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Abstract. We propose and analyze a linear stabilization of CNLF that removes all timestep
conditions for stability, is parameter free and increases the SPD part of the linear system to be solved
at each time step. We prove unconditional stability and give applications to uncoupling groundwater
- surface water flows and Stokes flow plus a Coriolis term. The stabilization herein is not modular
(unlike time filters) but it does remove all timestep conditions (also unlike time filters) and thus
provides a complementary tool.

Key words. CNLF, stabilization, Stokes-Darcy

AMS subject classification. Primary 65M12; Secondary 65J08
1. Introduction. The implicit-explicit Crank-Nicolson and Leap-Frog (CNLF)

method is widely used in atmosphere, ocean and climate codes, e.g., [3], [26], [28],
[30] and has recently been used for uncoupling groundwater-surface water flows, [17].
Stability of CNLF by root conditions was proven in 1963 [15] and by energy methods
for systems in [18]. Two related stability questions remain. First, the unstable mode
(for which 4"t + 4"~ = 0) of LF is not damped by CN. Thus, modular time filters,
like the Roberts-Asselin-Williams filter [3], [26], [30], have been developed. Second,
the timestep restriction (1.6) below from the LF component can be too restrictive if
the normal splitting into fast but low energy modes and slow but high energy modes
is not perfectly done and if the parameters in the Stokes-Darcy problem are small.

This report presents a new CNLF stabilization, CNLFSTAB, addressing both
issues. The method (1.4) below is unconditionally (no timestep condition) stable
(Theorem 1, Section 2) and the unstable mode, while not eliminated, is controlled,
Section 3. We test (1.4) in Section 3 for Stokes flow with strong rotation and coupled
groundwater-surface water flows.

To present the method, consider an evolution equation

%—FN(u)—i—Au:O. (1.1)

(Both the algorithm and theory extend easily to nonzero right hand sides.) We assume
that X — L < X’ are Hilbert spaces. Let < -,- >,||-|| denote the inner product and
norm on L. Suppose

N : X — X' satisfies (N(u),u) >0 for all u € X, (1.2)
A : L — L is a bounded, skew symmetric operator,

where the X, X’ duality pairing is an extension of the L inner product. These two
assumptions ensure that

[lu(®)I* < lluol[* and [[u(t)[[* = [luo||* if N(u) = 0.

*Dept. of Mathematics, Univ. of Pittsburgh, Pittsburgh, PA 15260, USA; emails: naj24,
mjk63, wjl, mam328, and hat25@pitt.edu; www.math.pitt.edu/~wjl, www.pitt.edu/ mam328,
www.pitt.edu/ hat25. All authors partially supported by NSF grant DMS 0810385.

1



These are the basic stability properties that must be preserved under discretization.
The method CNLFSTAB is: given u®,v°,u!,v! € X find u™,v™ € X for n > 2
satisfying

unJrl _ unfl

* n+l_ . n—1
s TOtATA (u" ' —u" ) + (1.4)
unJrl _’_unfl

+N( 5

)+ Au™ = 0.

The stabilization (in bold) AtA*A (v — u"~1) is linear and SPD in the unknown
u™t! has no undetermined tuning parameters and the extra consistency error it
contributes is formally At2A*A (u;) = O(At?), the same order as CNLF. CNLFSTAB,
like CNLF, is a 3 level method and approximations are needed at the first two time
steps to appropriate accuracy, [29]. The stabilization in CNLFSTAB is similar in spirit
to [1], [DD], [8]. For a general theory of IMEX methods see [2], [7], [14].

1.1. The usual CNLF method. The usual CNLF method is

un+1 _ un—l un+l + un—l

N Au™ = 0. 1.
5A: + N( 5 )+ Au 0 (1.5)

With || - || the operator norm, CNLF is stable under the CFL- like condition
At|Al < 1, (1.6)
[15], [18]. When the nonlinear term is strictly positive
(N (u),u) > a|u||* for some a > 0 and all u € X,

then [|u(t)|] — 0 as t — oo. In this common case, CNLF will damp only the mode
u™t!t + 47~ 1 there is no damping in the unstable mode where u"t! + u"~! =
Roundoff error can lead to growth in the unstable mode, spurring development of
corrective time filters, [3], [26], [30], [16].

2. Stability without a timestep restriction. We prove unconditional sta-
bility of (1.4). The proof shows that the coefficient of the stabilization term (here
taken to be 1) may be reduced retaining unconditional stability. It also shows that if
N(u) = 0, then the following quantity is exactly conserved:

At? A
(||un+1||2+||un||2)+Tt(|‘Aun+1||2_~_||AunH2)+7t<Aun,un+1>.

=

THEOREM 2.1. Consider (1.1) under (1.2) and (1.3). The method (1.4) is un-
conditionally stable (with no timestep restriction): for every n > 1

1 1
Sl T2 P 4+ A A ? <

< 5 (172 4 [[u®l7) + A ([[Au |7 + [[Au®]?) + At (Au®, ') .

N | =

Proof. Broadly, the proof follows the CNLF case in [18] with modified treatment
of the critical term <Au"7 w4 u"_1> using the stabilizations. Multiply by At and
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take the duality pairing of (1.4) with (u"™ +w""!) /2. Add and subtract ||u"||?;
this gives

1 n—
2 U Tl 1) = ([P + TP+
n+1 n—1
+At? <A*A (u”+1 — u"_l) , K —;—u > +
n+1 n—1 n+1 n—1 n+1 n—1
IR i it s S SN Ve S Q)
2 2 2
From (1.2)
n+1 n—1 n+1 n—1 n+1 n—1
At <N(“ ;r“ 2 ‘2“‘ > + AP <A*A (untt =yt “;F“>
At? ,
2 5 < A (u1L+1 _ un—l) ,A(u”'H + un—l) >
At?
= —— (A2 — [JAu" %)
At?

5 LA+ [[Au™%) = (1A (2 + [[Au"H]%)] -

Thus, define the stabilized system energy

E +1/2 — (||U +1||2_|_||u HQ)—FT(HAU +1||2+||Au ||2)

N

We then have

En+1/2 _ En71/2 < _g <Aun’un+1 _’_un71> )

Let C"+1/2 := (Au", u"*1) ; using skew symmetry of A we have
<Aun7un+1 + un71> _ Cn+1/2 - Cmfl/2.
Thus, the stability equation becomes
prtl/2 + %Cn+1/2 < Er1/2 4 %Cmq/z7 for n > 2,

so stability follows provided E"+1/2 4 £LC"+1/2 > 0 for u™, u"*! # 0. By repeated
application of the Cauchy-Schwarz-Young inequality we have

At At? 1
7Cn+1/2 < A n+112 - n 2.
5 < - A+ S lu”]
Thus, stability follows since:
At 1 1 At?
En+1/2 + 7Cm+1/2 > ZHunJrlHQ + g||un||2 + 5 HAunHQ > 0.



3. Two Applications. We apply (1.4) to uncoupling groundwater-surface wa-
ter flows and to Stokes flow plus a Coriolis force term, a great simplification of the
geophysical flow, [16]. We give a stability analysis of an interpretation of (1.4) for
both problems, incorporating the time and space discretizations.

3.1. The evolutionary Stokes-Darcy problem. See, e.g., [6], [9], [22], [20],
[19], [10] for background on the numerical analysis of the Stokes-Darcy model. Let
Q¢,Q, lie across an interface I from each other. For specificity, we take Qf = (0,1) x
0,1), Q, = (0,1) x (=1,0) and I = {(2,0),0 < x < 1}. The fluid velocity v and
porous media’s piezometric head ¢ satisfy

u —vAu+Vp = fr(z,t),V-u=0, in Q, (3.1)
S0¢t -V (KV¢) = fp(x’ﬁ)a in Qp7
¢($,0) = ¢0($)7 in QP and U(:L’,O) = UO(m)v in Qfa
o(z,t) =0, in 0Q\I and u(z,t) =0, in IQF\I.
Let n/,,7; denote the normal and tangent vectors on I. The coupling conditions

across I are conservation of mass, balance of forces on I and the Beavers-Joseph-
Saffman condition

u-ng—KVo-n,=0and p—v iy - Vu-ny =go on I,

~ ~ vg ~
—vT;- Vu-ngr=ay/———u-7;, onl.
f K7 ’
(2 K3

see [5], [27]. Here g, KC, v and Sy are the gravitational acceleration constant, hy-
draulic conductivity tensor, kinematic viscosity and specific storage, all positive. Of-
ten Amin(IC) and Sy are small, [4], [21], [17].

We denote the L?(I) norm by ||-||; and the L?*(£2,) norm and inner product by
1-11#/p> (5 *) /s Tespectively; the Hpry () norm is [[ulh == ||u||f, + HVquc To
discretize the Stokes-Darcy problem in space by the finite element method we choose
conforming Velocity, Pressure, and Darcy pressure finite element spaces

Velocity: X}L C Xyp={ve (Hl(Qf))d cv=0o0n 0Ns\I},
Darcy pressure: X;,L C X,:={eH(Q):¥=0o0n 9Q,\I},
Stokes pressure: Q'; CQy = LQ(Qf).
Continuity of any discrete variable across the interface I is not imposed strongly. The

Stokes velocity-pressure finite element spaces (X J}},Q?) are assumed to satisfy the
usual discrete inf-sup condition, [12], [11]. Define

ag(u,v) = (VVu, Vo)y JF;/IO‘ %(U"?i)(v'?i)d&
ap(9,9) = g(KV¢,Vip),, and

) = - eds.
cr(u, @) g/1¢u nyds



CNLFsTaB adapted to the Stokes-Darcy problem: Find (u "+1,pﬁ+1, Z‘H)
€ Xh X Qf X Xh satisfying, for all v}, € Xf, qn € Qf, Yy, € Xh

n+1 ¢
QSO(h277¢h)
+ALG* (V(oh T = o~ 1) Vi )p + Otg* (0h T = dp  n)y
nl L gne ,
—i—ap(f, V) —cr(up, ¥r) = 9(fy s ¥n)ps (3.2)
n+1 n—1 n+1 n—1 n+1 n—1
Uy ' Uy, CUp Uy . Uy " Uy,
—(pz“/"’,v “vn)g + cr(on, 03) = (7 vn)
n+1 n—1
(qn,V - %)f =0.

The stabilization terms in (3.2) are similar in spirit to [1] in the porous medium and
grad-div stabilization of u;, [23], in the fluid region. The following trace inequality
from Moraiti [21], which holds for our Q, 2, with constant 1, is essential:

‘/d)u-ﬁds
I

REMARK 3.1 (On the form of the stabilization). In AtA*A (u"™—u""') one
must define A = (Mg, Ay) : X} x X' — X} x X} through

< ||U,HDjv||¢||H1(QP), for alluEXf,¢€Xp. (3.3)

(Af(u, 9),v)r + (Ap(u, 9), ), =/Iwu-ﬁds—/l¢v-ﬁds.

Ignoring technical issues, the stabilization motivated by AtA*A (u”+1—u”_1) most
natural in appearance are boundary integral terms of the form

Atgz/l( nt e, ds and At/l( up ™ —up ) vy, - nds.

It is an open problem to analyze if this stabilization suffices. The inequality (3.3)
above suggests that the stabilization in (3.2) is connected to the one on I above.

THEOREM 3.2 (Unconditional stability for Stokes-Darcy). (3.2) is stable: for
any N > 0, there holds

Sl By + Sl oy + 0o (116 1B+ 167112) +
+AtZV||V (™ up ™) 117+ ghminl [V (07 + 617 |15 <

<|lunllbrv + [[uplDrv
+9Sol|6n17 + A |63117r (0, + 9S0llOn 15 + 288267 (| 6hl |71,
+2A0¢ter (¢, up) — er(dn, up)l+

+2Atz ff) n+1+uh )f+g( n n+1+¢n 1):|
n=1
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Proof. We adapt the proof of Theorem 1 to the setting of (3.2). Set v, =

(Wt w2, ¢ = (op T oY /2, andladd and subtract ||ul!]|3,;,,. Similarly,
in the porous media equatlon set 1, = ¢p"' + ¢ and add and subtract ||¢y|[2.
Adding the two energy estimates gives

E"Jrl/2 — E"Y2 4 Coupling

+ALD™T? = ((ff, up™ +up Y+ g(fr et o)

Here

B2 = (|| n+1||DIV + ||UZ||2DIV) +

1 T mn i T
+1950 (ler 2 + llenllz) + *Atzgz (||¢h+1||?11(9,,) + ||¢h||?{1(9,,)>

1 1
Dn+1/2:1af( n+1+u2 1 n+1_|_uz 1)"‘4@[)( n+1_|_¢ , n+1+¢ )
The coupling terms are
. At n  n+l n—1 n+1
Coupling = E3 [c;((ﬁh,uh +uy ) =T +é L u )] =
At n n n At n— n n n—
~— 9 [Cl((bm H) —c( h+17uh)] T [CI( h g - cr(on,uy, 1)] :
Let us denote C"+1/2 = c7(¢p, ul ™) — cr (o7, uf) so we have
En+l/2 + AtCm+l/2:| _ |:En—1/2 + gcn—l/Q
2
+ALDMH/2 = ((ff, up™ up Y+ g(fr et o)
Standard coercivity estimates show that
Dn+1/2 Hv( n+1+ Z 1)||f+ HHHHV( n+1+¢zfl)||}2r

Summing, stability and the stated energy inequality thus follow provided

Entl/2 4 C"+1/2 (||Uh +1HD1V + ||Uh ||DIV) +

’—‘OO\'—‘

+ 1950 (N 112+ 1o 112) -

Consider the coupling terms. Using (3.3)

At At . ~
- ‘C”+1/2( =59 ‘/chﬁu;f“ iy —¢p tup - Agpds

At
< =g (llug ™M lprvonllm @, + lupllprv|ér ™ m @,))

2
At? g n n
185 12, + 1631010, -

< U|uh+1”DIV + HuhHDIV]

ool —

We subtract this from E™1/2 and cancel terms, completing the proof. O
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3.2. Application to Stokes flow plus Coriolis force. The use of CNLF in
geophysical flows is based on fast-slow wave decompositions and time filters, see [28],
[30]. There are many complexities in geophysics we shall avoid in this first test by
focusing on Stokes flow plus a Coriolis force fo x u:

uy — vAuU+ Vp+ fo xu= f(z,t) and V-4 =01in Q,
u =0 on 09, and u(z,0) = ug(z) in Q.

Choose conforming velocity-pressure FEM spaces X" C H}(Q)4, Q" C Li(Q) satis-
fying the usual discrete inf-sup condition, [12], [11]. Define the bilinear form (with a
grad-div term, [23])

a(u,v) = (WVu, Vo) + (V- u,V -v)

Let Au := fo x u. The (1.4) realization is: find (u ”Jrl,pZJrl) € X" x Q" satisfying,
for all v, € X", q; € QM,

un+1 _n—1

u n n—
(%ﬂm) +2At(A(Uh+1 Uy, ), A(vp)) (3.4)

n+1 n—1
+ u,
2 L ,Uh)+

1 1
n+ + ;LL
2

+(fo x up,vn) + (
n+1_|_ Z 1

( 3 V'vh)+(qh,v

) = (fnavh)'

THEOREM 3.3 (Unconditional stability for flow + rotation). (3.4) is uncondi-
tionally stable: for any N > 0,

HI P+ H 1P+ A8 [ Ap (u))[]?]
At n+1 n—1\(12 n+1 n—1
7Z[v||v< +up IV it )]
n=1
1
g[lluhll2+4At AR (i) (12 + [Jup|[? + 448 | Ag (up)[1?]
N
+ AL(Ap (uf), uh) + AL (F"unt + ).
n=1

Proof. The proof in essential details follows that of Theorems 1 and 2. O

4. Numerical Illustrations. We present two tests of stability, performed using
FreeFEM++ [13], one for Stokes-Darcy and one for Stokes flow plus strong rotation.

Example 1: Stokes-Darcy. We solve the Stokes-Darcy problem with and with-
out stabilization, for small values of the parameters Sy and kyip, (all other parameters
are 1) and h = At = 0.1. The true solution decays to zero as t — 0o so any growth
in the approximate solution is an instability. The first test (and two figures) are for
parameters Sy = 1, kpin = 1074 and time steps that satisfy the timestep condition.
CNLFsTAB is stable, as predicted, and after a long enough time, CNLF becomes
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weakly unstable, as often reported.

i
3.5
oS
= =
s =
= j<ETS
[} 2k [7)
f= j=
w w
1.5
i
0.5
0 IO‘UU ZD‘UU SU‘OD AU‘UO SU‘UU 6000 7000 8000 9000 10000 0 l‘U 2‘0 3‘0 4‘0 50 E‘U 7‘0 S‘U 9‘0 100
Time(n) Time (n)
CNLFsTAB: stable CNLF': unstable

Figure 1: CNLFsTAB vs. CNLF, CFL condition holds

Thus CNLFsTAB controls CNLF’s weak instability in this test. The second test
(and two figures) are for parameters Sy = 0.1, ki, = 10~% and the timestep condition
violated. CNLFSTAB is stable, as predicted while CNLF is unstable, as expected.
We have performed tests for other parameter values with the same result.

el o

CNLFsTAB: stable. CNLF': unstable.
Figure 2: CNLFsTAB vs. CNLF, CFL condition violated

Example 2: Stokes flow + strong rotation. In this example we consider
the 2d Stokes problem plus Coriolis forces with a speed of rotation w = 100. The
computational domain is the square [0,1] x [0,1]. Let g1(z) = 22(1 — 2?) exp(7z),
g2(y) = 3*(1 — y)? and the initial conditions be defined by ug = g1(x)gh(y), vo =
—g1(z)g2(y). We solve the problem and plot the kinetic energy vs. time for CNLF
first without and then with stabilization. As predicted by the theory, CNLF is
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unstable until At||A|| < 1 while CNLFSTAB is stable for all time steps.

¥ AL=165 © At=105
At=110 At=1/10
el - At=1/40 A 10' - At=1/4D 4
——At=1/160 o ——At=1/160
——At=1/200 ) ———At=1/200

K E % ow ok oy
KRR R e w % .
P L N
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urEREEXKRE
R TR R AR KR R R ERE

CNLF': unstable until At small CNLFstab: always stable
Figure 3: Stability of CNLF vs. CNLFSTAB

5. Conclusions. The accepted view of CNLF without additional stabilizations
or time filters is that it has two issues. First, a CFL type timestep condition is
necessary for stability. Second, even under a CFL condition, non-damping of noise in
the unstable mode over long time intervals can also lead to instabilities. Time filters
are a wonderfully elegant and modular tool that addresses the second issue but not
the first. We have presented a stabilization herein that, while not modular, addresses
both issues. For the Stokes-Darcy problem CNLFSTAB is stable for all Sy and ky,in
and is, to our knowledge, the first second order, parameter-uniform, long time stable
partitioned method. Naturally, when a timestep condition is grossly violated (as the
tests here did purposefully), the difficulty may be shifted from stability to accuracy.
Thus, the next important step in studying CNLFSTAB must be precise error analysis
and careful testing of accuracy for specific applications, like the two in Section 3.
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