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Section S1. Thickness-dependent interlayer breathing modes in BP 

 

Table S1. Calculated frequencies (cm
-1

) of interlayer breathing (B) modes for 2L and bulk BP 

based on different theoretical methods. The experimental frequency of the bulk B mode obtained 

using inelastic neutron scattering is also listed for comparison.
1–4

 For the bulk, PBE+optB88 

yields the best match with experimental frequency. PBE significantly underestimates the value, 

while other methods LDA, PBE+D2 and PBE+optB86b overestimate it. Thus, PBE+optB88 is 

adopted for our systematic study. More details about the calculation methods are provided in 

“Theoretical methods” of the main text.  

 

 LDA PBE PBE+D2 PBE+optB86b PBE+optB88 Experiment 

2L 78.6 33.6 73.8 66.3 62.7  

bulk 105.5 46.6 103.3 91.3 86.1 87.1 
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Figure S1. Calculated vibrations and frequencies of the highest-frequency and lowest-frequency 

B modes for 2L to 8L BP using PBE+optB88.  Each blue arrow indicates the displacement of a 

whole layer. The highest-frequency B mode of any thickness is the bulk-like B mode, where 

each adjacent layer vibrates in opposite directions like the bulk. With increasing thickness, the 

highest frequency B mode blue shifts and approaches the bulk limit of ~87 cm
-1

. For the lowest-

frequency B mode, generally, the top or bottom half segment shows in-phase displacements, and 

it is the two segments that vibrate in the opposite directions. Compared to the highest-frequency 

B mode, a greater proportion of in-phase displacements in the lowest-frequency B mode lead to 

lower frequencies. Note that for 2L, there is only one B mode (thus it is both the highest-

frequency and lowest-frequency B mode). 
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Section S2. Polarization dependence of Raman-active modes in BP 

As mentioned in the main text, by denoting the X axis as the sample in-plane zigzag direction, 

the Y axis as the out-of-plane direction, and the Z axis as the in-plane armchair direction, the 

Raman tensors 𝑅̃ of Raman-active modes Ag, B1g, B2g and B3g are 

𝑅̃(Ag)= (
𝑎 ∙ ∙
∙ 𝑏 ∙
∙ ∙ 𝑐

),                𝑅̃(B1g)= (
∙ 𝑑 ∙
𝑑 ∙ ∙
∙ ∙ ∙

), 

𝑅̃(B2g)= (
∙ ∙ 𝑒
∙ ∙ ∙
𝑒 ∙ ∙

),                𝑅̃(B3g)= (

∙ ∙ ∙
∙ ∙ 𝑓
∙ 𝑓 ∙

).                                                             (S1)                                      

In the typical experimental back-scattering laser geometry (Y in and Y out for the laser), the 

electric polarization vectors of the incident and scattered light ei and es are in-plane (the X-Z 

plane). By setting the polarization angle of the incident (scattered) light as 𝜃 (𝛾) with respect to 

the X axis, we have ei = (𝑐𝑜𝑠𝜃, 0, 𝑠𝑖𝑛𝜃) and es =(𝑐𝑜𝑠𝛾, 0, 𝑠𝑖𝑛𝛾). Since the Raman intensity is 𝐼 ∝ 

|ei·𝑅̃·es
T|

2
, we then have 

𝐼 ∝ |(𝑐𝑜𝑠𝜃, 0, 𝑠𝑖𝑛𝜃) 𝑅̃ (

𝑐𝑜𝑠𝛾
0

𝑠𝑖𝑛𝛾
)|

2

.                                                                                   (S2)                                      

Applying the Raman tensors 𝑅̃ in Eq. S1 to Eq. S2, we can obtain the Raman intensities for each 

mode:  

𝐼𝐴𝑔
∝ 𝑎2 |𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝛾 +

𝑐

𝑎
𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝛾|

2

, 𝐼𝐵2𝑔
∝ 𝑒2𝑠𝑖𝑛2(𝜃 + 𝛾), 

𝐼𝐵1𝑔
= 0,                                             𝐼𝐵3𝑔

= 0.                                                                      (S3)                                      

Therefore, B1g and B3g cannot be observed, while only Ag and B2g modes can be observed. 

         In general, there are two methods to study the polarization dependence. One is by rotating 

the sample while fixing the polarization of the incident and scattered light; the other is by 

changing the polarization of the incident or scattered light while fixing the sample. In this work, 

we have used the first method. The polarization angle of the incident and scattered light 𝜃 and 𝛾 

are fixed, and the sample is rotated in-plane (the X-Z plane) by 𝜑 with respect to the X axis. The 

rotation matrix and its inverse are 

𝑟= (
𝑐𝑜𝑠𝜑 0 −𝑠𝑖𝑛𝜑

0 1 0
𝑠𝑖𝑛𝜑 0 𝑐𝑜𝑠𝜑

)  and 𝑟−1= (
𝑐𝑜𝑠𝜑 0 𝑠𝑖𝑛𝜑

0 1 0
−𝑠𝑖𝑛𝜑 0 𝑐𝑜𝑠𝜑

).                                                   (S4)                                                                                                                              
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Consequently, for any Raman tensor 𝑅̃, the intensity becomes 

 

𝐼 ∝ |(𝑐𝑜𝑠𝜃, 0, 𝑠𝑖𝑛𝜃)  𝑟 𝑅̃    𝑟−1 (

𝑐𝑜𝑠𝛾
0

𝑠𝑖𝑛𝛾
)|

2

 

   ∝ |(𝑐𝑜𝑠𝜃, 0, 𝑠𝑖𝑛𝜃)  (
𝑐𝑜𝑠𝜑 0 −𝑠𝑖𝑛𝜑

0 1 0
𝑠𝑖𝑛𝜑 0 𝑐𝑜𝑠𝜑

) 𝑅̃    (
𝑐𝑜𝑠𝜑 0 𝑠𝑖𝑛𝜑

0 1 0
−𝑠𝑖𝑛𝜑 0 𝑐𝑜𝑠𝜑

) (

𝑐𝑜𝑠𝛾
0

𝑠𝑖𝑛𝛾
)|

2

 

   ∝ |(𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜑 + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑, 0, −𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜑 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑) 𝑅̃ (
𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝛾 + 𝑠𝑖𝑛𝜑𝑠𝑖𝑛𝛾

0
−𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝛾 + 𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝛾

)|

2

 

   ∝ |(cos(𝜃 − 𝜑) , 0, sin(𝜃 − 𝜑)) 𝑅̃ (
cos(𝛾 − 𝜑)

0
sin(𝛾 − 𝜑)

)|

2

.                                                    (S5)                                                                                                                              

Compared to Eq. S2, we infer that the rotation of the crystal sample by 𝜑 is equivalent to rotation 

of the laser polarization of both the incident and scattered light by –𝜑 with the sample fixed. 

Under the parallel polarization configuration (𝛾 = 𝜃), based on Eq. S3 and Eq. S5, we then have 

 𝐼𝐴𝑔
∝ 𝑎2 |𝑐𝑜𝑠2(𝜑 − 𝜃) +

𝑐

𝑎
𝑠𝑖𝑛2(𝜑 − 𝜃)|

2

∝ 𝑎2 |1 + (
𝑐

𝑎
−1)𝑠𝑖𝑛2(𝜑 − 𝜃)|

2

, 

 𝐼𝐵2𝑔
∝ 𝑒2𝑠𝑖𝑛22(𝜑 − 𝜃), 

𝐼𝐵1𝑔
= 0, 𝐼𝐵3𝑔

= 0.                                                                                                                   (S6)                                      

Since 𝜃 is fixed, the intensity of an Ag mode depends on both the sample rotation angle 𝜑 and 

the ratio c/a, while the intensity of a B2g mode only depends on the rotation angle 𝜑. Clearly, the 

intensity variation period is always 90° for a B2g mode: the intensity reaches the minimum at 

𝜑 = 𝜃 or 𝜃 + 90° or 𝜃 + 180° or 𝜃 + 270°, and the maximum at 𝜑 = 𝜃 + 45° or 𝜃 + 135° or 

𝜃 + 225° or 𝜃 + 315°, as shown in Figure S2(b). For an Ag mode, the situation is more 

complicated due to the ratio c/a. If c/a = 1 (i.e., isotropic), then 𝐼𝐴𝑔
∝ 𝑎2 always, which has no 

dependence on the polarization (see Figure S2(a)). However, for anisotropic BP, c/a ≠ 1. If c/a > 

1 (Figure S2(a)), the intensity variation period of an Ag mode is 180°, with the minimum 

intensity 𝐼𝐴𝑔
∝ 𝑎2 at 𝜑 = 𝜃 or 𝜃 + 180° (the sample is rotated by 𝜃 and now the zigzag direction 

is along the  
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Figure S2. Theoretical polarization dependence by rotating the sample. Polar plots of calculated 

Raman intensities of (a) Ag and (b) B2g modes as a function of crystal rotation angle 𝜑. The 

polarization angle of the incident light 𝜃 is set at 0°
 
so that the sample initial zigzag direction is 

along the polarization direction of incident light. In (a), different c/a ratios are considered. 

polarization direction of the incident light), and the maximum intensity 𝐼𝐴𝑔
∝ 𝑐2 is at 𝜑 = 𝜃 +

90° or 𝜃 + 270° (the sample is rotated by 𝜃 + 90° and now the armchair direction is along the 

polarization direction of the incident light). If c/a < 1, the intensity variation period is still 180°, 

but the minimum and maximum intensity angles switch. According to our calculations and a 

previous experimental work for few-layer BP,
5
 the value of c (Raman tensor component in the 

armchair direction) is expected to be larger than a (Raman tensor component in the zigzag 

direction), hence c/a > 1. In short, by rotating the crystal sample under a parallel polarization 

configuration, the intensity variation period is always 180° for an Ag mode, while it is always 90° 

for a B2g mode. Additionally, when the sample armchair (zigzag) direction is along the 

polarization direction of the incident light, an Ag mode shows the maximum (minimum) intensity, 

while a B2g mode is forbidden, as illustrated by the calculated polarization dependence of an Ag 

mode (c/a  = 1, 2, 4, 8) and an B2g mode in Figure S2. In our calculations, the polarization angle 

of the incident light 𝜃 is set at 0°
 
so that the initial zigzag direction is along the polarization 

direction of the incident light before the sample rotation. Thus, the minimum and maximum 
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intensity rotation angles of an Ag mode are always 0° and 90°, respectively, in spite of the 

different ratios (c/a = 2, 4, 8) in Figure S2(a). What is different is the quickly decreased 

minimum/maximum intensity ratio 𝐼𝑚𝑖𝑛/𝐼𝑚𝑎𝑥  ∝ (𝑎/𝑐)2. As a result, when c/a = 2, an Ag mode 

still shows relatively strong intensities at the minimum intensity rotation angle; when c/a = 8, an 

Ag mode is almost forbidden at the minimum intensity rotation angle. These results can explain 

the observed minor differences between the polarization dependence of the LF breathing modes 

and the HF Ag
1
 and Ag

2
 modes in Figures 3(b-g) of the main text.  

         Now we show how to determine the crystalline orientation of the BP flake based on its 

polarization dependence measured in Figure 3. According to Figures 3(b-g), after ~45°
 
clockwise 

rotation of the BP sample, the intensities of the Ag modes reach the maximum value and thus the 

sample armchair direction is now along the polarization direction of the incident light (i.e., the 

horizontal direction in the image of Figure 2(a)). Therefore, we conclude that before the rotation, 

the armchair direction of the sample is around 45° from the image in Figure 2(a). 

         Note that in the experimental back-scattering geometry, according to Eq. S3 and Eq. S6, 

the intensities of the B1g and B3g modes are zero under both methods, and thus their polarization 

dependence cannot be probed. If the BP sample is titled out-of-plane instead of rotated in-plane, 

the B1g and B2g modes could be observed. From Eq. S1, Raman tensors for the B1g and B3g 

modes share similar formats to that of the B2g mode (i.e., non-zero terms are all off-diagonal), 

indicating that their polarization dependence should be similar to the B2g mode.  
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Section S3. HF region of the Raman spectra at different crystal rotation angles 

Figure S3 shows the HF region of the series of Raman spectra corresponding to Figure 3. When 

the sample is rotated by 45
0
 and 135

0
, which are corresponding to the armchair and zigzag 

directions, respectively, the Raman intensity of the B2g mode gets to the minima. The maxima 

intensity of Ag
1 

and Ag
2
 modes happens when the sample is rotated by 45

0
 (the polarization of the 

incident light is along the armchair direction), and the minima intensity of Ag
1 

and Ag
2
 modes 

happens when the sample is rotated by 135
0
 (the polarization of the incident light is along the 

zigzag direction), 

 

Figure S3. Experimental Raman spectra in the HF region of the few-layer BP (corresponding to 

Figure 2(a)) at the different rotation angles. 

 

Section S4. Thickness dependence of the HF Raman modes 

Figure S4 shows the HF region of the Raman spectra of different BP flakes corresponding to the 

flakes in Figure 4.  For flake 1-3, the intensities of the Ag
1 

and Ag
2
 modes are very weak. For 

flake 5, which is a little thicker, the intensities of the Ag
1 

and Ag
2
 modes are much stronger than 

that of flake 1-3. In addition, the frequency of the Ag
2
 mode red shifts obviously with the 
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increase of the thickness of the flakes. This strongly indicates that those flakes are very thin (less 

than 10 layers).   

 

Figure S4. HF region of the Raman spectra of different BP flakes. The labels are corresponding 

to those in Figure 4. 

Section S5. Temperature dependence of the Raman modes 

Figure S5 shows the series of spectra corresponding to Figure 5. It is clear to see that the HF 

modes (Ag
1
, B2g and Ag

2
) are obviously blue shifted with the increase of temperature from -150 

ºC to 25 ºC, while the frequency of  the B mode does not change too much. Considering the 

thermal expansion from both the crystal and the glass substrate, the temperature dependence of 

the B mode, and the Ag
1
, B2g and Ag

2
 modes are calculated, as shown in Figure S6. For the B 

mode, B2g and Ag
2
 modes, the temperature coefficients consistent with the experimental results. 

However, for Ag
1
 mode, the calculation result shows that this mode frequency does not have a 

strong dependence on the temperature, while the experimental result shows that the Ag
1
 blue 

shifts with the increase of the temperature. This result indicates that the thermal expansion is not 

the main contribution to the anharmonicity of the Ag
1
 mode. According to the temperature 

dependence of the frequency of the Raman mode: 𝜔 = 𝜔0 + 𝜒𝑇Δ𝑇 + 𝜒𝑉Δ𝑉 = 𝜔0 + (
𝜕𝜔

𝜕𝑇
)𝑉∆𝑇 +

(
𝜕𝜔

𝜕𝑉
)𝑇∆𝑉, where the first term (

𝜕𝜔

𝜕𝑇
)𝑉∆𝑇 is the “self-energy” shift, which is the pure temperature 
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effect, and the second term (
𝜕𝜔

𝜕𝑉
)𝑇∆𝑉 is due to the crystal thermal expansion. From this argument 

we conclude that the shift of the Ag
1
 frequency is mainly due to the “self-energy” shift. 

 

Figure S5. Raman spectra of few-layer BP at different temperatures.  
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Figure S6. Calculated temperature dependence of the frequencies of the B mode (a), as well as 

of the Ag
1 

(b), B2g (c), and Ag
2 

(d) modes.  
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