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Exercise Set II.1

1. (a) The probability that a team selected randomly has j wins is

P(j) =
Number of teams with j wins

Total number of teams
=
N(j)

N
.

(b)
∞∑
j=0

P(j) =

∞∑
j=0

N(j)

N
=

1

N

∞∑
j=0

N(j) =
N

N
= 1.

The probabilities in the problem are as follows:
P(7) = 0.3, P(8) = 0.4, P(9) = 0.2, P(11) = 0.1, and P(j) = 0 for j 6= 7, 8, 9, 11. We now
show the above, i.e.,

∞∑
j=0

P(j) = 0.3 + 0.4 + 0.2 + 0.1 = 1.0.

(c)

〈j〉 =

∑∞
j=0 jN(j)

N
=

∞∑
j=0

j
N(j)

N
=

∞∑
j=0

jP(j).

We now calculate explicitly:

〈j〉 =
1

10
(7× 3 + 8× 4 + 9× 2 + 11× 1) =

82

10
= 8.2.

∞∑
j=0

jP(j) = 7× 0.3 + 8× 0.4 + 9× 0.2 + 11× 0.1 = 8.2 = 〈j〉.

(d) The variance is

σ2 =

∞∑
j=0

(j − 〈j〉)2P(j) = (7− 8.2)2 × 0.3 + (8− 8.2)2 × 0.4 + (9− 8.2)2 × 0.2 + (11− 8.2)2 × 0.1

= (−1.2)2 × 0.3 + (−0.2)2 × 0.4 + (0.8)2 × 0.2 + (2.8)2 × 0.1 = 1.36.

The standard deviation is σ =
√

1.36 ≈ 1.17.
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2. (a) We determine C as follows:

1 =

∫ ∞
−∞

ρ(x)dx =

∫ ∞
−∞

Ce−
α
2

(x−x0)2dx.

Assume the change of variables y =
√

α
2 (x−x0). Then dx =

√
2
αdy and (see Appendix)

1 = C

√
2

α

∫ ∞
−∞

e−y
2
dy = C

√
2π

α
.

Then, we obtain

C =

√
α

2π
.

(b) We obtained in (a) that the Gaussian probability is

ρ(x) =

√
α

2π
e−

α
2

(x−x0)2

We now calculate 〈x〉:

〈x〉 =

∫ ∞
−∞

xρ(x)dx =

√
α

2π

∫ ∞
−∞

xe−
α
2

(x−x0)2dx

As before, let y =
√

α
2 (x− x0), then

〈x〉 =

√
α

2π

∫ ∞
−∞

(√
2

α
y + x0

)
e−y

2

√
2

α
dy =

√
2

α

1√
π

∫ ∞
−∞

ye−y
2
dy +

1√
π
x0

∫ ∞
−∞

e−y
2
dy

=
1√
π
x0

√
π = x0.

(see Appendix for the integrals)

〈x〉 = x0 .

We now calculate 〈x2〉:

〈x2〉 =

∫ ∞
−∞

x2ρ(x)dx =

√
α

2π

∫ ∞
−∞

x2e−
α
2

(x−x0)2dx =

√
α

2π

∫ ∞
−∞

(√
2

α
y + x0

)2

e−y
2

√
2

α
dy

=
2

α

1√
π

∫ ∞
−∞

y2e−y
2
dy + 2

√
2

α

1√
π
x0

∫ ∞
−∞

ye−y
2
dy +

1√
π
x2

0

∫ ∞
−∞

e−y
2
dy.

Then,

〈x2〉 =
1

α
+ x2

0. .
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(c)

σ2 = 〈x2〉 − 〈x〉2 =
1

α
+ x2

0 − x2
0 =

1

α
.

Then,

σ =
1√
α
.

Note: we recovered the standard form of a Gaussian function:

ρ(x) =

√
1

2πσ2
e−

(x−x0)
2

2σ2 .

(d) In order to sketch a graph of ρ(x) we use the following properties:

• ρ(x0) = ρ0 :=
√

1
2πσ2

• lim
x→±∞

ρ(x) = 0

The function ρ(x) will look as follows:

0

(x)

X0
X

Figure 1: Gaussian probability distribution.
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3. (a) In order to determine A we use the normalization property of the wave function:

1 =

∫ ∞
−∞

ψ∗(x)ψ(x)dx =

∫ 0

−1
A2(1 + x)2dx+

∫ 1

0
A2(1− x)2dx

= A2

(1 + x)3

3

∣∣∣∣∣
0

−1

− (1− x)3

3

∣∣∣∣∣
1

0

 = A2 2

3
.

Then, we have

A = ±
√

3

2
.

(b)

〈x〉 =

∫ ∞
−∞

ψ∗(x)xψ(x)dx =
3

2

(∫ 0

−1
x(1 + x)2dx+

∫ 1

0
x(1− x)2dx

)
=

3

2

(∫ 0

−1
x3 + 2x2 + x dx+

∫ 1

0
x3 − 2x2 + x dx

)

=
3

2


(
x4

4
+ 2

x3

3
+
x2

2

)∣∣∣∣∣
0

−1

+

(
x4

4
− 2

x3

3
+
x2

2

)∣∣∣∣∣
1

0


=

3

2

{(
−1

4
+

2

3
− 1

2

)
+

(
1

4
− 2

3
+

1

2

)}
= 0.

Then, we have

〈x〉 = 0 .

〈x2〉 =

∫ ∞
−∞

ψ∗(x)x2ψ(x)dx =
3

2

(∫ 0

−1
x2(1 + x)2dx+

∫ 1

0
x2(1− x)2dx

)
=

3

2

(∫ 0

−1
x4 + 2x3 + x2 dx+

∫ 1

0
x4 − 2x3 + x2 dx

)

=
3

2


(
x5

5
+ 2

x4

4
+
x3

3

)∣∣∣∣∣
0

−1

+

(
x5

5
− 2

x4

4
+
x3

3

)∣∣∣∣∣
1

0


=

3

2

{(
1

5
− 2

4
+

1

3

)
+

(
1

5
− 2

4
+

1

3

)}
=

1

10
.

Then, we have

〈x2〉 =
1

10
.

(c)

σ2
x = 〈x2〉 − 〈x〉2 =

1

10
,

σx =
1√
10

.
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(d)

〈p〉 =

∫ ∞
−∞

ψ∗(x)pψ(x)dx =

∫ ∞
−∞

ψ∗(x)
~
i

d

dx
ψ(x)dx

=
3

2

~
i

(∫ 0

−1
(1 + x)dx−

∫ 1

0
(1− x)dx

)
=

3

2

~
i


(
x+

x2

2

)∣∣∣∣∣
0

−1

−
(
x− x2

2

)∣∣∣∣∣
1

0


=

3

2

~
i

{(
1− 1

2

)
−
(

1− 1

2

)}
= 0.

Then, we have

〈p〉 = 0 .

4. (a) The Shrödinger equation is(
− ~2

2m

∂2

∂x2
+ V (x) +

~
i

∂

∂t

)
Ψ(x, t) = 0.

We now calculate the different components for Ψ(x, t) = αe−Λ with Λ = β~−1(mx2+iγt).

~
i

∂

∂t
Ψ(x, t) = −~

i
Ψ(x, t)β~−1iγ = −βγΨ(x, t),

− ~2

2m

∂2

∂x2
Ψ(x, t) =

~2

2m

∂

∂x

(
Ψ(x, t)β~−12mx

)
= β~

∂

∂x
(Ψ(x, t)x)

= −2mx2β2Ψ(x, t) + β~Ψ(x, t)

Then,

V (x)Ψ(x, t) =

(
~2

2m

∂2

∂x2
− ~
i

∂

∂t

)
Ψ(x, t)

= 2mx2β2Ψ(x, t)− β~Ψ(x, t) + βγΨ(x, t) = β
(
2mx2β + γ − ~

)
Ψ(x, t).

Then, we have

V (x) = β
(
2mx2β + γ − ~

)
.

(b)

〈x〉 =

∫ ∞
−∞

Ψ∗(x, t)xΨ(x, t)dx =

∫ ∞
−∞

αe−β~
−1(mx2+iγt)xαe−β~

−1(mx2−iγt)dx

= α2

∫ ∞
−∞

xe−2β~−1mx2dx.

Let y =
√

2β~−1mx then

〈x〉 = α2

∫ ∞
−∞

y√
2β~−1m

e−y
2 1√

2β~−1m
dy =

α2

2β~−1m

∫ ∞
−∞

ye−y
2
dy = 0.

Then, we get

〈x〉 = 0 .
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Similarly, we calculate

〈x2〉 =

∫ ∞
−∞

Ψ∗(x, t)x2Ψ(x, t)dx = α2

∫ ∞
−∞

x2e−2β~−1mx2dx

= α2

∫ ∞
−∞

y2

2β~−1m
ey

2 1√
2β~−1m

dy =
α2

(2β~−1m)3/2

∫ ∞
−∞

y2ey
2
dy

=
α2

(2β~−1m)3/2

√
π

2
.

〈x2〉 =
α2

8

√
2π~3

(mβ)3
.

We now calculate

〈p〉 =

∫ ∞
−∞

Ψ∗(x, t)pΨ(x, t)dx =

∫ ∞
−∞

Ψ∗(x, t)
~
i

∂

∂x
Ψ(x, t)dx

=

∫ ∞
−∞

Ψ∗(x, t)
~
i
(−β~−12mx)Ψ(x, t)dx

= iβ2m

∫ ∞
−∞

Ψ∗(x, t)xΨ(x, t)dx = i2mβ〈x〉 = 0.

Then, we get

〈p〉 = 0 .

〈p2〉 =

∫ ∞
−∞

Ψ∗(x, t)p2Ψ(x, t)dx =

∫ ∞
−∞

Ψ∗(x, t)(−~2)
∂2

∂x2
Ψ(x, t)dx

= −~2

∫ ∞
−∞

Ψ∗(x, t)
∂

∂x
(−β~−12mxΨ(x, t))dx

= 2mβ~
∫ ∞
−∞

Ψ∗(x, t)
∂

∂x
(xΨ(x, t))dx = 2mβ~

∫ ∞
−∞

Ψ∗(x, t)
(
Ψ(x, t) + x(−β~−12mxΨ(x, t))

)
dx

= 2mβ~
∫ ∞
−∞

Ψ∗(x, t)Ψ(x, t)dx− 4m2β2

∫ ∞
−∞

Ψ∗(x, t)x2Ψ(x, t)dx

= 2mβ~
∫ ∞
−∞
|Ψ(x, t)|2 dx− 4m2β2〈x2〉

We calculate∫ ∞
−∞
|Ψ(x, t)|2 dx = α2

∫ ∞
−∞

e−2β~−1mx2dx = α2

∫ ∞
−∞

e−y
2 1√

2β~−1m
dy = α2

√
π~

2βm
.

Then, we get

〈p2〉 = 2mβ~α2

√
π~

2βm
− 4m2β2α

2

8

√
2π~3

(mβ)3
= α2

√
πβm~3

2
.

〈p2〉 =
α2

2

√
2πβm~3 .
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(c)

σ2
x = 〈x2〉 − 〈x〉2 = 〈x2〉 =

α2

8

√
2π~3

(mβ)3

σ2
p = 〈p2〉 − 〈p〉2 = 〈p2〉 =

α2

2

√
2πβm~3

σ2
xσ

2
p =

α2

8

√
2π~3

(mβ)3

α2

2

√
2πβm~3 =

(
α2

√
π~

2mβ

)2
~2

4
=

(∫ ∞
−∞
|Ψ(x, t)|2 dx

)2 ~2

4
=

~2

4
,

where we used the normalization of Ψ(x, t). Then,

σ2
xσ

2
p =

(
~
2

)2

,

consistent with the Heisenberg principle.

(d) From the normalization we get

α = ± 4

√
2βm

π~
,
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Appendix

1. Define

I :=

∫ ∞
−∞

e−x
2
dx.

Then,

I2 =

∫ ∞
−∞

∫ ∞
−∞

e−y
2
e−x

2
dxdy =

∫ ∞
−∞

∫ ∞
−∞

e−(x2+y2)dxdy.

We now use polar coordinates so that x = r cos θ, y = r sin θ and x2 + y2 = r2; futhermore,
dxdy = rdθdr, then

I2 =

∫ ∞
0

∫ 2π

0
e−r

2
rdθdr = 2π

∫ ∞
0

re−r
2
dr = 2π

(
e−r

2

−2

)∣∣∣∣∣
∞

0

= π.

Then I =
√
π, i.e., ∫ ∞

−∞
e−x

2
dx =

√
π .

2. ∫ ∞
−∞

ye−y
2
dy =

e−y
2

−2

∣∣∣∣∣
∞

−∞

= 0.

∫ ∞
−∞

ye−y
2
dy = 0 .

3. ∫ ∞
−∞

y2e−y
2
dy = − lim

β→1

∫ ∞
−∞

∂

∂β
e−βy

2
dy = − lim

β→1

∂

∂β

∫ ∞
−∞

e−βy
2
dy

= − lim
β→1

∂

∂β

1√
β

∫ ∞
−∞

e−z
2
dz = − lim

β→1

∂

∂β

√
π√
β

= lim
β→1

1

2

√
π

β3/2
=

√
π

2
.

∫ ∞
−∞

y2e−y
2
dy =

√
π

2
.
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