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Abstract —New ways to calculate the direction cosines and polarization vectors for Monte Carlo photon
scattering are developed and presented. The new approach for direction cosines is more physical, easier to
understand, straightforward to implement, and—for simulations involving polarized photons—slightly faster
than the traditional approach. The polarization vector after scatter is also presented.

I. TRADITIONAL METHOD FOR DIRECTION COSINES

Carter and Cashweéllpresented a scheme, which is used in many Monte Carlo codes, for finding the direction
cosines of a photon after a scatter. For a photon with unit direction v8Bctotu,v, w) that is then scattered with polar
angled and azimuthal anglé, the scattered direction vector is
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using u = cosf andy1— u? = sinf. These relationships come from a transformation of coordinates so that the
original photon direction is on theaxis, scattering with anglesand ¢, and then the coordinates are transformed
back to the laboratory frame. These expressions were originally derived from rotations through angles expressed as
complex numbers by Cashwell and Everett.
The same result can be found without a coordinate transformation. The dirgctiofl is defined to be a unit
vector lying on the plane perpendicular € and also lying in a plane that contains the projectiorQdobn the
x-y plane, pointing downward. This vector in tie= 0 direction,q,, is then ¥v'1 — w? (uw, vw, w? — 1). To define
the direction of increasing, the direction of¢ = 7/2, q,, can be chosen such that = @ X q,. This gives
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DIRECTION COSINES AND POLARIZATION VECTORS 133

0, = 1/v1—w? (—v, u, 0) and completely defineg for the original photorf}. This is shown in Fig. 1. For the
special case ofw| ~ 1, gq; can be defined a€l,0,0 andqg, as(0,1,0.

From the foregoing definitions, the new directi@i can be expressed as a linear combination of the three or-
thogonal vector€}, q,, andq.:

Q' = Qcosh + g, coS¢ Sind + g, Sing siné . (2

By inserting the components of, g,, andQ, the scattered vector is found to be
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which is a result identical to that of Carter and CashwelTl.

Using the components of the special casedpandqg, comprehend physically and is somewhat arbitrary in its

and takingQ ~ (0,0, + 1) will then give the special case definition of the azimuthal angle. Coordinate transfor-

of Carter and Cashwell. mations or arbitrarily defining thé = 0 direction based
For some routinegfor example, biasing routings on the laboratory coordinate system are not easy to un-

the initial and scattered photon directions are known, anderstand, and they break down for some initial directions

the two scatter anglesand¢ need to be found. This can (w= +1), which forces the programmer to set up special

be done with cases.

When the Carter and Cashwell technique is ap-

p=0-9"=uu +w +ww, ) plied to polarized radiation, extra complications arise in
" Gs- Q' 1
cosg = =
Vi-p? J1-p2V1-w?
X (uwu +owe’ +w'(w? —1)) , (6)
and
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being careful of the special casesof= +1 andw =
+1. Two equations are needed férso that it may be
specified over the entire range [pf#,7]. In ForTran,
the dual argument arctangent functi¢n= atan Zuv’ —
ou’, uwl + owo’ + W' (w? — 1)] will report ¢ over the
whole range.

e T,

Fig. 1. Geometry of a scatter from directi@to ' sim-
ilar to the Carter and Cashwell approach. The azimuthal angle
The Carter and Cashwell approach to finding the nevis in the plane perpendicular to tfedirection, which is shown
direction cosines works but is unnecessarily difficult tohere by the circle.

II. A SIMPLIFIED APPROACH
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calculating the scattered azimuthal angle. Another rotation is required to find where the polarization vector is located
in relation to thep = 0 direction. The scatter angle is then added to that angle.

An alternate approach is to recognize that a photon traveling in dire@tieith an electric field vectop (normal
to Q) is really carrying around its own coordinate system. With the definition of the third véctof) X p, an
orthogonal system of base vectors is complete. The scattered @ctan then be written in terms of these base
vectors, the polar scatter angleand the azimuthal angl¢, measured in the plane perpendiculafXoThis gives

Q' = Qcosh + pcose sinh +tsing sing . (8)

Note that thep = 0 direction is aligned witlp and ¢ increases towart This is quite convenient since differential
scattering cross sections are given in termspafeasured from the direction of the polarization vector. This is
illustrated in Fig. 2.

Using the notatiorQ = (u,v,w) andp = {p,, P, Pw), t is easily found to b&vp,, — wp,, Wp, — Up,,, UP, — vP,),
and the scattered direction cosines can be written as

u’ ucosh + p,Ccos¢ sind + (vp, — Wp,) Sing sind
Q' =|v | =|vcosh + p,cosedsing + (wp, — up,) Sing sind (9)
% w cosf + p,, oS¢ sind + (up, — vp,) Sing sind

U + (py oS + (vpy — WP,) SiING)VL — p?
= | v + (p,COSe + (Wp, — Up,) SINPG)V1— u? | . (10
[ Wi + (pw OS¢ + (up, — vpy) SiNG)V 1 — pu?

Comparing Egs(1) and(10), one sees that this photon-
coordinate approach has a few more operations but does Given the original photon vect®® and the scattered
not contain the “if” logic for the special case. The newphoton vecto)’, the angles of scatter can be found by
approach also has one less square root. When each methbd dot product of each componé€fx, p, t) with the scat-
was coded in ForTran 77 on a Sun Ultra 2 computer fotered photon vector giving

a polarized photon-slab penetration problem, the new ap-

proach was faster than the Carter and Cashwell method cost = Q-Q", (1D
by 6%. Of course, in a large code, this small difference p-Q’
probably will not be noticed. Speed is not the attraction CoS¢p = Nl (12)
of this new approach; its simplicity is. 1-p
and
, t-Q’
Q sing = ﬁ . (13
M

The only special case here is wher= =1, wherep can

be set to 0. In ForTran, again using the dual argument
arctangent function) can be found over the entire range
of [— 7, 7] with ¢ = atan 2t-Q', p-Q'].

I1l. POLARIZATION

If the polarization of the photon is being considered,
the new electric field vectop’ of the scattered photon
must be found. Namito, Ban, and Hirayafrend Vincze
et al? state thap’ lies in the plane defined by the elec-
tric field vector of the original photop and the scattered
photon directiorQ)’. Of course, the new polarization vec-

p tor p’ must also be perpendicular® . Since these three

vectors are all in one plane, the third can be expressed as
Fig. 2. Geometry of a scatter from directi@to Q' using 5 combination of the first two:
the photon-coordinate approach. The azimuthal angle is in the
plane perpendicular to th@ direction. p=p(p-p)+Q(p-Q) . (14)
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Since everything is in a plane, these are all unit vectorsl/\1—w? (—uv, u, 0) is a simple choice. Of course,
andp’ L Q, then(p-p’)2 +(p-Q')?=1.Inserting this one has to check fdw| ~ 1 and put in some “if” logic
and solving forp’ gives to avoid a division by zero. If this is the cagecan be

p=pVi—(p-Q)2+Q (p-Q) (15 defined ag1,0,0).

Now the new method has the problem of the special

p—Q'(p-Q) 16 case, just like the original Carter and Cashwell ap-
. 16)  proach. with a few more operations of E4.0) over
V1-(p-Q')? Eqg. (1), combined with the time of finding a new polar-

Both Namito, Ban, and Hirayamand Vincze et af.de-  ization vector, the photon-coordinate approach také%o
scribe in words where the polarization vector is locatednore time than the Carter and Cashwell approach. How-
after scatter but neither state the direction mathematgVer, in a large code, this slight time difference is likely
cally, as is done here. to be insignificant.

A coherent scatter maintains the polarization of the ~ This new approach is still easy to understand and has
photon. An incoherent scatter does not, with a depolar@ physical basis: If the radiation is unpolarized, then the

ization probability of electric field vector should be a random direction per-
) ) pendicular td) at any given time. Since unpolarized pho-
(1-P) = E/E+EE -2 (17) ton scattering cross sections are uniforrpirthe direction

of ¢ = 0 is not really important, as shown by the Carter

. - , and Cashwell approach. As long &scan be sampled
whereE is the original photon energy aJ/E’ =1 +  ,r the entire 2 range for any given directiof, the

(E/mc®) (1 - cosf). Namito, Ban, and Hirayaniastate approach is consistent, and the results will be correct.
that when a photon is depolarized, the direction of the " " 1o pest way to incorporate this new approach for
polarization vector should be sampled from e2|tpé|or unpolarized radiation may be to pick a random polar-
Q' X p’ (which is equal td)’ X p/v1— (p-£')%). ization direction(_LQ) after picking the source photon.
Note that the new electric field direction becomesThis p vector would be updated after each scatter,
undefined wherp || ". This is not a problem since the neyer pothering to pick whether or not to depolarize.
coherent scatter cross section is zero for scatter in thoggy code developed with this system for unpolarized

directions(# = /2 and¢ = 0 or 7). The incoherent ragiation would be very easy to upgrade to handle po-
cross section for scatter in these directions is not zerQgrized radiation.

but the depolarization probability is one. The new elec-
tric field vector direction can be picked as any direction
perpendicular t€)’.

So, for coherent scatter, the new electric field direc-
tion is

E'/E+ E/E' —2siP9cos ¢ '

V. SUMMARY

Q0.0 This note has done three things. First, a simplified
— p-&(p-02) _ (1g)  derivation of the Carter and Cashwell formulas for di-
Ji1—(p-Q')? rection cosines showed how arbitrary the approach is. Sec-
ond, a new approach for direction cosines, which uses
the polarization vector and the original direction vector
as the base of a coordinate system, was developed and
presented. Finally, concise mathematical formulas were

!

For incoherent scatter, a determination by a random var
able for depolarization is made first. If the photon will
be depolarized, another random number picked. Then,

any unit vectorLQ' if p||Q’ presented for calculating the polarization vector after a

, ) scatter.
p—2(p-2) not depolarized o¢ > 0.5 Compared to the transformation of coordinate sys-
pPP=91V1—(p-Q)? tems that is used by most Monte Carlo programmers, this
Q' xp new approach for direction cosines is easy to under-
_— depolarized ang = 0.5 . stand, easy to implement, and works very naturally with
V1= (p-Q)? the angular differential cross sections for polarized pho-

(199  ton scattering. For codes that simulate polarized radia-
tion, this new approach offers a small speedup.

IV. UNPOLARIZED PHOTONS
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