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In this paper, we propose a new method for calculating the stiffness tensor for a composite material con-
taining curved discontinuous fibers. We introduce a new concept of configuration for a single curved fiber
defined by five dimensionless parameters. An ensemble of curved fibers within a composite material is
then described by a configuration probability density function. The proposed stiffness tensor requires
three tensors of fourth-order describing the material microstructure and a set of elastic constants. We
introduce the concept of configuration averaging and present an analytical method for estimating elastic
constants for materials containing curved fibers. We demonstrate that for materials containing only
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1. Introduction

Discontinuous fiber reinforced composites (DFCs) are materials
in which the fibers act as structural reinforcements and their
aspect ratios, defined as fiber length divided by fiber diameter,
influence the resulting material properties. Examples of traditional
production processes for DFCs are injection molding, compression
molding, and spray-up. However, this work can be applied equally
well to metal matrix composites and bio-composites. The work
presented below assumes linear elastic matrix properties, there-
fore applications should focus on materials obeying this assump-
tion until extentions of the method are introduced to remove
this restriction. The objective of this work was to develop an
improved description of microstructure of DFCs that accounts for
curved fibers and to develop a method for obtaining the stiffness
tensor of the composite. Since material stiffness is a common
design driver, this work also provides a practical design tool.

In developing this work, we acknowledge that virtually any
microstructure can be explicitely modeled using numerical tech-
niques such the finite element method (FEM) [1,2]. However, an
obvious disadvantage of this approach is the need to generate a
large, statistically significant number of representative volumes
for quasi-random architectures and to subsequently perform
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analyses on all of them in order to obtain the statistics of the
resulting response. Modeling of realistic DFCs using such an
approach would require prohibitive computer resources and time.

An alternative modeling approach is to use statistical measures
and homogenization methods for describing the fiber and matrix
microstructure in the representative volumes of the composite.
These measures and methods are largely driven by the nature of
the subsequent analysis. The microstructure measures commonly
used for composite stiffness prediction are fiber volume fraction,
fiber length distribution (FLD), and fiber orientation distribution
(FOD). Fiber volume fraction is a single parameter describing an
average content of fiber and matrix material within the composite.
FLD and FOD are functions describing an ensemble of fibers, repre-
sented as straight cylinders. Measurement techniques and results
for traditional flow molded DFCs are discussed for example in
[3-5] for FLD, [6,7] for FOD and standards [8,9] covering fiber vol-
ume fraction.

The orientation of a single straight fiber is described by an ori-
entation vector. The probability density function (PDF) describing
the orientation for an ensemble of fibers can be represented by a
set of even order orientation tensors as described in [10]. Using a
fourth order orientation tensor and the micromechanics-based
material stiffness coefficients, Advani and Tucker [10] obtain the
stiffness tensor using orientation averaging of transversely isotro-
pic stiffness tensor.

In this work, we extend the work of Advani and Tucker for com-
posites containing straight fibers with arbitrary orientation [10] to
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composites containing assemblies of curved fibers. The resulting
stiffness tensor is anisotropic. This extension is motivated by
experimental observations such as that shown in Fig. 1.

In order to systematically account for the effect of fiber curva-
ture on the composite properties, we introduce a new concept of
fiber configuration and a PDF for the configuration of the ensemble
of fibers. We then introduce a method of configuration averaging of
the orthotropic stiffness tensor that results in a stiffness tensor
containing 21 distinct components. To obtain numerical values of
the material constants for the orthotropic stiffness tensor, we use
the Halpin-Tsai equations [11] along with orientation averaging
(although these constants could be generated by other methods).
Finally, we demonstrate the developed method with examples.

2. Description of microstructure
2.1. Configuration of single fiber

The first step in our approach is to introduce the configuration
description for a single curved fiber. We define a fiber coordinate
system f=(p, q, s) as a Cartesian coordinate system defined by
orthonormal vectors p, q, and s. We assume a straight cylindrical
fiber of length L and diameter d and place it so that the center of
gravity of the fiber coincides with the origin of the fiber coordinate
system and the fiber centerline is parallel to p as shown in Fig. 2.

The fiber configuration is then defined by a single dimension-
less parameter ¢ =% and orientation vector (1,0,0) in coordinate
system f.

Four successive geometry transformations will result in a
curved fiber in a general configuration with respect to a laboratory
coordinate system. These operations consist of first changing the
fiber from a straight to a curved shape and then rotating it using
three Euler angles. We then change the shape of the fiber so that
the oriented curvature p is given by p = 1q, where R is the radius
of curvature. This is equivalent to describing a section of a toroid in
cylindrical coordinates (r, ¢,z) with cylindrical coordinate system
origin at Rq, z axis aligned with s and ¢ measured from X in a
mathematically positive sense as shown in Fig. 2, right.

We assume that the fiber length and diameter remain the same,
and the vector p remains tangent to the fiber centerline at its cen-
ter. This fiber configuration is given by two dimensionless param-
eters, ¢ = é andn = %. We further assume that the fiber coordinates
fi are initially aligned with the laboratory coordinates x; and per-
form three successive rotations through three Euler angles: rota-
tion around s by «, rotation around q by 3, and rotation around p
by 7y in mathematically positive sense. These operations are
described by
fi = RiRyRex,

kM

i.j,k1=1,2,3 (1)

In (1) and all subsequent equations in this document, summa-
tion takes place over repeated indices unless otherwise noted.
The direction cosines in (1) are given by

1 0 0 cosp 0 sinp
= |0 cosy siny|, R} = 0 1 0 |,
0 -—siny cosy —sing 0 cosp
coso sino O 2)
R = | —sina cosa 0
0 0 1

We may obtain a unique description of a curved fiber in any
configuration by placing the following limits on the rotations:

0<o<2m, 7§§ﬁ<§; 0<y<2m (3)

Therefore, the configuration of a curved fiber can be described
by five dimensionless parameters ¢, 7, o, 8,7 as illustrated in
Fig. 3. Parameters ¢, § describe the shape of the curved fiber, while
the three angles o, 8,y allow for arbitrary rotation of this shape
with respect to the laboratory coordinates.

Note that the limiting case of a straight fiber (1 = 0) reduces to
the coordinate system of Advani-Tucker [10] (with spherical coor-
dinate angles ¢ = o, 0 =% — ) where y can be selected arbitrarily
without affecting the configuration state. The components of the
orientation vector p and the curvature vector q are:

p; =COS0COS ff =cos¢singd; p, =sinocosf = sin¢sino;
p; =sinf =cosf (4)
g, = —sinacosy — cos o sin ffsiny;

g, = CosoCosy —sinosin fsiny; @q; = cos fsiny (5)

The configuration of a straight fiber is described by three
parameters, namely the aspect ratio ¢ =% and two angles defining
the orientation of fiber vector p. Eq. (4) gives the orientation vector
components with Euler angles «, 8 as well as with standard
spherical coordinate angles ¢, 0 to allow for easy comparison with
previously published work [10]. The description of configuration
for a curved fiber requires one additional shape parameter and
one additional angle. The shape parameter n =% provides the
magnitude of curvature, while the angle y provides the direction
of the curvature vector q, which is by definition perpendicular to
the orientation vector p.

2.2. Configuration distribution function for an ensemble of fibers

We now define the configuration distribution function for an
ensemble of fibers Y a, B, 7, & 1) as the probability density func-
tion of finding a fiber with configuration given by angles and
parameters o, f, 7, &, 1 in the intervals:

Plog <o <oy +dog, fy < B< Py +dpy,yy <9<y +dyg, &
<ESHEG +dEny <0 < 4y +diyy)

= (0, Br, 71, &1, M) cos By dadpdydédn (6)
The configuration distribution function s is normalized as:

00 00 2n /2 2n
] Vel B, y.¢.n)cos p - dadpdydedn =1
n=0 J¢=0 Jy=0 Jp=-m/2 Joa=0

(7)

Fig. 1. Injection molded composite containing glass fibers. Left: Polished cross-section - three cross-sections whose deviation from elliptical shape indicates fiber curvature

are highlighted. Right: Entangled mass of curved fibers after matrix burn-off.
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\d

Fig. 2. Left: Straight cylindrical fiber with coordinate system f = (p, q, s). Right: Bent fiber with curvature radius R.

Fig. 3. Curved fiber with coordinate system f = (p, q, s), defined by Euler angles «, §,
7. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Assuming the independence of fiber shape and rotation, iy may
be separated into two parts

l//C((x7ﬁ7 Vs ¢, '/’) = l//R((xv B, ')))1/15(6, 7]) (8)

where the rotation of fiber coordinate system with respect to labo-
ratory system given by three angles «, 8, y and the shape of a fiber
given by parameters ¢,  are independent for an arbitrary configura-
tion. We place the following normalization conditions on the rota-
tion distribution function y/r and the shape distribution function /s

2n /2 2n
[ Ve, B,7)cos p - dadpdy = 1;
Jy=0 Jp=-m/2 Jo=0

/’1 B /X ys(e, mdedy =1 9)

Upon integration of Yy over all possible angles v, the fiber ori-
entation distribution function is:

2n

l//((x>ﬁ) = 0 l//R(a7 ﬁ7’)))d’y (10)

The properties of iy were explored in detail by Advani and
Tucker [10].

2.3. Stiffness tensor

In this section, we use the concept of fiber configuration to
establish the components of the anisotropic stiffness tensor Cjy

for an ensemble of fibers in an arbitrary configuration. The general-
ized Hooke’s law is given by

0,']' = C,’jklskl l.,_]., k,l: 1,2,3 (11)

where ¢y and ¢ are the components of symmetric second rank
stress and strain tensors respectively. Assuming the existence of a
strain energy density function and the symmetry of the stress and
strain tensors, we note the following (standard) symmetry of the
stiffness tensor

Cit = Gjit = Ciajj = Gy 1,J,k,1=1,2,3 (12)

which reduces the number of distinct components in Gy, from 81 to
21. In the following sections, our focus is on deriving these 21 com-
ponents of Cj, for any material with its microstructure described by
Eq. (8).

2.4. Orthotropic stiffness tensor for a material with fibers in a single
configuration

We now consider a material consisting of an ensemble of uni-
formly dispersed fibers of a single configuration within a matrix
with no interactions between the fibers as illustrated in Fig. 4.

For the material illustrated in Fig. 4, a single fiber and surround-
ing matrix shown in Fig. 3 constitutes a representative volume. We
can inspect Fig. 3 and conclude that there exists geometrical sym-
metry with respect to a plane with normal p and to a plane with
normal s. Since our idealized material consists of fibers in a single
configuration, the resulting material will also have two material
planes of symmetry. We can write two transformations under
which a stiffness tensor remains invariant

Rij(p) = 0j — p;p; and Ry(s) = 0 —sis; 1,j=1,2,3 (13)
Vectors p and s are normal; this was shown to imply a third

material plane of symmetry [12] and result in orthotropic material
stiffness tensor Cj with nine material constants

Fig. 4. Material with fibers in single configuration.
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Cijta = (0 dj1 + 0udj) + 4040kt + K2 (DiD; Okt + 0yDDy)
+Kq2(qiq;0k + 0iqid;) + 2 1y (SiD;P1 + Sa;Py + 6D iP + SjxPiPy)
+2 Uy (0G;q, + 0uq;qk + 93 qiqGk + %k qiq)) + KpaDiD;PiD:
+ Kqa0iQids + Ksa(PiPj 0 + qiqipiPr) 1.k 1=1,2,3  (14)

This form of orthotropic stiffness tensor can be found for exam-
ple in [13] and [14]. Spencer [14] also suggested that the vectors p
and q may vary point to point for a material containing curved
fibers. We extend this idea by introducing the concept of configu-
ration averaging in a representative volume.

2.5. Configuration averaging for a material with an arbitrary fiber
configuration

We now perform configuration averaging to obtain the stiffness
tensor for material containing fibers described by a configuration
distribution function . This procedure is analogous to orientation
averaging. We define the configuration average of the stiffness ten-
sor as

00 o0 27 /2 21
(Cikt)c =/ / / / / Cigrc (o, B, 7. &)
n=0 J¢=0 Jy=0 Jp=-m/2 Ja=0

x cosp dadpdydédn i,j,k,1=1,2,3 (15)

where we use (). brackets to indicate configuration averaging.
Substituting Eqs. (14) into (15) results in the most general form of
a stiffness tensor for material containing curved fibers. We now
use the standard separation of variables in Eq. (8) to describe inde-
pendence of fiber shape and its rotation with respect to the labora-
tory system. This allows us to simplify configuration averaging (15)
by separating rotation averaging and shape averaging as discussed
below.

The material constants in Eq. (14) are independent of the orien-
tation of the fiber coordinate system with respect to laboratory
system. However, they depend on parameters ¢ and # for a partic-
ular configuration. Therefore for any of the material constants k
(with units of Pa) of Eq. (14)k = k(¢&, n).

Since the orientation vector p for any configuration is obtained
by two rotations through angles o,  and the curvature vector q is
then obtained by additional rotation around orientation vector p
through angle ), we can write

q :q(avﬂv “/) (16)

Performing the requisite integration, Eq. (15) becomes

p= p(OC, /g)v

(Cijia)e = R(SiwSjt + Sudji) + A0Skt + Kp2 (050 + 55au)
+ Kga (byjdw + diibia) + 217 (S + duljp + IpQix + djpcli)
+ 211, (dibji + dubj + Sbix + Sixbi) + Kpatijui + Kqabiju
+ Kea(Cijit + Crg) 1,4, k,1=1,2,3 (17)

where
k== [ [ kenwsen den [pa (18)

with k representing any of the material constants in (17) and ()s
brackets denoting shape averaging. We use () brackets for rotation
averaging and standard definition of single brackets () indicating
orientation averaging to define a; and by as second order orienta-
tion and curvature tensors respectively:

/2 2
a5 = (pipy) = / / PP (o p)cosp dadp ij=1,2,3 (19)
p=—m/2 Jo=0

2n /2 2n .
m=@ap=[ [ [ aauspncoss dudpdy ij=123 (o)

Similarly, we define ajj, bjjiy and ¢ as fourth order orientation,
curvature and mixed tensors:

Gy = (PPPP)s D = (40 d)r:  Cia

= <piqukql>R i7j7 k7l: 1,2,3 (21)
We have therefore defined all the terms in Eq. (17) that allow us to
obtain the form of a stiffness tensor for a material containing curved
fibers in an arbitrary configuration. The remaining task is to find
nine constants for a material containing curved fibers in a single
configuration. Before doing this, however, we explore the properties
of the geometric configuration tensors and the character of the
resulting material anisotropy.

2.6. Properties of geometric configuration tensors

In this section, we investigate properties of the second and
fourth order orientation tensors a; and aj;, the second and fourth
order curvature tensors b;; and by, and the mixed tensor c. In the
absence of fiber curvature, definitions of a; and a;; given in Egs.
(19) and (20) reduce to definitions identical to those provided by
Advani and Tucker [10]. Correspondingly, all of the equations
above reduce to previously developed theories. The orientation
tensors are fully symmetric:

aj=a; and Qi = Qi = gt = e = Ay, €LC. (22)

with information about second order tensor being contained within
fourth order tensor and the trace of the second order tensor reduc-
ing to unity, i.e.:

a,»jkk = a,»j, aj = 1 (23)

We can write identical expressions for fully symmetric curva-
ture tensors by and byy. Full symmetry for fourth-order tensors
implies 15 distinct components.

The mixed tensor is not completely symmetric. However, it is
symmetric with respect to the first pair and last pair of indexes.

Cijki = Cijik = Cjilk (24)
Thus, there are 36 unique components in ¢ Eq. (14) imposes addi-
tional symmetry:
Sigkt = (Cijkt + Cuig) = (DiD;ds + PePiGiGyr 1,0,k 1=1,2,3 (25)
The tensor s;; has the same symmetry as the elastic tensor and
has 21 distinct components. We can therefore conclude that the
stiffness tensor produced using configuration averaging contains
the base tensor with 21 distinct components, while the stiffness
tensor constructed via standard orientation averaging would con-
tain a base tensor with only 15 distinct components corresponding
to the full symmetry of ajjy.

2.7. Obtaining material parameters for a material in a single
configuration

We now describe a procedure for obtaining the material param-
eters in Eq. (17). If a material contains fibers in a limited range of
configurations, these constants could be obtained experimentally.
However, such an empirical approach would be impractical for
realistic DFCs. Alternatively, one could perform a large number of
numerical simulations to obtain the constants.

We propose an approach based on orientation averaging and
semi-empirical Halpin-Kardos [11] equations. Regarding a curved
fiber in an arbitrary configuration as an assembly of segments of
straight fibers, we can assign an orientation tensor to any given
segment. We will first define a planar orientation tensor for a bent
fiber with shape given by ¢, # in fiber coordinate system f = (p,q,s),
and subsequently rotate the result to obtain the solution for arbi-
trary configuration. From Fig. 5, we note that ¢ = ¢ and 0 =3 for
a segment of bent fiber with orientation given by vector p.
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The probability of finding a segment with given orientation is
given by

_ L for¢p e< —1,1
_Jm 272 26
42 { 0 elswhere (26)

Components of orientation tensors a; and a; representing the
segments of bent fiber can be calculated from definition given in
Eq. (19) and (20).

- 3n+(4+cosny)siny .

i = 81 , 02222
3n+ (-4 +cosn)siny . - . -
= e+ 8 ) U , Q1122 = Q2211 = A1212 = A2112

n —sinncosy
8n

with all other components reducing to zero. We now use planar ori-

entation averaging over the transversely isotropic stiffness tensor

= E12121 = E11221 = (27)

(Cija) = W (Oirdjt + dudji) + 45 (30k1) + G2 (Ao + Audy) + (Ko
— 1) (@dy + Qb + Aoy + Ajdi) + C4lyal, j, K, 1

=1,2,3 (28)
where us, 4, to, G5,G, are material constants for straight fibers
obtained from the Halpin-Kardos [11] equations and the following
relations:
B —E1E;Go3 C
= 5 T U223,

E]E2 — 4E] 623 -+ 4EzG23V12
i E1E2623(1 —2\112)
# TEE, — 4E1Gy3 + 4E,Gp302,
Ei*(Es — 4Gy3) + E1ExGys(4via — 1)
E1E; — 4E1Gy3 + 4E;Gos v%z

W=0Goa, flg =Gz, A

=G (29)

Cy=Go3 —4Gp +

The orientation averaging in Eq. (28) results in an orthotropic
stiffness tensor. Consequently, we can obtain nine material con-
stants in Eq. (14) for a material containing curved fibers:

W= L — C4l1122; A = As + 2C401122; Kp2

2011 — 201122C4; Kg2 = Gol2z — 201122645 [y

e

1 N _
= i((l‘o — W)a11 + 201122G4); Uy
1 - - -
=5 ((Hy — )02 + 201122G4); K4 = Q1111C4; Kga
2
= (2222G4; Ksa = 301122G4 (30)
YA
/
3 ‘
-1 V
©=7
_a
Y
" R
P

Table 1
Fiber and matrix properties from Ref. [1].

Er [Pa]([psi]) vy
724 x 10" (105 x 105) 0.2

Ey [Pa]([psi]) Vm Vi ¢
3.45x10°(0.5x 10% 035 02 100

For straight fiber with # — 0O, the limiting process reduces an
orthotropic material with nine material constants to a transversely
isotropic material with five material constants as expected: u = ys,
A= Js, Kpp = Go, Kpa = Sy My = 3 (Ho — Jhs), My = Kqp = Kqa = Ksa = 0.

It should be noted that there are many other approaches for
obtaining material constants which may result in better predic-
tions of material properties.

3. Examples

To illustrate the proposed approach, we will follow our deriva-
tion in reverse. In Table 1, we use numerical values for fiber and
matrix properties given in an appendix of Ref. [10].

To generate material constants for a material with fibers in sin-
gle configuration, we use the Halpin-Kardos [11] equations and
Egs. (29) and (30). Fig. 6 shows material constants in Eq. (17) as
a function of curvature n for a material in with fibers single
configuration.

Note that straight fibers and fibers forming half of a circle have
five distinct material constants corresponding to a transversely iso-
tropic material. The constants that will be used in later are given in
Table 2.

To provide a tool for better understanding of the influence of
fiber curvature on material properties, we can use the transforma-
tions listed in [13] to generate three Young’s moduli Ep, Eg, Es, shear
moduli Gpq, Gps, Ggs and Poisson’s ratio vpq, Vps, Vqs With subscripts
indicating directions in the fiber coordinate system as shown in
Fig. 7.

All of the results above are obtained through orientation aver-
aging of the transversely isotropic stiffness tensor and represent
a material with fibers in a single configuration.

To demonstrate the concept of configuration averaging, we cal-
culate geometric tensors for a material with fibers in a finite set of
configurations from the following definition:

N N
DiP;P«D q:9;9.9
Qiji :;YK ]Zk L bij = ;YK DL S

V4

N PPk + GigiPePy
= ZYK s B L Lg

. ij k=123 (31)

K=1

I

Fig. 5. Orientation vector p for a segment of bent fiber.
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Fig. 6. Material constants as a function of curvature n for a material in with fibers
single configuration having aspect ratio ¢ = 100 and constituent properties listed in
Table 1.

where Z = Zi’:] Y, cosB;, and vectors p = p(Ax, Bx), q = q(Ax, Bk, T'x)
are calculated directly from (4) and (5). Yk indicates the fraction
of fibers in given configuration. The second order-tensors can be
obtained through contraction.

We consider a hypothetical material consisting of an ensemble
of three fibers (N = 3) with the geometric configuration parameters
listed in Table 3.

Using standard representation of symmetric fourth order tensor
with symmetry given in Eq. (12) as 6 x 6 matrix, the configuration
given in Table 1 results in the following geometric tensors:

Part A 72 (2015) 239-248

of our fibers are straight (1 =0) with aspect ratio ¢=100, while
in the second material, the fibers are curved with # =Z%. Shape
averaging of identically shaped fibers will result in constants listed
in nine material constants listed in Table 2. We can now use these
constants with geometric tensors listed in Egs. (32)-(34)in Eq. (17)
to assemble stiffness tensors. For the material with straight fibers:

1.7x 10" 4.56x10° 4.57x10° 5.24x 107 4.28 x10® 4.25x10°
456x10° 8.73x10° 522x10° 1.12x10°% 5.12x10” 9.61x10°
457x10° 5.22x10° 9.84x10° 6.18x10°% 3.35x10% 1.62x10°
524x 107 1.12x10° 6.18x10% 2.18 x10° 1.96x 10° 9.75x 10’
428x10% 5.12x107 3.35x10° 1.96x10% 1.96x10° 9.69 x 10’
4.25x10% 9.61x10° 1.62x10® 9.75x10” 9.69x 10" 1.88x10°

(35)
and for the material with curved fibers:

1.61x10" 499%x10° 46x10° 92x10" 4.18x10%® 3.47x10°
499%x10° 8.74x10° 5.16x10° 1.16x 10° 8.86x 107 9.06 x 10’
46x10° 516x10° 9.81x10° 538x10® 2.3x10° 1.41x10®
9.2x10" 1.16x10° 538x10® 2.14x10° 1.74x10® 1.31x10®
418x10° 8.86x10" 2.3x10% 1.74x10° 1.97x10° 1.34x10°
3.47x10% 9.06x107 1.41x10% 1.31x10% 1.34x10% 2.32x10°

(36)

It is apparent that for the material containing straight fibers,
configuration averaging recovers the results of orientation averag-
ing and results in a stiffness tensor with 15 distinct constants for
a;e. Configuration averaging of curved fibers generally gives a stiff-
ness tensor with 21 distinct constants corresponding to anisotropy
of sjw. Our particular method for obtaining material constants
through orientation averaging of fibers with identical length is

[7.85%x 107" 6.07x1072 132x10% 844x10° 4.07x102 3.92x 1072 ]
6.07 x 103 7.08x103 282x10% 141x10% 85x10° 443x107°3
132x107% 282x10% 1.13x107" 564x102 3.29x1072 1.66x 1072
Ay = -3 2 2 2 2 -3 (32)
844x 107> 141x10% 564x102% 282x102% 166x102 85x10
407x102 85x103% 329x102% 166x102% 132x10% 844x10°°
1392x107% 443x10° 166x107% 85x10° 844x10° 6.07 x 10|
[ 855x10% 254x10% 246x10% -222x10% —458x102 417x1072 ]
254x1072 788x107" 971x10> 322x102% -153x10% -3.11x107
b 246 x102 971x103% 708x10° -6.13x10° -132x102 1.17x1072
@) = -2 -2 -3 -3 ) ) 33)
~222x10 3.22 x 10 -6.13x 10 9.71x 10 117 x 10 ~153x10
—458x107% -153x10% -132x102 1.17x1072 246x10% -222x107?
| 417x107% -3.11x10° 117x10° -1.53x10% -222x107% 254x107 |
[253x10% 81x107" 1.04x107"' 847x102 203x102 -228x107]
81x107' 194x10% 348x102 959x103% 316x102 529x1072
1.04x10" 348x102 564x102 -115x102 —-441x102 525x107?
Sw) = -2 -3 -2 2 -2 ) (34)
8.47 x 10 959x 107> -115x102% -253x10% -3.01x10 2.38x 10
203x102 316x102% —-441x102 -3.01x102% -312x102% 191x103
| —228x10° 529x10° 525x10° 238x10° 191x10° 584x10° |

The reader may readily verify that Eq. (23) hold and note that
the mixed tensor contains 21 distinct constants. We consider two
cases of fiber shapes. In our first hypothetical material, all three

equivalent with segmental orientation averaging, however modi-
fied methods will result in stiffness tensor with symmetry given
in Eq. (12).
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Table 2
Orthotropic material constants for a material with curved fibers in single configuration given by shape parameters ¢ =100 for straight fiber # = 0 and curved fiber with 7 =%.
n u(Pa) 4 (Pa) Kpa2 (Pa) Kq2 (Pa) 1 (Pa) 1o (Pa) Kpa (Pa) Kqa (Pa) Ksq (Pa)
0 1.85 x 10° 5.00 x 10° —6.17 x 108 0 —5.28 x 107 0 1.20 x 10 0 0
z 1.31 x 10° 6.09 x 10° -1.67 x 10 -1.12 x 10° 222 x 108 2.69 x 10° 1.08 x 10™° 5.29 x 107 1.63 x 10°
r2 4 4 7
4 2 4
1.8E+10 is i 55 O 0 0
8E+ Modulus [Pa] Poisson Ratio s % 1% %5 0 0 0 (40)
5 =
1.6E+10 | @ 000 —-%L o0 0
_ 1
1.4E+10 0 00 O = 0
0 0 0 O 0o - 11—5
1.2E+10 - -

The reader may verify that changing the magnitude of fiber cur-
1.0E+10 vature does not influence the resulting stiffness tensor with mate-
2.0E+09 rial constants as calculated above. For example, both sets of

constants in Table 2 result in the same stiffness tensor:
6.0E+09 -,
1.06x 10" 539x10° 5.39x10° 0 0 0
4.0E+09 539x10° 1.06x10" 539x10° 0 0 0
9 9 10
5 0E+09 c_|539x10° 539x10° 1.06x10 0 0 0
0 0 0 2.61x10° 0 0
O'OE+0000 0.5 1.0 1.5 2.0 2.5 3.0 ?1 0 0 0 0 261x10° 0
’ : ) : : : ) 0 0 0 0 0 2.61x10°

—Ep —-Eq ——Es ----Gpq -w= Gps -=Ggs ---vpq -~-"Vps ---vqs
Fig. 7. Engineering constants as a function of curvature # for a material in with
fibers single configuration having aspect ratio ¢ =100 and constituent properties
listed in Table 1.

Table 3
Geometric configuration parameters for three fibers.
Ag Bk I'x Ti
Fiber 1 (K=1) 0 0 0 1/3
Fiber 2 (K=2) /32 /32 /32 1/3
Fiber 3 (K=3) /3 /3 /3 1/3

Now we consider a material in which the fiber rotation is
perfectly random over the entire range of angles o, 8 and 7. This
distribution is represented by a constant function

1
l//R(avﬁvy):W7 OC<€ O,27T>,ﬂ€ <_gvg>7y<e 072n>

And with the help of symbolic equation solver [15], the geomet-
ric tensors can be obtained analytically by performing integration
as outlined in Egs. (19)-(21).

(37)

i L L 000
kiko000
L L1000
—_ (15 15 5 38
(1(4)000]1_500 ()
0000 L O
00000 %
(1 & L 0 0 0]
£ 1 L 000
L L1000
b:lSISS 39
(4)000%00 (39)
000011—50
_0000011—5_

(41)

Our particular method of obtaining orthotropic material con-
stants by orientation averaging of transversely isotropic stiffness
tensor only accounts for changing orientation along the axis of
the curved fiber and ensures that we obtain identical stiffness
tensors regardless of fiber curvature. In general, the method of
configuration averaging would result in different stiffness tensors
for varying fiber curvature, however the form of the stiffness tensor
would not change. It is clear that this material is isotropic with
Young’s modulus E =6.99 x 10° Pa and Poisson’s ratio v =3.37 x
10°%

We have therefore established that changing the magnitude of
fiber curvature in a material with fibers in a single configuration
has significant influence on the stiffness tensor, while perfectly
random fiber architecture negates the effects of fiber curvature.

4. Comparison with experiments

Now we compare results of our method to against a realistic
material produced with a common production technique. A poly-
amide 6,6 (PA6,6) material containing 50% of glass fibers by
weight in the form of 12 mm long pulltruded pellets was injection
molded into an edge-gated plaque cavity of 600 mm x 600 mm
and 2.8 mm thickness. The physical samples used in this study
were harvested from the centers of these plaques. Fig. 8 shows
weight-based fiber length distribution in the sample obtained by
pyrolysis and measurements of a digitized image of 2000 individ-
ual glass filaments [5].

A nominal diameter of 15 pm was measured for glass fibers in
these samples using optical microscopy.

Experiments were performed using an X-ray micro-tomography
unit with a tensile testing machine [16]. This setup allows us to
perform tomography at the beginning of the experiment and
obtain fiber orientation as well as fiber curvature measurements.
After reconstructing the sample cross-section slices with a Feldk-
amp’s cone beam convolution-backprojection algorithm [17], the
fibers appear as bright circular features in each slice. A Hough
Transform [18] is used to detect the circular fibers at each slice
and the recursive nearest neighbor algorithm searches the sample
volume to connect each fiber through neighbor slices. Note that
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Fig. 8. Weight-based experimentally measured fiber length distribution.

cross-section images needs to be generated for all the major axes
(i.e., x,y, z axes) in order to segment fibers in all directions. Finally,
a segmented fiber is represented as points in 3D space. To deter-
mine the orientation of the fiber, the points eignevectors and
eignevalues provide the direction and the magnitude of the point
spread, respectively. Consequently, the first and second largest
latent vectors give the orientation of the fiber. Although by empir-
ical observation of the processed samples 45 point samples were
enough to determine the orientation of the fiber, in order to reduce
the impact of noise in the reconstructed slices, the fibers consid-
ered in this paper have a minimum of 75 point samples. After pro-
jecting the segmented fiber to a 2D plane, by aligning the mayor
eigenvectors with the plane axes, an optimal solution is found by
fitting a circle to the points with the standard Levenberg-Marqu-
ardt geometrical scheme [19] - the initial point is given by approx-
imating the fiber curvature radius and center with Taubin’s fitting
algorithm [20]. Measurements were performed on segments of 466
fibers with the best reconstruction. Although it is theoretically pos-
sible to obtain configuration of each individual filament using the
setup presented in [16], the reduced field of view and imperfect
alignment of the testing machine in the tomography unit produces
artifacts making tracking of each fiber difficult. Fig. 9 shows a his-
togram of the fiber curvature radius measured confirming the pres-
ence of curved fibers.

Note that a glass fiber subjected to pure bending can have a
minimum fiber curvature radius of approximately 147 pm and
fibers with a radius exceeding kilometers are essentialy straight
fibers with an infinite radius of fiber curvature.

Eqs. (11)-(13) provide the following geometric tensors calcu-
lated based on measured filaments.

[ 862x102 138x102 1.07x10"' -279x107
138x10% 327x102 113x102% -14x1073

G = 1.07 x 10*13 1.13 x 10*23 6.17 x 10*; 1.27 x 10*2
—279x102 -14x102 127x1072% 1.13x10°
-321x102 -294x103% -127x10"" 4.28x1073

| 966 x10° 4.02x10° 428x10° -294x10°

[143%x107" 996x102 242x102 -7.95x10°

996x 102 508x10" 329x10% -235x107?

by = 242%x1072% 329x10% 354x10% -144x107
~7.95x10° -235x107% -144x102 329x107?

224x1072 235x10% 926x10° -374x1073

| -127x107% -542x10° -3.74x10° 235x10°
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Fig. 9. Histogram of fiber curvature radius measured using X-ray micro-
tomography.
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Fig. 10. Stress—strain curves from digital image correlation.

Table 4
Zero strain tangential Young's moduli from digital image correlation of X-ray images
of loaded samples.

Sample 1 Sample 2 Sample 3 Average
E (GPa) 8.88 5.84 8.09 7.61

~321x1072 966x107° |

~294x10° 4.02x1073

-127x10! 428x1073 4
e 3 (42)

4.28 x 10 2.94 x 10

1.07x10" -2.79x 1073

-2.79x107° 138x 107 |

224x1072 —127x107%]

235x102 -542x1072

926x10° -3.74x107° 43
3 I (43)

-3.74x 10 2.35x 10

242 %102 -795x1073

~7.95x 107 9.96x 107 |
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[ 717x102% 159x10" 243x10"' -725x10
159x 107" 277x102 512x107" -727x107*

Sy = 243x107"  512x10"  733x10% -2.79 x 1072
—725x1073 —727x10* -279x107% —1.46x 1072
-248x107% -1.06x107" 236x102 387x10°
|-122x10% 834x10° -489x10° 1.14x10°

Mechanical tests were performed on double dog-bone shoulder
loaded samples with 1 mm x 1 mm cross section [21]. Fig. 10
shows stress-strain curves from the digital image correlation using
X-ray images of sample deformed under known load.

The solid lines in Fig. 10 show fifth order polynomial least
square fit that provide zero strain tangential Young’s modulus val-
ues summarized in Table 4.

Table 5 shows constituent material properties used for predic-
tion of the stiffness tensor. The matrix properties were obtained
by averaging the zero strain tangential modulus of five PA6,6 sam-
ples containing resin identical to that used in the reinforced
material.

Averaging for a material with fibers in finite set of configura-
tions was used with the number of fibers N = 466. A random num-
ber generator in Mathematica [15] was used to select values from
fiber length measurements and pair them with radii to generate
values for ¢ and 7 for each filament since we could not measure
both fiber length and the magnitude of fiber curvature with a sin-
gle physical method. Due to the small sample size, the fiber length
distribution was influenced significantly by machining the edges of
the sample and reducing filament lengths. The values of ¢ for each
filament were adjusted by randomly generating the intersection of
the fiber with the sample and eliminating portions of the filament
outside of the sample which was removed during machining of the
sample. Two stiffness tensors were calculated for one hundred ran-
domly selected sets of 466 fibers. One stiffness tensor accounted
for fiber curvature, while the other was calculated with the
assumption of straight fibers. Fig. 11 shows sample stiffness Ec

Table 5
Constituent Material Properties for Injection Molded PA6,6 Containing 50% Glass
Fibers By Weight.

E; (Pa) Vr E., (Pa) Vi Ve
7.24 x 10'° 0.2 2.63 x 10° 0.35 0.31
E.[Gpa] E,[Gpa]

y r +8.40 + y v T T
40 30 20 10 0 0 10 20 30 40

Fig. 11. Predicted sample Young’s moduli Ec and Es for curved fibers and straight
fibers respectively.

247
248 x107% 122 x 1072]
-1.06 x107! 834x1073
236x102 -4.89x1072 (44)
3.87x10° 1.14x10°3
-587x1072 2.86x 1072
286x107% —1.31x107]

for curved fibers and Es for straight fibers. The assumption of
curved fibers resulted in mean sample stiffness prediction of
8.77 GPa, while the mean for straight fiber prediction was
9.05 Gpa.

The deviation from the average experimental measurement is
therefore 15% for a model with curved fibers and 19% for a model
with straight fibers. It is likely that we would obtain a closer match
if we accounted for time dependent or non-linear behavior of the
matrix material. Accounting for visco-elastic effects would allow
us to calculate the first few points along the stress strain curve
obtained with a difficult experimental technique [16]. It should
also be noted that we have not performed any calibration of matrix
material properties or any other arbitrary adjustments of parame-
ters that are often performed in engineering practice.

5. Conclusions

A new practical method for obtaining the stiffness tensor for
discontinuous fiber composite materials containing curved fibers
has been introduced, as well as a new concept for curved fiber con-
figuration that is described by five dimensionless parameters. Two
parameters describe the fiber shape and three parameters describe
the rotation of that shape with respect to the laboratory coordinate
system. Furthermore, an ensemble of fibers is described by a con-
figuration distribution function. For a system of non-interacting
fibers, separation of variables is used to define the configuration
distribution function as a product of shape distribution and rota-
tion configuration functions. Additionally, we have proposed a
new method of configuration averaging for constructing a stiffness
tensor for a material containing an ensemble of curved fibers. This
configuration averaging led to the definitions of orientation, curva-
ture, and mixed fourth order tensors. The anisotropic stiffness ten-
sor for an ensemble of curved fibers was then assembled using
these three tensors and nine averaged elastic constants. We have
provided a method for predicting these material constants and
have shown that the method of configuration averaging reduces
to orientation averaging if all fibers within the material remain
straight. We have also presented numerical examples and have
concluded that the impact of fiber curvature on stiffness tensor
properties depends on the rotation distribution function of the
DFC material. Finally, we compared results of configuration averag-
ing and orientation averaging using experimentally obtained data.
X-ray micro-tomography was used to obtain fiber orientation and
curvature parameters, while X-ray digital image correlation was
used to obtain stress-strain behavior of injection molded material.
We demonstrated that configuration averaging produces a closer
match to the experimental results than orientation averaging.
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