jl +6i15jk) i,j, k,l = 1, 2,3

which using definitions 3.8-7 and 3.8-8 can be written as
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(CYijri = B1ayji + B2(a;j6k; + ax6;5)
+B3(ay b + aubix + ajbix + aji6iy) + Ba(6611) (3.8-20)

+B5 (66t + 6udji) Lj,k1=123

It is therefore apparent that fourth order orientation tensor is sufficient for calculation of stiffness
tensor if we use orientation averaging in a continuum containing an ensemble of fibers. A higher
order orientation tensor would provide more accurate description of the probability density
function . However this information would not be reflected in calculation of the orientation
average from the fourth order orientation tensor using Equations 3.8-20 and 3.8-12.

3.9 Transversely Isotropic Constants from Halpin-Tsai-Kardos Equations

We now wish to determine stiffness of composite reinforced with straight fibers of uniform ratio
. L . . : : :
of length to diameter & = - This can be done experimentally, numerically or using semi-

empirical Halpin-Tsai Equations with parameter &, as shown by Halpin and Kardos [55]. We
realize that this material is transversely isotropic and that we can write its compliance tensor in
Voigt notation assuming fibers aligned in the x; direction [1]

[S11 S1z2 Si12 0 0 0 7
S22 Sy3 0 0 0
S22 0 0 0
= 3.9-1
S 2(822 — S23) 0 0 (3-9-1)
sym. Ss5 0
| Sss
where
V12 1 V23 1
Si1=—,S,=—"7"",5,=—,5=——,5:c =— 3.9-2
11 E, 12 E, 22 E, 23 E, 55 Gy ( )

We assume isotropic material properties for matrix and fibers with known Young’s moduli
Em, Ef and Poisson’s ratio v,,, V¢, which are the constituents for a composite of fiber volume
fraction Vy. We can calculate shear modulus of the constituents using
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En, E¢

G ==, Gp = ——
™2+ vy T T 2(1 + )

(3.9-3)

We can now use the following formula to establish material constant Q of the composite material
using [55]

1+ $uxnuk Vs

Q=0 3.9-4
where
Qf Qr
Muk = (5—— /(5= + $ux) (3.9-5)
Qm Um
and where &, depends on the material constant Q.
For longitudinal composite modulus E;, we set Q = Ey, @, = Eiy, Qf = Ef with
L
Sk = ZE = 2§ (3.9-6)

For transverse modulus E; in the plane of isotropy, we set Q = E,, Q@ = Eyy, Qf = Ef with

d
Sy = 25 =2 (3.9-7)

For shear modulus G, in the plane of isotropy, we set @ = G13, Qi = G, Qf = G with
EHK = 1 (3.9‘8)

For shear modulus G535 = > 5 , we follow Advani and Tucker [8] and set Q = G353, Q@ = Gy,

—2
(14v23)
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Sk = (Km/c T: 5 (3.9-9)
m
where K, is the matrix bulk modulus
Ky, = ﬁ (3.9-10)
We can calculate the remaining Poisson’s coefficient using
Vi = ViV + v (1= Vf) (3.9-11)

Therefore, we now have five independent constants that can be used in Equations 3.9-1 and
3.9-2. We wish to find u, 4, ay, 1y, 5in Equations 3.7-15 through 3.7-22 as a function of
Ey, E;, Gy Gy3, V1. To accomplish this, we set p; = §;; in Equations 3.7-15 through 3.7-22 so
that our material would be aligned x; direction as in Equation 3.9-1 and contract into Voigt
notation. We find that
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A+u

Sy =— ,
U a2 = 2+ A+ 2% — B+ ) — 4Apo — Aupg
S _ a + A
Y27 2(ap2 — 2app + A+ 2p2 — B (A + ) — 4dug — Aupo)
o - a;® — 4oy — Br(A+ 2p) + 4(W? — Ao — 2pp10)
227 ap(ap? - 2app + Ap+ 202 — B(A+ ) — 4dupg — 4upo)
(3.9-12)
S = —a;® + A(By — 24 + 4pp)
2 ap(ap? - 2app + Ap+ 202 — B+ ) — 4dpg — 4upo)
o 1
44 u )
o 1
> Ho

Now we can equate Equation 3.9-2 with Equation 3.9-12 and obtain

E5(E;viz* + E1vy3)
#=Ga o = baz, A= (2E3v12% + E1 (Va3 — 1)) (1 + vp3)°
_ Ey(Epvin? — Ex(vip + (Vi — 1)vp3)
" (2Epvi22 + E1(vaz — D)L +vp3) (3.9-13)
E1E;(1 — vy3)?
Fa = By =461z = 4E,v122% + 2E1(vo3 — 1)

as

These are five material constants that will be used in formulation of transversely isotropic
stiffness tensor.
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4. Stiffness Model for Curved Fiber

4.1. Curved Fiber Model - Introduction

In this section, we make assumptions about the microstructure of discontinuous fiber composite
containing curved fibers and provide method for obtaining the stiffness tensor, which accounts
for fiber curvature in a systematic manner. This approach is novel and to the knowledge of the
authors the first model allowing investigation of the nature of anisotropy induced by fiber
curvature in this manner. Other approaches given in literature make assumptions about the nature
of anisotropy first and subsequently modify coefficients in the stiffness tensor of an assumed
form.

We begin by obtaining bent fiber in general configuration with respect to laboratory coordinates
by performing four successive operations. We discuss parameters of this configuration and
continue by providing probability distribution function describing an ensemble of fibers with
arbitrary configuration. We then show that an ensemble of fibers with single configuration
possesses orthotropic symmetry, which allows us to use decomposed form of stiffness (or
compliance) tensor in a suitable form. We then perform configuration averaging, analogous to
orientation averaging, performed by Advani and Tucker [8] for straight rigid fibers. This gives us
an anisotropic stiffness (or compliance) for an ensemble of fibers in terms of nine parameters
defining properties of orthotropic material with fibers in single configuration. We discuss the
possibilities for obtaining these parameters and provide a solution based on orientation averaging
and semi-empirical Halpin-Kardos [55] Equations.

4.2. Configuration of a Single Curved Fiber

We first define a fiber coordinate system /= (p,q,s) as a Cartesian coordinate system defined by
orthonormal vectors p, q and s. We assume straight cylindrical fiber of length L and diameter d
and place it so that the center of the fiber coincides with the origin of f and fiber centerline is
parallel to p as shown in Figure 4-1.
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Figure 4-1. Straight cylindrical fiber with coordinate system f= (p,q.s).

Note that this geometry is symmetric with respect to planes intersecting origin of f given by
normals p, q and s. Therefore reflections R;;(p),R;;j(q) and R;;(s) defined in Equation 3.6-3
project the geometry of fiber on itself and that this configuration is defined by a single

) . L
dimensionless parameter = -

We can now perform four successive operations that will give us bent fiber in general
configuration with respect to laboratory coordinate system.

1. We bend the fiber so that the oriented curvature p is given by = %q , where R is the

radius of curvature. This is equivalent to describing a section of toroid in cylindrical
coordinates (7, ¢,Z) with system origin at Rq , z axis aligned with s and F; measured
from X in mathematically positive sense as shown in Figure 4-2.

Figure 4-2. Bent fiber with radius R.
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The length of the centerline remains L, diameter remains d and p remains tangent to
the centerline at the center of the fiber. This configuration is given by two
dimensionless parameters ¢ = % and n = %. This geometry is still symmetric with
respect to R;;(p) and R;;(s) however R;;(q) no longer projects this configuration on
itself.

We will only consider non-degenerate cases, where every fiber has two ends and does
not form a toroid. Our limits on radius of curvature consist of a straight fiber (R4, =
), and minimum curvature for fiber near its elastic limit in bending. Using
mechanics of materials approach to calculate maximum strain &, for a fiber in pure
bending

(4.2-1)

Therefore maximum stress g, for a fiber of isotropic, homogeneous material with
Young’s modulus E, subjected to pure bending can be written as

_Ed

=__ 4.2-2
Om = 5> ( )
This results in minimum radius for curvature
Ed
Rinin = O__ui (4.2-3)

where o, is ultimate stress for the fiber material.

Rotate fiber coordinate system f = (p,q,s) around s by a. This rotation is described by
Equation 3.4-20.

Rotate fiber coordinate system f= (p,q,s) around q by £5. This rotation is described by
Equation 3.4-22. Note that tor the limit case of a straight fiber (n = 0), we obtain
coordinate system as described by Advani and Tucker. The angles are illustrated in
Figure 4-3.
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Figure 4-3. Limit case of straight fiber (R,;,o, = 00), with Euler angles a, f and coordinate
system defined in Advani-Tucker [8].

The Euler angles can be converted to angles defined by Advani-Tucker [8]:

b=a (4.2-4)

0==—8 (4.2-5)

Notice that orientation vector p conveniently coincides with vector p defining fiber
coordinate system.

4. Rotate fiber coordinate system f = (p,q,s) around p by y. This rotation is described by
Equation 3.4-24 and results in coordinate system shown in Figure 4-4.
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Figure 4-4. Bent fiber with coordinate system f = (p,q,s), defined by Euler angles «, 5,y .

The configuration of a curved fiber with centerline length L, diameter d and radius of curvature
R positioned arbitrarily in the laboratory system can be described by five non-dimensional
parameters «, 5,7, ¢, . Equivalently, we can describe configuration of a fiber by unit vectors p,
q and parameters ¢,7. Three components of vector p are defined from two Euler angles «,  and
normalization condition |p|=1. Three components of vector q are defined by Euler angle v,
normalization condition |q|=1 and orthogonality p.q = 0.

Note that for n = 0, configuration remains the same regardless of angle y as shown in
Equation 3.4-32, and we obtain standard description for straight fiber using orientation vector p
and ratio ¢. The correspondence of Euler angles «, f and orientation angles ¢, 6 is given in
Equations 4.2-4 and 4.2-5.

4.3. Configuration Distribution Function
We now describe configuration of an ensemble of fibers using probability density function

Ye(a, B,v,€,m). We can also write Yq(p,q, &, n)or Ye(p, s, é,n) or Ye(q,s, &, 1) since angles
a, 5,y define fiber coordinate system f = (p,q,s). We define this function so that probability of
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finding a fiber with configuration given by angles and parameters a, 5,7y, ¢, between a4, a; +
day; B1, b1+ dB1i; v v +dys §1, 61 + déys e,y + dny is given by

Play fa<ay+da,fi <P <P1+df,vi <y <yi1+dy;,& <¢
< +& +déun <n < +ny +dny)

= Y(aq, B1,¥1,€1,M1) cos By dadBdydédn (4.3.1)

and call 1 configuration distribution function. We can use Equation 4.2-5 and show that
Y(a,B,v,€,m) cos B dadfdydédn = (qb -0,v,¢, 77) sin@ dfd¢dydédn (4.3-2)

If we assume straight fiber with constant & = % as was done by Advani and Tucker [8], the right

hand side of Equation 4.3-2 reduces orientation distribution function given in Equation 3.8-4.

The configuration function is normalized

© o0 2w W 2

f f f fllic(dJ,@,y,E,n) sinf d¢dOfdydédn

n=0§=0y=0 6=0 ¢=0
cor T (4.3-3)
.f ,f f fllic(“ B.,v,&,n)cosB dadfdydédn =1
n=0§=0y=0 B=-m/

with the following property being apparent from the geometric symmetry as illustrated in Figure
4-4.

lpC(p' q, 'S' 77) = lpC(_p' q, E' T’) and l/JC (p' S, fi TI) = l/)C(_p' —s, E; T]) (43'4)
4.4. Orthotropic Stiffness Tensor for Material with Fibers in Single
Configuration

We now imagine material consisting of an ensemble of uniformly dispersed fibers of a single
configuration within a matrix as illustrated in Figure 4-5.
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Figure 4-5. Material with fibers in single configuration.

A single fiber shown in Figure 4-4 would then be a representative volume for such material. We
can inspect Figure 4-4 and conclude that there exists geometrical symmetry with respect to a
plane with normal p and to a plane with normal s. Since our imaginary material consists of fibers
in single configuration, the resulting material will also have two material planes of symmetry.
Using Equation 3.6-3, we can write two transformations under which a stiffness tensor remains
invariant

Rij(p) =6ij—pip; Lj=123 (4.4-1)
Rij(s) =6;j—sis;  i,j=1,2,3 (4.4-2)

We note that vectors p and s enclose angle of %1‘[ which was shown to imply third plane of

symmetry and result in orthotropic material with nine constants as shown in Section 3.6. Using
Equations 3.7-40 through 3.7-53, we can write the form of material containing fibers in single
configuration

Cijia = 1(8ucSj + 8ujic) + 2838 + an (pip6a + 8jpid1) + @22(4:9; 60 +
8ijaxd1) + 21 (SupjPu + Suppi + Gupipi + 8uepip ) + 2128k + i@+ g 4 5
819:qk + 5k qiq1) + BupipiPiPy + Br29:9; 9k + Bas(Pipjqx i + 4:9;0xP1)
ij,k1=123

We can observe that for straight fiber, the material does not change with arbitrary choice of y,
which defines vector q. After removing terms containing vector q, which is undefined for
straight fiber, the form of Equation 4.4-3 for orthotropic material reduces to the form given by
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Advani and Tucker [8] in Equation 3.8-13 for transversely isotropic material with corresponding
reduction in material constants from 9 to 5.

4.5. Configuration Averaging for Material with Arbitrary Fiber
Configuration

We now perform configuration averaging to obtain the stiffness tensor for material containing
fibers described by configuration distribution function 1. This procedure is analogous to
orientation averaging and we define configuration average of stiffness tensor as

2 W 21

(Coea) = f f f f 5ifkl¢6(¢"’;?f{"g)j;‘92 dedpdrdsin s
¢=0 S

o

€=O ’y:O 0=

o

’r’:

Where we used quadruple brackets to indicate configuration averaging. Combining Equation 4.4-
3 and 4.5-1 results in the most general form of stiffness tensor for material containing curved
fibers with assumptions listed in this document. Such expression would appear to be
cumbersome in numerical calculations and experimental measurement of Y(¢, 8 ,y, &, 1), where
parameters of the configuration distribution function are not independent, appears intractable at
this time.

We therefore make an assumption about the form of 1, which would allow us to perform easier
calculations and physical measurements. A convenient form would appear to be

lpC((P; 0 g fi 77) = llJR (¢' 9' y)lpS (E' 7]) (45_2)

Where we assume the rotation of fiber coordinate system with respect to laboratory system given
by three angles and the shape of a fiber given by parameters &, 7 are independent for an arbitrary
configuration. We place the following normalization conditions on the rotation distribution
function i and shape distribution function Y

2 w21
] j J Yr(¢,0,7)sin0 dodedy = 1 (4.5-3)
y=0 6=0 ¢=0
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f fllis(f,n)dfdn =1 (4.5.4)

1n=0¢=0

Equation 4.3-3 is clearly satisfied. It is useful to view rotation distribution function as a product
of probability of finding orientation vector p given by angles ¢, 8 and probability of finding
vector q in the plane defined by vector p and angle y. If we integrate 1, over all possible angles
y, we are left with the fiber orientation distribution function

2T
(b, 0) = f e, 6,1)dy (4.5:5)
=0

14

For material with straight fibers of constant & = - configuration averaging reduces to orientation
averaging.

We started exploring averaged stiffness tensor by realizing that material constants in
Equation 4.4-3 are independent of orientation of fiber coordinate system with respect to
laboratory system, however, they depend on parameters ¢ and 1 for a particular configuration.
Therefore we can write

pw= puimn (4.5-6)
A=2(m) (4.5-7)
p = ua($,m) (4.5-8)
H2 = u2($,m) (4.5-9)
a1 = a31($,1m) (4.5-10)
iz = A (€M) (4.5-11)
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B = Bai(§,m) (4.5-12)

Baz = Baz(§,m) (4.5-13)

Baz = Baz(§,m) (4.5-14)

In the previous section, we have also shown that orientation vector p for any configuration is
obtained by two rotations through angles a, § or ¢, 8. The curvature vector q is then obtained by
additional rotation around p through angle y. We can therefore write

p=p(ap)orp=p(e0) (4.5-15)

q=q(a,p,y)orq=q(¢,0,y) (4.5-16)

where the form of p and q can be found in Equations 3.4-33 through 3.4-35 and 3.4-39 through
3.4-41.

We can now perform configuration averaging on each term of Equation 4.4-3 separately. We
note that the terms will have one of the following forms

k(§, 1661 (4.5-17)

k(&) (pi(, 00, ($,6)) 61 (45-18)

k&) (2:(6,6.1)a;($,6,1)) S (4.5-19)

k&) (pi(¢, 001, )P, OIPi(9,9)) (4.5-20)
k(& (a:(,6,1)0;(¢, 0,199, 0,1)0:(¢, 6,7)) (45-21)
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k(&) (pi(, 0, (9, 0)ai($,6,1)9:($,6,7)) (4.5-22)

where material constant from Equations 4.5-6 through 4.5-14 can be used in place of k.

Configuration averaging of the form given in Equation 4.5-17 results in

(K 8,6
o o0 2 T 2T
- f f f f f k(& 1)8,8abc($, 0,7, € 1) sin 6 dBdepdydedn
n=0£&=0y=0 6=0 ¢=0
oo oo 2 W 2T
L .
=sybu | [kEmus@ma(G)an [ | [ ye@onsne doapay
n=0&=0 y=0 6=0 ¢=0
=oyou [ [ KEmwsEmdsdn = Koo ijkl=1.23
1n=0¢&=0
where we used Equation 4.5-3 and defined
R = (k) = f f k edédn (4.524)
n=0¢&=0

where we denote shape averaging by triple brackets. Configuration averaging of the form given
in Equation 4.5-18 results in
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{(kpipj S

f f k(&) (P 0)p;(,)) Siae($,0,7,€,m) sin 6 dOdgdydédn
=0 =0 2 w271

= 5 f f K(E, s (&, m)dedy f f f pi(,0)p; (&, )P (b, 6,7) sin 6 dodpdy

0=0 y=0 =0 ¢=0

2T
f pi(,0)p;($,0) f Yr(,0,Y)dy sin6 dode = ka8,
Y=

ijk1=123

where we can use Equation 4.5-5 we wrote

ay = = [ [ [ 5:6.00,0.000@.0,1)5in0 dodgay

y=0 6=0 ¢p=0
2T s

- f f pi(, 0)p; (b, 0)p($,6) sin 0 dOd = (pyp,)

$=0 6=0

i,j=1,2,3

(4.5-25)

(4.5-26)

Double brackets indicate rotation averaging and single brackets have been defined as orientation

averaging in Equation 3.8-7, following Advani and Tucker [8].

Configuration averaging of the form given in Equation 4.5-19 results in
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((((kqiq;61))))

f k(& (0:(9,6,1)4,(,0,7)) St (6,6 ,7,€,1m) sin 6 dOdepdydgdn

1n=0£&=0y=0 6=0 ¢=0
oo oo 21T s 21
= 5 f f k(& m)Ws (&, dgdy f f f 6:(8,6,Y)4,(, 0,1 ($,6,y) sin @ dbdepely (4.5-27)
n=0¢&=0 y=0 6=0 ¢=0
zkbij6kl l]kl—123

where

by = () f f f 0:($,6,1)q;($, 6,7 ($,6,y) sin 0 dodepely
=0 6=0 ¢=0 (4.5-29)

,j=1,2,3
Configuration averaging of the form given in Equation 4.5-20 results in

(({(kpipjpRPIN)

j j k(&) (pi(9, )3 (9, 0)pi (@, O)pu($,0) ) e sin 6 dOdpdydgdn
6=09=0 2w 2m

f kpsdedn f f f pi(b, 0)p; (6, 0)p(, 0)pi(, O (b, 6,7) sin 6 dOdpdy

TI=05=0 y=0 0=0 ¢=0

2m (4.5-29)
-% | f P, 00, (b, O)pic(, O)py (b, 0) f Ya(8,6,)dy sing dode
$=0 6= y=0

=kajg i k1=123

where we can use Equation 4.5-15 we wrote
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ajr = (pPipjPep1))
2w m 2T

pi(d)J 6)p] (¢' 0)pk (¢; 9)pl(¢; 9) l/)R (¢' 0' V) sin6 d9d¢d]/

y=0 6=0 $=0
21 T
— | [ 5:(6.000,6, 008,006, 0) (9, 0) sin 0 dod (4.5-30)
$=0 6=0
=(pipjprp) ULJ k=123

Configuration averaging of the form given in Equation 4.5-21 results in

o o0 2T T 27
Waaaam = [ [ [ | [ kaasaa sino dodgaydsan
n=0£&=0y=0 6=0 ¢p=0
oo oo 2T T 27
= [ [rwsasan [ [ [ aasauaupesine avagay (4.531)
n=0¢=0 y=0 6=0 ¢=0
= kbijkl i,j,k,l= 1,2,3
where
bijri = (q:9;9kq1))
2T T 2T
= f q:($,0,7)q;($,0,7)qr($,0,7)q1($,0,y)r($,0,y) sin 6 dodedy
y=0 620 p=0 (4.5-32)
=1,2,3

Configuration averaging of the form given in Equation 4.5-22 results in
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2
f kpip,akaube sin 6 dodgdydgdn

0
2 77.' 2
= [ [ rwsasan f f | kbivsacaupy sino dodgdy

n=0¢§=0 Y
= kciju Ljkl=

where

Cijt = PP k1))

21
—[ Pi (¢' 9)[)] (¢r Q)qk (d)r 9, y)ql (d)' 0, )/)l/)R (¢' 0, )/) sin6 d9d¢d)/
=0

ij,k1=1,23

We can now write Equation 4.5-1 as

{UCiji)) = 1(8ix 81 + 8:6jx) + 28611 + @1 (@it + S8ijan) + Uaz (b6 +
8ijbra) + 2 (S + Suaj + Spay + Sjeay ) + 21 (8ucbjy + Subjy + by +

Sibu) + Bar@ijia + Bazbijr + Baz(Cijin + cruip) Uik 1=1,2,3

where

2= () = j j w(E s (€ m) dédn

§=0n=0

71

(4.5-33)

(4.5-34)

(4.5-35)

(4.5-36)



1= () = f f AGE s (€m) dédy

§=0n=0

= () = f f s (6 m)Ws(€,1) dédn

§=0n=0

oo  ©o

B = () = f f o (& m)s (&) dEdn

§=0n=0

o 0o

= () = f f (65 (€ m) dédn

§=0n=0

ay

=

o oo

= () = f f iz (6, s (6,1) dEdn

§=0n=0

ay

N

o

B = (B = f f Ban (65 (&) dEdn

§=0n=0

B = (o)) = j j Baa(Ems(Em) dédn

§=0n=0

B = ((Bas))) = j j Bas(E s (Em) dédn

§=0n=0

4.6. Geometric Configuration Tensors
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(4.5-37)

(4.5-38)

(4.5-39)

(4.5-40)

(4.5-41)

(4.5-42)

(4.5-43)

(4.5-44)

In this section we explore properties second and fourth order orientation tensors a;; and a;jx;,
second and fourth order curvature tensors b;; and b; jx;, and mixed tensor ¢;;i;. We could define



higher order tensors and show how these tensors reproduce distribution functions, similarly to
the work presented in Advani and Tucker [8], however performing this work is not necessary for
our present discussion. We simply focus on properties of second and fourth order tensors, which
will enable us to obtain components of stiffness tensor for a material containing curved fibers.

4.6.1. Fiber orientation Tensors

Since definitions of a;; and a;j; given in Equations 4.5-26 and Equation 4.5-30 reduce to
definitions identical to those provided by Advani and Tucker [8], properties of a;; and a;ji,
remain unchanged and in the absence of fiber curvature, all of the equations above reduce to
previously developed theories. Some properties of orientation tensors are given in
Equations 3.8-9 through 3.8-12. We will show these properties and explore the tensor in more
detail.

We start by listing components of unit vector p, which can be viewed as rotated bases vector for
fiber coordinate system or as a unit tangent vector to the fiber centerline at the middle of the
fiber. Repeating Equations 3.4-33 through 3.4-35.

p1 = cosacosf = cos¢sinf (4.6-1)
p, =sina cosf = sin¢gsinf (4.6-2)
p3 = sinf = cos 6 (4.6-3)

where corresponding angles are shown in Figure 4-4. We can write the definition of second and
fourth order tensor in the following form
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aij

= (pip))) = f f f P (b, 0,7) sin @ dbdepdy

y=0 6=0 ¢=0
2T T
4.6-4
— | [ posw9.0)5in0 dods = imy) = $ pipse)dp 464
$=0 8=0
2  2m
= f f pipjl/J(a,ﬁ)COSﬁ dadﬁ ll] = 1! 2'3
B=_§a=0
2T W 2T
aijr = pipjprpi)) = f j f pip;jpkP1 Yr(P,0,7) sin 6 dOdedy
y=0 6=0 $=0
21 T
f f pip;jpkL Y(¢,0) sinf dOde = (p;p;pkp:)
jg plp,pkpn/)(p)dp (4.6-5)

j pipjpkpllp(a;ﬁ ) COSﬁ dadﬁ iljl kll =1, 21 3

B=—m/2 a=0

Complete symmetry of these tensors noted in Equations 3.8-9 and 3.8-10 is clear from definition
ay = § piop@dp = § P @Idp = (4.6:6)
Aijkl = fpipjpkpzlp@)dp = fpjpipkplw(p)dp = Qjigr = Akiji = Aijk = Akiijo etc. (4~6'7)

We can then write unique components of py = p;p;, which would appear in these definitions
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P2, = sin? 8 cos? ¢ = cos? a cos? (4.6-8)

P@),, = sin? 8 sin? ¢ = sin? a cos? B (4.6-9)

P(2),, = cos* 6 = sin®§ (4.6-10)

P2),5 = P2y, = sin ¢ sin 8 cos 8 = sin a sin f§ cos § (4.6-11)
P@),; = P@)4, = COS ¢ sinf cos 8 = cosasinf cosf§ (4.6-12)
P2),, = P@),, = CosPsing sin? @ = sin a sin B cos? B (4.6-13)

Of 81 components in p4) = p;P;PxP;, the number of unique components is 15. We write p(, in
Voigt notation

Py, P@Wee Py P@w,, P@Wis P@y]
p(4)22 p(4)44_ p(4)24 p(4)25 p(4)26
P33 Pz, Py Pagg

= 4.6-14
P P),, P@z6 P&y ( )
sym. Piaygs Py,
ZOP
where
P4y, = cos* ¢ sin*0 = cos* a cos* B (4.6-15)
P4y, = sin* ¢ sin* @ = sin* a cos* B (4.6-16)
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et B — cind
= cos* @ = sin
P4, B
— cin? 2 s 02 — cin? s 02 2
P@),, = sin ¢ cos” @ sin“ 6 = sin“ a sin“ f§ cos”
— 2 2 s 02 — 2 ta2 2
P@), = €OS ¢ cos” @ sin“ 8 = cos” a sin“ § cos“ B
— cin? 2 s 4 — cin? 2 4
P4),, = Sin ¢ cos“ ¢ sin* 8 = sin“ a cos“ a cos*
P4),, =sin@ cos? ¢ cos @ sin® 0 = sina cos? asinf cos®
p = cos3 ¢ cos O sin® O = cos> a sin B cos® B
(4) 15
p = sin ¢ cos® ¢ sin* @ = sina cos® acos* p
416
p = sin3 ¢ cos 8 sin® 8 = sin3 a sin B cos® B
(4) 54
P(4),, = sin 2 ¢ cos a cos B sin® 8 = sin 2 a cos a sin  cos3 B
p = sin 3 ¢ cos ¢ cos® 8 = sin 3 a cos a sin3 B
(4) 54
_ . 3 . _ . . 3
P),, = sin ¢ cos® 6 sin @ = sin a sin” f§ cos
_ - 39 _ .3
P4),; = C€OS ¢ sin 6 cos® 8 = cos a cos f§ sin® B
P(4),, = Sin¢ cos ¢ cos? 0sin? @ = sin a cos a sin? B cos?

Then we can show directly
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(4.6-17)

(4.6-18)

(4.6-19)

(4.6-20)

(4.6-21)

(4.6-22)

(4.6-23)

(4.6-24)

(4.6-25)

(4.6-26)

(4.6-27)

(4.6-28)

(4.6-29)



a; = 1 (46-30)

aijkk = aij (46-31)

4.6.2. Fiber Curvature Tensors

The fiber curvature tensor is defined in this work for the first time, therefore there is no previous
research which could be referenced. Again we start the investigation of curvature tensor by
listing components of unit vector q, which is perpendicular to vector p and defined by angle y.
The vector q can be viewed as rotated bases vector for fiber coordinate system or as a unit vector
normal to the fiber centerline at the middle of the fiber, pointing in the direction of center of
curvature as illustrated in Figure 4-4. Repeating Equations 3.4-39 through 3.4-41

q1 = —sSina cosy —cos a sin 8 siny = —sin ¢ cosy —cos ¢ cos 0 siny (4.6-32)
q, = cosa cosy —sina sin ffsiny = cos ¢ cosy —sin ¢ cos 0 siny (4.6-33)
qz = cosfBsiny = sinf siny (4.6-34)

where angles are shown in Figure 4-4.

We can write the definitions of curvature tensors given in Equations 4.5-28 and 4.5-32 as follows

2 m 2T

bij:«Cquj»:f f fqiqjl/JR(¢>.9,)/)8in9 dodody
y=0 6=0 ¢=0
21 /2 21T (4.6—35)

- f f f qd0n(@ B,y ) cos B dadBdy i,j=1,2,3
y=0 B=—m/2 a=0
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2T 2T
T
bijui = (q:9;qxq1)) = f f f 9:9;9x PR (¢, 0,7) sin 6 déd¢pdy
=0
y=0 970 p=0

e

2

2n 2m
- f f f 9:9;9x QYR (a, B,y ) cos B dadfdy i,j,k,I (4.6-36)
y=0p a=0
1,2,3

B

Just like the orientation tensors, curvature tensors are completely symmetric. We can show this

from the definition

2T T 2T
b = j f j q:9;Yr(¢,0,y) sin 6 dOdpdy
y=0 6=0 $=0
v w2 (4.6-37)

= [ [ [ aae@.0.15im0 avagay =,
y=0 6=0 ¢=0
2T

biji = 9i9;9Q1Yr($,0,7) sin@ dodpdy

<

I —— N
5o 3

qjqiqkqlll}R (¢I 9; V) Sin 0 dedd)d)f = bjikl = bkijl (46'38)

[\a}
L= I —=x
©

T
(=]

%gg\

<
Il
. o
(el

by, etc.

I
S
S
g
&
I

We can then write unique components of gy = q;q;, which would appear in these definitions

q2),, = (cosy sina + cos a sin 8 sin y)? (4.6-39)
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92),, = (cosa cosy — sina sin 8 siny)?

4@, = (cos f)?(siny)?

42),; = 42),, = €OS B siny (cosa cosy — sina sin § siny)
d@2),5 = d@)5, = — COS B siny (cosy sina + cos a sin  siny)

92),, = 42),, = (cosysina + cosasin S siny)(sina sinf siny — cos a cosy)

(4.6-40)

(4.6-41)

(4.6-42)

(4.6-43)

(4.6-44)

Of 81 components in g = q;9;qxq;, the number of unique components is 15. We write g, in

Voigt notation

9@ 96 9wy 9w, 9@4s
)y, @4 9@, 94y

Q@33 AWz, 9@,

9w = d@),, 9®34

sym. EOFS

where

qa),, = (cosy sina + cos a sin § sin ?*
des),, = (cosacosy — sinasin f sin Y)*

qa),, = (cos B)*(siny)*
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Q(4)16'
CI(4)26
A(4)34
A(4),5
d4),,

q(4) g |

(4.6-45)

(4.6-46)

(4.6-47)

(4.6-48)



q),, = (cos f)? (siny)? (cosa cosy — sina sin f siny)?
), = (cos B)*(siny)?(cosy sina + cos a sin f siny)?
q4)gg = (cosy sina + cos a sin B siny)?(cos a cosy — sina sin 8 siny)?

q4),, = COS B siny (cosy sina + cos a sin B siny)?(cos a cos y
— sina sin f siny)

d(4),5 = — C€OS B siny (cosy sina + cos a sin f siny)3
q4) g = (cosy sina + cos asin B siny)3(sina sin B siny — cos a cos y)
q(a),, = cosfsiny (cosa cosy — sina sinf§ sin ¥)?

q(4),, = —COS p siny (cosy sina
+ cos a sin 8 siny)(sin a sin B siny — cos a cos y)?

d@),, = (cosy sina + cos a sin B siny)(sin a sin B siny — cos a cosy)?
q),, = (cos f)*(siny)*(cosa cosy — sinasin f siny)
qa),, = —(cos f)°(siny)* (cosy sina + cos asin f siny)

qa),, = (cos B)? (siny)?(cosy sina + cos asin B siny)(sinasinf siny
— COS @ COSY)

Then we can show directly
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(4.6-49)

(4.6-50)

(4.651)

(4.6-52)

(4.6-53)

(4.6-54)

(4.6-55)

(4.6-56)

(4.6-57)

(4.6-58)

(4.6-59)

(4.6-60)



bii = 1 (46-61)
bijkk = bij (4.6-62)

4.6.3. Mixed Tensor

Equation 4.5-34 provides definition for a mixed tensor appearing in configuration averaged
stiffness tensor

2T
Ca = (DD aea)) = f f f PiD;qedibr($,6,7) sin 0 dodedy
$=0

y=0 6=0
2

/2
j f PipiqkqiYr(a, B,y ) cos B dadBdy i,jk,! (4.6-63)
T[ =

s
y=0 B=-
1,2,3

The mixed tensor is not completely symmetric as was the case for fourth order orientation and
curvature tensors, however it is symmetric with respect to the first pair and last pair of indexes.
We can show this from the definition

T
f f PiPjax i ¥r (9, 6,y) sin 6 dOdpdy

)
2T s 2
= f ff PiPiqkQYr(P, 0,y) sin8 dodedy = cjiy
2o g2 J0=0 (4.6-64)
2T s
2T
= f f PiD; 019k Pr (@, 0,y) sin6 dOdedy = ciji = Cjux
y=0 9= ?=0

There are 36 unique components in ¢; ;. However we can inspect Equation 4.4-3 and note that
we gain additional symmetry by finding
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Sijit = (Cijra + Craiy) Uik, 1=1,2,3 (4.6-65)

Which would be equivalent to defining s;j;; by performing rotation averaging

siji = (PP q + PeP1qiq;)) Lk 1=1,2,3 (4.6-66)

The tensor s;jy; has the same symmetry as the elastic tensor and has 21 distinct components. We
can then write unique components of M4y = pP;p;qrq; + PrP19:9;> which would appear in these
definitions.

My, = 2 (cos a)? (cos f)?(cosy sina + cos a sin B siny)? (4.6-67)

M), = 2(cos £)?(sin a)?(cos a cosy — sin a sin § siny)? (4.6-68)

M(4),, = 2(cos £)?(sin B)?(siny)? (4.6-69)

Mmay,, = 2(cos B)? sin a sin B siny (cos a cosy — sin a sin 8 siny) (4.6-70)

My = —2cos a (cos B)?sin B siny (cosy sin a + cos a sin B siny) (4.6-71)
My, = —2cosa (cos B)?sin a (cosy sina + cos a sin 8 siny)(cos a cos y

— sina sin f siny) (4.6-72)

M), = (cos f)*(sin” a (cosy sina + cos a sin B siny)?
+ (cos @)? (cos a cosy — sina sin B siny)?) (4.6-73)

My, , = (cos @)? (cos B)*(siny)? + (sin B)?(cosy sin @ + cos a sin  sin y])? (4.6-74)
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M), = €OS B sina sin B (cosy sina + cos a sin f siny)?
+ (cos @)?(cos B)3 siny (cos @ cosy — sin a sin B siny)

M), = COSa COS p (cosysinasinff — cosa cos 2f siny)(cosy sina
+ cos a sin f siny)

My, = —COSQ (cos B)?(cosy sina + cos a sin B siny)((cos @)? cosy
— cosy (sina)? — 2 cos a sin a sin 8 siny)

M), = (cos B)*((sina)? (siny)? + (sin f)*(cos @ cos y — sina sin 8 siny)?

M),, = €OS P sina (cosacosysinf + cos2f sinasiny)(cos a cosy
— sina sin ff siny)

M), = —(cos £)3(sina)?siny (cosy sin @ + cos a sin 8 siny)
+ cos a cos B sin B (cos a cos y — sin a sin f siny)?

M), = (cos B)? sina (— cosa cosy + sina sin B siny)(— (cos @)? cosy
+ cosy (sina)? + sin 2a sin B siny)

M), = COS p sin  siny (cosa cosy sinf + cos 2f sina siny)
Mgy, = COS B sinfsiny (—cosysinasinf + cosa cos2f siny)

M), = cos a (cos B)*sina (siny)? + (sin B)?(cosy sina
+ cosasin fsiny)(—cosa cosy + sina sin § siny)

&3

(4.6-75)

(4.6-76)

(4.6-77)

(4.6-78)

(4.6-79)

(4.6-80)

(4.6-81)

(4.6-82)

(4.6-83)

(4.6-84)



M@4),s = (cos B)?sin B siny ((cos @)? cosy — cosy (sin a)?
— 2 cos a sin a sin B siny) (4.6-85)

My, = COS B sina (cosy sina sin f — cos a cos 2f3 siny)(sina sin S siny

—Ccosacosy) (4.6-86)
M4y, = —COSQCOS B (cosa cosysinf + cos2f sina siny)(cosy sina
+ cos a sin  siny) (4.6-87)

4.7. Obtaining Material Parameters for Material in Single Configuration

We now want to obtain material parameters in Equations 4.5-36 through 4.5-44. If a given
material contains fibers in a limited range of configurations, these constants could be obtained
experimentally. However this empirical approach would be impractical for realistic DFCs, and
therefore we suggest two approaches to obtaining the constants and develop one of them in this
section. The first approach would be numerical simulation of unit cells containing bent fibers in
configurations of interest. Resulting orthotropic symmetry would allow generation of
straightforward cuboidal unit cell with three planes of symmetry.

We explore an approach based on orientation averaging and semi-empirical Halpin-Kardos [55]
equations. We can imagine a curved fiber in an arbitrary configuration to be composed of
segments of straight fibers. We can therefore assign an orientation tensor to any given
configuration. We will first develop planar orientation tensor for a curved fiber with shape given
by &, 7 in fiber coordinate system f = (p,q,s) and subsequently rotate the result to obtain solution
for arbitrary configuration. From Figure 4-6, we note that ¢ = ¢ and 6 = % for a segment of

bent fiber.
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ol

Figure 4-6. Orientation vector p for a segment of bent fiber.

Then Equations 3.8-1 through 3.8-3 give us segment orientation vector p components in the fiber

coordinate system

py = cos ¢
p, =sin¢
ps =0

nn
B ={m TTPE<T33>
0 elswhere
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(4.7-1)

(4.7-2)

(4.7-3)

(4.7-4)



where we used normalization condition in Equation 3.8-6

T 2T s g

~ ~ T
f f P sin 0 dod¢ = f f Psin dodg = 1 (4.7-5)
6=0 ¢=0 6=0 ¢=_g

In Equation 4.7-5, we have used even limits for ¢ € (—g,g) instead of integrating for ¢ € (0, g)
and ¢ € (2T — 2, 2m). We can use these even limits because function { is periodic with a period

of 1. We use the same logic below for integrals containing s powers of sin ¢ and cos ¢. All of
these functions have period of 2m, therefore we can use even limits ¢ € (— 2, 2), to evaluate the
integrals.

Now we can evaluate components of orientation tensor d;; corresponding to segments of bent
fiber from definitions given in Equation 3.8-7

;1 . 2 |
dy, = f f 5,5, sin 6 dOd¢p = f j cos? ¢ %dam:% (4.7-6)
=0 p=-1 6=0 p=—1
. . |
dyy = j j B, P, sin 0 dOd¢p = J j sin2 b %de@:% 4.7-7)
=0 p=-1 6=0 p=—1
_ .
A1y = Gy = ] j P19, sin 8 dOd¢p = j J sin ¢ cos ¢ %dé’ddb:o (4.7-8)
9=0¢=_g 9=o¢=_g

The value of the last integral can be obtained without evaluation by examining symmetry of the
problem or noting that we are evaluating odd function over even limits. We have therefore
obtained two distinct values for two components of second order orientation tensor.

We can check that these values make sense by observing that Equation 3.8-11 is satisfied since
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a’ll + dzz = 1 (47-9)

and noticing that for straight fiber

n +sinn
limad;; =lim———=1 (4.7-10)
10 n-0 27

n—sinn
}’1_r)r(1) dyy = }’1_%7 =0 (4.7-11)

The components of a;ji; can be calculated from definition given in Equation 3.8-8. All

components containing odd powers of sinn evaluate to zero, therefore we are left with these
non-zero components.

77 77
G111 = f f 511 Buysin 6 ddg = f f cos ¢>—d9d¢>
=0 ¢p=—1 0=0¢=—1] (4.7-12)
377 + (4 + cosn)sinn
8n
n ?7
s
G = | f PuPBoBsh sin 6 d9dgp = f f sin ¢>—d9d¢>
0=0¢ 0=0¢=-7 (4.7-13)
3n + (4+cosn)smn

8n
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\nﬂ:

T
Q1122 = Q2211 = Aq212 = Q2112 = A2121 = Q1221 = f

251251152?521/; sin 6 d6d¢
, 6=0 ¢=_g
T 2 ) _ (4.7-14)
_ 2 pin . L =n—smr]cosn
f f cos“ ¢ sin” ¢ - dodgo 8
6=0 ¢=_g

We have therefore obtained three distinct values for eight non-zero components of fourth order
orientation tensor. We can confirm that

G1111 T Qo222 + Qy122 + 02211 =1 (4.7-15)

and that fourth order orientation tensor contains information about second order orientation
tensor

- . - _n+ sinn L
Ai1kk = Q1111 T Q1122 = —277 =dai (4.7-16)
- ~ - n—sinn
Aookk = Q211 T Q22 = T = dyy 4.7-17)

Again, we can show that for straight fiber, we only have one non-zero component

3n + (4 +cosn)sinn 1

}Ilir(l) dllll = %l_r)r(l) 87” (4.7—18)
3n + (—4 + cosn) sin

lim .y = lim ¢ msinn _, (4.7-19)

1-0 170 8n
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n —sinncosn

hm 61122 = llm d2211 = etc.= llm O (4.7‘20)
n-0 n—-0

n—-0 87’]

We can now use Equation 3.8-20 to perform orientation averaging to obtain properties in for a
material containing bent fibers. We note that Equation 3.8-20 was derived from Equation 3.8-19,
which is equivalent to Equations 3.7-40 through 3.7-53. We choose material constant notation
from Equation 3.7-53 and write stiffness tensor for material containing bent fiber
(Chijta = ms(8ixSj1 + 818ik) + As(8ii81a) + o (Fijia + FpaSiy)
+(Ho — Hs) (@ik8j1 + AiiSjk + &) 8k + A 8i1) + Badij (4.7-21)
ij,k1=1,2,3

where subscript in pg and Ag denotes that these constants are for straight fiber. We write out
terms of Equation 4.7-21 in Voigt notation

200000 1110 0 0
020000| |111000|
«_ oo 2000 111000
(C>_“Siooo100|+’15|000000}
l000010J lOOOOOOJ
0000O0 1 000 000D
2d;;, dptdy; d;n 0 0 0
[511"‘&22 2d;; Gy 00 0]
o A @ 00 00 (4.7-22)
0 0 00 00
l 0 0 0000J
0 0 00 00
4d,;, O 0 0 00
[0462200 00]
(_)Ioo 0 0 o0 |
e ) 0 dy, oo |
| 0 o 0 0 an o |
lOO 0 0 0a11+a22J
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44, 0 0 0 00
0 4d, 0 0 0 0
0 0 0 0 0 0
+(I'l0_.u-s) 0 0 0 6_22 0 0
0 0 0 0 dyq 0
0 0 0 0 0 a;+ady
ai111 ?1122 0 0 00 1
Q1122 Q2222 0 O 0 0 I
0 0 0 0 0 0
T 0 0 00 00 |
0 0 000 0|
0 0 0 o O auzzj
then
Ci1 Cyp Ciz O 0 0
ézz 523 0 0 0
Cya
sym. Css O
66
where

Cr1 = As + 2us + 2851 (ay + 2(uo — Hs)) + G111

Cop = As + 2 + 2855 (az + 2(po — ps)) + G222

533 = As + 2u;

544 = Us + Ay (lio - Hs)

éss = Ug + ay1 (U — Hs)
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(4.7-23)

(4.7-24)

(4.7-25)

(4.7-26)

(4.7-27)

(4.7-28)



Coo = s + (@11 + 822) (o — Hs) + G1122 (4.7-29)

Coz = A + iy (4.7-30)
Ci3 = A+ (4.7-31)
512 = As + (@11 + @)y + dq122 (4.7-32)

Clearly, this is an orthotropic material with principal axes aligned with those of the laboratory
coordinate system. We know that regardless of the method used for obtaining stiffness tensor for
a material with fibers in single configuration, we should obtain orthotropic stiffness tensor. We
can therefore conclude that orientation averaging of transversely isotropic tensor performed
above resulted in the correct form of orthotropic stiffness tensor. It is important to realize that we
could have simply performed orientation averaging and arrived at the same result without
studying the symmetry of the problem first. However, the result would be in question, because it
may not be intuitively obvious that orthotropic material with three planes of symmetry can have
a characteristic volume with two planes of symmetry. For clarity, we copy the form of
orthotropic stiffness tensor given in Equation 4.4-3 below.

Cijia = 1(8uacSj + 8udjic) + 2838 + an (pipj6a + 8ijpid1) + @22(4:9; 60 +
80k Q) + 21 (Bupjp1 + Suppr + 8pipk + Sixpibr ) + 202 (8 q a1 + 6uq;qx +
(4.7-33)
8199 + 6je9:491) + BrpiPipib1 + Bra @i 9@ + Baz(pipjadr + 4:9,pp1)

ijk1=1,2,3

where unit vectors p and q denote normals for planes of symmetry. During our orientation
averaging procedure, these vectors were aligned with the laboratory system. For consistency, we
select p =(1,0,0) and q = (0,1,0) and write out the terms of this tensor in Voigt notation
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where

(4.7-36)

Cll = A+2‘u+8,u.1 +2a/11 +ﬁ/11
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Cra = A+ 2u + 8uy + 2ay, + Bz (4.7-37)

C33 =21+ 2u (4.7-38)

Cos = 1+ 21, (4.7-39)

Cos = p+2uy (4.7-40)

Coo = 1+ 2y + 20, (4.7-41)
Cos = 1+ ay, (4.7-42)
Cizs= A+ay, (4.7-43)
Cio=A+ay +ay, + Bis (4.7-44)

This is an orthotropic stiffness tensor and we note that stiffness tensors {C); jki 18 the same as

Cijki and that we have obtained nine material constants by planar orientation averaging of
transversely isotropic stiffness tensor. equating each non-zero component of these tensors gives
us nine Equations to obtain nine material constants

K= s — B G1122 (4.7-45)
A=A+ 2B 1122 (4.7-46)
a1 = axdy1 — 2 81122 Pa (4.7-47)
Uz = bz — 2 01122 B2 (4.7-48)
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1 ~ ~
M1 = > ((uo — ms)@11 + A1122 Ba) (4.7-49)

po = %((ﬂo — Us)lzz + A1122 B2) (4.7-50)
Ba1 = Q1111 Ba (4.7-51)
Baz = Q22225 (4.7-52)
Bz = 381122 P2 (4.7-53)

Note that one could write the above Equations only in terms of d;11; and d,;,,, With the
remaining components being obtained from Equations 4.6-30 and 4.6-31. For straight fiber,
n — 0, we use Equations 4.7-10, 4.7-11 and 4.7-18 through 4.7-20 to show that

um = 0) = ps (4.7-54)

A = 0) = A (4.7-55)
a1 (N~ 0)=ay (4.7-56)
ap(m—>0)=0 (4.7-57)
a1 = 0) = 5 (s = o) 4.7:58)
u(n = 0) =0 (4.7-59)
B —0) = B (4.7-60)
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Brz2(n—>0)=0 (4.7-61)

Brzs(n—>0)=0 (4.7-62)

These constants reduce the form of Equation 4.7-33 to the form of Equation in 4.7-21. Therefore
for a material containing straight fibers in single orientation given by vector p, we obtain
transverse isotropy as expected.

To obtain pg , o, Ag, @3, B3 , Wwe can use experimental data, numerical simulations or we can use
Halpin-Tsai-Kardos Equations. In general, all five material constants depend on the properties of
matrix My, properties of fiber My, fiber volume fraction V¢ and fiber aspect ratio ¢. In the case of
Halpin-Tsai-Kardos [55] Equations, us , 1o are independent of £.
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5 Experimental Measurement of Fiber Architecture in Injection
Molded Plaques

5.1 Introduction

Observation of fiber microstructure within DFCs described in earlier sections of this
dissertation reveals significant complexity on multiple scales. The focus of this chapter is
on quantitative measurements of fiber microstructure parameters relevant for newly
developed stiffness model. An ideal measurement technique would provide us with all
three measures for a large number of fibers at any point within our sample, thereby giving
us complete information about the state of fiber configuration within a region of interest.
Since 2005, numerous exploratory experiments were performed with various pieces of
equipment, none of which could provide such information. The techniques included x-ray
transmission imaging, X-ray micro-tomography, magnetic resonance imaging, neutron
imaging, electron microscope imaging and optical imaging with and without various
methods of matrix removal. None of these techniques were capable of generating full
quantitative configuration dataset for realistic materials of interest. It is possible to gain
qualitative appreciation for the nature of microstructure within materials of interest and to
perform comparisons, however producing quantitative data for configuration is currently
not possible. It is possible to use these methods separately to provide information about
fiber orientation, fiber length and fiber curvature. This leaves us with uncorrelated data
set of our microstructure measures and necessitates introduction of additional
assumptions for comparison of results.

5.2 Fiber Orientation Measurement

The fiber orientation measurement technique used in this dissertation relies on optical
measurement of individual filament cross-sections with method of ellipses (MoE). This
technique has been extensively studied and applied for short fiber reinforced
thermoplastics. Bay and Tucker [56] provide detailed mathematical background with
examples. Automation of this method is described by Hine [57]. Velez [58] removes
ambiguity in resolving fiber orientation from elliptical cross-section by using fiber
shadows over an etched surface and generates example data with manual measurement.
Details of sample preparation are discussed by Velez [59]. The following section
highlights automation of this technique allowing generation of unambiguous fiber
orientation results in reasonable amount of time.

For the purpose of fiber orientation measurement, we assume that fibers are straight
cylinders described by orientation vector p. This vector is traditionally given by two
angles 6 and ¢ as shown in Figure 5-1.
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Figure 5-1. Coordinate system and definition of 6, ¢ and orientation vector p.

Then the components of the orientation vector can be written as

p1 = sin6 cos ¢ (5.2-1)
p, = sin @ sin ¢ (5.2-2)
p3 = cos O (5.2-3)

We note that these angles are directly related to Euler angles discussed in previous
sections and that either set of angles a, f or ¢, 8 can be used to describe fiber orientation
vector.

b =a (5.2-4)

=" 5.2-5
=5~k (5.2-5)
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To characterize orientation state for an ensemble of fibers, we use a set of even order
orientation tensors. For correlated fiber length and fiber orientation, Bay and Tucker [56]
propose definition of weighed fiber orientation tensor

(o] 2 .
Sz Jo—o Jymo PP D1l s5(,6, L) sin 6 dpdfdL .
Lk, ..

oo 2
Sz Jo—o Jymo Ls(, 6, L) dpdOdL (5.2-6)
=123, t=00r1

t —
Aijr.1 =

Where the number of subscripts 1,j,k...1 indicates the rank of the tensor L is fiber length
and t is an exponent. When t is zero, each fiber has equal weight and a?j,k"l represents
number average orientation. When t is equal to one, each fiber has weight equal to its
length (or weight — assuming identical fiber diameters) and ailj_k._lrepresents weight-

average fiber orientation tensor. This assumption results in equality of number-average
and weight-average tensor measures

lps((l)' 0 ) L) = ¢S(L)¢(¢l 6 ) - agj,k..l = ailj,k._l iljl k' = 1; 2; 3; (52‘7)

Since measurement of physical samples consist of measurements of a large number of
discrete fibers, integration in Equation 5.2-6 is replaced by summation with parameters
discretized into k intervals

. Z(pipjpi-m0) LF

al]kl = Z LtFk i)j, k, ...l = 1, 2, 3 (52'8)

where F,, represents the number of fibers in k™ interval. When we obtain measurements
from a polished cross-section, we need to introduce a weighing function F, to correct a
bias caused by higher probability of finding fibers with nearly circular cross-section
compared to the probability of finding a fiber with elongated ellipse cross-section. The
weighing function is proportional to the useful projected height as proposed by Konicek
[60]

1
" L,cosB,+d,siné,

(5.2-9)
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or by Bay [56]

1

F,=———— 5.2-10
" L,cos@, ( )

Using the latter weighing function in weight-averaged definition of orientation, the
dependence on fiber length is eliminated and we are left with

1

Z(PinPk ---Pz)
Qij = i nCosOn ik, l=1,2,3 (5.2-11)

cos O,

For physical sample preparation, any metallographic technique is acceptable as long as
fiber fracturing and fiber pull-out is minimized providing a smooth surface for etching.
Velez [59] provides detailed guide for sample preparation using thermoplastic binder.
Araldyte GY 502 epoxy with Hysol HD3416 hardener to mount specimens was used to
mount specimens presented in this work. The mounting is followed by grinding and
polishing on Struers equipment, starting with 500-4000 grade SiC paper in 30 to 60
second cycles at 150 RPM at 20-25N pressure. This is followed by 6um MD Largo
composite disc for 5 minutes at 15N, 3um DAC cloth for 10 minutes at 30N and 1pum
DUR cloth for 6 to 8 minutes at 30N pressure. Final polish is performed with diamond
polishing assisted by purple lube. This procedure results in a sample with flat surface
without contrast between fiber and matrix. To increase the contrast to allow for
automated fiber orientation measurement, the sample is etched to generate rougher and
less reflective matrix. Oxygen plasma etching is used when possible to retain good
control over the process. Chemical etching is necessary for some material systems.
Etching may result not only in rougher surface, but also removal of a thin layer of matrix
material exposing the polished fiber ends.
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Figure 5-2. Typical digital image of polished and etched with white fibers and black
matrix.

Subsequent procedure consists of generating microscope images and fitting ellipses to the
fiber cross-sections. Automated systems [57] generally rely on the contrast between fiber
and matrix material as seen in a digital image shown in Figure 5-3. To enhance this
contrast beyond the level achieved by etching, the sample may be sputter coated with
gold or silver.

Figure 5-3. Typical digital image of polished and etched with white fibers and black
matrix.

The information from Figure 5-3 is then thresholded and, after isolation of individual
fiber cross sections end eliminating fragments, ellipses are fitted to the white regions in
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the image. The new approach outlined herein relies on identical sample preparation,
however the image is acquired with ligting showing fibers as solid white objects, fiber
ends extending above the etched matrix as black “shadows” and matrix as gray. A typical
image is shown in Figure 5-4.

N
Ly

Figure 5-4. Digital image showing solid white fibers, with blask “shadows” indicating
fiber ends extending above the etched surface.

An automated algorithm can be used to detect the shadow and determine unambiguous
fiber orientation as shown in Figure 5-5.

wi)

Figure 5-5. Digital image showing solid white fibers, with black “shadows” indicating
fiber ends extending above the etched surface.
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We can now present measurement results for an injection molded plaque with
polypropylene and 40% glass fiber content by weight. The measurements must be
performed on two physical samples collected from approximately identical location and
the measurement and for the purpose of this discussion, we assume that the
measurements are performed over the same area in both samples. Figure 5.6 shows
coordinate system (ey, e,, e3) and two coordinate systems h/ and h¢ associated with two
perpendicular planes. Direction of the first h/ axis corresponds to the flow direction in
the sample, while the direction of the first h¢ axis corresponds to the cross-flow direction.

€3

\

Figure 5-6. Section coordinate systems hf and h® and global coordinate
system (e;, €5, €3).

We can start exploring results by looking at raw angle distributions as measured from
samples. Figure 5-7 through Figure 5-10 show as measured fiber angle histograms for
flow direction sample with ten degree binning. The distribution for angle @ shows that
most fibers lay in the plane of the sample. The distribution for angle [ clearly
demonstrates that the likelihood of finding a fiber increases with the absolute value of
and correction is necessary to visualize unbiased distribution near 8 = 0.

102



Frequency

1000

800

600

400

200

3n af (hf)
= bis

Ny
[T

Figure 5-7 Raw distribution of angle a for fibers measured in flow direction sample
expressed in flow sample coordinate system.
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Figure 5-8. Raw distribution of angle 8 for fibers measured in flow direction sample
expressed in flow sample coordinate system.
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Figure 5-9. Raw distribution of angle a for fibers measured in cross flow direction
sample expressed in cross flow sample coordinate system.
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Figure 5-10. Raw distribution of angle {3 for fibers measured in cross flow direction
sample expressed in cross flow sample coordinate system.

Equations 5.2-1 through 5.2-5 can then be used to calculate components of orientation
vector for each fiber. Since we have measured the orientation over identical area, we can
combine the results by transforming the cross-flow direction results to flow direction
coordinate system using Equation 5.2-12
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hl =[o 1 o] hS (5.2-12)
) 1o ol(ag

3

Equation 5.2-13 is then used to express the combined results in the global coordinate
system

B
ey 1 0 07(™m
{92]=[0 0 —1] hl (5.2-13)

To show the fiber orientation changing as a function of thickness, we will construct
weight averged second order orientation tensor

1

neoshnj=1,2,3 (5.2-14)

cos Oy

B Z(pipj)
>

al-j

Figure 5-11 shows combined results for all measured fibers as a function of normalized
thickness. In this plot, the specimen surfaces lie at x=0 and x=1, while the middle of the
sample is at x=0.5. We can clearly see the core-shell-skin structure typical of injection
molded thermoplastics.
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Figure 5-11. Combined results for all measured fibers as a function of normalized
thickness.

It is comforting to note that results measured from cross-flow sample as well as from
flow sample approximately match. Figure 5-12 shows comparison of flow and cross-flow

sample measurements for orientation tensor component A;; and Figure 5-13 shows the
same comparison for component Aj;.
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0.6
—e— Flow
0.4
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Figure 5-12. Fiber orientation tensor component A for flow and cross flow sample.
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Figure 5-13. Fiber orientation tensor component A,, for flow and cross flow sample.

5.3 Fiber Length Measurement

This section presents fiber length distribution measurement for discontinuous fiber
reinforced composites. The procedure was presented and published [7], however a brief
summary is presented in this section. The objective in developing this procedure was to
produce an un-biased method for fiber length distribution measurement in long fiber
reinforced injection molded thermoplastics. The difficulty with measurement is that fiber
diameter of glass and carbon fibers is measured in micrometers, while the fiber length
spans fragments measured in tens of micrometers to nominally ten millimeter long fibers.
This large fiber length span eliminated many non destructive techniques, such as X-ray
tomography because of difficulties with achieving high resolution on micro-scale, while
performing measurements in the meso-scale. This leads to refinement of destructive
techniques, where the matrix is removed by digestion or pyrolysis and the fibers are
measured individually, typically from a digital image. The bias encountered in the
measurement as encountered in the industry usually comes from two sources. First, the
selection of the physical fiber sample is typically performed with tweezers. This selection
technique may be appropriate for screening, however there is no guarantee that the
selected fibers represent the fiber length distribution in the material. If the sample is
selected only from the surface of the fiber network, the results may represent fiber length
distribution from the skin and shell of the sample and not the core. There is also high
likelihood that short fibers may be discarded in this physical selection technique. The
second source of the bias comes from preferential selection of long fibers, which will be
discussed below in more detail. If the physical selection region is unknown, the bias
cannot be accounted for and corrected for rigorously.
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The procedure outlined below consists of five steps composite coupon isolation partially
constrained removal of matrix material fiber sample isolation filament dispersion imaging
and individual filament length measurement

This measurement is then followed by bias correction that assures Coupon isolation is
usually necessary because pyrolysis of an entire composite part is impractical and
unnecessary. The goal is to isolate a coupon by cutting a region of the composite part
without cutting fibers that will be subsequently measured. This means that the minimum
dimension of the sample will be no less than twice the maximum possible fiber length in
the composite material. The maximum fiber length for injection-molded thermoplastics is
the pellet size, however determination of maximum fiber length for other processes may
be more involved.

The next step is partially constrained removal of matrix. The objective in this step is to
remove matrix in a manner that would retain the fiber network structure and allow
subsequent fiber sample isolation. Pyrolysis was shown to be effective for many
thermoplastics. Figure 5-14 shows a sample after pyrolysis where the coupon was fully
constrained during the procedure. Fully constraining the fiber often leads to a fiber
sample that cannot be subsequently separated due to highly entangled nature of the fiber
structure. Figure 5-15 fiber sample after unconstrained pyrolysis, where the fiber network
structure was not retained due to long bent fibers straightening during the pyrolysis.
Finding the proper level of partial constraint requires experimentation and depends on the
specific material and fiber length distribution.

Figure 5-14. Network of glass fibers after fully constrained pyrolysis.
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Figure 5-15. Network of carbon fibers after unconstrained pyrolysis.

The objective of fiber sample isolation step is to obtain a relatively small sample of fibers
from a well defined region of the sample. The process involves inserting a needle
attached to a hypodermic syringe with a liquid epoxy through the mass of fibers. The
needle is withdrawn through the fiber structure while dispensing the epoxy through the
needle at a constant rate. The continuous stream of epoxy results in an approximately
cylindrical column of resin that extends through the entire thickness of the fiber network
such as shown in Figure 5-16. The number of fibers collected from the specimen is
proportional to the epoxy volume. Resin viscosity, the needle gage and the withdrawal
rate of the needle through the fiber stack influence the selected region. Epon 828 resin
mixed with 55 phr Versamid 125 supplied by Hexion along with an 18 gage hypodermic
needle was used successfully for measurements of injection molded thermoplastics.

Figure 5-16. Isolated fibers with epoxy cylinder.
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After this epoxy sets, the fibers not intersecting the cylinder can be removed and second
pyrolysis is performed to obtain loose fibers.

The loose fibers obtained after the second pyrolysis need to be dispersed to allow
identification and measurement of individual filaments. The procedure requires careful
physical handling of the sample over appropriate surface. For glass fibers, glass surface
allows good fiber dispersion. Corona field assisted dispersion over paper was developed
[7] for carbon fibers.

The final step prior to actual measurement of individual filament length is digital
imaging. This can be accomplished via high-resolution scanner (Figure 5-17) or a
microscope. Scanners allow greater area to be scanned at once and the sample preparation
is simple. Obtaining data from a digital microscope requires a motorized x-y stage,
appropriate stitching algorithm and greater data storage, however the difficulties are
offset by increased spatial resolution and an array of lighting options.

Figure 5-17. Digital image of dispersed carbon fibers obtained with a scanner.

After measurement of the fiber length is complete, correction of the fiber length
distribution must be performed to account for preferentially selecting long fibers. Figure
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5-18 shows two long fibers, of length L, that are captured in the sampling region and
two shorter fibers, of length L, with similar centroid positions, one of which will not be
part of the sample.

L.

d

Figure 5-18. Sampling region of diameter d with three fibers captured for experimental
measurement and only two centroids within the sampling region.

Assuming that the sampling region is a disk of diameter d and that all fibers lie in the
same plane as the disk, then the actual number of centroids of fibers of length L; within
the sampling region N(L;) can be obtained from the raw measurement of number of
fibers of length L; that pass through the sampling region N, (L;) using the formula given
below:

-1

N(L;) = N,(L)) (1 +%) (5.3-1)

The results are typically interpreted as an average length or in the form a distribution.
There are two common methods of calculating fiber length average. Number average
fiber length L, is calculated as

L, = % (5.3-2)

where N; is the number of fibers with length L;. Weight average fiber length is calculated
as
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L, (5.3-3)

Similarly, histogram representation of FLD may be based on number or weight
distribution. Since volume averaging is useful for micromechanical property analysis,
weight average and weighted FLD is generally considered as more meaningful measure.
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Abstract

In this paper we propose a method for calculating the fully anisotropic stiffness tensor for a
composite material containing curved discontinuous fibers. To do so, we introduce the concept
of configuration for a single curved fiber defined by five dimensionless parameters. An
ensemble of the curved fibers within composite material is described by a configuration
probability density function, which can be approximated by a set of even order tensors. The
proposed stiffness tensor requires three tensors of fourth-order describing the microstructure of
the composite material and a set of elastic constants. We introduce the concept of configuration
averaging and present an analytical method for estimating elastic constants for materials
containing curved fibers. Numerical results are presented to illustrate the application of the
method. Additionally, we demonstrate that for materials containing only straight fibers, fiber
configuration and configuration averaging reduces to standard fiber orientation and orientation
averaging.

Keywords
B. Mechanical Properties C. Anisotropy, B. Modeling, Micro-mechanics

6.1.1 Introduction

Discontinuous fiber reinforced composites (DFCs) are materials in which fibers act as structural
reinforcements and their aspect ratio, defined as fiber length divided by fiber diameter,
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influences the resulting material properties. Examples of traditional production processes for
DFCs are injection molding, compression molding, and spray-up. However, this work can be
applied equally well to metal matrix composites and bio-composites. Our objective is to develop
an improved description of microstructure of DFCs that accounts for curved fibers and to
develop a method for obtaining the stiffness tensor. Since material stiffness is a common design
driver, this work also provides a practical design tool.

In developing this work, we acknowledge that virtually any microstructure can be modeled
using numerical techniques such the finite element method (FEM) [61, 62]. However, an obvious
disadvantage of this approach is the need to generate a large, statistically significant number of
representative volumes for quasi-random architectures and to subsequently perform analyses on
all of them in order to obtain the statistics of the resulting response. Modeling of realistic DFCs
using such an approach could require prohibitive computer resources and time.

An alternative modeling approach is to use statistical measures and homogenization methods for
describing the fiber and matrix microstructure in the representative volumes of the composite.
These measures and methods are largely driven by the nature of the subsequent analysis. The
microstructure measures commonly used for composite stiffness prediction are fiber volume
fraction, fiber length distribution (FLD), and fiber orientation distribution (FOD). Fiber volume
fraction is a single parameter describing an average content of fiber and matrix material within
the composite. FLD and FOD are functions describing an ensemble of fibers, represented as
straight cylinders. Measurement techniques and results for traditional flow molded DFCs are
discussed for example in [5-7] for FLD, [10, 56] for FOD and standards [63, 64] covering fiber
volume fraction.

The orientation of a single straight fiber is described by an orientation vector. The probability
density function (PDF) describing the orientation for an ensemble of fibers can be represented by
a set of even order orientation tensors as described in [8]. Using a fourth order orientation tensor
and the micromechanics-based material stiffness coefficients, Advani and Tucker [8] obtain the
stiffness tensor using orientation averaging of transversely isotropic stiffness tensor.

In this work, we extend the work of Advani and Tucker for composites containing straight fibers
[8] to composites containing assemblies of curved fibers with arbitrary orientation. The resulting
stiffness tensor is fully anisotropic. This extension is motivated by experimental observations
such as that shown in Figure 6-1.
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Figure 6-1. Injection molded composite containing glass fibers. Left: Polished cross-section -
three cross-sections whose deviation from elliptical shape indicates fiber curvature are
highlighted. Right: Entangled mass of curved fibers after matrix burn-off.

In order to rigorously account for the effect of fiber curvature on the composite properties, we
introduce the concept of fiber configuration and a PDF of the configuration of ensemble of
fibers. We then introduce a method of configuration averaging of the orthotropic stiffness tensor
that results in a stiffness tensor containing 21 distinct components. To obtain numerical values of
the material constants for the orthotropic stiffness tensor, we use the Halpin-Tsai equations [55]
along with orientation averaging (although these constants could be generated by other methods).
Finally, we demonstrate the developed method with numerical examples.

6.1.2 Description of Microstructure

6.1.2.1 Configuration of Single Fiber

The first step in our approach is to introduce the configuration description of a single curved
fiber. We define a fiber coordinate system f= (p,q,s) as a Cartesian coordinate system defined by
orthonormal vectors p,q and s. We assume straight cylindrical fiber of length L and diameter d
and place it so that the center of gravity of the fiber coincides with the origin of the fiber
coordinate system and fiber centerline is parallel to p as shown in Figure 6-2.

The fiber configuration is defined by a single dimensionless parameter & =§ and orientation
vector (1,0,0) in coordinate system f.

Four successive geometry transformations will result in a curved fiber in general configuration
with respect to a laboratory coordinate system. The operations consist of first changing the fiber
from straight to curved shape and then rotating it using three Euler angles. We change the shape

of the fiber so that the oriented curvature p is given by = %q , where R is the radius of

curvature. This is equivalent to describing a section of toroid in cylindrical coordinates (7, @,Z)
with cylindrical coordinate system origin at Rq, z axis aligned with s and ¢ measured from X in
mathematically positive sense as shown in Figure 6-2, right:
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Figure 6-2. Left: Straight cylindrical fiber with coordinate system f = (p,q,s) Right: Bent fiber
with radius R.

We assume that the fiber length and diameter remain the same, and the vector p remains tangent
to the fiber centerline at its center. This fiber configuration is given by two dimensionless

parameters, & = % and n = %. We assume that fiber coordinates f; are initially aligned with the

laboratory coordinates x; and perform three successive rotations through three Euler angles:
rotation around s by a, rotation around q by [, and rotation around p by y in mathematically
positive sense. These operations are described by

fi = R R REx; ij,k1=123 (6.1-1)

In (6.1-1) and all subsequent equations in this document, summation takes place over repeated
indices unless otherwise noted. The direction cosines in (6.1-1) are given by

1 0 0
0 cosy siny
0 —siny cosy

cosa sina O
—sina cosa O (6.1-2)
0 0 1

0 1 0
—sinff 0 cospf

X _
Rkl_

cosf 0 sinpf
,Rﬁ(= ]Rlzj

We may obtain a unique description of a curved fiber in any configuration by placing the
following limits on the rotations:

T T
0<a<?2m —ESﬁ<E; 0<y<2m (6.1-3)

Therefore, the configuration of a curved fiber can be described by five dimensionless parameters
&, n,a, B,y as illustrated in Figure 6-3. Parameters &,n describe the shape of the curved fiber,
while three angles «a, 8,y allow for arbitrary rotation of this shape with respect to laboratory
coordinates.
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Figure 6-3. Curved fiber with coordinate system f = (p,q.,s), defined by Euler angles a.f,y.

Note that the limit case of a straight fiber (n = 0) reduces to the coordinate system of Advani-
Tucker [8] (with spherical coordinate angles ¢ = a, 6 =§— B) where y can be selected

arbitrarily without affecting the configuration state. The components of the orientation vector p
and the curvature vector q are:

p1 =cosacosf =cos¢sinf; p, =sinacosf =sin¢gsinf; p; =sinff =cosf (6.1-4)

q1 = —sSina cosy —cosasinf siny; q, = cosacosy —sina sinfsiny; q;

= cos B siny (6.1-5)

The configuration of a straight fiber is described by three parameters, namely the aspect ratio
& =§ and two angles defining the orientation of fiber vector p. Equation (6.1-4) gives the

orientation vector components with Euler angles a,f as well as with standard spherical
coordinate angles ¢, 6 to allow for easy comparison with previously published work [8]. The
configuration of curved fiber therefore requires one additional shape parameter and one

additional angle. The shape parameter n = %provides the magnitude of curvature, while angle y

provides the direction of the curvature vector q, which is by definition perpendicular to the
orientation vector p.
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6.1.2.2 Configuration Distribution Function for an Ensemble of Fibers

We now define the configuration distribution function for an ensemble of fibers Y. («, 5,7, &, 1).
as a probability density function of finding a fiber with configuration given by angles and
parameters a, 3, ¥, €, 7 in the intervals :

Pla<a<say+da,f1 <P S<Pr+dfLyi <y <y, +dy;, & <&
< +& +déun <1 < +ny +dny)

= Y(ay, B1,¥1,§1,M1) cos By dadfdydédn (6.1-6)

The configuration distribution function 1 is normalized as:

2 T2 2¢m

f f | [ we@p.y.emcosp dadpardsan =1 6.17)

Assuming the independence of fiber shape and rotation, Y may be separated into two parts

l/)C(alﬁ 'Y E' 1’]) = lpR(aﬂB :V)lljs(s;' 77) (61'8)

where the rotation of fiber coordinate system with respect to laboratory system given by three
angles «, 8,y and the shape of a fiber given by parameters &, , are independent for an arbitrary
configuration. We place the following normalization conditions on the rotation distribution
function Yy and the shape distribution function g

2T W 2T © o0
[ | [ wet@pvycosp dadpar=1; | [ wstcmagan=1 6.1-9)
Y=0 6=0 ¢=0 n=0¢&=0

Upon integration of i over all possible angles y, the fiber orientation distribution function is:

2T
W@ B) = f Va8, y)dy (6.1-10)
y=0

The properties of Y were explored in detail by Advani and Tucker [8].
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6.1.2.3 Stiffness Tensor

In this section, we use the concept of fiber configuration to establish components of the
anisotropic stiffness tensor C;j; for an ensemble of fibers in an arbitrary configuration. The
generalized Hooke’s law is given by

0y = Cijiag Lk 1=1,2,3 (6.1-11)

where o;; and ¢ are the components of symmetric fourth rank stress and strain tensors

respectively. Assuming the existence of a strain energy density function and the symmetric stress
and strain tensors, we note the following (standard) symmetry of the stiffness tensor

Cijkt = Cjiri = Crij LKk 1=1,2,3 (6.1-12)

which reduces the number of distinct components in Cjjy; from 81 to 21. In the following
sections, our focus is on deriving these 21 components of Cjj; for any material with its
microstructure described by Equation (6.1-8).

Orthotropic stiffness tensor for material with fibers in single configuration

We now consider a material consisting of an ensemble of uniformly dispersed fibers of a single
configuration within a matrix with no interactions between the fibers as illustrated in Figure 6-4.

Figure 6-4. Material with fibers in single configuration.

For the material illustrated in Figure 6-4, the single fiber and surrounding matrix shown in Figure
6-3 would constitute a representative volume. We can inspect Figure 6-3 and conclude that there
exists geometrical symmetry with respect to a plane with normal p and to a plane with normal s.
Since our idealized material consists of fibers in single configuration, the resulting material will
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also have two material planes of symmetry. We can write two transformations under which a
stiffness tensor remains invariant

Rij(p) = 6;j —pipj and Rij(s) = 6;; — sis;  4,j=1,2,3 (6.1-13)

Vectors p and s are normal, which was shown to imply a third material plane of symmetry [48]
and result in orthotropic material stiffness tensor C;j; with nine material constants

éijkl = M(5ik5jl + 5iz5jk) + 16611 + Kp2 (Pipj5kz + 5ijpkpz) + Kq2 (Qin5kz +

81k + 211 (8w oy + Supjpr + Supipr + Sipipr ) + 202 (8ued; a1 + 6uaq;qx +
(6.1-14)
81199k + 5ijin) + KpaDiPjPrP1 t Kq49i9qrq; + Ks4(PinCIkCIz + CIiCIijPl)

ijkl1=123

This form of orthotropic stiffness tensor can be found for example in [54] and [65]. Spencer [65]
also suggested that the vectors p and q may vary point to point for a material containing curved
fibers. We extend this idea by introducing the concept of configuration averaging in a
representative volume.

6.1.2.4 Configuration averaging for material with arbitrary fiber configuration

We now perform configuration averaging to obtain the stiffness tensor for material containing
fibers described by a configuration distribution function . This procedure is analogous to
orientation averaging. We define the configuration average of the stiffness tensor as

o o0 2T /2 21

.. — C:i' lp (a:ﬁ:%fﬂ?) COSﬁ dadﬁd)’dfdn 6.1-
(Cijwade f f f f f e ijkl1=12,3 (11>

where we use ( ) brackets to indicate configuration averaging. Substituting Equation (6.1-14)
into (6.1-15) results in the most general form of stiffness tensor for material containing curved
fibers. We now use standard separation of variables in Equation (6.1-8) to describe independence
of fiber shape and its rotation with respect to the laboratory system. This allows us to simplify
configuration averaging (6.1-15) by separating rotation averaging and shape averaging as
discussed below.

The material constants in Equation (6.1-14) are independent of orientation of fiber coordinate
system with respect to laboratory system, however, they depend on parameters ¢ and 1 for a
particular configuration. Therefore for any of the material constants k of Equation (6.1-14)

k= k(Emn).
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Since the orientation vector p for any configuration is obtained by two rotations through angles
a, [ and the curvature vector q is then obtained by additional rotation around orientation vector
p through angle y, we can write

p=p(pB)q=q(B,y) (6.1-16)

Performing the requisite integration, Equation (6.1-15) becomes
(Cijerde = E(8ux 81 + 6bx) + 46161 + Kpa (@i + 8ijany) + gz (b6 +
Sijbkl) + 2m(5ikaﬂ + 5ilajk + Sjlaik + Sjkail ) + ZE((Slkb]l + 6ilbjk + 6jlbik + (61_17)

8jicbit) + Kpatijir + Kqabijir + Ksa (Cijra + Craij) Lk, 1=1,2,3

where

F=tos= | [ k@mwsen dean (6.1-18)

§=0n=0

with k representing any of the material constants in (6.1-18) and ( )s brackets denoting shape
averaging. We use ( )i brackets for rotation averaging and standard definition of single brackets
() indicating orientation averaging to define a;; and b;; as second order orientation and
curvature tensors respectively:

n/2  2x;
a;j = {pipj) = f f pipjP(a,B)cosf dadf i,j=1,2,3 (6.1-19)
B=—m/2 a=0

21 /2 27T
by = (qid;)e = f f f G b(@ B y)cosp dadpdy ij=123  (6.120)

y=0 B=—m/2 a=0

Similarly, we define a;jy, b;ji; and c;j; as fourth order orientation, curvature and mixed tensors:
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Ajjgl = (PinPsz)» bijkl = (qiqjqkql>R;
Cijrt = PiPjqkqdr Lk 1=1,2,3 (6.1-21)

We have therefore defined all the terms in Equation (6.1-17) that allows us to obtain the form of
a stiffness tensor for material containing curved fibers in arbitrary configuration. The remaining
task is to find nine constants for material containing curved fibers in single configuration. Before
doing this, however, we explore the properties of geometric configuration tensors and the
resulting material anisotropy.

6.1.2.5 Properties of Geometric Configuration Tensors

In this section we investigate properties of second and fourth order orientation tensors a;; and
a;jki, second and fourth order curvature tensors b;; and b;jy;, and mixed tensor c;jy;. In the
absence of fiber curvature, definitions of a;; and a;ji; given in Equations (6.1-19) and (6.1-20)
reduce to definitions identical to those provided by Advani and Tucker [8], and correspondingly
all of the equations above reduce to previously developed theories. The orientation tensors are
fully symmetric:

aij = ajl- and al-jkl = ajikl = akiﬂ = alijk = aklij, etc. (61-22)

with information about second order tensor being contained within fourth order tensor and the
trace of the second order tensor reducing to unity, i.e.:

aijkk = aij, a;; = 1 (61-23)

We can write identical expressions for fully symmetric curvature tensors b;; and byjy;. Full
symmetry for fourth-order tensors implies 15 distinct components.

The mixed tensor is not completely symmetric. However, it is symmetric with respect to the first
pair and last pair of indexes.

Cijkt = Cijik = Cjik (6.1-24)

Thus, there are 36 unique components in ¢;jy;. Equation (6.1-14) imposes additional symmetry:
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sijit = (Cijir + Craij) = PiPjQeqs + PeP1@iq))r  GJ k1=1,2,3 (6.1-25)

The tensor s;jy; has the same symmetry as the elastic tensor and has 21 distinct components. We
can therefore conclude that the stiffness tensor produced using configuration averaging contains
the base tensor with 21 distinct components, while the stiffness tensor constructed via standard
orientation averaging would contain a base tensor with only 15 distinct components
corresponding to full symmetry of a; ;.

6.1.3 Obtaining Material Parameters for Material in Single Configuration

We now describe the procedure for obtaining the material parameters in Equation (6.1-17). If a
material contains fibers in a limited range of configurations, these constants could be obtained
experimentally. However, such an empirical approach would be impractical for realistic DFCs.
Alternatively, one could perform a large number of numerical simulations to obtain the
constants.

We propose an approach based on orientation averaging and semi-empirical Halpin-Kardos [55]
equations. Regarding a curved fiber in an arbitrary configuration as an assembly of segments of
straight fibers, we can assign an orientation tensor to any given segment. We will first define a
planar orientation tensor for a bent fiber with shape given by &,7 in fiber coordinate system
f=(p.q.s), and subsequently rotate the result to obtain the solution for arbitrary configuration.

From Figure 6-5, we note that ¢ = ¢ and 0 = g for a segment of bent fiber with orientation

given by vector p.

x1

-
VAN
-
<

ol

Figure 6-5. Orientation vector P for a segment of bent fiber.

The probability of finding a segment with given orientation is given by
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7 i for ¢ €< — T >
Y(@) =4 my 2’2 (6.1-26)
0 elswhere

Components of orientation tensors @;; and d;jy; representing the segments of bent fiber can be
calculated from definition given in Equations (6.1-19) and (6.1-20).

3n+ (4 +cosn)sinn _

5 3n+ (=4 + cosn)sinn _ 5
ai111 = 81 yA2222 = 81 yA1122 = 2211
5 5 5 5 n —sinncosn (6.1-27)
= QAq1212 = Q2112 = 2121 = Q1221 = 81

with all other components reducing to zero. We now use planar orientation averaging over the
transversely isotropic stiffness tensor

(Cijray = 15881 + 8u8c) + A5(81611) + 62(@ij0ks + At 6if)
+(o — ts) (@i 8j1 + Qubji + @b + jxc b)) + G4Qijra (6.1-28)
ij k=123

where ug, Ag, U, G2, G4 are material constants for straight fibers obtained from the Halpin-Kardos

[55] equations and the following relations:
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— _ElEZGZ3
ElEZ - 4‘E1623 + 4‘E2623V122

p = Gys, Mo = G12, A —G33,

E E;Ga3(1 — 2vp3)

¢ = Gz +
(6.1-29)
E12(E2_4623) + E1E;Gp3(4vi, — 1)

= G,3 — 4G
Ca 23 12+ E\E, —4E,G,3 + 4-526;231/122

The orientation averaging in Equation (6.1-28) results in an orthotropic stiffness tensor.
Consequently, we can obtain nine material constants in Equation (6.1-14) for a material
containing curved fibers:

U= Us — Gal1122; A=A+ 26y ly122; Kpz = 62011 — 2 81122 Ga3 Kgqz = G202 —
~ 1 ~ ~ 1 - -
201127 G451 = 5((#0 — Us)lyg + 28112264); Hp = > ((uo — Hs)@zp + 281122 Ga); (6.1-30)

Kpa = G1111645 Kqa = 02222645 Ksa = 30112264

For straight fiber with n — 0, the limiting process reduces an orthotropic material with nine
material constants to a transversely isotropic material with five material constants as expected:

1

B=us A=A, Kp2 = G2 Kpa = Qa1 = ;(ﬂo — Hs), tp = Kgo = Kqa = Ksa = 0.
Examples

To illustrate the proposed approach on examples, we will follow our derivation in reverse. In

Table 6.1-1, we use numerical values for fiber and matrix properties given in an appendix of
Reference [8].

Table 6.1-1. Fiber and matrix properties from reference [8].

E; [Pa]( [psi]) vy | En [Pa]([psi]) Vim Vs 3

7.24 10" (10.5 10°) 0.2 | 3.4510°0.5 10° 0.35 0.2 100
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To generate material constants for a material with fibers in single configuration, we use Halpin-
Kardos [55] equations and Equations (6.1-29) and (6.1-30). Figure 6-6 shows material constants
in Equation (6.1-17) as a function of curvature n for a material in with fibers single
configuration.

158410 7 Material
Constants [Pa]
136410 |
108410 1 sl

7.5E+09

5.0E+09

2.5E+09

0.0E4+00 seacspsisia A msasahpal
0
-2.5E+09 -

-5.0E+09 -

—p —A —«kp2 —kq2 =—pl ~eo-p2 ----kpd ---kqd

Figure 6-6. Material constants as a function of curvature ) for a material in with fibers single
configuration having aspect ratio & = 100 and constituent properties listed in Table 6.1-1.

Note that straight fibers and fibers forming half of a circle have five distinct material constants

corresponding to a transversely isotropic material. Constants that will be used later are given in
Table 6.1-2.

Table 6.1-2. Orthotropic material constants for a material with curved fibers in single
configuration given by shape parameters § = 100 for straight fiber 1 = 0 and curved fiber with
T

n=rz

n | u[Pa] | A[Pa] | kpy [Pa] | kqz [Pa] | uy [Pa] | uz[Pa] | kps[Pal| Kqa[Pa]|kss[Pa]
0 |1.8510°|5.0010°(-6.17 108 0 528107 0 [1.2010' 0 0
T 11.3110°(6.0910°|-1.67 10% | -1.1210° | 2.22 10%|2.69 10%]1.08 10'°| 5.29 107 |1.63 10°
4
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To provide a tool for better understanding of the influence of fiber curvature on material
properties, we can use transformations listed in [54] to generate nine engineering constants in
fiber coordinate system as shown in Figure 6-7.

1.8E+10 - - 0.6
Modulus [Pa] Poisson Ratio

1.6E+10

1.4E+10

1.2E+10

1.0E+10

8.0E+09

6.0E+09

4.0E+09

2.0E+09

0.0E+00 T T T T T T O

0.0 0.5 1.0 1.5 20 25 30 N
—Ep —-=—Eq ——Es ----Gpq -~ Gps -=Ggs ---vpg -- VvpPs ---vgs

Figure 6-7. Engineering constants as a function of curvature | for a material in with fibers single
configuration having aspect ratio & = 100 and constituent properties listed in Table 6.1-1.

All of the results above are obtained through orientation averaging of transversely isotropic
stiffness tensor and represent material with fibers in single configuration. To demonstrate the
concept of configuration averaging, we calculate geometric tensors for material with fibers in a
finite set of configuration from the following definition:

N N
121514794 qiq; 9r 91
Aijkl = zyx%.biﬂd = ZYK%;
= N - (6.1-31)
Sijkl — z YK plp] qrq ~ QLq] PrDi i,j, k,l — 1' 2' 3
K=1

, where Z =YN_,Y; cosB, and vectors p = p(Ak, Bx ), q = q(Ak, By ,Ix) are calculated
directly from Equation 6.1-4 and Equation 6.1-5 Yy indicates the fraction of fibers in given
configuration. Second order-tensors can be obtained through contraction.
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We consider a hypothetical material consisting of an ensemble of three fibers (N=3) with the

geometric configuration parameters listed in Table 6.1-3.

Table 6.1-3. Geometric configuration parameters for three fibers.

Ak Bk Iy Yk
Fiber 1 0 0 0 1/3
(K=1)
Fiber 2 /32 /32 /32 1/3
(K=2)
Fiber 3 /3 /3 /3 1/3
(K=3)

Using standard representation of symmetric fourth order tensor with symmetry given in Equation
(6.1-12) as 6x6 matrix, the configuration given in Table 6.1-3 results in the following geometric

tensors:

Ay =

by =

1 2.84 1071
7.32 1072
8.16 1072

—7.49107% 1.321072

7.32 1072
6.71 1071
2.311072

8161072 —7.491072-1.521071 1.401071 T
1.32107% —4.07 1072 —4.00 10~*
2351072 —2.13107%2-4.381072 4.00 1072

4.00 1072 —4.07 1072
8.16 1072 —7.49 1072

2.311072

—2.131072 2.311072
—1.5210"1—4.07 1072 —4.381072 4.00 1072
L 1.401071 —4.00107* 4.001072 —4.071072—-7.491072 7.321072 -

128

16.58 1071 1.09 1072 3.44 1072 1.88 1072 4.09 1072 3.63 107 2]
1.0910722.3510729.3810724.69 1072 2.74 1072 1.38 1072
3.4410729.3810723.7510711.8810711.09 1071 5.44 1072
1.8810724.6910721.8810719.3810725.44 1072 2.74 1072
4.0910722.7410721.0910715.4410723.44 1072 1.88 102
13.6310721.3810725.4410722.7410721.88 1072 1.09 102

(6.1-32)

(6.1-33)



3.371071 1.88107! 7.66107% 2.61 107 %]
74310714.61107% 1.06107* 2.17107% 1.11107% 8.321072
3.3710711.06 107! 1.88107! —3.931072—-1.4810"11.75107¢
1.8810712.171072-3.931072—-8.59 1072 —1.09 1071 7.10 1072
7.6610721.11107%2-1.4810"1-1.091071 -1.02 1071 1.76 1072
12.6110728.321072 1.7510°! 7.10107% 1.76 1072 3.97 102

[6.1910727.43 1071

NOR (6.1-34)

The reader may readily verify that Equations (6.1-23) hold and note that the mixed tensor
contains 21 distinct constants. We consider two cases of fiber shapes. In our first hypothetical
material, all three of our fibers are straight (n = 0) with aspect ratio & = 100, while in the second

material, the fibers are curved with n = g. Shape averaging of identically shaped fibers will

result in constants listed in nine material constants listed in Table 6.1-2. We can now use these
constants with geometric tensors listed in Equations (6.1-32) through (6.1-33) in Equation (6.1-

34) to assemble stiffness tensors. For the material with straight fibers:

[1.54101° 4.6210° 4.6710° 6.86107 3.4410% 3.4810%
4.6210° 8.7810° 5.7410° 3.5210% 2.1910% 7.92107
C= 4.6710° 5.7410° 1.2410° 2.0410° 1.1510° 5.88108 (6.1-35)
- 7 8 9 9 8 8 :
6.8610 3.5210 2.0410 2.9110 6.4110 3.0910
3.4410% 2.1910% 1.1510° 6.4110% 2.1410° 1.98108
13.4810% 7.92107 5.8810% 3.0910% 1.9810% 1.8910°
and for the material with curved fibers:
(1.48101° 4.6910° 4.3710° 1.7510% 4.3110% 3.5310%]
4.6910° 8.8110° 5.2210° 3.4910% 2.8110% 1.9610%
C= 4.3710° 5.2210° 1.2310%° 1.7710° 8.0410%8 5.01108 (6.1-36)
- 8 8 9 9 8 8 :
1.7510 3.4910 1.7710 2.9510 5.5710 3.6110
431108 2.8110% 8.0410® 5.5710%8 2.3610° 2.96108
13.5310% 1.9610% 5.0110%8 3.6110% 2.9610% 2.5110°

It is apparent that for the material containing straight fibers, configuration averaging recovers the
results of orientation averaging and results in stiffness tensor with 15 distinct constants.
Configuration averaging of curved fibers gives a stiffness tensor with 21 distinct constants
corresponding to full anisotropy.
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6.1.4 Conclusions

We propose a new practical method for obtaining the stiffness tensor for discontinuous fiber
composite materials containing curved fibers. The new concept of curved fiber configuration is
introduced. This configuration is described by five dimensionless parameters. Two parameters
describe the fiber shape and three parameters describe the rotation of this shape with respect to
the laboratory coordinate system. An ensemble of fibers is described by configuration
distribution function. For a system of non-interacting fibers, separation of variables is used to
define the configuration distribution function as a product of shape distribution and rotation
configuration functions. Furthermore, we propose a new method of configuration averaging for
constructing a stiffness tensor for a material containing an ensemble of curved fibers. This
configuration averaging leads us to the definition of orientation, curvature and mixed fourth
order tensors. The fully anisotropic stiffness tensor for an ensemble of curved fibers can then be
assembled using these three tensors and nine averaged elastic constants. We provide a method
for predicting these material constants and show that our method of configuration averaging
reduces to orientation averaging if all fibers within the material remain straight. The method is
illustrated by numerical examples.
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Abstract

We apply a method for obtaining fully anisotropic stiffness tensor for a composite material
containing curved discontinuous fibers to several example cases and show the effect of curvature
on the nature of anisotropy of the stiffness tensor. For a material with fibers in single
configuration, we obtain transversely isotropic material for straight fibers and for fibers
enclosing half of a circle. The planes of isotropy for these two limit cases are orthogonal with the
stiffness tensor for a general case being orthotropic. We show that the effect of fiber curvature on
stiffness 1s negligible for materials with perfectly random fiber rotation. We also establish the
number of fibers, hence a volume, over which we need to average to approach desired material
properties and avoid excessive scatter in numerical results. The new method for establishing
stiffness tensor is tested against experimental results. Comparison of stiffness measurements
using x-ray digital image correlation against stiffness calculated with fiber configuration
obtained by x-ray tomography shows that accounting for fiber curvature provides better estimate
of stiffness.
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6.2.1 Introduction

Modern rapid processing techniques for discontinuous fiber composites, such as direct in-line
long fiber reinforced process, compression molding and long fiber injection molding, result in
materials containing fibers with significant fiber length. Experimental observations point to the
fact that long fiber does not stay straight in the material, yet the assumption of straight fibers is
used for prediction of material properties [8, 43, 66]. The effect of fiber curvature on material
properties is often debated, however few systematic studies of this subject exist. Bapanapalli and
Nguyen [34] examined a special case of a single fiber via analytical and numerical results and
presented useful engineering conclusions. Continuous curved fibers were also studied in [67]
[68]. To the knowledge of the authors, there has been no systematic study of fiber curvature and
resulting stiffness tensor anisotropy for material containing an ensemble of curved fibers. This
can be attributed to the fact that curved fiber loses transversely isotropic symmetry, which was
used for stiffness tensor prediction using orientation averaging. In Part 1 of this paper, we have
introduced the concepts of fiber configuration for curved fiber with two planes of geometric
symmetry and configuration averaging over orthotropic stiffness tensor resulting in fully
anisotropic stiffness tensor. These concepts allow us to systematically evaluate the effect of
curvature on stiffness tensor for material described by configuration distribution function.

A summary of our method is provided below, however the reader is encouraged to consult Part 1
of this paper for more detailed discussion.

We have provided explanation of configuration distribution function for an ensemble of fibers
Y., which may be separated into two parts

Ye(a,B,v,$m =yp(a, B,V m) (6.2-1)

In Equation (6.2-1), the rotation of fiber coordinate system with respect to laboratory system

given by three angles «, f,¥ and the shape of a fiber given by parameters ¢ = s,n = % , are
independent for an arbitrary configuration. The shape parameters therefore depend on fiber
length L, fiber diameter d and the radius of fiber curvature R.

Configuration averaging of orthotropic stiffness tensor leads to the following stiffness tensor:

(Cijde = A(8:18j1 + 8:16x) + 264611 + Kpa(@ijmmOrt + 81 Aetmm) + Kqz (Dijmm Ot +
6ijbklmm) + 2.""—1(5ikajlmm + Silajkmm + 5jlaikmm + (Sjkailmm ) + Zﬂ—z(aikbjlmm + (6.2-2)
81D jtemm + Sj1bianm + 8jkbimm) + Kpaijr + Kgabijir + KsaSij 1,j,k, L, m =1,2,3
Where §;; represents Kronecker delta and summation over repeating indexes is implied.
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B= | [ kEmwgEn dgdn (623)
&=0n=0
In Equation (6.2-3), k represents any of the constants in of Equation (6.2-2) and

2n /2 2r
Lijrr = f f ftijkl(a:B;V)lpR(a;,B;Y)COSﬁ dadfdy i,j,k1=1,23 (6.2-4)

y=0 f=—m/2 a=0
Where t;j; in Equation (6.2-4) represents any of the fourth order tensors in Equation (6.2-2)

Because any fourth order tensor in Equation (6.2-2) possesses at least the symmetry of the
stiffness tensor Cyji; = Cjj = Cryij, We can write any fourth order tensor as 6x6 matrix using the
following scheme to assign the indexes during the transformation from three dimensional space
to six dimensional space [48]:

11-1,22-2,33-53,23=32->4,31=13->512=21->6 (6.2-5)

This transformation brings the stiffness tensor into standard engineering notation also referred to
as the Voigt notation.

6.2.2 The Effects of Curvature

6.2.2.1 Material with Fibers in Single Configuration

We turn our attention to material containing fibers in single configuration. All fibers in such
material have the same rotation angles «, §,y and the same shape parameters &,7. We can write
the probability of finding a fiber of given configuration for such material in the following form:

Ypla, B,y) = 8(a—A)SB —B)s(y—1I) (6.2-6)
Y(§m) =6 —X)é6(m— H) (6.2-7)

Where 6 is Dirac Delta function and parameters in capital Greek letters indicate the particular set
of configuration parameters. We will use notation a4, b(4) and sS4 for fourth order orientation,
curvature and mixed tensors. These tensors will be represented in Voigt notation. We now
provide specific examples:
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For A=0, B =0 and I' = 0 representing a fiber with vector p parallel to x axis of laboratory
coordinate system:

10000 0 00000 O 010000
00000 O 01000 0 10000 0

o oooo0owol, loooo0oo0wo. _looooo0o0 )

=10 0000 02 |o 0000 0®foo0oo0o0o0 o ©
00000 O 00000 O 00000 O

lo 0 0 0 0 o lo 0 0 0 0 o lo 0 0 0 0 o

For the following examples we will use material properties from [8] listed in Table 6.2-1, where
Er and E,, are the Young’s moduli for the fiber and matrix material, v, and v,, are the Poisson’s
ratios and V is the fiber volume fraction.

Table 6.2-1. Constituent Material Properties.

Ey Pa] E, [Pa]
! . v m - ", 174
(Er [pst) d (Em [psi]) m i £
72410 3.45 10
(10.5 10°) 02 0.5 10° 0.35 0.2 100

Orientation averaging of transversely isotropic stiffness tensor with material constants obtained
using Halpin-Kardos equations [55] results in the following parametric form of material
constants for orthotropic stiffness tensor

kiH + k,Sin[H] + k3Cos[H]Sin[H]

- (6.2-9)

Pa

T=

Where T represents any of the nine material constants. Values for obtaining nine material
constants for X = 100 are given in 6.2-2.

Table 6.2-2. Parameters k,k, and k5 for orthotropic material with fibers in single configuration
and aspect ratio X = 100.

a A Kpz Kqz [y Iz Kpa Kqa Ksa
k,3.55 108 8.10° | —3.310°|-3.310° 1.4710° |1.47 10°4.49 10° 4.49 10° 4.49 10°
k- 0 0 —3.0810%83.08 108—2.64 107|2.64 107 [5.99 10°— 5.99 10° 0
k5| 1.5 10°|-2.99 10° 2.99 10° {2.99 10°|— 1.5 10°/~ 1.510%1.510°| 1.510° K4.49 10°
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Values for coefficients corresponding to H = % and straight fibers H = 0 obtained through

limiting process are listed in 6.2-3.

6.2-3. Orthotropic material constants for material in single configuration given by shape

parameters X = 100, H = %and material with straight fibers X = 100, H — 0.

[t [Pa] A [Pa] Kp2 [Pa] Kq2 [Pa] Py [Pa] fz [Pa] Kpa [Pa] | Kgq[Pa] | ¥ [Pa]
" o | 18510° | 50010° | —6.17 10° 0 5.28 107 0 1.20 10%° 0 0
_ 7| 13110° | 6.0910° | —1.6710° | —11210° | 49410° | 54110° | 1.0810' | 529107 | 1.6310°
4

Material with curved fibers in single configuration is therefore orthotropic in general as we have

shown in Part 1. Figure 6.2-1 shows the material constants in graphical form.
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Figure 6.2-1. Material constants for orthotropic material with fibers in single configuration and

aspect ratio X = 100.

Since the material is orthotropic, we can use relations given in [54] to generate engineering
constants with respect to the principal axes of orthotropy, which coincide with the fiber
coordinate. Figure 6.2-2 shows Young’s moduli, shear moduli and Poisson ratios as a function of

curvature.
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Figure 6.2-2. Young’s moduli, shear Moduli and Poisson’s ratios for orthotropic material with
fibers in single configuration and aspect ratio X = 100.

6.2.2.2 Material with Perfectly Random Fiber Rotation

In this section, we consider material in which the fiber rotation is perfectly random over the
entire range of angles «, § and y. This distribution is represented by a constant function

1 T
Yp@,By) = 82’ a €(0,2m), p € (—5,5),v €(0,2m) (6.2-10)

And with the help of symbolic equation solver [69], the geometric tensors can be obtained
analytically by performing integration as outlined in Equation (6.2-4).
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15
0 0 0 0 -
15
0 0 0 0 0 I
111
5 15 15
111
15 5 15
111
b =|15 15 5
® o o0 o 1 - (6.2-12)
15
0 0 0 0 — o
15
0 0 0 0 0 I
2 4 4 0 0
15 15 15
4 2 4 0 0
15 15 15
A2 0 0
_|15 15 15
S = 0 o0 o Loy (6.2-13)
15
0 0 0 0 -— o
15
0 0 0 0 0 !
15.
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The reader may verify that fiber changing the magnitude of fiber curvature does not influence the
resulting stiffness tensor with material constants calculated listed above. For example, both sets
of constants in Table 6.2-3 result in the same stiffness tensor:

1.06 101 5.3910° 5.3910° 0 0 0
53910° 1.0610'° 5.3910° 0 0 0
C = 5.3910° 5.3910° 1.0610%° 0 0 0 (6.2-14)
0 0 0 2.6110° 0 0
0 0 0 0 2.6110° 0
0 0 0 0 0 2.61 10°-

Our particular method of obtaining orthotropic material constants by orientation averaging of
transversely isotropic stiffness tensor only accounts for changing orientation along the axis of the
curved fiber and ensures that we obtain identical stiffness tensors regardless of fiber curvature. In
general, the method of configuration averaging would result in different stiffness tensors for
varying fiber curvature, however the form of the stiffness tensor would not change. It is clear that
this material is isotropic with Young’s modulus E = 6.99 10° Pa and Poisson’s ratio v =
3.37107%

We have therefore observed that changing the magnitude of fiber curvature in material with
fibers in single configuration has significant influence on the stiffness tensor, while perfectly
random fiber architecture negates the effects of fiber curvature.

6.2.2.3 Representative Volume

Since our method for stiffness tensor evaluation relies on averaging of configurations, we seek to
establish in this section the size of a physical volume we need to average over to avoid stochastic
nature of results dependent on particular volume selection.

For material with fibers in single configuration, we clearly need only the volume of a single fiber
and surrounding matrix.

nd®
Vi = T (6.2-15)

If our material contains fibers in finite set of N configurations, the representative volume
necessary for exact determination of stiffness tensor is

nd N
Vs = 4_1722(") (6.2-16)
=
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Equation (6.2-16) contains the assumption that all fibers in our material have identical fiber
diameter.

When the configuration distribution function is continuous for any of the five parameters, we
need to average fibers of finite size over an infinite volume to obtain the exact stiffness tensor.
Clearly, any realistic part or physical volume of material contains only a finite number of fibers,
therefore continuous distribution function is merely a convenient approximation of reality. With
the recognition that 1.0 cm3 of material with glass fibers of d = 1.5 10™> m with aspect ratio
and modest volume fraction given in Table 6.2-1 contains 7.55 10° fibers, representation of
microstructure for realistic DFCs with continuous distribution functions appears reasonable.

6.2.2.4 Approximation of Material by a Finite Number of Fibers

In the following discussion, we establish the number of fibers, hence the volume, over which we
need to average to achieve acceptable error for materials containing very large number of fibers.
The answers will naturally depend on the nature of configuration distribution.

The lower limit for averaging volume is a material with fibers in single configuration where we
only need a single fiber to recover the exact stiffness tensor for such material. However for any
material with a probability distribution function for any configuration parameter being
continuous, we will recover only approximate stiffness tensor if we select a random set of fibers
satisfying the configuration distribution.

We will estimate the approximation error for the previously presented example of material with
perfectly arbitrary rotation distribution. We can use random number generator to produce 10*
fiber configurations and subsequently evaluate isotropic Young’s modulus obtained from
configuration averaging over a selected set of fibers. The Young’s moduli for approximations of
isotropic material are obtained by calculating compliance matrix through inversion of stiffness
matrix and subsequently inverting the first three diagonal terms. These three terms are identical
for truly isotropic compliance matrix.

We start by evaluating the isotropic Young’s modulus for the entire set of 10* fibers. Then we
evaluate Young’s moduli for randomly selected subset and continue reducing the size of the
subset until we have only one fiber. We use the following formula to generate the number of
fibers N that will be selected for in a given set

Ny = Round (10°%)  i=1..17 (6.2-17)
To obtain the number of fibers in our subsets

Ny =1,2,3,6,10,18,32,56,100,178,316,562,1000,1778,3162,5623,10000 (6.2-18)
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Using Mathematica [69] random number generator for 10 sets of rotation configuration
parameters with shape parameters X = 100,H = %, and perfectly random rotation we can
generate plot shown in Figure 6.2-3.
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Figure 6.2-3. Isotropic Young’s moduli for 10 randomly generated ensembles of fibers with
1

shape parameters X = 100, H = "
The reader may observe that we approach what can be considered an exact value E = 6.99 10°
calculated for continuous fiber distribution as the number of fibers increases. Changing the fiber
curvature results in plot nearly identical to Figure 6.2-3. We can now define error of
approximation as

Max (Ey, ) — Min (Ey,)

6.2-19
» (6.2-19)

Where we use maximum and minimum isotropic modulus calculated using approximation with
N fibers exact isotropic modulus E calculated with continuous distribution function. Figure 6.2-
4 shows err for approximation of perfectly random fiber rotation of straight fibers and curved
fibers with H = %. It is clear that both solutions converge to identical value and that 100 fibers
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will result in err of less than 10%. We also note that configuration averaging and well
established orientation averaging require comparable representative volume.
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Figure 6.2-4. Error err for material with perfectly random rotation of straight (x) and curved (o)
fibers approximated by a finite set of randomly generated fibers Ny.

We can use Equation (6.2-16) with 100 glass fibers of 15um diameter in material with modest
fiber volume fraction vy = 0.2 to obtain material volume of V = 1.23 10" m’. This is equivalent

to the volume of a sphere with radius r = 3.16 10 m. This dimension is significantly smaller
than any dimension of realistic DFC part.

6.2.2.5 Comparison with Experiments

Now we compare results of our method to against a realistic material produced with a common
production technique. Polyamide 6,6 (PA6,6) material containing 50% of glass fibers by weight
in the form of 12 mm long pulltruded pellets was injection molded into a an edge gated plaque
cavity of 600mm x 600 mm and 2.8 mm thickness. Physical samples in this study were harvested
from centers of these plaques. Figure 6.2-5 shows weighted fiber length distribution in the

sample obtained by pyrolysis and measurements of digitized image of 2000 individual glass
filaments [7].
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Figure 6.2-5. Weighted experimentally measured fiber length distribution.

Nominal diameter of 15 pm was measured for glass fibers in these samples using optical
microscopy.

Experiments were performed using X-ray micro-tomography unit with a tensile testing machine
[70]. This setup allows us to perform tomography at the beginning of the experiment and obtain
fiber orientation as well as fiber curvature measurements. Measurements were performed on
segments of 466 fibers with the best reconstruction. Although it is theoretically possible to obtain
configuration of each individual filament using the setup presented in [70], reduced field of view
and imperfect alignment of the testing machine in the tomography unit produces artifacts making
tracking of each fiber difficult. Figure 6.2-6 shows histogram of fiber radius measured
confirming the presence of curved fibers. Note that glass fiber subjected to pure bending can
have minimum radius of approximately 147 um.
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Figure 6.2-6. Histogram of fiber radius measured using x-ray micro-tomography.

Equations 6.2-20 through 6.2-22 provide geometric tensors reconstructed from the measurements
on 466 filaments.

as)
[ 8.62 1072  1.38107% 1.07107! —2.791073 —-3.2110"% 9661073
1381072 3271072 1131072 —-1410"3 -29410"3 4.021073
_|107107* 1131072 617107 127107 -12710"! 4281073 (6.2-20)
—2.791073% —-1410"3 1271072 1131072 4281073 —2941073
—3.21107% —-29410"3% —-1.2710"! 428103 1.0710°!' —2.791073
9661073  4.02103 4.281073 —-29410"3 -2.7910"3 1.381072

b4
1431071 9961072 2421072 —-79510"3 2241072 —1.271072
9961072 5.08107! 3291072 —-23510"% 2351072 —5.421072
_ 12421072 3.29107% 3541072 —-1.44103 9261073 —-3.741073 )
_ (6.2-21)
—7951073 —-2.3510"2 —-1.4410"3 3.2910°2 -—-3.741073 2.351072
2241072 2351072 926103 —-3.7410"% 2421072 -7951073
—1.27107% —-5.4210"% -3.741073 2351072 —-7.951073 9.961072
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S
[7.17 1072 1.59107! 243107' —-7.2510"3 —-24810"% -1.22 10—2]
1.5910°* 2771072 5.1210°' -7.2710"* -1.0610"' 8.341073
2431071 51210°! 7331072 -2.7910"%2 2361072 —4.8910°2 (6.2-22)
—-7.251073 —-7.27107* -2.791072 -14610"%2 3871073 1.141073
—-248107%2 -1.0610"' 2361072 3871073 -58710"2 2.861072
—-1.22107%2 8341073 —-4.891072 1141073 2861072 —1.311072

Mechanical tests were performed on double dog-bone shoulder loaded samples with 1mm x 1
mm cross section [71]. Figure 6.2-6 shows stress strain curves from digital image correlation
using X-ray images of sample deformed under known load. The solid lines in Figure 6.2-7 show
fifth order polynomial least square fit that provide tangential Young’s modulus summarized in
Table 6.2-4.
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Figure 6.2-7. Stress-strain curves from digital image correlation.

Table 6.2-4. Tangential Young’s moduli from digital image correlation of X-ray images of
loaded samples.

Samplel Sample 2 | Sample 3 | Average

E [GPa] 8.88 5.84 8.09 7.61
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Table 6.2-5 shows constituent material properties used for prediction of the stiffness tensor. The
matrix properties were obtained by averaging tangential modulus of five PA6,6 samples
containing resin identical to that used in the reinforced material.

Table 6.2-5. Constituent material properties for injection molded PA6,6
containing 50% glass fibers by weight

Ef [Pa] vy E,, [Pa] Vi Vy

7.24 10" 0.2 2.6310° 0.35 0.31

Averaging for material in with finite set of configurations, presented in Part 1, was used with
number of fibers N=466. Random number generator in Mathematica [69] was used to select
values from fiber length measurements and pair them with radii to generate values for ¢ and 7
for each filament. Two stiffness tensors were calculated for one hundred randomly selected sets
of 466 fibers. Due to the small sample size, the values of ¢ for each filament were adjusted by
randomly generating the intersection of the fiber with the sample and eliminating portions of the
filament outside of the sample. One stiffness tensor, accounted for fiber curvature, while the
other was calculated with the assumption of straight fibers. Figure 6.2-8 shows sample stiffness
Ec for curved fibers and Es for straight fibers. The assumption of curved fibers resulted in mean
sample stiffness prediction of 8.77 GPa, while the mean for straight fiber prediction was 9.05
GPa.
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Figure 6.2-8. Predicted sample Young’s moduli Ec and Es for curved fibers and straight fibers
respectively.

The deviation from average experimental measurement is therefore 15% for model with curved
fibers and 19% for model with straight fibers. It is likely that we would obtain closer match if we
accounted for time dependent or non-linear behavior of the matrix material. It should also be
noted that we have not performed any calibration of matrix material or arbitrary adjustment of
parameters occasionally performed in engineering practice.

6.2.2.6 Conclusions

We have shown that the impact of fiber curvature on stiffness tensor properties depends on the
rotation distribution function of the DFC material. The extreme examples are materials with
fibers with perfectly random fiber rotation and materials with fibers in single configuration. For a
material with perfectly random fiber rotation, where the local fiber coordinate system is oriented
in any direction with equal probability, fiber curvature does not influence the stiffness tensor. For
material with fibers in single configuration, fiber curvature influences not only the material
properties.
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We show that the representative volume over which we need to perform configuration averaging
is comparable to the volume needed for orientation averaging and that this volume is small given
reasonable expectation of acceptable error.

Finally, we compare results of configuration averaging and orientation averaging using
experimentally obtained data. X-ray micro-tomography is used to obtain fiber orientation and
curvature parameters, while x-ray digital image correlation is used to obtain stress-strain
behavior of injection molded material. We demonstrate that configuration averaging produces
closer match than orientation averaging.
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6.3 Observation of Composite Materials Using Coupled Mechanical Testing and
Computed Tomography

Vlastimil Kuncl’z, Donald Erdman 2, Barbara Framez, Robert Norrisz, Scott Case’
Abstract

A coupled load frame and x-ray micro-tomography unit was used to observe damage processes
occurring within model composite specimens subjected to mechanical loading. These specimens
consisted of two tows of glass fiber in the form of bound loops within an epoxy matrix of
cylindrical form with 3-mm diameter cross-section. Computed tomography reconstruction was
used to investigate internal structure of the specimens under load. This reconstruction revealed
internal cracking and progressive failure in several experiments.

6.3.1 Introduction

The use of composites over the past six decades has been driven by high-end structural
applications where design is governed by specific stiffness, strength or fatigue life considerations
and where no single homogeneous material could be used [1]. To support these designs,
investigations of damage processes in the composites were used primarily to establish failure
criteria and in turn to design material with higher threshold for damage. Most studies in the field
were oriented on design an analysis of composites under standard service conditions, therefore
energy absorption of composite structures was not the primary concern. As composites are
increasingly applied in automobiles and other structures where behavior during abnormal service
events, such as crash, is of considerable importance, energy absorption is being investigated.
Some composites have been found to possess good energy absorption properties; however,
empirical investigations and phenomenological models for given material combinations and fiber
architectures appear to dominate this field. Designers wishing to tailor the internal structure of
composite material reinforced with continuous fibers can use readily available tools and design
guidelines to investigate numerous options prior to making an actual test article. These tools will
likely give good predictions for stiffness analyses and, when used with a large amount of
published experimental data, provide reasonable predictions for strength analyses. Multi-scale
modeling tools [2, 3] can be used to estimate energy absorption of composite structures, however
confidence in predictive capabilities of these tools may suffer due to the inability to support
assumptions about progressive damage on the microscopic scale by direct observation of
multiple damage processes being active. When designing for maximum strength, it is usually
preferable to delay initial damage in the material until high load is achieved in the structure and
it is important to make sure that failure occurs in the fiber direction rather than relying on other,
matrix property dominated, failure mode. Reducing the number of damage mechanisms being

! Author to whom correspondence should be addressed: kuncv@ornl.gov, (865) 574 - 8010
? Oak Ridge National Laboratory
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active in the material prior to failure and increasing threshold load for initial damage is the usual
objective in design and analysis of composite structures. As long as multi-scale modeling tools
capture the limited number of dominant failure modes, they are useful for strength driven design.
In contrast, the objectives in designing composite structures for maximum energy absorption
differ significantly. Energy absorbing structures are often used to protect passengers in a vehicle
or electronics in an enclosure by reducing inertial forces during incidents and rough handling.
This is best achieved by triggering initial damage early and dissipating energy through multiple
damage modes. Instead of minimizing the number of damage modes and maximizing the initial
damage threshold as in strength driven design, maximum number of damage modes and early
onset of damage is usually desirable in energy absorbing structures. A thorough understanding
of possible damage modes is therefore necessary in order to develop reliable predictive tools for
energy absorption modeling. This understanding is dependent on techniques used to observe the
damage modes. Data collected on the surface of test articles via strain gages, extensometers or
optical methods [4] along with visual observation of samples and microscopy of failure surface
[5] are traditionally the primary tools for evaluation of processes being active within material.
Acoustic emission can be used to monitor the nature and location of damage if the process is
audible [6]. Micro-cracking is also often observed using x-ray imaging of a penetrating liquid
deposited in the cracks [7]. The techniques listed above are well established and their use is
widespread; however they do not allow direct observation of specimens subjected to load—one
is left to infer and model the events that took place in the composite. To address this gap, a
tensile testing machine capable of operating inside a 3-D x-ray tomography machine is being
developed at ORNL. This new and unique capability allows examination or processes occurring
in materials and viewing of specimens under load in various stages of damage in three
dimensions.

6.3.2 Specimen preparation

Substantial effort was devoted to developing a procedure for sample manufacturing. The goal in
specimen preparation was to obtain repeatable samples with controlled fiber architecture,
material properties, interface properties and with geometry that would lead to failure in the area
of interest. Three epoxy resin systems were evaluated in an effort to obtain desired "ductile" and
"brittle" matrix behavior. While it was possible to achieve very brittle behavior in one system, it
was not possible to manufacture specimens with this system without incurring damage prior to
mounting of the sample in the testing machine. It was also not possible to obtain failure with
necking with the epoxy systems under consideration. Preparation procedures were identical for
all three epoxy systems, however handling and curing times may vary. The procedure is
discussed in detail below for Epon 862 resin and 30 phr Ancamine 2167 hardener. Small tow E-
glass [8] was used to make the desired fiber form. The fiber form had a shape of two
interconnected loops. The loops were continuous (Figure 6.3-1) or interrupted at pre-determined
location (Figure 6.3-2).
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Figure 6.3-1. Schematic of fiber form within a Figure 6.3-2. Schematic of fiber form within
specimen with continuous fiber tow loops. a specimen with interrupted fiber tow loops.

A cylindrical specimen rod was formed around the fiber form and grip pieces were bonded to the
end of the specimen rod using a fixture. Several design iterations of grip pieces were conceived
and experimented with to reduce excessive specimen relaxation under load, specimen rod pull-
out and fracture near the grip piece (Figure 6.3-3).
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Figure 6.3-3. Untested specimen, specimen with pulled out grip piece, specimen with gage
length grip failure and initial specimen design.

This effort was only partially successful since grip failures were not eliminated for any of the
design iterations. The final design of the grip piece is illustrated in Figure 6.3-4. A stainless
steel threaded rod (1/4-28) 0.25 inches long was drilled with a tapered drill bit and the wide part
of the hole was subsequently plugged by welding it.

Figure 6.3-4. Cross-section of final design of the grip piece.
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The following steps were followed to make "loop samples":

1.

6.

Cut two 18 inches long strands of glass tow and create a loop. Bond the ends of the strands
with cyano-acrylate adhesive for easy handling. If reduced fiber matrix adhesion is desired,
coat the tow in mold release and allow to dry.

Cover a flat surface with mold release film and affix stripes of high temperature tape 5 inches
apart.

Mix epoxy, deposit loops in the resin and heat up to 60°C, until most bubbles disappear. De-
gas resin with the loops.

Extract loops impregnated with resin and remove excess adhesive.

Affix stretched out loops with high temperature tape and cure the epoxy to obtain fiber form
(Figure 6.3-5).

Figure 6.3-5. Fiber form with cured epoxy maintaining the shape.

Cut the fiber form into an appropriate length and cut the strands if desired. Insert the fiber
form into a Teflon tube and seal the bottom with clay (Figure 6.3-6).

Figure 6.3-6. Fiber form (right) was inserted in Teflon tube and bottom sealed with clay (middle)

to produce a specimen (left).
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10.

Mix epoxy, heat up to 60°C until most bubbles disappear and de-gas. Fill syringe with the
epoxy and attach hypodermic needle

Pierce the clay at the bottom of the tube and slowly inject the epoxy. Withdraw the needle
and seal the opening thoroughly with clay to prevent leaks. Insert the Teflon tube in a copper
tube in vertical position to make the Teflon tube straight and to prevent leaks. Let the epoxy
gel and then cure.

Withdraw the Teflon tube from the copper tube. Pull out the specimen rod if possible. It may
be necessary to cut away the Teflon tube. Cut the specimen rod to appropriate length.

Clean the grip pieces thoroughly, wrap the threads in Teflon tape and insert them in the
alignment fixture. Mix epoxy, heat up to 60°C along with an empty syringe, grip pieces and
alignment fixture. Fill the syringe and deposit a few drops in a warm grip piece. Rotate the
specimen rod while slowly inserting it in the grip piece. Place a loose grip piece at the top of
the rod. Cure the epoxy. Remove specimens from the alignment fixture and repeat steps 21,
22,23 and 25 to bond grip piece to the other end of the grip piece

6.3.2.1 Experimental Setup

The test setup consists of a micro-tomography unit produced by X-radia Inc. and a custom screw
driven testing machine operating within the tomography unit (Figure 6.3-7) with accompanying
data acquisition and control equipment.

Figure 6.3-7. Testing machine within x-ray micro-tomography unit.
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The primary components of the micro-tomography unit are the source, detector and x-y-z-rotate
stage [9]. The source and the detector are also on stages to allow proper alignment. A 40—
150 keV x-ray source allows through penetration imaging. The detector contains a 2048x2048
pixel, 16 bit CCD camera and two objectives (3.8x and 19.8x). The 3.8x objective was used for
the study presented below.

The ORNL-designed test system is based on a screw driven testing machine with 1.33 kN
(300 1b) capacity that can test specimens of up to 3 mm (0.118 in.) cross-section. An Interface
load cell [10] is used to measure load and displacement is measured by the actuator encoder.
Custom software was written in LabView [11] for data acquisition and control of the system.

The tomography unit and the testing machine are connected to two separate computers and
synchronization is performed manually. Details about the experimental setup are available in
[12].

6.3.2.2 Testing Procedure

Alignment of the system is performed once before a set of tests is performed. The testing
machine is attached to a fixed bearing at the top and to the x-y-z-rotate stage at the bottom. The
objective of alignment is to assure that the axis of the stage is aligned with the axis of the
bearing. This will result in minimal forces on the stage positioning motors and minimal wobble
of the sample during rotation of the instrument. The precision of alignment is judged from the
movement of a small tungsten carbide ball deposited in an epoxy specimen rod. The specimen
rod was made using technique discussed above with the fiber form not being present. The ball
was deposited into a small hole that was drilled in the specimen rod and the hole subsequently
sealed with an adhesive. During alignment, the specimen rod can be treated as transparent and
only the movements of the ball was monitored. Figure 6.3-8 and Figure 6.3-9 show vertical and
horizontal wobble of the ball through 150 degrees of rotation. The amount of wobble is less than
for samples mounted on the stage without the testing machine present. This is likely due to the
additional constraint being present at the top of the testing machine.
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Figure 6.3-9. Vertical wobble of alignment ball through 150 degrees of rotation.

Once the alignment was performed, a set of tests was performed and the known wobble could be
corrected using software.

After the specimen was mounted in the testing machine, it was loaded to a low load level to
eliminate slack in the system. The sample was then loaded in displacement control with a stroke
rate of 0.005 in./s. Loading was performed in steps with pauses in which displacement was held
constant at initial pre-determined load levels. These pauses allowed imaging and examination of
the sample. Although the sample relaxed and the load decreased during the pause, two-
dimensional x-rays show individual fibers clearly and tomography reconstruction also provides
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valuable insight into the processes in the material. The time to complete each individual x-ray,
excluding manual operation of the computer, is 9.5 seconds for 5 second exposure with 4.5
seconds of data transfer overhead. With additional overhead for rotating the stage, the total time
to complete tomography imaging with 1000 exposures is three hours. Tomography was
performed before loading and at times when interesting behavior was observed during loading
and after gage-length failure.

6.3.3 Results and Observations

As indicated in the above discussion, grip failures were not eliminated; therefore observation of
processes occurring in the material leading to failure was not possible for some of the specimens.
There were several preliminary tests performed, primarily to establish the testing procedure and
to experiment with various epoxy formulations and gripping techniques. Three replicates of
three types of samples were tested. The first type contained a fiber form with a continuous loop
of un-modified tow. All of these specimens failed at the grip and no significant processes were
observed prior to failure. The second type of specimens contained fiber form with a continuous
loop of tow coated in mold release. Two of the three specimens failed at the gage length and
some observations are discussed below. The third set of specimens contained fiber form with an

un-modified, but interrupted tow. One tow was cut approximately 1 mm from the loop end
(Figure 6.3-10).

Figure 6.3-10. X-ray image of fiber form with interrupted tow (CutLoop1).
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It was speculated that the fiber ends in close proximity of the loop would act as stress

concentrators, which would initiate or alter failure mechanism of the sample.

However, all

specimens tested failed at the grip indicating the need to further refine the testing technique.
Table 6.3-1 represents the final set of tests performed with the knowledge gained during the

experimentation.

Table 6.3-1. Test Matrix

Specimen Name

Specimen Type

Test Notes

FullLoop1 Full loop, no mold release Grip failure at 60.2 Ib.
FullLoop2 Full loop, no mold release Grip failure at 59.6 Ib.
FullLoop3 Full loop, no mold release Grip failure at 68.9 Ib.

FullLoopMoldRel1 | Full loop, mold release on | Observed white region at 30 Ib. Gage length failure
tows at 54.3 Ib. Top loop failed completely.

FullLoopMoldRel2 | Full loop, mold release on | Did not observe damage before failure. Gage
tows length failure at 48.1 Ib.

FullLoopMoldRel3 | Full loop, mold release on | Observed crack at 24 Ib. Data acquisition
tows malfunction.

CutLoop1 Loop cut 1 mm from the loop | Grip failure at 60.2 Ib.
end, no mold release

CutLoop2 Loop cut 1 mm from the loop | Grip failure at 78.6 Ib. Possible data acquisition
end, no mold release malfunction during final loading.

CutLoop3 Loop cut 1 mm from the loop | Grip failure at 51.2 Ib

end, no mold release

Observations of FullLoopMoldRell (Figure 6.3-11) are presented below. Similar observations
were made during testing of FullLoopMoldRel2 and experimental samples with fiber tow sizing
not optimized for epoxy matrices.
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Figure 6.3-11. X-ray of FullLoopMoldRell specimen showing observable gage length.

Figure 6.3-12 shows the load-displacement curve for FullLoopMoldRell specimen. Loading of
this sample was performed in 3 lb increments, which can be detected in the load-displacement
curve. A large drop in load can be observed at 30 Ib and another drop at 42 Ib. These
correspond to relaxation of the sample during tomography imaging at 30 Ib and extended
examination at 42 lb.
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Figure 6.3-12. Load-displacement curve for the entire test of FullLoopMoldRell.
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A load-time curve shown in Figure 6.3-13 indicates relaxation of the specimen during each pause
in loading leading up to the tomography imaging, which was started with the specimen carrying
approximately 29 Ib. This tomography was performed because a new crack was observed in the
sample. Figure 6.3-14 shows relaxation of the specimen during tomography imaging.
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Figure 6.3-13. Initial ten minutes of loading leading up to tomography imaging at
approximately 29 1b.
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Figure 6.3-14. Relaxation of specimen during tomography imaging.
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After the tomography imaging was completed, the specimen was again loaded in steps with an
extended observation performed at 42 1b load level (Figure 6.3-15). Maximum achieved load
was 54.3 1b
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Figure 6.3-15. Loading after tomography taken at 29 1b with extended observation at 42 b and
failure.

Figure 6.3-16 and Figure 6.3-17 show details of x-ray images at no load and at approximately 29
Ib. The specimen subjected to load exhibits a crack opening that was not present during the
initial imaging before loading. This fact triggered the decision to perform tomography imaging.
The quality of reconstruction suffers when the specimen relaxes during imaging as can be seen
from Figure 6.3-18 and Figure 6.3-19, however single filaments can still be observed.

Figure 6.3-16. Detail of x-ray image of sample before loading.
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Figure 6.3-17. Detail of x-ray image of sample carrying approximately 29 1b of load.

Figure 6.3-18. Detail of tomography Figure 6.3-19. Detail of tomography
reconstruction at no load - horizontal slice  reconstruction of sample subjected to load -
of the loop. horizontal slice of the loop.
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Figure 6.3-20 and Figure 6.3-21 show slices of tomography reconstructions with no load and
with specimen under load respectively. These slices are oriented at approximately 90 degrees to
the imaging direction of Figure 6.3-16 and Figure 6.3-17. The crack can be tracked by inspecting
multiple slices of the reconstruction.

Figure 6.3-21. Vertical slice of tomography reconstruction of specimen under load showing
crack within the specimen not observable prior to loading.
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Another method of visualizing the internal structure of the sample is to render the tomography
reconstruction and highlight certain features. Figure 6.3-22, Figure 6.3-23 and Figure 6.3-24
show rendering of tomography reconstruction of the fiber form at no load, at approximately 29 1b
and after failure. This rendering can be achieved by making all parts of the reconstruction
invisible with the exception of locations with the most x-ray absorption.

Figure 6.3-22. Rendering of fiber form at no load.

Figure 6.3-23. Rendering of fiber form inside specimen subjected to load.
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Figure 6.3-24. Rendering of fiber form after failure.

Figure 6.3-25 and Figure 6.3-26 show rendering of locations with maximum and minimum x-ray
transparency. As in previous images, the fiber form is rendered in red, while the areas of
maximum Xx-ray transparency are displayed as blue and green. Air surrounding the cylindrical
specimen is clearly visible along with two voids near the specimen rod surface. Closer
examination reveals smaller voids and cracks in the vicinity of the fiber form, however these are
obscured by reconstruction artifacts. Further work on data processing and visualization is
necessary in order for us to clearly separate physical features and reconstruction artifacts.

Figure 6.3-25. Rendering of fiber form and voids of specimen at no load, view from the top.
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Figure 6.3-26. Rendering of fiber form and voids of specimen subjected to load, view from the
top.

Visualization of areas with maximum x-ray transparency of the failed specimen does not yield
useful results. Instead, locations with x-ray absorption close to that of the matrix material are
visualized in green, while x-ray transparent locations are not viewed. It is possible to visualize
crack surfaces of the failed sample using this rendering; however, examination of reconstruction
slices provides a more accurate picture of the actual material-air boundary.

Figure 6.3-27. Rendering of fiber form and matrix after failure.

Figure 6.3-28 shows a selection of reconstruction slices of the failed specimen. The fiber form is
clearly visible in light color, while crack surfaces are between the black regions (air) and gray
regions (matrix). Examination of reconstruction slices reveals not only the shape of the primary
crack surface, but also numerous internal cracks and cracks nearly perpendicular to the primary
crack.
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Figure 6.3-28. Selection of slices from a sequence of reconstruction slices showing failed
specimen.
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6.3.4 Conclusions

Test procedures and manufacturing techniques were developed for model composite specimens
tested in a unique testing machine developed by ORNL within an x-ray micro-tomography unit.
Three fiber forms were examined with failure occurring within the gage length for one of the
fiber forms. Deformations within the material were observed using x-ray imaging as well as
tomography reconstructions. Changes in the fiber form, as well as crack development was
visualized. Brittle failure at the grips for fiber forms without mold release applied to the fiber
tow did not yield useful information about damage processes within the model composite
specimen. Samples with tow coated with mold release exhibited observable crack growth prior
to failure as well as fiber bridging requiring subsequent loading after initial failure. Internal and
exposed crack surfaces formed in various directions with respect to the fiber tow and loading
direction. It is believed that the techniques developed and demonstrated in this work can be
further developed and utilized to better understand damage meechanisms for a variety of
materials and loading situations.
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ABSTRACT

The recent rapid increase in the use of continuous and chopped fiber composites for automotive,
aerospace, and naval applications demands an increased understanding of microstructure
evolution with stress in order to understand potential failure locations. X-ray imaging with
micro-focus source and optics with high resolution shows promise for exploring such technology
to study the microstructure. Initial tomography and radiography results will be presented that
clearly show individual fibers and their interface with the resin as a function of tensile stress. In
this study, we focus on the design of miniature fiber-reinforced polymer specimens suitable for
examination during tensile loading using a micro-tomography system. Issues related to potential
stress concentrations and experimental boundary conditions are examined using finite element
analysis. Two gripping designs and specimen geometries are examined analytically and
experimentally. Specimens with cylindrical cross section with specimen ends bonded to a
metallic threaded grip were considered for thermoset materials. Grips containing cavities with
cylindrical and conical shapes were also examined. A dog-bone shaped, shoulder loaded, square
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cross section sample was considered for thermoplastic materials because of difficulties bonding
them to a metallic threaded grip.

KEY WORDS: failure mechanisms, fiber composite materials-glass, optical testing

6.4.1 INTRODUCTION

Processes occurring within stressed material can be observed via x-ray imaging of a sample
loaded in a testing machine. Location of internal features can be reconstructed in three
dimensions from multiple, and usually a large number, of X-ray images taken at various
locations. Such combination of mechanical testing with X-ray imaging and computed
tomography can provide valuable insight into processes occurring within a material. A micro-
tomography unit built by X-radia [1] was combined with a screw- driven testing machine at
ORNL to observe internal deformation of fiber-reinforced polymer composites. Figure 6.4-1
shows an example of miniature sample tested in this setup.

Figure 6.4-1. Miniature tensile sample.

In this particular example, the specimen was designed to observe behavior of two looped tows of
glass filaments surrounded by epoxy matrix. An X-ray image of this sample after failure is
shown in Figure 6.4-2. The two looped tows with individual filaments are dark, while the epoxy
matrix is lighter gray color.
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Figure 6.4-2. X-ray of failed miniature sample showing dark glass fibers and gray epoxy.

Figure 6.4-3 shows portion of a slice of reconstruction computed from multiple two-dimensional
X-rays. Cross sections of individual fibers are visible in white, while the matrix appears black.
Details of the observation can be found in [2].

Figure 6.4-3. Reconstruction of filaments within a sample
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Similar experiments can be performed at the European Synchotron Radiation Facility in
Grenoble [3]. However, systematic design of specimens to study fiber-reinforced polymer
composites has not been reported to the knowledge of the authors. Grip failure, significant
relaxation and issues with precise dimensions of miniature samples were observed during initial
experimentation at ORNL. The purpose of the subsequent discussion is to examine behavior of
two specific sample designs that one may want to use in the coupled mechanical testing and X-
ray tomography system.

There are two classes of samples that one may consider experimenting with using the system.
The first class of samples, which we call “extracted”, contains fiber architecture that is
determined by manufacturing process, layup sequence, considerations unrelated to performing
this experiment. Such samples are extracted from a larger existing structure. The second class of
samples, which we call “designed”, has fiber architecture specifically designed to observe certain
phenomena with this instrument such as the effect of fiber curvature, fiber ends etc. While it
would be possible to have single specimen geometry and gripping systems for both classes of
samples, it is more convenient to consider two specimen designs which make manufacturing of
extracted and designed samples easier.

Initial experiments were performed on both of these sample classes to validate feasibility of
testing within the instrument and to uncover any issues that may arise due to gripping. Multiple
samples have been manufactured to validate feasibility of manufacturing method and determine
the nature of imprecision encountered due to small dimensions of the sample.

6.4.2 EXTRACTED SAMPLE E2-1: DOUBLE DOGBONE SAMPLE FOR HIGH
RESOLUTION IMAGING

Figure 6.4-4 shows sample that is considered for study of polymeric composites with
discontinuous fiber architecture. Such composites would be produced by injection molding,
compression molding, sheet compound molding, programmable powder pre-form processing,
spray-up or other techniques that result in quasi-random fiber architecture of discontinuous
fibers. These materials are most often used in high volume non-structural or semi-structural
applications where detailed understanding of material behavior near its load bearing limit is of
little interest. However, understanding of physical behavior under load becomes important when
these materials are called upon to absorb energy during accidental impact or are used applied in
load bearing situations.

Initial design of the E2-1 specimen was inspired by a miniature SS-3 sheet tensile specimen [4]
used for studies of irradiated materials. Specimen shoulder dimensions were replicated so that
existing specimens and fixtures could complement the new experimental setup being
investigated. Preliminary tests were performed on a dog-bone sample with nearly identical
dimensions to that of the SS-3 sample. While there were no apparent gripping issues and
specimens failed within the gage length, it was difficult to capture failure of the sample within
the field of view of the instrument, because much of the gage length of the sample was outside of
the field of view. Moreover, to take advantage of maximum resolution of the instrument, a
thinner gage length was necessary so that the entire sample could lie within the field of view.
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With these considerations in mind, the double dog-bone geometry E2-1 as shown in Figure 6.4-
4 was conceived. The gage length is 1.5 mm and the volume in which observations should be
made has a 1xImm cross section.

Figure 6.4-4. The miniature double dog-bone tensile specimen E2-1

Figure 6.4-5 shows grips used for these specimens and that fit the instrument. Note that these
grips were designed to accommodate samples thicker than E2-1 and that the sample has to be
offset from the backside of the grip so that the gage length of the sample can be rotated around
the axis of the instrument. This is easily accomplished by adding layers of thin aluminum tape to
the backside of the grip.

Figure 6.4-5. Grips for extracted samples.
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Preliminary tests with this type of sample have shown significant load shedding during pauses in
loading for imaging. A pause for a single X-ray lasts approximately 10 seconds, while a pause
for tomography imaging lasts approximately 3 hours. It was unclear whether the load shedding
was caused by relaxation of material in the gage length, relaxation of material in the grip region,
sliding of the sample over the grip faces or due to other factors. It was also difficult to determine
whether shoulder radius of the sample and the grip is the same and whether this mismatch played
a significant role in the load shedding. Finite element analysis was used to estimate the effect of
mismatch on load-displacement behavior and on load shedding during pauses.

6.4.3 FINITE ELEMENT ANALYSIS OF E2-1 SAMPLE

Loading of the E2-1 sample was modeled using finite element analysis. Abaqus 6.7-1 by
Dassault Systems [5] was used to perform analysis involving contact between the grip and the
sample. The grip was modeled as a rigid body, while the sample was modeled as a deformable
solid with visco-elastic material properties. It was necessary to model only one-eighth of the
geometry due to symmetry in the system, as shown in Figure 6.4-6. Frictionless contact was
assumed between the grip and the specimen.

Figure 6.4-6. Assembly of grip and sample (shown in red) for finite element analysis.
It was assumed that material behavior can be adequately represented in this study by using

isotropic elastic properties with power law creep model. & = Ag"t™, where & is the uniaxial
equivalent creep strain rate, ¢ is the equivalent deviatoric stress, ¢ is total time, A, n, and m are
constants. The value of the constant » was assumed to be 1, while the constants 4 and m have
been estimated using power-law fit of results from creep experiments performed on full size
specimens (Figure 6.4-7) and taking a derivative with respect to time to obtain the desired rate
form. Injection molded long glass fiber with a polypropylene matrix is considered in this section
[6]. It should be noted that simplifying assumptions on material behavior were selected to
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eliminate unnecessary modeling complexity. Different assumptions would be appropriate if the
goal of the study was to accurately predict behavior of a particular material.
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Figure 6.4-7. Power law fit of results from creep experiments for glass/polypropylene injection
molded material.

The following constants were used for the analysis:
Young’s modulus: E =7.015 GPa
Poisson’s ration: v = 0.34

Power-law creep constants with Pa as the unit of stress:

A=1.345-10"
n=1
m=-0.8079

Manufacturing of precise grip-face radius is challenging on the E2-1 specimen, especially when
the composite contains thermoplastic matrix. The effect of possible mismatch between the radius
of the grip and radius of the specimen was studied by holding the grip radius constant at 3.96
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mm and varying the radius on the specimen. Figure 6.4-8 shows Von-Mises stress contours in
the model as a result of contact between the face of the grip and the sample, when 40N of tensile
load is applied to the grip. In the calculations, instantaneous load application with no visco-
elastic effects is assumed. The maximum von Mises stress within the sample and corresponding
displacement of the grip that would be observed in experimental setup is also reported in Figure
6.4-8. It is assumed that one grip remains stationary, while the other grip moves. It is apparent
that the location of maximum von Mises stress varies depending on the radius mismatch and it
occurs in the specimen gage length only for perfect match of radii.

Radius
3.60 mm
Max Stress
1.63E+02 MPa

Grip
Displacement

1.03E-01 mm

Radius
3.80 mm
Max Stress
9.07E+01 MPa

Grip
Displacement

9.54E-02 mm

Radius
3.96 mm
Max Stress
4.10E+01 MPa

Grip
Displacement

9.66E-02 mm

Radius
4.20 mm
Max Stress
5.97E+01 MPa

Grip
Displacement

2.22E-01 mm

Radius
4.40 mm
Max Stress
6.73E+01 MPa

Grip
Displacement

2.60E-01 mm

Figure 6.4-8. Contour plots of Von-Mises stress within E2-1 with corresponding shoulder radius,
maximum Von-Misses stress and grip displacement.

Table 6.4-1 summarizes results of this static analysis. From this, we see that apparent sample
stiffness decreases significantly as the shoulder radius of the sample increases. Therefore
judgments on material performance should not be made based on load-displacement behavior
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observed during experiments. The stress concentration factor increases significantly as the radius
of the shoulder decreases. For the case of perfect radius match, the stress realized in the E2-1
sample is just three percent higher than an idealized straight bar under uniaxial tension.

Table 6.4-1. Results of static analysis for E2-1 specimen

Shoulder Max. Von- Grip Apparent Stress
Radius Nominal Mises Stress Displacement Stiffness Concentration

[mm] Stress [MPa] [MPa] [mm] [Mpa/mm] Factor
3.60 40 163 .103 387 4.08
3.80 40 90.7 .095 419 2.27
3.96 40 41.0 .097 414 1.03
4.20 40 59.7 .220 180 1.49
4.40 40 67.3 .260 154 1.68

Shedding of load during pauses in loading for imaging was observed during initial experiments.
These losses were significant during pauses for tomography imaging lasting approximately three
hours. Table 6.4-2 summarizes results of viscoelastic analysis where the grip position was held
constant for eleven thousand seconds. Loss of load increases with radius mismatch and
maximum value of von Mises stress decreases and the locations of maximum stress remain the
same. The gage length between the inner radii of the E2-1 sample contracts for shoulder radius
smaller than that of the grip and expands for larger sample shoulder radii. Therefore no
conclusions on material time-dependent behavior should be drawn directly from optical strain
measurement during the test. The creep strain within the gage length clearly increases throughout
the test because the sample remains loaded; however, deformation within the gage length reflects
behavior of the sample and not the material. In addition, deformations of several microns may
cause problems for the tomography reconstruction algorithm. It was experimentally observed
that reconstruction is possible for samples under load, however its quality decreases.

179



Table 6.4-2. Results of visco-elastic analysis for E2-1 specimen.

Shoulder Grip Load Loss Max. Stress Gage Length
Radius [mm] [%] Decrease [%] Deformation [mm]
3.60 2.40E-02 2.63E-02 -1.74E-06
3.80 2.41E-02 2.50E-02 -4.00E-07
3.96 2.37E-02 2.36E-02 1.54E-06
4.20 2.41E-02 2.13E-02 5.32E-06
4.40 2.41E-02 2.38E-02 5.10E-06

6.4.4 DESIGNED SAMPLE D2-3:

Figure 6.4-9 shows Sample D2-3, that can be used to test fiber architectures designed for a
specific purpose. An example of such architecture is given in the introduction of this paper and

-

details are discussed in [2].

Figure 6.4-9. D2-3 samples (from left to right) untested, failed in gage length,
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grip failure and pull-out.
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The sample is made by bonding a cylindrical sample rod inside a threaded steel grip that contains
a cavity. It was experimentally determined that if this cavity is a right circular cylinder, the
sample rod pulls out of the steel grip and any attempts to increase adhesion between the sample
rod and the grip are not productive. Methods for mechanical locking were subsequently
evaluated experimentally and a design with a conical cavity was viewed as the most promising. It
is apparent from the sample pull-out observed in Figure 6.4-9 that the gripping issue has not been
fully resolved.

6.4.5 FINITE ELEMENT ANALYSIS OF D2-3 SAMPLE

Loading of the D2-3 sample was modeled using finite element analysis. Once again, Abaqus 6.7-
1 by Dassault Systems [5] was used to perform analysis involving contact between the grip and
the sample. A two-dimensional axisymmetric analysis was performed on half of the sample due
to symmetry (Figure 6.4-10). Both the grip and the sample rod were modeled as deformable
bodies; however the deformation of the grip can be neglected. Since the primary issue for this
sample as observed experimentally is the predominance of grip failures and grip pull outs, the
effect of angle of the conical cavity on the performance of the sample was examined. Angles of

1°,3°,5” and 7° were investigated. Internal features of the specimen rod were neglected and
linear elastic, isotropic properties of generic epoxy were assumed:

Young’s modulus: E = 3.7 GPa

Poisson’s ratio: v =0.34

Figure 6.4-10. Mesh of axisymmetric model of D2-3 specimen.

A tensile load of 487 N was applied to the grip, resulting in a nominal applied stress of 68.9
MPa. First, perfect adhesion was assumed between the specimen rod and the grip. The
maximum stress occurred at the junction of the specimen rod and the grip at the location where
the cylindrical section of the specimen ends and conical section begins (Figure 6.4-11). Table
6.4-3 shows a summary of pertinent results. The calculated stress concentration factor ranges
from 2.53 to 2.86. Therefore, a well- prepared D2-3 specimen should contain an internal feature
within the gage length that results in a stress concentration factor of 2.9 or more if one wishes to
observe the failure in the gage length.
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S, Mises

(Avg: 75%)
+1.899e+02
+1.742e+02
+1.584e+02
+1.426e+02
+1.268e+02
+1.110e+02
+9.520e+01
+7.941e+01
+6.362e+01
+4.783e+01
+3.204e+01
+1.625e+01
+4.557e-01

Figure 6.4-11. von Mises stress in a D2-3 specimen rod with perfect adhesion.

Table 6.4-3. Results of analysis for D2-3 specimen with perfect adhesion

Nominal Max. von-Mises | Stress Concentration
Angle | Stress [MPa] Stress [MPa] Factor
1 6.89E+01 1.74E+02 2,53
3 6.89E+01 1.78E+02 2.58
5 6.89E+01 1.90E+02 2.75
7 6.89E+01 1.97E+02 2.86

The second analysis assumed no adhesion between the specimen rod and the grip, therefore the
transfer of load between the grip and the specimen rod occurs only due to mechanical locking.
Frictionless contact was used to model this condition. Figure 6.4-12 shows a gap that develops
between the end to the specimen rod and the grip. Table 6.4-4 provides a summary of the results.

Figure 6.4-12. Pull-out gap in D2-3 specimen with no adhesion between the specimen rod and
grip subjected to tensile load.
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The specimen rod with 1° angle pulls out of the grip, before the applied load reaches 487 N. The
gap becomes progressively smaller as the angle increases. The stress concentration factor
reached at the fully loaded state decreases as the angle increases. The stress concentration factor

for 5' and 7" specimens is smaller for samples with no interfacial bond, rather than for perfectly
bonded interface. This result suggests that the specimen may either fail at the grip upon reaching
a critical load or it can slide through the grip, before re-loading to higher level. This is consistent
with experimental observations.

Table 6.4-4. Results of analysis for D2-3 specimen with no adhesion

Max. von- Stress
Pull-out Mises Stress | Concentration
Angle | Gap [mm] [MPa] Factor
1 infinity N/A N/A
3 5.52E-01 2.39E+02 3.47
5 1.86E-01 1.59E+02 2.31
7 9.35E-02 1.54E+02 2.23

6.4.6 CONCLUSIONS

Analyses for two sample designs of miniature specimens has been presented. For double-
dogbone specimens E2-1 with time-dependent material properties, care must be taken to separate
the effects of specimen geometrical imperfections from material effects. Relaxation of the
specimen may negatively influence reconstruction performed under load. Analysis of the D2-3
specimen confirmed experimentally observed behavior of the specimen. Internal features of the
D2-3 specimen must produce a stress concentration of at least 2.9 if failure is to occur in the
gage length due to this feature.

183



6.47 ACKNOWLEDGEMENT

This research was sponsored by the U.S. Department of Energy, Assistant Secretary for Energy
Efficiency and Renewable Energy, Office of Vehicle Technologies, as part of the Automotive
Lightweighting Materials Program, under contract DE-AC05-000R22725 with UT-Battelle,

LLC.

6.4.8 REFERENCES

1.

W

Xradia Inc. MicroXCT User’s Manual Version 2.0 Issue 1.1 Concord, California, 2005.
V. Kunc, D.L. Erdman, B.J. Frame, R.E. Norris. Observation of Composite Materials
Using Coupled Mechanical Testing and Computed Tomography. Proceedings of the SEM
World Congress. 2008. Orlando, FL.

D.R. Aroush, E. Marie, C. Gauthier, S. Youssef, P. Cloetens, H.D. Wagner. A Study of
Fracture of Unidirectional Composites Using in Situ High-Resolution Synchotron X-ray
microtomography. Composites Science and Technology. 2006. 66, 1248-1353.

R.L. Klueh. Miniature Tensile Test Specimens for Fusion Reactor Irradiation Studies.
Nuclear Engineering and Design/Fusion 2 (1985). North-Holland, Amsterdam. 407-416.
Dassault Systemes, Abaqus User’s Manual 2008. 6.7-1.

B.N. Nguyen, V. Kunc, J.H. Phelps, C.L. Tucker III and S.K. Banapalli. Prediction of the
Elastic-Plastic Stress-Strain Response for Injection Molded Long Fiber Thermoplastics.
Journal of Composite Materials. 2008, submitted.

184



Blank Page

185



6.5 On Fiber Curvature Measurements From Non-Elliptical Cross-Sections
Vlastimil Kuncl, Srdjan Simunovicl, Scott W. Case®
Oak Ridge National Laboratory, PO Box 2008 MS6053, Oak Ridge, TN 37831-6053, USA

Virginia Polytechnic Institute and State University, Engineering Science & Mechanics, 225-A
Norris Hall, Blacksburg, VA 24061, USA

Corresponding Author:

Vlastimil Kunc, kuncv@ornl.gov,Tel. 001 865 574 8010, Fax. 001 865 574 8257, Oak Ridge
National Laboratory, PO Box 2008 MS6053, Oak Ridge, TN 37831-6053, USA

Author contact information:

Vlastimil Kunc: kuncv@ornl.gov, Srdjan Simunovic: simunovics@ornl.gov, Scott W. Case:
scase(@vt.edu

Abstract

In this paper we present a new measurement technique for fiber curvature measurements in
composites containing quasi-random fiber architecture. In this technique, fiber orientation and
fiber curvature are determined from a fiber cross-section. Specifically, fiber curvature is
determined based on the deviation of the cross-section outline from an elliptical shape. The
spatial resolution necessary for the measurement of the fiber curvature distribution for an
ensemble of fibers is determined. It is demonstrated that while curvature of individual filaments
can be measured in a range of sectioning plane orientations, the measurement of fiber curvature
distribution using optical microscopy would require a large number of sections. An example is
provided for injection molded plaques with polypropylene (PP) and 40% of long glass fibers by
weight.

Keywords
Composites, Micro-mechanics, Injection Molding

6.5.1 Introduction

The desire to improve the strength and stiffness of injection molded thermoplastic parts leads to
an increased use of fiber reinforced materials with large fiber aspect ratio. For design purposes,
the ability to predict the behavior of long fiber thermoplastic (LFT) materials requires accurate
representation and prediction of the microstructure. Many research efforts in the area of injection
molded LFTs modified existing definitions and models used for short fiber thermoplastic (SFT)
materials. While this is a logical approach, we argue that the assumption of fibers being straight
cylinders is applicable only to SFTs but not to LFTs with significantly larger aspect ratio. The
aspect ratio, defined as fiber length divided by fiber diameter, in LFTs is on the order of 10 and
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10°, resulting in a situation where fibers do not remain in the form of straight cylinders in
injection molded parts. While this fact has been recognized in the past by researchers attempting
to generate models for flows containing suspended long fibers [14, 72, 73], quantitative
experimental data describing the curvature has not yet been presented in the literature (to the
knowledge of the so, would authors).

The method presented in this paper provides not only fiber curvature, but also fiber orientation in
a manner consistent with a standard method of ellipses [56-58]. The authors have experimented
with multiple methods of fiber microstructure measurements including methods providing three
dimensional information such as x-ray tomography [12, 13] or neutron imaging®. X-ray
tomography provides great qualitative information about the microstructure, especially for glass
fibers, however noise in the data and reconstruction artifacts have prevented us from generating
results for statistically significant number of fibers with an automated method. The contrast
between carbon fibers and thermoplastic polymers also limits the use of this technique for carbon
fiber filled materials, which are gaining popularity in the industry. Neutron tomography can be
used for carbon fiber filled materials, however the physical equipment necessary for these
experiments is currently scarce, which eliminates this technique from consideration for broad
applicability.

Since method of ellipses has been developed and refined for many years for both glass and
carbon fiber composites, its modification to measure fiber curvature potentially provides a useful
tool for researchers and engineers in the field at minimum capital expense. Experimental data
presented herein were obtained using an optical microscope; however, as we will demonstrate,
the technique will work and could be enhanced by the use of a scanning electron microscope.

We start our discussion by presenting assumptions about the shape of fibers. Then we provide
mathematical model of a curved fiber as well as its cross sections when intersected by an
arbitrarily oriented plane. The limitations of the technique are established from analysis of
sensitivity of results to spatial resolution of experimental data. We then describe physical
preparation and imaging of composite sample and describe procedure by which we obtain fiber
orientation and fiber curvature data. Then we apply this technique to injection molded plaque
molded with commercially available polypropylene and glass fibers.

6.5.2 Fiber orientation and fiber curvature definitions.

The orientation of single fiber has been traditionally described by orientation vector p, which is
aligned with the axis of the fiber, where the shape of the fiber is assumed to be a cylinder as
shown in Figure 6.5-1 [7, 8, 56, 58, 74-76].

*The authors performed exploratory tests with carbon fiber reinforced composites at Spallation Neutron Source and
High Flux Isotope Reactor of Oak Ridge National Laboratory concluding that currently available spatial resolution
does not allow detection of individual filaments within the composite.
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EX 3 .

Figure 6.5-1. Standard assumption about fiber shape and definition or angles defining orientation
vector p.

In this work, we assume that the fiber is in the shape of a section of a toroid. While the
magnitude of curvature of such fiber is the same at any point along its centerline, the orientation
vector p and curvature vector q depend on the location along the centerline. The measurement
technique presented below generates orientation and curvature vectors at a point of intersection
with a sectioning plane as shown in Figure 6.5-2 .

Figure 6.5-2. Non-elliptical cross section formed by intersection of toroid with an arbitrary plane.
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In Figure 6.5-2, vector P is a tangent to fiber centerline and vector ¢ points to the center of
curvature with § completing the right handed coordinate system at the intersection of the
centerline with a plane. Given sufficient sample size, our method provides full information about
the fiber orientation and curvature. Because the location of the sectioning plane is arbitrary, we
measure fiber orientation and curvature with equal probability at any point along the centerline.
If the radius of curvature is very large for fibers in the sample, the local shape of the fiber
approaches that of a cylinder and this new method produces results identical to the method of
ellipses.

We start by describing the coordinates ¢ of the fiber centerline as a toroid arbitrarily oriented in
space

c(a, ﬁ' )/, R' t) = Rz(a)Ry(ﬁ)Rx()/)g(R' t) (65'1)

where g is parametric representation of a toroid

g = (R Cos(t),R Sin(t) + R,0); R >0, t<0<2m (6.5-2)

and where R is the radius of the toroid and ¢ is a parameter. The arbitrary orientation of the toroid
is achieved through three successive rotations described by

1 0 0 cosp 0 sinp cosa sina 0 (6.5-3)
R*=|0 <cosy siny|,RY = 0 1 0 |,R*=|-sina cosa O
0 —siny cosy —sinff 0 cospf 0 0 1
with the following limits on the on the rotations:
s s
0<a<?2m _ES'B<§; 0<y<2m (6.5-4)

The parametric representation of the toroid can then be written as

(e, B,7,R . t,u) =c(a,B,v,Rt) + A(e, B,y)h(r,u) (6.5-5)

where h is the parametric representation of the circular shape of the fiber
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h = (0,7 Cos(u),r Sin(u)); u<0<2m (6.5-6)

and A is the matrix of unit vectors of a moving frame along the centerline

A=[pq,53] (6.5-7)
where
- ¢ _  (ee)e—(¢ed)e _ ¢x¢
P= e ® ™ TTemexel * T Texal (39
and where ¢ = %, ¢ = %. (The double bars || || indicate the norm of a vector and x denotes the

cross product between two vectors). Note that A is independent of R and ¢ for our specific
definition of centerline c.

To obtain the parametric representation of the toroid cross-sections with the x-y plane, we solve
equation

T,=0 (6.5-9)

for the parameter ¢ and substitute the expected two solutions into expressions for t; and t,. To
allow the cross-section to appear anywhere in the x-y plane, we add arbitrary constants to the
two non-zero coordinates and write the final expressions for the cross sections. We have
therefore obtained two parametric solutions for the cross sections in the following form

k;(a,B,7,1,p,0) = q+71ki(a,,7,p,0) i=12 (6.5-10)
where q is the vector of arbitrary constants

q= (XY, 0) (6.5-11)

and the non-dimensional parameter of curvature p is defined as
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I 6.5-12
p_R (6.5-12)

We do not list the full form of k due to space limitations. The two solutions kK, and K, represent
either two distinct cross-sections, one of which is located over the origin, or both solutions
represent separate sections of a single cross-section. As p approaches zero, the cross sections
become nearly elliptical. A single solution for a cross section of a straight fiber with the x-y
plane can be written as

k(a,B,v,7,u) = q+ 7 Kk(a, By, 1) (6.5-13)

where

k= —(cos(u + y)sin(a) + cos(a)csc(B)sin(u + y), csc(B)sin(a)sin(u + y) — (6.5-14)
cos(a)cos(u +7v),0) '

The reader should note that the coordinates of the ellipse are independent of y and that the angles
a and [ correspond to standard definition of fiber orientation vector p with components

p1 = cosacosfB = cos¢sinb
p, = sinacosf =sin¢sinf (6.5-15)
p3 = sinf = cos

Therefore measurements performed on composite with straight or nearly straight fibers will
generate fiber orientation results identical to one obtained by previously reported methods [56,
58]. We can now discuss how we obtain «,f,y,r,p for each fiber cross section in a physical
sample.

6.5.3 Limits on Physically Achievable Measurements

The measurement of fiber orientation from nearly circular fiber cross-sections results in greater
error compared to measurements from elongated ellipses [56]. Similarly, determining fiber
curvature is easier from elongated fiber cross sections. We will show in this section that our
ability to distinguish curved fiber is dependent several parameters. We define two measures for
deviation of the measured profile and calculated profile that best fits the measured profile. First
measure describes average deviation of N discrete points along the boundary
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N

- 1
5= NZ | — ki (6.5-16)
i=1
Our second measure captures the greatest distance between the boundaries
P Max(| x; — k; | (6.5-17)
Wherek; is the closest point along the calculated to the measured point x;
ki = Min(]lx; — k(WD 0<u<2m (6.5-18)

We can now generate cross sections for a large number of parameters, fit them with ellipses as
well as non-elliptical shapes as if they were measured experimentally. This allows us to
characterize errors that we can expect from our measurement. To accomplish this effectively, we
limit our search to reasonable parameter limits. First, we recognize that parameter sets
(o, B,y,1,p,u) and (a+ m —B,—Y,1,p,u) describe the same fiber and fiber cross sections,
therefore our angles span the following intervals without a loss of generality

T
0£a<2n;0£,8<5; 0<y<2m (6.5-19)

Since angle a describes the orientation of the cross section shape in the plane, it will not
influence our results and we can choose a single arbitrary value for error analysis. We also
restrict our search for the magnitude of curvature between p,,;,, and pax- Assuming isotropic
properties of fiber, we can estimate p,, 4y, corresponding to a fiber in pure bending at the point of
breaking, using mechanics of materials

g,
Pmax = 7 (6.5-20)
f

Where o, and E are the strength and Young’s modulus of the fiber material. Note that the
definition of p coincides with strain at the surface of the fiber in pure bending. We will consider
fibers for which 0 < p < puin as straight. The value of p,,;, can be estimated for example as
curvature at which the difference in longitudinal modulus between composite with straight
aligned fibers and slightly curved aligned fibers is less than 1%. Using values for glass fiber [1]
and values for polypropylene [77] Er = 72.410° Pa, vf = 0.2, o0, = 3445 10° Pa, E,, =
1.6 10° Pa, v,,, = 0.43 and fiber fraction by weight in the composite f,, = 0.4. This results in
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Pmax = 4.758 1072 and Pmin = 9.398 1073 (6.5-21)

We further restrict our evaluation to fibers with 8 < E, since fitting non-elliptical shape to
" g p p

nearly circular fibers results in artificially large curvatures due to the inevitable noise in
experimental data. We place no restriction on angle y. The results below are presented based on
sampling of the parameter space for cross sections described by a single solution given in (6.5-
10) with the following parameter values:

Br = :—6 * k k=1,2,..9 (6.5-22)
T

Ve =grk k=12,..16 (6.5-23)

pr=e" k=23,...,10 (6.5-24)

To visualize the process, we consider an example of cross sections centered over the origin given
by a = 0 and = 20° sweeping all of the remaining parameters as shown in Figure 6.5-3.

Figure 6.5-3. Black elliptical cross section for a = 0 and 8 = 20°, gray non-elliptical cross
sections for 9.398 107> < p < 4.758 10™2and 0 < y < 2m.

It is apparent from Figure 6.5-3 that if the non-elliptical cross sections were approximated by an
ellipse, we would generally obtain different than those specified to generate the ellipse. This
error is most pronounced for the ellipse center location and for parameter . To quantify the shift
of the center, we simply calculate the distance between the center of the cross section q and the
center of the ellipse g, that is fitted to this cross-section.
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Corr = llge — 1l (6.5-25)

This result is normalized with respect to fiber diameter as shown in Figure 6.5-4 for = 20°.

Cerr

d

0.3

. p=20°

0.2

0.1

H

$

- . - s . [ ] § Ln
-9 -8 -7 -6 -5 -4 -3 (p)

Figure 6.5-4. Normalized distance between center of non-elliptical cross section q and center of
best fit ellipse q, for sections with 3 = 20°.

Figure 6.5-5 shows B, which is defined as the absolute value of difference between {3 for the
non-elliptical cross section and 3, of the best fit ellipse.

Berr = |Be — Bl (6.5-26)
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Figure 6.5-5. Difference between [3 = 20° for non-elliptical cross sections and 3,0f best fit
ellipse.

We also note that the area of the cross section changes as a function of curvature. Figure 6.5-6
shows non-elliptical cross sections for 3 = 20° normalized to a circular cross section of the same

. . . T .
fiber. The area of circular cross section obtained at § = S s

Ar = — (6.5-27)
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Figure 6.5-6. Area of non-elliptical cross sections for § = 20° normalized with respect to the
area of circular cross section for the same fiber.

Now we can evaluate the deviation of the non-elliptical cross section from the best fit ellipse.
Figure 6.5-7 and Figure 6.5-8 show deviations § and 6&,,,, normalized with respect to fiber
diameter d as a function of curvature p. To do this, we assume that in Equation (6.5-18) points
along the non-elliptical cross section are x; and k(u) approaches k(u) for an ellipse.
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Figure 6.5-7. Normalized deviation & for fiber with § = 20°.
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Figure 6.5-8. Normalized deviation 6,4, for fiber with f = 20°.
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The pattern of both & and 8,4, is similar and we note that the deviations vary significantly
depending on the angle y. Large values of deviations § and 8,4, mean that the presence of fiber
curvature is easier to detect. To evaluate the limitations of our measurement method, we must
assume the worst case scenario in which the fiber is curved in such a way that the deviation from
the ellipse cross section is at its minimum. With this assumption, we can plot the minima of
normalized deviations for several angles f as shown in Figure 6.5-9 and Figure 6.5-10.

)
Min(—
in(%)
= 50
4 ;.' B=
! ~a=B=10%
-+ f=15°
3 - — f=20°
’,"‘ —V—ﬁzzso
2 (9" 4—}3:30
R =i AHY
~— p=40°
1 ’/I’ —g—ﬁ:450
J,I ’I
a"”’ ".""
- = ' Y SPERE o "‘#—-—-—-—i—--*—--—;—‘-“l“ ""l-'"‘;:-::'l'-—'l"::' et — Ln(p)
-9 -8 -7 -6 =5 —4 -3

Figure 6.5-9. Minimum of normalized § deviation as a function of curvature for a range of
angles [5.
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Figure 6.5-10. Minimum of normalized §,,,, deviation as a function of curvature for a range of
angles 3.

A small angle  implies a large aspect ratio for an elliptical cross section of a straight fiber and
large deviation from this cross section for curved fiber. It would be convenient if all fibers
conformed to our assumption of their centerline forming a semi-circle, which would allow us to
measure fiber curvature for in-plane fibers with high precision. Real fibers however usually do
not conform exactly to this assumption and we are likely to encounter fiber ends and out of plane
curvatures at small angles of . Additionally with decreasing angle £, the likelihood of finding a
single cross-section described by both k; and Kk, increases for an arbitrary angle y. Fitting a
single cross section to parameters from two solutions is difficult and does not lend itself to
automation. We have identified angles at which single solutions for cross sections for our
selected range of curvature exist by using dashed line in the plots. Figure 6.5-11 and Figure 6.5-
12 show the same data as Figure 6.5-9 and Figure 6.5-10 with modified limits on y axis values.
The dotted line in Figure 6.5-11 and Figure 6.5-12 indicates optical microscope spatial resolution
at 1000x magnification, or 4.94 um/pixel.
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Figure 6.5-11. Minimum of normalized § deviation as a function of curvature for a range of
angles 8 with dotted line indicating optical microscope spatial resolution at 1000x magnification.
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Figure 6.5-12. Minimum of normalized §,,,, deviation as a function of curvature for a range of
angles § with dotted line indicating optical microscope spatial resolution at 1000x magnification.

It is possible to implement algorithms for fitting non-elliptical shapes to experimentally
measured cross-sections. Since distinguishing a fiber described by both solutions given in
Equation 6.5-10 appears physically and computationally difficult, we will assume that we can
only fit fibers which are described by a single solution given in Equation 6.5-10. We would
therefore not be able to fit fibers with f < 15° for any combination of p and y.

If the algorithm relied on average deviation of the measured profile, we may infer achievable
measurements from Figure 6.5-11. Let’s assume that the algorithm would consider average
deviation of less than one pixel as acceptable. We can see that we would generally not be able to
make conclusion about fiber curvature for fibers with f > 35°, since all of the minimum
deviations are below our microscope resolution indicated by the dotted line. It is also clear that
we could not be confident in distinguishing curvature below approximately p = e™> even if we
limited our measurement to fibers with § < 25°.

Similarly, if our algorithm fitted experimental profiles so that no point along the experimental
fiber cross section boundary would be more than one pixel apart from the fitted solution, Figure
6.5-12 would provide insight into achievable measurements. Since this measure is more
restrictive, we could detect curvature easier. It is important to point out that inevitable
imperfections in experimentally measured profiles would likely prevent us from fitting
experimental profiles with sub-pixel accuracy for each point measured along the boundary as
suggested by this measure.
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The reader should not conclude that measurement of fiber curvature from its cross section is
impossible. Rather, we have demonstrated that measurement of general state of fiber orientation
and fiber curvature would require analysis of multiple cross sections from the experimental
sample. Based on our analysis presented above, we are able to evaluate fiber cross section and
establish our confidence in the measurement of fiber orientation and fiber curvature. We
demonstrate this in a small example.

6.5.4 Example measurement from a physical sample

The material used in this study was commercially available polypropylene with 40% of glass
fibers by weight. The samples were injection molded with nominally 12.5 mm long pultruded
pellets into a plaque mold with 3 mm thickness. The samples were harvested 280 mm from the
injection point, which is approximately a mid-point between the injection point and an edge of
the sample. The sample preparation consists of cutting out samples, polishing a plane of interest
and etching the sample. The technique has been documented in the past [58, 59], therefore we
only point out differentiating details allowing us to obtain measurements of curvature. Figure
6.5-13 shows typical section of image collected for our technique.

Figure 6.5-13. Example fiber cross-sections showing white fibers, dark shadows identifying fiber
end protruding above the etched surface and rough matrix surface obtained by etching.

We start the measurement analysis by characterizing the parameters of the cross section and
eliminating fragmented fibers. This step can be augmented by visual inspection and manual
elimination of fragments that were not automatically filtered from the measurement sample. We
then fit an ellipse to each fiber, a process which gives us an estimate for angles a and 3, fiber
radius r and ellipse center coordinates xc and yc. Since there is an ambiguity in the results [58],
we use the automated shadow detection method illustrated in Figure 6.5-14 to resolve the
ambiguity.
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Figure 6.5-14. Illustration of automated shadow detection.

Having determined un-ambiguous orientation of each fiber by obtaining angles a and 3, we can
now proceed with an iterative method of finding the magnitude of fiber curvature given by p and
the direction of the curvature vector, which requires specification of angle y. This is done by
estimating deviation of the fiber cross-section from elliptical cross section and fitting a non-
elliptical cross section in the form of Figure 6.5-15. This search is conducted only for selected
fibers due to limited resolution that can be obtained with measurement equipment. Figure 6.5-15

shows elliptical and non-elliptical fit for fibers with f < %.

Figure 6.5-15. Fibers (gray) with overlay of ellipse fit (points) and curved fiber fit (solid line).
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We were able to achieve better than elliptical fit for fibers that are apparently curved and
converge to nearly elliptical fit for fibers that do not display significant curvature. Table 6.5-1
shows parameters for the fibers shown in Figure 6.5-15.

Table 6.5-1. Parameters for six fibers shown in Figure 6.5-15.

Fiber dum] | a B y p.103 | Log(p) | RImm] g_
1 17.6 6.18 0.27 2.84 3.87 -5.55 4.55 0.015
2 13.8 6.06 0.53 6.12 16.51 -4.10 0.83 0.006
3 15.9 6.28 0.74 0.20 7.35 -4.91 2.17 0.003
4 15.6 0.02 0.74 3.55 14.51 -4.23 1.07 0.013
5 14.1 0.00 0.38 3.16 1.45 -6.54 9.76 0.031
6 17.7 3.23 0.19 0.52 3.92 -5.54 4.51 0.049

We can see that for fibers with larger B (fibers 2,3,4) the deviation is at or below the instrument

resolution (nominally g = 0.012). Fibers 1 and 6 have clearly non-elliptical cross sections. Both

of these fibers show similar magnitude of curvature p indicating nominally 0.4% strain at their
surface, however the remaining fiber cross section parameters vary significantly.

6.5.5 Conclusions

A method for fiber curvature measurement from non-elliptical fiber cross section was developed.
The sensitivity of this method to experimentally obtained cross-section spatial resolution is
documented. While the method works well for fibers conveniently oriented with respect to the
sectioning plane, very high resolution would be necessary to establish fiber curvature state in a
network of fibers from relatively few experimental cross sections. Large number of sections
would be necessary if optical microscope were used for data collection, which limits the
practicality of this method.
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7 Conclusions

7.1 Review

Chapter 2 contains broad review of DFC material background, scales involved as well as
microstructure-property models for stiffness and strength. It is noted that existing theories
assume straight fibers, which is inconsistent with physical observations. Chapter 3 contains
mathematical background relevant to the development of new model of stiffness tensor for
materials containing curved fibers. The background contains several anisotropic stiffness tensor
decompositions. Not all of the decompositions are necessary for the development of new
stiffness tensor model, however they are included due to their potential usefulness for study of
the structure of the stiffness tensor or because they have not appeared previously in English
literature. Chapter 5 contains overview of current experimental techniques used to establish fiber
orientation distribution and fiber length distribution within DFCs.

7.2 Development

Chapter 4 introduces the concept of configuration for single curved fiber, representation of
configuration distribution for an ensemble of fibers by a set of even order tensors and an
averaging technique used for obtaining fully anisotropic stiffness tensor. The concepts reduce to
currently well known concepts of fiber orientation distribution and orientation averaging for
material containing only straight fibers. Paper in Chapter 6.1 summarizes the theoretical
development and demonstrates that configuration averaging results in fully anisotropic stiffness
tensor, whereas orientation averaging for straight fibers produced at most orthotropic symmetry.
Paper in Chapter 6.2 demonstrates the effect of curvature on stiffness tensor for materials of
three different configuration distributions and contains comparison to experimental results. It is
shown that application of configuration averaging results in better match with experiments
compared to orientation averaging.

The experimental results were obtained with X-ray micro-tomography unit allowing observation
of material under load. The setup is discussed in Chapter 6.3 and the design of miniature
specimens is discussed in Chapter 6.4. Paper in Chapter 6.5 discusses development of fiber
curvature measurement technique. The development is complete and the technique can be
theoretically used, however the resolution of optical microscope currently available to the
researcher did not allow generation of useful data.

7.3 Summary

This dissertation presents a new method for obtaining fully anisotropic stiffness tensor for
materials containing discontinuous curverd fibers. It is demonstrated that the definition of fiber
configuration and configuration averaging allow us to obtain better match with experimental
results when compared to theory relying on the assumption of straight fibers. The experimental
results are obtained using novel X-ray micro-tomography setup allowing observation of material
microstructure under load.
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7.4 Future Work

The dissertation opens areas for future research in several areas. Strictly theoretical examination
of anisotropy, multiplicity of Kelvin moduli and eigen-states could provide valuable insight into
the nature of anisotropic stiffness tensor obtained by configuration averaging. Semi-empirical
Halpin-Kardos equations form the basis for obtaining material constants for our stiffness tensor.
Evaluation of other experimental and numerical methods could produce interesting results.
Changes in anisotropy and description of internal material structure also clearly open the
possibility to improve time dependent, non-linear and strength models for DFCs. Verification of
the model is documented in this dissertation, however substantial effort is necessary for
validation against experimental data for various classes of DFCs. Development of technique
allowing characterization of fiber configuration distribution in a realistic sample is clearly
necessary.
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8 Appendixes

8.1 Appendix A: Curved Fiber Stiffness Model Verification Cases

8.1.1 Introduction

In this section, test numerical examples are provided to verify that the new model for
stiffness fiber provides expected results. The model was implemented in Mathematica
and results provided herein are directly taken from Mathematica code without
modification. For brevity, the code is not included, however some comments on
implementation are provided when appropriate. Numerical values are given to high digit
precision to aid code verification.

8.1.2 Halpin-Tsai-Kardos Equations

We first verify that our implementation of Equations 3.9-3 through 3.9-11. We use
numerical values for fiber and matrix properties given in an appendix of [8] and
reproduce identical numerical values for composite material.

Table 8-1. Fiber and matrix properties from [§]

Ef [psi] Vr Em [psi] Vi Ve $

10.510° 2 0.510° 35 2 100

In metric units:

Ef [Pa] Ve E,, [Pa] Vi Ve ¢

7.24 10" 2 3.4510° 35 2 100

We reproduce identical results for engineering constants:

Table 8-2. Composite engineering properties calculated from Halpin-Tsai Equations.

E; [psi] E; [psi] G12 [psi] V12 Go3[psi] Va3

2.3510° 0.82 10° 0.268 10° 0.32 0.253 10° 0.519

In metric units:

E;[Pa] E, [Pa] G12 [psi] V12 Go3[psi] Va3

1.62 10" 5.62 10° 1.7510° 0.32 1.8510° 0.519

Now we can generate numerical values for transversely isotropic material using
Equations 3.9-13:

213




Table 8-3. Composite material constants.

u [psi] to [psi] A [psi] a [psi] Ba [psi]
2.5310° 2.69 10° 7.26 10° -8.94 10* 1.737 10°
In metric units

u [Pa] o [Pa] A [Pa] a [Pa] B [Pa]
1.8510° 1.75 10° 5.00 10° -6.165 10° 1.19 10"
This results in the following stiffness tensor in Voigt notation

11.92101° 4.3910° 4.3910° 0 0 0
43910° 8.7110° 5.10° 0 0 0
9 9 9
] 0 0 0 1.8510 0 0
0 0 0 0 1.810° 0
0 0 0 0 0 1.810°
And in Kelvin Notation
T 1.92101° 4.3910° 4.3910° 0 0 0
43910° 8.7110° 5.10° 0 0 0
A 9 9 9
J 0 0 0 3.710 0 0
0 0 0 0 3.610° 0
0 0 0 0 0 3.610°
8.1.3 Material with Fibers in Single Configuration

Now we turn our attention to material containing fibers in single configuration. We can
write the probability of finding a fiber of given configuration for such material in the
following form:

§(@—A)S(B—B)s(y—T)
cos B

Yr(a,By) = (8.1-3)

Ys(&m) =6 —E)6(n — H) (8.1-4)

Where 6 is Dirac Delta function and parameters in capital Greek letters indicate the
particular set of configuration parameters. Normalization condition shown in Equation
4.5-3 was satisfied by
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f 6(a —A)S(B—B)S(y —T')cos B dadBdy

T

2 (8.1-5)

= f&(a A)da f 6(B —B)cospBdp fS(y rdy

p=—3
= cosB

It follows directly from Equation 4.5-5 that

2n
6(a—A)S(B—B 6(a—A)S(—B

=0

for material with fibers in single configuration.

8.1.4 Geometric Tensors for Material with fibers in single configuration

We can then evaluate orientation tensor directly from definitions shown in Equations
4.6-4 and 4.6-5:

18

5(a— M5B -B)

2 21
f f pi(a, B )pj(a,B) p— os B dadpf
p=- % (8.1-7)
= pi(4,B)p;(4,B)
ij=123
7
6(a—A)5(B—B
g = ‘foWEMWEmmBM(B)mC;g ) cosp dadp
5= (8.1-8)

2
= pl(A'B)p](A'B) pk(A'B)pl(A'B) i'j’k'l = 1' 2'3

The results are identical to evaluating Equations 4.6-8 through 4.6-13 for second order
orientation tensor and Equations 4.6-15 through 4.6-29 for fourth order orientation tensor
witha = A and § = B.

Similarly, for curvature tensor, we use Equations 4.6-35 and 4.6-36 and evaluate:
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2T % 2T
§5(a—A)S(B—B)s(y—1T)

b= | | [ a@png@en e cos B dadfdy

y=0 ﬁ=_%a=0 (81-9)
= qi(A, B;F)QJ(A;B.F) l;] = 1! 2’3
g 5(a — A)S(B - B)S(y —I)
a— - y —
biji f 9999 cos B cosf dadfdy
Y=0 B=_%a=0

(8.1-10)

= qL(A»B,F)q](A’B» [') qk(A)B’r) ql(A,B, I-') i,j, k1
=123

We can also arrive at the same results using Equations 4.6-39 through 4.6-44 and 4.6-46
through 4.6-60 witha = A, =Bandy =T.

For mixed tensor s;ji;, we write

Sijkl
z
- [ | | @pp@paspa@sy

§(a — A)c?(c/is—BB)c?(y —I) cos § dadfdy (8.1-11)

+ 4@ B,1)a;(e B, V)i (e, Bpi (e, B))

=p;(4,B)p;(A,B) qx(A,B,INq, (A B,T)
+qi(A,B,1q;(A,B,T) pr(A,B)p(A,B) i,jk!l=123

Again, this is equivalent to evaluating Equations 4.6-67 through 4.6-87 with a = A,
fp=Bandy =T.

We will use notation a(y), b(,) for second order orientation and curvature tensors and
A(4), beay and s(4). These tensors will be represented in Voigt notation. We now provide
specific examples:

For A=0, B =0 and I' = 0 representing a fiber with vector p parallel to x axis of
laboratory coordinate system:
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-1 1 0 0 0 0 O
0 00000 O
o o oo 0o o0 o0 )
@=10l%® o 0 0 0 0 0 (8.1-12)
0 00000 O
nl 0 0 0 0 0 O
0" 0 0 0 0 0 O
1 0100 0 0
0 00000 0
= = .1-1
b =1o[P@ =10 0 0 0 0 o0 (8.1-13)
0 00000 0
n 0 0 0 0 0 O
0 1 0 0 0 0
1000 0 0
o o oo o0 o0 )
SW=1o0 0 0 0 0 0 (8.1-14)
00000 0
0 0 0 0 0O

We can see that curvature tensors b(yy and b(4) represent oriented curvature aligned with
the y axis of the laboratory coordinate system. The same geometric tensors can be
obtained with parameters A =n,B=0,  =0orA=mn, B=0,I =m.

A fiber with identical orientation, but different oriented curvature can be obtained by
assigning various values of angle y. ForA=0orA=n,B=0and " = g:

ae) = A = (8.1—15)

QOO RrRPROO OO0 OOoOOo

SO OO OO OO0 OoOOoOOo
SO OO OO OO0 OoOOoOOo

Coocococo dooco o R
cCcocococoo0 coococoo

CoOORrROO OO0 oK
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N (8.1-17)

SO OO
SO O OO
SO O OO

o OO0 oo

SCoomRmoo
coococoo

0 0 O

We can see that orientation tensors did not change for these configurations, however
curvature and mixed tensors changed. The curvature tensors b,y and b4y now represent
oriented curvature parallel with the z axis of the laboratory coordinate system.

Curvature and mixed tensors for configuration with oriented curvature not aligned with
laboratory coordinate system have more general form. For example, we can assume

A=0, B=0andr=§:

1 1 0 0 0 0 O
0 000 0 0 O
o oo o 0 0 o0
22 =ol%® =10 0 0 0 0 0 (81.18)
0 000 0 00
n 0 0 0 0 0 o
01 0 0 0 0 0 0
3 9 3 33
2 0 % % = ©
1 3 1 3
boy=|*|bp=|" & & 1 ° O (8.1-19)
V3 33 V3 3
" 0 == == — 00
0 0 0 0 0 0 0
-0 - 0 0 0 0 0 O
‘031\/500
4 4 4
3
ZOOOOO
1
S@) = 2 00 0 0 O (8.1-20)
V3
T00000
0 00 0 0 O
L0 0 0 0 0 O

For A = g or A= 3771, B = 0 and I' = 0 representing fiber with vector p aligned with y

axis:
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~~ —~

— (@

X A

— p—

2] o0

N N
Co000O0 cooco oo
Cooco0o00 ocoocooo
Cooco0o00 ocoocooo
OO0 ococoocooo
O-oCO0O0O0O ocoocooo
COoO0000 HooooOo

Il Il

<+ <+

p— N

S K<)
OCHOO OO HOOO OO

Il Il

~ ~~

N N

p—_ g

S <)

(8.1-23)

0 1 0 0 0 O

1 0 0 0 0O
0 000 0O
0 000 0O
0 000 0O
0 0 0 0 0 o

S(a)

—and I’ =0:

T
2

Finally, fiber aligned with z axis given by angles A = 0, B

—~ —~

- 7

A A

p— p—

o0 o0

N N
cCoo0co0o0o0 cocoococ oo
Coocoocoo ocoocoocoocoo
Coocoocoo ocoocoocoocoo
CoOHOOO ococoococoo
CococoooC o-wooOoOoO
CoO00O00 cooooOo

Il Il

N )

N N

S K<)
CO—+00O0 O—HOO OO

Il Il

~ ~

N N

p—3 e

S <)

(8.1-26)

0 0 0 0 0 O

0 01 0 0O
01 0 0 0O
0 000 0O
0 000 0O
0 0 0 0 0 O

S(4)

Zandl =<

2

And more general case with A =0, B

pe
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01 0 0 0 0 0 O
0 000 0 0 O
1 oo 1 0 0 o0 )
A= o|*® o 0 0 0 0 0 (8.1-27)
0 000 0 0 O
n 0 0 0 0 0 o
R L2 9900 -¥]
4 16 16 16
3 3 9 3v3
Z = = 00 0 -
by = 0 bay =] 0 0 0 0 0 © (8.1-28)
0 0 0 0 0 0 0
Of 0 0 0 0 0 O
_y3 V3 3v3 3
. = ——— 000 —
0 0 1 00 0
4
0 0 3 00 0
4
1 3 3
Sw=17 7 0 00 _\/T— (8.1-29)
00 0O 0 0 ©
00 O 0 0 ©
V3
00—700 0

8.1.5 Parameters for a Material with Fibers in Single Configuration

We can recall that material with fibers in single configuration is orthotropic material. We
therefore need nine constants. Using previously suggested approach for obtaining
material parameters through planar orientation averaging of transversely isotropic
material obtained using semi-empirical Halpin-Tsai-Kardos [55] Equations.

For single configuration, we use Y5 in the form given by Equation 8.1-4 and calculate
material constants from Equations 4.5-36 through 4.5-44 in the following form

k= () = [, o k(G muws(Emdgdn =f 1, [ k@EmsE = o) o0
E)8(n — H) dédn=k(&, H) |

We can therefore calculate five parameters pg(=), uo(2), As(5), a3 (Z), B (Z) for
transversely isotropic material using Halpin-Tsai-Kardos [55] Equation from Section 3.9
and then obtain orientation tensor @;j; (H) using Equations 4.7-12 through 4.7-14. Then
we can use Equations 4.7-45 through 4.7-53 to obtain parameters for a material with
fibers in single configuration.
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We can use fiber and matrix properties from Section 8.1.2 along with three values of = to
provide examples of five parameters ps (=), 4o (2), A5(2), a3 (&), B1(E)

g =10: ug = 1.85 10° Pa, uy = 1.75 10° Pa, A, = 5.57 10° Pa, a; =

—8.19 108 Pa, 8; = 7.10 10° Pa (8.1-31)
Z =505: ug = 1.8510° Pa, uy = 1.7510° Pa, A, = 4.9510° Pa,a; =
—5.97 108 Pa, §; = 1.28 10'° Pa (8.1-32)
£ =1000: ug = 1.8510° Pa, uy = 1.75 10° Pa, A, = 4.9410° Pa,a; =
—5.94 108 Pa, §; = 1.29 10*° Pa (8.1-33)
Examples of d; jx; (H) are given below. For straight fiber H = 0
17 1 0 0. 0. 0. 0
0 0 0 0. 0. 0. 0
~ o] = 0. 0. 0. 0. 0. O
@10l *®Tlo. 0. 0. 0. 0. 0 (8.1-34)
0 0. 0. 0. 0. 0. O
L0 0. 0. 0. 0. 0. O
For slightly curved fiber H = 1—7;
[9.97 10_1] [9.94 1071 2521072 0. 0. 0 0.
|2.53 1073 2521073 1.1510° 0. 0. 0 0.
-~ _| o ~ _| o 0. 0. 0. 0. 0. )
@ o | f@T o 0. 0.0 0 o0 (8.1-35)
0. 0. 0. 0. 0. 0 0.
0. 0. 0. 0. 0. 0. 2521073
For significantly curved fiber enclosing quarter of a circle H = g
r0.8187 0.693 0.125 0. 0. 0. 0.
0.183 0.125 0.0567 0. 0. 0. 0.
~ 0. ~ 0. 0. 0. 0. O. 0.
@@= o | @7 o 0. 0. 0. 0 O (8.1-36)
0. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0. 0. 0.125

And for a fiber enclosing half ofa circle H =
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0.5 0375 0125 0. 0. 0. O
0.5 0125 0375 0. 0. 0. O.
N o . 0. 0. 0 0. 0 O
A2 .| @@= o 0. 0. 0. 0. O (8.1-37)
0. 0. 0. 0. 0. 0. O
0. . 0. 0. 0. 0. 0. 0.125

Note that d;,11 and d,,,, are equal in the last example. We can now generate nine
material constants for orthotropic stiffness tensor using Equations 4.7-45 through 4.7-53.
In examples below, we use & = 505, and examine cases from straight fiber (H = 0) to a
fiber enclosing half of a circle (H = m).

Z =505H=0:
u = 1.8510° Pa,A = 495 10° Pa,a,; = —5.97 108 Pa,a;, = 0.0 Pa,u, = (8.1-38)
—5.28107 Pa, i1, = 0.0 Pa, B;; = 1.28 10 Pa, B;, = 0.0 Pa, B35 = 0.0 Pa

T

5 =505H=—:

18
u=18210%Pa,A =5.0110° Pa,a;; = —6.59 108 Pa,a;, =

8.1-39

—6.59 107 Pa, u, = —2.05 107 Pa, u, = 3.21 107 Pa, By, = ( )
1.27 10%° Pa, B;, = 1.48 10° Pa, B35 = 9.67 107 Pa
5 =505H ==

2
4 =2.5510° Pa, A = 8.14 10° Pa, a;, = —3.68 10° Pa, ay, = 8.1-1

~3.310° Pa, i, = 1.55 10° Pa, pi, = 1.58 10° Pa, B;; = 8.85 10° Pa, 1, =  (8.1-40)
7.24 108 Pa, B3 = 4.79 10° Pa

5 =505H=m:

i = 255108 Pa,A = 8.14 10° Pa, ay; = —3.49 10° Pa, a;, =
—3.49 10° Pa, u; = 1.57 10° Pa, u, = 1.57 10° Pa, B;; =
4.79 10° Pa, B;, = 4.79 108 Pa, B;5 = 4.79 10° Pa

(8.1-41)

Note that for a fiber enclosing half of a circle, there are only five unique constants. This
suggests that we obtain transversely isotropic form of the stiffness tensor.
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8.1.6 Stiffness tensor for Material in Single Confguration

We can now examine stiffness tensors for several materials with fibers in single
configuration. We will use examples of geometric tensors and material constants obtained
above.

The first example provides stiffness tensor for material with straight fibers aligned along
x axis. We can use geometric tensors from Equations 8.1-12 through 8.1-14 with material
constants from Equation 8.1-38.

The stiffness tensor in Voigt notation:

12.101°  4.3510° 4.3510° 0 0 0
43510° 8.6510° 4.9510° 0 0 0
9 9 9
C = 4.3510° 4.9510° 8.6510 0 ; 0 0 (8.1-42)
0 0 0 1.8510 0 0
0 0 0 0 1.810° 0
0 0 0 0 0 1.810°
The stiffness tensor in Kelvin notation:
1 2.101°  4.3510° 4.3510° 0 0 0
43510° 8.6510° 4.9510° 0 0 0
—~ 9 9 9
C= 4.3510° 4.9510° 8.6510 0 ; 0 0 (8.1-43)
0 0 0 3.710 0 0
0 0 0 0 3.610° 0
0 0 0 0 0 3.610°-
Kelvin eigen-moduli:
A= [2.3810%°,9.8710° 3.7107,3.710°,3.610°,3.610°] (8.1-44)

This is clearly transversely isotropic material with e; defining the plane of isotropy and
four distinct Kelvin moduli as expected.

In the next example, we let the fibers slightly bend. We use geometric tensors from
Equations 8.1-12 through 8.1-14 with material constants from Equation 8.1-39.

The stiffness tensor in Voigt notation:

[2.101°  4.3810° 4.3510° 0 0 0
4.3810° 8.6510° 4.9510° 0 0 0
C = 4.3510° 4.9510° 8.6510° 0 0 0 (8.1-45)
0 0 0 1.8510° 0 0
0 0 0 0 1.810° 0
0 0 0 0 0 1.8310°

The stiftness tensor in Kelvin notation:
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[2.101°  4.3810° 4.3510° 0 0 0
4.3810° 8.6510° 4.9510° 0 0 0
. 9 9 9
C = 435107 4.9510° 8.6510 0 . 0 0 (8.1-46)
0 0 0 3.710 0 0
0 0 0 0 3.610° 0
0 0 0 0 0 3.6610°
Kelvin eigen-moduli
A= [3.9310°%,1.59 10%,5.46 10°,5.37 10°,5.07 10°,5.07 10°] (8.1-47)

This material is orthotropic, although one could reasonably approximate it as transversely
isotropic.

Now we allow the fibers to bend significantly so that the fiber centerline spans quarter of
a circle. We use geometric tensors from Equations 8.1-12 through 8.1-14 with material
constants from Equation 8.1-40.

The stiffness tensor in Voigt notation:

1.64101° 5.9510° 4.4610° 0 0 0
5.9510° 9.1210° 4.8410° 0 0 0
9 9 9
C = 4.4610 4.8410° 8.6510 0 ; 0 0 (8.1-48)
0 0 0 1.8410 0 0
0 0 0 0 1.8110° 0
0 0 0 0 0 3.410°-
The stiffness tensor in Kelvin notation:
[1.64101° 5.9510° 4.4610° 0 0 0
5.9510° 9.1210° 4.8410° 0 0 0
—~ 9 9 9
C = 44610 4.8410° 8.6510 0 . 0 0 (8.1-49)
0 0 0 3.6810 0 0
0 0 0 0 3.6210° 0
0 0 0 0 0 6.7910°
Kelvin eigen-moduli
A= [2.2610%°,7.6310° 6.7910°, 3.9310°, 3.6810°, 3.6210°] (8.1-50)

This material is clearly orthotropic with six distinct Kelvin moduli.

We can bend the fibers further, until they form half of a circle. Again, we use geometric
tensors from Equations 8.1-12 through 8.1-14 with material constants from Equation
8.1-41.
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The stiffness tensor in Voigt notation:

1.27101° 5.9510° 4.6510° 0 0 0
5.9510° 1.2710° 4.6510° 0 0 0
9 9 9
C = 4.6510 4.6510 8.6510 0 . 0 0 (8.1-51)
0 0 0 1.8310 0 0
0 0 0 0 1.8310° 0
0 0 0 0 0 3.410°
The stiffness tensor in Kelvin notation:
1.27101°  5.9510° 4.6510° 0 0 0
5.9510° 1.2710° 4.6510° 0 0 0
~ 9 9 9
¢ = 4.6510 4.6510 8.6510 0 . 0 0 (8.1-52)
0 0 0 3.6510 0 0
0 0 0 0 3.6510° 0
0 0 0 0 0 6.7910°
Kelvin eigen-moduli
A= [2.1910%°,6.7910%,6.7910°,5.410°,3.6510°, 3.6510°] (8.1-53)

This material is transversely isotropic with e; definig the plane of isotropy.

We have therefore transformed transversely isotropic material with plane of symmetry
defined by e;to orthotropic material and finally to transversely isotropic material with
plane of symmetry defined by e; by simply bending the fibers in single plane.

We can also demonstrate that changing rotation configuration of the material does not
change the nature of the material. We use geometric tensors from Equations 8.1-27
through 8.1-29 with material constants from Equation 8.1-40.

The stiffness tensor in Voigt notation:

8.6310° 4.9810° 4.8310° 0 0 —2.31107
[ 49810° 8.8710° 5.5810° 0 0 —1.8108 ]
9 9 10 8

C=| 4.83(3)10 5.5%10 1.64010 ; 209 . 807108 —6.45;10 I (8.1-54)
| o 0 0 —6.87108  2.2110° o |
l—2.31107 —1.8108 —6.44108 0 0 1.98109J

The stiffness tensor in Kelvin notation:
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[ 8.6310°  4.9810°  4.8310° 0 0 —3.27107]
49810° 8.8710° 5.5810° 0 0 —2.54108
~ 9 9 10 _ 8
¢ —| 48310 5.5810 1.6410 0 , 0 \ 9.1110 (8.1-55)
0 0 0 6.10 -1.3710 0
0 0 0 —1.3710° 4.4110° 0
—3.27107 —2.54108 —9.11108 0 0 3.9610°
Kelvin eigen-moduli
A= [2.2610%°,7.6310°% 6.7910%,3.9310%,3.68107,3.6210°] (8.1-56)

Although the tensors in Equations 8.1-48 and 8.1-54 are noticeably different, they
represent material with the same properties as evidenced by comparison of Kelvin moduli
in Equations 8.1-50 and 8.1-56.

8.1.7 Material with Fibers in Finite Set of Configurations

We now consider material consisting of fibers in finite set of configurations. Let’s
assume that we can find fibers of N configurations within a material. The probability of
finding a configuration within the material is given by Y. Since we must find each fiber
in the material, we can write

N
z Yo =1 (8.1-57)

K=1

Then we can write the rotation and shape distribution functions in the following form:

C S(a—ASB — BSK — Iy)
_ - ag — Dk — 1K _
Yr(@,B,y) = KZYK T Y cos B, (8.1-58)
N
Ys(Em) = ) Y 8¢ — 560 — Hy) (8.1-59)
K=1

Where § is Dirac Delta function and parameters in capital Greek letters with a subscript
indicate the particular set of configuration parameters. Normalization condition in
Equation 4.5-3 was satisfied by
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N
> Y 8(a = A3B — By — Iy cos f dadfdy

i

=

K=1

/ o 2 21
= yK\ f §(a — Ag)da f@(ﬁ—BK)cosﬁdﬁ fé(y (8.1-60)
=0

a=-0 B:—% Y

\\ N
—Iy)dy | = Z Yy cos By
/ k=1

It follows directly from Equation 4.5-5 that

6(a — Ag)S(B — By)
Yl-1Y.cos By

N
P = ) Y

K=1

2T
| o6 =roar
=0 (8.1-61)

_ z Y, 0(a —Ag)6(B — By)

N Y,
— cos B
K=1 ZL_1 L L

For material with fibers in finite set of configurations. For N=1, Equations 8.1-57
through 8.1-61 reduce to Equations 8.1-3 through 8.1-6 for material with fibers in single
configuration.

8.1.8 Geometric Tensors for Material With Fibers in Finite Set of Configurations

We can then evaluate orientation tensor directly from definitions shown in Equations
4.6-4 and 4.6-5:

VA

P f L 8(a - 4086 - Bi)

a — Ak — bg
aij = j ] pi(a, B )pj(a,B) Z Y Ny cos  dadp
] Yi=1Y, cosBy
p=- =

a=0

N

(8.1-62)

N
pi(4, By )p;(A, By)
_ Y
pem] Y1=1Y, cosB;

i,j=1,23
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Aijkl

19

Fr 6 — 400
f fn(aﬂ)p,(aﬁ)pk(aﬁ)pl(aﬁ)ZYK @ A0~ B0 cosp dadp

N_,Y, cosB,

(8.1-63)

2

pl (4, Bk )Pj (A, Bx)pk (A, By )i (A, By)
Y1-1Y, cosB,

ijk1=1,273

Mz

The results are identical to evaluating Equations 4.6-8 through 4.6-13 for second order
orientation tensor and in Equestions 4.6-15 through 4.6-29 for fourth order orientation
tensor with a = Ay and f = Bgfor N configurations and performing requisite
normalization.

Similarly, for curvature tensor, we can transform Equations 4.6-35 and 4.6-36 and
evaluate:

21 % 21 N S L . r
) f f fqi(a'ﬁ’y)qj(a’ﬁ’)/)zy’( @ K)N(ﬁ_ 5y ~ i) cos B dadpdy
N 7 K=1 ZL=1YLCOSBL
o (8.1-64)
_i qL(A,B,I")q,-(A,B,F) Ci—193
B K=1 Zg:lyi COSBL '] - L4
bijkl

N
% a0 = 2r=11, cosBy (8.1-65)

2T
N
_ Z CII(AJBJF)qj(A'B'F) Clk(A'B;F) CII(A;B'F)
&~ YN_,Y,cosB,

% 21 N
6(a—Ag)6(B —Bg)o(y — I
f f 419,k z Y, (a k6B KISy — Ik) cos B dadpdy

ijk1=1,23

We can also arrive at the same results using Equations 4.6-39 through 4.6-44 and 4.6-46
through 4.6-60 with a@ = Ag, f = By and y = [ for N configurations along with
normalization condition.

For mixed tensor s;;;;, we write
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Sijkl
21
= (CH NCHIINCH ROLACH B
y=0 B=—% a=0
a—Ag)8(B —Bx)S(y — I)
Zi-1Y cosBy

N
1)
+ 0@ 8,10 @ B e D@ ) Y i cos 8 dadpdy (8.166)
K=1

pi(4,B)p;(A,B) qi(A, B, INq,(A, B, I') + q;(A,B,I)q;(A,B,T) pr.(A B)p,(A, B)

Y
K Y1V cosB,

i,j, k1

M=

I
=
ol

,3

Again, this is equivalent to evaluating Equations 4.6-67 through 4.6-87 with a = Ay,
B = Bk and y = [ for N configurations and normalization condition listed above.

We can generate a hypothetical material consisting of an ensemble of 10,000 fibers with
random fiber parameters in the following ranges Ay € (0,21), Bk € (— %,g) Iy €
(0,21). An example of geometric tensors generated is given below:

[ 3.351071
3.281071
3.36 1071

—5.3910°°

—-2.371073

L 2.38107% 4 (8.1-67)

[2.02107" 6.64107> 672107> 13310* -9.1410™* 1.81073
6.641072 194107! 6.741072 1.44107°> 3.39107% —1.551073

= 672 1072 6.74107% 2.02107' —1.53107* —-1.791073 —1.42 1075

@ 1.33107% 1.44107°> —-1.53107% 6.741072 —1.42107° 3.39107*
—-9.14107% 3.39107* —1.791073 -1.42107° 6.72107%2 1.3310°*
181073 —1.551073 —1.42107° 3.39107*% 1.33107* 6.641072

ae) =

[ 3.321071
3.38107!
3.31071

1.1073
3.94 107
L —3.62 10734 (8.1-68)
[ 199107" 672107% 6.51107% 9.52107* —2.14107* —6.75 107
6.721072 2.05107! 6.681072 —6.510"* 1.59107*% —2.421073
beyy = 6.511072 6.681072 1.9810! 7.0210™* 4.4910* —524107*
9.5210™* —6.510"* 7.0210™* 6.68107% —52410"* 1.5910°*
—2.14107% 1.5910™* 4.4910™* —-5.2410"* 6511072 9.5210°*
—6.75107% —2.42 1073 —5.2410™* 1.5910™* 9.5210™* 6.721072

b =
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[ 133 107 2671071 267107' —1.5510"% —5.3510"* —3.09 10—3]
2671071 134107' 266107! 1.751073 —1.791073 2.321073
s =| 267 107! 2.66107' 1.33107! —-5.9910~* 3.52107* —2.611073 (8.1-69)
™71 _15510"% 1.751073 —5.9910~% —6.71072 7.6610~* 1.8210* '
—5.3510"% -1.791073 3.5210™* 7.66107* —6.610"%2 —1.151073
—3.091073 2.321073 —-2.611073 1.8210™* —1.151073 —6.68 1072

It is apparent from second order orientation and curvature tensors that this is an
approximation of material with random sub-structure.

A more general example may be given by generating an ensemble of 10,000 fibers with
random fiber parameters in the following ranges Ag € (%,%),BK € (—%,%),F x €

sm 7 . .
(?n, ?n). An example of geometric tensors generated is given below:

- 8721071 ]
8.3 1072
| 9471072
Y@= 33610
—7.27 1073
| 243103

[ 7.34 1071 6.44107% 7.29107% —3.0410"%-5.941073 1.621073
6.44107% 1161072 7.031073 —6.341075-3.9510"* 3.94107%
7291072 7.031073 1.47107% 3.08107° —9.32107% 4.2107*

—3.04107%*—-6.34107> 3.0810°°> 7.031073 4.2107* -3.9510*
—5.941073-3.9510"*%-9.3210"* 4.210™* 7.291072 —3.04107*
1.621073 3.9410™* 4.2107* —-3.9510"*-3.0410"* 6.44 1072 |

(8.1-70)

A =

1 9.14 1072 ]
8.76 1071
8.16 1072
2.57 1073
1.27 1073

[ —1.75 1073

1.51107% 6.94107% 6991073 3.7610~* 2.64107* —3.22107*
[ 6941072 7.44107' 6.331072 2.021073 8.29107*% —1.01 10-3]

b = | 6991073 6331072 1.131072 1.7810™*% 1.79107* —4.19 107*|
@ =1 376107* 2.0210~3 1.7810* 6331072 —4.1910* 8.2910~* |
2.64107% 829107*% 1.79107* —4.19107* 6991072 3.76107* |
—3.22107%-1.0110"3-4.19107% 82910™* 3.7610™* 6.9410°2 |

b)) =

(8.1-71)

230



[ 1.41 101 7.4510°' 7.71107% 212102 3.1107* -7.68 10—4]
7451071 1.29107! 8541072 —9.791075-5.841073 1.231073
s =| 771 1072 8541072 1371072 216107* —4.66107* 2.1107*
® 712121073 —9.79107% 2.1610™% —7.5810"%—4.6610"* 1.5510~* | (8.1-72)
3.1107% —5.841073-4.6610"%*—-4.6610"*% —1.3107% —1.18107*
-7.68107% 1.231073 2.110™* 155107* —1.1810"*-1.281071

8.1.9 Parameters for a Material with Fibers in Finite Set of Configurations

We use planar orientation averaging of transversely isotropic material obtained using
semi-empirical Halpin-Tsai-Kardos [55] Equations.

For single configuration, we use Y in the form given by Equation 8.1-59 and calculate
material constants from Equations 4.5-36 through 4.5-44 in the following form

k= (k) =
o Jio k(Em) SRAlViews (6, M ddn =S¥ Vi [ S kEmBE = g 7o)

Zx)0(n — Hg) dfdn]:z:%ﬂ[YKk(Ek' Hy)]l

We can therefore calculate five parameters ps(Eg), to(Ex), A5(Ex), a1 (Ex), Ba(Ek) for
transversely isotropic material using Halpin-Tsai-Kardos Equation from Section 3.9 and
then obtain orientation tensor d;jx;(Hg) for each fiber shape using Equations 4.7-12
through 4.7-14. Then we can use Equations 4.7-45 through 4.7-53 to obtain nine
parameters for a material with fibers in single configuration u(Zy, Hy), ui(Ek, Hg),
12 (Ex, H), A(Eg, Hy), a(Ek, Hy), aa2(Ex, Hy), aas(Eg, Hi), Bai(Ex, Hi),

Baz(Ex, Hg), Baz(Ex, Hk). These parameters are then averaged using Equation 8.1-73 to
obtain parameters for material with fibers in finite set of configurations.

For N=1, Equation 8.1-73 reduces to Equation 8.1-30 and all examples from previous
section are applicable.

For a general case, we can use fiber and matrix properties from Section 8.1.2 along with
randomly generated shape parameters for 10,000 fibers to produce nine material
constants. Using Mathematica random number generator with

1 8.1-74
N = 10,000, 10! < 5¢ < 103,107° < Hy <, ¥x = N ( )

In Equation 8.1-73 we can obtain the following material constants
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u=6. ail=7. a, oy = —2. a,ay,
6.5 108 Pa,1 = 7.37 10° P 2.8910° P
= —2.5310° Pa,; = 1.16 10° Pa, i, = 1.19 10° Pa, By,

(8.1-75)
= 8.78 10° Pa, B3, = 1.34 10° Pa, f;5 = 3.61 10° Pa

8.1.10 Stiffness Tensor for Material with Fibers in Finite Set of Configurations

Geometric tensors and material constants generated above can now be used to produce
stiffness tensors. We start with geometric tensors representing 10,000 fibers with
completely random rotation configuration with geometric tensors given by Equations
8.1-67 through 8.1-69 and with material constants given by Equation 8.1-75.

The stiffness tensor in Voigt notation:

[1.071010 5.410° 5.4110° —-4.1510° -3.5810° 9.0610° 1
5.410° 1.0710° 5410° 4.6910° 5.1510° 1.52107
_| 54110° 5410° 1.0710'° 1.7710° 3.10° 1.02107 (8.1-76)
—4.1510° 4.6910° 1.7710° 2.6510° 1.2107 5.1110° '
—3.5810° 5.1510° 3.10° 1.2107 2.6610° —4.0310°
9.0610° 1.52107 1.02107 5.1110° —4.0310° 2.6510°

The stiffness tensor in Kelvin notation:

[1.071010 5.410° 5.4110° -5.8710° -5.0610° 1.28107 1
5.410° 1.07101° 5.410° 6.6310° 7.2810° 2.15107
¢ = 5.4110° 5.410° 1.0710°  2.510° 4.2410° 1.44107

8.1-77
| 587105 663106 25106  5310° 241107 102106 | ¢ )
_50610° 7.2810° 42410 241107 53110° —8.0610°)

1.28107 2.15107 1.44107 1.0210® —-8.0610° 5.310°
Kelvin eigen-moduli
A= [2.1510'°,5.3410° 5.3110°,5.310°, 5.2910°,5.2810°] (8.1-78)

This material is numerically isotropic with two distinct Kelvin moduli. The values vary
depending on the particular configurations generated by the Mathematica random number
generator. Although many of the off-axis values should be zero for perfectly isotropic
material, we can see that in our approximation the appropriate off-axis stiffness tensor
values remain two orders of magnitudes below the values on the components appearing
on the tensor axis. In the next example, we use geometric tensors from Equations 8.1-70
through 8.1-72, which were produced by random generation of 10,000 fibers where the

rotation configuration for each fiber falls within % of a median value of given rotation

angle. Again, we use material constants given by Equation 8.1-75. The stiffness tensor in
Voigt notation:
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[1.461010 5.5210° 5.0810° —5.7810% —4.68107 9.86106]

5.5210° 9.8910° 4.8910° 1.6110° —5.6610° 5.4310°

5.0810°  4.8910° 8.7410° 1.1110° —5.710° 1.310° (8.1-79)
—5.7810% 1.6110° 1.1110® 2.1410° 2.1710® —8.7110° '
—4.68107 —5.6610° —5.710° 2.1710°® 2.5810° 8.1510%

9.8610° 5.4310° 1.310° —-8.7110° 8.1510* 3.1110°

The stiffness tensor in Kelvin notation:

1.4610° 55210° 5.0810° —8.1810* —-6.61107 1.4107 1
5.5210° 9.8910° 4.8910° 2.2810° —8.10° 7.6810°
5.0810° 4.8910° 8.7410° 1.5710° —8.0610° 1.8410°
4 6 6 9 6 . (8.1-80)
—8.1810* 2.2810° 1.5710 4.2810 43410° —1.7410
l—6.61107 —8.10° —8.0610° 4.3410° 5.1610° 1.63105J
1.4107 7.6810° 1.8410° —1.74107 1.6310°5 6.2110°

C=

Kelvin eigen-moduli
L= [2.1910%°,6.9410% 6.2110%,5.1610°,4.3810%,4.2810°] (8.1-81)

We can see that we have generated anisotropic material.

8.1.11 Material with Continuous Distribution of Fiber Configurations

Sections 8.1.3 and 8.1.7 focused on distribution functions which could be thought of as
representations of individual fibers within discontinuous fiber composite. We have shown
that if we consider very large number of fibers with random configuration within certain
parameter bounds, we can approach special cases of material symmetry. In this section,
we focus on distribution functions given by continuous functions. Clearly, our choice of
functions is infinite, however we can select one example function to demonstrate the
concept of generating anisotropic stiffness tensor for materials with known continuous
distribution of fiber configurations.

8.1.12 Constant § Sequence Function

In this section, we consider distribution functions of the following form

b _ _ _
Yr(a,B,y) = —=64()8,(B)5.(v) (8.1-82)
sinb
Ps(&,m) = 8.(6)8,(m) (8.1-83)
Where
5.(0)=1{2g’ @E{m—am+a) oo ny (8.1-84)
0, ag¢(m—an+a)



5p(B) =32b" 'Be<_b’b>; Ee(o,%) (8.1-85)
0, pBe&(bb)
1 - _
5.0 =12z YE@=Em+E) eiom) (8.2-86)

0, ye(m—c,m+c)
1 _
5,(&) ={2¢’ ; 1—e>0A1>0 (8.1-86)

1 _ _
_ —, E{(P—hp+h
s, =125’ NEP-hAFTR)

p—h=>0Ap—h<m (8.1-87)

This definition assigns a constant probability of finding a fiber within intervals symmetric
around configuration a=m, f=0, y=m, § =1 and n = p. Completely random
rotation with equal probability of fiber coordinate system being oriented in any direction
is given by a=m, b= % and ¢ = m. In a limit case of infinitesimally small intervals
given by a - 0, b—0,é—0,é&—0and h — 0, the functions above approach delta

function with 1 an g describing material with fibers in single configuration.
Normalization condition shown in Equation 4.5-3 was satisfied by

_ ) (8.1-88)
b m+C —
_111J”+“d j 4 Jd_smb
=2azp2e ), e | coshdp =75
B=-b y=n—C
We can obtain the orientation distribution function from Equation 4.5-5:
B n+C
Y@ ) = =5, @5, f 5.0y = 5,5 ) e f dy
_ n-¢ (8.1-89)
b
5a(@)8,(B)
" sinb

For material represented by delta sequence function.
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8.1.13 Geometric Tensors for Material with Fibers Represented by Constant § Sequence
Function

Components of geometric tensors are not listed in this section due to the effort necessary
to perform symbolic integration. Listing all the resulting components would take
significant space. Given a continuous distribution function, one would likely employ
numerical integration scheme, which is what we choose to do.

We use definitionsin Equations 4.6-4 and 4.6-5 to arrive at integrals giving us second and
fourth order orientation tensors:

% 21 _
b _ _
aj= | | pi@pIp@p) s 8 @35,6) cosp dadp
ﬁ=_%a=0
b ma (8.1-90)
-—— f_b j pi(a, B )p;(@ B) cospdadp ,
i,j=1,2, 3
Qjjkl (8.1-91)
: 5
- | f P B3 (@ B P, B I (0 B ) == (@08, (B) cosp dad
p=-7°=
1 w+a
e f f P B3 (e B P, B (e ) cos p dadf, i)l
=123

Similarly, for curvature tensor, we can transform Equations 4.6-35 and 4.6-36 and
evaluate:

T
2 2 2m A
= f f Qi(a;ﬁ,)/)q]'(d,ﬁ,}’)Ega(a)gb(ﬁ)gc(}’) cos B dadfdy
Y=0 g=_2a=0 (8.1-92)
1 n+¢ b m+a
——— [ | | agcospdadpay ij=123
8acsinb ~
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. n+¢ b n+a (8.1-93)
~—— [ [ | asauacosp dadpay  ijiki=123
8acsinb ~
y=n—-C B=—b a=n—a
For mixed tensor s;jx;, we write
Sijki
2t 2 2m
- [ | | (@pp@masnatsy
y=0 ﬂ=_%a=0
b _ _ _
+qi(a, B,7)q;(a, B, )i)pk(a, Bpi(a, ﬂ)) m5a(a)5b (B)6c(y) cos B dadBdy (81.94)

T+C b n+a

f j(piququ+qiq,-pkpz)c08[>’ dadfdy 1i,j,k,!
=—ba=n-a

a

__ 1! f

~ 8acsinb B
y=n—¢

=1,2,3

a

B

Again, this is equivalent to evaluating Equations 4.6-67 through 4.6-87 with a = A,
fp=Bandy =T.

We now provide three specific examples.

As noted above, completely random material is given by by a = m, b = g and ¢ = m.

ap) = Ay = (8.1—95)

o o o Lruirg|r
o o o mlr—k(’;lr—x(’j‘.llr-x

o oLl o o o

IO (] Owlr—kwlr—kwlrlk
o o o (’T.llr-t(’j‘.llr-xmlr—k

o Llr © o o o
bl ©o o o o o
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b(4_

S@ = |—3.63 108 0

We can consider a more general case given by a =

aa)

|
-
|

2.1071
6.67 1072
6.67 1072

0
0

—5.38107°

6.67 1072
2.1071
6.67 1072
0
0
0

CooW RW LW K

b =
6.67 1072 0
6.67 1072 0
2.1071 —1.56107°
—-156107° 6.67 1072
3.67 1078 0
0 0

267107t 1.3310712.67 107! 0

[ 1331071 2.6710712.671071-3.63108

| 2.67 107! 2.6710711.33 107" 3.01107°

0

l—2.93 108 0

7.11 1071
[6.2 102
_l647102
| o

| o
L o

0

@@=,

6.2 1072
1.12 1072
6.131073

0.

0.

0.

3.01107° —6.67 1072

0 0
0 2.46 1078

18.37 10717
7.931072
8.33 1072

0.

6.47 1072 0.
6.131073 0.
1.25 1072 0.

0. 6.131073

0. 0.

0. 0.
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T
6

0 —5.38 10‘9]
0 0
3.67 1078 0 I
0 0 |
6.67 1072 0
0 6.67 1072 J
0 —-2.931078
0 0 ]
0 0 I
0 2461078 |
—6.67 1072 0 |
0 —6.67 10—2J
,b="and ¢ ="
6 6
0 0.
0 o |
0. 0. |
0. 0. |
6.47 1072 0. |
0. 6.2 10—2J

(8.196)

(8.1-97)

(8.1-98)



8.56 1072
[8.35 10—1]
b = 17931072
@) | 0. |
0.
|l o |
1391072 65102 6.671073 8.31071° 0
[ 6.51072 7.09 10! 6.15 1072 0 —7.03 10710
b —|p667107% 6151072 1.121072 0 0
@) 8.3 10710 0 0 6.151072 1.55107°
l 0 —7.03107° 0 1.55107° 6.67 1073
0 0 1.551072 —=7.03 10"1° 8.3 1071°
13310 7.1510°! 7.4410°% —7.77 107° 0
[ 71510"! 123107 7.61072 —2.93107° 2.7510°°
_ | 7441072 76102 1.231072 0 0
| —7. 77 107°-2.93 107° 0 —1.06 1073 0
l 2.75107° 0 0 -1.121072
o 0 —-1.531078 0 3.6107°

0
o |
1.55107° |
—7.03 10710
8.310°10

6.5 1072 J

0
0
—1.531078|
0
3.6107°
—1.221071!

(8.1-99)

(8.1-100)

Now we can examine a case with very narrow parameter interval, which approaches delta
function. We use a = 0.001, b = 0.001 and ¢ = 0.001 :

Ap) =

3.331077
-7
aw = 233310
0
0

S O O OO

b)) =

1.

0
0
0

o O OO

o o

3.331077
3.331077

1. 33310~7 3.3310~7

13.33 10777

3.331077
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SO OO OO

o O OO

3.331077
0

S O O OO

3.33 10"

(8.1-101)

(8.1-102)



0 3.331077 0 0 0 0
3.331077 1. 3.331077 0 0 0
by = 0 3.331077 0 0 0 0
0 0 0 3.331077 0 0
0 0 0 0 0 0
0 0 0 0 0 3.331077
[6.67 1077 1. 3331077 0 0 0
1. 6.67 1077 3.331077 0 0 0
3.331077 3.331077 0 0 0 0
Sy = 0 0 0 0 0 0 (8.1-103)
0 0 0 0 0 0
0 0 0 0 0 —6.6710774

8.1.14 Parameters for Material with Fibers Represented by Constant § Sequence Function

We can recall that material with fibers in single configuration is orthotropic material. We
therefore need nine constants. Using previously suggested approach for obtaining
material parameters through planar orientation averaging of transversely isotropic
material obtained using semi-empirical Halpin-Tsai-Kardos [55] Equations.

For single configuration, we use 15 in the form given by Equation8.1-4 and calculate
material constants from Equations 4.5-36 through 4.5-44 in the following form

k= (((k))) =
Jozo Je—o R myws(§,mdgdn =, [, k(§,m)8.(£)8, () dEdn=

1 cp+h l+é
42h f17=ﬁ—i_z f§=z_e— k(& m)dédn

(8.1-104)

Using composite constants from Table 8-3 in Equations 4.7-45 through 4.7-53 and
integrating over a narrow range of shape parameters approximating slightly curved fibers
of the same length:

m — T
E’h = W (8.1—105)

[=505ée=1,p=
We obtain

u=1.8210° Pa,A = 5.0110° Pa, a;; = —6.59 108 Pa, a,,
= —6.59 107 Pa,u; = —2.05 107 Pa, u, = 3.21 107 Pa, B3, (8.1-106)
= 1.27 10'° Pq, §;, = 1.48 10° Pa, ;5 = 9.67 107 Pa

which is numerically nearly identical to results obtained for material with fibers in single
configuration in Equation 8.1-39.
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We can use parameters equivalent to a large number of fibers in Equation 8.1-74, where
fiber lengths and curvatures span a large interval:

— T
h= = (8.1-107)

[ =505,é&=495,p = >

NI

We obtain

u=63810%Pa,A =7.410° Pa,ay; = —2.91 10° Pa, a,,
= —2.5510° Pa, i, = 1.17 10° Pa, i, = 1.2 10° Pa, By

(8.1-108)
= 8.7510° Pa, B3, = 1.36 10° Pa, f;; = 3.64 10° Pa

Which is numerically close to the results obtained for an ensemble of 10,000 fibers in
Equation 8.1-75.

8.1.15 Stiffness Tensor for Material with Fibers Represented by Constant § Sequence
Function

In this section, we examine stiffness tensors and Kelvin moduli for six cases, which can
be obtained using material parameters and geometric tensors listed above.

In the first case, we use narrow intervals for delta sequence functions to approximate
material with fibers in single configuration. We use material parameters from Equation
8.1-106 for straight fibers and geometric tensors in Equations 8.1-101 through 8.1-103
approximating single configuration.

The stiffness tensor in Voigt notation:

2.1010 43810° 4.3510° 1.1810°8 0 1.1810°8
4.3810° 8.6510°  4.9510° 0 0 -1.181078
_| 4.3510° 49510° 8.6510° 0 0 0 (8.1-109)
1.18108 0 0 1.8510° 0 0 ’
0 0 0 0 1.810° 0
1.18107% —1.181078 0 0 0 1.8310°
The stiffhess tensor in Kelvin notation:
2.1010 43810° 4.3510° 1.6710°8 0 1.6710°8
4.3810° 8.6510°  4.9510° 0 0 -1.671078
—~ 9 9 9
¢ = 4.3510_8 4.9510 8.6510 0 ; 0 0 (8.1-110)
1.6710 0 0 3.710 0 0
0 0 0 0 3.610° 0
1.67107% —1.671078 0 0 0 3.6610°

Kelvin eigen-moduli
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A= [2.3710%°,9.8310%3.710% 3.710°,3.6610°, 3.610°] (8.1-111)

This material is nearly transversely isotropic and the values are numerically identical to
the case of fibers in single configuration, which is approximated by the narrow intervals
for delta sequence functions — see Equations 8.1-45 through 8.1-47.

Now we keep the length of the fibers and geometric configuration the same as in the
previous case, except that we allow the fibers to bend with random curvature. Since all of
the fibers have nearly identical geometric configuration, the fibers are curved only in one
plane. We use large interval for material parameter delta function with resulting material
parameters listed in Equation 8.1-108 with geometric tensors Equations 8.1-101 through
8.1-103 approximating single configuration.

The stiffness tensor in Voigt notation:

1.6310°  55810°  4.4910° 4.461077 0 4461077
[5.58109 9.7410°  4.8410° 1.671077 1.251071° —2.7910-7]
| 44910°  4.8410°  8.6710° 0 0 —4.31078 |

C= 1-
4461077  1.671077 0 1.8410° —4.31078 0 | (8.1-112)
|0 1.251071° 0 431078  1.8110° 0 |
4461077 —2.7910"7 —43107% 0 0 3.0110°

The stiffness tensor in Kelvin notation:

1.63101°  55810°  4.4910° 6311077 0 6.310~7
[5.58109 9.7410°  4.8410° 2361077 1.7610°10 —3.9510-7]

~ | 44910° 4.8410° 8.6710° 0 0 —6.081078|

C= 1-
631107 2.3610°7 0 3.6810° —8.61078 o | (8.1-113)
l 0 1.7610710 0 —86107%  3.6210° 0 J
6310~7 —3.9510~7 —6.081078 0 0 6.0310°

Kelvin eigen-moduli
A= [2.2410%9,7.9710° 6.0310%,4.3110%, 3.6810°,3.62107] (8.1-114)

We can see that allowing the fibers to be curved in a single plane resulted in orthotropic
stiffness tensor as expected. In the following example, we look at slightly curved fibers of
the same length with completely random geometric configuration. Narrow delta function
for shape parameters was used with resulting material parameters given in Equation
8.1-106. Geometric tensors for randomly configured fibers are given in Equations 8.1-95
through 8.1-97.

The stiffness tensor in Voigt notation:

241



[1.071010 5.410° 5.410° —-3.51 6.07107° —2.84

5.410° 1.0710%° 5.410° 6.091077 9.46107> 2.2410°°

5.410° 5.410° 1.0710° 2910"! 5421073 —-1.1510"° (8.1-115)
—-3.51  6.091077 291071 2.6710° 3.17107° 2.37 ’
6.07107> 9.4610°° 5.421073 3.1710°°® 2.6710° 2.53107°

—2.84 2.24107° —-1.1510"° 2.37 2.53107°  2.6710°

C =

The stiffness tensor in Kelvin notation:

[1.071010 5.410° 5.410° —496 8.58107° —4.01

5.410° 1.0710%° 5.410° 8.621077 1.34107* 3.17107°°

5.410° 5.410° 1.0710° 4.11107! 7.671073 —1.63107° (8.1-116)
—496 8.621077 4.11107' 5.3410° 6.34107° 4.75 '
8.58107> 1.34107* 7.671072 6.34107°® 5.3410° 5.05107°

—4.01 3.17107® -1.63107° 4.75 5.05107°  5.3410°

C =

Kelvin eigen-moduli
A= [2.1510%9,5.3410°5.3410% 5.3410%, 5.3410%, 5.3410°] (8.1-117)

As expected, we have generated nearly isotropic material with two distinct Kelvin
moduli.

Now we consider an example of material where fiber length and curvature parameters
span large intervals with resulting material parameters shown in Equation 8.1-108 with
rotation configuration given in Equations 8.1-98 through 8.1-100.

The stiffness tensor in Voigt notation:

10710  5.410° 5410°  -13210° -1.1210"% —1.1410?
[ 5410°  1.0710°  5410° —1.1910"* 3.56107° 8.7410‘5]
c—| 5410° 5.410°  1.0710%° 8.83 499101 43410~ g 1yg)
| ~-1.32102 -1.1910*  8.83 26510° 12107 89410 '
~1.121073 356107 49910  1.210™*  2.6510° —1.861077
| 11410 874105 —43410-* 89410' —18610~7  26510°

The stiftness tensor in Kelvin notation:

1.0710%° 5.410° 5.410° —-1.8710> —-1.5910"3 —1.61107? ]
5.410° 1.0710%° 5.410° -1.6810"* 5.041073 1.24107*
F_ 5.410° 5.410° 1.0710%° 1.2510% 7.0610* —6.14107* (8 1-1 19)
-1.8710> -1.68107* 1.2510° 5.3110° 2.39107% 1.7910? )
l—1.5910‘3 5.041073 7.0610! 2.391074 5.3110° —3.721077
—1.6110? 1.24107* —6.14107* 1.79102 —3.721077 5.3110°
Kelvin eigen-moduli
A= [2.1510"9,5.3110% 5.3110° 5.3110°,5.3110°,5.3110°] (8.1-120)
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Again, we have arrived at isotropic material with two identical Kelvin moduli. We can
see that the results are comparable to the case of 10,000 randomly generated fibers
Equations 8.1-79 through 8.1-81 with identical parameter constraints.

8.2 Appendix B: Solutions for toroid cross-sections

Solutions for cross section(s) k4 and k, of a toroid with a plane are provided below.

ky = (kyx k1y) (8.2-1)

ki, =x.+ %r(Sin)a) (Cos)y)(—1+ (=1 + pCos)u))Sin)f1))

+ pSin)w)Sin)y))

—Cos)a)(Cos)f1)(—1 + pCos)u))Cos)B) + Sin)B) (pCos)y)Sin)w) (8.2-2)

+(1 + (1 — pCos)u))Sin)f1))Sin)y))))

kiy=y.+ %r(Cos)a) (Cos)y)(1 + (1 — pCos)u))Sin)f1))
— pSin)u)Sin)y)) — Sin)a) (Cos)f1)(—1 + pCos)u))Cos)f)
+ Sin) B) (pCos)y)Sim)w) + (1 + (1 (8.2-3)
— pCos)u))Sin)f1))Sin)y))))

f; = 2ArcTan(a,) (8.2-4)
kl = (klx'kly) (82‘5)
al =

(=1 + pCos(u))Cos(B)Sin(y)
(=1 + pCos(u))Sin(B) + Cos(B)(pCos(y)Sin(u) + Sin(y))
J (=1 + pCos(w))2Sin(B)2 — pCos(B)2(pSin(u — y) + 2Sin(y))Sin(u + y)
B (=1 + pCos(w))Sin(B) + Cos(B)(pCos(y)Sin(u) + Sin(y))

(8.2-6)
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Kz = (kax, kay) (8.2-7)

ko =%+ %r(Sin(a) (Cos(¥)(—1 + (=1 + pCos(u))Sin(f2))

+ pSin(u)Sin(y)) — Cos(a)(Cos(f2)(—1 + pCos(u))Cos(B)
+ Sin(8)(pCos(y)Sin(u) + (1 + Sin(f2) (8.2-8)
— pCos(w)Sin(f2))Sin(y))))

kyy=y.— %r(Cos(cx) (Cos(¥)(—1+ (=1 + pCos(u))Sin(f2))
+ pSin(u)Sin(y)) + Sin(a)(Cos(f2)(—1 + pCos(u))Cos(p)
+ Sin(B) (pCos(y)Sin(w) + (1 + Sin(f2) (8.2-9)
— pCos(w)Sin(f2))Sin(y))))

f, = 2ArcTan(a;) (8.2-10)
a, =
(=1 + pCos(u))Cos(B)Sin(y)
(=1 + pCos(w))Sin(B) + Cos(B) (pCos(y)Sin(u) + Sin(y)) (8.2-11)

V(=1 + pCos(w))2Sin(B)? — pCos(B)?(pSin(u — y) + 2Sin(y))Sin(u + y)
(=1 + pCos(u))Sin(B) + Cos(B)(pCos(y)Sin(u) + Sin(y))
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