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Abstract

Inelastic X-ray scattering measurements in aluminum are analyzed using first principles dynamical density response calcula-
tions including band structure. Band structure effects are shown to be important; significant effects include shifts of spectral
features to lower energies and the presence of high-energy tails, in addition to the much discussed energy gaps and zone-
boundary collective states. These non-jellium characteristics must be considered in investigating exchange and correlation
effects in simple metals. Published by Elsevier Science Ltd.
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Understanding electronic interactions and correlations is
central to obtaining a full description of condensed matter
physics. Long-range Coulomb effects are well understood
within the mean-field random phase approximation (RPA),
but, short-range exchange-correlation (xc) effects have been
difficult to handle and descriptions have relied heavily on
local density approximations (LDA). The jellium model,
described in terms of the Lindhard dielectric function, is
often used as a starting point for consideration of the dyna-
mical response of the electronic system for nearly free elec-
tron metals. On the other hand, it has long been appreciated
that the impact of the ion-core lattice must be taken into
account in analyzing energy loss spectra, even for materials
with weak pseudopotentials.

The dielectric matrix response for an electronic system
with a periodic array of positive ions has been considered by
Adler [1], Wiser [2] and, Reiter and Saslow [3]. Foo and
Hopfield [4] and later Sturm and Oliveira [5], called
attention to the dielectric response to energy gaps at Bril-
louin zone boundaries and showed that the impact of such
gaps on energy loss spectra is the generation zone-boundary
collective state (ZBCS) resonances. Singhal [6] compared
ZBCS predicted by dynamical response calculations with
(small wave vector) electron scattering results. Schu¨lke et

al. [7–12] called attention to the presence of band structure
induced energy shifts, gaps and high energy tails in Be, and
later led to the development of detailed X-ray investigations
of electronic loss spectra in metals through the use of the
synchrotron X-ray scattering. Platzman and Eisenberger
[13] and Eisenberger et al. [14] related periodic ion effects
to early X-ray measurements of inelastic scattering in the
plasmon regime and later in the single particle behavior
[15].

The experimental work of Schu¨lke et al. [7–12] on Be, Li,
Al and Si considered the double peak and dispersing
features in the loss spectra in relation to band structure
effects, and recently the impact of melting on loss spectra
has been studied by Hill et al. [16] and Sternemann et al.
[17]. On the theoretical side, Quong and Eguiluz [18],
Fleszar et al. [19] and Maddocks et al. [20] showed the
importance of band structure effects in low symmetry as
well as high symmetry directions, and concluded, in
particular, that band structure induced gaps give rise to
dips (or a double peak structure) in aluminum. Larson et
al. [21] showed that a detailed description of the inelastic
scattering cross-section for Al could be achieved for all
wave vectors using dynamical response calculations in
conjunction with an empirical Hubbard-like local-field
factor (LFF).

In this paper we compare the measured energy loss spec-
tra for aluminum with first principles dynamical response
calculations, including band structure and local field effects
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within the time-dependent extension of the local density
approximation [22] (TDLDA). The results emphasize the
presence of a band structure induced spectral shift to
lower energies and the existence of high-energy tails, in
addition to zone-boundary gaps and collective states, all
noted qualitatively in relation to Compton scattering
30 years ago [7]. In contrast to the orientation dependence
of ZBCS, the spectral shift to lower energies and the high
energy tails appear in all directions and for all wave vectors,
underscoring the importance of considering the full band
structure in analyzing energy loss spectra in terms of xc
effects.

Measurements of the dynamical structure factor,S(q,v),
as a function of the scattered wave vectorq and energy loss
v using inelastic X-ray scattering provide direct informa-
tion on electronic correlations.S(q,v ) is related to the
dielectric properties of materials through the imaginary
part of the inverse dielectric function by [12]

S�q;v� � 2�"q2
=4p2e2n�Im�1�q;v��21

g�0;g0�0 �1�

where

1�q;v� � {1 2 vqx
0�q;v��1 1 vqG�q;v�x0�q;v��21} �2�

is the (matrix) dielectric function,n is the electron density,
x 0(q,v) is the non-interacting polarizability [19],vq is the
Coulomb potential, andG(q,v) represents a Hubbard-like
LFF to account for short-range xc effects [21]. In general,
each of the terms in1 (q,v) is understood to be a matrix in
the gg0 reciprocal lattice vector representation. Eq. (1)
provides a means for direct comparison of first principles
calculations of the dynamical structure factor (including
band structure and local-field corrections within the
TDLDA framework [22]) with experimental measurements
of S(q,v ). For later reference, we define a non-interacting
dynamical structure factor,S0(q,v ), which (in atomic units;
inverse energy) is given by

S0�q;v� � 2�1=np�Im x0�q;v� �3�
Inelastic X-ray scattering measurements were made using

the X21 beam line at the National Synchrotron Light Source
(NSLS) [23]. The measurements were performed using
10 keV incident X-rays and an energy resolution of
,0.75 eV. Aluminum single crystals withk001l and k013l
surface normals were used and the scattering was performed
in the symmetric Bragg geometry. The scattered X-rays
were energy analyzed using a spherically bent Ge analyzer
located 1 m from the sample in connection with a low noise,
avalanche photo-diode X-ray detector. The data for all wave
vectors were reduced to an absolute scale by applying thef
sum-rule to measurements made at a wave vector of 1kF, for
which the entire loss spectrum falls well below the excita-
tion of the (72 eV) 2p core level of Al.

Fig. 1 compares inelastic X-ray scattering measurements
for Al in the [001] direction at 0.71kF with first principles
dynamical response calculations and with the jellium
response. The first principles calculations were made for
the actual pseudopotential for Al, and also for the case of
only the (002) Fourier coefficient of the pseudopotential.
The computations were performed as discussed in previous
work [19], typically using Troullier–Martins non-local,
norm-conserving pseudopotentials with a cutoff of 12 Ryd,
corresponding to ,70–80 bands. The experimental
measurements in Fig.1(a) and (b), show the presence of a
relatively weak zone-boundary collective state at,8 eV, as
a result of final states falling on the [001] zone boundary,
and they show the broad plasmon line at,19 eV. As was
shown in earlier studies [18], the full band structure calcula-
tions (with the TDLDA G(q,v )) provide a rather good
description of the plasmon energy; we show here that the
calculations account for the ZBCS at 8 eV and the overall
shape of the loss spectrum as well. It is interesting to note
that the calculation including only the (002) Fourier coeffi-
cient of the pseudopotential contains the full effect of the
ZBCS, but the plasmon position for this calculation is nearly
jellium like. This indicates the importance of considering
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Fig. 1. (a) Measurements ofS(q,v) for Al at 0.71kF together with
S0(q,v) for jellium (dotted), first principles calculations (crystal)
with (002) Fourier components of the pseudopotential only (thin-
solid), and the full pseudopotential (thick-solid); and (b) measure-
ments and calculations ofS(q,v ) with the above notation and the
TDLDA G�0:71kF;v� � 0:135:



the full band structure and the inadequacy of simple two-
band models for quantitative investigations.

Although S(q,v ) is dominated by the oscillator strength
of the plasmons for wave vectors below the onset of Landau
damping, the non-interacting responseS00q;v� /
Imx0�q;v� in Eq. (3) (whereG�q;v� � 1 and Coulomb
and local-field interactions cancel) provides important

insight into the nature of the overall effect of band structure
on energy loss spectra of simple metals. Comparing the
shape of calculations including band structure with the
(shark fin) shape ofS0(q,v ) for jellium, we note the large
dip near 8 eV resulting from the gap at this energy on the
[001] zone boundary. When combined with the accompany-
ing resonance structure of the Rex 0(q,v) at the gap (as
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Fig. 2. Measurements ofS(q,v ) for 1kF together with calculations ofS(q,v ) for jellium (dotted) and first principles calculations including the
full pseudopotential (solid); both calculations use the TDLDAG�1kF;v� � 0:265:

Fig. 3. Calculations ofS(q,v) at 1.7kF for the ten directions indicated by solid circles within the 111–011–001 triangle (thin solid lines); the
thick solid line represents the average over the ten orientations; the dotted line represents a jellium calculation; all calculations use the TDLDA
G�1:7kF;v� � 0:77:



discussed in detail by Foo and Hopfield [4] and Sturm and
Oliviera [5]) both the positive resonance and the dip in the
measured intensity at 8 eV are understood as a classic
ZBCS. Gaps on other zone-boundaries such as the [002]
to be discussed later are of much larger significance.

We emphasize, though, that there are two additional
features introduced intoS0(q,v) by the band structure that
are actually more general than the presence of the zone
boundary collective states. They are: (1) the overall shift
of the spectral weight to lower energies, as a result of the
non-homogeneous potential; and (2) the high energy tails on
S0(q,v) resulting from the Bloch states (rather than plane
wave jellium states) for electrons propagating in the positive
ion lattice. As already discussed above, thek001l zone
boundary is alone responsible for the presence of the gap
at 8 eV, while thek002l Fourier coefficient of the pseudo-
potential accounts for only a small part of the plasmon
energy shift. Similarly, we see that thek002l Fourier coeffi-
cient accounts for only a small part of the erosion of the
high-energy side ofS0(q,v) and a small part of the spectral
shift toward lower energies. Even the inclusion of thek111l,
k220l, k311l, k222l and k400l pseudopotential Fourier
components in addition to thek002l component does not
account for all of the shift.

Fig. 2 shows results forq� 1kF in which a more
pronounced ZBCS and a stronger non-jellium high-energy
tail are present. As was the case for 0.71kF, the jellium
response for 1kF peaks at a significantly larger energy than

observed experimentally. Although not plotted, the spec-
trum of S0(q,v) for 1kF is shifted to lower energies and
contains a significant high energy tail compared to the
jellium result. The close correspondence of the TDLDA
first principlesS(q,v) calculations with the measured scat-
tering distributions for the lowq values, in both Figs. 1 and
2, leads to the general conclusion that the TDLDAG(q,v)
represents an adequate approximation for wave vectors
,kF—as concluded by Larson et al. [21] previously.

Turning to the larger wave vector regime, Fig. 3 considers
the q� 1:7kF case for aluminum. This region continues to
draw both theoretical and experimental attention as a result
of a ubiquitous dip (or double-peak) structure that is
observed in single crystals, and which persists for polycrys-
tals and is even evident in the liquid state [16,17]. As
mentioned earlier, first principles calculations [19,20] report
a dip structure in the,32 eV region for the relatively low-
symmetry [013] direction. We show in Fig. 3 that first prin-
ciples calculations for Al contain a dip in this energy range
for all directions. The thin solid lines in Fig. 3 were made for
the 10 directions distributed within the (001)–(111)–(011)
triangle in the inset; the thick line in Fig. 3 represents the
average of the 10 directions. This average spectrum is
shown in Fig. 4 to be in remarkably good agreement with
the (open circles) measurements made at 1.7kF in the [013]
direction. Also plotted in Fig. 4 are polycrystalline Al
measurements published recently by Sternemann et al.
[17]. The polycrystalline Al measurements of Sternemann
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Fig. 4. Orientation-averaged (thick solid line) and jellium (dotted) calculations ofS(q,v ) together with measurements along the [013] direction
(open circles) and polycrystalline measurements from Ref. [12] (open squares); the calculations are as in Fig. 3.



are in good agreement with the orientation averaged
TDLDA calculations, and we note that they are remarkably
similar to the measurements in the low symmetry [013]
direction.

Of course, the persistence of the large dip in the calcu-
lated electronic response near,32 eV for all directions is
not the result of zone boundaries perpendicular to each
direction. Neither is it solely the result of the large�DE ,
6 eV� gap [19] on the [002] zone boundary extending the dip
to other directions. Rather, it can be understood in the
context of the band structure effects that lead to the well-
known gap in the density of states of Al at,30 eV. The
large gap on the [002] zone boundary is a combined result of
the sizeable (022) shell Fourier components (and other
shells) as well as the (004) Fourier component of the pseu-
dopotential. The strength apparently stems from the fact that
the valence electron final states involved have predomi-
nantly d character below the gap andf character above the
gap, neither of which can be fully shielded from the ion
potential because of the absence of core electron states
with these angular momenta [24–26].

It should be noted that the gap in the density of states is
observed in LAPW all-electron calculations [26] as well as
pseudopotential calculations for Al, and also that the dips in
the calculated response functions are quite insensitive to the
choice of pseudopotentials. Moreover, since the geometrical
aspects related to zone boundaries, final state symmetries,
etc. are handled routinely in the response calculations
presented here, the band structure origin of the dips is not
in question.

We note the relatively sharper structure in the computa-
tions in Figs. 3 and 4 compared to the measurements. This is
largely a result of the fact that the first principles response
calculations do not include self-energy effects (real or
imaginary), although a small damping factor of 0.5 eV has
been used to reduce finite k-mesh sampling effects in the
large-q calculations and 0.1–0.2 eV for small-q. It is known
that the introduction of on-shell self-energy effects (i.e.
imaginary part) tends to reduce sharp structures in the
response, and even leads to a double-peak like structure in
the jellium response at large wave vectors (see discussions
by Sterneman et al. [17] recently and Schu¨lke et al. [11]). A
discussion of self-energy effects is outside the scope of this
paper; we comment, though, that on-shell self-energy (i.e.
lifetime only) corrections lack justification [17,27,28], and
that a proper first principles calculation needs both the real
and imaginary parts introduced self-consistently within the
band structure calculations.

We note in Fig. 3 that the variations in the calculated
spectra for the individual directions are far overshadowed
by the overall similarity in the shape of the calculated spec-
tra, and we comment that the TDLDAG�q;v� � 0:77 is
close enough to unity for 1.7kF, that S(q,v) is similar in
shape toS0(q,v). We note also that the change in shape of
the crystal response relative to that for jellium is quite analo-
gous to that discussed forS0(q,v) for a wave vector of

0.71kF in Fig. 1. In fact, it appears that the inhomogeneous
nature of the positive ion-core lattice induces a shape in
S0(q,v ) that is “universal” for small as well as large wave
vectors. We emphasize that it is this departure from jellium
(i.e. shift to lower spectral energy and the high energy tails)
that is primarily responsible for the direct correspondence of
the TDLDA response calculations with the experimental
S(q,v) measurements at all wave vectors.

Therefore, the lack of a significant change in the shape of
energy loss spectra toward a more jellium-like shape upon
melting [16,17] (e.g. toward higher energies and/or to a
sharper high energy cut-off), can be regarded as evidence
that the local order [29,30] within these metallic liquids
maintains the essential electronic structural aspects of the
lattice. This interpretation was suggested by early NMR
measurements [29] on liquid metals, and is consistent with
the interpretation reached by Hill et al. [16] in regard to
inelastic scattering measurements on liquid Na and Li. We
believe the results of Sternemann et al. [17] on liquid Al fall
within this interpretation as well.
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