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waveguide layers calculated at four different wavelengths between 5 and 8 mm, which was
our target wavelength range for supercontinuum emission. Figure 1b displays the resulting
function aw(l).

Experience with quantum cascade laser design over a wide range of wavelengths7,8,19 also
allowed us to put the additional constraint that
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which is equivalent to predetermining the peak gain coef®cient for every active region
stage i. The insets in Fig. 1c show the schematic conduction band diagrams of two active
regions (at 5 and 8 mm wavelength, respectively), which satisfy condition (3). Finally, prior
experimental work7,8,19 allows us to use the approximation that ¢li = 0.1×l0,i.

Having introduced this set of constraintsÐwhich is only one of a very large number of
possible setsÐa family of solutions to equation (1b) can now be found, which acts as a
design rule for supercontinuum light generation. This design rule simply gives the peak
wavelength l0,i as a function of i. However, the family of solutions is still rather large,
owing to permutations of active regions across the symmetry plane at the very centre of the
waveguide. We can narrow it down in the following way: the injector regions (see below)
are easier to design if adjacent active regions do not differ much in emission wavelength.
Therefore we add the constraint that l0,i be a monotonic function of i. Figure 1c then
shows the ®nal result, l0,i versus i.

IS transition active regions

The `three-well vertical transition'19 active region consists of three InGaAs quantum wells
closely coupled by thin AlInAs barriers. Figure 1c shows two examples at a design electric
®eld of 60 kV cm-1. Laser action occurs between the upper (3) and lower (2) laser levels,
respectively. The computed LO phonon scattering time t32,i between the two levels ranges
from 3.1 to 2.2 ps for wavelengths from 5 to 8 mm, respectively. Level 2 is closely coupled to
ground state 1 of the active region. Their energy separation is chosen as # 40 meV,
designed to ef®ciently deplete the lower laser level 2 of electrons via resonant LO phonon
scattering; the energy of the LO phonon in the InGaAs/AlInAs material system is
approximately 34 meV. The corresponding scattering lifetime is calculated as t2,i < 0.3 ps,
which is much smaller than t32,i, so that population inversion between levels 3 and 2 is
readily achieved and laser action is possible.

Injector regions

Consecutive active regions are bridged by so-called injector regions. These are regions of
®ve to six quantum wells closely coupled with narrow barriers, such that a `miniband'Ða
dense manifold of energy levelsÐis formed, which allows ef®cient carrier transport.
Electrons tunnelling out of levels 2 and 1 of the preceding active region traverse the injector
region through this miniband and are re-injected by tunnelling into level 3 of the following
downstream active region. This is the essence of the cascading process of quantum cascade
lasers7,8,19. The centre portion of each injector region is furthermore doped to an electron
sheet density of ,1.6 ´ 1011 cm-2 per injector, thus providing stable current ¯ow by
preventing space charge build-up.
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Advanced materials and processing techniques are based largely
on the generation and control of non-homogeneous microstruc-
tures, such as precipitates and grain boundaries. X-ray tomogra-
phy can provide three-dimensional density and chemical
distributions of such structures with submicrometre resolution1;
structural methods exist that give submicrometre resolution in
two dimensions2±8; and techniques are available for obtaining
grain-centroid positions and grain-average strains in three
dimensions7,9. But non-destructive point-to-point three-dimen-
sional structural probes have not hitherto been available for
investigations at the critical mesoscopic length scales (tenths to
hundreds of micrometres). As a result, investigations of three-
dimensional mesoscale phenomenaÐsuch as grain growth10,11,
deformation12±16, crumpling17±19 and strain-gradient effects20Ð
rely increasingly on computation and modelling without
direct experimental input. Here we describe a three-dimen-
sional X-ray microscopy technique that uses polychromatic
synchrotron X-ray microbeams to probe local crystal structure,
orientation and strain tensors with submicrometre spatial
resolution. We demonstrate the utility of this approach with
micrometre-resolution three-dimensional measurements of
grain orientations and sizes in polycrystalline aluminium, and
with micrometre depth-resolved measurements of elastic strain
tensors in cylindrically bent silicon. This technique is applicable
to single-crystal, polycrystalline, composite and functionally
graded materials.

We have developed a differential-aperture X-ray microscopy
(DAXM) technique to make microstructure and stress/strain meas-
urements with submicrometre point-to-point spatial resolution in
three dimensions. DAXM exploits knife-edge step pro®ling to
provide a micrometre-resolution X-ray slit with high angular
acceptance, in connection with charge-coupled device (CCD)
X-ray area detection and computer reconstruction of Laue diffrac-
tion patterns from polychromatic X-ray microbeams. Using this
method, complete Laue diffraction patterns are extracted as a
function of depth along the penetration direction of the microbeam.
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The technique is analogous to a translating pinhole camera, and
provides access to full diffraction information from submicrometre
voxels (volume elements) in bulk materials. Submicrometre trans-
verse resolution is provided by the use of ,0.5-mm-diameter
microbeams, and data collection and diffraction pattern analyses
are handled by previously developed7 computer indexing and
crystallographic analyses21,22.

Figure 1 shows the geometry for polychromatic microbeam Laue
diffraction measurements. It also illustrates the method for obtain-
ing depth-resolved Laue patterns from bulk samples. After collect-
ing a CCD image with the wire at position (n), the wire is stepped to
position (n + 1) where a second CCD image is collected. The source
of the differential intensity [I(n) - I(n + 1)] in each pixel of the
detector can be uniquely assigned to length segments along the
microbeam using the position of the pro®ling wire and the position
of individual CCD pixels. This is illustrated by the intensity of the
(hkl) re¯ection emanating from a voxel in the centre of the grain
shown in Fig. 1. Continuing the process of stepping the wire across
the diffraction pattern, the corresponding differential intensities for
the (h9k9l9) and (h0k0l0) re¯ections are generated in a similar
manner. Computer collation of the pixel-by-pixel differential inten-
sities provides a submicrometre-resolution spatial mapping of the
entire Laue diffraction pattern onto the source of the scattering
along the incident microbeam. The pixel positions, the geometrical
parallax associated with the (,20 ´ 20 mm2) pixel size, and the step
size, step direction, and the circular shape of the Pt wire are taken
into account. The wire may be stepped at an angle to the microbeam
if desired (Fig. 2). It is necessary for the overall precision and
accuracy of the method that DXR p DCCD (see Fig. 1). This
condition ensures that the parallax correction due to CCD pixel
size is small, and that the spatial resolution of the reconstructed
diffraction patterns is determined primarily by the step size of the Pt
wire differential aperture. Therefore, depth resolution signi®cantly
smaller than a micrometre is readily achievable.

The individual reconstructed Laue diffraction patterns are ana-
lysed using previously developed7,21,22 computer indexing, crystall-
ographic orientation, and stress/strain tensor analyses. Computer-
automated peak searches locate the positions of Bragg re¯ections,
and pattern recognition software crystallographically indexes the
diffraction pattern. Formally, measured diffraction patterns corre-
spond to Bragg scattering spots from a crystal with an orientation
matrix, AM, that is in turn related to the orientation matrix, Ao, for
an undistorted crystal that is aligned with the laboratory reference
frame by:

AM � TRAo �1�

Here R and T specify, respectively, the (rigid) angular rotation
matrix and the elastic distortion matrix of the diffracting grain
relative to undistorted material aligned with the laboratory refer-
ence system. The components of R and T contain the local structural
information that is desired. They are determined by nonlinear least-
squares ®tting of the crystal orientation and strain components such
that Bragg peak positions calculated using AM ®t the measured Laue
diffraction pattern. White beam diffraction patterns are sensitive to
the structure and orientation of unit cells in a crystal, and to the
relative magnitude of the lattice spacings7,21. Therefore, the orienta-
tion and the deviatoric (that is, shear) strain components result
directly from the Laue diffraction patterns. Absolute lattice param-
eters and dilatational strains require an independent speci®cation of
one lattice spacing, such as by insertion of a monochromator to
measure the energy of at least one Bragg re¯ection in the Laue
pattern7,21,22.

Figure 2 illustrates the use of the DAXM technique to make
micrometre-resolution measurements of grain sizes and both intra-
and intergranular orientations in a bulk polycrystalline material.
Figure 2a shows the geometry for a microbeam probing a hot-rolled
(200 8C) polycrystalline aluminium alloy (Al with 1% Fe,Si); Fig. 2b

shows the superpositioned Laue diffraction patterns of the many
grains illuminated by the microbeam. Microbeam generation on the
Sector 7 undulator beamline at the Advanced Photon Source (at
Argonne National Laboratory) has been described previously7,22.
Depth pro®ling and computer reconstruction of Laue diffraction
patterns as a function of depth by the DAXM pro®ling technique
produces a series of individual depth-resolved Laue diffraction
patterns such as the one shown in Fig. 2c. Automatic computer
indexing and crystallographic orientation/distortion analyses of the
individual diffraction patterns following equation (1) was used to
extract individual orientation matrices and strain tensors as a
function of depth along the microbeam. These micrometre-by-
micrometre orientations provide a direct measure of individual
grain sizes (along the microbeam) and intra- as well as intergranular
rotations. This is shown for the ®rst 80 mm in Fig. 2d. In this case,
the microbeam entered the sample at a 458 angle to the surface in the
plane de®ned by the sample normal direction (ND) and the rolling
direction (RD).

Grain and subgrain boundaries (identi®ed by positions with non-
zero rotations in Fig. 2d) indicate crystal sizes ranging from a few
micrometres to ,10 mm. These sizes are consistent with the
microbeam passing near grain-boundary triple junctions and the
grain sizes observed in the bright-®eld transmission electron micro-
scopy image in Fig. 2a, which was made on a similar hot-rolled
polycrystalline Al sample (H. Weiland provided the sample and the
image). Because full orientation matrices are determined for each
micrometre, detailed depth-dependent hhkli orientation maps (that
is, (hkl) pole ®gures or orientation distribution functions) can be
constructed. For instance, the (111) pole ®gures in Fig. 2d show a
variation in orientation correlations for regions of ,108 rotation
angles (subgrains) as compared with regions of larger (.108)
intergranular rotation angles (grains). However, the power of
these measurements will be in direct studies of local polycrystalline
structure, rather than the generation of statistical orientation
correlations23,24.

The elastic strain tensors measured in polycrystalline Al will not
be discussed here as they are relatively small and have not been
analysed in detail. Rather, we illustrate micrometre-resolution
strain tensor measurements using the large elastic strains (and
strain gradients) in cylindrically bent Si. Cylindrically bent plates,
spherical shells, developed cones, and crumpling in thin sheets17±19

have been of long-standing25,26 fundamental and technological
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Figure 1 Differential-aperture X-ray (structural) microscopy depth-pro®ling method.

Schematic view of a white microbeam penetrating a sample and scattering into a CCD

area detector. Bragg scattering for the (hkl ), (h9k 9l9) and (h0k0l0) Laue re¯ections is

depicted for a single grain and for a small segment (or voxel) in the interior of the grain. A

Pt wire pro®ler is shown at position (n) and the dashed circle indicates the (n + 1) position

of the wire after a submicrometre step.
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interest dating to Euler's elastica25 for beam de¯ection. The coupling
of stretching and bending produces the stiffness and strength
associated with structures ranging from aeroplane wings to micro-
electromechanical systems. Although the overall principles have
been clear, only recently have topographical details associated with
elastic instabilities and crumpling in thin bent plates been addressed
in detail17±19, and the local stress/strain distributions have yet to be
investigated experimentally.

Figure 3 depicts the geometry for depth-dependent measure-
ments of elastic strain tensors in a 25-mm-thick h001i oriented Si
plate with h110i edges that was bent to a radius R = 3.3 mm at the
apex of the arch. The gradient of the strain component exx in the z

direction for cylindrical bending around the y axis is given geo-
metrically by =exx = 1/R. Silicon responds elastically27 at room
temperature; moreover, except for positions very near the edge of
the plate, the anticlastic strain eyy is vanishingly small for thin,
cylindrically bent plates26. Separating strain into deviatoric (shear)
components, e9ij, and isotropic dilatation components, Treij/3, eij is
de®ned by

eij [ e9ij � �Trej=3� Iij �2�

where Iij is the identity matrix, Treij is the trace of eij, and e9ij is to be
obtained directly from the analysis of white beam Laue patterns. In
the present case, we note that Treij/3 = -e9yy (since eyy < 0). Figure 3b
shows the depth-integrated Laue diffraction pattern (streaked) from
the bent Si sample, and the superposition of depth-resolved Laue
diffraction patterns (non-streaked) for 1-mm-thick slices near the
top and bottom surfaces of the silicon arch, as resolved by the
DAXM analysis.

Figure 4a shows deviatoric strain tensor measurements for
cylindrically bent Si and for a ¯at (that is, strain-free) Si
sample. The results for unstrained Si ¯uctuate near zero within
the (61 ´ 10-4) uncertainties of our present strain tensor measure-
ment capabilities. As expected, the deviatoric strain measurements
for bent Si show large elastic tensile and compressive strains along
the x direction at the top and bottom surfaces, respectively. As
indicated above, the non-zero e9yy (deviatoric strain) provides a
direct measure of -Treij/3, which represents the isotropic dilata-
tional strain as a function of depth in the Si plate. By ®tting a
straight line to e9yy as a function of depth and adding Treij/3 to each
of the diagonal components of e9ij, we obtain the full elastic strain eij

plotted in Fig. 4b.
The depth dependence (gradient) of exx in Fig. 4b is in good

agreement with the solid line, which has a slope corresponding to
sin(458)/(3.3 mm). This is the inverse of the radius of curvature
measured at the apex of the arch, allowing for the 458 incident angle
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of the beam. Similar agreement exists between the gradient of ezz and
that expected using the anisotropic Poisson's ratio for this deforma-
tion geometry. As the bent Si lattice contains rotations introduced
by the cylindrical bend as well as steep elastic strain gradients along
the direction of the X-ray microbeam, these measurements demon-
strate that it is possible to determine both the local lattice orienta-
tion and the local strain tensor in materials where both are changing
continuously.

The availability of point-to-point three-dimensional submicro-
metre-resolution X-ray diffraction measurements using DAXM
provides a directÐand previously missingÐlink between the
actual microstructure and evolution in materials and the results
of numerical simulations and multi-scale modelling of microstruc-
ture and evolution on mesoscopic length scales. The results reported
here indicate that the DAXM method could be used for many
classes of structure, microstructure and local stress/strain investiga-
tions. Examples include fundamental intra- and intergranular
studies of polycrystalline evolution11,23,24 in three dimensions, frac-
ture and the brittle-to-ductile transformation27,28, crumpling in
plates and shells17±19,26, and fundamental plastic deformation
investigations15,20,29,30 including materials length scales, strain-
gradient effects, and direct linkage with theory and simulations.
Penetration depths will be restricted in high-Z materials and back-
ground levels will be limitations in some cases, as will reductions in
spatial resolution for low scattering angles. However, modi®cations

and extensions of the technique can be anticipated that would
enhance its capabilitiesÐas well as potentially extending the range
of applications to geological, environmental, biological, structural
mechanics and other disciplines, in addition to the materials physics
applications addressed here. M
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Figure 4 Depth-dependent strain tensor measurements for cylindrically bent Si.

a, Diagonal components of the deviatoric strain tensors measured in a 25-mm-thick ¯at Si

plate and a 25-mm-thick cylindrically bent (3.3-mm radius) Si plate. b, Diagonal

components of the full strain tensor (deviatoric + dilatational) in cylindrically bent Si; the

solid line indicates the slope of exx expected for R = 3.3 mm.
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