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We have determined the full magnetic dispersion relations of multiferroic BiFeO3. In particular, two

excitation gaps originating from magnetic anisotropies have been clearly observed. The direct observation

of the gaps enables us to accurately determine the Dzyaloshinskii-Moriya (DM) interaction and the single

ion anisotropy. The DM interaction supports a sizable magnetoelectric coupling in this compound.
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Multiferroic materials, in which spontaneous ferroelec-
tric polarization and magnetic order coexist, have been
investigated intensively not only due to their potential
industrial applications but also due to purely scientific
interest about magnetoelectric coupling in strongly corre-
lated electron systems. For many geometrically frustrated
magnets, ferroelectricity is mediated by the magnetoelec-
tric coupling. Several mechanisms have been proposed to
explain the spin-driven ferroelectricity [1].

BiFeO3 has a rhombohedral structure (R3c) below
�1100 K, where ferroelectricity appears [2]. (This paper

employs pseudocubic notation with a� 3:96 �A and
�� 89:4�.) The ferroelectricity is considered to primar-
ily originate from displacements of the Bi3þ ions due to
the lone 6s2 pair. Cycloidal magnetic order with the
propagation vectors �1 ¼ ð�;��; 0Þ, �2 ¼ ð�; 0;��Þ,
and �3 ¼ ð0;��; �Þ develops below TN � 640 K, as
shown in Fig. 1 [3–5]. The magnetic structure persists
down to low temperatures, although the incommensur-
ability � changes from �0:0045 at 5 K to �0:0037 at
600 K [6–8]. Because TN is much higher than room
temperature and because of the large spontaneous elec-
tronic polarization (P� 100 �C=cm2) [9,10], this mate-
rial has attracted many researchers and has been studied
extensively [11].

Although TN is much lower than the ferroelectric Curie
temperature in BiFeO3, several measurements show size-
able magnetoelectric coupling. For example, the magnetic
domain distribution can be controlled by applying an elec-
tric field [4,5,12]. An abrupt decrease (up to�40 nC=cm2)
in electric polarizationwas also observed in amagnetic field
of about 20 T [13–15], where a transition from the incom-
mensurate cycloidal structure to an almost commensurate
structure with a weak ferromagnetic component is sug-
gested [16]. These results suggest that the additional polar-
ization below TN is driven by the magnetoelectric effect.
However, it is important to clarify this mechanism from a
microscopic point of view. Very recently, some inelastic
neutron scattering studies have measured the spin-wave
excitations using powder or single crystal sample [17–19].

Furthermore, the detailed spin Hamiltonian including the
magnetic anisotropy was discussed to explain magneto-
electric coupling in this compound by Sosnowska and
Zvezdin [20] and Jeong et al. [19]. However, a detailed
analysis based on the direct observation of the magnetic
anisotropy, which is necessary to discuss the magnetoelec-
tric coupling, has not yet been performed.
We performed inelastic neutron scattering experiments

on a single crystal of BiFeO3. We have determined the full
magnetic dispersion relations of the spin-wave excitations
in this compound. In particular, low-energy gapped
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FIG. 1 (color online). Magnetic structure of the Fe3þ moments
in BiFeO3. The basic structure of collinear G type, in which
nearest-neighbor spins align antiferromagnetically, is shown.
The dotted lines correspond to the 2� 2� 1 unit cells of the
rhombohedral structure (R3c). The pseudocubic unit cell that
is used in this paper is shown by the thin solid lines. The spin
structure is spiral along the [1, �1, 0] direction with a long
period of �640 �A. The nearest-neighbor (J1) and next-nearest-
neighbor interactions (J2) as well as the directions of the DM
vector (D) and the spontaneous electric polarization (P) are also
shown.
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excitations have been detected for the first time by
high energy resolution experiments. The direct observa-
tion of the excitation gaps makes it possible to deter-
mine accurately the magnetic anisotropies due to the
Dzyaloshinskii-Moriya (DM) interaction and single ion
anisotropy. Our detailed analysis has revealed that the
coupling constants are J1 ¼ 6:48 meV, J2 ¼ 0:29 meV,
D ¼ 0:1623 meV, and K ¼ 0:0068 meV, where J1, J1,
D, and K are nearest-neighbor, next-nearest-neighbor,
DM interactions, and single ion anisotropy, respectively,
which reproduce the cycloidal spin structure. We also
measured the temperature dependence of the dispersion
relations below room temperature. Although no drastic
change was observed, the spin waves are slightly softened
above 200 K.

A single crystal of BiFeO3 was grown using the travel-
ing solvent floating zone method by laser heating, as
described in Ref. [21]. The dimensions of the single crystal
are �5�� 40 mm3. The effective mosaic of the single
crystal is about 0.8� with the spectrometer configurations
described below. The inelastic neutron scattering experi-
ments were carried out on the thermal triple-axis neutron
spectrometer HB-1 and the cold triple-axis neutron spec-
trometer CTAX, installed at the high-flux-isotope reactor
(HFIR) at ORNL. Neutrons with a final energy of 14.7 and
3.5 meV were used, together with a horizontal collimator
sequence of 480–800–S–800–1200 and guide–open–S–800–
open on HB-1 and CTAX, respectively. Contamination
from higher-order beams was effectively eliminated using
pyrolytic graphite and Be filters on HB-1 and CTAX,
respectively. In both experiments, the single crystal was
oriented in the ðH �H0Þ-ð00HÞ scattering plane and was
mounted in a closed-cycle 4He gas refrigerator.

Figure 2 shows the typical inelastic neutron spectra
along [h, �h, h], [h, �h, �h], [h, �h, 0], and [0, 0, h] in
BiFeO3 measured on HB-1. Since the dispersion is steep
and the instrument resolution in Q is not sufficient to
resolve the dispersions arising from the incommensurate
positions, the observed spectra are considered to be almost
the same as those expected for the commensurate G-type
structure, as shown in the inset of Fig. 3, and it is difficult to
resolve the two peaks atþq and�q below E� 20 meV in
constant-energy scans. In order to complete the spin-wave
dispersion relations, we mostly used constant-energy scans
between �20 and �60 meV and constant-Q scans be-
tween �10 and �20 meV and around the magnetic zone
boundary. Below 10 meV we used the constant-energy
scans measured on CTAX. In order to determine the peak
positions of the spin-wave excitations in the energy-Q
space, the CTAX data were fitted using the Gaussian
function without convoluting with the resolution function.
The HB-1 data were fitted using the Lorentzian function
A=½ðE� E0Þ2 þ �2� with � ¼ 1:5 meV, where A and E0

are constant and peak position in energy, respectively,
convoluted with the instrumental resolution function.

As shown in Fig. 2, the model function reproduces the
observed spectra reasonably well. Therefore, the broad
peak widths in the constant-Q scans are not intrinsic but
primarily originate from the steep dispersion around the
zone center (<�30 meV) and from the insufficient in-
strumental energy resolution at higher transfer energies
(>�30 meV).
The experiments were carried out primarily at

T ¼ 200 K. Temperature dependence of the dispersion
along [0, 0, h] was also measured below 300 K. As shown
in Figs. 2(e), 2(f), and 4(b), the dispersion becomes slightly
softened at 300 K with a change of �2 meV at the zone
boundary. The change of dispersion is almost negligible
below 200 K (not shown).
Figure 3 shows the temperature dependence of the low

energy magnetic excitations at the magnetic zone center
(1=2, �1=2, 1=2) measured on CTAX. Because there are
several magnetic domains which have different propaga-
tion vectors, there are 12 incommensurate magnetic Bragg
positions around (1=2,�1=2, 1=2), i.e., (1=2� �,�1=2�
�, 1=2), (1=2� �, �1=2, 1=2� �), (1=2, �1=2� �,
1=2��), (1=2��, �1=2� �, 1=2), (1=2��, �1=2,
1=2� �), and (1=2, �1=2� �, 1=2� �). Although only
the excitations arising from (1=2� �,�1=2� �, 1=2) are
observed at higher energies, some of the excitations are
superposed around the zone center due to the instrument
resolution in Q. Even so, gap energies can be determined
because they are the same for all domains. At 300 K,

FIG. 2 (color online). Typical constant-Q and constant-energy
scans along [h, �h, h], [h, �h, �h], [h, �h, 0], and [0, 0, h] measured
on HB-1 using thermal neutrons at T ¼ 200 and 300 K in
BiFeO3. The solid curves are the results of fits of a convolution
of the resolution function with Lorentzians.
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we found a sharp peak at �1:1 meV and a broad peak
at�2:5 meV. Those excitation peaks are considered to be
magnetic in origin, because they are dispersive and
continuously connected to the spin-wave excitations
described above. Furthermore, (1=2, �1=2, 1=2) corre-
sponds to a zone boundary of the chemical reciprocal
lattice unit so that low-energy phonons are not expected
to be observed at this position. Those peaks are broader
than the instrumental energy resolution�0:2 meV around
E ¼ 1–2 meV. Since the dispersion curve is steep, a slight
tail is observed above the gap energy, as shown in the inset
of Fig. 3. The gap energy of the lower excitation mode is
estimated to be �1:1 meV, whereas that of the higher
excitation mode is estimated to be �2:5 meV, which is
difficult to determine more accurately. As will be de-
scribed below, these gaps probably originate from the
DM interaction and the single-ion anisotropy that give
rise to an easy-plane anisotropy in the plane defined by
[1, 1, 1] and the spiral direction [1, �1, 0] with a finite
in-plane anisotropy along [1, 1, 1]. The scattering inten-
sity below 0.8 meV is considered to originate from
the magnetic excitations from the almost gapless mode.
With decreasing temperature, the scattering intensity
decreases, following the Bose factor. The lower gap
energy just slightly increases, which is consistent with
the result that the incommensurability does not change
considerably below 300 K [6–8]. It is noted that the
magnetic anisotropy is small, as expected from the ab-
sence of the orbital degree of freedom in the Fe3þ ions
(3d5, S ¼ 5=2).

Figure 4 shows the full magnetic dispersion relations of
the spin-wave excitations along [h, �h, 0], [0, 0, h], [h, �h, h],
and [h, �h, 2h]. The maximum energy of the spin-wave
excitation is �70 meV. In order to analyze the spin-wave
dispersion relations observed, we assumed the following
effective spin Hamiltonian [19,20,22]:

H ¼ J1
X

n:n:

Si � Sj þ J2
X

n:n:n:

Si � Sj �D � X

½1;�1;0�
ðSi � SjÞ

� K
X

i

ðS111i Þ2:

The first and the second terms represent exchange
interactions between nearest-neighbor and next-nearest-
neighbor spins, respectively. The third and the fourth terms
originate from the DM interaction and the single-ion
anisotropy, respectively. A moment size of 4:1�B at
200 K was used in the calculations, since the saturated
moment was reported to be 4:34�B and it is reduced by
�5% at 200 K [23]. Calculations for the spin dynamics
were performed by including both the DM interaction D
and anisotropy K in the Heisenberg Hamiltonian. For a
fixed period of the spin helix, K depends on D. Since
� ¼ 0:0045 is approximately equal to 1=222, a unit cell
of length 222 was used to evaluate the anharmonic con-
tributions to the spin helix, which was expanded in odd
harmonics of a fundamental wave vector Q [24]. The spin
excitations were evaluated by performing a 1=S expansion
in the rotated frame of reference for each spin in the unit
cell. The equations-of-motion for the spin operators were
solved by diagonalizing a 444-dimensional matrix. This
technique is described in more detail in Ref. [25]. Zone

FIG. 4 (color online). Magnetic dispersion relations along [h,
�h, 0] (a), [0, 0, h] (b), [h, �h, h] (c), and [h, �h, 2h] (d) in BiFeO3.
The solid curves are spin-wave dispersion relations calculated
with J1 ¼ 6:48 meV and J2 ¼ 0:29 meV.

FIG. 3 (color online). Low-energy magnetic excitations at the
magnetic zone center (1=2, �1=2, 1=2) measured at T ¼ 5, 100,
200, and 300 K on CTAX using cold neutrons. The solid curves
are guides to the eye. The inset is a schematic figure to show the
relation between the dispersions and the instrumental resolution
(shaded ellipsoid).
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folding then generated the two gap frequencies, which
depend on the anisotropy K.

We first consider the overall dispersion relations, which
are mostly caused by the first and the second terms. The
solid curves are spin-wave dispersion relations calculated
with J1 ¼ 6:48 meV and J2 ¼ 0:29 meV. These values,
which describe the observed dispersions reasonably well,
are consistent with J1 ¼ 4:38 meV and J2 ¼ 0:15 meV

from Ref. [19], where a moment of 2�B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp ¼

5:8�B or 1.44 times the T ¼ 200 K moment was used.
Our results predict the band maximum at 72.8 meV, which
is also consistent with 72.5 meV in Ref. [19]. Magnon
density of states measured with a polycrystalline sample
is supposed to show a peak around the band maximum
[26]. The peak position was experimentally determined at
68.2 meVat 20 K [17] and at 65 meVat 300 K [18]. These
are slightly lower than the predicted values probably be-
cause the instrumental resolution broadens and lowers the
asymmetric peak from the van Hove singularity.

Magnetic anisotropies should be included to explain the
excitation gaps around the magnetic zone center, although
they do not affect the excitations above�5 meV. The DM
vector is assumed to point along the [1, 1, �2] direction
and the summation was done for spin pairs along the
[1, �1, 0] direction. It was reported that there is a finite
easy-axis anisotropy along the [1, 1, 1] direction due to
the single-ion anisotropy [6,27]. These terms give rise
to excitation gaps around the magnetic zone center shown
in Fig. 3. D and K cannot be chosen independently
to reproduce the cycloidal magnetic structure with a

long period of �640 �A previously observed [3,10].
Furthermore, the single-ion anisotropy lifts the degeneracy
of the excited state. The relation between D and K is
plotted in Fig. 5. In the region of K > 0:0222, the
collinear G-type magnetic structure becomes stable.
Since the lower excitation gap, which is sharp and well
defined, is observed at 1:10� 0:05 meV, K is estimated
to be 0:0068� 0:0007 meV. Then, D is estimated to be

0:1623� 0:0022 meV. Consequently, the higher excita-
tion is predicted to be at 2.33 meV, which is comparable
to the experimental result, although the exact peak position
is difficult to locate experimentally. The gap energy due to
the easy-axis anisotropy K is predicted to be less than
0.1 meV. Therefore, it is difficult to observe the anisotropy
gap experimentally. The magnetic excitation observed
below 0.8 meV corresponds to this spin-wave mode. The
lower gap energy is considered to change linearly with the
Fe moment, which decreases by �5% from 100 to 300 K
[6,23]. This is consistent with the behavior that the lower
gap energy slightly decreases by �3% from 100 to 300 K,
as shown in Fig. 3.
The K term gives rise to an anharmonicity of the cyclo-

idal structure, which was previously suggested by NMR
and neutron diffraction studies [6,8,27]. Higher harmonics
of the incommensurate magnetic peaks are induced due to
the anharmonicity. FromK ¼ 0:0068 meV, the ratio of the
intensities of the first to the third harmonics is estimated
to be I1=I3 � 120, which is between �500 at T ¼ 5 K [6]
observed in the neutron diffraction measurement and �25
at T ¼ 5 K estimated from the NMR measurements [27].
Further studies are required to understand the discrepancy
between these measurements.
It is interesting that the zone-center gaps around 1 and

2.5 meV are consistent with the magnon modes observed
in Raman scattering and terahertz spectroscopy measure-
ments [22,28–31], in which the modes are considered to be
electromagnons. This indicates that the zone-center spin-
wave excitations were observed previously, although the
electromagnon modes are observable at q ¼ 0 in principle.
Our results give important information to understand the
coupling in those measurements.
The direct observation of the excitation gaps enables us

to determine an accurate value for the DM interaction. The
presence of the DM interaction suggests that the additional
ferroelectric polarization below TN is caused by the mag-
netoelectric effect predicted by the spin current mechanism
[32]. Therefore, the cycloidal spin structure in BiFeO3 is
not caused by geometrical magnetic frustration as in many
other multiferroic materials but rather by the relatively
large DM interaction. Hence, perturbations that increase
the DM term should enhance the spontaneous electric
polarization.
In summary, from the direct observation of the excita-

tion gaps, we determined all the magnetic coupling pa-
rameters, including the DM interaction and the single-ion
anisotropy, which are consistent with the observed anhar-
monicity of the cycloidal magnetic structure in multifer-
roic BiFeO3. Based on the DM interaction, we conclude
that the additional ferroelectric polarization below TN is
caused by the sizable magnetoelectric effect.
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FIG. 5 (color online). The relation between D and K that
reproduce the cycloidal magnetic structure with a long period
of �640 �A. The gap energy at the zone center due to the DM
interaction �DM is also plotted as a function of K.

PRL 109, 067205 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

10 AUGUST 2012

067205-4



and Materials Sciences and Engineering Division (R. F.),
Office of Basic Energy Sciences, U. S. Department of
Energy. HFIR is operated by the Scientific User Facilities
Division. The work at AIST was partly sponsored by the
Funding Program for World-Leading Innovative R&D on
Science and Technology (FIRST Program), Japan.

[1] T. Arima, J. Phys. Soc. Jpn. 80, 052001 (2011).
[2] J. R. Teague, R. Gerson, and W. J. James, Solid State

Commun. 8, 1073 (1970).
[3] I. Sosnowska, T. Peterlin-Neumaier, and E. Steichele,

J. Phys. C 15, 4835 (1982).
[4] D. Lebeugle, D. Colson, A. Forget, M. Viret, A.M.

Bataille, and A. Gukasov, Phys. Rev. Lett. 100, 227602
(2008).

[5] S. Lee, W. Ratcliff II, S.-W. Cheong, and V. Kiryukhin,
Appl. Phys. Lett. 92, 192906 (2008).

[6] M. Ramazanoglu, W. Ratcliff II, Y. J. Choi, S. Lee, S.-W.
Cheong, and V. Kiryukhin, Phys. Rev. B 83, 174434
(2011).

[7] J. Herrero-Albillos, G. Catalan, J. A. Rodriguez-
Velamazan, M. Viret, D. Colson, and J. F. Scott, J. Phys.
Condens. Matter 22, 256001 (2010).

[8] I. Sosnowska and R. Przenioslo, Phys. Rev. B 84, 144404
(2011).

[9] V. V. Shvartsman, W. Kleemann, R. Haumont, and J.
Kreisel, Appl. Phys. Lett. 90, 172115 (2007).

[10] D. Lebeugle, D. Colson, A. Forget, and M. Viret, Appl.
Phys. Lett. 91, 022907 (2007).

[11] G. Catalan and J. F. Scott, Adv. Mater. 21, 2463 (2009).
[12] S. Lee, T. Choi, W. Ratcliff II, R. Erwin, S.-W. Cheong,

and V. Kiryukhin, Phys. Rev. B 78, 100101(R) (2008).
[13] A.M. Kadomtseva, A.K. Zvezdin, Yu. F. Popov, A. P.

Pyatakov, and G. P. Vorob’ev, JETP Lett. 79, 571 (2004).
[14] J. Park et al., J. Phys. Soc. Jpn. 80, 114714 (2011).
[15] M. Tokunaga, M. Azuma, and Y. Shimakawa, J. Phys. Soc.

Jpn. 79, 064713 (2010).

[16] K. Ohoyama, S. Lee, S. Yoshii, Y. Narumi, T. Morioka, H.

Nojiri, G. S. Jeon, S.-W. Cheong, and J.-G. Park, J. Phys.

Soc. Jpn. 80, 125001 (2011).
[17] I. Sosnowska, J. Microsc. 236, 109 (2009).
[18] O. Delaire, M. B. Stone, J. Ma, A. Huq, D. Gout, C.

Brown, K. F. Wang, and Z. F. Ren, Phys. Rev. B 85,
064405 (2012).

[19] J. Jeong et al., Phys. Rev. Lett. 108, 077202 (2012).
[20] I. Sosnowska and A.K. Zvezdin, J. Magn. Magn. Mater.

140–144, 167 (1995).
[21] T. Ito, T. Ushiyama, Y. Yanagisawa, R. Kumai, and Y.

Tomioka, Cryst. Growth Des. 11, 5139 (2011).
[22] D. Talbayev, S. A. Trugman, S. Lee, H. T. Yi, S.-W.

Cheong, and A. J. Taylor, Phys. Rev. B 83, 094403 (2011).
[23] P. Fischer, M. Polomska, I. Sosnowska, and M.

Szymanski, J. Phys. C 13, 1931 (1980).
[24] R. S. Fishman and S. Okamoto, Phys. Rev. B 81, 020402

(R) (2010).
[25] J. T. Haraldsen and R. S. Fishman, J. Phys. Condens.

Matter 21, 216001 (2009).
[26] R. J. McQueeney, J. Q. Yan, S. Chang, and J. Ma, Phys.

Rev. B 78, 184417 (2008).
[27] A. V. Zalesskii, A.K. Zvezdin, A.A. Frolov, and A.A.

Bush, JETP 71, 465 (2000); A. V. Zalesskii, A.A. Frolov,

A. K. Zvezdin, A.A. Gippius, E. N. Morozova, D. F.

Khozeevc, A. S. Bush, and V. S. Pokatilov, JETP 95, 101
(2002).

[28] M.K. Singh, R. S. Katiyar, and J. F. Scott, J. Phys.

Condens. Matter 20, 252203 (2008).
[29] M. Cazayous, Y. Gallais, A. Sacuto, R. de Sousa, D.

Lebeugle, and D. Colson , Phys. Rev. Lett. 101, 037601
(2008).

[30] P. Rovillain, M. Cazayous, Y. Gallais, A. Sacuto,

R. P. S.M. Lobo , D. Lebeugle, and D. Colson, Phys.

Rev. B 79, 180411(R) (2009).
[31] R. de Sousa and J. E. Moore, Phys. Rev. B 77, 012406

(2008).
[32] H. Katsura, N. Nagaosa, and A.V. Balatsky, Phys. Rev.

Lett. 95, 057205 (2005).

PRL 109, 067205 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

10 AUGUST 2012

067205-5

http://dx.doi.org/10.1143/JPSJ.80.052001
http://dx.doi.org/10.1016/0038-1098(70)90262-0
http://dx.doi.org/10.1016/0038-1098(70)90262-0
http://dx.doi.org/10.1088/0022-3719/15/23/020
http://dx.doi.org/10.1103/PhysRevLett.100.227602
http://dx.doi.org/10.1103/PhysRevLett.100.227602
http://dx.doi.org/10.1063/1.2930678
http://dx.doi.org/10.1103/PhysRevB.83.174434
http://dx.doi.org/10.1103/PhysRevB.83.174434
http://dx.doi.org/10.1088/0953-8984/22/25/256001
http://dx.doi.org/10.1088/0953-8984/22/25/256001
http://dx.doi.org/10.1103/PhysRevB.84.144404
http://dx.doi.org/10.1103/PhysRevB.84.144404
http://dx.doi.org/10.1063/1.2731312
http://dx.doi.org/10.1063/1.2753390
http://dx.doi.org/10.1063/1.2753390
http://dx.doi.org/10.1002/adma.200802849
http://dx.doi.org/10.1103/PhysRevB.78.100101
http://dx.doi.org/10.1134/1.1787107
http://dx.doi.org/10.1143/JPSJ.80.114714
http://dx.doi.org/10.1143/JPSJ.79.064713
http://dx.doi.org/10.1143/JPSJ.79.064713
http://dx.doi.org/10.1143/JPSJ.80.125001
http://dx.doi.org/10.1143/JPSJ.80.125001
http://dx.doi.org/10.1111/j.1365-2818.2009.03227.x
http://dx.doi.org/10.1103/PhysRevB.85.064405
http://dx.doi.org/10.1103/PhysRevB.85.064405
http://dx.doi.org/10.1103/PhysRevLett.108.077202
http://dx.doi.org/10.1016/0304-8853(94)01120-6
http://dx.doi.org/10.1016/0304-8853(94)01120-6
http://dx.doi.org/10.1021/cg201068m
http://dx.doi.org/10.1103/PhysRevB.83.094403
http://dx.doi.org/10.1088/0022-3719/13/10/012
http://dx.doi.org/10.1103/PhysRevB.81.020402
http://dx.doi.org/10.1103/PhysRevB.81.020402
http://dx.doi.org/10.1088/0953-8984/21/21/216001
http://dx.doi.org/10.1088/0953-8984/21/21/216001
http://dx.doi.org/10.1103/PhysRevB.78.184417
http://dx.doi.org/10.1103/PhysRevB.78.184417
http://dx.doi.org/10.1134/1.1307994
http://dx.doi.org/10.1134/1.1499907
http://dx.doi.org/10.1134/1.1499907
http://dx.doi.org/10.1088/0953-8984/20/25/252203
http://dx.doi.org/10.1088/0953-8984/20/25/252203
http://dx.doi.org/10.1103/PhysRevLett.101.037601
http://dx.doi.org/10.1103/PhysRevLett.101.037601
http://dx.doi.org/10.1103/PhysRevB.79.180411
http://dx.doi.org/10.1103/PhysRevB.79.180411
http://dx.doi.org/10.1103/PhysRevB.77.012406
http://dx.doi.org/10.1103/PhysRevB.77.012406
http://dx.doi.org/10.1103/PhysRevLett.95.057205
http://dx.doi.org/10.1103/PhysRevLett.95.057205

