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Orbital ordering in LaMnO 3: Electron-electron and electron-lattice interactions
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The interactions betweeneg orbitals in neighboring sites are investigated in LaMnO3 by taking into account
virtual exchange of electrons and phonons. The spin and orbital ordering temperatures and the spin-wave
dispersion relation are calculated. We find that the orbital ordering is mainly caused by the electronic interac-
tions and that the Jahn-Teller coupling is much smaller than that reported previously. We propose that the
elastic constant shows a characteristic change at the Ne´el temperature by the spin and orbital couplings and the
higher-order Jahn-Teller coupling.
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I. INTRODUCTION

In some classes of transition-metal oxides, degenerac
the d orbitals of a transition-metal ion remains and electro
have a degree of freedom indicating the occupied orb
This is called the orbital degree of freedom.1 For the colossal
magnetoresistance~CMR! observed in perovskite mangane
oxides,2–4 the orbital degree of freedom is considered to p
an important role, because the gigantic decrease of resist
is observed in the vicinity of the transition from a charge a
orbital ordered phase to a ferromagnetic metallic one. A p
ent compound of the CMR manganites, LaMnO3, shows the
orbital ordering below 780 K associated with the distorti
of a MnO6 octahedron. It has been experimentally confirm
that the orbital ordering is ofC type5 where two kinds of
orbitals are alternately aligned in thexy plane and the plane
are stacked along thez axis. In addition to the orbital order
ing, the so-calledA-type antiferromagnetic~AF! ordering ap-
pears below 145 K, where spins are aligned parallel~antipar-
allel! in thexy plane (z axis!.6,7 It is well recognized that this
anisotropic magnetic ordering is stabilized by the orb
ordering.5–15

In 3d transition-metal compounds with orbital dege
eracy, two kinds of mechanisms have been proposed for
orbital ordering. One is caused by the superexchange-~SE!
type interaction between orbitals in different sites. This
teraction originates from the virtual exchange of electro
under the strong on-site electron-electron interactions.10,12

Another mechanism of the orbital ordering is based on
operative Jahn-Teller~JT! effects where the lattice distortio
occurs cooperatively and lifts the orbital degeneracy in
transition-metal ions.16–19 The effective interaction betwee
orbitals in this mechanism is caused by virtual exchange
phonons. However, it is usually difficult to separate con
butions of these two mechanisms to the orbital ordering. T
is because the two mechanisms provide the effective orb
interactions cooperatively.20–23

It has been supposed that the strong electron-lattice in
0163-1829/2002/65~14!/144403~8!/$20.00 65 1444
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action that exists is necessary to explain CMR. The orb
ordering in LaMnO3 was also studied based on the coope
tive JT effects.16,18,19The energy splitting of the twoeg or-
bitals due to the lattice distortion termed the JT energy (EJT)
was estimated to be of the order of 1 eV by analyzing
orbital ordering temperature,18 optical spectra,24–29 and the
energy-band calculation.30–32We note that in these analyse
the electron correlation effect was not taken into acco
properly. Actually, the on-site Coulomb interaction betwe
electrons was estimated experimentally to be about 7
which is much larger thanEJT .33 Therefore, it is necessar
to reexamine the orbital ordering in LaMnO3 by considering
both the cooperative JT effect and the SE interaction un
the strong electron correlation on an equal footing.

In this paper, we investigate the interactions betweeneg
orbitals in neighboring sites originating from the electro
electron and electron-lattice interactions in LaMnO3. Magni-
tudes of these interactions are determined through the ca
lation of the spin and orbital ordering temperatures and
spin stiffness constants. It is shown thatEJT is much smaller
than that in the literature18,24–32and the orbital ordering is
mainly caused by the electronic interactions. We find that
elastic constant shows a characteristic change at the´el
temperature by which the coupling constant of the high
order JT effect is estimated.

In Sec. II, the model Hamiltonian which describes t
orbital interactions caused by exchanges of electrons
phonons is derived. In Sec. III, we introduce the mean-fi
approximation in the formulation of the orbital and spin o
dering temperatures. In Sec. IV, by comparing the theoret
results of the ordering temperatures and the spin stiffn
constants with the experimental values, the magnitudes
the orbital interactions are determined numerically. Tempe
ture dependence of the elastic constants are studied in Se
The last section is devoted to the summary and discussi

II. MODEL

We start with the following Hamiltonian which include
spin, orbital, and lattice degrees of freedom:
©2002 The American Physical Society03-1
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H5He1He-latt1Hlatt1Hstr1He-str1HhiJT . ~1!

He describes the electronic interactions and consists of th
terms as

He5HJ1HH1HAF . ~2!

HJ represents the SE interaction between nearest neigh
ing ~NN! eg electrons derived from the generalized Hubba
model with orbital degeneracy12 as

HJ522J1(̂
i j &

S 3

4
ninj1SW i•SW j D S 1

4
2t i

lt j
l D

22J2(̂
i j &

S 1

4
ninj2SW i•SW j D S 3

4
1t i

lt j
l 1t i

l1t j
l D , ~3!

where J15t0
2/(U82I ) and J25t0

2/(U81I 12JH). U, U8,
and I are the intra- and interorbital Coulomb interaction
and the exchange interaction foreg electrons, respectively
and a relationU5U81I is assumed.JH is the Hund cou-
pling betweeneg electrons andt2g spin SW i

t (St53/2), andt0

is the transfer intensity between NNd3z22r 2 orbitals along
thez axis. Energy splitting between twoeg orbitals due to the
JT effect is neglected in the denominators ofJ1 andJ2, be-
cause this splitting is much smaller than the Coulo
interactions.18,24–33SW i is the spin operator of aneg electron
with S51/2. t i

l is defined as t i
l5cos(2p/3ml)Tiz

2sin(2p/3ml)Tix with (mx ,my ,mz)5(1,21,0), wherel de-
notes a direction of a bond connecting sitesi and j. TW i is the
pseudospin operator for the orbital degree of freedom,
^Tiz&51(2)1/2 corresponds to the state where thed3z22r 2

(dx22y2) orbital is occupied by an electron. The second a
third terms in Eq.~2! describe the Hund coupling betweeneg
and t2g spins and the AF SE interaction (JAF) between NN
t2g spins, respectively. These are given by

HH1HAF52JH(
i

SW i•SW i
t1JAF(̂

i j &
SW i

t
•SW j

t . ~4!

The second and third terms in Eq.~1! describe the electron
lattice interaction and the lattice dynamics, respective
Here, we consider the displacement of O ions along the
rection connecting NN Mn ions, since the motion of O io
along the other directions does not couple linearly with
eg orbitals. Thus,He-latt is given by

He-latt52gJT (
i l 5x,z

Qil Til , ~5!

wheregJT is the coupling constant.Qix andQiz are the nor-
mal modes of the lattice distortion at sitei given by Qix

51/A2(2v ix1v i 2 x̂x1v iy2v i 2 ŷy) and Qiz51/A6(2v iz
22v i 2 ẑz2v ix1v i 2 x̂x2v iy1v i 2 ŷy).

16 v i j is the displace-
ment of an O ion atrW i1(a/2)ĵ anda is the lattice constant
These normal modes are schematically shown in Fig. 1.
third term in Eq.~1!, Hlatt , is given by
14440
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Hlatt5 (
kWj5x,y,z

\vkW

2
~pkWj

* pkWj1qkWj
* qkWj!, ~6!

whereqkWj is the normal coordinate of lattice vibration wit
direction of displacementj and momentumkW , andpkWj is the
canonical conjugate momentum ofqkWj . qkWj and v i j satisfy
the relationv i j51/AN( ie

ikW rW iA\/mvkWqkWj with N being the
total number of Mn sites. The frequency of the lattice vibr
tion is independent ofkW and is given byvkW5AK/m with m
being the mass of an O ion, since only the spring cons
K/2 between NN Mn and O ions is taken into account.Hstr
andHe-str in Eq. ~1! describe the elastic energy and electro
strain coupling, respectively,17 as

Hstr5
Vc0

2
~ux

21uz
2!, ~7!

and

He-str522g0AVc0

N (
i

~uxTix1uzTiz!. ~8!

Here V is the volume of the system andc0 is the elastic
constant. The electron-strain coupling constantg0 is related
to gJT as g05a/2AN/Vc0gJT . The bulk distortionsux and
uz are represented by the elastic strainerr8(r,r85x,y,z)
as ux51/A2(eyy2exx) and uz51/A6(2ezz2eyy2exx),
respectively.17 Schematic pictures of the bulk distortions a
presented in Fig. 2. The last term of Eq.~1! describes the
higher-order JT coupling given by

HhiJT52B
Vc0

g0
2N(

i
$~Qiz

2 2Qix
2 !Tiz22QizQixTix%, ~9!

with coupling constantB.

FIG. 1. The modes of the distortion of a MnO6 octahedron.~a!
Q2 and ~b! Q3 modes.

FIG. 2. The modes of the bulk strain.~a! ux and ~b! uz modes.
3-2
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ORBITAL ORDERING IN LaMnO3: ELECTRON- . . . PHYSICAL REVIEW B 65 144403
Now, we derive the effective Hamiltonian describing t
intersite orbital interaction through the exchange
phonons17 from He-latt andHlatt . He-latt is rewritten by us-
ing the Fourier transforms ofqkWj51/AN( ie

2 ikW rW iqi j and
TkW l51/AN( ie

2 ikW rW iTil as

He-latt522 (
kW l 5x,z
j5x,y,z

A\vkWgkWj lT2kW lqkWj . ~10!

Here,gkWj l is defined as

gkWj l5
1

2

gJT

AK
~12e2 ikja!Cl j , ~11!

with

Cl j5S 1

A2
2

1

A2
0

2
1

A6
2

1

A6

2

A6

D
l j

. ~12!

Then, by using the canonical transformation, the linear c
plings betweeneg electrons and lattice distortion are elim
nated as

He-latt1Hlatt52
gJT

2

K (
kW l l 8

ÃkW l l 8T2kW lTkW l 8

1(
i j

\vkW

2
~ p̃kWj

2
1q̃kWj

2
!, ~13!

where

ÃkW l l 85
1

2 S 22cx2cy
1

A3
~cx2cy!

1

A3
~cx2cy!

1

3
~62cx2cy24cz!

D
l l 8

,

~14!

andcr5coskra. q̃kWj is the new phonon coordinate given b

q̃kWj5qkWj2
2

A\vkW
(

l
gkWj l
* T2kW l , ~15!

and p̃kj is the canonical conjugate momentum forq̃kj . The
first and second terms of the right-hand side in Eq.~13! are
denoted byH̃o-o and H̃latt , respectively. Here, we neglec
the noncommutability betweenH @Eq. ~1!# and q̃kj . H̃o-o
includes the self-interaction of the orbital, which does n
contribute to the orbital order-disorder transition. Therefo
by subtracting this term, we obtain the following form:

Ho-o52
gJT

2

K (
kW l l 8

AkW l l 8T2kW lTkW l 8 , ~16!

with
14440
f

-

t
,

Akll 85
1

2 S 2cx2cy
1

A3
~cx2cy!

1

A3
~cx2cy!

1

3
~2cx2cy24cz!

D
l l 8

. ~17!

Then, we obtain the effective Hamiltonian for the spin, o
bital, and lattice degrees of freedom in LaMnO3 given by

He f f5He1H̃latt1Ho-o1He-str1Hstr1HhiJT . ~18!

III. MEAN-FIELD APPROXIMATION

In order to calculate the orbital ordering temperature fro
Eq. ~18!, we introduce the mean-field approximation at fin
temperatures. It is experimentally confirmed that the orb
order-disorder transition in LaMnO3 is of the first order but
is close to the second-order transition; a discontinuity of
orbital order parameter atTOO is negligible.5 Therefore, we
expect that the higher-order JT coupling, which brings ab
the first-order phase transition, is much smaller than the
ear JT coupling. Thus, we neglectHhiJT in Eq. ~18! and
calculateTOO . We will considerHhiJT in the calculation of
the elastic constant presented in Sec. V.

The A-type AF spin andC-type orbital orderings are ob
served in LaMnO3.5–7 Two sublattices for the orbital~spin!
ordering are denoted byA andB (a andb) and the following
mean fields are introduced:^Sa,bz&, ^Sa,bz

t &, ^TA,Bx&, and
^TA,Bz&. The free energy of the system is obtained in t
mean-field approximation as follows:

F05
Vc0

2
~ux

21uz
2!2

N

2
$6Jxy

t ^TAx&^TBx&12Jxy
t ^TAz&^TBz&

12Jz
t ~^TAz&

21^TBz&
2!1J2~2^Saz&^Sbz&2^Saz&

2

2^Sbz&
2!~^TAz&1^TBz&!%1

N

2
~J123J2!~^Saz&

2

1^Sbz&
21^Saz&^Sbz&!2NJAF~^Saz

t &21^Saz
t &^Sbz

t &

1^Saz
t &2!2

N

2b
~ ln za

s1 ln zb
s1 ln zA

t 1 ln zB
t !, ~19!

whereb51/T. za(b)
s andzA(B)

t in the last four terms represen
the partition functions of spin and orbital given byza(b)

s

5Tr exp(2bHa(b)
s ) and zA(B)

t 5Tr exp(2bHA(B)
t ), respec-

tively. Ha(b)
s is the mean-field Hamiltonian describing th

spin state in sublatticea ~b! as

Ha(b)
s 54Jxy

s ^S̃a(b)z&S̃a(b)z12Jz
s^S̃b(a)z&S̃a(b)z , ~20!

whereJxy
s andJz

s represent the effective exchange interacti
between NN spins in thexy plane and along thez direction,
respectively. These are explicitly given by
3-3
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Jxy
s 52

1

32
~J123J2!1

1

32
~J11J2!~3^TAx&^TBx&1^TAz&

3^TBz&!2
1

16
J2~^TAz&1^TBz&!1

9

16
JAF , ~21!

and

Jz
s52

1

32
~J123J2!1

1

8
~J11J2!^TAz&

2

1
1

16
J2~^TAz&1^TBz&!1

9

16
JAF . ~22!

In Eq. ~20!, we introduce a spin operatorS̃W i with S̃52, re-

write SW i and SW i
t as SW i5

1
4 S̃W i and SW i

t5 3
4 S̃W i , respectively, and

eliminate the largest energy parameterJH in Eq. ~18!. Due to
the A-AF spin structure, the relation̂S̃az&52^S̃bz& is satis-
fied. HA(B)

t is the mean-field Hamiltonian describing the o
bital state in sublatticeA ~B! as

HA(B)
t 56Jxy

t ^TB(A)x&TA(B)x12J̃TA(B)z

1~2Jxy
t ^TB(A)z&14Jz

t ^TA(B)z&!TA(B)z

22g0AVc0

N
~uxTA(B)x1uzTA(B)z!, ~23!

whereJxy(z)
t and J̃ are

Jxy(z)
t 5

1

4
~3J12J2!1~J11J2!^Siz&^Si 1 x̂( i 1 ẑ)z& ~24!

and

J̃52J2~^Saz&
22^Saz&^Sbz&!, ~25!

respectively. For the observedC-type orbital ordered state
we have the following conditions:̂TAz&5^TBz& and ^TAx&
52^TBx&.

By minimizing the free energyF0 with respect tô TAl&
for l 5x,z and^S̃az&, the following self-consistent equation
are obtained:

^TAl&5Tr$TAl exp~2bH A
t !%/zA

t , ~26!

^S̃az&5Tr$S̃az exp~2bH a
s!%/za

s . ~27!

Equations~26! and ~27! are numerically solved under th
conditions of uz52g0AN/Vc0^TAz& and ux50 which are
derived from]F/]ux50 and]F/]ux50, respectively.

IV. TRANSITION TEMPERATURES
AND SPIN-WAVE DISPERSION

Among several parameters in the Hamiltonian Eqs.~1!
and ~18!, values ofJ1 ,J2 andgJT are determined by calcu
lating the spin and orbital ordering temperatures and
spin-wave dispersion relation. The other parameters are
sen to beJAF51, a2K5173104, anda3c0523104 meV,
which are derived from the Ne´el temperature in CaMnO3,6

the phonon frequency determined by the infrared-absorp
14440
e
o-

n

spectra36 and the elastic constant.37 The lattice constanta and
the static JT distortionQ(5AQiz

2 1Qix
2 ) are chosen to bea

54 Å andQ50.3 Å, respectively.38

First, we calculate the transition temperatures. The orb
ordering temperature in the mean-field approximationTOO

MF is
given by

TOO
MF5

1

2 H 3

4
~3J12J2!1

gJT
2

K J , ~28!

and the Ne´el temperature for theA-AF orderingTN
MF is given

by the solution of the following equation:

TN
MF528Jxy

s 14Jz
s , ~29!

whereJxy
s andJz

s defined in Eqs.~21! and~22! are the func-
tions of TN

MF . By fitting TOO
MF and TN

MF to the experimental
transition temperaturesTOO5780 K ~Ref. 5! and TN
5140 K ~Refs. 6 and 7!, respectively,J2 andgJTQ are cal-
culated as functions ofJ1. In general, the mean-field ap
proximation tends to overestimate the transition temperat
Therefore, we also estimate the parameter values ofJ1 , J2,
and gJTQ by considering the correction of the mean-fie
transition temperatures. For the Ne´el temperature, we revise
TN

MF as bTN
MF with b50.63, which is the ratio betweenTN

for the S51/2 AF Heisenberg model obtained in the hig
temperature expansion and that in the mean-fi
approximation.39 As for the orbital ordering temperature, w
revise asaTOO

MF with a50.75, which is obtained by the ca
culation ofTN for the S51/2 AF Ising model.39 This is be-
cause the orbital part of the Hamiltonian@Eq. ~3!# has a
discontinuous symmetry, although this symmetry is high
than that of the Ising model.

The spin stiffness constant provides another condition
J1 ,J2 andgJT . Although the JT distortion does not directl
couple with the spin degree of freedom,gJT modifies the
orbital state and affects the SE interaction between NN sp
We calculate the spin-wave dispersion atT50 and compare
it with the experimental one. Here, the orbital and latti
degrees of freedom are assumed to be frozen, since the
ergy scale of orbital excitations12,40 and optical phonons are
much larger than that of spin waves. Then, the relevant p
of the Hamiltonian in Eq.~1! are given by

HSW5He1He-latt . ~30!

The static distortion of a MnO6 octahedron is written as
(Qiz ,Qix)5Q(cosui

JT,sinui
JT) where uA

JT52uB
JT52p/3.

The orbital ordered state is determined in the mean-fi
approximation.34 By applying the Holstein-Primakoff trans
formation to the spin operators, the dispersion relation of
spin wave is calculated. Experimentally, the spin wave
LaMnO3 was measured by the neutron-scattering exp
ments in Refs. 11 and 35. The authors in these papers
lyzed the experimental data by using the Heisenberg mo
with the NN SE interactions. They obtained the magnitude
the interaction in thexy plane (Jxy

s ) and that in thez axis
(Jz

s), which are defined in Eqs.~21! and ~22! as 2Jxy
s

523.34 meV and 2Jz
s52.42 meV.
3-4
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By fitting the theoretical results of the orbital orderin
temperature, the Ne´el temperature for theA-AF ordering, and
the spin stiffness constant to the experimental values,
estimateJ1 ,J2, andgJT . J2 and gJTQ are plotted as func-
tions of J1 in Figs. 3~a! and 3~b!, respectively. Solid and
broken curves are obtained from the transition temperatu
TOO and TN . The actual values of the parameters are
pected to exist in the shaded regions. Dotted curves are
tained from the spin stiffness constants. The analyses
TOO andTN @solid and broken curves in Figs. 3~a! and 3~b!#
show thatJ2 increases andgJTQ decreases with increasin
J1. This is because (3J12J2) andgJT

2 /K contribute coopera-
tively to TOO , as shown in Eq.~28!. On the other hand, the
analyses for the spin stiffness constant@dotted curves in Figs
3~a! and 3~b!# show that bothJ2 and gJTQ increase with
increasingJ1, i.e.,J1 competes with bothJ2 andgJTQ. This
is attributed to the facts that~i! J1 andJ2 are the ferromag-
netic and antiferromagnetic interactions, respectively, and~ii !
gJTQ favors the (d3x22r 2 /d3y22r 2)-type orbital ordered state
where the ferromagnetic interaction in thexy plane caused

FIG. 3. ~a! J2 and~b! gJTQ as functions ofJ1. Solid and broken
curves are obtained from the analyses of transition temperat
TOO andTN . For broken curves, the correction from the mean-fi
approximation is taken into account~see the text!. The actual values
of the parameters are expected to exist in the shaded regions. D
curves are obtained from the analysis of the spin stiffness const
Other parameter values are chosen to beJAF51 meV, a2K517
3104 meV, B50 meV, Q50.3 Å, anda54 Å.
14440
e

s,
-
b-
or

by J1 is weaker than that withoutgJTQ. The magnitudes of
J1 ,J2, andgJTQ are obtained from the intersection points
solid ~broken! curves and dotted curves in Figs. 3~a! and
3~b!. We obtain J1575–85 meV, J2525–40 meV, and
EJT5gJTQ550– 100 meV. It is stressed that the value
EJT is much smaller than that in the literature, i.e.,EJT
.1 eV.18,24–32In the case thata2K5173104 meV, the cou-
pling constant of the intersite orbital interaction through t
exchange of phononsgJT

2 /K is about 3–10 meV which is
much smaller thanJ1. We conclude that the smallEJT comes
from the strong Coulomb interaction and the orbital order
in LaMnO3 is dominated by the interaction through the v
tual exchange of electrons. IfJ1 and J2 are neglected to
estimateTOO , we obtainEJT to be 400–700 meV fora2K
5173104 meV ~Ref. 35! and 600–1100 meV fora2K540
3104 meV.18 The latter value ofEJT is of the same order o
magnitude given in Ref. 18.

V. ELASTIC CONSTANTS

The elastic constants provide information of the high
order JT coupling,17,19 although the coupling constantB is
supposed to be smaller than that in the linear JT coupling
this section, we examine the elastic constants taking
account the electron-electron and electron-lattice inter
tions, and the higher-order JT coupling.

We start with the model Hamiltonian in Eq.~18!. The
elastic constants are the coefficients of thedul

2 terms in the
free energy, wheredul is the deviation of strainul from that
in the thermal equilibrium. Here, the deviations ofTAl and
TBl from the thermal equilibriums,dTAl anddTBl , are also
introduced.dTAl anddTBl are induced by an external stra
dul 8 and the relations between them are derived later. N
the free energy is expanded up to the second order ofdTAl ,
dTBl , anddul as

F5F̃01
Vc0

2
~dux

21duz
2!2

N

2
@6Jxy

t dTAxdTBx

12Jxy
t dTAzdTBz12Jz

t $~dTAz1dTBz!
2

2~dTAz2dTBz!
2%#2

bN

4
$Fxx~Cx

A21Cx
B2!

1Fzz~Cx
A21Cx

B2!12Fxz~Cx
ACz

A2Cx
BCz

B!%. ~31!

Here, F̃0 is given by Eq.~19! where zA(B)
t is replaced by

zA(B)
t 5Tr exp(2bH̃A(B)

t ), with H̃A(B)
t being given by

H̃A(B)
t 5HA(B)

t 2B
Vc0

Ng0
$~QA(B)z

2 2QA(B)x
2 !TA(B)z

22QA(B)zQA(B)xTA(B)x%. ~32!

The last term of this equation comes from the higher-or
JT coupling. We assume that the equilibrium values ofQAl
appearing in this term are given byQAz5auz and QAx
54(gJT /K)^TAx& by considering the definition of the strai
uz and the linear JT coupling in Eq.~5!. Cl

a’s are the coeffi-
cients of Ta l except for J̃ in H a

t @Eq. ~23!# where ^TAl&,

es

ted
ts.
3-5
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^TBl&, andul are replaced bydTAl , dTBl , anddul , respec-
tively. Their explicit forms are given by

Cx
A56Jxy

t dTBx22g0AVc0

N
dux , ~33!

Cz
A52Jxy

t dTBz14Jz
t dTAz22g0AVc0

N
duz , ~34!

Cx
B56Jxy

t dTAx22g0AVc0

N
dux , ~35!

Cz
B52Jxy

t dTAz14Jz
t dTBz22g0AVc0

N
duz . ~36!

Here, the term originating from the higher-order JT coupli
is neglected.17 Fll 8 in Eq. ~31! represents the self-correlatio
function of the orbital given by

Fll 85^TAl&^TAl8&2Kll 8 ~37!

with

Kll 85
1

zA
t F (

mm8
e2b«md«m ,«m8

2
2

b (
m.m8

(«mÞ«m8)

e2b«m2e2b«m8

«m2«m8
G

3~TAl!mm8~TAl8!m8m , ~38!

where«m represents themth eigenvalue ofH̃A
t . To derive

Eq. ~31!, the conditions ^TAx&52^TBx&, ^TAz&5^TBz&,
QAz5QBz , andQAx52QBx are used. By using the cond
tion ]F/]dTa l50, the following relations betweendul ’s and
dTa l 8’s are obtained:

dTAx1dTBx52
4bg0

Dx
AVc0

N
dux

3@Fxx$12~4Jz
t 22Jxy

t !bFzz%

1~4Jz
t 22Jxy

t !bFxz
2 #, ~39!

dTAz2dTBz52
4bg0

Dx
AVc0

N
duxFxz , ~40!

dTAz1dTBz52
4bg0

Dz
AVc0

N
duz

3$Fzz~126Jxy
t bFxx!16Jxy

t bFxz
2 %,

~41!

dTAx2dTBx52
4bg0

Dz
AVc0

N
duzFxz , ~42!

with

Dx5~126Jxy
t bFxx!$12~4Jz

t 22Jxy
t !bFzz%

26Jxy
t ~4Jz

t 22Jxy
t !b2Fxz

2 , ~43!

and
14440
Dz5~116Jxy
t bFxx!$12~4Jz

t 12Jxy
t !bFzz%

16Jxy
t ~4Jz

t 12Jxy
t !b2Fxz

2 . ~44!

By using Eqs.~39!–~42!, the deviation of the free energ
from the equilibrium value is given by

F2F̃05
1

2
@cx~T!dux

21cz~T!duz
2#. ~45!

Note that the term proportional toduxduz is absent becaus
of the tetragonal symmetry.cx(T) and cz(T) are the
temperature-dependent elastic constants for theux and uz
modes, respectively. Their explicit forms are given by

cx~T!5
c0

Dx
@$12~6Jxy

t 24g0
2!bFxx%$12~4Jz

t 22Jxy
t !bFzz%

2~6Jxy
t 24g0

2!~4Jz
t 22Jxy

t !b2Fxz
2 #, ~46!

and

cz~T!5
c0

Dz
@~116Jxy

t bFxx!$12~4Jz
t 12Jxy

t 24g0
2!bFzz%

16Jxy
t ~4Jz

t 12Jxy
t 24g0

2!b2Fxz
2 #. ~47!

For T.TOO , cx(T) andcz(T) are simplified as

cx~T!5cz~T!5c0

T1
3

8
~3J12J2!1

1

2

gJT
2

K
2g0

2

T1
3

8
~3J12J2!1

1

2

gJT
2

K

. ~48!

The elastic constants are numerically calculated and
sented as functions ofT in Fig. 4. Parameter values are ch
sen to beJ1575 meV, J2525 meV, JAF51 meV, agJT
563102 meV, a2K5173104 meV, and a3c052
3104 meV. The higher-order JT couplingB is chosen to be
B50 meV in Fig. 4~a! andB550 meV in Fig. 4~b!. WhenB
is comparable toJ1, the discontinuous change in the elas
constants is found atTOO . We also obtain a change incx at
TN . This change reflects the change of the orbital state.
shown in Fig. 5, whenB is much smaller thanJ1 ~solid
curve!, the orbital ordered state of the 1/A2(d3z22r 2

1dx22y2 /d3z22r 22dx22y2)-type aboveTN changes to the
state below TN where the component of th
(dy22z2 /dz22x2)-type increases. On the other hand, whenB
is comparable toJ1 ~broken curve!, the component of the
1/A2(d3z22r 21dx22y2 /d3z22r 22dx22y2)-type state in-
creases belowTN . These changes of the orbital states ori
nate from the spin-orbital coupling inHJ in Eq. ~3!. The
changes of the elastic constants are understood as follow
the 1/A2(d3z22r 21dx22y2 /d3z22r 22dx22y2)-type orbital or-
dered state,̂ TAx& is almost saturated asu^TAx&u51/2 and
^TAz&50. Thus, the external straindux does not induce
dTAx , andcx is saturated. The deviation of the orbital sta
from the 1/A2(d3z22r 21dx22y2 /d3z22r 22dx22y2)-type one
causes the decrease ofcx as shown in Fig. 4. This fact re
minds us of the inverse of the parallel spin susceptibility 1x i
3-6
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diverging with decreasingT in an antiferromagnet. We pro
pose that the characteristic change of the elastic consta
TN may be used to estimate the coupling constantB.

VI. SUMMARY AND DISCUSSION

We have examined the orbital ordering in LaMnO3 and
the magnitudes of the interactions of theeg orbitals between
NN sites caused by the virtual exchange of electrons
phonons. By calculating the orbital and spin orderi
temperatures, and the spin-wave dispersion and compa
them with the experimental results, we obtainedJ1
575– 85 meV, J2525– 40 meV, and gJTQ5EJT
550– 100 meV. EJT is much smaller than that in th
literature18,24–32 which were estimated by neglecting th
electron-electron interaction. The present results indicate
the orbital ordering in LaMnO3 is mainly caused by virtua
exchange of electrons under the strong Coulo
interactions.21,22We calculate the temperature dependence
the elastic constants by taking into account both the elect
electron and electron-lattice interactions. It is predicted t
the elastic constants show the characteristic change aTN
which depends on the magnitude of the higher-order JT c
pling; when the coupling constantB is comparable toJ1

FIG. 4. The elastic constants as functions ofT. Solid and broken
curves denotecx andcz , respectively. Parameter values are chos
to be J1575 meV, J2525 meV, JAF51 meV, agJT56
3102 meV, a2K5173104 meV, and a3c0523104 meV. The
value ofB is chosen asB50 meV in ~a! andB550 meV in ~b!.
14440
at

d

ng

at

b
f

n-
t

u-

~much smaller thanJ1), cx increases~decreases! with de-
creasingT. Through the detailed comparison between the
and experiment, the value ofB may be determined.

The present results support the recent report on the ob
vation of the collective orbital excitation termed orbital wa
in LaMnO3 by the Raman-scattering experiments. Sait
et al. have observed three peak structures around 120–
meV in the Raman spectra.40 These peaks can be explaine
by neither the two-phonon excitations nor the magne
excitations. The theoretical results of the Raman spe
from the orbital wave agree with the polarization depende
of the spectra and their relative intensities in experimen41

Since the characteristic energy of the orbital excitat
is much higher than that of the lattice vibration, we i
troduce the adiabatic approximation for the lattice degree
freedom in the calculation of the orbital wave. Then, t
energy of orbital wave is approximately given byvorb

5A(3J11A3/2EJT)(J11J21A3/2EJT). When we adopt
the parameter values obtained in the present analyseJ1
575 meV, J2525 meV, and EJT550 meV, we obtain
vorb5196 meV. These numerical values are consistent w
the observed energies of the Raman shifts from the orb
excitations.
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FIG. 5. Temperature dependence of the orbital state.uA
t is de-

fined byuA
t 5tan21(^TAx&/^TAz&). Solid and broken curves are th

results forB50 meV andB550 meV, respectively. Other param
eter values are the same as those in Fig. 4. The insets show
schematic orbital structures in thexy plane.
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