EM 311M - Dynamics
Exam 3 - Solutions- April 19, 2012

Write your work and solutions only on the FRONT side of the sheets provided, including white sheets.

1. i. Given the positions of two points A and B in a rigid body with angular velocity &, the
rate of change of the relative position vector of A relative to B is given by
0y
=9 X T
(a) (1 point) Write the expression for the velocity of A as a function of the velocity of
B and the angular velocity of the rigid body.
(b) (3 points) Derive the expression for the acceleration of A as a function of the accel-
eration of B and the angular velocity and acceleration of the rigid body.

ii. At the instant shown (see figure below) the crank BC has a given constant angular
velocity wy,, clockwise.
(a) (21 points) Determine the expressions for the acceleration of points A and D as
functions of wy,,, d and L.
(b) (2 bonus* points) Look at the velocities of A and B. What type of motion the
rigid body AD undergoes instantaneously? Explain how to conclude that by using
instantaneous centers.

Copyright © 2013 McGraw-Hill Companies, Inc.

*Bonus points will be given only if exam grade is lower than 100 (maximum possible grade).



Solution:

i) (a) (1 point) The position vector of A can be written as
Ty =Ty + 7::4/13’
and taking the time derivative we get

dr, dr, dF,,
G at T A T T e e

For A and B points in a rigid body, the velocity of A relative to B can be written as

- _dTA/B__, S
Vyp = g =G X Ty,

with @ the angular velocity of the rigid body. Then, we obtain

—

T =V, DX Ty ) (1)

(b) (3 points) We now take the time derivative of (1):

ﬁ:%+i(m%)

dt dt  dt
and get
L do L AT
aA:aB+E><TA/B+w>< gt

from where the final result is obtained

—

X Tyg +w X (w X T’A/B) ,

Q1

a, = ag +

where @ = %‘: is the angular acceleration. In a planar motion, the acceleration expression

reduces to

a, =a; +aXxr —WITy s



ii) (a) In this type of questions, to obtain accelerations, we first need to find velocities.
We have the following information:

- Point C is fixed: ¥, = 0 and @, = 0.

- Point A is constrained to move in the vertical direction: ¥, = v,j and @, = a, .

- Crank BC has constant clockwise angular velocity: &, = —w, kand @, = 0.

Let’s take a look at the following diagram:
D

where by the Pythagorean theorem
h=+L?—d?.

(3 point) We compute first the velocity of B:

l

—

¢ T Wge X Tsic
Wpe

VB

— Wk

I
=

(6 point) We now can compute the velocity of A:
V, =V, +d,, X FA/B
v, ] = dwye] —|—wADI% x (di — hj)
= thD% + (dwy + deD)j'.
Note that since A and B are points belonging to the rigid body AD, we used the angular
velocity ,,,. The above relation is a vector equation, thus we compare the components of
the left-hand side and right-hand side:

i components: 0 = hw,, = |w,, = 0|,

7 components: v, = dw,, +dw,, = dwy, = |¥, = dw,.J |

(3 point) We compute now the acceleration of B:

o o 2
+ Qe X Tsie — Wpe Tpio

q,
‘B BC

I
S

= 2 5 2 %
+0+decz—decz

I
(=1

S _ 2%
ay = dwg 1|,




(6 point) We now can compute the acceleration of A:

- - — - 2 o

a, = dg +a,, X Tap — Wip Tam

a,j = dwgc% + o, kx (di—hj)+0
= (hoy, +dw?. )i+ day, j.

We compare the components of the left-hand side and right-hand side:

4 2 dw;c
i components: 0 = ha,, +dw; =|a,, = -
~ o degCA_
j components: a, =da,, = a, = — - j.
The acceleration vector of A is
2, 2
L d“wg,
a, = ——=25—
LQ _d2

(3 point) To compute the acceleration of D, we take a look at the diagram
D O

*A
where DO || BC. We observe that the triangles AAOD and AACB are similar. Then,

AD A0 =
AD _ A0 36— 9AC —2n| and
AB  AC AB

The acceleration of D is then

222:>b6:2§6:2¢
BC

2 -

6D - dA + &AD X FD/A —Wip Toas
d? w2 . . R R o
a, = —TBCj + o,k x (—2di +2hj) +0

R d? w? N L dPW?
:—wmwi—<hﬂﬂ+w%w>j:2mgﬁ+-;mj

The acceleration vector of D is

d?w?

- 2 2 .
a, =2dw; i+ Ticdﬂ .




(b) (2 bonus points) We observe that v, = v, i.e., they have the same direction and
magnitude; thus, the body is instantaneously in translation. If we now draw lines through
A and B perpendicular to their directions of motion, we observe that these lines are parallel
and do not intersect. Then, there is no instantaneous center for bar AD at that moment, and
the body is not rotating, thus it is in translation.



i. (5 points) Given a general system of N particles with masses m; and velocities V;,
1=1,...,N, derive the Moment-Angular Momentum Principle.

ii. In the system shown below, the following information is provided:
- The weight Wy of the pulley A, its radius R4 and its moment of inertia I4 about
its center.
- The moment of inertia Ig of pulley B about its center and its radius Rp.
- The weights of the loads a and b: w, and wy.
Assume the system is released from rest.
(a) (18 points) What is the expression for the acceleration of the load b as a function of
the given data?

(b) (2 points) Take the result of (a) and assume you do not know the weight w,. What is
the condition on the magnitude of wy so that the velocity of the load b is downward?
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Solution:

i)(3 points) By Newton’s 2nd law for particle

Zfzj +f1 = (szZ)v

with ﬁj the force that particle j exerts on particle ¢ and ﬁE an external force exerted on
particle 7. Taking the cross product with #; and summing over all particles i = 1 to N we

obtain
zzzz]:ﬁXﬁ]JrzZ:ﬁxﬁE:Zﬁxi(mﬁ‘l) (2)

7

(2 point) We now show that the total moment corresponding to internal forces in (2) is
zero:

g E 7_’; X fij = g E 7’1 X f” E E 7’] X fﬂ < Change dummy indexes names in second term
i g
= 5 E E 75 X fij - 5 E E ’F] X fij — Newton’s 3rd law : sz' = _fij

= - Z Z >< ij — Change order of summation in second term
= 6 — Assume .ﬁj || (7_’; — 7_’;)

(2 point) Furthermore, we observe that

—

d . dr o o d .
yr (T; x m;v;) = ditl X m;V; + 7 X yr (miv;) :M—i— 7 X mlvl)

and thus

ZT’ mzvl == <Z 7 X mzvz> = dZO

with H, the total angular momentum about the origin O.

(% point) Let M, denote the total moment exerted on the system by external forces:
M, = ZFZ X f, iE'
i

Then, we can write (2) as

dH
Mo ==35"

the Moment-Angular Momentum Principle for a system of N particles.



ii) (a) (2 points) We draw the free-body diagram:

We now write the equations of motion:

- (2 points) Load b:

S B, =[T, —w, = myal 1)

- (2 points) Pulley B:
Y Fy=N-W,=0.

Note: We do not have the information about W, so we will not use this equation.
SoM = [Ryi x (=T,)j + (~Ry)i x (<B)j| -k = La,

then,

|Ry(T, - T,) = Loy, | (2)

- (2 points) Pulley A:

-

> oM = [Ryi x (B)j+ (=R x (B)j] -k = La,

T,+T,— (T, +W,) =m,a, | (3)

then,

\R,(T, - T) = La, | (4)

- (2 points) Load a:

a

2 Fy=

Note: Pulley A and load a move together; thus they have the same acceleration.

ﬂ—wa:maA‘. (5)

Unknowns: 1,,1,1,T,,a,,04,a,,a. We have 8 unknowns, thus we need 8 equations. We
will look for 3 additional equations using kinematics.



(1 points) Before that, let’s combine some equations to get a reduced
Using (1) and (2):

I I
,=1 +R7]ZOZB :wb+Wa+?ZaB>
then
IB
T, =w, +ma+ ooy 1 (%)
Ry
Using (3) and (4):
27, :sz"f'm—f'mAaA"_RAaA
‘A

and using (5) we get

1
2T, =w, + m,a, + W, + mya, +RAOCA
A

then

IAa

27;:(wa+w4)+<ma+mA)a’A+R7 A
A

(%)

Combine (%) and (**) to get

I I
2 wb—i-m)a—i-—RBaB :(wa+W{,)+(ma+mA)aA+T§aA.
‘B ‘A

system of equations.

(s % )

The unknowns are: a,a,,,,a,. Thus, we need now three additional equations, to express

a,,o,,q, as functions of a.
constraints:

Kinematic constraints
(2 points) Kinematic constraint 1:

(4) a = (dg )y,
(i7) Q, = Gy + 0y X T, —wgf;w =04 a,k x R,i
= —Rng% + RBosz'.

We now look for special points that will provide kinematic

2 o
—w, Ryt



Then, we obtain

a= Ryay |
(2 points) Kinematic constraint 2:
(ii1) Gy = Gy + Gy X 7y — w2 T =0+ ok x (—Ry)i — wp(—Ry)i

= Rng% — R,0,]

, L e 2. _ o~ ; T
(iv) Ay = G, + 0, X Ty, —w Ty, =a,] +o,kx Ryi—wiR,i

= _Rijg + (a, + RAaA)j
We have that (@, ), = (d )y, then

’—RBaB =a, +R,0, ‘

(2 points) Kinematic constraint 3:

(v) Gy = Gy + 0y X Ty — W2 T, = 4, + ayk X (=R,)i — wi(—R,)i

= Awi% + (aAj' — aARA) 7

(v) a, =0
We have that (@, )y = (@, )y, then
aA = aARA
We now have from (6)
a
oy = R

Using this result in (7) together with (8) we have

a
R, <RB> =, R, +R,a, =|a, = —2RA .

And finally, from (8) we obtain

a
a, = —5 .
(1 points) Substituting a,, a,, ay in (x * %), we get
1, a 1
2 [wb +mya+ RBza] = (w, + W,) — (m, +mA)§ — 2]‘%‘2@,
B A

from where we obtain

(w, + W,) I 1 I
wb—#z— %+R7%+Z(m“+mf‘)+4]% a,

and the acceleration of the load b is

(w, +W,)
w, —
a=— 2 7
Yo Ly w AW
[ +Rg+ 4g +4R§




(b) (2 points) For the velocity of load b to be downward, we need a < 0. Then, the
condition is




3.

i.

ii.

In the figure below, a uniform slender bar of length L and mass m is presented.

(a) (2 points) Use direct integration to compute the moment of inertia of the bar about
an axis through its center of mass.

(b) (3 points) Use the parallel-axis theorem to compute the moment of inertia of the bar
about an axis through the point O (see figure).

- L |
(@ & D)
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(20 points) In the system below, each bar is of mass m and length L. The spring constant
k is given, and the spring is unstretched when 6 = 0. If the system is released from rest
with the bars vertical, what is the magnitude of the angular velocity of the bars for a
given angle § = 6y > 0, as a function of the given data.
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Solution:
i) (a) (2 point) To compute the moment of inertia of the slender bar, we divide the bar into

infinitesimal pieces of material, each of mass dm as shown below:

r dm
l B | l
_L L
2 2
The moment of inertia is
I = / r2dm.
m

We need to find the differential of mass dm. For a uniform slender bar, the mass density is
p = 41, where A is the cross-sectional area. Then, dm = pAdr. Now, we compute

L

I:/ r2dm:/ erAdr:pAg

where we assume A to be constant. We then obtain
1 2

= pA=
L PATS>

|t

(b) (3 point) Since the center of mass is at a distance L/2 from O, by the parallel-axis

L =m| —

theorem
19 2
I=m=— +m=—.
0 (2) ThEm T

We then get




ii) (2 point) We draw the free-body diagram:
AL

The only forces that do work are the force of the spring F, and the weights of the two bars;
these forces are conservative.

By conservation of energy:

L+ = L+
SN—— N——
Total energy when Total energy for
system is released given angle 6,

(3 point) The kinetic energy of the system for any instance is

1 1 1
_ - 2 - 2 -7, 2
T = 2IOwOA + 2va+2IwAB
—— —_———
Kinetic energy of bar OA Kinetic energy of bar AB

(rotating about fixed axis though O)

(3 point) The potential energy of the system for a given angle 6 is

L 3L 1
V= 3 cos(f)mg + -5 cos(f)mg + ik (2L — 2L cos(0))? .
~—_— —_——
Potential energy of bar OA Potential energy of bar AB Potential energy of spring

Then, we have from the conservation of energy equation (with 7, = 0)

L 3L 1 1 1 L 3L 1
§mg+7mg = §IOW§A+§ng+§IWjB+§ cos(GO)mg—k? cos(GO)mg—kik: (2L — 2L cos(,))*
which gives

4Lmg(1 — cos(6,)) — 4kL? (1 — cos(§,))? = Iong + mv?; + ijB (1)

The unknowns are : w,

oa s ¥ v

ABY “G*



By kinematics:
(2 point)
G, =T, 4@y, FA/O =04+ wOAl% X (—Lsin(@o)% + Lcos(Go)j')
= —Luw,, cos(f,)i — Luw,, sin(4,)]
(2 point)
Vo =V + 8y X7y = wi —i—wABl% x (—Lsin(6,)i — Lcos(6,)))
=] + Lw,, cos(8,)i — Lw,, sin(6,)]

(2 point) Equating both expressions for V,, we obtain

~

—Luw,, cos(6,)i — Lw,, sin(6,)j = Lw,, cos(6,)i + (v, — Lw,, sin(6,)) ]

and we compare the components of the vector equation:

i components:  — L, cos(f,) = Lw,y, cos(6,) = ,

j components: — L, sin(,) = v, — Lw,, sin(f,) = ‘ v, = —2Lw,, sin(f,)

(2 point) We now find the expression of the velocity of the center of mass of the bar AB:

o o = N A ~ L . A L A
Vo =V + Wy X T =057 Wk X <—2 sin(6),)t — 2005(90)]>

L o L -
=3 Was cos(6,)i + (vB — 5 Y sin(90)> J
L 23 PR
=5 W cos(6,)i + 5 W sin(6,)J

Then,
2 2
Ui = (éj Wap cos(90)> + <32L W, sin(90)>

1 1
= ZLQUJ/?B (cos®(§,) + 9sin*(6,)) = ZL2ij (1 —sin®*(6,) + 9sin*(g,))

1 .
v = ZLZ(,L)jB (1+ 881112(90)) )

(2 point) We substitute the above into (1) to get

1

4Lmg(1 — cos(6,)) — 4kL? (1 — cos(,))? = IOwO2A + my

L2w02A (1+ 8sin2(90)) + Ing.
(2 point) For a slender bar we have

1 1
I=—mL*> ; I,=_-mL?
12 3

1
4Lmg(1 — cos(8)) — AL (1 — cos(8,))? = mL>2 % + L (11 8sin?() | w2

4
then

| = 4(1 —cos(f,)) [mg — kL (1 — cos(6,))]
o mL [+ % (1+8sin?(§,))]




4. A slender bar of mass m is released from rest in the horizontal position from a height h above
the fixed projection at O. The horizontal distance from the bar’s center of mass to the fixed
point O is d.

i.

ii.

™~

e

h

O 1

el 0

]
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(a) (2 points) What is the moment of inertia of the bar about the point of impact?

(b) (5 points) Assume the impact of the bar with the projection at O is perfectly plastic
(i.e., the bar adheres to the fixed point O). Find the expression of the bar’s angular
velocity immediately after the impact as a function of the given data.

Assume now that an arbitrary value of the coefficient of restitution e is given.
(a) (10 points)
- What is the expression for the bar’s angular velocity immediately after the impact
as a function of the given data?
- Show that for e = 0, you recover the result obtained in “i.(b)”.
(b) (8 points)
- Assuming a general value for e, what is the expression for the distance d that would
cause the velocity of the bar’s center of mass to be zero immediately after the impact?
- What is the bar’s kinetic energy, in this case, immediately after the impact?



Solution:

i) (a) (2 point) We compute the moment of inertia of the slender bar about an axis through
the point P, which is the point where the bar will impact the fixed point O:

P T~ ]
d

For this purpose, we use the parallel-axis theorem
I, =1+ md*

with I the moment of inertia of the slender bar about an axis through its center of mass.
Then, we obtain

1

= 1—12mL2 +md? |

(b) (2 point) The system is diagram below:

|~ L .
l 2>) . l
G P T
Yy h
Ol—%i
X

We first compute the velocity of the center of mass just before the impact. The only force
acting on the bar is its weight, which is conservative. By conservation of energy

L+Vi=T+V,

then,
0 + h = 2yl 0
mg = vac + 5 w +
. . Y (S .
Kinetic energy Potential energy Kinetic energy Potential energy
when bar is released when bar is released just before impact

just before impact

Note: At the release moment, the bar has no velocity and no angular velocity, i.e., the angular
momentum is zero. Particularly, the angular momentum about the center of mass H = 0.
The weight exerts a force at the center of mass, thus the moment about the center Y M = 0.
Then, we have

dH
ZM: T = H = constant =0



until the impact; furthermore, H = Iw, then w = 0.

From the conservation of energy equation we obtain

v, = \/2gh

so that the velocity of the center of mass just before the impact is

Vg =

—/2gh ]|

(3 point) During the impact, we have conservation of angular momentum about O.
Particularly, since the bar adheres to the fixed point O, after the impact it rotates about a
fixed axis through O. Then, by conservation of angular momentum about O

{7:2;/0 X m\_fG} k+ Iw'g Lo

= [—d% X m(—\/2gh)ﬂ k= <1mL2 + mdz) W'

The angular velocity just after the impact is

— (2)
L2
&+ =

ii) (a) (2 point) We now assume an arbitrary value for the coefficient of restitution e. Then,

we can relate the velocities (in the vertical direction) just before and after the impact at the
point of impact P (which coincides with O at impact):

, , negligible
_ (VP)?J _M
6 —_— #.

Then,

(2 point) By kinematics:

0
Vp = Vg, —|—;Z4>< Tog = —Usds
! =/ —/ =
P_VG+w XrP/G

= (—v), + dw')j.

!

—'j +w'k x (di)

Taking the y-components and using (3), we have

— / /
Uge = —u, +dw' |




(2 point) We now use conservation of angular momentum about O during the impact:

)l)e()[e (H )a er
(

— — 7 = =/ /7.
Teyp X MV + Twk = Teyp X MV, + Iw'k

dmu, —1—[1/& dmvé + I’

(2 point) For a slender bar I = 5mL?, then by (5) we have

or

12

1
dv, = dvé + (12L2) W'

1
dmuy, = dmv(; + (mL2> W'

Using (1) and (4), we have

vl = dw' —/2ghe|

Using (6)

1
d\/2gh = d(dw' — \/2ghe) + <12L2> W,

from where we conclude

vV 1
>+ =
+ 12
(2 point) If e=0
,  d\/2gh
w 72 77
d? + —
+ 12
and we recover the result of (2).
(b) We now assume a general value for e.
(2 point) Using (7) and (8)
d>\/2gh(1 + e
vé = (LZ) —/2ghe
&+ =
12
2
\/ﬂdQ(l +g) — (@ + B)e
L? ’
&’ + =



then we get

. . r_
(2 point) We now observe that to get v, = 0 we need

e
d=,/—L| 9
13 (9)
(2 point) In this case, the velocity of the center of mass of the bar is zero (v/, = 0). However,
the kinetic energy is composed of translational and rotational terms:
1 /\2 1 "2 1 N2
Tzi (G)+21(w) :QI(w)

Then, we compute the angular velocity after the impact using (8) and (9):

N \/ngg*fm o) \/ELWM

e L2 N L2
Iy =
127 T 13 Pl
and
V2deqh
W = ;9. (10)

(2 point) Using (10), we compute the kinetic energy

1 mL? 24egh
T=-Iw)=z =
W) =5 T

megh
giving the kinetic energy

T=engh)



